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A two-species hydrodynamic model of particles
interacting through self-alignment

Laurent NAVORET*

Abstract In this paper, we present a two-species Vicsek model, that describes alignment
interactions of self-propelled particles which can either move or not. The model consists
in two populations with distinct Viesek dynamics [42] that interact only via the passage of
the particles from one population to the other. The derivation of a macroscopic description
of this model is performed using the methodology used in [22] for the Vicsek model: we
find out a regime where alignment in the whole population occurs. We obtain a new
macroscopic model for the densities of each populations and the common mean direction
of the particles. The treatment of the non-conservativity of the interactions requires a
detail study of the linearised interaction operator.

Keywords: Individual based model; sheep behaviour; Vicsek model; asymptotic anal-
ysis; orientation interaction; hydrodynamic limit; collision invariants

1 Introduction

The modelling of flocking behaviour, like flock of birds or school of fish, has recently been
the subject of a vast literature: one of the main issue tackled in these works is the emer-
gence of collective movement from only local interactions between neighbouring animals,
without leaders. To describe such dynamics, a first modeling approach is to consider a
system of self-propelled particles, i.e. particles moving with a preferred speed, and to pro-
pose interaction rules: a first class of models have considered binary attraction-repulsion
interactions [12, 17]. These models can be completed by alignment interactions [2, 19].
Note that empirical studies on flock of starlings [3, 15] have also been carried out to
characterise the interaction law. A vast literature also focuses only on alignment interac-
tions dynamics (without attraction-repulsion interactions) and in particular on the Vicsek
model [42]: each particles tends to align with the mean direction of its neighbours. In this
paper, we propose a model where the particles also follow Vicsek alignment interactions
but can be either moving or at rest. This model is motivated by the displacement dynam-
ics of gregarious animals, like the movement of sheep herds. The population is thus split
in two phases with two independent alignment dynamics: one phase made of particles
with a prescribed non-zero speed and the other phase made of zero-speed particles. The
passage of the particles from the moving to the non-moving state (and inversely) makes
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the two phases interact and so raises the question whether the large scale alignment in
each phases and the alignment of the two phases themselves could occur.

To describe and to characterise the large scale dynamics of animal populations, we are
interested in macroscopic models that provide the dynamics of macroscopic quantities like
the density or the mean velocity inside the flock. Some of these models are phenomenolog-
ical (e.g. [34, 41]) while others are obtained as the mean-field limits of individual based
models [12, 23, 17, 14]. Concerning the Vicsek model, several macroscopic (kinetic or
continuum) models have been proposed [8, 21] but Degond and Motsch [22] first provided
a mathematical derivation from the microscopic model. Such derivations raise interesting
questions about propagation of chaos [10, 9], and enable to study the convergence rate to
the long-time asymptotic flocking states [20, 30, 31, 11]. As the original Vicsek algorithm
[42, 29, 1, 29, 27], macroscopic models can also present phase transition phenomena [27]
from disordered to ordered configurations. Several variants of the Vicsek model have been
studied: the noise can be implemented in different ways [16], the noise and the alignment
frequency can be made dependent on the local density, an angle of vision can be added
[26]. We also refer to [13] for a review on swarming models. We mention that models
have also been proposed for vehicular/pedestrian traffic [32, 6] but they differ from the
previous ones since each particle then pursue a goal.

As announced above, we study here a variant of the Vicsek model for the displacement
of a system of particles which can either move or not. Indeed, this work is motivated by
the behaviour of sheep in groups during grazing period: sheep alternate between motion-
less time when grazing and displacements to look for fresher grass. In our model, the
(biological) state of each particles is then described by a speed variable which takes only
two values. The change between the two states of the animal can be either spontaneous or
triggered by fellows. Moreover, as biologists experimentally show it in [38], any member
of the group can initiate a movement: this is called distributed leadership. Therefore, in
the model we consider, the change of speed is modelled by a Markovian jump process,
whose jump rates are depending on the local alignment to the neighbouring particles:
the more one motionless particle is aligned with moving particles, the more it is likely to
interact and then to change its speed. Comparisons with experimental data should be
required to confirm or improve such interacting law. For more information about herd-
ing, we refer to [36, 37, 18]. Here after, we will study this model as a minimal model of
synchronization between two phases with different characteristic speeds and exchanges of
individuals between the two phases.

Based on this microscopic dynamics, a mean field kinetic equation with a discrete
speed dynamics is considered: the Vicsek model is coupled with a Markovian jump process
modelling the change of speed. This kinetic model is the starting point of our study. This
model is then discrete in the speed variable and thus shares some analogies with the
discrete kinetic models developed for traffic modeling in [25, 6]. The discreteness of the
velocity modulus space is not a mathematical simplification (as it is the case for the
Broadwell or Carleman models [28]), but is here a modelling assumption: as in traffic
dynamics, the distribution function in the speed variable is really discontinuous [38].
However, we note that our model strongly differs from all these works since the velocity
direction space is kept here as a continuum, i.e. the unit circle S'. Note that Markovian
jump models have also been proposed for the population dynamics of cells, in particular
to model proliferating or destructive interactions [7, 4]: unlike these models, the particles
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are here conserved in time.

The main purpose of the paper is to investigate the large scale dynamics of this two-
phase kinetic model. Two time scales corresponding to the two types of interactions, are
involved in this model: the time scale € of the Vicsek interactions and the time scale ¢ of
the speed changes. Here, we focus on the asymptotic regime ¢ < § < 1, where the Vicsek
interactions are more frequent than the speed changes and where both time scales are
small compared to the macroscopic one: to this aim, we first consider the dynamics in the
regime ¢ < 1,6 = O(1) before investigating the 6 — 0 limit. Following the methodology
introduced in [22], in the large scale Vicsek limit (¢ — 0), we obtain two macroscopic
Vicsek models, giving the dynamics of the densities and the mean directions for each
phases (moving and non-moving phase), coupled through the speed change operator. The
specificity of this model is that the macroscopic speed change operator do not conserve
the global mean direction. Indeed, they are derived from the integration of the kinetic
speed change operator against “generalised collisional invariants” [22] which are specific
for each Vicsek operators: they depend on the parameters of the Vicsek operator, which
can be different for the moving and the non-moving phase.

The second step now consists in obtaining an averaged two-phase model, once the
equilibria of the speed change dynamics are reached. The derivation of such “simplified”
averaged models is a very challenging issue in two-phase fluid dynamics and has been the
subject of a lot of works [33]. To achieve our goal, we first find out the equilibria of the
speed-change operator: thanks to a careful study of the speed change operator, we are able
to show that the two phases are either locally aligned or locally in the opposite direction.
Moreover, the densities of the two phases are linked through a non-linear balance equation.
To find out the dynamics of these equilibria, we face once again the non-conservativity
nature of the model: indeed, this property prevent us from having obvious “collisional
invariants” that would result in balance simplifications. To overcome this difficulty, we
perform an Hilbert expansion around the equilibria and we figure out the kernel and the
image of the linearised exchange operator, which acts on the two-dimensional space of
the mean directions: any non-zero element of the one-dimensional orthogonal space of its
image then provide a “generalised collisional invariants”. Supposing that the equilibria
are reached, we thus find out the dynamical system satisfied by the total density and the
common direction of the two-phases.

All this methodology enables to provide the dynamics of the two-phases, once they
aligned. It provides a new non-conservative model for swarming population, whose several
mathematical properties are yet left open. For instance, the stability of the equilibria
and the hyperbolicity of the macroscopic model will be investigated in future works. In
addition, this model raises some interesting questions about the modelling of alignment
interactions in herds: what is the macroscopic behaviour in other regime of parameters
(for instance if the Vicsek interactions are less frequent than the speed changes) 7 We
can ask also about the appearance of phase transitions in such discrete speed dynamics.

The outline of this article is as follows. In Section 2, we introduce the two-phase model
at the particle and the kinetic level. In Section 3, we present the macroscopic regime we
are interested in: we perform a hydrodynamic rescaling and uncouple the Vicsek and
the speed change time scales. We then state the two main results. Sections 4 and 5 are
devoted to the proofs of the derived hydrodynamic models: as explained above, we first
focus on the large scale Vicsek dynamics (sect. 4) and then in the large scale speed change
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asymptotic (sec. 5). In the two steps, we figure out the equilibria and close the system
using collisional invariants. Appendices A, B and C provide some detailed computations.

2 A two-speed Vicsek model

We present in this section an individual-based model and its mean-field kinetic version to
describe alignment interactions in a system of self-propelled particles, that can move and
stop.

2.1 The microscopic model

We consider N particles with positions X, € R? and velocities V', = cnpw;, € R? for
ke {l,...,N}, where n, € {0,1} and wj, € S' = {w € R? |w| = 1} denote respectively
the velocity moduli and the velocity directions. The magnitude of the velocities can take
only two values 0 or ¢ > 0, and then the particles are separated into two subgroups: the
subgroup {k, |V| = 0} made of the particles at rest and the subgroup {k, |V| = ¢} of
the moving particles.

