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Abstract. This paper examines a path-dependent contingent claim called the window double barrier
option, including standard but also more exotic features such as combinations of single and double
barriers. Price properties and hedging issues are discussed, as well as financia applications. Explicit
formulae are provided, along with simple techniques for their implementation. Numerical results show
that they compare very favourably with alternative pricing approaches in terms of accuracy and
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Introduction

In conjunction with their growing popularity in the OTC markets, double barrier options have
gradually moved to the forefront of derivatives research. The main developments in the literature
pertaining to their analytical valuation can be briefly outlined. Based on a generalisation of the Levy
formula, Kunitomo and Ikeda (1992) provide a valuation formula for double barrier options with
payoff restricted by two curved absorbing boundaries assumed to be exponential functions of time.
Geman and Yor (1996) make use of the Cameron-Martin theorem to derive the Laplace transform of
the double barrier option price with respect to its expiry date. Inversion of this transform can be done
numerically using the Fast Fourier transform (Geman and Eydeland, 1995), or analytically using the
Cauchy Residue theorem (Schroder, 2000). Expressing double barrier option values as a linear
combination of sine functions, Bhagavatula and Carr (1995) handle time-dependent parameters.
Analytically solving the Black-Scholes partia differential equation with the appropriate boundary
conditions, Hui (1997) prices front-end and rear-end double barrier options, featuring early-ending
and forward-start monitoring respectively. Combining Laplace transform and contour integration,
Pelsser (2000) studies binary double barrier options including a rebate paid when either one of the
barriers is hit. Based on the first passage densities of Brownian motion derived by Sidenius (1998),
Luo (2001) considers ordered double barrier options in which the payoff is contingent on whether the
lower or the upper barrier is hit first.

Even though research on double barrier options has been growing steadily, there is till an
important type of contract that admits no explicit solution : window double barrier options. In their
standard form, they feature a double barrier whose monitoring starts after the contract initiation and
terminates before the contract expiry. In this respect, they can be regarded as an extension of the
forward-start and early-ending double barrier options studied by Hui (1997). A more exotic variation
is the partial window double barrier option, featuring combinations of single barriers before and after
the double barrier. The benefits of these contracts are manifold. Window double knock-out options are
cheaper than vanilla options and less risky than standard double knock-out options. Window double
knock-in options have greater leverage than standard double knock-in options. Whether they are
knock-in or knock-out, window double barrier options are more flexible than standard double barrier
options, alowing to match more closely the hedging needs or the speculative views of market

participants.



However, the expansion of these contracts in the marketplace is contingent on the ability to obtain
exact prices and hedging parameters in trading time. In this respect, closed form formulae would be
most welcome, at least as benchmarks to test more general numerical schemes allowing to relax
restrictive modeling assumptions. An analytical solution to such a vauation problem involves the
calculation of several distributions of joint extrema of geometric Brownian motion that are currently
unknown. It also implies to cope with a dimension issue, as the values of standard and partial window
double barrier options can only be formulated in terms of multiple integrals.

This paper provides two exact formulae that suffice to span all kinds of standard and partial window
double barrier options. It also shows how to implement them with high accuracy and efficiency. The
valuation framework is the classical eguivalent martingale measure one (Harrison and Pliska, 1981),
unlike the partial differential equation approach used by Bhagavatula and Carr (1995) and Hui (1997),
or the Laplace transform approach followed by Geman and Y or (1996) and Pelsser (2000). It is shown
that by repeatedly conditioning and using the Markov property of Brownian motion, the appropriate
discounted expectations can be rewritten in terms of tractable multiple integrals. The dimension issue
is dealt with by using convolutions of the multivariate standard normal distribution that allow to
dispose of most correlation coefficients.

Section 1 presents details on window double barrier options and their applications, aong with the
formula for standard-type contracts. Section 2 studies price behavior for various parameters, based on
a comparison with other existing contracts. Section 3 discusses hedging issues. Appendix A gives
detailed proof of the valuation formula for standard window double barrier options as well as a
numerical implementation rule. Appendix B provides the valuation formula for partial window double

barrier options, along with an appropriate numerical implementation technique.

1. The casefor window double barrier options

Option users basically break down into hedgers and speculators. The former seek to reduce
the uncertainty caused by the fluctuations in financial prices. It is well-known that, compared to
aternative derivatives such as forward and futures contracts or swaps, options are very flexible and
have the remarkable property to insure investors against adverse price changes while allowing them to
benefit from favorable movements. The downside is that vanilla options are expensive. One way to
cut the cost of hedging is to eliminate unlikely scenarios. This can be achieved by purchasing barrier

options, especially those featuring a double barrier because only they alow not to pay for part of the



upward potential and part of the downward potential of the underlying. These contracts are now
heavily traded, particularly in the foreign exchange markets. They are aso embedded in a lot of
popular structured derivatives in equity and interest rate markets, such as convertible/callable bonds
and stock warrants. However, holders of knock-out options face the possibility of losing their
insurance before expiry. Investors may even never become insured if their contract is contingent to a
knock-in provision. These risks sometimes motivate the introduction of a rebate as a form of
compensation. The danger of knocking-out could be reduced by setting the upper and the lower
barrier far away from the underlying spot price. Conversely, the risk of never knocking-in could be
diminished by locating the double barrier very near the spot price. But, in both cases, the premium
then quickly rises to that of avanilla option at a speed proportional to the volatility of the underlying.
Given that hedgers do not often have precise views on the market direction over the entire option life
(otherwise, they would not hedge !), an alternative way of limiting the risk of sudden death inherent in
knock-out contracts consists in activating the double barrier during only a fraction of the option life,
while avoiding exposure when there is greater uncertainty as to the volatility of the underlying. Partial
double barrier options are supposed to meet this requirement, but they do so too rigidly, since the
activation period must either start at the contract’s inception or end at expiry. These conditions
imposed on investors may not suit their needs. Window double barrier options, on the contrary,
provide investors with al the flexibility they can expect from a customized exotic structure. In their
standard form, these contracts are call or put options with a knock-out or a knock-in double barrier
whose monitoring begins after the contract initiation and terminates before expiry. In other words, the
location of the double barrier can be chosen anywhere during the option life.
Window double barrier options include partial and standard double barrier options as specia cases.
They enable investors to benefit from substantial premium discounts compared to vanilla or single
barrier contracts, while alowing them to reduce and customize their risk exposure compared to
standard or partia double barrier contracts. Suppose that an investor wants to hedge her or his
portfolio of stocks at the lowest possible cost using options. If, for example, quarterly earnings are
expected soon, she or he might prefer not to bet on the portfolio’s worth in the short term.
Furthermore, this cautious investor presumably does not want to risk losing her or hisinsurance at the
end of the option life because of a short price spike through the barrier near expiry. Then, it is easily
argued that only awindow double barrier option can precisely match thisinvestor’s preferences.
Window-type contracts are attractive not only to investors concerned with hedging but also to
those willing to speculate on market movements. Indeed, they provide outstanding leverage. Suppose,
for example, that an investor is bullish on the currency of a country A in the medium/long term. She

or he iswilling to take a long position in a call option but finds it much too expensive in the current



market conditions. If there is a known event, during this period of time, that will almost certainly
increase volatility in the currency, she or he can turn to a knock-in option. It could be, for instance,
elections in country A scheduled in several months, especially if the contenders have opposite stances
on monetary and fiscal policy. Purchasing a single barrier knock-in option is a very risky strategy
because neither the results of the elections nor the reaction of the markets to them can be known ahead
of time. The choice of a standard or partial double barrier knock-in option solves this problem, but not
in an optimal manner, since the investor has to pay for activating rights during periods of time when
she or he does not want them.

