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Closing geodesics in C! topology

L. Rifford*

Abstract

Given a closed Riemannian manifold, we show how to close an orbit of the
geodesic flow by a small perturbation of the metric in the C! topology.

1 Introduction

Given a dynamical system and a recurrent point x, the Closing Problem is concerned
with the existence of a nearby dynamical system with a closed orbit through x. The
statement of the Closing Problem for vector fields in the C" topology is as follows.

C"-Closing Problem for vector fields. Let M be a smooth compact manifold, r > 0
an integer, X be a vector field of class C™a{L7} on M, and = be a recurrent point of
X. Does there exist a C" vector field Y arbitrary close to X in the C" topology so that
x is a periodic point of Y 7

The answer to the Closing Problem in the C° topology is trivially affirmative (see
[8, §1 p. 958]). The Closing Problem in the C! topology is much more difficult. In
the 60’s, Charles Pugh [8] solved by a tour de force the Closing Problem in the C*
topology.

Theorem 1 (C'-Closing Lemma for vector fields). Let M be a smooth compact man-
ifold. Suppose that some vector field X has a nontrivial recurrent trajectory through
x € M and suppose that U is a neighborhood of X in the C* topology. Then there exists
Y €U such that'Y has a closed orbit through x.

Since then, the Pugh C!-Closing Lemma has been developed in several directions.
Pugh himself [9] extended it to the case of nonwandering points for vector fields, diffeo-
morphisms and flows. Then, in the 80’s, Charles Pugh and Clark Robinson [10] studied
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the Closing Problem for conservative dynamical systems such as the Hamiltonian sys-
tems.

Theorem 2 (Closing Lemma for Hamiltonian vector fields in the C? topology). Let
(N,w) be a symplectic manifold of dimension 2n > 2 and H : N — R be a given
Hamiltonian of class C?. Let X be the Hamiltonian vector field associated with H and
o the Hamiltonian flow. Suppose that X has a nontrivial recurrent trajectory through
x € N and suppose that U is a neighborhood of X in the C' topology. Then there exists
Y €U such that'Y is a Hamiltonian vector field and Y has a closed orbit through x.

Note that a perturbation of the Hamiltonian in the C? topology induces a pertur-
bation of the associated Hamiltonian vector field in the C'* topology only. We refer the
reader to the exhaustive memoir [1] of Marie-Claude Arnaud for a detailed presenta-
tion and proofs of various versions of the closing lemma as well as comments on the
Closing Problem in the C? topology (almost nothing is known in that case). Knowing
the Pugh-Robinson Closing Lemma for Hamiltonian vector fields (they prove actually
Theorem 2 for nonwandering points), it is natural to ask what happens for geodesics
flows.

C"-Closing Problem for geodesic flows. Let (M, g) be a smooth compact mani-
fold, » > 0 an integer, and (x,v) be fixed in the unit tangent bundle UIM. If (z,v) is
recurrent with respect to the geodesic flow of g, do there exist smooth metrics arbitrary
close to g in the C" topology so that the unit speed geodesic starting at « with initial
velocity v is periodic ?

For that problem, nothing is known. Even the C%-Closing Lemma for geodesic flows
is unproved (see [10, §10 p. 309]). Let us explain why in few words. A geodesic flow
may indeed be viewed as an Hamiltonian flow on the cotangent bundle N = T*M
equipped with the canonical symplectic form. Given a smooth Riemannian metric g,
we may define a smooth Hamiltonian H : T*M — R by (in local coordinates)

Hirp) = 5 (pI2)° ¥(w.p) € TM,
where || - ||* denotes the dual metric on T*M. In that way, the Closing Problem for
geodesic flows becomes a Closing Problem for Hamiltonian vector fields with a specific
type of perturbation. As a matter of fact, a perturbation of a given metric in a small
neighborhood €2 of some z € M induces a perturbation of the associated Hamiltonian
in all the fibers Ty M with y € Q. However, in Theorem 2, one allows perturbations
of the Hamiltonian in both variables. In other words, in contrast to Theorem 2, the
perturbations allowed in the Closing Problem for geodesic flows cannot be localized in
the phase space T*M but only in M.



The aim of the present paper is to prove a closing lemma for geodesic flows in the
C' topology on the metric, that is in the C° topology for the associated dynamics.
To state the result, let us make clear the notations which will be used throughout the
paper.

Let M be a smooth compact manifold without boundary of dimension n > 2
(throughout the paper, smooth always means of class C*°). For every Riemannian
metric g on M of class C* with k > 2, denote by |v|% the norm of a vector v € T, M,
by UM the unit tangent bundle, and by ¢J the geodesic flow on UYM. Moreover, for
every (z,v) € U9M, denote by 74, : R — M the unit speed geodesic starting at x with
initial velocity v. The aim of the present paper is to show how to close an orbit of the
geodesic flow with a small conformal perturbation of the metric in the C! topology.
Pick a Riemannian distance on T'M and denote by dpj;(+,-) the geodesic distance asso-
ciated to it on T'M. Note that since all Riemannian distances are Lipschitz equivalent
on compact subsets, the choice of the metric on T'M is not important. Our main result
is the following:

Theorem 3. Let g be a Riemannian metric on M of class C* with k > 3 (resp.
k= 00), (x,v) € UIM and € > 0 be fired. Then there exist a metric § = efg with
f M — R of class C*71 (resp. C) satisfying ||f|cr < €, and (Z,9) € UIM with
g
(z,0)

The idea of our proof is first to observe that thanks to the Poincaré recurrence the-
orem, the geodesic flow is nonwandering on U9M. Then we perform the construction
of a connecting metric which preserves the transverse pieces of the geodesics crossing
the box. This is done thanks to Lemma 5.

drag (x,v), (i,f})) < €, such that the geodesic -y is periodic.

There is a constant C' > 0 such that if (z,v), (Z,0) € TM satisfy (z,v) € UM and
drm (x, v), (, 77)) < € with € > 0 small enough, then there is a smooth diffeomorphism
® : M — M such that

d(z) = ®(i), d®(z,v)=(4,0), and |[®—Id|c < Ce.
Therefore, the following result is an easy consequence of Theorem 3:

Corollary 4. Let g be a Riemannian metric on M of class CF with k > 3 (resp.
k=o00), (x,v) € UIM and € > 0 be fizred. Then there exists a metric § of class C*~1
(resp. C) with ||g — g||c1 < € such that the geodesic 7‘? ) is periodic.

T,V

The Pugh C!-Closing Lemma has strong consequences on the structure of the flow
of generic vector fields (see [9, §1 p. 1010]). It is worth noticing that our result is
not striking enough to infer relevant properties for generic geodesic flows (for instance,
the existence of an hyperbolic periodic orbit is not stable under C° perturbations on



the dynamics). Such interesting properties would follow from the following conjecture
which is tempting in view of Pugh’s Closing Lemma. (We refer the reader to [2] and
references therein for known generic properties of geodesic flows in the C? topology.)

Conjecture. Let (M,g) be a smooth compact manifold and (z,v) be fixed in the
unit tangent bundle U9M. There exist smooth metrics arbitrary close to g in the C?
topology so that the unit speed geodesic starting at x with initial velocity v is periodic.

In 1951, Lyusternik and Fet proved that at least one closed geodesic exists on every
smooth compact Riemannian manifold (see [6, 7]). Our Corollary 4 shows that any
pair (z,v) € UM may indeed be seen as a pair (7£(0),7%(0)) for some sequence of
closed orbits {~} with respect to smooth Riemannian metrics {gx} converging to ¢ in
the C! topology.

The paper is organized as follows: In Section 2, we state and prove a result which is
crucial to the proof of Theorem 3. This result, Proposition 5, shows how to connect
two close geodesics while preserving a finite set of transverse geodesics, by a conformal
perturbation of the initial metric with control on the support of the conformal factor
and on its C'' norm. Then, the proof of Theorem 3 is given in Section 3 and the proofs
of some technical results are postponed to the appendix.

Notations: Throughout this paper, we denote by (-,-) the Euclidean inner product
and by |- | the Euclidean norm in R* and for any z € R* and any r > 0, we set
BF(z,r) :={y e R¥: |y — x| < r}.

Acknowledgements: We are grateful to two anonymous referees for helpful remarks and
suggestions.

2 Connecting geodesics with obstacles

2.1 Statement of the result

Let n > 2 be an integer, 7 > 0 be fixed, and let g be a complete Riemannian metric of
class C* with k > 3 or k = co on R”. Denote by [v| the norm with respect to g of a
vector (z,v) € TR™ = R™ x R", denote by qzﬁf the geodesic flow of g on R™ x R™ and
for every (z,v) € R" x R", denote by 7, , the geodesic with respect to g which starts
at = with velocity v. Assume that the curve 7 : [0, 7] — R" is a geodesic with respect
to g satisfying the following property (e; denotes the first vector in the canonical basis
(e1,...,e,) of R™):



(A) [3(t) — e1] < 1/10, for every t € [0,7].

Set
20 =(2%,...,7,) =7(0), = (a,...,07) = (0),
T = (x7,...,7) =7(r), 0" =(v],...,05) :=7(T).
Our aim is to show that, given (z,v), (y,w) € R" x R" with [v|J = |w|J = 1 suffi-

ciently close to (EO,TJO), there exists a Riemannian metric § of class C*~! which is
conformal to § and whose support and C'-norm are controlled, which connects (x,v)
t0 (Fy.w(T), Ty (7)) = ¢2(y, w) and which preserves finitely many transverse geodesics.
Set

R(p) := {(t, z)|te [2),2]], 2 € B"il(O,p)} Vp > 0.

Let us state our result.