The Vicsek dynamics within the subgroups. The interactions among particles of
the same phase are given by the Vicsek model, as described in [22]: a particle is supposed
to have a mimetic behaviour with the neighbouring congeners being in the same state
(moving or at rest). The dynamics of positions X and orientations wy, are given by the
following equations:

dX
dt
dwy, = (Id — wi, ® wy) (Vewrdt + /2ddB,),

= CMWi,

(1)

where Id denotes the identity matrix, w ® v denotes the tensor product of the two vectors
w and v. The operator (Id — wy ® wy) is the projection operator onto the orthogonal
plane to wy: it ensures the norm of the direction wy to be unity. Two dynamics are in
competition: each particle tend to align with the mean direction @, of their neighbours
in the disc of radius R around them :

_ Ji Z
wk:—u ‘, Jk: wj, (2)
k j7 N5 =Nk,
|X,;—X,I<R

and noise is applied to the direction with a Brownian motion B; on R%. Note that in the
definition of the local mean direction Jj, only the particles of the same phase are taken
into account. This two behaviours are quantified by the alignment intensities 14, and the
noise intensities di. These two parameters are uniform in each subgroup:

d if n. =
(v, di,) = (v, do), 1 =0,
(v1,dy), ifn=1.
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At this level, the dynamics of the two phases are totally independent: the moving particles
follows the Vicsek model with parameters (v1,d;) and the motionless particles' follows
a static Vicsek model with parameter (v, dy). The static Vicsek model is similar to the
Ising model, that provides the dynamics of spins distributed on a lattice.

The speed change: the Markov process 7. The particles can also change their
speeds 7 from the moving (9, = 1) to the motionless state (g, = 0) and from the
motionless to the moving state: it results in a permanent exchange of the particles between
the moving and the unmoving phases. This exchange between the two subgroups are
described by the dynamics of n;: it is a time-continuous Markov process on the state
space {0, 1}. The transition rates are given by:

1 (1+ wy - wj)
= 1 —_ RS VA
9k = Tk +04N | E 5 ) (3)
Js MiFNks
|X;—Xi|<R

where 73, is the intrinsic rate which can be can take different values for the two subgroups:

705 if M = 07
Tk = .
11, ifnp=1.

The second term in the sum is of order a1, and makes the rate depend on the local
alignment with the members of the other phase : a particle at rest (resp. moving) is all
the more likely to change its speed as it is locally aligned with its neighbouring moving
congeners (resp. congeners at rest). It is aimed at describing the distributed leadership
observed in herds [38]: each particle can bring forth a speed change of its neighbours that
are aligned with it.

The two Vicsek models are now coupled via the passage of the particles from one
subgroup to the other. The dependence of the transition rates on the alignment of the
two subgroups might bring forth the alignment of the whole population. The goal of this
paper is to determine for which set of parameters, alignment in the whole system occurs.

2.2 The mean field kinetic model

We introduce the two distribution functions in phase space: fo(x,w,t) for the particles
at rest and fi(x,w,t) for the moving particles. The mean field model we consider is the
following:

Orfo = Qol(fo) + E(fo, f1), (4)
Ofi +ecw-Vyfi = Qi(f1) — E(fo, 1), (5)

where V, denotes the space gradient operator. The left-hand sides of these two equations
are the transport operators of the particles with velocities 0 X w and 1 X w, while the
right-hand sides model the velocity dynamics of the particles.

INote that particles at rest are not moving in space but their directions are changing in time.
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The operator Qg and O, are the Vicsek operators:

Qo(fo) = —Vu - (L F[fol fo) + doAs fo, (6)
Qi(fi) = =V - (nF[filfi) + did fi, (7)

with V- and A, are respectively the divergence and the Laplace operators® on the circle
S!. Note that the operators, Qy and Q;, differ from one to each other only in the couple
of parameters (vy,dp) and (v1,d;). The operator F denotes the alignment forces in each
group and is given by:

Fifl(@,w,1) = (1d - w0 ® w)alf)(z, ), ©
" = 7j[f](w,t) T, t) = T —y|)v v v
Slfi ) = gy TN = [ Kla—yos e divds, )

where K (|z|) is the interaction kernel equal to the indicator function of the disc of radius
R. These operators was derived in [22]: without Brownian motion (dy = d; = 0) nor
the operator £(fo, f1), equations (4)-(5) are also satisfied by the empirical distribution
functions of the particles following the Vicsek rules (1) and so the mean-field limit can be
investigated: a rigorous study, carried out in [10], justifies the resulting kinetic equations
for the one-particle distribution functions. We refer also to [39] for theoretical develop-
ments on mean-field limits. Moreover, numerical simulations [35] provide a numerical
validation of this kinetic description at least in some range of parameters.
The exchange term E(fo, f1) in the right-hand sides of both (4) and (5) is given by:

E(fo, f1) = —mG[f1]fo + TG fol f1, (10)
(1+v- w)
O w ) =1+a | Kle-y) 5 py v 0dyde. (1)
y€eR2 veSs!

Without the Vicsek operators, equations (4)-(5) formally represent the forward Kol-
mogorov equation of the time-inhomogeneous Markov process defined by the rates (3).
We refer to [40] for more detail on this subject.

System (4-11) is the starting point of our study of the large time and space scale
dynamics of the microscopic model presented in section 2.1.

3 The macroscopic dynamics: rescaling and main re-
sults

In this section, we focus on the large scale dynamics of system (4-11). We are specifically
interested in regimes where the time scale of the two interactions present in the model,
the internal Vicsek dynamics inside the subgroups and the exchange dynamics between
the subgroups, are small compared with the time scale of observation. To investigate
asymptotic regimes, we first begin by performing a time and space rescaling to obtain a
dimensionless system.

2If 6 is the polar coordinate associated to an orthonormal basis (e;,ez2) of R?, then the divergence
of a scalar function f(w) is given by Jgf and the divergence of a tangent vector field A = Agpey, where
ey = (—sind,cosf) is the local polar basis, is given by 03, Ag.
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Let us write system (4-11) is rescaled variables. Let vy the typical Vicsek interaction
frequency, vy = vy, 11 = vy, and 7g the typical speed change frequency, 79 = 77,
71 = 7g7;. The dimensionless diffusion coefficients are also given by: dy = vydy, d; =
vydy. We then introduce the dimensionless time and space variables: ¢ = vy t, 2’ = zvy /c.
After dropping the tildes, system (4-11) becomes in the new variables:

Oufo = Qo(fo) + 5 E(fo. 1) (12)
O+ @ Vafi = Quf) — 5 £, 1), (13)

where ¢ = vy /Tr quantifies the relative intensity of the two interactions and is supposed to
be order O(1). All the coefficients of the operators Qy, Q; and & (i.e. vy, vy, do, d1, To, T1)
are now dimensionless and are supposed to be of order O(1).

3.1 Hydrodynamic rescaling

We here perform a hydrodynamic rescaling to look at the large time and space scale
dynamics. The hydrodynamic rescaling consists in introducing macroscopic variables in
space and time: & = cx, t = et, with ¢ < 1. In the new variables, the distribution

function of the zero speed particles f§(Z,w,t) = fo(x,w,t) and of the moving particles
fi(@,w,t) = fi(x,w,t) satisfy the following system (dropping the tildes):

(005) = Q3(f5) + 5 U £7) (14)
(O + w0 Vafs) = Qi) — 5 €U ) (15)

The Vicsek operators Qf and Qf and the exchange operator £° are given by:

(fo) = =V - (F°Lf5]f5) + dodu £, (16)
Q1) = —Vu - (MFfilfT) + didu f7, (17)
E(fo: 1) = =G LAlfs + G 51T (18)

where F* is the rescaled interaction forces given by:

Flf(x,w, 1) = (Id — w © w)w[f](z, 1),

— e[ € Ja[fEKw?t) e[ re 1 / ( w_y‘) €
)= ——=—, J t)=— K t)dyd
o [f)(z, 1) T @ [f (=, ) =l S . vf(y,v,t)dydv,
(19)
and G° is the rescaled coupling coefficient:
Gl (o) = 1+ 5 R (|72Y) S e, o)
y€R2, ves! €

Let us make an expansion with respect to ¢ of these interaction terms. To this aim, let
us introduce the macroscopic quantities related to a distribution function f(x,w,t), that
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is the density p[f](x,t), the momentum j[f](,t) and the mean direction Q[f](x,1):

p[f](wv t) = o f(z, v, t)dv,
N OO 1AL
i@ = [ vf@vow, o= 2Ee

The following lemma provides the expansion of w® and G° with respect to €.
Lemma 1. We have the following expansions:

w*(z,1) = Qf) (2, 1) + O(?), (21)

plffl(x, 1) + w - jf](, 1)
2

G lf(w,w,t) =1+ +0(£?), (22)

where p[f¢], 71f¢], Qf¢] are the density, the momentum and the mean direction related
to fe.

