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Chapter 1

Modeling and Control of Mini UAV

This Chapter deals with the modeling and control of différemnfigurations of
the UAVS, and is organized as follows. Section 1.2 gives a&garoverview of the
quad-rotor aerial vehicle and its operation principle. Ti@eling is presented using
the Euler-Lagrange approach. Sections 1.3 and 1.4 dealthatiHybrid or Con-
vertible MAVs, combining the advantages of horizontal aediecal flight. Different
approaches for non-linear control are presented using\tapunov theory. Finally,
some concluding remarks are presented in Section 1.5.

1.1. Introduction

The applications of mini Unmanned Aerial Vehicles (UAVshgarise both mili-
tary and civilian, though the latter has had a lower develapimate. The use of aerial
robots, specially miniature (mini and micro) UAVs (MAVs)a$ enhanced activities
such as surveillance of sensible areas (borders, hartrissnp), wildlife study, nat-
ural disasters assessment, traffic surveillance, pofiutionitoring, just to mention a
few. However, there are missions whose scope is beyond fabitiies of conven-
tional small UAVs designs since they require not only lorfjght endurance but also
hovering/VTOL capabilities. Besides the commonly usedsagehicles, the Hybrid
or Convertible MAVs, have been gaining popularity recenBy marrying the take-
off and landing capabilities of the helicopter with the fana flight efficiencies of
fixed-wing aircraft, the Convertible UAV promise a uniqueindl of capabilities at
lower cost than other UAV configurations. Two kinds of Cortilse UAV vehicles
are discussed: the Bidule mAV and the Quad-plane in sect®arid 1.4 respectively.

Chapter written by G. Flores and J.A. Guerrero and J. Esoaeenl R. Lozano.



2 UAV Flight Formation Control

The complete dynamics of these kind of vehicles, taking attwount aero-elastic
effects, flexibility of the wings, internal dynamics of thegine and the whole set of
changing variables are quite complex and somewhat unmahbgfr the purposes
of control. Therefore, it is interesting to consider a siiiigd model of an aircraft
formed by a minimum number of states and inputs, but retgitlie main features
that must be considered when designing control laws for learezaaft.

The development of the simplified model of the common Quaninatll be pre-
sented and it will be used throughout the entire book.

1.2. The Quad-Rotor

The quad-rotor mini-rotorcraft is controlled by the angdpeeds of four electric
motors as shown in Figure 1.1. Each motor produces a thrasadorque, whose
combination generates the main thrust, the yaw torque,itble rque, and the roll
torque acting on the quad-rotor. Conventional helicopteaslify the lift force by

o

Figure 1.1: The quad-rotor in an inertial fram@, fo, f3, f4 represent the thrust of each motor,6 and¢ represent the Euler angles,
andu is the main thrust.

varying the collective pitch. Such aerial vehicles use almaaial device known
as swashplate. This system interconnects servomechaaisinslade pitch links in
order to change the rotor blades pitch angle in a cyclic marseeas to obtain the
pitch and roll control torques of the vehicle. In contralsg uad-rotor does not have
a swashplate and has constant pitch blades. Therefore, uadrgtor we can only
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vary the angular speed of each one of the four rotors to otitaipitch and roll control
torques.

From Figure 1.1 it can be observed that the matér (for ¢ = 1,...,4) pro-
duces the force;, which is proportional to the square of the angular speedt, ith
fi = kw?. Given that the quad-rotor's motors can only turn in a fixecbtion,
the produced forcg; is always positive. The front\{;) and the rear X{3) motors
rotate counter-clockwise, while the leftf;)and right (\/,) motors rotate clockwise.
With this arrangement, gyroscopic effects and aerodynémnipies tend to cancel in
trimmed flight. The main thrust is the sum of individual thrusts of each motor. The
pitch torque is a function of the differenge — f3, the roll torque is a function of
f2 — fa, and the yaw torque is the sumy, + 7ar, + Tar, + Tas,, Whereryy, is the
reaction torque of motardue to shaft acceleration and blades drag. The motor torque
is opposed by an aerodynamic drag,, such that

Imtu') = TMi — Tdrag (11)

wherel,.,; is the moment of inertia of a rotor around its axis. The aenaahyic drag
is defined as

1
Tdrag = ipA'UQ (12)

wherep is the air density, the frontal area of the moving shape isddfbyA, andv
is its velocity relative to the air. In magnitude, the angwlelocity w is equal to the
linear velocityv divided by the radius of rotation

w="2 (1.3)

r

The aerodynamic drag can be rewritten as
Tdrag = kdrag‘UQ (14)

wherekgq,.4, > 0 is a constant depending on the air density, the radius, theesbf
the blade and other factors. For quasi-stationary manesuyis constant, then

T™; = Tdrag (15)

Forward pitch motion is obtained by increasing the speetd®f¢ar motor\/; while
reducing the speed of the front motdf; . similarly, roll motion is obtained using the
left and right motors. Yaw motion is obtained by increasing torque of the front
and rear motorsr{;; andr,3 respectively) while decreasing the torque of the lateral
motors (2 andr,4 respectively). Such motions can be accomplished while main
taining the total thrust constant. The quad-rotor modebisimed by representing the
aircraft as a solid body evolving in a three dimensional spatd subject to the main
thrust and three torques: pitch, roll and yaw.
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1.2.1. Dynamical Model: Euler-Lagrange Approach

Let the generalized coordinates of the rotorcraft be exadby

q = (v,9,2,4,0,¢) €R (1.6)

where¢ = (z,7, z) € R® denotes the position vector of the center of mass of the quad-
rotor relative to a fixed inertial framg. The rotorcraft’s Euler angles (the orientation
of the rotorcraft) are expressed lgy= (v,6,¢) € R®, ¢ is the yaw angle around
the z-axis, # is the pitch angle around thgaxis and¢ is the roll angle around the
x-axis (see [ETK 96]).An illustration of the generalized odioates of the rotorcraft

is shown in Figure?. Define the Lagrangian

L(Qa Q) = Tiyans +Trot — U (17)

whereTy,qons = 2ET¢ is the translational kinetic energy, .. = 102712 is the
rotational kinetic energyl/ = mgz is the potential energy of the rotorcraft,is

the rotorcraft altitudeyn denotes the mass of the quad-rot@r,s the vector of the
angular velocity is the inertia matrix ang is the acceleration due to gravity. The
angular velocity vectow resolved in the body fixed frame is related to the generalized
velocitiesn (in the region where the Euler angles are valid) by meanseo$thndard
kinematic relationship [GOL 83]

