N

N

The contrivances of shuffle products and their siblings
Gérard Duchamp, Jean-Yves Enjalbert, Vincel Hoang Ngoc Minh, Christophe
Tollu

» To cite this version:

Gérard Duchamp, Jean-Yves Enjalbert, Vincel Hoang Ngoc Minh, Christophe Tollu. The contrivances
of shuffle products and their siblings. 2014. hal-00925642v2

HAL Id: hal-00925642
https://hal.science/hal-00925642v2

Preprint submitted on 18 Jan 2014

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00925642v2
https://hal.archives-ouvertes.fr

The contrivances of shuffle products
and their siblings

Gérard H. E. DUCHAMP*, Jean-Yves ENJALBERT*
Vincel HoaNGg Ncoc MiNna*, Christophe TOLLU*

* LIPN, Institut Galilée - UMR CNRS 7030,
93430 Villetaneuse, France.

 University Lille 2, 1 Place Déliot, 59024 Lille, France.



18-01-2014 22:43

1 Introduction

Let X be an alphabet, R an unitary (commutative) ring and let X* be the monoid freely
generated by X.

As a matter of fact, mathematics (in particular in number theory), physics and other
sciences provide, for their theories, algebras of functions indexed by words with a product
following a simple recursion of the type

auw yvb = a(uw sbv) 4 blauw 4v) + ¢(a, b) (uw 4v) . (1)
We will here use a gradation in the complexity (see appendix A)

i) Type I : factor ¢ comes from a product (possibly with zero) between letters (i.e.
X U {0} is a semigroup)

ii) Type II : factor ¢ comes from the deformation of a semigroup product by a bichar-
acter

iii) Type III : factor ¢ comes from the deformation of a semigroup product by a colour
factor

iv) Type IV : factor ¢ is a commutative a law of associative algebra (CAA) on R.X
v) Type V : factor ¢ is a law of associative algebra (AA) on R.X

Many shuffle products arise in number theory when studying polylogarithms, harmonic
sums and polyzétas : to study all these products, two of us introduced the Type IV (see
above) [11].

On the other hand, in combinatorial physics, one has coproducts with bi-multplicative
perturbation factors see [9]).

In a first part, we enumerate some of this product we can meet in the aboves case, to
prove the pertinence to study this classe of product. The first steep to use a

2 a small zoology of ¢-shuffle product

2.1 the definition

Let us so give below some examples.

Example 1 (see [17]). Product of interated integrals.

As remarked by Chen [4] in order to implement his theory, the product of two iterated
integrals can be computed (thanks to the formula of integration by parts) by “shuffling”
the differential forms on which it is based. This shuffle reduces on the indices to a bilinear
product such that :

VwGX*, U)u_llx*le*u_lw:w,
and Ya,be X?Vu,ve X auwvb=a(uwbv) + blau wv).



where X is a alphabet and X* its set of words.
For example, for any letter xo, x and x’ in X,

zot’ w iy = 2ex’ThT + 2038 W + 3T T + 3T + WX

Example 2 (see [13]). Product of quasi-symmetric functions (Y = {y; }ien, ).

In the same manner as in the preceding example, quasi-symmetric functions rule the
product of (strict) harmonic sums (their product reduces to the shuffle of their indices
with an extra term). The stuffle is a bilinear product on k(Y') such that :

YweY", wwly=1lysww=mw,

and Yy, y; € X,Vu,v € X*,  yuwyv=y;(uwyv) +yj(yiuwv) + yi(uw o).
In particular,

(Ysy1) w o = YsthYe + Ysyotn + YsYs + Y2Ysyr + Ysyi.

Example 3 ([5]). Product of large multiple harmonic sums (X = {z;}en, ).
For large harmonic sums, the product is ruled by the minus-stuffle. It is a bilinear product
on k(X) such that :

Yw € X*, welys =1xs mw=w, and
Vo, z; € X,Vu,v e X*,  zuozw=x(uv=zv)+2j(vu=v) — zy(us).
In particular,
(1'3.1'1) =Ty = T3T1To + T3ToX1 — T3T3 + XTolYsx1 — T5x7.-

The associativity of the preceding product is no longer provided by a bicharacter but by
a color factor, see Prop. (77).

Example 4 ([2]). (X = {r}bicx, ).
More generally, following Hoffmann, one can introduce a parameter ¢ € k and define on
k(X) the deformed shuffle product by :

Vw e X, wwlxs =1xw,w=uw,
and Nz, x; € X,Vu,v € X*,  zjuw x;0 = x;(uw ,x;v) + (20w 4v) + qrip;(uw o).
Of course, when q = —1,0 or 1, one obtains respectively the products = ,w and w. In
particular,
(:z;gxl) W Ty = T3T1X2 + T3T2T1 + ¢.T3T3 + ToX3T1 + qT527.

Example 5 ([10]). Product of coloured sums (X = {z;};ec+).
The smuffle is a bilinear product on k(X) such that :

Yw e X', wwlys=1yww=w,

and Vx;,z; € X,Yu,v € X*,  zuwzjv=z;(uwz;v)+ z;(z,uwv) + Ty (uwv).
For example,

T2X_ {wX1 =220 _1T1 +T22010_ 1 +T2X-1 +X1X20_1+T1T_1.
3 2 3 2 3 2 3 2 2 3 3



Other products can be constructed from these examples. Indeed,

Example 6 ([11]). Product of colored polyzétas (Y = {y; bien+, X = {x;}iccr).

LetY and X be two alphabets and consider the alphabet M =Y x X with the concatenation
defined recursively by (y,x).(wy,wx) = (ywy,zwx) for any lettersy € Y, x € X, and
any words wy € Y*, wx € X* such that |lwy| = |wx|. The unit of this monoid (M) is
gwen by 1y = (1y=, 1x+). From the examples 2 and 5, the duffle is defined as a bilinear
product n k(M) such that

Yw e M*, w1y = 1y sw = w,
vyiayj € Y2avxkaxl S X27vu7'u € M*27 (yzaxk’)u =l (yjaxl)-v = (yzaxk’)(u L=l (yjaxl)v)
+(W5, ) (Y, Tr)u 2 0) + (Vi s Ther) (21 0).

OR better : Product of colored polyzétas (X = {;x}(ik)enexcr)-
Let (B, +) and (C, x) be two monoids and consider the alphabet X = {x; 1} repxc- the
duffle is defined on k(X) as a bilinear product such that

VwEX*, w&lﬂlx*:1X*&lﬂw:w7
2 2
Vg, xi € X5, Vu,v € X%, xypubs z;.0 = (0w es 25,0) + 25 (T g0 B9 V) + T s (0 e 0)).

Example 7 ([12]). Product of Hurwitz polyzétas (Y = {y; }iene, Z = {21 }ec)-
One constructs in the same way the alphabet N =Y X Z and define on k the product o by
Yw € N*, wolys =1n+0w = w,
Vi, y; € Y2, V2, 20 € Z% Yu,v € N*2,
t = t/ = (y@, zt)u e} (y_y; Zt)U
= (yi, 2e) (w o (y, 20)v) + (45, 20) ((Yi, 2 )u 0 v)
+(Yitj, 2) (o v)
t#t = (yi,z)uo(y;,2v)v
= (i, z0). (wo (yj, 20).0) + (yj, 20) (43, 20) w0 )

— (j—1+n 1)
*Z(‘] j_%lr )( ( t/;ﬁn (Yins 22)- (w0 )

+Z ( ;ij”)% (450, 20)- (w0 0)

OR better ‘Product of Hurwitz polyzétas (Y = {y,t)} @ Hen-xc)
Let (B,+) a monoid and C a set and consider the alphabet Y = {y;+} i epxc. The duffle
is defined as a bilinear product on k(X) such that
Yw € Y*, w e 1y« = 1y s w = w,
vyi,ta Yjp € Y2a VU, v E Y*2
t=t" = Yoy =yit(uoy;v) + Yjs(Yiru 0 v) + Yirje(uov)
t 7é t = Yit-UO Y.V
= ?/z t(U 0 Yj,00) + Yju (Vi 0 v)