The proof of Lemma 1 is omitted. Lemma 1 enables to write system (14-20) as following:

015 = ZQulJ5) + SB[ +0(0), (25)
OfF +w - Vafi = Qi) — < BUG. 1) + 0 ), (24)

where (), @1 and E are the operators of order O(1) in the expansions of QF, Qf and &£°.
They are given by:

QO,l(fg,l) =—V,- (VO,lF[fg,l]fg,l) + dO,lAwf(ila (25)
E(f5, f1) = —mog[fi]f5 + mglfs]f1, (26)

where the expressions of F' and ¢ result from lemma 1:

Flfl(z,w,t) = (Id — w @ w)Q[f](x, 1), (27)

plfl@.0) +w - G, 1)

glfl(x,w,t) =1+« 5

(28)

Note that equation (25) contains terms indexed by “0,1” : in all the following, an equation
whose all the quantities f,; are indexed by “a,b” represents the set of two equations®,
the equation with the left indexes “a” and the equation with the right indexes “b”.

3.2 The macroscopic regime: main results

We would like now to investigate the hydrodynamic limit ¢ — 0 in system (23-28). It
corresponds to a regime where the Vicsek interaction and the speed change time scales
are both small compared to the observation time scale and of order O(e). However, the
different mathematical natures of the Vicsek operators, )y and ();, and of the exchange
operator E prevent us from achieving this goal in one unique step.

3For instance, fo1 = k1,0 means fo = k; and f; = ko.
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Instead of supposing that the Vicsek and exchange time scales are both of order O(e),
we begin by supposing that only the Vicsek time scale is so, while the exchange time scale
remains of order O(1) at large scale:

§' =26 = O(1).

We here uncouple the time scales of the two interactions and first link the macroscopic
time scales to the Vicsek interactions only. In the following, we will provide the asymptotic
dynamics of system (where we omit the prime):

015 = ZQul5) + 5 BUJE 1)+ 0(0), (29)
Oi +w - Vufi = LQIf) — $EUS ) + 0 (6). (30)

in the limit:
e 0, §=0(1). (31)

In a second step, we will take the limit:
0 — 0, (32)

It consists in considering that the time scales of the exchange interactions are also small
compared to the time scale of the observation. Note that instead of first taking a small
Vicsek interaction time scale and then a small exchange time scale, we would make it in
the opposite order. Such a study would be the subject of future works.

In the two following theorems, the two limits (31) and (32) in system (29-30) provides
the macroscopic dynamics in the regime ¢ < § < 1. Before stating the results, let us
introduce the Von-Mises velocity distributions M) qo:

w0
M)\,Q<CIJ) = C)\ exp (T) s / M,\,Q(w)dw = 1. (33)
weSst

where A\ stands for the temperature of the distribution and C) are a re-normalisation
constant to ensure the total mass to be unity. The following theorem states the hydrody-
namic system satisfied by the densities and the mean directions of the two phases in the
regime (31):

Theorem 2. [Limit ¢ — 0, 6 = O(1)].
1. The limits of the distribution functions as € goes to 0 are given by:
fé(wv W, t) - p0<w7 t>M>\0790(w7t) (w)v ff(wa W, t) — 1 (.’B, t)MALQl(fB,t) (w)

with )\071 = dO,l/VO,l-
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2. The densities po1(x,t) and the mean directions €2 1(x,t) satisfy the system:

depo = %R(Poa Qo, p1, ), (34)
Op1 + Vo - (a1p1€h) = —%R(Poa Qo, p1, (1), (35)
Po0i€ = Ao(1d — Qo @ Qo) l—vmpo + %5050(/?07 Qo, p1, Ql)} : (36)
P10 + 71p1(Qq - V) =

M(Id —Q ® Q) [—me + %5151(1)07 Qo, p1, 91)] : (37)

where ¢1, 1, Po1 are constants defined in (44) and (59). The operators R, Sy and
S, comes from the exchange dynamics and are defined in (53) and (57-58).

Before developing the proof of this theorem in section 4, let us point out the main features
of system (34-37). First, as the original macroscopic Vicsek model [22], system (34-37) is
non-conservative due to the macroscopic geometric constraints €2 ;| = 1 guaranteed by
the projection operators (Id — €291 ® €21). But, the above two-speed model is all the
more non-conservative since the presence of the exchange operators R, Sy, that model
the large scale change of speed of the particles. Note also that, unlike the mass exchange,
the momentum exchange operators are not the same for the two subgroups (S¢ # S1)
and thus do not compensate.
Then, we take the limit 6 — 0 in system (34-37) to obtain the final result:

Theorem 3. [Limit 6 — 0].

1. The set of equilibria of the density exchange operator R is given by:

{(po, p1) € R¥)?, po = fa(p1)},

where fg, defined in (62), is a non-linear function depending on Qg and Qy through
the local alignment ® (54).

2. The set of equilibria of the mean direction exchange operators (Id — Qo ®Qy)So and
(Id — 2, ® 21)8 is the following:

{(£0,1) € (S, Qo= or Qg =—-Q4}.
3. Once the set of equilibria Qy = Q (resp. Qy = —Q4) is reached, system (3/-37)

yields the following closed system for the total density p = po + p1 and the common
mean direction Q@ = Qg = Q (resp. @ =Q; = —Q):

Op + Vg - (cip1[p]€2) = 0, (38)

M DAR £V () (@ Vel =PI Q0 0) Tap, (30

(resp. M (0)082 + N~ (p) (2 V)@ = P~ (p)(Id — Q@ Q) Vap,)  (40)
where pilp] = (Id + fs) *(p). The functions M*(p) and N*(p) and P*(p) are
trilinear with respect to p1|p] and polp] = p — p1lp]. Their explicit expressions are

given in proposition 8.
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The proof of this theorem is developed in section 5. This theorem provides the macro-
scopic dynamics of the density of particles p and the momentum €2 once the two subgroups
of particles are aligned. Note that the derivation of system (38-39) is a priori not obvious
since the difference between the momentum exchange operators (Sy # S) prevents us
from directly cancelling them when summing the two momentum equations (36-37). We
overcome this difficulty by carefully analysing the exchange operators and their linearisa-
tions.

4 The large scale dynamics of the Vicsek interac-
tions: limit ¢ — 0

This part is devoted to the main steps of the proof of theorem 2, while technical details are
put in appendix A. The derivation of the macroscopic equations (34-37) from the kinetic
system (29-30) is similar to the one of the macroscopic Vicsek model [22] except that
there are extra macroscopic exchange terms. These macroscopic exchange terms depend
on the collisional invariants of the Vicsek operator.

4.1 The equilibria of the Vicsek operators

We suppose that § = O(1) and we want to take the limit ¢ — 0 in system (29)-(30).
Therefore, assuming that the distribution function f§ and f; converge to limits denoted
by fo and f; as € — 0, these limits satisfy the equilibria :

Qo(fo) =0 and  Qi(f1) =0.

According to lemma 4.2 in [22], the kernels of the Vicsek operators Qg1 are two-dimensional
manifolds: there exists po1(x,t) € R and Qg ;(x,t) € S! such that distributions f, and
f1 equals

fO(w7w7t) = pO(wat)Mko,Qo(w,t)(w% fl(wuwat) = pl(wat)MAth(w,t)(w>7 (41)

where M) o denotes the Von Mises distribution defined in eq. (33). We actually note
that po1(,x,t) and Qg (x,t) are the density and the mean direction of the equilibria
distribution function:

plfoal(x,t) = poa(e, 1), (42)
Ilfoal(,t) = corpor (@, )01 (2, 1),  Qfor](z,1) = Qoa(z,t), (43)

where ¢y ; are constants defined as:
o1 = (cos 8>MA0,1' (44)

For any function s(cos®), the brackets (s(cos)),s, will denote the average of s(w - Q)

with respect to M) q:

A

2

(s(cos @), :/6 S(COSH)C,\eCOASQdG. (45)

=0

Note that this definition is independent of €2.
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4.2 The generalised collisional invariants

We would like now to obtain the dynamics of the macroscopic quantities, po1(x,t) and
Qo1(x,t). With this aim, the usual method is to integrate equations (29-30) against
collisional invariants, which are velocity functions I(w) belonging to the orthogonal of
the image of (Jp1. A condition to recover the dynamics of the equilibria is that the
dimension of the vector space of collisional invariants equals the dimension of the vector
space of local equilibria, which here is 2. It is not the case in the Vicsek dynamics since
the only known collisional invariant is mass: [;(w) = 1. In [22], this difficulty is overcome
by considering generalised collisional invariants I(w), that are collisional invariants valid
only for the subset of the distribution functions with a prescribed mean direction:

Qo1 (f)(x,w,t)I(w) dw =0, Vf such that Q[f] = Q.

west

In dimension 2, it has been shown in [22] that the vector space of the generalised collisional
invariants for Qg (resp. (1) is spanned by /; and a function (I3)g (resp. (/2)1), which is
the unique solution with zero average of the elliptic equation:

69 (GCOSG/)\O’lae(IQ)O,l) = sin HGCOSG/)\O’I, (46)

where we identified the functions on S! and the 27-periodic functions of R, using polar
coordinates in the basis (€, Q%). Their explicit expressions are:

0 _

(]2)071(0) — )\071 (Wfo e Coslp/)\o,ldgo B 0) ' (47)

™
o e~ cos ©/Xo,1 dQO

We would like here to stress that these second generalized invariants (I3)p; depend on
the parameter \g; = do1/10,1 and then are a priori different for the two Vicsek operators:
this would not be the case if the model conserved momentum. To simplify the following
computations, let us introduce the function hg; (cos @) = (I3)p1(0)/sinf. We thus have:

(I2)o1(w) = ho1 (w - Q[f]) (Q[f]l : w) . (48)

4.3 The macroscopic system

As announced in the previous section, to obtain the dynamics of the densities pg;(x, ?)
and the mean directions Qo (x,t) introduced in eq. (41), we now integrate system (29)-
(30) with respect to the velocity variable w, after having multiplied it by the collisional
invariants I; and Is.

Mass equations. Integrating equations (29)-(30) (multiplied by the collisional invariant
I (w) = 1) with respect to w, we easily obtain:

at/)[f(ﬂ =

SO
e

B e, (49)

S

oplfi] + Ve - jlfi] = —

7| =
£

B s (50)

S
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So, in the limit ¢ — 0, using the relations (42-43) , system (49)-(50) results in the following
mass equations:

1
Opo = 5R<p07907p1791)7

1
Opr + Vg - (c1p1 ) = _5R<p07 Qo, p1, 1),

(51)
(52)

where the macroscopic exchange operator R is derived from the microscopic one F (defined
in (26)-(28)) and easy computations provides the following expression:

R(po, 20, p1,82) = / E(poMy, 00, p1 My, o,)dw

weS!t
= T1p1 — Topo + a (11 — 70) pop1®, (53)
and ® is the macroscopic alignment of the two populations:
1 Q-0
g — L0l &) (54)

2

System (51-52-53) exactly corresponds to equations (34-35) of theorem 2.

Momentum equations. Let us now multiply system (29-30) by the second generalised
collisional invariants (I3)o1(w) and then integrate with respect to w. After some compu-
tations reported in appendix A and similar to those made in [22], we obtain in the limit
e — 0O

Mg H{(sin Q)QhO)MQO 000 =

(Id — Q¢ ® Qo) -—<(sin 9)2hO>MQO Vapo + %SO(/)O’ Qo, p1, Ql)- (55)

AT (510 0)2hy ) ar p1Oi21 + ATH(5i0 0)2 cos Ohn)asg pr (1 V)R =
(14— 9, © ) | (606 hi)atg, Vs + 55100, o, o1, )|, (56)

where Sy and S, are the terms cor_ning from the exchange operator: -
So(po, Qo, p1,21) = LESI E(poMy, 04, 1M, 0,)ho(w - Qp)wdw, (57)
S (0o, Qo prs ) = /w  ~ElpoM . oM (- s, (58)

where the exchange operator E, defined in (26)-(28), can be expressed as function of the

macroscopic quantities:

E(pOMAona leAth) = —Tog1 (,017 Ql)pOMAQ,QO + TlgO(p07 QO)leA1,917

with:

9o,1(po,1, Ro,1)(x, w, t) = glpo1 My, 00.) (T, w, 1)

=14+ apoi(z,t) <

1 + CQJ(UJ . 9071(1‘, t))

2

)
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Note that the index of the functions go; refers to the parameters A\o; and then to the
constant co; appearing when computing the flux j[po 1My, 0,.] of the local equilibrium
(in (28)).

Unlike the exchange terms in the mass equations (51-52), the operators Sy and S are
not opposite because of the presence of hy and hy: according to their definitions (47)-(48),
ho and hy are different as soon as \g # \; . However, the operators Sy and S, are still
symmetric in subscripts: when changing subscripts 0 to 1 and 1 to 0 in S\, we obtain S.

After introducing the following constants:

((sin0)* cos Ohy) g,
((sin0)2h1) ng,

-1
M= ; Bog = (((Sine)Zhog)Mno’l) ) (59)

system (55)-(56) can be also written as follows:
1
P09 = Ao(Id — Qo ® o) | —Vapo + gﬁoSO(Po, Qo, p1, Q1)} ; (60)
1
p10:82 + 7101 (21 - V)1 = A (Id — ©Q; ® £2y) |:_V:np1 + 55151(&), Qo, pr1, Ql):| , (61)

which are the mean direction equations (36)-(37) given in theorem 2.

5 Large scale speed change dynamics: limit o — 0

In this section, we provide the proof of theorem 3: we first work out the equilibria of the
exchange operators, R, Sy and S, appearing in the right-hand-side of system (34-37).
Note that they are non linear operators acting on the macroscopic densities and mean
directions and note also that this is the projected momentum operators (Id — Q2 ® €2) Sy
and (Id — ©Q; ® Q)8 that are acting in the momentum equations. However, we will
prove that the only equilibria of the momentum exchange operators, S, and S, are
given by Qg = €7 or ¢ = —Q;. We then obtained the macroscopic system (38-39) by
employing an Hilbert expansion with respect to § and thanks to a “discrete” version of
the generalised collisional invariants methodology, we close the system.

5.1 Equilibria for the densities

Let us first explicitly re-introduce the dependency of the macroscopic variables with re-
spect to d: the solutions of system (34-37) with d > 0 are denoted pf, (z,t) and 9371(:3, t).

Supposing that ng and 98,1 converge to po1 and 2o as 0 goes to 0 and taking this limit
in mass equations (34)-(35), we formally obtain:

R<p07 907 P1, Ql) = 07

From the definition of R (eq. (53)), we easily obtain the balance equation for the densities

po = falp1), [folp1) =p (E+a<ﬂ_1) ‘1’,01)1, (62)

To To



Laurent Navoret A two-species hydrodynamic model

which can be equivalently expressed in terms of the total density p = py + p1:

p=kao(p1), ke(p1)=p1+ folpr)- (63)

Note that in the general case, these relations are not explicit since the macroscopic align-
ment parameter ¢ (defined in (54)) depends on the directions €2y and €2, whose evolutions
are non-linearly related to the densities through mass and momentum equations (36)-(37).
This provides the first part of theorem 3.

Let us now make some remarks on this relation. Simple computations shows that
the function fp (and then function k¢) is increasing. The following proposition gives the
domain where both py and p; are non negative.

Proposition 4. (Conditions for positivity) If « > 0, 79 # 71 and supposing that py and
p1 are non-negative, then the following results hold :

1 1
1 > 1, then po is bounded: py < S
szl/To , then pg 18 bounde Po X ad (7_1/7-0_1) = a®in (7'1/7'0—1)’
1 1

if 71 /70 , then pp s bounde P1 ad (ro/m71 — 1) = a®u, (10/71 — 1)

where Py = (1 — cocq)/2 is the minimal value of the macroscopic alignment parameter.
The proof of this proposition is easy and omitted. This proposition shows that the

dependency of the exchange rates on the local alignment ® implies that the population
with the higher interaction frequency is bounded in time.

5.2 Equilibria for the mean directions

Secondly, as 0 goes to 0 in the mean direction equations (36)-(37), the limit py; and €
of pf, and 9871 satisfies:

(Id - QO ® QO>SO<pO7 QO7p17 Ql) = 07 (Id - Ql ® QI)SI</)07 QO7p17 Ql) =0. (64)

The most simple solutions of (64) are Qg = Q4 or Qy = —Qy, i.e. when the two pop-
ulations are in the same or in the opposite direction. Indeed, for instance in the case
Qq = €, considering the polar coordinates # in the basis (€2, Qé), we can easily checked
from (57) that the momentum exchange operator writes as follows:

2

(Id — QO (059 Qo)S(](po, Qo, P1, Qo) = f()(COS 9) sin 6df Qé,
0=0

fo(cosO) = [—7o(1 + %pl(l + ¢1 cos0))pg exp(cos 8/ Ng)

+7(1+ %po(l + co cosB))py exp(cos @/ A1 )]ho(cosB),
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and thus vanishes by even argument. Let us now explicit the expression of (Id—Q,®$2)S,
in the general case:

(Id — Qo ® Q20)So(po, Qo, p1, Qo) =
— (Id — Q(] & Qo)(l + Oé%)poﬂ)/ M)\O,Qoho(w . Qo)(.wa

west

— (Id — QQ X Qo)a%pm@/ (w X w)M)\mQOhO(w . Qo)dwﬂl

weS!

+ (Id — QO X Qo)(l -+ a%)plﬁ / M)\1,Q1h0(w . Qo)wdw
west

Co0pPo

+ (Id — QO X Q())OéTplTl / ((.d & w)MAthho(w . QQ)dWQQ
weSst

By even arguments, the first term vanishes and we can easily check that the integral in
the second term can be written as follows:

/ . (w® w)My, a,ho(w - Qp)dw =
we
<(COS 0)2h0>MA0 QQ (%9 QQ + ((sin 0)2h0>MA0 (Id — QO & Qo)

where the bracket notation refers to (45). We deduce the following simplified expression
for the projection of Sy:

(Id — Q(] & QO)SO(p()u 907 P1, QO) =
c :
- OleplpoTo«SlIl Q)Qho)Mko(Id — 2 @ Q)

+ (1+ Oz%)plﬁ/ My, 0, ho(w - o) (w - Qg )dw Qg (65)
west

+a%ﬂ17‘1(1d— QQ®QO)/ (W ® w) My, q,ho(w - Qo)dw o,

weSs!

where all the terms collinear to €}y was removed. An equivalent expression for (Id —
Q; ® ©1)8S; can be obtained. Note that the involved integrals include the products
of functions of the variable (w - €2y) times functions of the variable (w - ;). Therefore,
equilibria different from €2y = +€2; might exist. However, the following proposition states
that they are the only two possible solutions and thus completes the first statement of
theorem 3.

Proposition 5. The only solutions to equations (6/) are given by the set:
{(po, o, p1, ) € (RY x S12, Qg =Dy or Qg =~}

The proof of this proposition can be found in appendix B. This proposition proves that
the only two equilibria are those where the two sub-population are locally directed in the
same (€29 = ©4) or in the opposite (29 = —€;) direction. However, the question of the
stability of the equilibria remains open and will be addressed in a future work.
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5.3 The large scale dynamics

The results of the two previous sub-sections suggest that at equilibria, the dynamics of the
two sub-populations could be described by the density of the whole population p = py+ p1
and the common direction €2 = €y = +£2;. To recover these dynamics, let us consider
the following expansions with respect to 9:

ph=po+0po+0(8%), pl=p1+dp+0(0%, (66)
Q)= Qy+ 09+ 0(6%), QF =Qy + 69, + 0(6?). (67)

Let us note that Qg and € are of norm 1 and therefore € is orthogonal to €2y (resp. Q is
orthogonal to £21). Thus, we have the following expansions of the von-Mises distributions:

M>\07ﬂg<w) = M)\O,Q(J(w)(l + 5)‘61<w ’ QO) + 0(52>>7
M)q,ﬂ‘f("‘}) = M)\1,Q1 (L«J)(l + (5)\1_1<w . Ql) + 0(52))

Let us also provide the expansions of the exchange operators R, Sy and S; with respect
to o:

R(p, 5, p,20) = R(po, Qo. p1, 1) + 6(DR) (g 020 1,001) (Po: Do, 1, Q1) + O(6),
So,1(00, 2, p3, 7) = So.1(po, o, p1, ) + 5(DS0.1) (00,02 01,91) (Po, o, f1, 1) + O(82),

where DR, DS, and DS denote the linearised operators, whose expressions are provided
by the following lemma.

Lemma 6. The linearised exchange operators are given by:

(DR>(p0,QQ7p1,Ql)(ﬁ07 QOuﬁla Ql) = Tip1 — ToPo

1+ 000190 : Ql>
2

CoC ~ ~
+ « (7'1 — 7'0) popl% (QO . Ql + QQ . Ql> .
(DSO)(po,ﬂo,pl,nl)(ﬁoa Q(]a p1, Ql) =711 Xo—710Y0,

where X and Y o stand for:

+ o (11 — 70) (Pop1 + popr) (

X, — /w . (Do) o0 (0. )] 1M, 2, ol - o)
e [ om0 (DI ) s 1 20)] s - s
+ /eSl 90(po; Qo) pr My, 0, hj(w - Qo) (w @ w)dw Qy,

Y, = / . [(Dgl)(m,m)(ﬁl, Ql)] po Moy a0 ho(w - Qo)wdw
+ /wegl 91(p1, ) |:(DpM)\0,9>(P07QO)(ﬁO7QO> ho(w - Qo) wdw

+/ 91(p1, Q1) poMy, 0 hp(@ - Qo) (w © w)dw
weSs!t
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and (Dgo,) and (DpMy,, o) denote the linearisation of the operators g, and (p, Q) —
pMy, o and are given by:
2

(Dgo. ) (5> 2) = 5 (54 o1 (2 + p) - w)

(DpMy, 1 .0) 0 (P, 2) = (/3 + pAg(w - Q)) My, -

The expression of (DS1) is just obtained by changing the indez 0 into 1 and 1 into 0.

«

The proof of this lemma is elementary and is omitted. Let us note that the expansion of
the projected momentum exchange operator is as follows:

(Id — 5 ® ) So (5, 2, 1, ) = (Id — Qo @ Qo) So(po, Qo, p1, 1)
+0(1d — 2 © Q) (D801 )01 (70, Qo 1, 1)
— 5 (Q0 - Solpo, o, p1, 1))
— 6(Q - So(po, R, p1, 1)) + O(5%). (68)

Hilbert expansion. We then insert expansions (66)-(67) into equations (34)-(35)-(36)-
(37).

e At the leading order O(671), we obviously obtain that (pg, Qo, p1, €21) are equilibria
of the exchange operators:

R(ﬂOugoaplaﬂl) =0, (69)
(Id — 2 ® Q0)So(po, R0, p1,21) =0, (70)
(Id—Ql®Ql)51(p0,ﬂo,p1,91) :O (71)

Consequently, according to previous sections 5.1 and 5.2, the following relations hold:

P = k¢<p1)7 QO = 917 with & = (1 -+ CoCl)/Q,
or  p=ke(p1), Qo=-0, with®=(1—cyc1)/2.

where p = py + p1 is the total density and the function kg is defined by (63). Therefore,
we would like to stress that the very simple form of these equilibria is essentially due to
the fact that both mean directions equilibria and density equilibria are characterised by

the alignment of the mean directions.
e At order O(1), system (34)-(35)-(36)-(37) becomes:

0:po = (DR) (o 20.01.01) (D0, Qo0, 1, 1), (72)

Oip1 + Ve - (c1p1) = —(DR) (. 0,01,01) (o, R0, f1, 1), (73)
P00 Qo+ Ao(Id — Qo ® Qo) Vepo =

AoBo(1d = R @ Qo) [(DS0) 001,00 (7o o, 1, )]

— X0B0(€ - So(po, o, p1, 1)), (74)
P10t o1 (R - Vi) + A (Id — Q) @ Q) Vapr =

AMBi(Id — € @ Q) [(Dsl)(po,no,pl,nl)(ﬁo, Qo, p1, Ql)]

— MB1( - S1(po, o, p1, 1)), (75)
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where DR, DS, DS are the linearised exchange operators, whose expressions are given
in lemma 6. Note that the terms (Qq - So)Q0 (resp. (21 -S;)Q4) in (68) do not appear
in equation (74) (resp. (75)): indeed, according to (70) (resp. (71)), Sy is parallel to €2
(resp. Sy is parallel to €2).

Closure. System (72)-(73)-(74)-(75) is not closed: it depends on the dynamics of the
first order correction terms (pg, f1, Qo, fll) that would be provided by the equations at
order O(d). However, by expressing compatibility conditions, we are able to close the
system. We consider the case €2y = 2.

Actually, adding the two density equations, we get the following closed equation:

9(po + p1) + Va - (c1p1€) =0,

where the exchange terms have been cancelled.

For equations (74)-(75), supposing that py and p; are zero, the operator at the right-
hand side of equations (74)-(75) reduces to a linear operator in the two-dimensional space
vect(QF) x vect(QF) acting on Qg, Qy € vect(Q7), where vect(QF) denotes the line
spanned by Q. Its Null-Space is not reduced to {0} since it is not the case for the
original operator. Thus its image is one-dimensional (the operator is neither bijective
nor zero) and a closed equation can be obtained just by expressing that the left-hand
side of equations (74)-(75) have to belong to the one-dimensional image of the linearised
operator. Actually, an explicit expression of this linear operator can be obtained.