2 = Wyn (1.8)
where
—siné 0 1
w, = cosfsing cos¢p O (1.9
cosfcos¢p —sing 0
then
é —1psind
2 = 0 cos ¢ + 1) cos O sin ¢ (1.10)

¥ cos B cos ¢ — Osin ¢
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Define
J = Jm)=wlIw, (1.11)
where
I.. O 0
I = 0 I, O (1.12)
0 0 1I..
so that
1.+
Trot = 5"7 J’I’] (113)

Thus, the matrixJ = J(n) acts as the inertia matrix for the full rotational kinetic
energy of the quad-rotor, expressed directly in terms ofheeralized coordinates

The model of the full rotorcraft dynamics is obtained fromdttlagrange equa-
tions with external generalized forces

d (0L 0L [ Fe
%(a—q)‘a—q - [} (.14

whereF; = RF € R® is the translational force applied to the rotorcraft due &im
thrust,m € R® represents the yaw, pitch and roll moments &hdenotes the rotational
matrix. R(¢y,0,¢$) € SO(3) represents the orientation of the aircraft relative to a
fixed inertial frame

CoCy  CypSeSp — ChpSyp S¢Sy + CpCySe
R = CoSy CoCoy T 59545y  CHSaSy — CypSg (1.15)
—Sp CoSop CoCy

wherecy stands foros 8 andsy for sin §. From Figure 1.1, it follows that

F = |0 (1.16)
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whereu is the main thrust directed out of the bottom of the aircratt expressed as

uw = S5 (1.17)

and, fori = 1,...,4, f; is the force produced by motdd;, as shown in Figure 1.1.
Typically f; = kw?, wherek; is a constant and; is the angular speed of theth
motor. The generalized torques are thus

Ty Z?:l T™;
T = To | = | (fa— fa))l (1.18)
% (fs = fr)e
where/ is the distance between the motors and the center of gravityry,, is the
moment produced by motadi/;, fori = 1,...,4, around the center of gravity of the
aircraft.

Since the Lagrangian contains no cross terms in the kinemagirgy combining
with 7, the Euler-lagrange equation can pe partitioned into dyosfar € coordinates
andn coordinates. The Euler-Lagrange equation for the transiat motion is

d 8Ltrans aLtrans .

u [ T } -G g (1.19)
then

mé +mgE, = Fy (1.20)

As for then coordinates it can be written

d 8Lrot aLrot _

%[ o ]‘ om 7 o2
or

d[.p 001 10 .o .



Thus one obtains

. . 10 . .
Jij+ Jn — 5 0m (n"Jm)

Defining the Coriolis-Centripetal vector

. .10 ,.p..
Vinn) = Jn—§%(n J)
one writes

Jij+V(nng) =1

butV (n,n) can be expressed as

Vinm = <J—%%(ﬁTJ)>ﬁ

C(n,nn
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(1.23)

(1.24)

(1.25)

(1.26)

whereC(n, n) is referred to as the Coriolis terms and contains the gymisand
centrifugal terms associated with thelependence of . This yields

mﬁ +mgE,
Ji

Fe

To simplify lets make

(1.27)
(1.28)

T = ( To ) =J7 (7 = C(n,0)n) (1.29)
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Finally one obtains

mi& = wu(singsiny + cos @ cossinf) (21.30)
my = wu(cos@sinfsiny — cos)sin @) (1.31)
mzZ = wucosfcosd—mg (1.32)
Vo= Ty (1.33)
= Ty (1.34)

b = 7 (1.35)

wherez andy are coordinates in the horizontal plarés the vertical position, ang,,
Tp and7, are the yawing moment, pitching moment and rolling momesipectively,
which are related to the generalized torqugsm, 7.

1.3. Control of aMini Tail-Sitter

Tail-sitter vehicles represent a configuration of aircthfit remains relatively
unexplored. Tail-sitters have more operational flexipitihan conventional UAVS
because a vertical airframe attitude is adopted during-tdikand landing, while
maintaining a horizontal airframe attitude during cruisstjlike conventional air-
planes. Tail-sitters have not been as widely adopted agemafhiconfiguration due to
complex flight dynamics in the hover mode, making them tylpiczery difficult to
control.

The Convair XF-Y1 and Lockheed XF-V1 were examples of experital Tail-
sitters aircraft in the 1950s, but they were unsuccessfidtinmalue to the problem
caused by the awkward position of pilot required during teetival flight phases,
which would not be relevant for UAVs. In the 1990s Boeing presd its tail-sitter
Heliwing UAV with a flight controller using cyclic-pitch rotr control for its vertical
flight phases [CAS 05], while more recently in [STO 02a], thauérsity of Sydney’s
T-Wing UAV has an autopilot which uses control surfaces m shipstream of fixed-
pitch propellers for control in its vertical flight phases.

In recent years, interest in Vertical Take-Off and Landi@©L) mini Air vehi-
cles (mAVs) have increased significantly due to a desire tvatp UAVs in an urban
environment. Many concepts have been proposed globally [B]. The Bidule
mAV was developed at the University of Sydney to explore glesésues related to
small flight platforms [SPO 01]. The latest version, the BddCSyRex, is a joint
project between the University of Sydney and the Universityechnology of Com-
piegne to develop a VTOL variant of the Bidule. The verticgtft schematic of
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this VTOL vehicle is shown in Figur@?, which is basically a fixed wing tailless
aircraft with two propellers. In hover mode, the altitudecantrolled with the col-

lective thrust, this means, the lift force is generatedeasing the lift force produced
by the propellers. The pitch attitude angular displacenerichieved by moving

the elevons in the same direction. The vertical yaw-atéitadgular displacement is
achieved through moving the elevons in opposing direcfidre vertical roll-attitude

angular displacement is controlled by changing the pitdieanf the Variable Pitch

Propeller (VPP). Typically, mAVs, such as the Planar Vaiti€akeoff and Landing

(PVTOL) platforms [CAS 05] modify the speed of the DC electmotors to effect

altitude and attitude control. But when, brushless ele@&&€ motors are used con-
trol responses have been too slow due to the time delay peddoy the available

speed controllers, leading to problems utilizing motoregp#or roll control. VPP is

thus being investigated as a potential solution, incrggsie control response. This
allows to implement a simple flight controller without camesiing the time-delay in

actuators.

. X-Axis
Y-Axis (body)

(body)

Z-Axis
(body)

Figure 1.2: Vehicle schematic for vertical
flight mode of Bidule

1.3.1. Linear Control Strategy

In this section, the main purpose is to control the attitufithe VTOL in hover
flight. Therefore only the kinematic and moment equatiori$ lvé used to obtain
three decoupled attitude system for the pitch, roll and yaguéar position. The
vehicle main wing has a profile NACA0008.
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Three decoupled stability augmentation control systemthforoll, the pitch, and
the yaw positions of the vehicle in hover flight are developBuese subsystems will
be obtained using only the kinematics and moment equationsthe general model.
Several aerodynamic factors will be taken into account taiakthe transfer function
that represents the dynamic of each system.

1.3.1.1.Rall control

To obtain the roll control system, it is assumed that thehmted yaw rates are zero.
Then, the vehicle can be analyzed in a similar manner to a RMIlight platform, as
in [CAS 05]. This configuration is shown in FiguP@. Therefore, using the equations
(??) and (?), the rotational dynamics for the roll angle can be represkthy:

¢ =1/J, (1.36)
where, the sum of momenésan be calculated as follows:
(=F-d—Cy¢ (1.37)

andF' = fi — fo is the force difference between the right and left rotor dnsl the
distance from the center of mass to each rotor. The secomditethe right side of
equation (1.37) represents an aerodynamic moment prodiydbe change of the roll
rate, normally opposing to the roll moment, that is why, teenative,C;. = 0.36, is
known as roll damping derivative. Then equation (1.36) candwritten as follows:

¢=(F-d—Cy,0)/Jn (1.38)

f, f,

(R
>«
g

Figure 1.3: Approach of PVTOL to control
the roll position

The lift force in each rotor can be considered as the thrudtcam be calculated
by the following expression:
T = C’tanD;; (1.39)

where(, is the thrust coefficieny, is the density of the aim is the number of revo-
lutions per second of the motor aig, is the diameter of the propellers. The thrust
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coefficient is a function of the pitch angle propellerwhich is shown in Figur@?.
The thrust coefficient in a linear region can be calculated by

Ci=Cyp (1.40)

whereC, is a derivative which represents the thrust slope with retsfmethe VPP
angle. This derivative has been estimated using a shar@rageam called JavaProp
[HEP 06]. This program uses the number of blades, the vglo€itotation, the diam-
eter of the propellers, the velocity and the power of the maiagive the value of
C; for an operational rangg® < ¢ < 15° as is shown in Figur@?. Then, using
Matlab’™ a first order polynomial (dashed line) can be constructedguisie values

of the thrust coefficient for each angle. The dashed line slope is the derivative of
this polynomial which in fact represents the derivativg, and its value is estimated
to be 0.0025.

Figure 1.4: Schematic of Variable Pitch Pro-
peller (VPP) System

Derivative of C, with respect to VPP angle

o055

C, at different VPP angle

Then using the inertia values given in Table 1.1 and appl{fvegLaplace trans-
form, the following transfer function for the roll angle Wwitespect to the VPP angle
displacement is obtained.

¢(s) 5

o(s) 524 25s

(1.41)
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Now, the VPP dynamics will be determined. In the Fig@f it can be seen that
the aerodynamic pitch moment of the blades must be equaletontbment gener-
ated by the servo mechanism. Considering that the bladdeomiiresponds to the
NACAO0014, then the following approximation can be used ttaobthe blade pitch
moment:

pV2 SyCy
=,

where the subscrigtdenotes the blade. The tefih, denotes the total velocity of the
propeller at the tip, it is given by:

[Cony o+ Con 2] = ks 305 (1.42)

Wb = ’U2 + ’U?adial (143)

axial

wherev, qgia1 = m™nD.

The termC,,, = —0.0019, is the estimated blade pitch moment coefficient slope
with respect top, being obtained using Javafoil [HEP 06], an airfoil anatyshare-
ware software. The terd’,,, = 1.6 x 107 is a stability derivative generated by
the variation of the VPP rate. The right hand side term of 8qng1.42) represents
the moment produced by the servo, whégrés the force produced by the sendi,is
the servo displacement aid is a mechanical reduction factor. Using the parameter
values in Table 1.1 and applying the Laplace transformdgi¢he VPP dynamic’s
transfer function:

o(s) 120

5s(s)  s+120 (1.44)
The actuator dynamics is given in [KAN 01] as follows:

0s(s) 0.6 (1.45)

5.(s)  01s+1

Then using the transfer functions given previously, theticdioop system shown
in Figure ?? is proposed to stabilize the roll angle. The system is stainlee the
characteristic equatioh1s* + 15.5s5% + 44552 + 4260s + 16200 has all its roots in
the left hand side of the complex plane, the roots are locatted 6.7 £+ 4.54, —121

and—20.5.
0.6 120 5
0.1s+1 F s+12C %’ ® +25¢ F ¢

PD Controller Serve Roll Angle
Kp=45, Kd=3.5 VPP dynamics  rpansfer Function

G —>

Figure 1.5: Roll
Control Loop.
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1.3.1.2. Pitch control

To obtain the pitch control system the vehicle is considévdak a tailless aircraft
flying in forward flight. Assuming that the roll angle is smaiiough and the roll rate
is instantaneously zero, then usirkP(and (2?), a second order differential equation
describing the rotational dynamics for the platform pitclgla can be written as:

b=m)J, (1.46)
wherem is the pitch moment of the wing, which is given by the follogiexpression:
1 o

m = §V pSeCy, (1.47)

wherec is the wing chordSS is the wing reference are¥; is the airflow speed and
C,, is the pitching moment coefficient given by [ETK 96]:

Om = Umge + Cmaa + Cm(ge 56 + Cqué (148)

Assuming that in steady hover flight= « andC,,,,, = 0, then (1.46) can be reduced

to:

. pV2Se [

0= 'm0 'ms. Oc 'my, —0 1.49
27, Cmo0+ Cpy, 6 +qu ( )

The derivativeC,,,, represents the variation of the pitching moment with respec
the angle-of-attacke. This coefficient depends strongly on the airfoil profile. eTh
derivativeC,,,, = 0Cy,/0q represents the variation of the pitching moment with
respect to the elevator control. To estimate these paraspeteshareware software
named JavaFoil has been used. This program allows the uaeatgze and design,
in a rapid and interactive way, a profile over a range of angfesttack, [HEP 06].
The vehicle main wing has a profile NACA0018 and its pitch mohwirves at dif-
ferent angles of attack and elevator positions obtainel this program, are shown
in Figure??. ThenC,,, = —0.145 andC,,,, = 0.65. The derivative(',,,, = —10,
represents the aerodynamic effects due to rotations ofehile while the angle of
attack remains zero. Using the vehicle parameters givealheTl.1 and the Laplace
transform, a second order transfer function representiagtitch angle dynamics is
given as follows:

0(s) 85

5.(s)  s2+40s+ 18 (1.50)

Then, using the actuator dynamics given previously, a grppbportional derivative
compensator withf{,, = 80 and Ky = 17, is proposed to stabilize the pitch angle.
This controller stabilizes the platform pitch angle systketause the roots of the
characteristic equation1s® + 5s2 + 908.8s + 4098 are located at-22.7 + 91.45i
and—4.62 which are in the left hand side of the complex plane.
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0
Angle of attack

Figure 1.6: Pitch moment
coefficient curves

1.3.1.3. Yaw control

Now, to control the vehicle yaw position, it is assumed thatgitch and roll angles
are stabilized, then the roll rate and pitch rate vanisi dtgiation ??) can be written
as follows: )

v=n/J, (1.51)

wheren is the vehicle yaw moment. Notice thatis used to control yaw during
hover flight and to control roll during forward flight as shoimrFigure??. Under this
assumption, the yaw moment can be approximated by the fisltpexpression

n = pV2SbC, /4 (1.52)

whereb is the wing span and’, is the yawing moment coefficient given lgy, =
C%w + Chs, dc. Then, (1.51) can be rewritten as

Y= (pVQSb) (an’l/i + Cnsc 66)/4Jz (1.53)

whereC),,. = 0.19 represents the variation of the yaw moment with respecteo th
ailerons positions.C’% = 0.19 is the yaw damping derivative. Applying Laplace
transform and using numerical values yields:

P(s) _ 20
5e(s) 52+ 20s

Then, using the actuator dynamics given before, a closegd-¢ontrol system with a
proportional derivative controller can be proposed, wh€e= 68 and Ky = 17.
The characteristic equation @s1s® + 3s? + 224s + 20 and its roots are located at
—13 + 44.4i and—3.8, therefore the system is stable.

(1.54)

1.3.1.4. Smulation Results

We have developed several simulations of the model to déterits qualities
of flight. The following graphs shows stable dynamics usingacontroller. The
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b/2

Vertical Flight Horizontal Flight

Figure 1.7:
Yaw Con-
trol.

Table 1.1: Bidule-CSyRex Aircraft Parameters

Parameter Value Definition

S 0.18m? Wing Reference area

C 0.3m Wing chord

b 0.6m Wing span

p 1.225kg/m3 Air density

14 10m/s Wind velocity (airflow)

I 0.0144kg.m x-axis moment of inertia

Jy 0.0254kg.m y-axis moment of inertia

J, 0.0312kg.m z-axis moment of inertia

d 0.2m Rotor distance from the center of mass
D 0.27 Propeller diameter

n 9000RPM  Rotor speed

Sh 0.006m? Blade reference area

Cp 0.3m Blade chord

Ty, 2x107%  y-axis blade inertia

Is 17N Force produced by the servo

response of the roll subsystem to a unit step is shown in Eigr It is clear that
VPP control can stabilize the system very fast while speedrobcan not stabilize

this system at all.

For each control loop the step response is evaluated. ffiestpll control system is
validated in simulation, this system based in the VPP mdshahas been compared
with a roll control system based on the speed variation ofrtiters. Normally, a
control based on the speed variation introduces a timegdelsich is caused by the
electronic of the speed controller. This time-delay, pi@instability in the system
making the tuning of the controller parameters a very diffitask. Figure?? shows
the comparison of the two systems. The two systems reachetfieed value almost
at the same time, but in the system using speed variation #ireroscillations in the
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steady state, while the VPP control quickly stabilizes fretem. In the same way, the
step response for the pitch and yaw closed-loop controésysthave been simulated.

Roll Control Response

Figure 1.8: Response of the
Roll Control Loop

1.3.1.5. Experimental Results

In this section, qualitative results in flight test of thd-&itter are discussed. This
vehicle in vertical flight presents a natural unstable bavaand the manual guidance
and control is a very difficult task even if the remote humaarafor has an excellent
piloting skill. Figure?? shows the vehicle crashing due to the high instability insh te
without any automatic control algorithm.

Figure 1.9: Bidule-CSyRex
with no control

As it was seen in previous sections, the control law for tleisiele is a simple PD
control, which has been chosen due that the position vasadohd its derivatives are
obtained directly from the IMU. The integral is avoided dadtte high probability for
error in the steady state because of the signal noise in tisese To adjust the control
parameters several flight tests were carried out until olitgia good performance
of the vehicle. First theé(,; gains were adjusted to get a good stiffness in all the
angular displacements, then thg gain was adjusted to obtain a good time response
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to changes of angular position. The stability derivati\[é%,, Cmys Cns,, Cn, and
Cm, Would normally be estimated using the data obtained frorrdwﬁmnef tests.
However, in the current study first the controller paranweteere first obtained in
flight test, then using the values of the derivatives and #redynamic coefficients
estimated using Javafoil and Javaprop, the unknown demdsgatvere obtained. Figure
?? shows the vehicle flying stable when the linear control PBsexu Note that tethers
were used for safety purposes only, with satisfactory flight results used only when
all the tether are slack, thus not supporting the flight platfin any way.

Figure 1.10: Bidule-
CSyRex with PD control

1.3.2. Robust Control Considering Parametric Uncertainty

It is usual to handle inaccurate mathematical models. Inptie®ious section,
aerodynamic coefficients for a tail-sitter had been esthasing shareware software.
Then, mathematical model obtained for the tail-sitter gkhinay not be accurate due
to estimation errors and due to imperfections in the veHiailing process. Thus, in
this section a robust control design and analysis for astté+ is developed.

Let us recall the roll subsystem

$ = (Cippn®D*-d—Cr,9)/J, (1.55)

2
. SR [ T e T 1.56
[Crnp 0+ Cimy ] fib (1.56)

Then, the roll subsystem can be expressed as follows

iy An, + B6, (1.57)
y = Cn, (1.58)
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where
0 1 0 0 0
0 0 1 0 0
A= 0 0 0 1 B = 0
0 —30000 —4450 -—155 3600
and
¢ 1
_ o r |0
n= —25¢ + 5¢p CT =1
625¢ — 725 + 6000 0

These values were obtained using the parameters valueble T4.. It is impor-
tant to note that some of the aircraft parameters were daddadiy experimental tests
and the remaining aircraft parameters were estimated s$iageware software. In
order to take into account possible measurement errors,ilveonsider uncertainty
in the last row coefficients of the state matrix. In spite @& thncertainty structure in
the coefficients of the last row of the matrix, it is always gibte to lump the uncer-
tainty such that the resulting polynomial family is a lumpestsion of the original
interval polynomial family. As a result of this considemats, the following matrix is
obtained

0 1 0 O
0 0 1 0
A9 = | 4 o o 1 (1.59)

q 41 42 g3

whereqy € [-10,10], ¢ € [-36000, —24000], g2 € [—5340,—3560] andgs €
[—186, —124].

1.3.2.1. Pitch Subsystem
The pitch angle dynamics (1.48) can also be written as

n, = A&+ Bo, (1.60)
y = C& (1.61)

Using the vehicle parameters given in Table 1.1 and the saoweg@ure for the roll
subsystem leads to

Alg) = {_(;0 _H (1.62)

with go = [—21.6, —14.4], ¢ = [—48, —32].
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1.3.2.2. Yaw Subsystem

The yaw angle dynamics (1.53) can also be written as

n, = Any,+ BS, (1.63)
y = Cn, (1.64)

Using the vehicle parameters given in table 1.1 and the saowegure used in roll
subsystem we obtain

a@ = [0 (1.65)

with q =0,q1 = [—24, —16]

Now on our goal is to present a robust state feedback corgsigd to stabilize a
system with uncertain parameter values. Subsequentlyatlne set characterization
is used to verify the robust stability property when a timéaglén the process is

considered. To do this, the Bidule CSyRex roll subsyster7jland (1.59) will be
represented in the form:

5 A { 1= A(qg")n+ Bu+ BI(r)n

o 2 1.66
y=0Cn (1.69)
where
0 1 0 0
_ 0 0 1 0
Ala7) = 0 0 0 1
—10 —36000 —5340 —186

wherery € [0,0.0172]; r; € [0,0.4944]; ro € [0,3.3333]; 73 € [0,0.0056]. Now,
the F' matrix is defined in such a way that the following conditiosagisfied:

rirn'riry<fF vreRr (1.67)
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and the nominal system will be considered as follows:

1= A(g")n+ Bu
Snom 241 1.68
{ y=0Cn (1.68)

With the above definitions, it is possible to present theofeihg result:

PROPOSITION1.1.— Consider the Bidule CSyRex roll subsystem (1.66), and the fol-
lowing control law
u=—BTSn (1.69)

where
SA(qg)+A(g)'S+F+I-SBBTS=0,5>0 (1.70)

for system (1.66), the control law is:

w = —10n; — 1.54281, — 0.1173n3 — 0.00347, (1.71)

then, the closed-loop systemis robustly stable.

Proof. considering the following Lyapunov candidate function:
V(n) = minucr / (n" Fy+n"n+u"u)dt (1.72)
0

Itis possible to verify that the proposed control law (1.€4)responds to the solution
of the LQR optimal control problem for th&,,,, system (1.68), considering the
cost functionalV’(n), and the relative weights matricdd = F + I andR = 1.
Obviously, the above control law stabilizes the nominatesysY,,,,,,. Next, a proof
that the same control law also stabilizes the uncertairesy&t,,, will be presented.
Using the results of the LQR optimal control problem, it isspible to obtain the
following solution to the problem in (1.72):

V*(n) = / (n"Fn+n"n+n"SBB” Sn)dt
0

by definition, V*(n) must satisfy the Hamilton-Jacobi-Bellman equations, see
[AND 90], [LEW 95] and [LIN 07]:

nTFnT—i- n'n+n"SBB"Sn 173)
2)% _ .
+ [ 22" (A(q ) + BBTSn) =0
T
T SB + [61(;?(777)] B=0 (1.74)
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Along the trajectories of the system,,, (1.66) we have

v = |25 va
_ '61(/9'7(7?7): ! [A(q")n + Bu + BI(r)n]
_ :3‘(;7(7’7): ' [A(q™)n + BB" Sn)
+ {aig;n)} ' BI'(r)n

Then (1.73) and (1.74), leads to

-n"Fn—n"n—-n"SBB" Sn
—2nT"SBI(r)n

= —n"Fn—-n"n-n"SBB"Sn
—2n"SBI (r)n £n" I (r)[(r)n
—n" [F-T"(r)C(r)]n—-n"n

—n" [BTS+1(r)]" [B"S+I(r)]n

V(n)

from condition (1.67) it follows

V(n) <-nTn (1.75)

Then,V (n) < 0 foralln # 0 andV () = 0 if and only if » = 0, which ends the
proof. O

All processes have time delays due to sensor informatioogss) actuator time
delay, etc. Considering a time delaysystem (1.66) can be rewritten as
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PROPOSITION 1.2.— Consider the Bidule CSyRex roll subsystem with time delay
(1.76), then this systemis robustly stable if the same control law (1.71) is used and the
maximumtime-delay is 7,4, = 1sec.

Proof. The uncertain time-delay system (1.76) has the followirgyrabteristic equa-
tion:

p(s,q,r,e” ™) = s* 4 [124,186]s3
+[3560, 5340]s2 + [24000, 36000]s + [—10, 10]
+(125% + 42252
+55535 4 35990)e~[0:1s

These kind of functions are known as quasipolynomials. tlésr that the above
characteristic equation (1.77) represents an infinite rarrobquasipolynomials that
have to be considered to verify the robust stability propérhis family is defined as

follows: ( )
A p SaquveiTs ' q S Q7
Pr = { r € R;7 € [0, Tmax) } (1.78)

(1.77)

whereQ andR represent the set of uncertainty, see [BAR 94].

It is clear that the value set dP, is a set of complex numbers plotted on the
complex plane for values af, r, w andr inside the defined boundaries. Next, the
zero exclusion principle is presented in order to verifyrbigust condition [BAR 94].

LEMMA 1.1.— Consider the characteristic equation (1.77), also called quasipolyno-
mials. Suppose that (1.77) has at least one stable member. Then the robust stability
property of the control systemis guaranteed if and only if:

0¢V:(w) Yw >0 (1.79)

The results presented in [ROM 95] and [ROM 97] permit buigdthe value set
V. (w) for the characteristic equation (1.77) and is presentedgarEs?? and??.

It can be noted that the zero is not included in the valu&’sgt). Then the system
(1.76) is then robustly stable. O

1.3.2.3. Smulation

To investigate the behavior of the control stabilizatiosteyn, several simulations
of the model have been run using Matlab Simufitk This helps determine the flight
handling qualities of the vehicle. Roll control system imslated using control law
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Figure 1.11: Value set of Roll
subsystem control

1

Figure 1.12:
Value set
zoom

(1.712). Its behavior is shown in Figu®®. In the same way, the pitch and yaw closed-
loop control systems have been simulated. Their respes@onses are shown in
Figures?? and??.

1.3.3. Nonlinear Control based on Nested Saturations

Linear and robust control approaches to attitude statiizeof a mini tail-sitter
have been introduced in sections 1.3.1 and 1.3.2. Now, angaml control strat-
egy based on nested saturations to stabilize attitude asiiqggoof a mini tail-sitter
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Roll Angle Subsystem
T T T

I

Figure 1.13: Response of the
Roll control loop

Pitch subsystem
T T T

5
Time (sec)

Figure 1.14: Response of the
Pitch control loop

shown in Figure?? in hover flight is introduced. Let us recall the attitude dyna
equations for mini UAVS?? and ?? whererj"T represents the aerodynamic and
thrust moments. Then, applying a control strategy simdahe one presented for the
quadrotor vehicle, the following control input is proposed

MY, 2 QY T, + H (8) ' J° [% — H(®)w}), (1.80)
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Yaw Subsystem
T

5
Time (sec)

Figure 1.15: Response of the
Yaw control loop

wherer = [ 75 7o Ty ]T. Then @?) can be rewritten as

o = Ty (1.81)
= 7 (1.82)
o= 7y (1.83)

1.3.3.1. Equations of Translational Mation

The translational motion equations can be obtained usingtems £?) and (??).
Then the kinematic equations of translational motion aiigtevr as

U = f./m—gsd+RV—QW (1.84)
V = f,/m+gspchd+ RU — PW (1.85)
W = f./m+ geped+ QU — PV (1.86)

Since the vehicle is a basic airfoil profile NACA0018, theahmamic force has
two components, lift over-axis and drag over-axis, the vehicle forces are given by
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fe=1Le, + Ley, fy =0andf, = Fy + F» — g — D, + D., whereL., andL., are
the lift forces in each elevord)., andD., are the drag forces due to the elevons and
Fy andF; are the forces due to thrust of the motors. These forces aee gs

L., = %pV2SCL (1.87)
1
D, = 5pv2SOD (1.88)

whereC, andCp are the lift and drag coefficients which can be calculatedgisi
shareware programs as Javafoil.

Assuming that the translational and angular motion are wged, i.e. the euler
angles and angular rates are zero, then the translation@msguations can be rewrit-
ten as

z By sps 4+ copsfey 0 Iz
i | = | chs —spew + costsi 0 E (1.89)
Z —s6 cocl 1 —g

In this case a four integrators in cascade to stabilize sqgtiresented. The same
recursive algorithm is used to stabilize pitch.

Now, it is possible to introduce the following theorem :

THEOREM 1.1.— Consider the vehicle dynamics (1.89), (1.81)-(1.83) with control
input f, £ (6 —gsin®@)/cosfand f. £ (r+g)/cosOwithr £ —k 2 —ky (2 — 24),

To = —0n(Xn(2) + on-1(Xn-1(2) + ... + 01(x1(2)))) (1.90)
To = —0n(Xn(2) + on-1(Xn-1(z) + ... + 01(X1(2)))) (1.91)
with for n = 1,...,4 for both 6 subsystem and ¢ subsystem and 7, = —kstp —

k4 (v — 1pq) for ¢ subsystem. The functions o; are differentiable linear saturations.
Letb = [wxyyzqu $,0,0,,4]| . Then for any b(0) € R'2, lim;_ob(t) =
0.

Proof. The aim of the proposed nonlinear control is to stabilizewtbieicle in hover
flight. Then, we develop a control for longitudinal, lateaald axial dynamics. Thus,
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we start the proof by considering the translational dynasaigations (1.89), then the
translational dynamics is reduced to

y = —f.sing (1.92)
Z = f.cosp—g (2.93)
To stabilize the altitude, it is proposed thiat= (r + g) / cos ¢ wherer = —k; 2 —

ko (z — zq) with k1, k2 > 0 andz, is the desired altitude. Sinee — 0 it can be
concluded that — zg.

Then, equation (1.92) becomigs= —g tan ¢. Assuming that the vehicle evolves

in a neighborhood¢|| < /10 Therefore, the lateral dynamics reduces to four inte-
grators in cascade as follows

y = —g¢ (1.94)

= 7, (1.95)

Assuming that the roll angle and yaw angle are stabilize@, tthnslational
dynamic equations (1.89) are reduced to

& = df/m+s0f./m (1.96)
2 = —sOf,/m+cbf./m—g (1.97)

Assuming that for a time long enough to make~ ¢ and using the control input

s 0 —gsind
fxr= p—"; (1.98)
Then, the longitudinal model is reduced to a four integiaiboicascade
i = 60 (1.99)
) = 1 (1.100)

Considering that the pitch and roll angles are stabilizesin@le PD controller
can be proposed to stabilize the yaw attitude. Therefore= —ksy) — kq1p with
ks, ks > 0. This control is such that — 0.
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Now, introducing the following variables

X1 = xe+y+20+¢ (1.101)
X2 = x3s+to+o (1.102)
X3 = 6+0¢ (1.103)
Xa = ¢ (1.104)

To simplify the analysis, a recursive methodology is pragbsTo do this, it is
assumed that

Cn = Xn(x)+0n—1(<n—l(x))) (1105)
a = xi(z) (1.106)

and
u=—0,(C)) (1.107)

Let us define the following positive definite function
Vi = (1/2)x2 (1.108)

Differentiating V with respect to time, we obtain

Vi = XnXn (1.109)
from the fact thal,, = —0,,(¢.), we have
Vi = xntt = —Xn0n (Gn)) (1.110)
due to equation (1.105) we get
Vi = = Xn0n (xn(#) + Tn1(Gaoa () (1.111)

Using definition £?) and the condition from theorem (1.1), thiak, ; < 0.5L,, it
can be noted that ify,,| > 0.5L,, then V,, < 0. This means that there exist a time
T, such thaty,| < 0.5L,, for V¢ > T,, which implies thatx,, + o,—1({n—1(2))| <
0.5L,, + M,,_1 < L,.

Whenn = 1 we have the base case of the recursion. This case is treatdd a |
different, let us propose
Vi=(1/2)x3 (1.112)
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Differentiating V with respect to time, we obtain
Vi=xixa (1.113)
using (1.101)-(1.104) is possible to see that= —o1(x1), then we have
Vi = —x101(C1)) (1.114)
due to equation (1.106) we get
Vi =-xi01 (x1) (1.115)
As in the recursive case, it can be noted thagif| > 0.5L; thenV; < 0. This

means that there exist a tirfig such thatx| < 0.5L; for V¢t > T. Itis important to
note thatl},, < T,,_; foralln > 2.

SinceV; < 0 then, from equations (1.106) and (1.112) implies that= ¢; — 0.
It can be noted that starting fromm= 2 until i« = n we have the following set of
equations due to the recursion of the method

Vs = —x202(x2(2) + 01(C1(2))) (1.116)
Vs = —x303(x3(2) + 02((2())) (1.117)
Vi = —xa0s(xa(@) + 03(G(2))) (1.118)

The recursion of equation (1.105) leads us to:

G2 = xz2(z) + o1(C1(2))) (1.119)
G = x3(z) + 02(C2(7))) (1.120)
G = xa(w) + 03(¢3(2))) (1.121)

From (1.116),xy2 — 0, (1.119) implies that, — 0, in a recursive form (1.117),
x3 — 0, from (1.120)¢3 — 0, from (1.118),x4 — 0, from (1.121),{4 — 0. This
means that, from (1.104) — 0, from (1.103)p — 0, from (1.102)y — 0, and finally
from (1.101)y — 0.

By using a set of variables similar o, — x4 replacinge by 6, y-position byz-
position and the same procedure described above fartltesubsystem, it is possible
to show the stability of this subsystem. O



30 UAV Flight Formation Control

1.3.3.2. Smulation Results

To investigate the behavior of the control stabilizatiosteyns, several simulations
of the model have been run using Matlab Simufittk Their respective responses are
shown in Figure®? and??.

Mini rotorcratt position

Position (m)

0 5 10 15 20 25 30 35
Time (sec)

Figure 1.16: Response of the
Roll Control Loop

Mini rotorcraft Attitude

Angle(deg)

) 5 10 15 20 25 30 35 40 45 50
Time (sec)

Figure 1.17: Response of the
Pitch Control Loop

1.4. Quad-Tilting Rotor Convertible MAV

By marrying the take-off and landing capabilities of theitabter with the forward
flight efficiencies of fixed-wing aircraft, the Quad-plan®mises a unique blend of
capabilities at lower cost than other UAV configurations. id/the tilt-rotor concept
is very promising, it also comes with significant challeng&sdeed it is necessary
to design controllers that will work over the complete fligimvelope of the vehicle:
from low-speed vertical flight through high-speed forwarght. The main change in
this respect (besides understanding the detailed aerodgskis the large variation in
the vehicle dynamics between these two different flightmeg. Several experimen-
tal platforms have been realized with a body structure irctvithe transition flight is
executed by turning the complete body of the aircraft [GRE [ESC 06], [STO 04],
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Figure 1.18: Quad-Tilting Rotor
Convertible UAV.

[STO 02b], [ESC 07]. In[STO 04] and [STO 02b] the authors diésd the develop-
ment (modeling, control architecture and experimentatgiype) of Two-rotor tail-
sitter. The control architecture features a complex switgtogic of classical linear
controllers to deal with the vertical, transition and ford/dlight. [GRE 06] presents
a classical airplane configuration MAV to perform both opiersal modes. The hover
flight is autonomously controlled by an onboard control fligihstem while the tran-
sition and cruise flight is manually controlled. A standafl ¢ntroller is employed
during hover flight to command the rudder and elevator. IMJB8] some preliminary
results are presented for the vertical flight of a Two-rotd®as well as a low-cost
embedded flight control system. There are some exampleh&r tk-rotor vehi-
cles with quad-rotor configurations like Boeing’s V44 [SN¥]@nd the QTW UAV
[NON 07]. In [ONE 08] the authors present the progress ofrtbagoing project,
an aircraft with four tilting wings. A new tilt-rotor aircfa(Quad-plane Unmanned
Aerial Vehicle) that is capable of flying in horizontal andtieal modes is presented
in this section. The vehicle is driven by four rotors and hasmaventional airplane-
like structure, which constitutes a highly nonlinear plant thus the control design
should take into account this aspect. A nonlinear contraitetyy, consisting of a
feedback-linearizable input for altitude control and a&iehical control (inner-outer
loop) scheme for the underactuated dynamic subsysiepo$ition, pitch), is pro-
posed to stabilize the aerial robot within the hovering md&seckstepping [KHA 02],
a Lyapunov based method is presented to stabilize the eehithin the airplane
mode. Through the use recursive method, backsteppingedittte control problem
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Fordward flight
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Hover flight Hover flight
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take off landing

Figure 1.19: Opera-
tional transition.

into a sequence of designs for simpler systems. This mimlagrhicle is one of the
first of its kind among tilt-wing vehicles on that scale range

1.4.1. Modeling

This section presents the longitudinal equations of moéisrwell as the aero-
dynamics of the vehicle. Due to the flight profile of the vediale distinguish three
operation modes: (Hover Flight (HV) the aircraft behaves as a rotary-wing platform
(|7 < %), (2) Sow-Forward Flight (SFF) (£ < |v| < %) and finally (3)Fast-Forward
Flight (FFF), where the aerial robot behaves as a pure airborne veBicte || < 7).

1) During theHF the 3D vehicle’s motion relies only on the rotors. Withinsthi
phase the vehicle features VTOL flight profile. The contrdlbe this regime disregard
the aerodynamic terms due to the negligible translatigmetd.

2) It is possible to distinguish an intermediate operatiarde) the SFF, which
links the two flight conditionsHF and FFF. This is probably the most complex
dynamics.

3) FFF regime mode (Aft position), at this flight mode the aircrafishgained
enough speed to generate aerodynamic forces to lift andatoimé vehicle motion.

Kinematics
— F* denotes the inertial earth-fixed frame with origip®, at the earth surface.
This frame is associated to the vector bdsis j;, k; }-
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Figure 1.20: Coordinate systems: Inertial frani&)(and
Body-fixed frame £)

Figure 1.21: Free-body scheme showing the forces acting on
the Quad-tilting MAV.

33
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— F* denotes the body-fixed frame, with origif®, at the center of gravitg'G.
This frame is associated to the vector bdsis jpy, kb }-

— F< denotes the aerodynamic frame, with origiN, at the center of gravitg'G.
This frame is associated to the vector bdsis, ja, ko }-

— The orthonormal transformation matric®* and R*?, respectively used to
transform a vector fronF® — F# andF* — F° within the longitudinal plane (pitch
axis), are given by:

' cosf 0 siné cosae 0 sino
RY = 0 1 0 |, R*®= 0 1 0
—sinf 0 cosf —sina 0 cosa

Aerodynamics

It is important to consider these forces properly becausg #ne fundamentally
affected by the vehicle’s motion and thus they alter thedodghamics involved. The
analysis used in the present paper will be based on a contiradta low-order panel
method aerodynamic model coupled with a simple actuatar misdel of the flow
induced by the propellers. In order to proceed with the agrachic analysis, it is
worth to mention the following assumptions:

—ALl. The vehicle is a rigid body, i.e. the felexibility of the aiaft wings or
fuselage will be neglected.

— A2. Non-varying mass is considered (t) = 0).
— A3. The aerodynamic centefAC) and the center of gravitydG) are coincident.

In order to determine the aerodynamic forces exerted onehé&he, we need to
know both the direction and velocity of the total airflow v@ctWe can identify three
wind vectors acting on the vehicle: the airflow spéégl produced by the rotors,
the V,, airflow generated by the translational motion of the bodyli{’) and a third
component due to the external wind (disturbariég)generally unknown. Hence, the
total wind vector in the body frame can be written as

Viot = Vp(7) + Vo + Ve (1.122)

whereV;o: = (v,,,v,)7. The total wind vectoWV;,; experienced by the wing varies
depending on the flight mode. Within thi= andSFF regimes the wing is not washed
by the propeller airflowV,, (Fig. ??), while in theFFF mode, it is assumed that the
wing is significatively submerged (Fi§?) by V;,. Therefore the propeller slipstream
Vp is disregarded itF andSFF. To include the behavior o¥, in the equations let
us introduce the following function

6(7)—{ (1) s

o> (1.123)

[SEINE



Modeling and Control of Mini UAV 35

1\ </ e AN/

/l &\ u /
/ P
/ ) V 7 ///
e w e
Up e

e Dtot

Figure 1.22: Airflow profile generated by the rotors during fiight envelope. Relative wind velocity

in HF and SFF modes.

Figure 1.23: Relative wind
velocity in FFF mode.

The parallel wind velocityv,, and the normal wind velocity,, components at
the wing encompass the velocity that the vehicle experisigmough the air and the
corresponding components ¥, due the tilting of the rotors and the aleatory external
wind V, , i.e.

Vi = (u+ &(y)vp sin(y) + ve, )in (1.124)

Vi = (w + &(7)vp cos(y) + ve,, ) ko (1.125)

Assuming purely axial flow into the propellers, simple atbualisc theory [STE 04]
gives the induced propeller velocity for ti# rotor as

| 2T;
Vp, = 1.126
Pi pAp ( )
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whereA4,, is the total disc-area of the propeller amthe air density. Figur@? shows
the aerodynamic forces on a small UAV with a tilt angleThe forces consist of a lift
force, L, perpendicular to the total flow vectdr;.;, a drag forceD parallel toV;.,
and the airfoil's pitching momeni\/, about the positive cartesianaxis. The above
discussion can be summarized by:

Cl = Claa
Cqy = Cdp + Cy,
Cn = Cp,«

where these equations are standard aerodynamic non-donehéft, drag and
moment coefficients To obtain the lift and drag forces and the pitching moment
on the aircraft it is only necessary to obtain the total wiedbeity vectorVi,,, see
(1.122), the angle of attack and the aerodynamic param@iers’;,, Cq, Cpns, Cn.,
which depend on the geometry of the vehicle.

L = %Clpv;%tS
D = ?Cdp‘/;%ts
M = §Cmpv;3)t56

In these equationS andc are the area and the wing chord respectively. The angle of
attacka and the magnitude d¥;,; are obtained through the following equations

a = arctan(vy, /vy,) (1.127)

[Viot| = /2, + v2 (1.128)

The lift force will depend on the velocit¥;,: and the angle of attack. The figure
represents the different values of lift for several speadit®mns:

Forces exerted on the Quad-plane

The vector that contains the set of forces applied to the etk (Fig.??) is
given by
mé = RYT? + R¥R® A + Wi (1.129)
where, & = (z,y,2)7 is the CG’s position vector inF?, T® = (0,0, -T)7 is the
collective thrust inF®, A® = (-D,0,—L)7 is the vector of aerodynamic forces in
Fo and finallyW* = (0,0, mg)” denotes the weight of the vehicle #. The four
propellers produce the collective thrdstwhich can be modeled as

1=4
T = Klzwf (1.130)
=1

1. C. slopes are obtained from the software XFOIL.
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Figure 1.24: Lift values for
different velocities.

wherew; is the angular velocity of"-rotor, K; is a lift factor depending on the
aerodynamic parameters of the propeller. Note that theveétaerodynamic forces
A? is not only involved in translational motion, but also in ttetational motion of
the vehicle, as is shown next.

Moments acting on the Quad-plane

The forces shifted away from the center of gravit¢z induce moments causing
the rotational motion. The corresponding vectorial equratrouping the moments
exerted about’'G is written as

TP =rh TR+ T8 (1.131)

whererr is the induced moment due the difference of thrust betvigenandT} o,
T IS the airfoil's pitching momentrg is the gyroscopic momentrr is obtained
through

Tr_?« =11(—T5,4cosy + T1,2¢087)Jb (1.132)

where|l; is the distance from th€ G to the rotors. The airfoil’s pitching moment,
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is obtained from the airfoil's”,,, slope and the lift contribution of the elevator.
The = M g (1.133)

The gyroscopic momentg arises from the combination of the airframe’s angular
speed2® = (p, ