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Abstract

We define and study two mathematical models of a surprising biological strategy
where some individuals adopt a behaviour that is harmful to others without any di-
rect advantage for themselves. The first model covers a single reproductive season.
From the mathematical point of view it is a mix between samplings with and without
replacement; its analysis is done by a sort of “reverse numerical analysis”, viewing a
key recurrence relation as a discretization scheme for a PDE.

This model is then used as a building block for a variant of the classical Wright—
Fisher model. In the large population limit, we prove the convergence of the renormal-
ized process to a diffusion with a frequency dependent drift. This allows a quantitative
comparison of the indirect selective advantage with the direct one classically consid-
ered in the Wright—Fisher model.

Keywords: Wright—Fisher model; diffusion approximation; reverse numerical analy-
sis

MSC2010: 60J20 ; 60J70; 92D15

1 Introduction: models and main results

1.1 Harmful behaviours and population genetics

The object of population genetics is to understand how the frequency of genes changes
through time, in response to natural selection, random effects (“genetic drift”) and mu-
tations. In the simplest case, consider a gene with two haploid alleles (say “white” and
“black”), which may induce phenotypic consequences, and we are interested in the changes
of the proportion of individuals carrying the white allele over generations. One of the sim-
plest stochastic models for this evolution is the classical Wright—Fisher model for genetic
drift! (its precise definition is recalled below in Section 1.4.1). It is simple enough that a
very detailed mathematical analysis can be performed (see for example the monographs
[Dur08] or [Eth11], where many other questions and models are studied from a mathemat-
ical point of view). Many variations of this model have been studied, adding selection and
mutation to the picture. The classical way of adding selection is by saying that one of
the alleles is (1 + ) more likely to be chosen for the next generation than the other allele.

Let us recall the unfortunate polysemy of the word “drift”. In the biological literature “genetic drift”
corresponds to the noise-induced variations. When using a stochastic model, this is at odds with the
“drift” of a diffusion, i.e. the first order term that models a deterministic force.

1/32



A WRIGHT-FISHER MODEL WITH INDIRECT SELECTION

This models a direct advantage: for example, the eggs carrying the white allele may have
more chance to mature.

In many biological settings, individuals perform actions that may harm others without
giving the perpetrator any direct advantage. For example, males of several invertebrate
species have a limited sperm stock. Surprisingly, they have been reported to continue
to attempt mating with virgin females while being completely sperm depleted [DB0G,
SHRO08]. Obviously, this behaviour does not aim to fertilize the eggs of these virgin females.
However, in these species, copulation (with or without sperm release) has the property of
stopping female sexual receptivity. This, for instance can occur as a behavioural response
of the female or as a consequence of toxic seminal fluids or plugs inserted in female genitalia
by males [Ric96, RPSWT09]. Males can also guard the female during her receptivity period
without copulating with her. These male behaviours do not increase the absolute number
of eggs they fertilize. However, they limit competitor males ability to fertilize eggs. That
it why such behaviours have been suggested to represent a male competitive strategy to
increase the relative number of egg they sire.

Our aim is to analyse a variation of the Wright—Fisher model where such an effect
appears. Quite interestingly, this model will prove to be equivalent (in the large population
limit) to a model with frequency dependent selection.

In the remainder of this introduction we first define a model for one generation, where
a certain number of females visit a pool of males, some of which carry the black allele that
codes the “harmful” behaviour. When the number of individuals is large we can analyse
precisely the reproduction probabilities for each type of individual. Finally we show how to
adapt the Wright—Fisher model to our case, and state our main result, namely a diffusion
limit for the renormalized multi-generation model.

1.2 Basic model

In the basic model, suggested by F.-X. Dechaume-Moncharmont and M. Galipaud ?, con-
sider an urn with w white balls and b black balls. All balls begin as “unmarked”. Draw f
times from this urn, with the following rule:

e if the ball drawn is white, mark it and remove it from the urn;
e if it is black and unmarked, mark it and put it back in the urn;

e if it is black and already marked, put it back in the urn.

After the f draws, call X the number of marked white balls and Y the number of marked
black balls.

This models a reproductive season. The balls represent males, and each draw corre-
sponds to a reproduction attempt by a different female. The marks represent a successful
reproduction. The white balls “play fair”: it they are chosen by a female, they reproduce
and retire from the game. The black balls, even after reproduction, “stay in the game”:
they may be chosen again in subsequent draws. Even it is chosen multiple times, a black
ball only reproduces once, so that black balls do not get a direct reproductive advantage
from their behaviour. In particular, if the colors of all the other balls are fixed, the proba-
bility of reproduction does not depend on the ball’s color. However, the black balls “harm”
all the other balls, possibly depriving them of reproduction attempts. The variables X
and Y count the number of white/black males that have reproduced.

2Personal communication.
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To compare the two strategies, we begin by comparing two individuals. In an urn with w
white balls and b black balls, we look at one particular white ball (Walt) and one particular
black ball (Bob). Define the probabilities of successful reproduction by:

pw(w, b, f) =P [Walt is chosen at least once in the f draws]
py(w, b, f) = P[Bob is chosen at least once in the f draws]

Theorem 1. The “harmful” males have a fitness advantage, in the sense that:

pb(wa b’ f) > pw(w’ ba f)
The inequality is strict if f > 2 and w,b > 1.

1.3 Large population limit

To quantify the advantage given by the “harmful” behaviour, it is natural to look at a large
population limit, when the number of black balls, white balls and the number of draws
go to infinity, while the respective proportions converge. We can describe the limiting
behaviour of py and p,, and more importantly of the difference p, — py,, in terms of the
solution v of a specific PDE. To define this function v and state the approximation result
we need additional notation. The numbers of individuals (w,b, f) will correspond in the
continuous limit to proportions (z,y, z) in the set:

Q={(z,y,2) eRy:z+y+2<1}.
For (z,y,2) € Q, with y > 0, we will prove below (see Theorem 14) that the equation
r(l—eH+yt==z (1)
has a unique solution T'(z,y, z) € (0,00). Define two functions v and v on € by:
u(z,y,z) = exp (-T'(z,y,2)), v(z,y,2) =1 —u(z,y,2). (2)

For any “population size” N we will consider functions defined on the following dis-
cretization of € :

QN:{(w,b,f)ezi:w+b+f§N}.

For any function g : Q — R, we denote by ¢V the discretization

gN : QN —R
w b f (3)
(’U),b,f) =g <N’Naﬁ) .
If p is a function on 2y, we denote by d,p, d,p the discrete differences:
6zp(w, b, f) = plw +1,b, f) —p(w,b, f)  yp(w,b, f) = pw,b+1, f) —p(w,b, f). (4)

Finally, most of the bounds we prove are uniform on specific subsets of 2 or Q. For any
yo > 0, and any s < 1, we define:

Qyo) ={(7,y,2) € L1y > yo};

(o) = {(wb. 1) €N s (31 %) € 2)
)

(s) ={(z,y,2) €Q:z2<s(zx+y)andx — 2> (1—35)/(242s)};

Q
Qn(s) = {(w,b,f) eN? <%%%) e Q(s)}.
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Remark 2 (On the sets Q(yo) and Q(s)). Let us repeat that x, y and z are the continuous
analogues of w, b and f. In this light, yo corresponds to a minimal proportion of “harmful”
males, and s to a maximal sex ratio. The second condition appearing in the definition of
Q(s) is less natural: it is a way of ruling out degenerate points where both x and y are
small, which will be crucial for finding good bounds on w, v and their derivatives (cf.
Theorem 14), while keeping an essential “stability” property (cf. the proof of the controls
of errors at the end of Section 3.3).

Now we can state the first asymptotic result.

Theorem 3. For any yo > 0, there exists a constant C(yg) such that for all N,

C (o)
N )
(yo

N )

‘pw(w7 b7 f) - UN(w7 b7 f)‘ <

Y(w,b, f) € Qn(yo), C

~—

‘pb(w,b, f) —vN(w,b, f)’ <

where vV is the discretization of v (see (3) and (2)). Moreover, the difference of fitness
is of order 1/N, and more precisely:

C(yo).

Y(w,b, f) € Qn(vo), N2

po(w, b, ) — pw(w,b, f) — %(@Cv — Byv)N(w,b, f)‘ <

For any s < 1, the same bounds hold uniformly on all Qn(s), with C(yo) replaced by a
constant C(s) that only depends on s.

1.4 The multi-generation model

Let us now see how the previous model can be used as a building block for a multiple
generation model in the spirit of the classical Wright—Fisher model .

1.4.1 The classical Wright—Fisher model with selection

The Wright-Fisher model with selection is a Markov chain (X} )xen on {0,1/N,2/N, ... 1}
that describes (a simplification of) the evolution of the proportion of an allele in a popula-
tion across generations. This is a very simplified model, where the size N of the population
is fixed. See for example the monographs [Dur08, Fth11] for a much more detailed exposi-
tion; we follow here [Fith11], Section 5.2. To simplify the exposition suppose that the first
allele is “white” and the second “black”; at time k a proportion X ,iv of the population is
“white”. Given the state x at time k, the next state is chosen in the following way.

First step All individuals lay a very large number M of eggs. A proportion s,(N) (resp.
sw(N)) of black (resp. white) eggs survive this first step, so there are M - N(1 —x) -
sp(IN) black eggs and M - Nx - s,,(NN) white ones).

Second step The population at time k+1, of size N, is chosen by picking randomly N eggs
among the surviving ones. Since M is very large, the number of white individuals
at time k 4 1 is binomial. If the ratio of the surviving probabilities is

1+ B(N) = sw(N)/sp(N),

then the parameters of the binomial are N and % .
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The following result is well known:

Theorem 4 (Wright-Fisher diffusion with selection). In the weak selection limit where
B(N) = B/N for some B € R, the Wright—Fisher model converges weakly to the diffusion
dX; = v/a(x)dB; + b(X;)dt generated by Lf = Sa(x)f” + b(x)f', where

{ a(x) =x(1 —x)
b(x) = px(l — x).

Remark 5. If the white eggs survive better than the black ones, then s,(N) > sp(N) so
B is positive; the diffusion drifts towards x = 1. If black eggs are favored, [ is negative
and the drift is towards 0.

1.4.2 A Wright—Fisher model with indirect selection

This model can be slightly modified to study the evolution of the “harmful” trait along
generations.

We fix once and for all a sex-ratio by fixing a parameter s > 0, and supposing that there
are s females for one male, i.e. a proportion 1/(1+ s) € (0,1) of the total population is
male. Consider a large urn with n (male) balls, let f, = |sn], and define the state space
S, = {0, %, %, ... 1}: these are the possible values for the proportion of white balls.

We define an S,,-valued Markov chain (X}')izen as follows. Suppose that the initial
proportion of white balls at time £ = 0 in the urn is X§' = x € S,,: there are w = an
white balls and b = (1 — x)n black balls. The next state X7 is chosen in two steps.

First step. The f,, female pick partners according to the single-generation model intro-
duced previously: this leads to X’? reproduction with normal males and }71" repro-
duction with “harmful” males. As before, each of these reproductions creates a very
large number of “eggs”. A proportion s,,(N) (resp. sp(V)) of white (resp. black) eggs
survive, and the ratio s,,(N)/sp(N) is still denoted by 1 + (V) with S(N) = 5/N.

After this step there is a very large number of eggs, a proportion

BT (4 B(N)) X+ Y

(5)
of which are white.

Second step. Among all the eggs, n eggs are chosen uniformly at random. Once more,
since the number of eggs is supposed to be very large, the number of white balls in
the next generation follows a binomial law of parameters n and Zﬁ - Finally divide
this number by n to get X7, the proportion of white balls at time k = 1.

We iterate the process to define (X')i>2. As usual we define a continuous process by
accelerating time and let:

Our main result is a diffusion limit for the rescaled process (%X};)k with an explicit

non-trivial drift towards 0. The drift and volatility are expressed in terms of the following

function:
vs 1 [0,1] — R,

vz, 1 —uxz,s8),

(6)

where we recall that v is defined by (2).

5,32



A WRIGHT-FISHER MODEL WITH INDIRECT SELECTION

by the SDE: dX; = \/a(x)dB; + b(X;)dt and the corresponding generator Lf = sa(x)f"” +
b(x)f', where

Theorem 6. If s < 1, the rescaled process X[* converges to the diffusion on [0,1] given
1
2

alz :x(l—x)
(z) o)
ba) = 2(1 — 2) <—% +5) .

Remark 7. If s > 1, we are only able to prove the convergence until the process reaches
x = 1—1yq; the behaviours at the boundary x = 1 may differ for the discrete and continuous
process.

Remark 8. Ifs < 1, the function vs is very nice, in particular it is increasing and bounded
away from zero. An statement with explicit bounds will be given below (Lemma 22).

A detailed study of the properties of this diffusion will be done in a forthcoming pa-
per. Let us just stress two points as regards the comparison with the classical model of
Theorem 4:

1. The variance is multiplied by (1/vs(x)) > 1; this is a natural consequence of the
additional noise in the first step.

2. To compare the drifts, it is natural to compare the “normalized” drifts 2b/a (they
characterize entirely the scale functions and the hitting probabilities). In this light,
up to a change of time, our modified diffusion corresponds to the classical one with a
selection parameter f(x) = fvs(z) — % that depends on z. If s — oo this goes
to : all males have a chance to reproduce and the harmful strategy has no effect.
If 5 =0, B(x) is negative and there is a non trivial drift towards 0. In the general
case, depending on the values of g and s, there may be one or more “equilibrium’
points where the drift cancels out. These cases and their interpretation in biological

terms will be studied in a forthcoming paper.

i

Outline of the paper. In Section 2 we study the basic, single-generation model, and
prove Theorem 1; we also give concentration properties for the number of reproductions.
The asymptotic behaviour of p,, and py is studied in Section 3 where we prove Theorem 3.
Finally, we prove the diffusion approximation for the multi-generation model in Section 4.

2 The single-generation model — basic properties

2.1 The advantage of being harmful

We consider here the simple model where we draw f times from an urn with w white balls
and b black balls, where the white balls are removed when they are drawn and the black
balls are put back in the urn.

Since similar-colored balls play the same role, p, is the probability of a successful
reproduction for a regular male, and p;, the corresponding one for a “harmful” male. Finally
let qu(w,b, f) =1 — py(w,b, f) and gp(w,b, f) = 1 — pp(w, b, f) be the probabilities of not
being drawn.

To prove Theorem 1, let us introduce a third function ¢ as follows. Add a single red
ball to the w white and b black balls; let us call it Roger. Draw from the urn until the
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red ball is drawn or we have made f draws; the white balls are not replaced but the black
ones are. Define:
q(w,b, f) = P[Roger is not drawn] . (7)

Since the color of a ball only matters if it is drawn, and only influences the subsequent
draws, it is easy to see that:

qw(w’baf):(I(w_lab’f)
Qb(w7b7f) :q(w7b_17f)'

Therefore it is enough to compare the probabilities that the red ball is never drawn, when
one ball goes from black to white.

We use a coupling proof. Suppose that the urn 1 contains w -+ b balls, numbered from 1
to w+ b, where the first w balls are white, the next b — 1 are black and the last one is red.
The urn number 2 is similar, except that the ball numbered w is black instead of white.
Let (U;) be sequence of i.i.d. random numbers, uniformly distributed on {1,...w+b}. We
define a joint evolution of the urns in the following way.

1. At the beginning of each step, look at the next random number; say its value is k.

2. e If both balls numbered k are still in their urns, choose these balls.

e If both balls numbered k£ have been removed, try again with the next random
number (this will only happen if the balls are both white).

e If the ball numbered k is still in one urn but has been removed from the other,
then the ball that is present is chosen. Continue looking at the next random
numbers to choose a ball in the other urn.

3. At this point one ball is chosen in each urn. If any of the two is red, the process is
stopped in the corresponding urn. If a chosen ball is white it is removed from its
urn.

4. Repeat until the two red balls have been chosen or f draws have been made.

Each urn taken separately follows the initial process. Moreover, at any time, if the ball
numbered i is still in the first urn, then it is also in the second one: indeed this is true
at the beginning, and if this is true at the beginning of a step it is true at the end of the
step. There are three possible situations:

e both red balls are chosen at the same time;
e the red ball is chosen in the first urn, but not in the second;
e both red balls stay untouched during the f steps.

Therefore the probability that the red ball stays untouched is smaller in the first urn
than in the second urn, so

1_pb(wab7f)ZQb(wab7f) :(J(wab_laf) SQ(w_Lbaf):(Jw(wab?f):1_pw(wab7f)'

If f is larger than 2, and w, b are large than 1, the second case occurs with positive
probability so the inequality is strict. This concludes the proof of Theorem 1.
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2.2 Negative relation and concentration

In this section we prove that the total number of reproductions X and Y defined at the
beginning of the Introduction are sums of “negatively related” indicators; this implies very
strong concentration bounds.

In the original experiment, let us number the “white” males from 1 to w, and the “black”
males from w+1 to w+b. Let B; = lihe i male reproduces- Lhe total number of reproductions
is given by

X:ZBZ" Y = zb: B;. (8)

i=1 i=w+1

The setting is quite close to the usual sampling from a bin with or without replacement,
which leads to binomial and hypergeometric distributions. For these distributions, very
strong approximation and concentration results can be proved using the fact that the
indicators B; appearing in (8) are “negatively related”: intuitively, if a certain group
of males have been chosen, the others are less likely to be chosen. This approach is
used in [Jan94], who refers to [BHJ92] and [JDP83] for further details on “negatively
related /negatively associated” variables.

Definition 9 (Negative relation, [Jan94]). Let Iy,... Iy be indicator variables. If there

exist indicator variables J]@ such that:
o Vi#i JY <1,
e for each i, the law of (J]@)j is the conditional law of T given I; = 1,

then the variables I; are negatively related. If they are, then (1 — I;); are also negatively
related.

Remark 10. For indicator variables, this corresponds to the existence of a “decreasing
size-biased coupling” in the terminology of [Rosl1]. However the boundedness condition
used there to get concentration will not be satisfied with good constants.

Theorem 11 (Concentration for sums of negatively related indicators). Suppose that (I;)
are negatively related Bernoulli variables of parameter p. Let X = > | I;, and let X' be
a binomial variable of parameters n and p. Then, for all t € R,

E[exp(tX)] <E [exptX'].
Consequently,
E[|X - E[X]]’] < 12en™? (9)

2
P[IX —E[X]| = D] < exp (—%) (10)

Proof. The key comparison of the Laplace transforms between X and the “independent
version” X' comes from [Jan94, Theorem 4]. Therefore any concentration bound obtained
by the usual Chernoff trick for independent variables also holds when the indicators are
negatively related.
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The rest of the proof is routine, we include here for completeness. Let ¢ = 1 — p. For
any t,

E [exp(t(X — E[X]))] < E [exp(t(X’ — E [X']))]
= exp(—tnp) (pet + q)n
= (petq + qe_tp)n .

Here we use a small trick borrowed from [GS01, p. 31] and bound e* by x + e$2, for z = tq
and x = —tp:

E[exp(t(X — E[X]))] < (pe + qe)"
< exp(t*n).

The deviation inequality (10) follows by applying Markov’s exponential inequality and
3
choosing ¢t = D/2n. For the moment bound, since % < (exp(tz) + exp(—tz)),

E[X -EX]°] < t%Qexp(th)

Choosing t = n~1/2 yields (9). O

Theorem 12. Let B; be the indicators that the i male is chosen. The indicator variables
(Bi)i=1,..w+b are negatively related.

Proof. Define I; =1 — B;. By the remark in Definition 9, it is enough to show that the I;
are negatively related. One may view the model as an urn occupancy problem: the w + b
balls become urns, in which we put f balls consecutively, not allowing more than one ball
in each white urn; I; is the event “the urn 7 is empty at the end”. For this type of problems,

the property is standard and the J ]@

draw the balls and record the values of the (I;). To define J ]@, take all balls in the urn

may be defined explicitly in the following way. First

7 and reassign them to the other urns, following the same procedure. Let J J@ be 1 if the
urn j is empty after these reassignments. The Jj@ follow the conditional distribution of

(I1,...Iy—p given I; = 1, and since we only add balls to the urns j, j # i, J]@ < 1. U

3 The single-generation model — large population limit

3.1 A recurrence relation and the main approximation result

In this section we prove Theorem 3 and prove that p, and p,, converge to a continuous
function v. The main idea is to view p, and p; as discretizations of v, to establish
recurrence relations on p,, and pp, and to view these relations as approximations of relations
between derivatives of v. The corresponding PDE for v turns out to be explicitly solvable,
which yields information on p,, and py.

It will be slightly easier to work on the quantity g(w,b, f) defined by (7), and deduce
the statements on p,, and p, afterwards. By conditioning on the result of the first draw,
one gets the following key relation:

w

mq (w, b, f = 1) (11)

q(w,b, f) = (w—1,bf —1)+

wrb+1!
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This discrete function ¢ approximates the function u defined by (2), and we also get
convergence of the discrete differences of ¢ to the derivatives of u:

Theorem 13. For all yg > 0, there exists C(yo) such that, for all N, and all (w,b, f) €
Qn (o),

Q

(o)

}@-—uquthU < (12)
(N8ag — @), )| < S, (13)
(a0~ (@) (w.b, ) < L (14)

If s < 1, there exists C(s) such that the same bounds hold uniformly on Qn(s), where
C(yo) is replaced by C(s) on the right hand side.

Once this result is known, the proof of Theorem 3 is easy, and follows from the expres-
sions of py,, pp in terms of q.

Let us now give a short heuristic argument for finding the limit function u. Suppose
that u exists, and that all convergence hold nicely. Starting from the recurrence relation
(11), we introduce g(w, b, f) on the right hand side, so that discrete differences appear:

w

wAb+ 1l
w+b

wrb+1]
b

+w—|—b—|—1

q(w,b, f) = (w—1,b,f — 1)+ (w,b, f —1)

wrb+1l

(wab’f)+ (Q(w_l’baf_l)_Q(w’baf))

w+b+1

Multiplying by (w4 b+ 1), we find after simplification:

Now if N =w + b+ f goes to oo, and if (w/N,b/N, f/N) converges to (x,y, z), the left
hand side converges to u and the right hand side to x(—(9, + 9. )u) + y(—9d.u), so that u

satisfies
u~+ x0,u+ (x4 y)o,u = 0.

Since ¢(w, b,0) = 1, we also obtain u(z,y,0) = 1. Summing up, if ¢(w, b, f) converges “in

a good way” to a function w, this function satisfies an explicit first-order PDE on €:

{V(m,y,z)GU, f+F-Vf=0, (15)

V(z,y), u(z,y,0) =1,

where F' is the vector field F(z,y,z) = (z,0,z + y).
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3.2 Resolution of the PDE

This first order PDE (15) can be solved by the method of characteristics. We look for
trajectories M (t) = (z(t);y(t); z(t)) that satisfy the characteristic equation:

The solution is:

y(t) = yo
2(t) = zo(e™" — 1) — yot + 0.

Now h(t) = u(M(t)) satisfies:

dh d

5 = VM) = =Vu(M() - F(M(2)) = u(M(t)) = ().

Therefore h(t) = h(0)exp(t). Suppose T' = T'(z0, Yo, 20) is a solution of (1), i.e. 2(T) = 0.
Then h(T) = w(M(T)) = 1 thanks to the boundary condition. Finally :

u(o, Yo, 20) = h(0) = u(M(T)) exp(=T) = exp(=T'(xo, Yo, 20))- (16)

Theorem 14 (Properties of the solution). If (z,y,2) € Q and if y > 0, the equation (1)
defining T has a unique solution. The function u defined by (16) is smooth on the interior
domain {(x,y,2z) € (R})3,z +y+ 2 < 1}. For any yo > 0, there exists a constant C(yo)
such that for all (z,y,z) € Q(yo), and all (i,7),

u(z,y,2)| < Clyo),  |Giu(z,y,2)| < Clyo),  [Gidjulw,y,2)| < Clyo).  (17)
If s < 1, similar bounds hold uniformly on Q(s).