Proposition 7. The following identities hold:
Ypo, p1, Po, P1 € R+,\V/QO =140, € Sl, \V/QO, Ql S Uect(ﬂé) = vect(ﬂf),

AoBo(Id — 2o ® Q) [(DSO)(po,Qo,Pl,Ql)<ﬁO7 QOa P15 Q1)}

~ A+(p0 pl)(Ql — QQ) Zf QO = Ql
— 20Bo(Q - Solpo, Do, p1, 1)) = ¢ 0 PO P 2R0) )
0ﬁ0< 0 0<p0 0, P1 1)) 0 { Ao (pO,pl)(Ql + QO) Zf QO — _Qla
M (Id = @1 @ ) [(DS1) 201,00 (o o . )|

0 Af (po /)1)((20 - Ql) if Qo =€
— MiB1(21 - S1(po, o, p1,$21))82; = Lo ~ ~ , ’
151(€21 - S1(po, o, p1, 1)) { AT (po, p1) (21 + Qo) if Qo = —€y,

where A$ and Ay are two bilinear functions with respect to py and p; and whose expres-
sions are given by:

AL (po, p1) = Aobo (7‘1(1+a oA (sin Oho) +7‘1a%p1)\ Lsin® 0 cos Oho) ar,
—Toa%m(sinQ 0h0>M/\0> ,

Ag (po, p1) = Xobo (7‘1(1 +af® 5 Y1 Ay (sin? Ohg Y ar, Ny Tla%plA {sin 0 cos Ohy ),
—Toa%m(sinQ 0h0>M/\0) )

and A] and A] with the same expression by changing 1 to 0 and 0 to 1, and where, for
any function h, h™ : x +— h(—x) denotes its symmetric.
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The proof of this proposition is developed in appendix C: it relies on the simplification
coming from the equilibria relations £y = +€Q;. Multiplying equation (74) by A (resp.
Ay ) and equation (75) by Ag (resp. Ay) and then adding them (resp. subtracting them),
it is an easy matter to derive the following closed system when equilibrium 2y = €,
(resp. Qg = —€2) is reached:

Proposition 8. In the case where Qo = Qy (resp. Qo = =), system (72)-(73)-(74)-
(75) yields the following closed system for the total density p = po + p1 and the common
mean direction 2 = Qp = Q; (resp. Q= Q) = —Q):

Op + V- (ap[p)2) =0, (76)
M*(p)02+nN*(p) (2 Vz)Q =P (p)(Id - Q2 ® Q) Vap, (77)
[resp. M~ (p)0: 2 + 1N (p) (2-Vz)Q =P (p)(Id = Q@ Q) Vep,] (78)

where functions M*, N*, P~ are given by:

M*(p) = Af[plpolp] + As[plpilpl,
=(p) = [Pl A5 (o],
“(p) = MAT [Pl (0] + M AT (el [p],

where AL, AE, po and py are here considered as functions of p:

V=

pilpl = k3" (p), polol = p — kg (p), AGilpl = A1 (polo, prlo])
with ke given by (63) and AT and AT given in proposition ?7?.

System (76)-(77) provides the dynamics of the two populations at equilibrium. The study
of its mathematical properties will be the subject of future work.

Remark: The derivation of this closed system can be interpreted with a “collisional
invariant” viewpoint. To obtain the density equation, we use that the exchange interac-
tions preserve mass and thus the vector (R, —R) as well as its linearised operator (R, —R)
satisfies:

Vpo, p1 € RY, V€, Q; € S, < 1 ) < _RR ) = 0.

Since momentum is not conserved, such a relation is lacking for the momentum exchange
operator (Id — Qg ® €Q¢)Sy, (Id — ©2; ® €2,)S;. However, the previous results show that
the linearised operator around an equilibria have such a collisional invariant (equal to
(Ao, A1)) and that it is sufficient to conclude.

6 Conclusion

In this article, we have studied the dynamics at large time and space scale of a two-phase
Vicsek model, in which particles speed can take only the two values 0 or 1. To this aim,
we proceed in two steps. First, using generalised collision invariants [22], we provides a
two-phase Vicsek continuum model, where the densities and the directions dynamics are
coupled through a speed change operator. Due to the non-conservativity of the model,
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the mean direction is not conserved. However, once figuring out the equilibria of the
speed change operator, the averaged two-phase model can be obtained by integrating the
dynamics against a vector orthogonal to the image of the linearised speed change operator.
This leads to a new non-conservative model where coefficients non-linearly depend on the
local mean density.

Future works would consist into investigating the mathematical properties of this new
model (stability of equilibria, hyperbolicity). As for the Vicsek model [35], appropriate
numerical schemes would be also devised. Another point concerns the macroscopic dy-
namics of the two-phase model when speed changes are more frequent (or as frequent as)
than Vicsek interactions: the question whether flocking occurs in that asymptotic regimes
is still unknown.

The model considered in this article is designed to analyze alignment interactions
during grazing period of mammal herds. However, the model is minimalist and several
improvements should be investigated. First, long range attraction and short range repul-
sion interactions could be added to ensure cohesion of the group and to model congestion
[13, 24]. Secondly, as in any living system, the assumption of homogeneous interactions
among the animals is not satisfactory: animals present different behaviours, which can be
modelled by internal variables such as the degree of attention or the degree of hunger of
each individual. Such heterogeneous behaviour has been already considered for cells pop-
ulation [5, 7]. Finally, we could also make the model depending on environment variables
such as the local resource (the level of grass) or/and the topography. All these modeling
refinements may affect the global herd dynamics.
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A Appendix: Derivation of the momentum equa-
tions

For the sake of completeness, we present here the derivation of the evolution equation of
Q, given by (56). The derivation of equation (55) is similar.
We multiply system (30) by the generalised collisional invariant:

(I)i = h (w- QLf]) (QUf]" - w) |

introduced in section 4.2 (eq. (48)) and we integrate it with respect to w. In the limit
e — 0, we have Q[ff] — @, and (I5); = hy (w - ;) (€21 - w). Therefore, we obtain:

(2 Q)X =0,

1
X = [at(leA17ﬂl) tw: Vm<p1M)\1,91> + 5E<p0M>\0,907 le}\hﬂl) hlwdwv
weSt
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where hy and M), q, are functions of (w - €2;) and M), q, depends only on (w - Q). The
derivative of M), o, with respect to €2; acting on a tangent vector d€2 to the circle is
given by:

OM), o,

Sor T (09) = A7 @ ) (w - A My,

Thus, we have:

X = [@pl +w-Vepr + A0 (W0, +(wRw): Vwﬂl)] Mgq, hiwdw

west

1
- gsla

where S} is given by (58). The symbol ":* denotes the contracted product of two tensors
(if A= (Ai;)ij=12 and B = (B, ;)i j=12 are two tensors then A : B = Zi,j=1,2 A; ;B ;)
and V,€ is the gradient tensor of the vector Q: (V,€);; = 0,,€;. The four first terms
in this formula, denoted X, to X4, are computed using the polar coordinate 6 related to
the Cartesian basis (€2;, Q7 ): in this basis h; and M), g, are even functions depending
on cos 6.

By writing w = (w - 2,)Q + (w - Q7)Q7, we decompose X as follows:

X1 = / atleAthhlwdw
weS!

= O / hi My, g, cos0df 2 + O;py / hy My, q, sin 0d6 Q7
O0=—m 0=

—T

The second term is zero (the integration of an odd function on a symmetric interval) and
thus we obtain:

Q@) X, =0. (79)

A similar computation shows that:
X, = /eSl [(w® w)Vep1]| Ma, hdw
— /; hiM), q, cos® 0df (2, @ Q1)Vep
+ /; hi M, q, cosOsin 0d0 [(2; @ Q) + (7 ® Q1) Vap
+ /: hi My, q, sin? 0d0 (2 @ Q1) Vap:.

The first term is parallel to €2; and the second term is zero. Therefore, we obtain:
(Q @ Q)X = (sin® Oh)uy, (2 @ Q1) Vapr. (80)
With similar computations, we obtain the following results for X:

X; = Aflpl/ [(w® w) - 0,Q] My, q,h1dw,
weSt

(Qr @Q)Xs = A 'pi(sin® 0hy)y, (27 © Q27)9,Q. (81)
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For X4, we have:
X, = )\llpl/ (w®w): V] M, o hwdw
weSt

=\ / [cos” (1 ® Q) + sin 6 cos (1 @ Q)
0

=—Tr

-+ sin 0 cos 19(91L ® Q) + sin? 19(91L ® Qf)} : VS M), q,hi cos0do

+ Ao / [cos? 0(2 @ §1) + sin f cos 0(2 @ Q)
o

=—T

+sin 6 cos 0(Q ® Q) + sin® 0(Q ® Q)] = Vo€ My, o, hysinddd Q.

The odd function of 8 vanishes and thus we are left with:

X, = Al_lpl/ [cos? 0( ® ) +sin® 0(Q ® Q)] : Vo M)y, o, hi cos0df £
6

=—7

+)\1_1,01/ sinf cosf [( @ Q) + (2 @ )] : Vo My, o, hisinfdf Q.
6

=—Tr

Besides, we have for all 2 € S:
(Q® Q") : Vo2 = 2,050, 2 = (- V,)Q) - 2,
and |
(Rt 2Q): V.02 =090,Q; = EQl VIQP? =o0.
So, we finally have
(21 ® Q1) X4 = A ' p(sin® O cos Ohy)a, (R @ Q7)((Q21 - Vo)), (82)

Equations (79)-(80)-(81)-(82) results in the momentum equations (56).