Proposition 5. Let 7 > 0 and 7 : [0,7] — R" satisfying assumption (A) be fized. Let
p > 0 be such that 7 ([0,7]) C R(p/2) be fized. There are § = 6(r,p) € (0,7/3) and
C = C(1,p) > 0 such that the following property is satisfied: For every (z,v), (y,w) €
UIR™ satisfying

}x—fo,y—i0|,v—60,}w—50‘<5, (2.1)
and for every finite set of unit speed geodesics
& L =la,bt] — R, o) ¢ Ip=]ag,br] — R"
satisfying
alw),al) ¢ R(p) Ve {l,... L}, (2:2)

(@(s),a(s)) # ¢ (z,v), ¢J(y, w) vie{l,...,L}, Vs eI, Vt €0,7], (2.3)

and  |G(s) — a(s)] < 1/8 vie{l,...,L}, Vs, s €1, (2.4)

there are 7 > 0 and a Riemannian metric § = /g on R™ with f : R® — R of class
Ck=1 (or f of class C™ if g is itself C™) satisfying the following properties:

(i) Supp (f) C R(p);
(@@) [[fller < C |(z,v) — (y,w)l;
(ii) |7 — 7| < C |(z,v) — (y,w)|;

(’L"U) ¢g(l’a U) = ¢§'(y7 w);



(v) for everyl € {1,...,L} ¢ is, up to reparametrization, a geodesic with respect to
gJ.

The proof of Proposition 5 occupies Sections 2.2 to 2.4. First, in Section 2.2, we
restrict our attention to assertions (i)-(iv) by showing how to connect two unit speed
geodesics in a constructive way (compare [4, Proposition 3.1] and [5, Proposition 2.1]).
Then, in Section 2.3, we provide a lemma (Lemma 7) which explains how a conformal
factor may preserve geodesic curves. Finally, in Section 2.4, we invoke transversality
arguments together with Lemma 7 to conclude the proof of Proposition 5.

2.2 Connecting geodesics without obstacles

Let us first forget about assertion (v). For every x € R"™, denote by G(z) the n x n
matrix whose coefficients are the (gx) set Q := G~! and define the Hamiltonian

_ 2]
H :R" x R" — R of class C* by

1,
H(z,p) = 3 (p.Q(z)p) Va € R",Vp € R".

There is a one-to-one correspondence between the geodesics associated with g and the
Hamiltonian trajectories of H. For every (z,v) € R" x R", the trajectory (z(-),p(-)) :
[0,00) — R™ x R™ defined by

(2(1), p(1) = (Yoo (0, G () Fan(®))  VEZ0,

is the solution of the Hamiltonian system

=
pt) = O (a(t),p(1)) &)

such that (2(0),p(0)) = (z, G(z)v). Let (z,v), (y,w) € UIR™ be fixed, set
=2, pYi=G@)v, 2T i=yu(r), VT i=Fyw(r), pTi=GET)vT.  (2.6)
Our aim is first to find a metric § whose associated matrices G, Q have the form
G@) ' = Q) =eTWQ(x)  VzeR",

in such a way that the trajectory (z(:),p(-)) : [0,00) — R™ x R™ of the Hamiltonian
System

(2.7)




associated with the new Hamiltonian H = H 7 R" x R" — R defined by

- 1 ~ e—f(®) _
H(z,p) = Hy(z,p) = 5 (p.Q@)p) = “5— (n,Q)p) Vo €R"VpeR", (28)

2 2
and starting at (xo,po) satisfies (z(7),p(7)) = (xT,pT). Note that for any z,p € R",
0H ~ ) A
5, (@p) = Q@p = TOQ@)p (2.9)
and for every i =1,...,n,

o) = <p, §2<x>p> = (0 22w) - 3 (m Q) S ). 10
Let us fix a smooth function 4 : [0, 7] — [0, 1] satisfying
W) =0 We[0,7/3] and () =1 Vie[2r/3,7].
Given (z,), (y, w) € UTR™, we define a trajectory
X (@), () : 0.7] — B
of class CF+1 by
X (5 ), (1) 1= (1= 900) Talt) 4 00 Tpu) Ve[ (21D

We note that the mapping (t, (a:,v),(y,w)) — X(t; (x,v),(y,w)) is C**1 in the t
variable but only C*~! in the variables z,v,y,w. Let a(-; (x,v),(y,w)) 2 [0,7] —
[0,400) be the function defined as

a(t; (x,v), (y,

(y,w))
= [ o ). @ (5 0, ) R 0, 90) s,
0

for every ¢ € [0,7]. We observe that a(-; (z,v), (y,w)) is strictly increasing, of class
C**+1 in the t variable, and of class C*~! in the variables z, v, y, w. Let

9(-; (x,v), (y,w)) : [O,% = %((a;,v), (y,w)) = a(T; (x,v), (y,w))] — [0, 7]

denote its inverse, which is of class C**! in ¢, C*~1 in x,v,y, w, and satisfies (we set
0(-) = 0((; (z,v), (y,w)) and X(-) = X ((; (z,0), (y,w)))

0(s) = ‘ . Vs € [0, 7].




Then, we define a new trajectory

‘%() = 53('; (.%',’U), (va)) : [0,7:((.%',1)), (va))] — R”
of class C**1 by

{ T(t) = X(t§ (z,v), (y,w)) = %:,v(t) vt € [0,7/3], (2.12)
z(t) = X(t; (z,v), (y,w)) =Yyw(t) Vtel[r—1/3,7], '
and
<a;5(t),@(f(t)) JE(t)> =1 vt € [0, 7].
This means that the adjoint trajectory
p() =55 (2,0), (y,0)) « [0,7((2,0), (y,w))] — R”
defined by
ﬁ(t; (x,v), (y, w)) =G (2(t)) z(t) vt € [0, 7], (2.13)
satisfies
Z(t) = aa]; (Z(t), p(t)) vt € [0, 7] (2.14)
and
H (2(t),p(t)) = % v e [0, 7. (2.15)
We now define the function
u(-) = <u1( P (z,0), (Y, w)), - Un (5 (2, 0), (y,w))) :10,7] — R™
by
_ . L 0Q . 3
a;(t) :==2p;i(t) + <p(t), o (Z(t)) p(t)> Vi=1,...,n, Vvt €[0,7]. (2.16)

By construction, the function j is of class C* in the ¢ variable, @ is C*~! in the t
variable, and all the functions 7,9, @ are C*~! in the z, y, v, w variables. Furthermore,
it follows that _

OH

p(t) = —5, @®),8() +5at)  vte[o,7],

N —



{ (7(0),5(0)) = (2, p%) ,
(&(7),5(7)) = @".p7),

(using the notations (2.6) and remembering (2.12)), and
a(t; (z,v), (y,w)) =0,  Vte[0,7/3] U [f —7/3,7] (2.17)
(by (2.12), (2.13), and (2.16)). Since H is of class C* with k > 3, the mapping
Q : ((x,v),(y,w),s) € (R" x R") x (R" x R"™) x [0, 1]
— (F((@,0), (y,w)), @ (s7((z,), (y,w)); (2, 0), (y, w)))
is of class at least C'. Therefore, since for all (z,v) € UIR" with |z — 2% <1,
9((z,v), (z,v),s) = (1,0) Vs e [0,1],

there exists a constant K > 0 such that, for every pair (z,v),(y,w) € UIR™ with
o).y -] <1

|%((m,v), (y,w)) — 7" < ‘Q((w,v), (y,w),O) — Q((x,v), (m,v),0)|
< K|(z,v) = (y,w)], (2.18)
and analogously
(s (2, 0), (y,0)) || co < K |(2,0) = (y,w)] . (2.19)

Furthermore, we notice that differentiating (2.15) yields

(G @e.50).30)) + (G (301.50).60) =0 vee .,
which together with (2.14) and (2.16) gives
(a(t),z(t))y =0  Vte[0,7]. (2.20)

In conclusion, for every (z,v),(y,w) € UIR" satisfying ’m — :EO‘ , ‘y — io} < 1, the
function

te [07 %((Jc,v), (¥, w))] — (-%(tS (z,v), (y,w)),ﬁ(t; (z,v), (y,w)),ﬂ(t; (z,v), (yaw))>

satisfies for every t € [0,%((3},1}), (y,w))] and every 1 = 1,...,n,

Bit) = —3 (B0, 52 (#0) B(0)) — 5 (B(1), QE(®) H®) wi(t), (2.21)

9



and properties (2.18)-(2.20) hold. In particular, taking the constant K > 0 larger if
necessary, (2.18)-(2.19) and (2.21) together with Gronwall’s Lemma imply that

|Z(t) — e1] < K |(z,v) — (y,w)|. vVt € [0, 7]. (2.22)
The proof of the following lemma (taken from [4]) is postponed to Section A.1.

Lemma 6. Let T, 5, € (0,1) with 3u < B < T, and let y(-),w(-) : [0,T] — R™ be two
functions of class respectively at least C* and C*~1 satisfying

() —el| <1/5  Vtelo,T), (2.23)
w(t)=0, Vtelo,fU[l - B,T], (2.24)
G, wt) =0  Vtelo,T]. (2.25)

Then, there exist a constant K depending only on the dimension and T, and a function
W :R™ — R of class C* such that the following properties hold:

(i) Supp(W) C {y(t) +(0.2) |t € [8/2.T = B/2),z € B0, 1)}

(i) [Wler < & |w()]| cos
(11i) VW (y(t)) = w(t) for every t € [0,T);
(iv) W{(y(t)) =0 for every t € [0,T].

Therefore taking 6 € (0,7/3) in (2.1) small enough, applying the above Lemma
with y(-) = 2(-),w(-) = a(-),T = 7,5 = 7/3, and p > 0 small enough, and remember-
ing assumption (A), that ¥([0,7]) C R(p/2), (2.17), (2.19)-(2.20), and (2.22) yields a
universal constant C' = C(7,p) > 0 and a function f : R” — R of class C* satisfying
the following properties:

(a) Supp (f) C R(p);

(B) [fllcr < C |(z,v) = (y, w)l;

(c) for every t € [0,7], Vf(Z(t)) = a(?);
(d) for every ¢ € [0,7], f(Z(t)) =0.

10



Then, there is a one-to-one correspondence between the geodesics of g := efg and
the solutions of the Hamiltonian system (2.7) associated with H = Hy given by (2.8).
For every t € [0,7], by construction of f, the function (Z(-),p(-)) : [0,7] — R™ x R"
satisfies

i) = e @0 o () ()
and for every i =1,...,n,

, GO 5 CO) 7
i(t) = = (30 52 (60 500 ) — 5 (30, Q) (0 57 (a(0).