+Z (j_l"’_n)%yin’t.(uov)

J .
+;( 1—1 )myj—n,t’-(uov)



Example 8. Product of Generalized Lerch function (Y = {y;}iens, X = {@i}iccs, Z =
{Zt}tG(C)-
Let X, Y, Z be three alphabets and consider the alphabet A =Y x Z x X with the
concatenation defined recursively by (y, z,z).(wy,wz,wx) = (ywy, 2wz, zwyx) for any
lettersy € Y, z € Z, x € X, and any words wy € Y*, wy € Z*, wx € X* such that
\wy | = Jwz| = |wx|. The unit of this monoid (A) is given by 1iay = (1y=,1z+,1x+). The
product © is defined by :
Vw € A%, wol g = 140w = w,
V(yi,y;) € Y2, V(21, 20) € Z2 ¥ (xh, 11) € X2, V(u,v) € A2
t=t" = (Yi, 2, x1).us(yj, 2, 1)V
= (Ui 2, wk)- (Wo(y;, 2).0) + (45, 20, 21).- (4, 2¢) uoV)
—l—(yiﬂ, Zt, SL’le>. (U5U)
t#t = (yi, 2, vp)uo(y;, 2¢, ;). 0
= (Yi, 2, Tk)- (W0(y;, 2v).0) + (yj, 2vr, 1) ((Yi, 2t)-uoV)

N . (J —1+ ”) D 2). (uBY)

n ? Jg—1 (t — t/)j+n
J .
i—1+n (—1)" B
* Z ( 1—1 )m (Yj—n, 20, Tixr). (WOV)
n=0

OR better :Product of Generalized Lerch function (X = {; ¢} (i kt)en-xcexc)
Let (B,4) a monoid and C' a set and consider the alphabet Y = {y; :}nepxc- The duffle
is defined as a bilinear product on k(X) such that

Yw € Y, w it 1y« = 1y« s w = w,
YYit, Yjv € Y2 Yu,v € Y*?
t=t = yuoy;w ="y (uoy;v) + vy (Yiuov)+yirj(uov)
t#t = yiruoyjp.v
= Yit(u o yjpv) + yjv (Yiru o v)

DGRy e

n=0

-1 .
t—14+n (—=1)"
+;( 1—1 )m%n,t/(uow

Example 9. The q-shuffle product is the bilinear operation ., on N[q|(A) recursively

defined by

q

1A*u_|qu = ouqlA* = u,
(au)wy(bv) = a(uw ) + ¢ b(auw ),
where u,v (resp. a,b) are words (resp. letters) of A* (resp. A).

In order to grasp more generality in this work, we start from class V which is the most
general. The aim of the paper is to give a structure theorem and necessary and sufficient
conditions for it. Class V emerges from definition (10) below. Our framework will use a
unitary ring as ground set of scalars (and not a field as it would be expected in combi-
natorics) because the applications require to work with rings of (analytic or arithmetic)
functions.



Definition 10. Let A be a unitary commutative ring, X be an alphabet and ¢ : X x X —
A(X) is an arbitrary mapping. Then it exist a unique mapping w, @ X* x X* — A(X)
satisfying the conditions :

forany we X", Ixswyw =wx1ly- =w,
(R) X for any a,b € Xand u,v € X*,
auw sbv = a(uw, bv) + b(auw4v) + ¢(a, b) (uw 4).

With the notations as in Def. (10), we have
Proposition 11. The recursion (R) defines a unique mapping X* x X* — A(X).
Definition 12. We will noted |l| the length of the word I.

Proof. Make a recurrence over n = |u| + |v|. O

From now on, we suppose that ¢ takes its values in AX the space of homogeneous poly-
nomials of degree 1. We still denote by ¢ its linear extension to AX ® AX given by

S(P.Q) = Y (Pla)(Qly)d(z,y) (2)

r,yeX
and * the extension of the mapping of Prop (11) by linearity’ to A(X) ® A(X). Then *

becomes a law of algebra (with 1x« as unit) on A(X).