B Proof of proposition 5 (Momenta balance)

Proof. We show here that if the equilibria condition holds:
(Id — 2 ® Q0)So(po, Qo, p1,2) =0

then we have 0y = +€2;. Let ¢ the angle between €2y and €2;. We have the following
computations.

1. We can integrate expressions between 0 and 7 instead of —7 and 7

My, o, ho(w - Qo) (w - Q) dw =

weSs!

=C, / sin G(eﬁ 0s0=9) _ o3y O+ ho(cos 0)do
0

—0
T 1 1
=204 / sin B3t 0050 Gnp <>\— sin 6 sin <;5) ho(cos 6)db,
0=0 1

where C] is the normalisation constant of the § — e®s¢/A1,
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2. We simplify the last terms of the equilibrium equation (65):

(Id — QO X QQ) / (w X w)M)\thho(w . Qo)deQ =

wes!

= (Id — Q ® Qo) [ / (cos 8)>Cre = by (cos )8 (S @ Q)
O=—m
+ / sin 0 cos 0C 31 == g (cos 0)dO [(QF ® Do) + (R @ Q)] Qo
O=—m

4 / (sin 0)2Cye M =D po(cos 0)do (QF @ Qé)ﬁo}
0

=—Tr

= / sin 0 cos QC’leﬁ os@=Ap (cos0)df
o

=—T7

T 1 1
=20, / sin 6 cos fe™ 0% sinhy (A_ sin 6 sin 925) ho(cos 0)df .
6=0

1

So, we obtain from (65):

Q N 1
201/ (& + apopy (1 + ¢ cos 9)) sin Ge ™1 0% iy (}\— sin 6 sin ¢) ho(cos 6)d6
0

-0 \ 71 27 1

ac )
— 2—1ﬁ0p0p1 sin¢ = 0.
To

Since (I2)o(0) = ho(cosf)sinf is non positive on (0,7) (application of the maximum
principle for the elliptic equations (46)), the two terms of the last equations have the
same sign (the sign of sin ¢) and thus the two equal zero. Therefore, the angle ¢ equals
0 or 7, which implies €2y = €2, or 2y = —€2;. O

C Appendix: Proof of proposition 7 (The linearised
exchange operator)

Proof. We here provide a detailed proof of the computation of the exchange term:
(Id - ® Qo) (DSO)(pO,QO,pl,Ql)(ﬁm Qo, P15 Ql)} - (Qo : So(Po, Qy, P1, Ql))QO

once the directions are at equilibria, i.e. 29 = €21 or Qy = —€2;.
Let us begin by developing the expressions of the two components, X and Y, of the
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linearised exchange operator DS\ introduced in lemma 6:

Xy = a@pl [/ wM,\lﬂlhodw]
2 wes?t

C ~
(w® w)MA1791h0dw] (aOTpOplQO +(1+ O/;O))\l ,0191)
(w - Q) (w ®w)MA17glhodw} aOTpO)\l 1
+(1+ a@)pl [/ (w® w)M,\l,glh'Odw} Q
weSst

+a——p; [/ (w- Q) (w® w)M,\l,glhgdw} Qo,
weSst

YO = a%po |:/ wM)\mQOhodw}
weSt

+ [/ (w® w)M,\O,gohodw] (alTplpoﬁl + al_plpole)
weSst

2
1+ ) [ / wM,\Oﬂohodw}
west

#(1ro
101 ~ Pli\-1 &
+ [/ (w®w)M,, Qohodw] (OszOQl +(1+a—= 5 )\o pOQO)
weSst

C
(w - ) w®w)MAOQOhOdw} alTpl)\O oS

+

GSl

+ (14 0/)21 )P0 [/ (w® w)MAmQOh’Odw} Qo
weSt

C ~
Fal | [t s @) atids] 2
weSt

where hg, h{, (resp. hy, b)) implicitly depend on (w-€2y) (resp. (w-€2;)). These expressions
can be snnphﬁed when computed at equilibria. Indeed, the following lemma gives some
useful identities.
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Lemma 9. We have the following identities:
. / ) wM) ghdw = (cos 6h), 2, / . wM)y _qhdw = —(cos Oh™ ), €2,
west wes!
. / . (w ® w)My ghdw = {(cos? Oh)r, @ @ Q + (sin® Oh) y, @ ®@ QF,
we
/ . (w @ w)My _qhdw = {(cos® 0h™ ), @ @ Q + (sin? Oh ™), Q- @ O,
west
. / . (w - Q) (w @ w)Myghdw = (- Q") (sin? G cos Oh)ry, (B2 Q"+ Q2 Q),
we
/ . (w- Q) (w@w)M, _ghdw = —( - Q) (sin’fcosOh ) py, (R QT+ QT2 Q).
west

where h is a function depending on w - €2 and h™ : w - Q — h(—w - Q) is the symmetric
function of h.

Therefore, at equilibria €2y = €24, the two components of the linearised exchange operator,
X and Y, simplified into:

! ac
X0 = po (§p1<cos 9ho)MAl + 70/)1(6052 9h0>MA1) Qo
+ 1 ((1 + (X%)(COS Oho) u,, + 0407'00<cos2 Oho) u,y, ) Qo

+ (a%pl(sinz Oho)ary, + (1 +ozp2 )p1(sin” Ok 0) My,

G .
+a%p1 (sin® 6 cos 0h6>M/\1> Qo

Copo

)AL ! p1 (sin? Oho)ary, + —— 5 it (sin? 0 cos Oho)ar, )fll,

Po
1 -
+(( +0z2

Yo =po ((1 + a%)(cos Oho)r,, + @ 12P1 (cos? 9h0>M>\0> Qo

_ja
+ /1 (§p0<cos Oho)uy, + Tpo<cos2 9h0>M>\0> Q

+((1+Oz%))\alpo(sinQ9ho)MA +a 12plp0)\ H{sin? 0 cos Oho) ar,

+(1+ ap2 ) po (sin? Oho) iy, + Oszpo(sm 6 cos Ohg) ar, ) Qo
(& .
+ (0417'01/)0(51112 9h0>M>\O> Q.

Similarly, at equilibria €2g = €27, the momentum exchange operator S, can be expressed
as follows:

So(po; 0, p1,0) =7 ((1 +04p2 )pr{cos Oho)ar, +047p/)1((308 6ho) ) Q

— T ((1 + ap2 )po{cos Oho)ar, | + anpo<COS Oho) u, ) .



Laurent Navoret A two-species hydrodynamic model

Assuming €y = 2, we thus obtain:

(Id — €20 ® £2) |:(DSO)(007QO7P1791)(ﬁ07 Q, fn, ()1)} — (R0 - So(po, 0, p1, 1))
(1 + oz'OZ )p1 [)\ (sin” Oho) s, Ql + (sin” Hh{))M,\IQO — (cos HhO)MMQO}

+ Tla%pl [(sin2 Oho) iy, Qo + (sin’ A cos Oho) ary, Qo
+ AT (sin® 6 cos Oho) ar,, 1 — (cos® Bho) s, (zo}

—7o(1+ a%)po [)\ (sin® Oho) s, Qo + (sin” Oho) s, Qo — (cos Oho) ar,, QO]

— T()Oé%po [(sin2 9h0>M)\0f21 + (sin® @ cos Ohp) ur, Q
+ ;' {sin® 6 cos Oho) Qo — (cos? Oho) QO} )

= Ao(po, p1) (€11 — o),
with

/)0)

Ao(po, p1) = mi(1+ @)L (sin® Oho)a,,

+7'1a02 p1 Ay H{sin? 0 cos Oho) u,y, —Toaczﬁp()(sinZ Oho) ay, »

where we used the identities:
At (sin? 0h0>M>\0 = (cos 0h0>M/\0 — (sin? 0h6>M/\07
Ay (sin? 0 cos Oho) ny, = (cos? Oho) iy, — (sin? Oho) iy, — (sin” 6 cos Ohy) ur,

Similar computations shows that at equilibria ¢ = —€2,

(Id — Q0 @ Q) [ (DS0) (p.20.01.00) (0> L0, 1, Q1) | — (o - So(po, o, p1, 1))
= BO(p07p1)(Ql + Q0)7
with
0
5 0

— Tla%pl)\fl (sin? @ cos Ohg )ny, — Toa%po (sin” Oho) s,

Bo(po, p1) = 1(1 + a=)p1 Ay H{sin® Ohy )My,

O

Acknowledgment The author would like to express his gratitude to Pierre Degond
and Francesco Ginelli for their fruitful suggestions. He wishes also to thank Richard Bon,
Hugues Chaté, Marie-Hélene Pillot and Guy Théraulaz for stimulating discussions. This
work has been supported by the “Agence Nationale de la Recherche”, in the frame of the
contract PANURGE 07-BLAN-0208.



Laurent Navoret A two-species hydrodynamic model

References

1]

[10]

[11]

[12]

[13]

[14]

M. Aldana and C. Huepe. Phase Transitions in Self-Driven Many-Particle Sys-
tems and Related Non-Equilibrium Models: A Network Approach. J. Stat. Phys.,
112(1):135-153, 2003.

I. Aoki. A simulation study on the schooling mechanism in fish. Bull. Jpn. Soc. Sci.
Fisher, 48:1081-1088, 1982.

M. Ballerini, N. Cabibbo, R. Candelier, A. Cavagna, E. Cisbani, I. Giardina,
V. Lecomte, A. Orlandi, G. Parisi, A. Procaccini, M. Viale, and V. Zdravkovic. In-
teraction ruling animal collective behavior depends on topological rather than met-

ric distance: Evidence from a field study. Proc. National Academy of Sciences,
105(4):1232-1237, 2008.

N. Bellomo, A. Bellouquid, J. Nieto, and J. Soler. Multiscale biological tissue models
and flux-limited chemotaxis for multicellular growing systems. Math. Models Methods
Appl. Sci, 20:1179-1207, 2010.

N. Bellomo and M. Delitala. From the mathematical kinetic, and stochastic game

theory to modelling mutations, onset, progression and immune competition of cancer
cells. Phys. Life. Rev., 5(4):183-206, 2008.

N. Bellomo and C. Doghé. On the modeling of traffic and crowds: A survey of models,
speculations, and perspectives,. SIAM Rewv., 53(3):409-463, 2011.

A. Bellouquid and M. Delitala. Mathematical methods and tools of kinetic theory
towards modelling complex biological systems. Math. Models Methods Appl. Sci,
15(11):1639-1666, 2005.

E. Bertin, M. Droz, and G. Grégoire. Boltzmann and hydrodynamic description for
self-propelled particles. Phys. Rev. E., 74:022101, 2006.

F. Bolley, J.A. Canizo, and J.A. Carrillo. Stochastic Mean-Field Limit: Non-Lipschitz
Forces & Swarming. Math. Models Methods Appl. Sci., 21(11):2179-2210, 2011.

F. Bolley, J.A. Canizo, and J.A. Carrillo. Mean-field limit for the stochastic Vicsek
model. Appl. Math. Lett., 25(3):339-343, 2012.

J. A. Carrillo, M. Fornasier, J. Rosado, and G. Toscani. Asymptotic flocking dynam-
ics for the kinetic cucker-smale model. SIAM J. Math. Anal., 42:218-236, 2010.

J.A. Carrillo, M.R. D’orsogna, and V. Panferov. Double milling in self-propelled
swarms from kinetic theory. Kinet. Relat. Models, 2:363-378, 2009.

J.A. Carrillo, M. Fornasier, G. Toscani, and F. Vecil. Particle, kinetic, and hy-
drodynamic models of swarming. Mathematical Modeling of Collective Behavior in
Socio-Economic and Life Sciences, 297-336, 2010.

J.A. Carrillo, A. Klar, S. Martin, and S. Tiwari. Self-propelled interacting particle
systems with roosting force. Math. Models Methods Appl. Sci, 20:1533-1552, 2010.



Laurent Navoret A two-species hydrodynamic model

[15] A. Cavagna, A. Cimarelli, I. Giardina, G. Parisi, R. Santagati, F. Stefanini, and
R. Tavarone. From empirical data to inter-individual interactions: unveiling the
rules of collective animal behavior. Math. Models Methods Appl. Sci, 20:1491-1510,
2010.

[16] H. Chaté, F. Ginelli, G. Grégoire, and F. Raynaud. Collective motion of self-propelled
particles interacting without cohesion. Phys. Rev. E, 77(4):046113, 2008.

[17] Y. Chuang, M.R. D’Orsogna, D. Marthaler, A.L. Bertozzi, and L.S. Chayes. State
transitions and the continuum limit for a 2D interacting, self-propelled particle sys-
tem. Physica D, 232(1):33-47, 2007.

[18] 1.D. Couzin and J. Krause. Self-organization and collective behavior in vertebrates.

Adv. Stud. Behav., 32(1), 2003.

[19] L.D. Couzin, J. Krause, R. James, G.D. Ruxton, and N.R. Franks. Collective memory
and spatial sorting in animal groups. J. Theoret. Biol., 218(1):1-11, 2002.

[20] F. Cucker and S. Smale. Emergent behavior in flocks. IEEE Trans. Automat. Control,
52(5):852-862, 2007.

[21] A. Czirék and T. Vicsek. Collective behavior of interacting self-propelled particles.
Physica A, 281(1-4):17-29, 2000.

[22] P. Degond and S. Motsch. Continuum limit of self-driven particles with orientation
interaction. Math. Models Methods Appl. Sci., 18:1193-1215, 2008.

[23] P. Degond and S. Motsch. A macroscopic model for a system of swarming agents
using curvature control. J. Stat. Phys., 143:685-714, 2011.

[24] P. Degond, L. Navoret, R. Bon, and D. Sanchez. Congestion in a macroscopic model
of self-driven particles modeling gregariousness. J. Stat. Phys., 138(1):85-125, 2010.

[25] M. Delitala and A. Tosin. Mathematical modeling of vehicular traffic: a discrete
kinetic theory approach. Math. Models Methods Appl. Sci., 17(6):901-932, 2007.

[26] A. Frouvelle. A continuum model for alignment of self-propelled particles with
anisotropy and density-dependent parameters. Math. Models Methods Appl. Sci.,
to appear, 2012.

[27] A. Frouvelle and J.G. Liu. Dynamics in a kinetic model of oriented particles with
phase transition. SIAM J. Math. Anal., to appear, 2012.

[28] R. Gatignol. Théorie cinétique des gaz a répartition discréte de vitesses. Lecture
Notes in Physics 36, Springer Verlag, 1975.

[29] G. Grégoire and H. Chaté. Onset of collective and cohesive motion. Phys. Rev. Lett.,
92(2):25702, 2004.

[30] S.Y. Ha and J.G. Liu. A simple proof of the Cucker-Smale flocking dynamics and
mean-field limit. Comm. Math. Sci., 7(2):297-325, 2009.



Laurent Navoret A two-species hydrodynamic model

[31]

32]

33]
[34]

[35]

S.Y. Ha and E. Tadmor. From particle to kinetic and hydrodynamic descriptions of
flocking. Kinet. Relat. Models, 1(3):415-435, 2008.

D. Helbing. Traffic and related self-driven many-particle systems. Rev. Mod. Phys.,
73(4):1067, 2001.

M. Ishii. Thermo-fluid dynamic theory of two-phase flow. Eyrolles, Paris, 1975.

A. Mogilner and L. Edelstein-Keshet. A non-local model for a swarm. J. Math. Biol.,
38(6):534-570, 1999.

S. Motsch and L. Navoret. Numerical simulations of a non-conservative hyperbolic
system with geometric constraints describing swarming behavior. Multiscale Model.
Simul., 9(3):1253-1275, 2010.

M.H. Pillot and J.L. Deneubourg. Collective movements, initiation and stops: diver-
sity of situations and law of parsimony. Behav. Processes, 84(3):657-661, 2010.

M.H. Pillot, J. Gautrais, P. Arrufat, I.D. Couzin, R. Bon, and J.L. Deneubourg.
Scalable Rules for Coherent Group Motion in a Gregarious Vertebrate. PloS one,
6(1):e14487, 2011.

M.H. Pillot, J. Gautrais, J. Gouello, P. Michelena, A. Sibbald, and R. Bon. Moving
together: incidental leaders and naive followers. Behav. Processes, 83(3):235-241,
2010.

H. Spohn. Large Scale Dynamics of Interacting Particles. Springer-Verlag New York,
1991.

D.W. Stroock. An introduction to Markov processes, volume 230. Springer Verlag,
2005.

C.M. Topaz, A.L. Bertozzi, and M.A. Lewis. A Nonlocal Continuum Model for
Biological Aggregation. Bull. Math. Biol., 68(7):1601-1623, 2006.

T. Vicsek, A. Czirék, E. Ben-Jacob, I. Cohen, and O. Shochet. Novel Type of Phase
Transition in a System of Self-Driven Particles. Phys. Rev. Lett., 75(6):1226-1229,
1995.



	Introduction
	A two-speed Vicsek model
	The microscopic model
	The mean field kinetic model

	The macroscopic dynamics: rescaling and main results
	Hydrodynamic rescaling
	The macroscopic regime: main results

	The large scale dynamics of the Vicsek interactions: limit 0
	The equilibria of the Vicsek operators
	The generalised collisional invariants
	The macroscopic system

	Large scale speed change dynamics: limit 0
	Equilibria for the densities
	Equilibria for the mean directions
	The large scale dynamics

	Conclusion
	Appendix: Derivation of the momentum equations
	Appendix : The equilibria of the momenta operators
	Appendix: The linearised exchange operator