This means that Z(-) is a geodesic on [0, 7] with respect to g starting from #(0) = 2° = x

with initial velocity v = C_v’(x?)_lpo = G(2°)~' p(0) and ending at () = 7 with final
velocity v™ = G(27) "1 p™ = G(27) 7! p(7). This proves assertions (i)-(iv) of Proposition
O.

2.3 One remark about reparametrization

The following result will be useful to insure that the geodesic curves ¢;(1;) are preserved.

Lemma 7. Let¢: I = [a,b] - R" be a unit speed geodesic with respect to g, f:R* >R
be a function of class at least C%, and X : R™ — R be such that

VF(a(t) = MOB(E) == M) G (b)) &t) Ve, (2.26)

where V f denotes the gradient of f with respect to the Fuclidean metric. Then up to
reparametrization, ¢ is a unit speed geodesic with respect to the metric el g.

Of course, Lemma 7 is a consequence of the fact that the gradient of f with respect
to g at ¢(t) is always colinear with the velocity ¢(t). Such a result could be found in
textbooks of Riemannian geometry. For sake of completeness, we prove Lemma 7 with
the Hamiltonian point of view.

Proof of Lemma 7. Define the function §: I — R by
t
B(t) = / @2 g5 el (2.27)
0

It is a strictly increasing function of class at least C3 from I to I = [0,7] := B(I).
Denote by 6 : I — I its inverse. Note that 6 is at least C® and satisfies

O(s) = e T@OEN/2 s e0,7]. (2.28)

11



Define ¢,p : I — R™ by

&(s) = e(0(s)) and  jp(s) = T2 50(s))  Vsel

The metric § := el g is associated with matrices é, Q given by

A~

Ga) '=0() =e /®Q) VzeR™

Then, for every s € I, &(s) and (s ) are given by

() = 0(5)é(6(5)) = 0(5)Q(e(0(5)) PO(s)) = Q(&(5)) 7(5)
and (using (2.28))
(p),(s) = d% <€f(6(5))/2) (P),(0(s)) + el @2 §(5) (5),(6(s))
— d% (ef(e(s)>/2) (p),(0(s)) —% <ﬁ(9(s)) ‘Z% (@(0(s)) p
F(&(s)
- js < f(c(s))/2) (p);(6(5) = — <p( ), Z§Z(~(s)ﬁ(s)>,

where the first term is equal to (using (2.26))

LSCD2) () (0s) = g (VF((5)), ) (7),(005)

N = N~ N =

Remembering (2.9)-(2.10) with f = f and Q = @, this proves that (e(-),p(+))

R™ x R™ is a trajectory of the Hamiltonian system associated with H = H 7and in turn

concludes the proof of the lemma.

2.4 Dealing with obstacles

We now proceed to explain how to modify our construction in order to get assertion
(v) of Proposition 5. We fix (z,v), (y,w) € UIR"™ satisfying (2.1) and consider a finite

set of unit speed geodesics

1: 04 —R* ... ¢p:Ip —R"?

12
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satisfying assumptions (2.2)-(2.3). We set
L
I':= U Cl (Il) .
1=1

The construction that we performed in the previous section together with transversality
arguments yield the following result. (We recall that for any function a(-) : [0, 7] — R™,
Supp(@(-)) denotes the closure of the set of ¢ € [0, 7] such that a(t) = 0.)

Lemma 8. Taking 6 > 0 in (2.1) small enough, there are a positive constant C =
C(r,p), 7= %((w,v), (y,w)) > 0, a function

(j()vﬁ()) - (i(-;(w,v),(y,w)),ﬁ(-;(x,v),(y,w))) : [077:] — R"
of class C*, and a function
a(-) = a(; (z,v), (y,w)) : [0,7] — R”

of class C*=1 satisfying (2.20), (2.21),

7 =7l <C|(z,0) = (y,w)|, (2.29)
Supp(a(-)) C [r/5,47/5], (2.30)

il o < C [(2,v) = (y,w)] 4 (2.31)
(#(0),5(0)) = (2°,0°), (2(7),5(7)) = («",p7), (2.32)

such that the following properties are satisfied:
(i) the curve & (Supp(a(-))) is transverse to I';
(i1) the set Ty C Supp(a(-)) defined by

Ty = {t € Supp(i(-)) | #(t) € F}

1S empty.

13



Proof of Lemma 8. Let us consider the trajectory
X() = X(-; (z,v), (y,w)) :10,7] — R"

of class C**! defined by (2.11). Since X(-) coincides respectively with 7, ,, and 7, ., on
the intervals [0,7/3] and [27/3, 7] and since the ¢;’s are unit speed geodesics satisfying
(2.3), there are t; € (0,7/3), ta € (27/3,7) and v € (0,7/100) such that

Xt)¢gT Vteti—vti+v]U[ta—v,ta+1]. (2.33)
Moreover, since X is a reparametrization of Z(-) satisfying (2.22), we have
(1)~ e1| < K'|(@,0) — (gw)l. - Vee 0,7,

for some positive constant K’. Then taking § > 0 in (2.1) small enough and remem-
bering (2.4), to prove (i) it is sufficient to show that we can perturb the curve X ([0, 7])
to make it transverse to all the geodesic curves ¢([;) verifying

]51(3)—61|<1/2 VSEIl:[al,bl}.