Window double barrier options also have a number of desirable properties for option writers.
Some of them are shared by all double barrier contracts, such as the capacity to limit both downside
and upside risk, in contrast to the unlimited liability typical of vanilla options or the semi-unlimited
liability typical of single barrier options. Others are specific to window double barrier options. First,
option writers receive a higher premium than that of a standard double knock-out contract. Second,
hedging difficulties are mitigated since the possibility of breaching the barrier is monitored during
only a fraction of the option life. Section 3 discusses this point in more detail. Third, linear
combinations of window and forward-start/early-ending double barrier options could be used to
replicate exotic structures that are popular but difficult to value and to hedge, such as the so-called
“corridor” or “hot-dog” contracts, which involve sequences of double barriersin time.

As mentioned in the introduction of this paper, increased trading in window double barrier
options in the marketplace crucially depends on the ability to obtain exact prices and hedge
parameters in real time. Assuming that the underlying asset follows a geometric Brownian motion
with riskless rate r , volatility o and dividend rate ¢ , the following closed form formula then solves

the valuation problem :

Proposition 1 :
The no-arbitrage value V of a standard window double knock-out option is given by:
V(89 K Hy Hy,r, 8,04, . ty) = 0]e ™K (i) — e ™8, @ (1)) @
where:

H

, isthe lower part of the double barrier, H, is the upper part of the double barrier, S is the

underlying asset spot value, K isthestrike price, ¢, = 0 isthe contract’sinception, ¢, isthetime at
which monitoring of the double barrier starts with ¢, > ¢, ¢, is the time at which monitoring of the

double barrier endswith ¢, >t , t,isthe option expiry with ¢, > ¢, ,
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Appendix A . Note that the price of a standard window double knock-in contract is obtained simply by
subtracting the value of the corresponding standard window double knock-out contract from the value
of avanillaoption.

For this formula to be well-defined, ¢ must never be strictly equal to #,, just as #, must never be
strictly equal to ¢, . That, however, does not imply a loss of generality since, in the limit, # can be
made arbitrarily closeto ¢, just as ¢, can be made arbitrarily close to ¢,. This way, a formulafor a
forward-start knock-out double barrier option is nested by letting ¢, — ¢, , a formula for an early-
ending knock-out double barrier option is recovered by letting ¢, — ¢, a formula for a standard
knock-out double barrier option is recovered by letting ¢, — ¢, and ¢, — ¢,. By taking limits with
respect to H, and H,, it is equally easy to nest formulae for standard and partial single barrier

options. Appendix A gives proof of proposition 1, along with a formula for a rebate paid at expiry
(eg. (35) in Appendix A). It also provides a straightforward implementation technique of this formula

yielding extremely accurate and fast results.

To further improve flexibility, one can think of combining the benefits of single and double
barriers into a unique structure. For example, resuming our previous scenario, the investor might very
well have views about the path of the currency before or after the activation of the double barrier. She

or he could believe that the market will display concern over the outcome of the elections before they



actually take place, putting the currency under strain. It would then be profitable to add a down-and-in
provision at that moment. She or he could aso anticipate that the newly elected party will be the one
whose political and economic platform is the most likely to reassure market participants, which could
trigger arally immediately after the vote. It would then be profitable to add an up-and-in provision at
that time. These additional features increase the chances of the option being activated. Besides, they
do not necessarily result in a more expensive premium since the investor could offset the cost of these
new opportunities by setting her or his double barrier further away from the underlying spot price.

In line with the usual terminology, these contracts could be called partia window double barrier
options since only part of the time interval during which barrier crossing is monitored contains a
double barrier, the rest of it containing single barriers. More specifically, let us divide the option life

asfollows: t, <t <t, <t, <t, <t <t; <t , wheret, isthe contractinception and ¢, isthe
contract expiry. If a single upper barrier is monitored within [¢,,t, ], followed by a double barrier

within [¢,,t, | and a single lower barrier within [¢;,t; |, then one could speak of an up-and-down

partial window double barrier option. Similarly, when monitoring starts with a single upper barrier

within [¢,,t, |, continues with a double barrier within [¢,,¢, |, and finishes with a single upper barrier
within [t5,t6] , then one could speak of an up-and-up type of contract. A third configuration is when

monitoring starts with a single lower barrier within [tl,t2 } , continues with a double barrier within

[t5,t, ], and finishes with a single upper barrier within [¢,t | , which defines a down-and-up type of

contract. Finally, if a single lower barrier is monitored within [¢,,¢, ], followed by a double barrier

within [¢,,t, | and a single lower barrier within [¢,t |, then one could speak of a down-and-down

type of contract.
Note that monitoring of the double barrier may start immediately after monitoring the first single

barrier, i.e. one may have : t, — t,. Likewise, there may be continuity in time between the
monitoring of the double barrier and that of the second single barrier (¢, — ¢ ). Besides, there may of

course be only one single barrier, either before or after the double barrier. Given al these possible
specifications, as well as the choice between a knock-in and a knock-out provision and the choice
between a call and a put, there is a very large nhumber of possible partial window double barrier
contracts. It is anaytically feasible to obtain a unique closed form formula that can on its own provide
the exact value of al of them. This formula, including a possible rebate paid at expiry, is given in

appendix B, along with a simple numerical technique to implement it.



2. Numerical results

Let us now examine the behavior of prices for various contract specifications. Table 1
presents the values of standard window double knockout put options (SWDKOP) for several volatility
and barrier levels, and compares them with the values of standard double knockout puts (SDKOP) and
vanillaputs (VP). Three different SWDKOP prices are given : one applying the formula, one obtained
from a binomial tree, and one performing Monte Carlo simulation. Details on how these values were
obtained and how the different methods compare in terms of accuracy and efficiency can be found in
Appendix A.

In Table 1, the premium of a SWDKOP is, on average, 55.6% lower than that of a VP; for a SDKOP,
the premium discount amounts to 73.5%. Those figures point at the considerable savings investors can
expect from acquiring long positions in window-type options instead of vanilla options. They are aso
in line with the fact that, by definition, the less valuable SDKOP contracts must be cheaper than the
SWDKOP ones. There are, however, three situations in which the premium of a SWDKOP and that of
a SDKOP tend to converge. The first one, quite obvious, is when double barrier monitoring extends
over the whole option life; but then, the SWDKOP contract loses its specificity and, in the limit,
cannot be distinguished from a SDKOP. The second one is when the distance between the upper and
the lower barrier is short, or when either the upper or the lower barrier is located very near the
underlying spot price, while volatility is high. Then, both the value of a SWDKOP and that of a
SDKORP rapidly drop and,in the limit, tend to zero, reflecting the overwhelming impact of the
likelihood of knocking-out, no matter how long the double barrier is monitored. When the double
barrier range is (80,120) and volatility is 44%, the vaue of a SWDKOP is thus only 1.6% of that of a
VP, the double barrier being active during one-third of the option life. The third configuration in
which the premium of a SWDKOP and that of a SDKOP tend to converge is when the distance
between the upper and the lower barrier is large and volatility is low. Then, the value of both a
SWDKOP and a SDKOP tends to that of a VP, reflecting the rapidly decreasing likelihood of
knocking-out.

Interestingly enough, there is a rather wide range of volatility, for each double barrier, in which
SWDKOP values do not differ significantly from one another. For instance, we see in Table 1 that,
with a double barrier set at (70,130), the SWDKOP value is quite the same whether volatility is 18%
or 25%. Likewise, when the double barrier is set at (60,140), the SWDKOP value is quite the same
whether volatility is 25% or 32%. The levels of volatility for which SWDKOP values do not differ
significantly among each other become lower as the upper barrier and the lower barrier get closer to
each other. Additional computations show that : the standard deviation of (80,120) SWDKOP pricesis



0.046 when volatility ranges between 12% and 18% (for an average option value equa to 2.97), the
standard deviation of (70,130) SWDKOP prices is 0.038 when volatility ranges between 18% and
25% (for an average option value equal to 5.34), and the standard deviation of (60,140) SWDKOP
prices is 0.044 when volatility ranges between 25% and 32% (for an average option value equal to
8.07). This is because, in these volatility ranges, the chances of ending the option life in-the-money
and the risks of knocking-out before expiry offset each other in a balanced manner. This non-
monotonicity of the option value with respect to volatility can actually be observed, to a lesser or
greater extent, in all kinds of knock-out barrier options. This is one of their main differences with
vanilla options, which display non-linearity but monotonicity with respect to the volatility of the
underlying asset.

Let us now move on to partial window double knockout puts (PWDKOP). Tables 2 and 3
present the prices of up-and-down (UDP), down-and-up (DUP), up-and-up (UUP) and down-and-
down (DDP) partial window double knockout puts. They are an extension to the SWDKOP prices
presented in Table 1 in the sense that the same contract specifications have been kept except for atime
interval before and after the double barrier during which only the lower or the upper part of that
double barrier is monitored. This alows to compare PWDKOP and SWDKORP prices. The difference
between Table 2 and Table 3 liesin the extent of that time interval (long in Table 2, short in Table 3).
With these specifications, the UDP, DUP, UUP and DDP values in Tables 2 and 3 necessarily lie
between those of SDKOP (lower bound) and SWDKOP (upper bound) in Table 1. Again, Monte
Carlo simulation and binomial estimators are provided along with analytical values. Details on how
prices were obtained can be found in Appendix B.

By definition, since additional conditions are to be met, one would expect PWDKOP prices to be
lower than SWDKOP ones, especially in Table 2 where those additional conditions are imposed for a
longer period of time. Such an expectation is verified with UDP and DDP prices, but it is, to a
suprisingly large extent, hardly validated in the case of DUP and UUP prices. In Table 2, UDP prices
for instance are, on average, 51% lower than their SWDKOP counterparts, but DUP prices are only
4.2% lower than their SWDKOP counterparts. The closer the upper and the lower barrier to the spot
value, the more difference between PWDKOP and SWDKOP prices : in Table 2, the (80,120) UDP
premium is 78.9% lower than the corresponding (80,120) SWDKOP premium in Table 1, but the
(60,140) UDP premium is only 24.9% lower than that of the corresponding (60,140) SWDKOP; for
DUP options, the difference with SWDKOP prices is even ailmost negligible when the double barrier
is(70,130) or (60,140).

Another surprising feature of DUP and UUP prices is that they are amost the same when the single
barriers before and after the double barrier are monitored during a large (Table 2) or a short (Table 3)



time interval. The same phenomenon can be observed with up-and-down and down-and-down double
window call options. This is not true of UDP and DDP prices; UDP prices, for instance, exhibit a
substantial average difference of 32.1% between Table 2 and Table 3. Likewise, down-and-up and up-
and-up double window call option vaues differ significantly from one another according to the
amount of time during which single barriers are monitored, as one would expect intuitively. Actually,
this is simply because the likelihood of knocking-out as a function of time exposure to barrier
monitoring is more sensitive to the level of volatility in the case of UDP and DDP contracts : if
volatility is raised to 44%, then DUP and UUP prices aso begin to exhibit large differences between
Table 2 and Table 3.

Finally, one last noticeable feature of both Tables 2 and 3 is the fact that UDP and DDP prices are

very similar, such as DUP and UUP prices, whatever the barrier levels.

3. Hedging issues

To eliminate risk, option dealers need to hedge their positions. Delta hedging, exploiting the
correlation between the option and its underlying, is the building block of dynamic hedging. The
gamma parameter measures by how much or how often a position must be rehedged in order to
maintain a delta-neutral position. Vega measures volatility risk exposure. The following discussion
briefly examines the delta, gamma and vega parameters of a number of window double knock-out
options. Analytical formulae for these hedge parameters can be derived by differentiation. However,
the derived formulae are cumbersome and it is easier and more efficient to look at finite-difference
approximations by measuring the sensitivity of the option value to a sight change in the appropriate
variable.

Let us compare the variations, with respect to the underlying asset price, of the hedge parameters of
two different standard window double knock-out call options, SWC1 and SWC2, and those of a
vanillacal, VC, aswell as the variations, with respect to the underlying asset price too, of the hedge
parameters of two down-and-up partial window double knock-out call options, DUC1 and DUC2. For
al these options, the strike price is 100, volatility is 25%, the riskless rate is 5%, the dividend rate is
2%. The lower barrier and the upper barrier of both SWC1 and SWC2 are 70 and 130, respectively.
The SWCL1 expiry is 1.5 years, with barrier monitoring within the time interval [0.5-1]. The SWC2
expiry is 0.3 years, with barrier monitoring within the time interval [0.1-0.2]. Such contract
specifications make it possible to gauge the effect of time to maturity on hedging. For DUC1 and
DUC?2 options, the single lower and upper barriers are 70 and 130, respectively, and the (70,130)

double barrier is monitored within the time interval [0.5-1]. In the DUCL case, the single lower barrier
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is monitored within [0.2-0.3] and the single upper barrier is monitored within [1.2-1.3]. In the DUC2
case, the single lower barrier is monitored within [0-0.5] and the single upper barrier is monitored
within [1-1.5]. These contract specifications allow to compare partial window double knock-out and
standard window double knock-out hedge parameters, as well as to assess the impact of single barrier
monitoring before and after the double barrier.

First, SWC1 and SWC2 deltas are always smaller than or equal to VC deltas, whatever the underlying
spot value. Thisis because SWC1 and SWC2 options are cheaper than VC options, so that they stand
to gain or lose less value. Both SWC1 and SWC2 deltas are positive for out-of-the-money contract
specifications, even when the option is far out-of-the-money. But their value is small then, not only
because the probability of expiring in-the-money is low, but also because of the significant risk of
hitting the nearby lower barrier before expiry. Thus, the SWC1 deltais 9.5% at 71, which islessthan
half of the corresponding VC delta.

In the region between 71 and 100, the SWC2 delta curve is remarkably close to the VC delta one,
increasing quite steeply from around zero to above 40% . In contrast, the SWC1 delta curve slowly
decreases, from 9.5% to around zero, as if the higher risk of hitting the upper barrier prevailed over
the higher chances of not hitting the lower barrier and expiring in-the-money. The region around 100
is interesting, since this is the area where the option is at-the-money and where the spot price is
equally distant from the lower and the upper barrier. Around this point, the SWC2 delta reaches its
peak (above 40%), and thus starts decreasing, while the SWC1 delta becomes negative. Beyond 100,
the SWC1 delta curve continues to decrease smoothly, while the SWC2 delta one rapidly falls down
to large negative vaues (around —50% near the upper barrier). This stands in complete opposition with
the behavior of a VC delta, which increases regularly as the option becomes more and more in-the-
money (because ending the option life in-the-money becomes more and more certain). This
divergence is caused by the upper barrier, which raises the risk of knocking-out when the option isin-
the-money. This effect is more pronounced when expiry is close (SWC2 case), leaving short time for
the underlying asset to drift away from the upper barrier.