2.2 extented quasi-stuffle relations

Lemma 13. For s, r integers, a, b in C :

1 ag by
vz e C b — _ Tk
SRR CL S e i Y L D ey
(—1)s7*k (s+r—Fk—1)! s+r—k—1\ (=1)5*
h = = ) and
WHETE @ = 1 )=k T (= Di(n — k)] r—1 J{a—pp—+ ™"
b — (—1)=* X(s—l—r—k‘—l)!_ s+r—k—1\ (=1)*
P b—a) R T (s—DI(r— k) s—1 (b—a)+r=k
Let t = (t1,...,t,) a set of parameters, s = (s1, ..., s,) a composition, ¢ € C", we define,
for n € Z~o,
- T
e = > 1l CAr (3)
n>n1>..>ne>04i=1 v " v
and M&(),() =1.

We recall that AX (resp. A(X)) admits X (resp. X*) as linear basis, therefore AX @ AX (resp.
A(X) ® A(X)) is free with basis X x X (resp. X* x X*) or more precisely, the image family (z ® y)» yex
(resp. (U ® V)y,pex)-



Proposition 14. Let s = (s1,...,8) and v = (r1,...,r) two compositions, ¢ € C!,
p€CF andt = (t,...,t,), t' = (t,...,t.) two sets of parameters. Then

vn 6 N, MS ¢t Ml‘ptl - M(Z,¢,t)6(r,p7t’)'

Proof. Put 8" = (sg9,...,8), ' = (ro,...,1), & = (&2, ., &), P = (p2,---,p), t2 =
(tg,. .. ,tn) and t,g = (tlg, ,t/ lthen

& P?ll -t
Mn Mn ! — —Mrfl / —M’rf 1/ /1
oiMipe = 2, Gy e G =y
n1
_ 1 n' n’
- Z (7?,1_—{:1)81 MS (f)/ t2 t, + Z 1 _ t/ 71 M ;5/ to Mr/7;/7t,2
n>ni n>n'q
1 1
M, Mm
"2 ) G G
nl
= m M:1¢l t2 p t, + Z n l _ t/ 1 M: é&/ t2 Mg,;,,t,Q
> >
n>ny , X . 1n n’y
@)D D Ty Mie My
n>m k=1 o)) k=1 (& —a)t

A recurrence ended the demonstration.

O

Theorem 15. Let s = (s1,...,5) and r = (r1,...,71) two compositions, ¢ a l-tuple and
p a k-tuple of £, t = (t1,...,tx) and t' = (t1,...,tx) two k-tuple. Then

(i) For the colored zeta function :
((s, §)C<S/> gl) = C((s, f) Lele) (5/7 5/))
(ii) For the Hurwitz zeta function :

(s, t)C(s',t) = (((s,8)0(s,t))
(iii) For the Lerch Generalized Function :
((s,6,6)C(s", 6, &) = C((s,,€)3(s, ¢, &)
Proof. With A, = 1/(n —t).

Vn € N, Msn@()\): Z H (n; —t

n>ni1>...>n, =1

so lim M, (\) = Di(Fy¢;s). The move to limit the proposition 14 gives the result. [

Example 16. The use of examples 2 and 5 give

Di(F(z 1) (3,1)) Di(F (1) 1y; (2))

=Di(F(z 1 1) 04,07 (3,1,2)) + Di(F 21 ) 405 (3,2,1))
+D1<F(§ —L) b (3,3)) + Di(F(% 2 1), ()} (2,3,1))
+Di(F1 44 (5,1))



3 Radford’s theorem for the B-shuffle.

Definition 17. Let I be a set endowed with a length functionl: I — N, k be a ring with
unit, A be a k-modulus.

We will say that a family (a;)icr of A is triangular compared with the family (b;);er of A
of

Viel, ){]EI/Z( H<i(4) }E/C( )/az—b + Z
1(7)<I(@)

Note that, with this defition, the family (« ) corresponding to a; is finite even if the set
{j € 1/I(j) <l(i)} is infinite.

Lemma 18. Let I be a set endowed with a length function | : I — N, k be a ring with
unit, A be a k-modulus, and (a;);e; a family of elements of A triangular compared with
the family (b;)icr of elements of A. Then,

(i) If the family (b;)ier is free, so is (a;)ier-

(ii) ¥p € N*, span ({b;}jer/15)<p)) = span ({a;} yeri)<py) -
Consequently, if (b;)ier is a generating family, so is (a;)ie;-

Proof —

(i) Let Z Bia; = 0 be a null linear combination of (a;);e; — so J is a finit subset of I.
icJ
If J=0,thenVie J 3 =0
Otherwise, we suppose that one f;, ¢ € J is not null. So, we can define N =
max( (1)/6; #0) (all (i) € N and J is finite and not empty). Moreover, by as-

umptlon we can find, for all j € J, a finite familly (a]); of elements in & such that
=b+ > Z b;. Then,
1(3)<(?)

Z@&z = Z Bia; + Z Bia;

1eJ 7.€J
l(z
- Z @(b+ Z o)+ Y a(n+ Y alb)
1i)= 1G)<N Gy 1G)<1()
= (Zﬂ) (>3 sadty).
i€J I(j) <N

(YN

This sum is finite, null and (b;)cs is free so Vi € {k € J,l(k) = N}, 3; = 0 but that
contradicts the definition of N.

(ii) The familly (a;);es is triangular compared with the familly (b;);es, so
Vp € N* span ({aj}{jel/l(j)<p}) C span ({bj}{jel/l(j)<p})

We juste have to prove, for all p € N, the propertie P(p) : span ({b;}(jer(j)<pt) C
span ({a;}er/1)<p))-



e For all element ¢ in I such that [(i) = 0, we can read a; in the form :
ai:bi+ Z O{ibjzbl
1(7)<0

because Vj € I,1(j) € N.
So Vi € 1,1(i) < 1= b; € span ({aj}{jel/l(j)<1}) : P(1) is true.

e Assume that P(p) is true for a integer p.
Let i € I such that I(i) < p+ 1. We can find a finite familly (a?); of k such
that a; = b; + > ozg bj. Then, b; =a; — > az b;.
1G)<1) 1) <1(i)
But, for j € J such that {(j) < I(4), {(j) < psoso b; € span ({aj}{jel/l(j)@}) C
span ({aj}{jg/l(j)<p+1}). It follows that the elements a; and — Zl(j)<l(i) Oz{ b;
are in span ({aj}{jg/l(j)<p+1}) so b; too; consequently P(p + 1) is true.

So, Vp € N*, span ({aj}{jej/l(j)<p}) C span ({bj}{je[/l(j)<p}), and the result is
proved.

g

Counter-example 19. In k[x,z71], the family (by)rez define by by, = x* is a basis, the
family (ap)rez define by aj, = 2% — 2*~1 werify the condition but is not a basis (by, is the

infinite sum of the a;, j < k) : the condition (1) C N is necessary.

For the end of this section A be a commutative ring (with unit) and ¢ : AX ® AX — AX
an associative law @. In this case, the product * defined in definition 10 will be noted
Any total ordering < on the alphabet X being given, let Lyn(X) denote the family of
Lyndon words [17] constructed in X* w.r.t. this ordering. The largest framework in which
Radford’s theorem is true [16] is when ¢ is commutative (and associative).

U,V

Lemma 20. Let u and v two words in X*. Then it exists (Cy)w|<|ul+ls| € A®N) sych that

ULV = Uw v+ Z Copw-

lw|<|ul+v]
Proof — We will make a recurrence over the propertie P(n):
V(u,v) € (X*) |ul+ v] <n+1= 3(CY)w € AW Juns v = ww v + Z C,ow.
[w|<|ul+v]

Va € X, 1x-wea =a = lx~wa and auygly- = a = aw 1y« : the propertie is true
P(n) for n =0 and n = 1.

e Assume P(n) is true for one integer n and let u and v two words of X* such that
lul + Jv] =n+ 1.
If u=1x-orif v="1x« uvyv=uwu.
Otherwise, we can write u = au’ and v = bv’, with a,b in X and «/,v" in X*. Then,

8



uw v = a(u'wyv) 4+ b(uw 4v") + ¢(a, b) (v'wz").
By inductive hypothesis, we can read w'wyv = v’ wov+ 3 CF jw, and 0o uwyv' =

|lwl<n
uww v + \\Z Cyyw and u'wyv' = v’ + \\Z Cy yw with (C ), (C,) and
wl<n w<n
(Cy ) in AN So,
U gy = uLuv+Z o —I—quJUjLZC’w,w
|lw|<n |lwl|<n
+¢(a,b) uLu'U—l-ZC;“ w)
|lw|<n

= a(u'mv)—l—b(umv')—i—gb(a b)(u' w ')
+ Z w paw + CF L bw + C L d(a, b)w)

Jw|<n

But a(u w v)+b(uwv") = ww v; moreover v’ w v’ is a linear combinaison of words of

length |u/|+]v'| = n—2, 50 ¢(a,b)(u' w o)+ > (Cy jaw+Cy L bw+Cy d(a,bw)
|lw|<n

is a linear combinaison of words of length at most n : P(n + 1) is true.

O
Lemma 21. Let n be a integer such that n > 1 and uy,us,...,u, words of X*.
Then it exist (Cy . ) w|<lus| 4ot lun| € AM sych that :
U gUgL g« o WUy, = Up W Ug L Uy - Z C:fh S W-
[w|<|uil+...+|un|

Proof — We will make an induction over n.

e For n = 2, it comes from lemma 20.

e Assume that P(n) is true for a integer n and take n + 1 words uy, ..., U1 in X*,

Posons u = uyw gy . .. wyy,, we can find :
One hand, by induction hypothesis, (C% . Yju|<fus+..+un] € A™ such that

ul

U= U Uy ... Uy + E cY

UL ,.-oyUn
ol <fut [+ lun]

and other hand, by lemma 20, (C%,  Jjuw|<jul+luns:| € A such that

U,Un+41
E w
ULud)'U/n+1 = U Upt1 -+ Cu7un+lw.
[w|<|ul+|unt1]
Hence

UILU¢ e M¢Un+1
= UuJ¢Un+1

w
= U Unty + E : Cotsn 2 W

lw|<|ul+wnt1]



w w
= (ul WL .. Uy + E Oul,‘..,unw) W Up+1 + E Ou,un+1w

[w|<|wg |44 |un lw|<[u|+un1]
= UL W ..o Uy W Upyg + E Cul,,_.7unw W Upy1 + E : OU,un+1w
lw|<|ui|+...+|un| |w|<[ul+|unt1]

But the product ww u,4; is a linear combinaison of words of lenght |w| + |t41]

w : . . .
SO > Cor. o, Ww Uy is a linear combinaison of word of lenght strictly
ol <Juur [ ||

smaller than |uy| + ... + |u,| + |[tns1]-

So, > o Wi Up g+ > Cot W s @ linear combinaison of
lw]<|ui|+...+|un lw|<ul+|wn+1]

word of of lenght strictly smaller than |uj|+...4|u,|+|uni1] : the propertie P(n+1)

1s true.

g

We will note, for a € N XD ol = S a()|l] and, if @ = (ay,...,q,), with
leLyn(X)
ntimes

—N—
l1,1la, ... the ordonned Lyndon words, X** will be [ x ... % [** where " = [%...xl.

Lemma 22. Vo € N&vnX), 3(CF)s € ANEED) yguige — g g Z CHxw o,

BeN(Lyn(X))

1811 <Ilexl

Proof — Let a € N¥v(X)  Apply lemma 21 over Lyndon Words counted with their
multiplicity, we find :

XU =X Y Cow.

w< ||
But Lyn(X) was a transcendental basis over X, all word w can be writen > X Ao
BuweN(Lyn(X))
moreover (by w propertie) ||3,|| < |w| + 1 for all 3, in the decomposition. Put its com-
binaisons in Y C%w, we obtain the result. UJ

w<||all

Theorem 23. Let A be a commutative ring (with unit) and ¢ : AX ® AX — AX be an
associative and commutative law on AX. Then

i) IfQ C A (i.e. all integers are invertible® in A), the algebra A = (A(X),wy, 1x+) is
a polynomial algebra which admits Lyn(X) as a transcendence basis.

i) [11] This algebra (A(X),wy, 1x+) can moreover be endowed with the comultiplication
Acone dual to the concatenation

Aconc(w) = > u®@v (4)

2Precisely, Nt.14 C A*

10



and the “constant term” character €(P) = (P|l1x+).
With this setting
B¢’ = (A<X>7‘—'J¢7]-X*7Aconcae) (5)

is a bialgebra 3.

Remark 24. i) It is necessary to suppose Q C A as, in case ¢ =0, one has

being locally nilpotent, the bialgebra (5) is, in fact a Hopf Algebra.

i) When w is dualizable the graded dual of By is a Hopf algebra.

Proof —

B =(
( a

(X
of A.

XY entevn(x) is a basis of A-modulus A and, by lemma 22, the family
¢*) wentewn(x) 1is triangular compared with the family B. So, by lemma 18,
) N(cn(x)) 18 @ basis of A-modulus A, then Lyn(X) is a transcendence basis

ii) it is a classical combinatoric verifycation, do in [11].

4 Condition of B-shuffle

Theorem 25. (i) The law w, is commutative if and only if the extension ¢ : AX ®
AX — AX is so.

(ii) The law wy is associative if and only if the extension ¢ : AX @ AX — AX is so.

Proof —

(i) [ws commutative = ¢ commutative]
Suppose that

V(u,v) € (X*)?,  wwgw = vwyu.

3Commutative and, when |X| > 2, noncocommutative.
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In particular, V(z,y) € (X*)z, Ty = xwgy. But, for any (z,y) € X? |
Twgy =y +yr + ¢(z,y) and yw,uxr = yx + 2y + oy, ).

and so (Vz,y € X)(o(z,y) = ¢(y, x)).

[¢ commutative => 1w, commutative] Now suppose ¢ is commutative then let us
prove by reccurence on |uv| that w, is commutative :

— The previous equivalence prove the recurrence holds for |u| = |v| = 1.

— Suppose the recursive stands for any any u,v € X* such that 2 < |uv| < n and
Jul, [v] # 1.

— Let u = zu/ and v = yv’ with 2,y € X and v/,v" € X*. Then,

uwgv = x(u'wyyv) +y(zu'wyw) + oz, y)(u'wyv')
z(yvawyu) + y(v'wgzu’) + ¢y, z) (Vw4 (by induction hypothesis)
= Uwyl.

[, associative = ¢ associative] Suppose that
Vu,v,w e X*, (wwyv)wgw = uwg(vw gw).
Then, for any z,y,2 € X , one has

(Im¢y)u4¢z = I’m¢(ym¢2).

But

(Twey)wgz = (zy +yr + ¢(7,y))wy?

= TYez+ YTz + O(x,y) w2
r(ywe?) + z(xywyl) + (2, 2)y + y(rwe2) + 2(yrwel) + d(y, 2)z
o(r,9)z + 20z, y) + d(d(2,y), 2)
x(yz + 2y + oy, 2)) + zzey + ¢(x, 2)y + y(xz + 2o + ¢(x, 2)) + zyx
oy, 2)x + d(x,y)z + 20(2,y) + ¢(d(z,9), 2)

+ 1+

Ty (Y2 + 2y + ¢(y, 2))

Twyyz + T yzy + v so(y, 2)

r(luwgyz) + y(zwyz) + ¢(z, y)z + a(lwyzy) + 2(zwgy) + ¢z, 2)y

xd(y, 2) + ¢y, 2)x + d(z, ¢(y, 2))

xyz +y(zz + zx + ¢(x, 2)) + d(z,y)z + x2y + 2(xy + yx + d(x,y)) + o(x, 2)y
+ xd(y, 2) + oy, 2)x + ¢(, o(y, 2)).

One can deduce then
(Va:, Y,z € X)(x“uqb(y“”qbz) = (.Tu_r¢y)u4¢z) — (V$7 Y,z € X)(¢($, qb(y, Z)) = ¢(¢(Jf,y), Z))

[¢ associative = w, associative] Now suppose ¢ is associative then let us prove by
reccurence on |[uvw| that w, is associative :

$u4¢(qu ¢z)

— The previous equivalence prove the recurrence holds for |u| = |v| = |w| = 1.
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— Suppose the recursive stands for any u,v € X* such that 3 < Juvw| < n and
Jul, |v], [w] # 1.
Let u = zu,v = yv' and w = zw" with z,y,z € X and v/, v, w’ € X*. Then,

U 4 (Vi yw)
= sy (9w 0) + 2(0s0) + (g, 2) (')
= 2(u'wyy(v'wsw)) + y(uwy (V' sw)) + @@, y) (W' (v'iwm yw))
(v wyz(vwyw')) + 2(uw g (vwyw')) + ¢z, 2) (u'w g (v yw'))
(s g0y, 2)(sgt) + Gy, ) (s (0 ') + DL, Dy, 2)u g (v':g1)
= z(u'w g (v yw))
s (00410)) + 3, ) (g (00 410))
2w o)) + G, 2) (w0 ge'))
05, 2) (arg (00g0")) + 92, By, 2000 1)
and

?

2 (u'wyv) + y(uwyv') 4+ ¢z, y) (u'wyv'))wyw)
((Ulmqsv)mwﬂ) + 2(z(u’ m¢“)m¢w ) + o(z, )((Ulmqsv)ww) )
Y((uw g0 )wgw) + 2(y(uw gv")wgw’) + ¢y, 2) ((uw v )wgw’)

O(7, ) (W' wyv)wyw) + 2(d(x, y) (u'wyv )% w') + ¢(o(,y), 2) (v wgv)wgw')
(u'wgv)wgw) + oz, 2) (v sv)wyw’)
w0 ) yw) + Ay, 2) ((uw g )w yw')
Y) (' v )wgw) + o(B(2,y), 2) (0w gv)wyw')
(deﬂ))wasw/)

+++ 00+ + 1
jé\/-\

indeed, thanks to the induction hypothesis and the fact ¢ associative, its egal.
O
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5 Annex A

Name ‘ Formula (recursion) ‘ ) Type
Shuffle auw bv = a(uw bv) 4+ blau w v) 6=0 I
Stuffle riuw 0 =z (uw xv) + zi(z, wo) | oz, ;) = Tigy I
+ Litj (U L U)
Muffle riuw 0 =z (uw xv) + zi(r, wo) | o(z, ;) = Tixj I
+ Tixj (U L U)
g-stuffle riuw 20 = zi(uw zv) + xj(z, wv) |z, x;) = ¢ Vay; | 1
+ 7w (uwv)
Hoffmann | zjuwzv =z,(uwxv) + zj(x, wo) | ¢(x;,x;) = quiy; | 111
+ @i (U v)
Min-stuffle | z;uw x;v = z;(vw z,0) + (T, wv) | ¢(x;,x5) = —54; | 111
— Zigj(uwv)
B-stuffle auw bv = a(uw bv) 4+ blau w v) ¢(a,b) = ¢(b,a) v
+ ¢(a, b)(uw v)
Semigroup- |zyuw 0 = (v w x50) + (T wv) | Gy, x5) = T4 I
-stuffle + x5 (uw v)
LDIAG(1, ¢)
(non-crossed, auw bv = a(uw bv) + blau w v) o(a,b) = qLal‘b‘(a.b) II
non-shifted) + qLa||b|a.b(u W)
¢-stuffle auw bv = a(uw bv) 4+ blau w v) ¢(a,b) AAU \%
+ ¢(a,b)(uw v)
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