Proof. If y is strictly positive, ¢ : t — z(e”! — 1) — yt + 2 is a strictly decreasing smooth
function such that ¢(0) = z and ¢(z/y) < 0. Therefore T is unique and depends smoothly
on x,y, 2z by the inverse function theorem. Its derivatives are given by:

e T -1 ~T 1

or= L o7 — —L . or—— 1
* ze T 4y’ Y ze T +y’ N ze T +y

On Q(yo), T is positive and smaller than 1/yg, therefore these quantities are bounded.
The same is true for the higher order derivatives.
If s < 1, recall that on Q(s),

z < s(x+vy) x—2z2>(1-35)/(2+2s). (18)

The first condition implies that 7" < In(1/(1 — s)). Together with the second condition,
this implies that the denominator ze~7 + % is bounded below by (1 — 5)2/(2 + 2s) > 0.
This proves the claimed bounds. U
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3.3 Convergence

In this section we prove that ¢(w,b, f) indeed converges to u, and that finite differences
of ¢ also converge to the corresponding derivatives of f, i.e. we prove Theorem 13.

Let u be the solution (16) of the continuous PDE, and u" its discretization defined by
(3). If the recurrence relation (11) can be seen as a numerical scheme for the resolution of
the PDE (15), " should approximately satisfy (11). Define Ry to be the corresponding
difference:

b
w—i—b—i—lu

w

N
- —1,b,f—1)—

Ry (w,b, f) = u™ (w,b, f) — N(w,b, f—1). (19)

Proposition 15. For all yg > 0, there exists C(yo) such that for all N,

C(vo)

V(w,b, f) € QN(yO)v ‘RN(w7b7 f)‘ < N2

If s < 1, a similar bound holds uniformly on Qn(s).

Proof. Let my(w,b, f) be the sup of the second derivatives of u on the cell [(w £ 1)/N] x
[(b+1)/N] x [(f £ 1)/N]. Let xy = (w/N,b/N, f/N), so that u™(w,b, f) = u(xy).
Multiply (19) by (w + b+ 1) and apply Taylor’s formula:

(w+b+1)Ry(w,b, f) = (w+ b+ Nu(xy) —w (u(XN) - %&Cu(x]\r) — %8ZU(XN))
1

—b (u(XN) - Nazu(xN)) + (w4 b+ De(w,b, f)
where |e(w, b, f)| < szmn(w,b, f). So
1 1 1
(w+b+1)Ry(w,b, f) =u(xn) +w <Naxu(XN) + Nazu(XN)) + b 0-u(xy)

+ (w4 b+ 1)e(w,b, f).

Since u solves the PDE, all terms vanish except the last one, so

mn (’U), ba f)

|Rn(w, b, f)] < — Nz
The controls on the derivatives of u given by Theorem 14 show that mpy is bounded by
some C(yg) on Qn(yo), and by some C(s) on Qx(s): this concludes the proof. O

Now let ey (w,b, f) be the difference g(w,b, f) — u™ (w,b, f). By the recurrence rela-
tion (11) and the definition (19) of Ry, for w > 1 and f > 1 we get:

w
w—l—b—l—le w—l—b—l—le

This still holds for w = 0 if we define ex(—1,b, f) = 0.

Now define ex(f) = max{|ey(w,b, f)| : (w,b) € N2 (w,b, f) € Qn(yo)}. The key fact
is that, if (w,b, f) is in Qn(yo), the same is true for (w — 1,b,f — 1) and (w,b, f — 1).
Therefore:

en(w,b, f) = N(w—=1,bf —1)+ N(w,b, f —1) — Ry (w,b, f).

W(f) < W(f - 1) + maX{RN(wa b’ f) LW, b; (wa b’ f) € QN(yO)}

C(vo)

<en(f-1)+ N
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By induction, since f < N,
C(yo)

en(f) <en(0) + N

Since ey (w,b,0) = 0, we are done.

To prove the bounds on §2(s), the strategy is exactly the same. Once more, the crucial
step is to remark that (w—1,b, f —1) and (w, b, f —1) belong to Qx(s) whenever (w, b, f) €
Qn(s): this stability is the reason behind the very definition of €(s).

3.4 Derivative in the z direction

Let us now prove the convergence of the (renormalized) finite differences of ¢ to the
derivatives of u. We proceed in three steps:

1. find a recurrence relation for the finite differences;
2. find a PDE for the derivative;

3. use the PDE to show that the discretization of the derivatives almost follows the
same recurrence relation as the finite differences.

We begin by the convergence of the derivatives in the x direction. Define u, = d,u, and
recall that d,q(w,b, f) is the finite difference:

596Q(w7b7f) - Q(w+ 17b7f) - Q(wab7f)'

Step 1. In order to obtain a recurrence relation for §,q, starting from its definition, we
apply (11) two times on g(w + 1,b, f) and q(w, b, f):

w+1

6zq(w, b, f) = m(ﬂw’baf -1+ mCI(w + 1,0, f —1)
- +Ulj+1q(w— Lo f=1) = oo aw b f = 1)
. ﬁ(hq(ﬂ) — b, f = 1)+ e heq(w,b, f — 1)
(wiZiQ_w+Z+l)ﬂMQf_U
" (w+ll))+2 - w+l;>+1) b7 =)
:E:%IT@ﬂw—L@f—1y+51%15%dw@f—1)
: a(w,b.J 1), (20)

T DwLb+2)

Step 2. Now let us find a PDE for u,. Recall that u, = d,u. Since u+zd,u+(x+y)0,u =
0, u, satisfies:
2uy + 205 (ug) + Oyu + (z + y)0.u, = 0.

Plugging the first equation in the second one gives:

1 T
x+yu x+yu$+(m+y) Uy ,

Uy + 0 Uy —
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which simplifies to:

T+ 2y 1
0, O Uy =

u. (21)

Step 3. Let u) be the discretization of u,. This function should approximately satisfy
the same relation than Nd,q, i.e. the product of Equation (20) by N. Denote by Ry the
error in this approximation, i.e. Ry is such that:

N w N b N
= —1.0,f—-1 - b, f—1

totor ool D+ Rulw b ) (22)

The error ey = ulY — N§,q satisfies:

w b

— Y en(w— ) b f—1 b
GN(ZU,b,f) ’U)—|—b—|—1eN(w 1ab’f )+’U)+b—{—1eN(w’ ’f )+RN(ZU, ,f)

so the same proof as before applies, provided we show that
e Ry is O(N72);
e en(w,b,0) is small.
Lemma 16 (Ry is small). For any yo, there exists a C(yo) such that

C(vo)
N2

V(w,b, f) € Qn(vo), Bn(w,b, f) <
The same holds uniformly on Qn(s) if s < 1.
Proof. Multiply (22) by (w + b+ 1) and use Taylor’s formula:
(w+ b+ Dud (w, b, f)

—w <u§(w, b f) — %(&rum)N(w, b f) — %(azum)N(w, b, f)>
+b (1 - ﬁ) (ui\f(w7 b7 f) - %(azux)]v(wa b7 f))
+E:3:5ﬁwhf—1%Hw+b+1x&wwa3+dw@f»

where |e(w, b, f)| < my(w,b, f). Gather all the v} terms on the left hand side.

2b + 2 1 =
b 1 N
i N(l _ m)ﬁzux (w,b, f)
(Wb f = 1)+ (w + b (B (w,bf) + e(w.b, f)).
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To use the fact that u, satisfies (21) we isolate the relevant terms:

w + 2b 2
o e @b )~ (w+0)(w + b+ 2)
— (%(ax%)fv(w, b, )+ - (0e) N w0, f))
b 1
+ N(azum)N(wab, f) = b2
LN b £) + (g, f 1)~ (w,b, )

ul (w, b, f)

(azu:v)N(wa b, f)

_l’_

Thanks to (21) applied at the point (w/N,b/N, f/N), we obtain:

2%
T wibwibey" )
1
::__Zflfgqfi(azux)N(“%b’f)
o ON
gl b f = 1) —uw.b. ) — e

+ (w+ b+ 1)(Ry(w,b, f) + €(w, b, f)).

N
Uy,

Isolating Ry in this equation and using the fact that b > Nyg, the bounds <1,

}8ufvv } < C(yo), and the approximation result on ¢ (Equation (12)), we get the bound (23).

On Q(s) the proof is the same, replacing the lower bound on b on the denominator by the

control
1—s

2+ 2s
This concludes the proof of the lemma. O

w=Nx >N

To conclude the proof of (13), we need only consider the base case f = 0. Since q(+,-,0)
is identically 1, 6,q is zero for f = 0. Similarly u is identically 1 so its z-derivative is 0,
so en(w,b,0) =0, and (13) follows by the same induction as before.
3.5 The other derivatives

Let us now turn to the convergence of the y-derivative u,. This function satisfies the PDE:

1 T
u — Ug.
r+y r+y

Uy + 20Uy + ( + y)Ouy = — (24)

Note that the right hand side depends on u and wu,, for which we have already proved
approximation results.
Recall that dyq(w,b, f) = q(w,b+ 1, f) — q(w,b, f). Using the recurrence relation (11)
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for ¢ we find first that

dyq(w, b, f)

w b+1
_ —1.b+1.f—1 _—
ool Lb L)+ o

(w,b+1,f—1)

—1,b,f-1)- ————
(w ?’f ) w+b+1

b
—) b, f—1
Wb+l yQ(wa f )

Q(w_lab’f_l)

Twtbt1?
5yQ(w - 1,baf - 1) +

w

(w4 b+ D) (w+b+2)

n w4+ 1
(w+b+1)(w+b+2)
w b

= ————0yq(w —1,b, f — 1) + m%ﬂﬂwab,f -1)

w+b+1

v
w+b+1

gw,b+1,f—1)

w

_|_
(w+b+1)(w+b+2)
1

T F D(wrb+2)

g(w, b+ 1, f —1).

Once more, the discretization uév of u, should behave approximately like Nd,q. Define
Ry to be the error in this approximation, i.e. Ry is such that:

uy (w,b, f)
_ w Ny _ b N _
_w+b+1uy(w 1,0, f 1)—i—w+b+1uy(w,b,f 1)
wiN N
+ Oy —1,bf—1)+ o+1,f—1
Wbt Dw+o12) L R O s CPR s LA f=1
+RN(wab’f)

To study Ry, multiply both sides by (w + b+ 1), and use Taylor’s formula:

(w+ b+ 1)y (w,b, f)
b

= wuév(w, b, f)+ buév(w, b, f) — %((83: + aZ)“y)N(wa b, f) — N(azuy)N(wa b, f)
wN
+m5mQ(w_ Lb, f—1)+ m(J(wab‘f‘Lf_ 1)

+ (w+ b+ 1)Ry(w,b, f) + €(w, b, f),

where € = O(N~!) (uniformly on Q(yo) and on Q(s)). The term (w + b)(uy)™ cancels out.
The remaining terms almost cancel out thanks to (24), and we are left with

wlN w N
+ <m51¢](w— 1,b,f—1) — w—{—buI (w,b,f)) .

Using the approximation results (12), (13), and the fact that b > Nyy on Qn(yo), or that

w > N21J:2ss on Qx(s), we can prove that

[ Ry (w.b, f)] < Clyo)N~2.
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The last step is the same as before: the difference ey = No,q — u?]f satisfies the nice

recurrence relation
w

bof)— — v
en(w,b, f) w—i—b—i—leN w—l—b—i—leN

For the base case (f = 0), ey is identically zero, and we get by induction:

C(yo) f
N2 7

(w—1,b,f—1)+ (w,b, f —1) — Ry (w,b, f).

max {|ex(w, b, f)| : (w,d) such that (w,b, f) € Qn(yo)} <

which proves (14) since f < N. The proof is similar on Qx(s).

3.6 Second moments

In order to derive the diffusion limit, we will need information on the covariance structure
of the couple (X,Y). This information will be deduced in Section 4.3 from estimates on
the following variant of the function q.

Definition 17. For any positive integers w, b and f, we denote by §(w, b, ) the probability
that in an urn composed of w white balls, b black balls and 2 red balls, the 2 red balls never
get drawn.

By conditioning, we see that ¢ satisfies the recurrence relation:
b
(’U}— 17b7f_ 1) + 7~(w7b7f_ 1)

w
j(w,b, f) = ——q

As before we prove that ¢ converges in some sense to a limit function 4. The same heuristic

reasoning as before leads to the candidate PDE:

2 T Y
— YR a~ 8~ _—8,.:0
Tty :H—y( i+ 0: 1) sty 2"

which we rewrite as
24+ 20,0 + (z + y)0,a = 0,
with the boundary condition
i(z,y,0) = 1.

The only difference between this equation and the PDE (15) is that F is replaced by F/2.
We solve this new equation in the same way. The characteristics are:

z(t) = zge t/?

y(t) =yo

2(t) = zo(e /2 — 1) — yot /2 + 2.
The T that satisfies z(T) = 0 is just 7' = 2T, so the solution @ is given by:

ii(z0, Yo, 20) = exp(2T (0, Yo, 20)) = u* (20, Yo, 20)-

Following the same strategy as before, we prove:

Proposition 18 (Asymptotics of §). For any yo there exists C(yg) such that for all N
and fOT’ all (U), b7 f) € QN(:UO);

@ )b, )] < S,
(@(w.b = 1) = dlw = Lb, 1)) = (@~ 0,)0) (w,b.1)| < o)

Similar bounds hold uniformly on Qn(s) if s < 1.
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4 The multi-generation model

4.1 Main line of the proof

To prove the diffusion limit stated in Theorem 6, we follow the presentation of Durrett
in [Dur96]. For each n, we have defined a Markov chain (X}')ren, that lives on the state
space S, = {0,1,...1} C R. Let E, [-] and Var, (-) denote the expectation and variance
operators for the Markov chained started at X} = z. Define, for each n and each z € S,
the “infinitesimal variance” a"(z) and the “infinitesimal mean” b™(x) by:

a"(x) = nVar, (X7), (25)

b"(x) = n (Be [X{] — ), (26)
and let

"(z) =nE, [|X{L - xﬂ .

Suppose additionally that a and b are two continuous functions for which the martingale
problem is well posed, i.e., for each x there is a unique measure P, on C([0,00),R) such
that P,[Xo =z] =1 and

t t
X, - / b(X,)ds  and X2 — / a(X,)ds
0 0

are local martingales. In this setting, the convergence of the discrete process to its limit
is a consequence of the following result.

Theorem 19 (Diffusion limit,[Dur96] Theorem 8.7.1 and Lemma 8.8.2). Suppose that the
following three conditions hold.

1. The infinitesimal mean and variance converge uniformly:

lim sup |a"(z) — a(x)| =0,
n ozeS,

lim sup [0"(z) — b(x)| = 0.
n TES)

2. The size of the discrete jumps is small enough:

lim sup ¢"(x) = 0.
n TES)

3. The initial condition X} = ™ converges to x.
Then the renormalized process converges to the diffusion X;.

Remark 20. The original formulation is d-dimensional and considers diffusions on the
whole space, therefore it includes additional details that will not be needed here.

Using this result, Theorem 6 will follow once we prove that the martingale problem is
well posed and we show the following estimates.
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Proposition 21 (Infinitesimal mean and variance). The following estimates hold:

=20 o yym), (27)

vs ()
bx:xl—m(—si)—i—(’)l n), 28
o) = (1 =0) (8~ T )+ 0(1/VR) (28)
en(z) = O(1/V/n), (29)

where the “O7 holds:

e uniformly on S, N[0,x], for all zy <1, if s > 1,

e uniformly on the entire space Sy, if s < 1.
Outline of the section. The remainder of this section is organized as follows. We ver-
ify in Section 4.2 that the martingale problem is well posed. In Section 4.3 we use the
convergence results of the single generation model to study the “first step” and get infor-
mation on the asymptotics of the random number of reproductions. Focusing first on the
case where § = 0 (i.e. there is no “direct” fitness advantage), we prove the formula (28)
for the infinitesimal mean in Section 4.4, postponing an estimate of a remainder term to
Section 4.5. The infinitesimal variance formula (27) and the control (29) on the higher
moments of the jumps are proved in sections 4.6 and 4.7, still in the case § = 0. Finally
we show in Section 4.8 how to recover all these results in the case where § is arbitrary.

4.2 The martingale problem is well posed

Recall the definition (6) of the function w:
Ve e [0,1], wvs(z) =v(z,1 —z,s) =1—exp(-T(x,1 —z,s))
where T'(z,1 — x, s) satisfies
(1 —exp(=T(z,1 —x,5))) + (1 —2)T(z,1 —z,5) = s. (30)
This function behaves nicely, at least if s < 1.

Lemma 22 (Properties of vy).

o Forallse Ry, 1—e* <wvg(z) <min(s,1).

e Foralls<1, (1_3)(675+3—1)Sv;(36)§w

e Foralls<1,s(1—s5)} (e ®+s—1)<v!(x) < 258_5(63:;;35(1*8))
Proof. Since 1 —e™! <t foralltec Ry,
(1 —e T@l=29)y L (1 — )T (2,1 — &, 5) < T(x,1 —x, 5)
which implies s < T'(z,1 — z, s) by the definition (30) of 7. Then we have

s+ (1—2)T(x,1 —z,8) > as+ (1 —x)s = s =zvg(x) + (1 —2)T(x,1 — x, ),
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which implies vs(x) < s for x > 0. Since 7(0,1,s) = s, we have v5(0) =1 —e™* < s.
Moreover s < T'(x,1 — z,s) obviously implies 1 —e % < 1 — e Tl l-z,s) — vs(z). From
now and only in this proof, we write v instead of vs(z) for convenience.

Rewriting (30) in terms of v yields the relation

zv— (1 —z)log(l —v) =s. (31)

—v—log(1—v))(1—v
o = Lo,

Differentiating this formula and isolating v’ one gets using (31) to

get rid of the logarithm yields
, (1—=v) s—w

= . . 32
v l—zv 1—2 ( )

Since ¢t — —t — log(1 — t) is nondecreasing on [0, 1], we obtain for 0 < s < 1

(I—s)(e®+s—1) o () e ¥(—s—log(l —9))
(1—z+zes) — °V7 7 (1 —xs)

which gives the following bounds (uniformly with respect to x):

e ¥(—s—log(l—))
(1—s)

Let us now turn to the second derivative. Take the logarithm of (32) and differentiate:

(1—-s)e " +s—1)<vi(r) <

:1—v+s—v+1—xv+1—mv+1—x'

1 / / /

— — 1

llog ()] vl v v v T
: v

Using the expression (32) for v/, it is easy to see that the sum of the first and fourth terms
is (—(s —v))/(1 —zv)? and the sum of the second and fifth terms is v/(1 — zv). Therefore
the whole sum is simply

,U/I

v s—v v L v _—2xv2+3v—s
v (l—a2v)? 1—azv 1—azv (1 —20v)?

From this expression and the bounds on @', the upper bound on v” is easily obtained.
Moreover, since

3v—2zv% — 5 —5(1—5)> 2 —3/4)*+ (s — 1) +1/8

the lower bound s(1 — s) on v” /v will follow if we show that —2(v —3/4)? + (s — 1) +1/8
is positive. This quantity is minimal if v — 3/4] is maximal. Since v is nondecreasing, the
maximal value of |[v — 3/4| is attained at x = 0 or x = 1, for which v =1 —e"¥ or v = s.
When v =1—¢"% we have 3v — 202 — s —s(1 —5) =3 -3¢ —2(1 —e )2 — s —5(1 — 5)
which is positive for all s < 1. When v = s, we have 3v — 2v? — s —s(1 —s) = s(1 —s) > 0.
This concludes the proof of the lower bound for v”. O

Now we are able to prove that the martingale problem is well posed by proving pathwise
uniqueness thanks to the following theorem of Yamada and Watanabe, as stated in [Dur96,
Theorem 5.3.3].

Theorem 23 (Yamada-Watanabe). Let dX; = \/a(z)dB; + b(X;)dt a SDE such that
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(i) there exists a positive increasing function p on (0,400) such that

ale) = alw)| <pllo—sl). for allay R

and ji(],l[p*Q(u)du = 4o00.
(ii) there exists a positive increasing concave function k on (0,+00) such that
b(z) = b(y)| < w(lz —yl),  forallz,ycR
and [ q k~Hu)du = +o0.
Then the pathwise uniqueness holds for the SDE.

For /a, thanks to the previous bounds in Lemma 22 and the elementary inequality
‘\/E - \/E’ < /|c —d], valid for all (c,d) € R2, there exists a constant C' depending only

on s such that
‘\/ (1— ) _\/y(1—y) +‘\/y(1—y)_\/y(1—y)
x v (x) US(QU) Us(y)

-
Vall—2) -yl —9) W
vs(x) vs(2)vs(y)
 ve=d - vul-v]  [ya- y) HCAC W
vs(z) Vs () vs 2601 2\/?
gcwx—ywu—w—ywcwx—y\szc & —yl.

IN

Thus the first item holds with p(u) = 2C\/u. For the drift b, we have

)~ ) < 31a(1 =) = y(1 =) + s [0 - 5 -y - B
Sﬁlx—ylll—w—ler%|:c(1—x)—y(1_y)|
y(1 —y) |vy(z) (y)
T e 2<y>'
V" (2)02(2) = 20.(2)vs(2)V. (2
(ﬂ+0)|x—y|+% Zl[lopl]l s (2)vs(2) vz(zg Jvs(2)vg( )I|I_y|

< (B+20)|z —yl,
which proves the second item by setting x(u) = (8 + 2C)u.

4.3 The number of reproductions

In this section we use the results from the previous section to study the “first step” of
each generation, getting information on the asymptotics of the random number of repro-
ductions.
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Notation. From now on, we only need to study what happens in one step of the Markov
chain. We let x = X = w/n € S,, be the initial proportion of white balls. There are b
black balls, where b+w = n and we draw f = sn times. Note that N = w+b+f = (1+s)n,
and s is fixed, so n and N are of the same order. We omit the “size” index n and the time
index k = 1, denoting by (X,Y) = (X}, Y{") the number of white/black “reproductions”
and by X = X7 the proportion of white balls after the first step. Moreover we let

f:EJXL gzmﬁﬂ.
The goal of this section is to prove the following estimates.

Proposition 24 (Moments of (X,Y)). The moments of (X,Y) have the following asymp-
totic behaviour:

T =B, [X] = navy() + 0(1), §=E, [V] = n(1 - 2)v,(z) + O(1),
Var, (X') = O(n), Var, (Y) = 0O(n),
Var, (X, f/) = O(n),
Moreover,
—bVar, (X') + (w —b)Var, (X', f/) + wVar, (f/) = wb <(vs(x)1—+18)v;(x) + O(l/n)>

b?Var, (X') — 2wbVar, (X, 57) + w*Var, (57) = wbn (vs(z)(1 —vs(x)) + O(1/n)) .

In all these results the “O” are uniform on the starting point x € [0,1—1yo| (if s > 1), and
uniform on x € [0,1] (if s < 1). Finally,

Ex[

X -E[X] \3] — O(n¥?)

E$[

V-E|[7]

| = 0w,

where the O are uniform on x € [0, 1].

Remark 25. Getting the exact value of the leading term for the second moments does not
seem easy; we will only need a control on the particular linear combinations that appear
in the second block of equations.

We begin by a lemma. Define p,,, the probability that 2 given different white balls are
drawn, and define p,, ppp similarly.

Lemma 26. For all yg, there exists a C(yg) such that, if (w,b, f) € Qn(yo),

B — )b, £ < Ly — 2w, )] < L,

Moreover, the differences are of order 1/N and are given by:

C(wo)
N

(poo — v)(w,b, f)] <

C (o)

’(pbb — Dwb — % (20 = 1)(0z — 8y)v)N) (w, b, f)’ <

(Pt = P = 57 (20 = D@ = 0)0)™ ) (wb.1)| < -

The same bounds bold uniformly on Qn(s) if s < 1.
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Proof. To compute these quantities, let gy, = P [neither By nor By are drawn|, and define
Qub, qep Similarly. As before, the probability .., does not depend on the color of the two
balls, but only on the composition of the remainder of the urn. In terms of the quantity
G introduced in Definition 17, we have:

Quw(w, b, f) = G(w —2,b, f) qub(w, b, ) = q(w —1,b =1, f),
aop(w, b, f) = q(w,b — 2, f).
Going back to the probabilities of reproduction is easy. Since for any events A and B,

P[A°N B ]+ P[A]+P[B]=1+P[AN B], we get
Pww = quw — 1 + 2py
Puwb = qub — 1+ pw + b
Pob = qob — 1 + 2pp.

The result follows using the previous approximations on p,, and p from Theorem 3 and

the results on ¢ (Proposition 18). O

Proof of Proposition 24. The variance and covariance of X and Y are easily computed in
terms of these quantities.

Var, (X') = Var (Z 1Bi> =wVar, (1p,) + w(w — 1)Var, (1p,,1p,)
i=1

= wpw(l - pw) + w(w - 1)(pww - p12u)
= w(pw - wa) + wz(pww - p121})
Varx (Xv }}) - wb(wa - pwpb)
Var, (57) = b(py — pww) + b*(Pey — P7)

Since all expectations are taken starting from x, we drop the subscript = in the proofs.
By (33), all the quantities considered may be expressed in terms of py, Pp, Puww, Pep and
Pwp- Using the asymptotic results from Theorem 3 and Proposition 26, we get the results
after a short computation. For example, the last result follows from:

(33)

b*Var (X) — 2wbCov (X, }7) + w?Var (}7)
= b w(pw — puw) + 0° W (Puww — Pl) — 200 (Pub — Pups)

+ w?b(py — pew) + Wb (P — P})
= wb {b(Pw — Pww) +w(Ps — Peb) + wh [ ww = Pay — 2Pwb + 2pwy + Dop — pg”
= wb [(b+ w)v, (2)(1 = vy(w)) + O(1) +wb [Pus + Pow = 2bun + (P — o)’
= wb [(b + w)vs(x)(1 — vs(z)) + O(1)]

where in the last line, we have used the fact that py, — pwp and pyp — pry have the same
leading term at order 1/n, so that they cancel out.
The bounds on the higher order moments follow from the fact that X and Y are sums

of negatively related indicator variables. For example, X is the sum of w indicators, so
that by the bound (9) of Theorem 11,

E UX _E [X} ﬂ < 12ew’/? < Cn®/2, 0
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4.4 Infinitesimal mean

From this moment on, until Section 4.8, the parameter [ is fixed to 0. We set
. X -
Z=———=¢(X,Y
X+Y i )

where ¢ : (x,y) — x/(x +y). Let F be the sigma-field generated by (X,Y). Recall that
(since 8 = 0), X is the proportion of white balls after a binomial sampling with probability
Z. By conditioning,

-5 (7]
so it makes sense to study the first moment of Z.
Lemma 27 (Expectation of Z) The first moment of Z is given by

7] - = _1 U@ o) (34)

n (14 s)v2(x)
Corollary 28. The formula (28) holds when 5 = 0.

Proof. The proportion Z is a function of X and Y. We wish to apply Taylor’s formula to
¢ to compare [E, [Z] to ¢ (Ew {X } JEs {?D = ¢(Z, 7). The derivatives of ¢ are given by:

ey = s Bdley) =
Oidle.y) = o Ondlay) = (35)
é%z¢(x7y):=(£%fégg-
Let us apply Taylor’s formula to ¢ on the segment S = [(Z,7), (X,Y)].
O(X,Y)—¢(#,9) =T1 + T + Ty (36)

where
Ty = 010(2,9)(X — &) + 20(2,§)(Y — §),
T, = %&uﬁ(f, DX =) + 0120(2,9)(X — )Y — ) + %82205(& DY =97,

and T3 is a remainder term which will be considered later.
We take expectations on both sides, once more dropping the subscript = from the
notation. The first-order term 73 disappears, so

E,|Z] -2 =E[¢(X,7)| - o = (6(7,5) — 2) + E[Ts] + E[T3]. (37)
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Let us look at these three terms in turn. For the first one:
WP w

QS(x,y)—CC: wpw"'bpb _w+b
:x(pw_xpw_(l_x)pb)
xpw'i‘(l_x)pb

— (1 — Pw — Db

= (1 TPy + (1 — x)py

B P @
n (1 + s)v(x) '

where we used Theorem 3 and the fact that N = (1 4 s)n in the last line.
The second term T5 is a bit trickier.

E [TQ] = %811(b( )Var ( ) + 812(b( )COV (X, Y) + %322(?(5’, g)Var (}7) .

First, remark that d11¢(Z,7) s @) Onp(z,1 — ) + O(1/n?), and that similar results
hold for the other derlvatlves so t%mt using the rough bounds on the variances from
Proposition 24, we get

E[Ty] = m (%311¢($, x)Var ( ) + O12¢(z, 1 — x)Cov (X',f/)

+%822¢( 1 —a)Var (¥ )> +O(1/n2),

Due to the explicit expression of the derivatives (equation (35)), the term between brackets
is, up to a factor n, the one that appears in Proposition 24, so

Eﬁﬂ:%d1—m“§?;;$ﬁ»+oumﬁ. (39)

We will prove in the next section that T3 = O(1/n%/?). Inserting (38) and (39) in (37), we
obtain (34):

1 z(l —z)vy(z)
n (14 s)vi(z)

Multiplying by n, we get (28), which proves the corollary. O

E|Z]|-a=- O(1/n3?).

4.5 The remainder

Let us bound the remainder term 73 in Taylor’s formula (36). If we let zg = (x0,v0) = (Z,7)
and z1 = (z1,y1) = (X,Y) (20 is fixed and z; is random), then T5 can be written as:

Z / (1 = t)2Dap(z)dt - (21 — 20)2,

ajal=3 ¢

where z; = (1 — t)z9 + tz1. To get the claimed bound on E [T3], it suffices to show that,
for any multiindex « of length 3,

Ro=E [ [ 00l (21— 20)°1] = 001 /n?).
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Therefore we have to bound the third derivatives of ¢ on the segment [z, z1]. The difficulty
here is that (X,Y) may be very close to (0,0), where the derivatives of ¢ blow up. This
problem only occurs if both X and Y are small. However, if z > 1 /2, X is unlikely to be
small, and if z < 1/2 then Y should not be too small. This prompts us to introduce the
following good event:

(40)

(X >z/2} ifz>1/2,
Y >g/2} ifz<1/2

Step 1: a bad bound on the bad event All third derivatives of ¢ satisfy:

mmuwns—11FWﬂ+wn

(x+y

Since 1< X+Y <n (at least one ball is chosen), 1 < Z+gy=E {X + f/} < n, so that for
all t € [0, 1],
0a()| < Cn. (a1)

This bound is not strong but it holds even on the “bad event” A°.

Step 2: a good bound on the good event Suppose z > 1/2, so that on A, X > #/2.
By the asymptotic result of Proposition 24 on Z, and the fact that vy is bounded below
by s,

Cn c’

Vt7 ‘aa(b(zt)’ S W S E

If x <1/2,Y >4/2 on A, so

Cn c’

Vt’ |8a¢(zt)| S W S ﬁ

Step 3: the good event has very high probability Suppose first that x > 1/2, so
A={X>E {X’ } /2}. Intuitively, since & = E [X' } is of order n and its standard deviation

is of order \/n, the event X < /2 should have very small probability. This rigorous proof
follows from the deviation bounds established above. Indeed

PlA<P[|X-E[X]|>E|X] /2]
—Engr

< exp

where we used (10) applied to X, a sum of zn negatively correlated indicator. Since
x > 1/2, for some absolute constant C' we find that

P[A°] < exp(—Cn). (42)

Ifz<1/2, A={Y >E [}7} /2}, and we can apply (10) to Y to see that (42) still holds.
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Step 4: conclusion For any multiindex «, using the good bounds on the event A, and
the crude bounds (41) and ‘X’ — aﬁ’ < 2n, we get:

Ro = [ [ 10u0te0)] dt] 21— )"
C

n3

E [1,4 ‘(X’ - i)aH + Cn*exp(—Chn).
The third moment bounds from Proposition 24 yield:

C _
R, = TS + Cn* exp(—Cn) = O(n™3/?).

This proves that E[T3] = O(n~%/2), and concludes the proof of the formula (28) for the
infinitesimal mean in the case g = 0.

4.6 Infinitesimal variance

Let us first study the second moment of Z.

Lemma 29 (Variance of Z). The variance of Z is given by

Var (7) = Lo - gyt =@ g 32y, (43)

n vs(x)?

Proof. Since we already know the behaviour of E [Z}, we only need to compute E, [Z 2}.
To this end let ¥(x,y) = ¢(x,y)?, so that E, [22} =E, [w(X', f’)} and we can use Taylor’s

formula once again: (X,Y) — (&, ) = T) + T4 + T4, where T/ is the i*" order term.
Taking expectations (dropping once more the subscript z) yields:

E|Z?] = 4(&.9) +E T3] + E[13]
The term Tj is treated as before to get:
E [T§] = O(1/n?).

To treat T4 we compute the derivatives of :

X — 332
o) = o Oble) =
— 2z ,172
(e = P o) = (a4
O (z,y) = %

Therefore E [T3] is given by:
1 ~ 5 - 1 -
E (T3] = 0uv(5)Var (X) + 0129(#,5)Cov (X,Y) + S0ui(#. ) Var (V) .

As before, we can approximate the derivatives at (Z,7) by the ones at (z,y) since

1

811¢(f,ﬂ) - W@11¢($, 1- x) < 0(1/n3)
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Using the expressions of the partial derivatives of ¢, and rearranging terms to use the
results of Proposition 24, we get:

E [T3]
= m (%(Qy(y — 2x)Var (X') + (2z(x — 2y))Cov ( }7) + %GxQVar (f/))
— #ZP (—yVar (X') + (z — y)Cov (X',Y/) + zVar ( ))

n m (yZVaI' (X') + —22yCov ( ) + 2%Var (Y))

= Z(js(_x;z) (2:6 (Us(w)lllgv;(x) + vs(z)(1 —vs(z)) + (9(1/n)> ]

The last step is to find the behaviour of ¥(Z, ). Once more, by Taylor’s formula:

W(&, ) = Pz, (1 - 2) )

Pw
=, (1 —2)(1 + 222
Py
= e, (1= )+ Ouv(a 1 = 2) - (1 = )2 01 )
BT NPT AC) .
_4?—n22u %1+Q%@)+Ou/2y

Therefore:

E [22] 224 (1l — ) <—2mv§(m) + vs(z)(1 — vs(z) + O(l/n)) .

Since, by (34),

3[2] - Lo A2 o

we finally obtain the expression (43) for the variance of Z. O

Proof of the formula (27) for the infinitesimal variance. Since § = 0, the conditional law
of nX given F is the binomial law B(n,Z). The variance of X is given by conditioning
on F:

Var, (X) = E, [Var, (X|F)| + Var; (E, [X|F])
1~ - .
=E, |-Z(1-Z Var, (7).
201~ 2)] + Var, (2)
We rearrange terms on the right hand side to get:

v . 2] ]
— (1-1/m)Var, (Z %
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The asymptotics of E [Z} and Var, (Z) are known from lemmas 27 and 29. Injecting
them in the last equation we get

vs(2) (1 = vs(x))

v3(x)

Var, (X) = %m —2) + %x(l — ) + 01/,

The infinitesimal variance is obtained by multiplying by n:

an(z) = 2(1 — x)vs(””)g&;’s(x)) + (1 —z)+ O(1/n?)

= - (m)xu — )+ O(1/n/?). O

4.7 No jumps at the limit

We have to show that nE, []X - xﬂ — 0. Recalling that Z = ¢(X,Y) = X/(X +Y),
and using the trivial bound (a + b+ ¢)? < 9(a® + b3 + ¢?),

= ’ NW +9n<£f_g—x)3. (45)

nk, “X - x|3} < 9nE, [

~13 ~
X—Z”+9nEx UZ_Hy

For the first term, we condition by the first step:

~13 ~ 13
E. [X—Z] } ~E, [E UX—Z‘ ‘}'H
Given F, nX follows a binomial law of parameters zn and Z. Using (for example) the
bound (9) (which holds in the more general negatively dependent case), the whole term
is O(n=1/2).
The third term of (45) is O(1/n?), thanks to the controls on # and 4 from Proposition 24.
7 —

Therefore we only have to bound the second term nkE, [ } Let us reuse the

notation z = (1 —t)(Z,9) + t(X,Y):

_z
z+y

Z_~5€

E
nkE, Fa

3 3
- ] = nE, [[6(21) — d(z0)[?]

As in Section 4.5, we want to bound the derivatives of ¢ on the segment [z, z1], which
is only possible if X + Y is large enough. Recall the good event A from Equation (40).
On A, it is easy to see that all first derivatives of ¢ are bounded by C'/n for some absolute
constant C, therefore

= x

Z — ——
r+y

<5 (B[X -2 +E[(V - 9)°]) + CPA]n’.

nEwl <=

The third moments are controlled by Proposition 24, and the probability of the bad event
is exponentially small (by (42)). This shows that (29) holds, and concludes the proof of
the main result when 5 = 0.
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4.8 Proofs for the full model

In this final section we show how to compute the infinitesimal mean and variance in the
general case, that is, we prove Proposition 21 when [ is arbitrary. We still denote by X,
Y the number of white/black reproductions by F = o(X,Y) the corresponding o-field,

and by Z the “raw” ratio Z = —2—. We define

5. (1+8/n)X
(1+8/n)X +Y’

so that, conditionally on F, nX follows a binomial law of parameters n and Zg. This
modified ratio is not far from Z:

P (1+8/n)X =Z< 1+ 8/n )
P+ B/m)X +Y (1+B/mMZ+1-2
=Z(1+8/n)(1 = (B/n)Z + O(1/n?))
= Z (14 (8/n)(1 - Z)+ O(1/n?)), (46)

where the @ is uniform on z and w since Z is bounded. Taking the expectation gives
E|[Zs] =E[Z] + (8/n)E[2(1 - 2)] + O(1/n?)
=E[Z] + (3/m)E 2] (1-E[Z]) - (8/n)Var (Z) + O(1/n?).

Now let us recall the results from lemmas 27 and 29:

B[2] o= -1 Traa s omt),
Var (7) = Lalt =) )z():@)gs(x)) +0(1/n*%).

This immediately entails

PR Qe UC B

n3/2
n (14 s)vi(x) +00/ )

and proves the general form of the infinitesimal mean announced in Proposition 21.
For the variance, squaring (46) and taking expectations gives

E|[Z3| = B [22] +2(8/n)E [2%(1 - 2)] + 0(1/n?),
therefore
Var (ZB) = Var (Z) + (E [22(1—2)} —E[Z}E[Z( Z)D +0(1/n?)

= Var (Z)+ = (E[2(1- 2)(Z - E[Z]]) + O(1/n?).

SR ]g

N\ 1/2 .
The absolute value of the second term is bounded above by %Var (Z) / ; since Var (Z )
is of order 1/n we get
Var (Zg) Var ( ) +O(1/n3?),
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which proves that the infinitesimal variance does not depend on S.
Finally we have to show that the control on the jumps size still holds. Adding one more
intermediate term in 45 we get:

nE [|X - 2f’] < 16n<E UX - Zgﬂ +E Uzﬁ - Zﬂ

3 7 3
“(757))

The first, third and fourth terms are treated exactly as in Section 4.7, since Zg is the

conditional expectation of X knowing F. For the second term, recalling (46), we get

3 3, - 3
_F (2= 2)+00/m))",

_n3

+E

r+y

-

Z5—7

-~ -3
which implies that nE UZ — Zg‘ ] converges to zero. This concludes the proof of Propo-

sition 21 in the general case.
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