Without loss of generality, we may assume that for each such curve (denote by £ the

set of such [), we have (El(al))l < 7° and (El(bl))l > Z7 (remember (2.2)). Let us

parametrize both curves X'(-) and ¢(-) by their first coordinates (where [ € L is fixed).
Namely, there are two diffeomorphisms 6y : J; = [, 8] — [0,7],02 : Jo = [/, '] — I
of class C¥*1! such that

((X ) 91)(3))1 =s VselJ, and ((El o 92)(3))1 =5 Vse . (2.34)

Extending I; if necessary, we may indeed assume that J; C Jo. Define the function
hy: T — R™ of class C**1 by

hi(s) == (X 0 61)(s) — (¢ o b2)(s) Vs € Ji = o, ().
Fix a smooth function ¢ : [0, 7] — [0, 1] satisfying
Y(t)=0 Vte[0,t1 —v|U[ta+v,7] and ¢(t)=1 Vte[t1+v,ta—v].(2.35)
For every w € R" with w; = 0, define the curve X,, : [0, 7] — R™ by
Xy(t) :=X({t)+yYt)w  Vte[0,7].
If X, ([0,7]) intersects ¢;(;), then
On = (1) —als)

= X(t)—als)+y(t)w
= (Xob) (671(1) — (@ ob) (051(s)) +v(t) w,
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for some ¢ € [0,7] and s € J;. Since w; = 0 and (2.34) is satisfied, we must have
07 (t) = 65 (s), then we obtain

0y = (X 001) (07 (1) — (crob2) (67 (1) +v(t)w = h (07 (1) + ¥(t) w.

Furthermore, by (2.33), if w is small enough, the restriction of X,,(-) to the two intervals
[t1 — v,t1 +v] and [ta — v, ta + v] cannot intersect I. By (2.35), we infer that

h(071(t)) +w =0, for somet € [t +v,ts — v].

By Sard’s Theorem (see for instance [3]), almost every value of h; is regular. In addition,
if —w is a regular value of hy, then hy(s) # 0,, for all s such that hy(s) = —w. This shows
that if —w is a small enough regular value of h;, then X, ([t1 — v, t2 + v]) is transverse
to ¢(I;). Finally, we observe that

X(t) = X(t) + Y (t)w ]
{ i)=& +ie 0T (2.36)

Then taking a small enough w € R™ with w; = 0 such that —w is a regular value for all
the h;’s and proceeding as in Section 2.2 provides 7 = ?((m, v), (y, w)) > 0 and a triple

(@), p(), () = (Z(; (2, 0), (), B (5 (), (y, w), A5 (2, 0), (y,w)))
: 0,7] — R™

satisfying (2.20), (2.21), and (2.32). Moreover, 7 is given by

/ \/ Xo(5)) Auls) ) ds

and for every t € [0, 7],

W) = 25(0)+ 200 @0, 5()
= 20 {@G) ) + 220 @), 50)).

From (2.36) and (2.18)-(2.19), we deduce that taking w small enough yields (2.29) and
(2.31) for some universal constant C' = C(7, p) > 0. All in all, this shows assertion (i).

To show assertion (ii), replace the curve Z(-) (which is a reparametrization of A;,)
by a piece of unit speed geodesic (with respect to g) in a neighborhood of each t € [0, 7]
such that (¢) € I and reparametrize it as in Section 2.2. Let us explain briefly how

15



to proceed. Given t € (0,7) such that #(f) € T and A > 0, define Z,(-) : [0,7] — R" a
small perturbation of Z(-) by

t—t

- . t—t\] _ N
where ¢ : R — [0, 1] is a smooth function satisfying
p(t)=1 Vte (—oo,—1JU[l,+00) and ¢(t)=0 Vte|[-1/2,1/2].

We leave the reader to check that taking A > 0 small enough yields the desired result.
O

Proposition 5 follows easily from the following result whose technical proof is post-
poned to Appendix A.2.

Lemma 9. There are C = C(r,p) > 0 and a function f : R" — R of class C*~' such
that the following properties are satisfied:

(i) Supp (f) C R(p);
(ir) |fller < C (@, v) = (y,w)l;
(iii) for everyt € [0, 7], Vf(i?(t)) = u(t);

() for everyl e {1,...,L} and every s € Ij, , there is N\i(s) such that

Vf(él(s)) = )\l(s)ﬁl(s) = )\1(8) @(él(s)) él<3).

3 Proof of Theorem 3

Let ¥ = 724 : R — M be the geodesic starting from z with velocity v € UM and € > 0
be fixed. Let 7 € (0,1/20) be a small enough time such that the curve ~,,([—107,107])
has no self-intersection. There exist an open neighborhood U, of x and a smooth
diffeomorphism

0, : U, — B"(0,1) with 6,(z)=0, and %(995 o Vw,v) (0) = e;.

Set
F(t) := 0y (V2w (t)) WVt € [-107,107]

and



The metric g is sent, via the smooth diffeomorphism 6., onto a Riemannian metric g of
class C* on B™(0,1). Without loss of generality, we may assume that g is the restriction
to B"(0,1) of a complete Riemannian metric of class C* defined on R™. Denote by gbf
the geodesic flow on R™ x R™. Set

Ho = {yZ(yl,.--,yn)GR"\m:O}-

Since 7(0) = 0,, and 7(0) = ey, taking 7 smaller if necessary we may assume that

d

and — (Hm o %,v) (t) —er

= <1/10  Vtelo,7]. (3.1)

Keeping the notations of Section 2.1, we may also assume that there is p > 0 such that
the following properties are satisfied:

(i) 7(t) € Rip/2) = {(t.2) |t € [0,37], = € B"(0,p/2) } < B™(0,1),

(ii) for every unit speed geodesic ¢ : I = [a1,b;] — R"™ with ¢(I) C R(2p) C
B"(0,1), there holds

|&(s) —a(s)] < 1/8 Vs, s e I.

Then, we can apply Proposition 5 to the curve 7 : [0,7] — R™. Consequently, there are
d=0(r,p) € (0,7/3) and C = C(7, p) > 0 such that the property stated in Proposition
5 is satisfied. Define the section S C T'M by

S:=df; ' (Ho x R™).

Since M is assumed to be compact and the geodesic flow preserves the Liouville
measure, the Poincaré recurrence theorem implies that the geodesic flow is nonwan-
dering on U9M. Thus, for every neighborhood V of (x,v) in UM, there exist t > 1
and (z’,v") € V such that ¢J(z',v') € V. Then, since v, is transverse to S at time
zero, for every r > 0 small, there exist (z",v"),(a},v]) € SNUIM, T" > 0 and
Yy L, wh wl € B™(0,1) such that

(a) (2%, v%) = ¢ (2", 07).
(

(yr7 wr) = dex(:ETa Ur)v (y:’ w:) = del“(l{;a U:);

0

) )

y—§:0|,‘v—1’) w—’0‘<5;
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() 1(y", w") = (v, wi) <.

Recall that the cylinder R(p/2) is defined by
Rip/2) = {(t2) |t € [0,37], = € B"70,p/2)} € B"(0,1).

The intersection of the curve v,r o ([57,7" — 57]) with the open set 6,1 (R(p/2)) can
be covered by a finite number of connected curves. More precisely, there are a finite
number of unit speed geodesic arcs

¢ : L =la, 0] — B"(0,1), ---, ¢ : Iy =][ag,br] — B"(0,1)
such that the following properties are satisfied:
(g) Forevery l € {1,..., L}, a(a),a(bi) € R(2p) \ R(p/2);
(h) there are disjoint closed intervals J1,...,Jr, C [-57,7" — 57| such that

"YmT,vT(u/]l) C u$7 él(-[l) = 0z (er,vr(u%)) Vil = 17 cee 7L7

L

and (95,; (Wﬂﬂ([5T,TT—5T])mux)mR(p/2)) c lulcl(ll).

From the above properties and (i), we can connect (y7,w”) to ¢Z(y”, w") by preserving
the curves ¢;(I1),...,cr(Ir). We define the metric § on M by

. [ gon M\U,
9= o (e7g) on U,.

We leave the reader to check that by construction the geodesic starting from z} with

initial velocity v is periodic. Taking r > 0 small enough yields dras ((z,v), (2}, 0])) < €
and || f]jcr <e.

A  Proof of Lemmas 6 and 9

A.1 Proof of Lemma 6
Define the function ® : [0, 7] x R*~! — R" by

O(t,z) == y(t) +(0,2)  V(t,2) €[0,T] x R" L

18



We can easily check that, thanks to (2.23), ® is a diffeomorphism of class C* from
[0,7] x R* ! into [y1(0),y1(7)] x R*! which sends the cylinder [3/2,T — 3/2] x
B! (O,M) into the “cylinder”

Cy() = {y() +(0,2) |t € [8/2.7 = B/2), = € B" (0,1 },
and which satisfies
1@]lc1, |27 Her < Ko,

for some positive constant Ky depending on 7" only. Define the function w(-) : [0,7] —
R"™ by

W(t) == (d®(t,0,-1))" (w(t))  Vte0,T]
The function @ is C*~1; in addition, by (2.24) and (2.25), it follows that
w(t) =0y, Vte[0,5]U[T —B,T] and wi(t) =0 vt € [0,T].
Let ¢ : R — [0, 1] be an even function of class C* satisfying the following properties:
- Y(s) =1 for s € [0,1/3];
- (s) =0 for s > 2/3,;
- ()], [’ (s)| < 10 for any s € [0, +00).

Extend the function @w(-) on R by @(t) := 0 for ¢ < 0 and ¢ > T', and define the function
W :[0,T] x R*! — R by

W(t,z) =1 ('Z) Z/ C@i(t+ s)ds
M i—2 70
Since @ is C*1, 4 is C*, and W(t, z) can be written as

W(t,z) = <’;’> [g /ttﬂi Wy (t + s)ds

it is easy to check that W is of class C*¥. Moreover, (using that 3u < 8 < T') we check
easily that

V(t,z) € [0,T] x R"1,

Y

Supp (W) C [8/2,T - 3/2] x B”_1(0,2u/3),
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VW (t,0) =w(t), W(t0)=0 Vtel0,T],

and that (see the proof of [4, Lemma 3.3])

70 < Z2 150l o
1
for some constant K; > 0. Finally, define the function W : R® — R by

W= {4

It is easy to see that W satisfies (i)-(iv).

A.2 Proof of Lemma 9

We proceed in several steps.

Step 1: Applying Lemma 6, we get a universal constant C; = Ci(7,p) > 0 and a
function fi : R” — R of class C* such that the following properties are satisfied:

(1)1 Supp (f1) € R(20/3);
(@)1 [|Ai]lor < Cr l(@,0) = (y,w)];
(#ii)1 Vfi ( (t )) = u(t), for every t € [0, 7];
v)

(iv)1 fl( ())—O for every t € [0, 7].

Step 2: Let x1,...,xx be a set of points in R(2p/3) such that

LLJ <5k(fk) ﬂéz(fl)) N R(2p/3) = {ml, . ,a:N}.

k, =1,k

Note that by Lemma 8 (ii), the set {x1, ..., xn} does not intersect the curve Z (Supp (a(-)).
Let 1 > 0 be such that the N balls B™(x1,2u), ..., B"(zyN,2u) are disjoint and do not
intersect neither the curve # (Supp (@(-)) nor the boundary of R(2p/3). Define the C*
function fo : R® — R by

falz) = fi (é lw ('”“" ;f”) i + (1 — <‘x ;f”)) x]) vz € R".

By construction, there is a universal constant Cy = Ca(7, p) > 0 such that fy satisfies
the following properties:
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(1)2 Supp (f2) C R(2p/3);

N2 || f2]lcr < Ca |(2,0) = (y,w)];

i1)2 V f2(Z(t)) = a(t), for every t € [0, 7];
2 f2(&(t)) =0, for every t € [0, 7];

(v)2 fol) = fi(x) for every & € R\ (Y, B" (24 20) )

(vi)2 Vfa(x) =0 for every z € Ufj:l B™(zk, ).

Step 3: Let ty,...,tx € [0,7] be the set of times such that

L

#(Supp ((+)) N (U mm) - {a?(tk) k=1,... K}

=1

Taking g > 0 smaller if necessary, we may assume that the balls B”(fu(tl),f),u),
.,B"(Z(tk),5p) are disjoint, do not intersect the boundary of R(p/2), and such

that @(t) = 0 for every ¢ € [0, 7] with Z(t) € ngl B™(%(t)),5) (remember Lemma 8
(ii)). Set

Q
0= U B™(#(ty
k=1

Taking 1 > 0 smaller if necessary again, the projection (with respect to the Euclidean
metric) Py : © — R” to the set

@(B” #(t) 20) N 3(10,7]) ),

is of class C*~1, has a C! norm HPOH o1 which is bounded by a universal constant, and
satisfies
Vz €5,

x
Po(x) e S  VreqQ,

|z — Po(z)| < g Vr € U (B" (tr), ,u/2))
k=1
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Define the C*~1 function f3 : R* — R by
)= { (Aa)Po(@) + (1 = h(@))e) if 2 € Q
fa(x) otherwise,
where h : Q0 — R is defined by
2
h(z) = Zu Va € Q.

q=1 S

We note that h(z) =1 for every x € Uf UB™(&(tk), 1/2 ) and h(z) = 0 for every x €

(k)
Q which does not belong to the set f 1 < ”( (tx), )) Consequently, by construction,
p) >0

there is a universal constant C3 = Cs(T, such that fs3 satisfies the following

properties:
(1)3 Supp (f3) C R(2p/3);
3 || 3]l on < Cs l(2,0) = (y,w)];
(iii)s Vf3(#(0)) = a(t), for every ¢ € [0, 7

>

(v)s f3(x) = fa(x) for every x € R™\ Q;

(i)
)
(iv)3 fg( (t) ) =0, for every t € [0, T];
)3 f3(
(vi)s V f3(x) =0 for every x € Uk B (&(tk), 1/2).
Step 4: Denote by dj : R" x R® — R the Riemannian distance with respect to the

Riemannian metric g. Denote by distg(-) the distance function (with respect to g) to
the set T'. For every 6 > 0, let S5 C R(2p/3 + &) be the subset of T' defined by

N
Ss = (F N R(r, 2p/3+6)> \ (U B" (g, 11/2) U U B"(% u/4)>
k=1

For every §, u > 0, we denote by S(’; the open set of points whose distance (with respect
to g) to Ss is strictly less than p. There are d, u > 0 such that the function distg(-)
is of class _C'k on Sf;‘, the projection Pg to I' with respect to g is C*~! on Sf;, and
both ||distL (-

functi’(’)n f g(]R)TlJC—If]R by

775 ()H c1(sp are bounded by a universal constant. Define the

fs(P@) it e St
f3(x) otherwise,

= {4
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where the mapping P : Sf; — R" is defined by
2dist! (z) . 2distT (z)
Pa) = o [ 2250 ) o Y (el 15 3
(x) w( 3 )Pg (x) + ( 1,!)( 3 T V€ S5

We leave the reader to check that if 41 > 0 is small enough, the function f is of class C*~!
and satisfies assertions (i)-(iv) of Lemma 9 for some universal constant C' = C(r, p) > 0.
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