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SUP x INF INEQUALITIES FOR THE SCALAR CURVATURE EQUATION IN
DIMENSIONS 4 AND 5.

SAMY SKANDER BAHOURA

ABSTRACT. We consider the following problem on bounded open set €2 of R™:

nt2
—Au=Vunr=2 in QCR", n=4,5,
u >0 in Q.

We assume that :
vecth(), 0<p<t
0<a<sV<b<+oo,
[VV| < Ain Q,

VIV < B in Q.
then, we have a sup X inf inequality for the solutions of the previous equation, namely:
(supu)? x ir{lzfu <c=c(a,bA B,B,K,Q), forn=4,
K

and,

(supu)1/3 X iréfu <c=c(a,b,A B, K,Q), forn=2>5, and g = 1.
K

1. INTRODUCTION AND MAIN RESULT

We work on 2 CC R* and we consider the following equation:

n+42
—Au=Vu»—2 in QCR" n=4,5,
{ (E)

u>0 in .
with,

Ve CHP(Q),

0<a<V<b<+4ooin{,

IVV| < Ain Q,

|VITAV| < B in Q.
Without loss of genarality, we suppose 2 = B;(0) the unit ball of R™.

(Cs)

The corresponding equation in two dimensions on open set {2 of R, is:

—Au =V(z)e", (E")
The equation (E’) was studied by many authors and we can find very important result about a
priori estimates in [8], [9], [12], [16], and [19]. In particular in [9] we have the following interior
estimate:

supu < ¢ = c(inf V, ||V|| L (qy, inf u, K, Q).
K Q Q
And, precisely, in [8], [12], [16], and [19], we have:
Csupu +infu < c = c(inf V, [|V|[ L~ (), K, ),
K Q Q

and,



supu +infu < ¢ = c(inf V,||V]|ca(q), K, Q).
K Q Q

ian V

———, and,
supq V'

where K is a compact subset of 2, C'is a positive constant which depends on

a € (0,1].
For n > 3 we have the following general equation on a riemannian manifold:

—Au+ hu = V(z)uz_ﬁ, u > 0. (Eyn)

Where h, V are two continuous functions. In the case c,h = R, the scalar curvature, we call
V' the prescribed scalar curvature. Here c,, is a universal constant.

The equation (FE,,) was studied a lot, when M = Q C R" or M = S,, see for example, [2-4],
[11], [15]. In this case we have a sup X inf inequality.

In the case V' = 1 and M compact, the equation (E,,) is Yamabe equation. T.Aubin and
R.Schoen proved the existence of solution in this case, see for example [1] and [14] for a complete
and detailed summary.

When M is a compact Riemannian manifold, there exist some compactness result for equation
(E,,) see [18]. Li and Zhu see [18], proved that the energy is bounded and if we suppose M not
diffeormorfic to the three sphere, the solutions are uniformly bounded. To have this result they
use the positive mass theorem.

Now, if we suppose M Riemannian manifold (not necessarily compact) and V' = 1, Li and
Zhang [17] proved that the product sup X inf is bounded. On other handm see [3], [5] and [6] for
other Harnack type inequalities, and, see [3] and [7] about some caracterisation of the solutions
of this equation (E,,) in this case (V = 1).

Here we extend a result of [11] on an open set of R™,n = 4,5. In fact we consider the
prescribed scalar curvature equation on an open set of R, n = 4,5, and, we prove a sup X inf
inequality on compact set of the domain when the derivative of the prescribed scalar curvature is
(B-holderian, 8 > 0.

Our proof is an extension of Chen-Lin result in dimension 4 and 5, see [11], and, the moving-
plane method is used to have this estimate. We refer to Gidas-Ni-Nirenberg for the moving-plane
method, see [13]. Also, we can see in [10], one of the application of this method.

We have the following result in dimension 4, which is the consequence of the work of Chen-
Lin.

Theorem A. For all a,b, m, A, B > 0, and for all compact K of €2, there exists a positive
constant ¢ = c(a, b, A, B, K, Q) such that:

supu x inf < ¢,
K Q

where u is solution of (E) with V, C? satisfying (Cj3) for 3 = 1.

Here, we give an inequality of type sup x inf for the equation (F) in dimension 4 and with
general conditions on the prescribed scalar curvature, exactly we take a C'*# condition. In fact
we extend the result of Chen-Lin in dimension 4.

Here we prove:

Theorem 1.1. . Forall a,b, A, B > 0,1 > 8 > 0, and for all compact K of (), there exists a
positive constant ¢ = ¢(a, b, A, B, 8, K, Q) such that:

(supu)® x infu < ¢,
K Q

where w is solution of (E) with V satisfying (C3).
2



We have the following result in dimension 5, which is the consequence of the work of Chen-
Lin.

Theorem B. For all a,b,m, A, B > 0, and for all compact K of (2, there exists a positive
constant ¢ = ¢(a, b, m, A, B, K, Q) such that:

supu < ¢, if infu > m,
K Q

where w is solution of (E) with V satisfying (Cz) = (Cy) for 8 = 1.

Here, we give an inequality of type sup x inf for the equation (F) in dimension 5 and with
general conditions on the prescribed scalar curvature, exactly we take a C condition (3 = 1 in
(Cg)). In fact we extend the result of Chen-Lin in dimension 5.

Here we prove:

Theorem 1.2. . For all a,b, A, B > 0, and for all compact K of €, there exists a positive
constant ¢ = ¢(a, b, A, B, K, Q) such that:

(supu)'/?
K

where u is solution of (E) with V satisfying (Cg) for 8 = 1.

xinfu < ¢,
Q

2. THE METHOD OF MOVING-PLANE.

In this section we will formulate a modified version of the method of moving-plane for use
later. Let €2 an open set and (2° the complement of (2. We consider a solution u of the following
equation:

{Au + f(z,u) =0, (E")

u >0,

where f(x,u) is nonegative, Holder continuous in =, C! in u, and defined on Q x (0, +-00).
Let e be a unit vector in R™. For A < 0, we let

Ty = {z € R" (z,e) = A}, ¥\ = {z € R",(z,e) > A}, and 2* = z + (2\ — 2(z,€))e
to denote the reflexion point of = with respect to T, where (., .) is the standard inner product of
R™. Define:

A1 =sup{) < 0,Q° C Xy},
Y = X\ — Q¢ for A < Aq, and ¥} the closure of 3. Let u*(z) = u(z?) and wy(z) =
u(z) — u*(z) for z € ¥). Then we have, for any arbitrary function b (),

Awy (x) + ba(z)wi(z) = Q(z, bx(z)),
where,

Q(z,bx(x)) = f(@*,u?) = f(a,u) + bx(@)wx(x).
The hypothesis () is said to be satisfied if there are two families of functions by (x) and h* ()
defined in E’)\, for A € (—o0, A1) such that, the following assertions holds:

0 < ba(w) < ef)|z]7,
where ¢(z) is independant of A and tends to zero as |z| tends to +oo,

M (z) € CH(ZANQ),
and satisfies:

AN z) > Q(x,by(z)) in Ty NQ
M (z) > 0in X\ NQ

in the distributional sense and,



h*(x) = 0 on Ty and h*(z) = O(|z|~"),
as |z| — +oo for some constant ¢; > 0,

P () + € < wa(x),
in a neighborhood of OS2, where € is a positive constant independant of x.

h*(z) and V,h* are continuous with respect to both variables
x and ), and for any compact set of Q, wy (z) > h*(z)
holds when —\ is sufficiently large.
We have the following lemma:
Lemma 2.1. Let u be a solution of (E"). Suppose that u(x) > C > 0 in a neighborhood
of 9 and u(z) = O(|z|~*2) at +oco for some positive t. Assume there exist by(x) and h*(x)

such that the hypothesis (x) is satisfied for X < A\1. Then wy(z) > 0in 3}, and (Vu,e) > 0 on
T,\for)\ S (—OO, )\1)

For the proof see Chen and Lin, [10].

Remark 2.2. If we know that wy — h* > 0 for some A = \g < A\, and by and h> satisfy the
hypothesis (x) for Ao < X\ < Ay, then the conclusion of the lemma 2.1 holds.

3. PROOF OF THE RESULT:

Proof of the theorem 1, n =4 :

To prove the theorem, we argue by contradiction and we assume that the (sup)? x inf tends
to infinity.

Step 1: blow-up analysis

We want to prove that:
R?(sup u)? x inf u<ec=c(a,b, A B,p),
B3(0) B3(0)

If it is not the case, we have:

Rf( sup ui)B X inf w; =% = 400,

B, (0) Ban, (0
For positive solutions u; > 0 of the equation (E) and R; — 0.
Thus,
L= (1+5)/2
LR sup ug) D2 5 oo,
v By, (0)
and,

Ril sup ] 0972 5 oo,
Bp, (0)

S| =

Let a; such that:

Ui(ai) = Bl{la(%) Ui,
Ry

We set,

si(@) = (R; — o — ;) TPy (),
we have,

$i(Z;) = max s; > s;(a;) = R2/(+8) sup u; — +00,
Bp, (a:) ’ Br, (0)

N



we set,

Ry = = (R — |%; — ai]),
R;

We have, for |z — ;| < —,
i

Ri—|x—ai|ZRi—|ii—ai|—|x—ai|22Ri—Ri:Ri

Thus,

ui(x) _ B, < 22/(+8),

wi(z;) =7
with 8; — 1.
We set,

_ " u; (T + Mi_ly) 1
M; = ui(z;), vf(y) = (UT lyl < RM{P = 2L,

And,

1
,—2Ri2Mf x inf w; = 400,
(3

3R;
By the elliptic estimates, v} converge on each compact set of R* to a function U > 0 solution
of :

~AUg = V(0)Ug? in R?,
Ui (0) = 1 = maxga Ug.
For simplicity, we assume that 0 < V' (0) = n(n — 2) = 8. By a result of Caffarelli-Gidas-
Spruck, see [10], we have:

Us(y) = 1+ [y
We set,

vi(y) = v (y +e),
where v} is the blow-up function. Then, v; has a local maximum near —e.

Uo(y) = U (y +e).
We want to prove that:

min v < (1+e)Uj(r).
oy = 1+ %)

1
for0 <r < L;,with L; = 5 RiMi(1+ﬂ)/2.

)
We assume that it is not true, then, there is a sequence of number r; € (0, L;) and € > 0, such
that:

min v > (14 €)Uj(r5).
{o<ly[<r:} L+ s (ri)
We have:

ri —» 400.
Thus , we have for r; € (0, L;) :

min  v; > (1 4+ e)Uy(r;).
g, v 2 1+ Ul

Also, we can find a sequence of number /; — 400 such that:
5



v = Uollez(s,, 0)) — O-
Thus,

min  v; > (1 —¢/2)Us(l;).
{o<lyi<ti} (1 —¢€/2)Un(ls)

Step 2 : The Kelvin transform and the Moving-plane method

Step 2.1: a linear equation perturbed by a term, and, the auxiliary function

Step 2.1.1: D; = |VV;(z;)| — 0.
We have the same estimate as in the paper of Chen-Lin. We argue by contradiction. We
consider r; € (0, L;) where L; is the number of the blow-up analysis.
L= L RMO+P/2
g '

We use the assumption that the sup times inf is not bounded to prove wy > hy in Xy =
{y,y1 > A}, and on the boundary.

The function v; has a local maximum near —e and converge to Uy(y) = Uj(y + €) on each
compact set of R®. Uy has a maximum at —e.
We argue by contradiction and we suppose that:

D = [WVi(zs)| £ 0.

Then, without loss of generality we can assume that:

VVi(x;) = e =(1,0,...0).
Where z; is :

- -1
T, =T; + M e,

with Z; is the local maximum in the blow-up analysis.

As in the paper of Chen-Lin, we use the Kelvin transform twice and we set (we take the same
notations):

% — de

Ii(y) = ———,
=
) — i)

oyl Py —e/o|n?
and,

Vs(y) = Vil + M; ' I5(y)).

Us(y) = Uo(15(y)) .

ly[" 2|y —e/d|"2

Then, Us has a local maximum near es — —e when § — 0. The function vf has a local
maximum near —e.

We want to prove by the application of the maximum principle and the Hopf lemma that near
es we have not a local maximum, which is a contradiction.

We seton Xy = X — {y, |y — 51 < 22} >~ Xx —{u, [1s(y)] = i}

ha(y) = — . Gy, m)Qx(n)dn.

with,



Qx(m) = (Vs(n) = Vs(r)) (v] (n))*.
And, by the same estimates, we have for n € A1 = {n,|n| < R = €/d},

Vs(n) = V() > M (m — A) + o(1) M
and, we have forn € As =X, — Az

Vs(1) = Vs(ir)| < CM7H([Is ()] + [Is(n™))),
And, we have for some \g < —2 and Cy > 0:

Y1 — Ao

waly) =) (y) — o) (y™°) > COW’

for gy, > Ao-

Because , by the maximum principle:

€
; =min{ min ,v; min v;} > (1 —€)Us(<
{{\Ié(y)\:li} {|Is(y)|=r:} p=( ) (5)

> (14 ¢16 — e)Ua((g)’\) > (1+c16 — 2e)09 (y7),

min v
{Li|Is(y)|<ri}

and for |I5(y)| < I; we use the C? convergence of v to Us.

Thus,

wx(y) > 2e >0,
By the same estimates as in Chen-Lin paper (we apply the lemma 2.1 of the second section),
and by our hypothesis on v;, we have:

0 < ha(y) = OM)M; (g1 = (L + [y ™" < 2e < wa(y).

also, we have the same etimate on the boundary, 1

Is(n)| =rior|y —e/d| = cor; *:

Step 2.1.1: |VV; () |V 8 [ui(2:)] < C

Here, also, we argue by contradiction. We use the same computation as in Chen-Lin paper, we

)

choose the same h ), except the fact that here we use the computation with M ;(Hﬁ in front the

regular part of h ).
Here also, we consider r; € (0, L;) where L; is the number of the blow-up analysis.
Li = ~RiMO+A)/2,
g

We argue by contradiction and we suppose that:

MPD; = 4oc.
Then, without loss of generality we can assume that:
—= —e=(1,0,...0).
[VVi(zi))|
We use the Kelvin transform twice and around this point and around 0.
_ e
ha(y) = e *Galy, 5) = [ Galy, m@a(m)dn.
PN

with,

Qx(n) = (Vs(n) = Vs(m)) (0] (n*))*.

And, by the same estimates, we have for n € A;

Vs(n) = Vs(n*) = M; ' Di(im — X) + o(1) M i,
7



and, we have for y € Ao, |I5(n)| < CQMiDil/ﬁ,

Vs(n) = Va(r™)| < CM; Dy([s (n)] + 1 1s(m™)]),
and for M;D}'" < |I5(n)| < 74,

Vs () — Vs(m™)| < M; Dl Is ()] + M 42| 15 () ),
By the same estimates, we have for |I5(n)| < r; or |y — e/d] > C3r;1:

e

4]

)+C4Mi—1Di (yl - )\) +O(1)Ml_1D»L (yl - A)

ha(y zeri_2G Y,
Aw) A ’E "R

oM, Gy, ).

with ¢4 > 0.
And, we have for some \g < —2 and Cy > 0:

Y1 — Ao

v (y) — 2 (y™0) > Cp—— T,
z(y) z(y )_ 0(1+|y|)n

for y1 > Ao.

By the same estimates as in Chen-Lin paper (we apply the lemma 2.1 of the second section),
and by our hypothesis on v;, we have:

0 < ha(y) < 2e < wa(y).
also, we have the same etimate on the boundary, |I5(n)| = 7; or |y — e/8| = c5r; !

Step 2.2 conclusion : a linear equation perturbed by a term, and, the auxiliary function

Here also, we use the computations of Chen-Lin, and, we take the same auxiliary function A
(which correspond to this step), except the fact that here in front the regular part of this function
we have M;(Hﬁ).

Here also, we consider r; € (0, L;) where L; is the number of the blow-up analysis.

Li = ~RMO+D/2,
21
We set,

vi(2) = v; (2 +e),
where v is the blow-up function. Then, v; has a local maximum near —e.
Uo(z) = Uj(z +e).
1
We have, for |y| > Lg_l, L= §RiMi7

_ 1 Yy )
vi\y) = Vil g ) -
W) == (|y|2

_ 1Y _ — _
\Vi(zi + M, 1W) —Vi(@:)| < M; (@ 4y,

XT; = T; + M[le,
Then, for simplicity, we can assume that, ¥; has a local maximum near e* = (—1/2,0,...0).
Also, we have:

A
_ y _ y — _
Vil + M7 o) = Vw4 M T 5) < M2 Wyl ™).

ha(y) ~ er;2Ga(y,0) — | G(y,n)Qx(n)dn.

4
where, ¥4 = ¥\ — {n,|n| <r; '}, and,



Qx(n) = (Vz‘(%’ + Mflﬁ) — Vi(m; + M |yyA|2 )) (vi(y™))>.
we have by the same computations that:

/ Gy, mQx(n)dn < CM; PG (y, 0) << er; *Caly, 0).
=5

By the same estimates as in Chen-Lin paper (we apply the lemma 2.1 of the second section),
and by our hypothesis on v;, we have:

0 < ha(y) < 2e < wa(y).
1

also, we have the same estimate on the boundary, |y| =
r

Proof of the theorem 2, n = 5:

To prove the theorem, we argue by contradiction and we assume that the (sup)l/ 3 x inf tends
to infinity.

Step 1: blow-up analysis

We want to prove that:

R3(sup w)'/? x inf w<ec=c(a,b, A B),
B3(0) B3(0)

If it is not the case, we have:

R3( sup u)Y? x inf w; =% — +oo,

B, (0) Bgp, (0)
For positive solutions u; > 0 of the equation (E) and R; — 0.
Thus,
1.
“Ri( sup u;)?? = +o0,
v Bg,(0)
and,

E N

Rl[ sup ui]4/9 — +o00,
By, (0)

i

Let a; such that:

u;(a;) = max u;,

Bp, (0)
We set,
si(x) = (Ri — o — ai|)**ui(x),
we have,
_ ~9/4
$i(Z;) = max s; > s;(a;) = R;'" sup wu; — +o0,
By, (a:) Br, (0)
we set,
1 = _
Ri = 5(Ri — |2i — ail),
R;

We have, for |z — 7;| < —,
7

Ri—|x—ai|ZRi—|ii—ai|—|x—ai| >2R;, — R; =R;
Thus,



with 3; — 1.

We set,

wi(z: + M 3y)

1

.yl < SRMM? = 2L,
1

And,

1 1/3 .

—= RigM-/ X inf w; = +oo,
3 4

i Byg,

By the elliptic estimates, v} converge on each compact set of R® to a function U > 0 solution
of :

—AU; =V(0)Uz? in R,
Ug(0) =1 = maxgs Uj.

For simplicity, we assume that 0 < V(0) = n(n — 2) = 15. By a result of Caffarelli-Gidas-
Spruck, see [10], we have:

Us(y) = (1+[y[*) %2
We set,

vi(y) = v (y +e),
where v is the blow-up function. Then, v; has a local maximum near —e.

Uo(y) = Us(y +e).
We want to prove that:

min v < (14 €)UJ(r).
{0<lyl<r} (+aUs (r)

1
for 0 <r < L;, with L; = ?RiMf/g.
(3

We assume that it is not true, then, there is a sequence of number r; € (0, L;) and € > 0, such
that:

min %*2 1+6e)US(r;).
L L)

We have:

r; — +00.
Thus , we have for r; € (0, L;) :

min  v; > (1 +e)Uy(r;).
(0dhR, v = L+ 9Tl

Also, we can find a sequence of number /; — 400 such that:

v = Uollez(s,, 0)) — O-
Thus,

min  v; > (1 —€/2)Up(Ly).
ot vi 2 (1= ¢/2)Uo(l:)

Step 2 : The Kelvin transform and the Moving-plane method

Step 2.1: a linear equation perturbed by a term, and, the auxiliary function
10




Step 2.1.1: D; = |VV;(z;)| — 0.

We have the same estimate as in the paper of Chen-Lin. We argue by contradiction. We
consider r; € (0, L;) where L; is the number of the blow-up analysis.

1 4/9
L; = ZRZ-MZ. .
We use the assumption that the sup times inf is not bounded to prove wy > hy in Xy =

{y,y1 > A}, and on the boundary.

The function v; has a local maximum near —e and converge to Up(y) = U (y + e) on each
compact set of R5. Uy has a maximum at —e.
We argue by contradiction and we suppose that:

D; =|VV;(z;)| 4 0.
Then, without loss of generality we can assume that:

VVi(x;) — e =(1,0,...0).
Where z; is :

_ —2/3
T; = T + M, /e,

with Z; is the local maximum in the blow-up analysis.

As in the paper of Chen-Lin, we use the Kelvin transform twice and we set (we take the same
notations):

% — de
s(y) =
(-
vé(y) Uz‘(Ié(y))

[yl 2y —e/on2
and,

Vs(y) = Vilzs + M; " Is(y)).

B Uo(I5(y))
R T

Then, Us has a local maximum near es — —e when § — 0. The function vf has a local
maximum near —e.

We want to prove by the application of the maximum principle and the Hopf lemma that near
es we have not a local maximum, which is a contradiction.

Weseton X\ = X5 —{y, [y — §/ < 22} = X\ — {y, [I5(y)| = ri}:

ha(y) = — . Gy, m)Qx(n)dn.

with,

Qa(n) = (Va(n) = V() (vf (1)) " +2/ (=2,
And, by the same estimates, we have for n € A1 = {n,|n| < R = €/d},

Vs(n) = Va(n®) = M; (= ) + o(1)M; ||,
and, we have forn € A; =X, — Ax:

[Vs(n) = Va(r)] < CM (s ()| + |15 7)),
And, we have for some \g < —2 and Cy > 0:
11



Y1 — Ao

— 09 (g0
i (y) — i (y )ZCo(lJr'yl)n,

for y1 > Ag.

By the same estimates, and by our hypothesis on v;, we have, for ¢; > 0:

0 < ha(y) < 2e < wa(y).

also, we have the same etimate on the boundary, |I5(n)| = 7; or |y — e/8| = car; !

Step 2.1.1: | V'V (2;)|[ui ()22 < C

Here, also, we argue by contradiction. We use the same computation as in Chen-Lin paper, we
take o = 2 and we choose the same h), except the fact that here we use the computation with
M3 in front the regular part of h).

K2
Here also, we consider r; € (0, L;) where L; is the number of the blow-up analysis.

1
Li=—RM"°
24
We argue by contradiction and we suppose that:

M?D; — +oo.
Then, without loss of generality we can assume that:

VVi(z:)
—= —e=(1,0,...0).
|V Vi(zs)|
We use the Kelvin transform twice and around this point and around 0.
_ e
ha(y) = er; *Galy, 5~ [ Gy m@xa(n)dn.
PN

with,

Qx(n) = (Vs(n) = Vs(n)) (0l (n*)) T2/ (n=2),
And, by the same estimates, we have for n € A;

Va(n) = Va(n) = M Diln = X) + o(1)M; P,
and, we have for n € Ao, [Is(n)| < CQM,L-Q/BDi,

Vs(n) — Vs(n)| < CM;**Dy(|L5 ()| + I ()]),
and for M2 D; < |I5(n)| < 7y

—2/3 —4/3
[Va(n) = Va )| < M Dil s ()] + M 15 ()
By the same estimates, we have for |I5(n)| < r; or |y — /8] > c3r; b

e

)

€

)+C4M52/3DiM+o(1)Mf2/3Di(yl—_MJro(l)M-"‘/?’Gx(y, 5)

i) == er " Galy, PG Z PG i

with ¢4 > 0.
And, we have for some \g < —2 and Cyy > 0:
Y1 — Ao

v} (y) — v (™) > COW,

for y; > Ao-

By the same estimates as in Chen-Lin paper (we apply the lemma 2.1 of the second section),
and by our hypothesis on v;, we have:

0 < ha(y) < 2e < wa(y).
12



also, we have the same etimate on the boundary, |I5(n)| = 7; or |y — e/d| = c5r; '

Step 2.2 conclusion : a linear equation perturbed by a term, and, the auxiliary function

Here also, we use the computations of Chen-Lin, and, we take the same auxiliary function h)

(which correspond to this step), except the fact that here in front the regular part of this function

we have M, 4/3

Here also, we consider r; € (0, L;) where L; is the number of the blow-up analysis.

1
= —R;M°.
21

We set,

vilz) = v} (= + e),

where v} is the blow-up function. Then, v; has a local maximum near —e.

Uo(z) =Uj(z +e).

We have, for |y| > L;l, L; = —R M2/3

_ 1 Y )

Ui (y —v; | —5 ] .

W) == (|y|2
|vz-<fz-+M-‘2/3yi>f (@) < MR+ [y 7).

v = 5+ M2,

Then, for simplicity, we can assume that, ¥; has a local maximum near e* = (—1/2,0,...0).
Also, we have:

A
— ) — Y
Vilaot M1 05) = Vi 270 ) < M7 4l ),

hay) ~ er; °Ga(y,0) — G (y, m)@x(n)dn

Z5

where, ¥4 = ¥\ — {n,|n| <r; '}, and,

-2/3 Y -2/3 Y nt2
Qx(n) = <V($Z+M / ly |2) Vi(wi + M, / |y>\|2)) (Ui(y/\))”’fz-
we have by the same computations that:

/ Gy, mQx(n)dn < CM; 3G\ (y,0) << er73G(y,0).
4

By the same estimates as in Chen-Lin paper (we apply the lemma 2.1 of the second section),
and by our hypothesis on v;, we have:

0 < hay) < 2e < wa(y).

also, we have the same estimate on the boundary, |
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