Overdl, delta variations are steeper and more unstable for SWC2 than for SWCL1, reflecting the
significant impact of shorter time to maturity. As aresult, SWC2 gamma values are larger than SWC1
gamma values : while the latter lie within a [0.6%, -0.8%] range, the former lie within a [3%, -5%]
range. This makes SWC2 options less easy to hedge than SWC1 options using a delta-neutral dynamic
strategy, since the hedging portfolio needs to be more frequently rebalanced. But when the barrier
period is sufficiently distant from the beginning and the end of the option life (SWC1 case), gamma
fluctuations are substantially smoother than with regular double knock-out barrier options, which is an

advantage for an option dealer.
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If we now examine the vegas, computations revea that most SWC1 and SWC2 vega vaues are
negative, unlike VC vega values, which are always positive whatever the underlying asset spot value.
This divergence is caused by the ambivalent effect of volatility on knock-out option values : higher
volatility increases the chances of expiring in-the-money, but aso the risks of knocking-out. The
former effect prevails over the latter when the SWC2 option is out-of-the-money, with vega topping a
modest 2% when the underlying spot price is 90, but it goes reverse when the option is in-the-money.
Thus, SWC2 vega values become more and more negative as the underlying spot price gets closer to
the upper barrier ( -1% at 110,- 4.4% at 120, —10% at 128). When time to maturity is long (SWC1
case), however, vega values are at their highest levels when the option is far out-of-the-money (1.9%
at 71) or, to alesser extent, when it is far in-the-money. This is because our contract specificationsin
this example locate the double barrier right in the middle of the option life. Had monitoring of the
same barrier period (half a year) started soon after the beginning of the option life, vega values would
have reached a peak for out-of-the-money contracts; had it ended soon before the option expiry (one
year and a half), vega values would have been higher for far out-of-the-money contracts (with a peak
only slightly greater than zero, though). This complex vega behavior is areminder of the significance
of time to maturity when it comes to measuring the impact of volatility on the risk of knocking-out.
Overadl, vega parameters are all the more difficult to interpret as both SWC1 and SWC2 do not have
single-signed gamma everywhere. This leaves the option dealer quite exposed to volatility risk.

Next, one can turn to DUC1 and DUC2 hedge parameters. DUC2 prices are cheaper than
DUC1 ones, because more stringent conditions are imposed on DUC2 payoffs. Consequently, DUC2
deltas are smaller than their DUC1 counterparts, athough this gap shrinks as the underlying asset spot
value approaches the upper knock-out barrier. Also, all DUCL and DUC2 deltas remain positive,
which is a noticeable difference with SWC1 and SWC2 deltas. They attain a peak when the option is
slightly out-of-the-money (22% for DUC1 and 16% for DUC2 when the underlying spot price is 98).
Quite typically, they reach bottom in the regions near the knock-out barriers, especialy the lower
barrier, which makes sense intuitively since it is the lower barrier that is first monitored (8.2% for
DUC1 and 1.4% for DUC2 when the underlying spot price is 71). Had we vaued down-and-down or
up-and-up partial window double knock-out call options, however, we would have obtained a number
of negative deltas.
DUC1 and DUC2 gamma fluctuations are quite moderate, lying within [1.2%,-0.3%] and [1%b,-0.6%]
ranges respectively. Thisis quite remarkable, especially in the DUC2 case where the whole option life
is subject to barrier monitoring. However, gamma fluctuations could obviously be larger for other

contract specifications, such as a shorter time to maturity or a narrower barrier range.
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DUC1 and DUC2 vega values are quite similar. They are aimost al negative, which is not surprising,
given the number of knock-out conditions. Less evident is the fact that DUCL and DUC2 vegas hit
their lowest level when the option is slightly out-of-the-money (-5.2% at 99 for DUC1 and —3.5% at
98 for DUC2). Actudly, this is simply because these are the regions where those options take their
highest value; likewise, the largest delta parameters can be obtained in these regions.

Overdl, it should be kept in mind that there is potentially a number of contract specifications
for which dynamic hedging is either uneasy or relatively unreliable, due to gamma fluctuations and
because vegas do not always provide a clear measure of volatility risk. Theoreticaly, gamma risk
could be overcome by continuous rebalancing of the hedging portfolio, but, in practice, trading is
discrete and transaction costs can accumulate to substantial amounts. More seriously, like all kinds of
knock-out contracts, window double knock-out options are faced with a discontinuity of their delta at
the barrier (with gamma possibly reaching infinite values in finite time). The problem of hedging
close to the barrier is well described in Taleb (1997). As it is magnified near the option expiry, the
option dealer would be better off with a contract in which monitoring of the double barrier ends
sufficiently long before expiry. Thisis achievable with a window double knock-out contract, whereas
it is by definition impossible with a regular double (or single) knock-out contract. Hedging will be
made even easier if barrier monitoring starts sufficiently long after the beginning of the option life.
Compared with partial double knock-out contracts (whether forward-start or early-ending), window
double knock-out contracts allow to locate the double barrier away from both the beginning and the
end of the option life. Thus, window double knock-out options do not eliminate hedging problems, but
they can alleviate them, compared with other forms of double knock-out contracts.

The potential difficulties associated with dynamic hedging seem to call for a static hedging strategy
(Carr, Ellis and Gupta, 1998) athough this often merely shifts the problem to the vanilla options
market, as static hedges need to be rebalanced too when the underlying spot value nears the knock-out
barrier (Toft and Xuan, 1998). An interesting aternative is the superhedging strategy (Schmock,
Shreve and Wystup, 1999; Wystup, 1999), which achieves continuity at the barrier by numerically
solving a stochastic control problem under a constraint on the possible values of the gearing ratio of
the option. This approach works well with regular double knock-out contracts. It could be extended to

window double knock-out contracts.

4. Concluding remarks

This paper has studied standard and partial window double barrier options. These contracts

are more flexible than regular double barrier ones, thus alowing to match more closely the hedging
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needs or the speculative views of investors. As few as two formulae suffice to cover a very large
number of complex payoffs. They are the basis for simple numerical integration schemes which
compare favourably with alternative pricing approaches in terms of accuracy and efficiency. They also
provide an easy and reliable way to obtain finite-difference approximations to hedge parameters.
Barriers have been assumed constant in this paper, but it would be an easy extension to make them
deterministic exponential functions of time. Stochastic volatility and interest rates, however, would
not be an easy extension, and there is no evidence that such a vauation problem would be analytically
tractable.

Appendix A : proof and numerical implementation of the valuation formula for

a standard window double barrier option

In this appendix, the following notations will be used :

-W,is Brownian motion defined on a probability space (€2, F,, P)where F, = o(W,,s < t)is the
natural filtration of W,

- S, isthe value of the underlying asset at time ¢

- K isthestrike price, H, isthe lower barrier, H, isthe upper barrier, r isthe instantaneous riskless

rate, o isthe constant volatility of the underlying asset, 6 is the constant continuous dividend rate

- X, =1In(S,/8,), k=In(K/S,), h, =In(H,/S,), m = (X,), M) = sup (X,)

€ltut, ] teltat, ]
- Q isthe risk-neutral measure, E9 1.1 isthe expectation operator under the ) — measure
- 1., isthe indicator function taking value 1 if the conditions inside the brackets are met and value

zero otherwise

- Nr.orefers to the univariate standard normal cumulative distribution function, N, [.,..p] refersto

the bivariate standard normal cumulative distribution function with correlation coefficient p

A.1 The multivariate normal distribution

In generd, if X = (X,,..., X, )is avector of n joint standardized normal random variables with a

symmetric, positive-definite <n x n> matrix of variances and covariances ¥ , then the density of X is

given by :
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_XTslx

f(xl,.‘.,a:n) ¢ 2

S RENDET)

where X7 isthetranspose of X, Det(X)isthe determinant of ¥ and X~ 'istheinverseof ¥ (for a

©)

proof, see e.g., Tong, 1990).

For example, if we denote by p,,,p,, and p,, the correlation coefficients between three standardized
normal random variables X, X,and X, it is easily shown, by applying formula (5), that the joint
density f of X|,X,and X, isgivenby:
67%(/\1112+X2b2+)\302+2)\4ab+2)\5bc+2)\0ac)
(27)%/2 yDet (2)

with: Det (3) = 1= oy — p3y — piy + 2021

f(a:b: 6391279237/)13) = (6)

_ 1—p3 A = 1—ply o= 1—pfy N, = Pusfes ~ o
1T Det(n) Det(2) 3~ Det(n) 4T Det(n)

_ PusPia ~ sy Profas T Pig
57 T Det(%) 6 Det(%)

However, using these genera multinormal expressions becomes analytically cumbersome and
computationally inefficient as the dimension of the integral rises. Actually, simplified expressions can
be used when dealing with the finite-dimensional distributions of geometric Brownian motion GBM.

Let ¢, t,, t, bethreedifferent dates during the option life [¢,,t, |, suchthat: ¢, <t <t, < t,.By

conditioning with respect to th and applying the Markov property of Brownian motion, we have :

Q(th <aeX, <bX, < c)

_ 0 Q

=F 1{Xﬁ<a’X’2<b}E 1{X,3<c} th < a,Xt2 <b @)

— @ Q

=F 1{XLI<G7X[2<b}E I{X@«} X, <b ®)
a—pt, b—pt, .T272(Jt1/t2 )IeryZ
o e_ 2(1_t1/t2)

= f f E?|1 ’ |y]dydac ©
JoJ it /1) {x,<c}
a—pt, b—put, _$272(Jt1/t2 )xy+y2

B Uf Uf e 21—t /) N c—y—p(ty —ty) Ind

= ydx (10)
Jodo em(l—t/ty) oty =1,
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a—pt; b—pty c—pty _ﬁ,(yi tl/tzx)Z7(,27J7f2/153y)2
ot oL oVl 2 20t /t) 214/t

- if J;c J;c (27T)3/2\/(1_751/752)(1_’52/753)

oo

dzdy dz (11)

where y =r —6 — 02 /2
This can be written in amore compact form as :

a—put, b—ply, c— put,

: ) P 12
oot oty T oty Pra>Po3 (12)
where p,, = \Jt; /t, and p,; = \Jt, /1
More generally, it is easily shown that :
=P(X, <3,X, <z, X, <,
Ty — pty wy — p x, — ut
— N 1 1.2 2 n n .,
T =ty Ty—ply g g2 ol (1‘/”1*/’1,, , )2
U\/t—l IT\/E ot 67?17; m
dy,dy, _,---dy, (13)

ot e o) (1= o) (1- 02,

with: p, . = \Jt, /1;, 4, <1,

The larger dimension is, the more useful the Markovian convolution of the standard normal
distribution introduced in (13), since it alows to dispose of the vast majority of correlation
coefficients that would otherwise be required, making calculations tractable and computations
efficient.

A.2 Proof of Proposition 1in section 1
Equipped with the preliminary results (11) and (13), we can now start the proof of proposition 1 in
section 1. Following the risk-neutral valuation approach, the value of a standard window double

knock-out call option, C

wpio @ the contract inception 7, = 0, is given by the discounted

expectation of its payoff under the equivalent martingale measure conditiona on the information

available at time ¢ :

Cwprko = e [(Stg - K)+ } =e " EY [(53 - K) (14)

1, ,
{mi>h M} <h,} {”lf>]H:Mf<h23Xr.;>k}

= {Soe(r’saz/z)t3+”m3 E© - KE“

} (15)

1 . ; 1 \
{mi >y M2 <h, X, >k} {md >y M2 <hy X, >k}
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— {Fe(_ﬂz/Z)tg +oW, Q|1 — K E? {1

} (16)

{m>n M2 <ny X, >k} {mi>h M2 <hy X, >k}
where F' = S, e(r=% jstherisk-neutral forward price

For astandard window double knock-out put option £, , one would have :

— ¢t Q _ Rl 25 +0W, po

Bypgo =€ {KE l{mf>hl,Mf<hz,X,3<k} ke vk l{mf>hl,zvff<hz,X,3 <k} } (17)
Let us define anew measure Q such that :

QQ _ From (18)

Then, applying the Girsanov theorem :

Copro = ¢ {FQ(m? > by, M} < hy, X, > k)= KQ(m} > h,M} <hy,X, >k)} (19
It suffices to calculate the required probability under the Q — measure : a simple change of drift from
pu=r—>6—02/2 to p=r—6+0c>/2 will provide the required probability under the

Q — measure.

Asaresult of conditioning :

2 2 _ 7@ Q 2 2
Q(m1 > by, M} < hy, X, > k) =F 1{mf>hl,Mf<hZ}E 1{Xt3>k}|m1 > h,M? < h, ] (20)
Now using the Markov property of Brownian motion, the right hand-side of eq. (20) becomes :
Q Q
BNy ey B [1{ k}|h1 <X, <h (21)

To obtain (21), one first needs to find Q(m; > h, M} < h, ), which can be expanded as the

following nested expectations :

Q(m} > h,M} <h,)=E“ 1{hl<X,1<h,z}EQ[1{7”12>}L11M12<hz}|h1 <X, < h2H (22)
Since Q(hy < X, <hy)=N[(hy, —pt,)/o\Jt; | = N[(h — ut,)/ o[t ], the right hand-side of
€g. (22) can bereformulated as :
hy l[u ;Lt] [u ;Lt]
Q e 2 ot Q e 2 U\F
:/O;E [1{771,f>i11,Mf</1?} th € du o 27-(-1 du — :/O\CE [1{mf>h.l,Mf<hQ} th € du 27Tt1 du
(23)
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Then, using the classical formula for the distribution of the terminal value of generalized Brownian
motion and its maximum and its minimum over an interval (see, e.g., Cox and Miller, 1965), (23) can

be expanded as the following integral :

hz hl
f@(mdu— f@(u)du (24)
where :

Oy — A(”{E“)[@(”(hz)—@(1)(/71)} _ Z<2>[¢,(2>(h2 *th)*@g)(*hq)]} (25)

1 u— /n‘
o0 0

A(l) _ 27rt Z(l) _ Z e?unh/o 2(2) _ Z 24 hy —u— 71/1)/17 . h = h2 _h’l (26)

n=-—u0 n=-—x

047U7/L(t2 ftl)anh
oty — ¢

Performing the necessary calculations, one can obtain the following closed form solution to (23) :

( )+2nh
t—t

oM a) =N , =N

1 (27)

o0

Q(mi > b M < hy) = 37 eM/T {W! (yhy ) = W Ry ) = W' (A, By )+ W (sl ) 8

2 (W2 (s ey — 20y ) = P (g, =y ) = W (g, By = 2y )+ 92 (B, =y )]}

where :
— ut, b — ut, —2nh t, b— ut 2nh t
S R St N S L N E O P VA e L L
AR NI b
(29)
Next, the formulain (28) enables to expand (21) as the following integration problem :
Q Q
B \l{m'lz>hl,]\/ff<h?}E [1{ >k}|h1 < XtZ < h2 ]
o by hy hy 1y
-3 ezfﬂ"’L/ﬂzlf fA<2>(u,v)<I><3><v>dudv—ffA<2>(u,v)<I><3><mdudu (30)
by hy by hy
—ffA<2>(u,v)<I>(3>(v)dudv+ffA<2>(u,v)<I><3>(v>dudv
hy hy hy Iy
— 2l =2nh)/ ffA(r‘)(u )3 > dudv — ffA(3)(u,v)<I'<3>(v>dudv
hy h, h
—ffA<3>(u,v)<I>(3>(v)dudv—|— ffA<3>(u,v)<I>(3>(v)dudv ’
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where :

u—pt, ]2 +[U*U*#(Zg —t )72nh]21

,1{
e 2

AP (u,v) il e (31)
uUv) =
2mo? [t (t, — t,)
7% [qu;:tl ]2+[’U+u72h,17;: tQ;tl)Jr?nh]Z]
3 e 2ot o=t
AY (u,v) = 5 (32
2mo® [t (t, — ¢,
—k w(t, —t
CI)<3)(U):N[ +1}+,u(3 2)} (33)
oty — 1,
For a standard window double knock-out put option, the function &) cv> would be:
k—v—q(ty —t,)
@3 - N 3 2 34
(€D [ . —tg = (34)

A closed form solution can be found to the integration problem (30), which is precisely the formula
for a standard window double knock-out option given in Proposition 1, section 1.

As mentioned in section 1, arebate provision may be included in the contract, giving the option holder
the right to receive an amount R at expiry if the option has been knocked-out. The value, V%, of the
standard window double knock-out option then becomes :

VE =V +e™R(1-Q(m] > h,M} <hy)) (35)
where V is the option value without rebate as given by Proposition 1 in section 1, and

Q(mj > h, M} < h,) isexplicitly given by eq. (14) in this Appendix.

A.3 Numerical implementation of Proposition 1in section 1

The trivariate normal integrals appearing in Proposition 1 of section 1, defined by eq. (11) in this
appendix, must be numerically integrated. Several algorithms have aready been designed to compute
trivariate normal cumulative distribution functions (Genz, 2001). However, they do not fit the specific

convolution used in (11). The following simple rule can be used instead :

a— Pt €~ Pyt
2 2
\/1*/’12 \/1*/’23

This numerical integration is very easy to perform. A level of at least 10~ accuracy, which is more

b
1 Ey
Ng[a7b,c;pl27ng] = ﬁfe"’z/zN dx (36)

than enough for option pricing, can be achieved with a mere 16-point Gauss-Legendre rule (and a
lower bound of — 8.5 in the integral). Moreover, the integration rule in (36) is extremely efficient : the
analytical values reported in Table 1 take a computational time of 0.4 second for the eight out of

19



twelve prices requiring the computation of three terms in the infinite series, and and average 0.6
second for the others (on a modest 2.4 Ghz-clock PC). Note that, at most, nine terms in the infinite
series were required. In general, more and more terms are needed as the lower barrier and the upper
barrier are closer to one another and as volatility increases. But, in the vast majority of cases, very few
leading terms are required. Only for unrealistic contract specifications may significant errors arise
from the truncation of the infinite series. This is in line with the findings of Kunitomo and Ikeda
(1992) regarding standard double barrier options.

Along with analytical values, Table 1 reports numerical results obtained by binomial and Monte Carlo
simulation methods. The binomial estimates are computed with 500 timesteps. The jump and
probability parameters are set according to the Trigeorgis approach (1992), which has been proved to
be dightly more accurate than that of Cox, Ross and Rubinstein (1979) or that of Jarrow and Rudd
(1983). In addition, the lattice is constructed in such a way that there are horizontal layers of nodes as
close as possible to the upper barrier and to the lower barrier, following the recommendations of
Boyle and Lau (1994). Prices are obtained in less than one second. The binomial estimates diverge
from the exact prices by 0.58% on average.

The Monte Carlo simulation estimates were obtained after running 1,000,000 simulations per option
value and implementing a computationally demanding discretization of 16 monitoring times per
business day for the time segment in which the double barrier is active. The efficiency of such a

procedure is obviously very poor and definitely not suited to real time trading environments.

Appendix B : Valuation of partial window double barrier options

B.1 Analytical formula
Proposition 2 :

The value V of a partial window double knock-out option isgiven by :

Viwpico (Sor Ko Hyy Hy, Hy Hyow, 8,001ty byttt ) = 0e 7K @ (1) — e, @ (ji)]

1292973949759 %6
(37
where:

S, isthe underlying asset spot value, K is the strike price, = is the constant instantaneous riskless

rate, o istheunderlying asset’s constant volatility, § isits constant continuous dividend rate;

H,isthelower part of the double barrier, H,isthe upper part of the double barrier;
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H, isasingle lower barrier if the priced contract is down-and-up or down-and-down; otherwise, it is

a single upper barrier;

H,isasingle lower barrier if the priced contract is down-and-down or up-and-down; otherwise, it is

a single upper barrier;

assuming that the option life starts at #, = 0, [,,%,] is the time interval during which the possible

crossing of H, is monitored, [t,,¢,] is the time interval during which the possible crossing of the

double barrier(Hz,Hg) is monitored, [t,,t,1 is the time interval during which the possible
crossing of H, ismonitored, ¢ istheoption expiry, with: ¢, <t <t, <t, <t, <t, <t, <t

n=r—6—-0%/2 ,i=r—6+0"/2

W= 32 T L a0 (g ) — W (hy by ) — B (b )+ U0 () @)

n=—o0

—e2h /7" (U2 (hy, oy ) = U2 (hyyhy ) = O (hy, oy ) + O (o by )]
B [ () 0 (1 By )~ By ) 8y )
el =h =2/ 7 [ (R By ) = T (g, by ) = B (g )+ 0O (B, )]
—e2 (1 =200/ 7 [ (B by ) — W) (g by ) = U (hy,hy ) + OO (hy,hy )]
el = =200)/0* [g(®) (i p Y — WO (hy hy ) — WO (hyyhy ) + T (hy,hy )]
L2l ) [ (WD (hy,hy ) — BT (hyhy ) — OO (hy,hy ) 4+ W7 (Ry,hy )]

ORI [0 () = ) () = ) (el )+ %) ()]

and :

,ut] [h.lﬂt2]apt3b2nhﬂt4 )\[h42nh,ut5]

1%
{@ — 2nh — ut; ] 0}\[16—2nh—ut7
,
2=

¥ (a,b) = N, (39)

>

$P12 Vg P3g5 APys > Psgr 067

h, —l—ut] [ hl—ut2] a —2h — pty b—2h —2nh — ut,
Y )

th s J)\[@th2nhutﬁ}w\[/ﬂ—%l—?nh—ut?].

TN

U (a,b) = N,

TN

P12y Mo30 P34 )‘945  Psg 0Pgr

21




7[hl +ut1] v[hl +ut2} a+ pty, b —2h, + 2nh — put, )\[h4 — 2h, + 2nh — pt;
¥ (a.b) = N oftp )L ot ) oyt N ’ o.fts ’
’ - 7
hy — 2h, + 2nh — pt, k — 2h, + 2nh — pit
)\{ 4 U\/% 6]76)\{ Zoﬁ - ;pn,vpm,—p34,>\p45,p56,0p67
h, — pt, =h + pty ) a—2h + pty b —2h, + 2k + 2nh — ut,
ot ) ol ) el o\t ’
U (ab) = N | AP 2 2 2k =t ) (g = 20 + 2+ 2nh - phy
) 7 U\/g ) O_\/% s
k — 2hy + 2h, + 2nh — pt
9)\[ U\/E ! ;_p1277p23’_934a)‘p457/05679p67
y by +ut1] 7[hl +ut2] a+ pty b —2nh + put, /\[h4 —2nh+,ut5]
0 (o) = .| L VE LV et el ot )
’ - 7
—h, + 2nh — ut k —2h, + 2nh — ut
A 4 T 6],0)\[ 40@ 7]#112’7923’%4’)‘9457_%6’9[’67
hy — pt, —h, + pty | @ —2h + pty b —2h —2nh + ut,
RN B RN N AN
\I/(G)(ab):N )\h4_2h’1_2nh+ﬂt5 )\—h4+2h1+2nh—,ut6
’ 7 U\/g ’ O_\/g y
k —2h, + 2h + 2nh — ut
QA{ . U\/E 7};_9127792379347)\9457_/)5679/)67
h, — pt, h, — pt, a—utgb—2h2+2nh+ut4)\h4—2h2+2nh+,ut5
\11(7)(0,,()) =N, )\[—h4 + 2hy —2nh _#tﬁ}’a)\[k_zih + 2h, — 2nh — ,ut7];
Pras Whg> —P345 APyss —Ps6, 007
hy + ut, —h, — pty | a — 2k — pty b —2hy + 2k + 2nh + put,
SN A U RN A 20 ’
U (g,b) = N |\ hy — 2Ry + 2hy + 2nh + pt; A —hy +2h, —2h — 2nh — ut,
) 7 O,\/g ) 0'\/76. s
k —2h, + 2h, —2h, —2nh — pt
9*{ — ﬁl 7};_912’79237_9347>‘p45’_P56’HPG7

h, :log(Hi/SO),h:hgth,kzlog(K/So),pij = Jt/t .t <t

|

—1 if theoptionisadown - and - up call or put or adown - and - downcall or put

1 otherwise
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—1 if theoptionisanup - and - down call or put or adown - and - downcall or put
1 otherwise

—1 if theoptionisanup - and - down put or anup - and - up call
0= or adown - and - up call or adown - and - down put
1 otherwise

This formula may appear cumbersome at first glance. Yet, it can rightfully be regarded as
particularly concise in view of the very large variety of complex contracts it enablesto value.
N, [1:1,3:2,xg,x4,a:5,at6,at7;:|:p12,j:p23,j:p34,j:p45,j:p56,:|:p67] is a specid form of the normal
cumulative distribution function, defined by eg. (13) in Appendix A. Note that the price of a partial
window double knock-in option is obtained simply by subtracting the value of the corresponding
partial window double knock-out option from the price of a vanilla option.

For proposition 2 to be well-defined, any ¢, must never be strictly equal to L where i < j.
This, however, does not imply aloss of generality since, in the limit, ¢, can be made arbitrarily close
to¢;. Thisis how we use proposition 2 to obtain the analytical values reported in Table 2, section 2 :

— .

we let & — ¢, t 5 t; — ¢, and &, — t,. More specificaly, we take the following

3
approximations of continuity: ¢ = 0.0001, ¢, = 0.4999, ¢, = 1.0001 and #; = 1.4999, recalling
that ¢{, =0, t, =05, t, =1 and ¢, =1.5 . Further refinement of these approximations is
numerically insignificant.

As mentioned in section 1, arebate provision may be included in the contract, giving the option holder
the right to receive an amount R at expiry if the option has been knocked-out. The value, V7, of the

partial window double knock-out option then becomes :

VE =V 4+e™R(1—-Q(M; < h,myg > hy,Mj < hy,mi >h,)) (40)
if the option is up-and-down

VE =V +e™R(1-Q(m] > hyym; > hy, My < hy,M{ < h,)) (41)
if the option is down-and-up

VE =V +e™R(1—Q(M] < hy,mg > hy, My < hy, M} <h,)) (42)
if the option is up-and-up

VE =V +e™R(1—Q(m] > h,my > hy, My < hy,m$ > h,)) 43)

if the option is down-and-down
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where V' isthe option value without rebate, and where we recall that @ ¢.> isthe probability operator
under the equivalent martingale measure, under which : y =r —§ — 0> /2 . The probabilities
involved in (40)-(43), which correspond to digital partial window double barrier options, are deduced
from Proposition 2 above by taking the first six dimensions of each W' i € [1,....8] in ®(pu), dl

other things being equal .

B.2 Sketch of proof

Using the same notations and following the same first steps as with standard window double
knock-out options (Appendix A), the no-arbitrage vaue of an up-and-down partial window double
knock-out call can be expressed as :

[ FQ(ME < hyymy > by, My < hymE > By, X, > k)
Cowyp =€ , (44)
~KQ(M} < hyymi > hy, My < hyym > by, X, > k)

Similarly, the no-arbitrage value of a down-and-up partial window double knock-out call can be
expressed as:
F@(mf > hy,my > hy, My < hy,M$ < h,,X, > k)

c =t ‘ (45)
~KQ(m? > hyymy > by, My < by, M < by, X, > k)

The no-arbitrage vaue of an up-and-up partial window double knock-out call can be expressed as :
FQ(M? < hymi > hy, My < hy, MY < hy, X, > k)

Coppy =€ | (46)
—KQ(M? < hyymi > hy, My < hy, M < by, X, > k)

Finally, the value of a down-and-down partial window double knock-out call can be expressed as :

| FQ(m? > hmy > by, My < hyym§ > by, X, > k)
C E (47)
~KQ(m} > hyymi > hy, My < hy,mf > by, X, > k)

dQ
dQ

=3t Multiplying by (—1) and substituting

where () is a measure such that : =
£

“X, >k7with" X, < k”in(44)-(47) provides the corresponding put option expressions.

Obtaining these probabilities involves long calculations that cannot be reproduced here. We simply
outline how it works in the case of an up-and-down partial window double knock-out call option,
knowing that the method is the same as with standard window double knock-out options (for which a
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detailed proof is given in Appendix A). Basicaly, it boils down to repeatedly conditioning and

making use of the Markov property of Brownian motion. Thus, the first stage isto calculate :

2 — @ Q
QM <h)=E 1{X[l<hl}E 1{Mi2<hl}‘Xf1 H 9
Thisresult isthen used to find :
Q(M? < hyhy < X, <hy)=E?1, E91 X, <h (49)
ly ‘ { w2 <ny,x, <n} {m<x, <n}1h
The next probability to calculateis:
2 4 4 — @ Q
Q(Ml < hpms > h’Z’MS < h3) =E {1{M5<}L1J,2<Xr3<}%}E 1{mg>h2,M;<h3} h2 < th < h3H
(50)
Conditioning goes on until the last stage where the final probability to work out is:
Q(Mf <hyymy > hy, My < hymg > hy, X, > k:)
— g@ Q
= b ll{Mf<h1,h2<X3<h3,mg’>h4,Xm>h,4}E ll{x,7>k} Xy > T } ®D

At each stage, each new conditional expectation can be written as a sum of multiple integras of
increasing dimension. Appropriate changes of variables and simplifications allow to reduce those
multiple integrals to the convolutions of the standard normal distribution functions provided in
Appendix A.

B.3 Numerical implementation

Proposition 2 in this Appendix consists of a sum of seven-dimensional integrals. In this case, there is
no simple dimension reduction trick to get down to a one-dimensional integral similar to the one we
used in Appendix A. However, the special convolution of the multivariate standard normal
distribution introduced in eq. (4) of Appendix A alows to apply the following straightforward Monte
Carlo integration algorithm :

@) To compute N, [Z,,Zy,.... %5 P1ps Pogyees Py |+ filst draw n samples of seven uniform
numbers ug ~U(0,1),7€[l1,.,7],7 €[L...,n] and turn them into n samples of seven
independent normal deviates yzf,z €[l,...,7],5 € [1,...,n] with zero mean and unit variance

{y/ ~N(0,1),y] ~ N(0,1),..., yJ ~ N(0,1)}, using, eg., the polar rejection algorithm (Press et
al., 1992)
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(i) Next, turn these n samples of seven independent normal deviatesinto n samples of seven

correlated normal deviates :

{vl ot + (U= 02 3 pgd + (1= 02 Wi pgd + (1= p% Wi} 5 € [,.m]

(iii) Then, test the relevant conditions for each deviate in each sample:

W <wp oyl A= o <@y e peryd (L= oG o <2p0 € [Len]

If we denote by M the number of samples having passed the previous test, then the cumulative

distribution function N [z,,2,,....2;;pjy: a3, ---» Pg; | €3N be approximated by M /n. By the strong

law of large numbers, this sampling rule tends to the exact value of N, [xl,x2,...,x7;p12,p23,...,p67}

as n goes to infinity. Note that this algorithm is readily extended to higher-dimensional cumulative
distribution functions, as its convergence rate is independent of dimension.
In practice, the speed of convergence largely relies on the way the uniform deviates

ul,i €[1,...,7],j € [1,...,n] are drawn at stage (i) of the algorithm. Pseudo-random numbers can be

used, along with classical variance reduction techniques such as antithetic variates, stratified or Latin
hypercube sampling. However, convergence is achieved much faster by using quasi random numbers
instead of pseudo random numbers, thanks to the greater uniformity of low discrepancy sequences
(Niederreiter, 1992). To obtain the analytical vaues reported in Tables 2 and 3 in section 2, seven
different sequences of 20,000 Sobol points (Sobol, 1967) have been used, applying the code provided
by Press et a. (1992). This leads to computational times of 2.4 seconds for the 20 out of 24 option
prices that require the computation of three terms in the infinite series, and 3.2 seconds for the others
(that require five terms in the infinite series). The binomial and Monte Carlo simulation estimates
provided in Tables 2 and 3 in section 2 are obtained in the same way as in Appendix A. Again,
binomial results are excellent in terms of efficiency, with computational time as low as 0.8 second to
obtain an option price (recalling that 500 timesteps are used). However, one should not jump to the
conclusion that the binomial method is more efficient than the analytical one combined with Monte
Carlo quasi-random sampling. First, for options written with a longer time-to-maturity than that used
in Tables 2 and 3 (1.5 year), more timesteps would be required. More importantly, to assess the
overal efficiency of a numerical technique, it is necessary to take into consideration the time needed
to implement it in the first place, as well as the time that may be required to adapt it to future valuation
problems. In that respect, once you have typed the formula given by Proposition 2, your job is done,
with no need for subsequent trimming of your code, whatever the contract specifications or the model

inputs. The same is not true with trees, which can lead to significant errors when applied to complex
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path-dependent payoffs such as those of partial window double barrier options. Consequently, trees

will have to be modified as new valuation problems arise.

Tables

Table 1. Comparison between standard window double knockout put prices (SWDKOP), standard

double knockout put prices (SDKOP) and vanilla put prices (VP) 2
Lower / Volatility SWDKOP SWDKOP SWDKOP SDKOP VP

Upper (analytical) (binomia) (simulation) (analytical) (analytical)

barrier

80/120 18% 2.83 2.84 2.85 1.15 6.37
25% 1.94 1.93 1.96 0.32 9.54
2% 112 1.13 115 0.05 12.71
44% 0.30 0.30 0.31 0 18.09

70/130 18 % 5.26 5.26 5.28 3.88 6.37
25% 5.19 5.20 5.23 2.56 9.54
2% 4.22 421 4.22 1.24 12.71
44 % 2.40 2.40 244 0.21 18.09

60/140 18 % 6.23 6.23 6.25 5.76 6.37
25% 7.97 7.98 7.98 5.91 9.54
2% 7.97 7.97 7.99 4.45 12.71
44 % 6.16 6.14 6.19 1.83 18.09

& This table presents the prices of standard window double knockout put options (SWDKOP), standard
double knockout put options (SDKOP) and vanilla put options (VP) for four different levels of
volatility. All contracts are at-the-money with strike price 100. The option life, measured in years, is
[0-1.5]. The window double barrier is monitored within [0.5-1]. The standard double barrier, by
definition, is monitored within [0-1.5].The riskless rate is 5%, the dividend rate is 2%. There are no
rebate provisions. SWDKOP anaytical vaues were obtained applying the formula given in
Proposition 1, section 1, by means of the implementation rule given in Appendix A, § 3. Binomia and
Monte Carlo simulation estimates were obtained using the techniques described in Appendix A, 8§ 3.

SDKOP and VP analytical values were obtained using standard formulae (see, e.g., Zhang, 1998).
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Table 2 . Comparison between up-and-down partial (UDP), down-and-up (DUP), up-and-up (UUP)

and down-and-down (DDP) window double knockout put prices 2

Lower / analytical binomial simulation
Upper barrier

80/120 UDP 0.42 0.41 0.43
70/130 UDP 2.63 2.62 2.66
60/140 UDP 5.95 5.96 5.97
80/120 DUP 1.70 1.72 171
70/130 DUP 511 5.12 5.15
60/140 DUP 7.94 7.96 7.96
80/120 UUP 1.62 1.63 161
70/130 UUP 5.03 5.04 5.08
60/140 UUP 7.92 7.92 7.88
80/120 DDP 0.44 0.44 0.46
70/130 DDP 2.68 2.70 2.70
60/140 DDP 5.27 5.29 5.27

a This table presents the prices of up-and-down (UDP), down-and-up (DUP), up-and-up (UUP) and

down-and-down (DDP) partial window double knockout put options for three different levels of the

lower and upper barriers. All contracts are at-the-money with strike price 100. The option life,

measured in years, is [0-1.5]. The window double barrier is monitored within [0.5-1]. The first single

barrier is monitored within [0-0.5] and the second single barrier is monitored within [1-1.5]. Volatility

is equal to 25%. The riskless rate is 5%, the dividend rate is 2%. There are no rebate provisions.

Analytical prices were obtained applying the formula given by Proposition 2 in Appendix B, § 1, by

means of the implementation rule given in Appendix B, § 3. Binomial and Monte Carlo simulation

estimates were obtained using the techniques described in Appendix A, § 3.
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Table 3. Comparison between up-and-down partial (UDP), down-and-up (DUP), up-and-up (UUP)

and down-and-down (DDP) window double knockout put prices 2

Lower / analytical binomial simulation
Upper barrier

80/120 UDP 0.91 0.93 0.95
70/130 UDP 3.72 3.73 3.75
60/140 UDP 6.97 6.97 6.95
80/120 DUP 181 1.82 184
70/130 DUP 5.16 517 5.17
60/140 DUP 8.01 8 7.99
80/120 UUP 177 1.75 1.78
70/130 UUP 5.12 5.13 5.15
60/140 UUP 7.95 7.94 7.97
80/120 DDP 0.96 0.97 0.97
70/130 DDP 3.79 3.79 3.77
60/140 DDP 6.98 6.97 7.02

& This table presents the prices of up-and-down (UDP), down-and-up (DUP), up-and-up (UUP) and
down-and-down (DDP) partial window double knockout put options for three different levels of the
lower and upper barriers. All contracts are at-the-money with strike price 100. The option life,
measured in years, is [0-1.5]. The window double barrier is monitored within [0.5-1]. The first single
barrier is monitored within [0.2-0.3] and the second single barrier is monitored within [1.2-1.3].
Voldtility is equa to 25%. The riskless rate is 5%, the dividend rate is 2%. There are no rebate
provisions. Analytical prices were obtained applying the formula given by Proposition 2 in Appendix
B, § 1, by means of the implementation rule given in Appendix B, § 3. Binomia and Monte Carlo

simulation estimates were obtained using the techniques described in Appendix A, § 3.
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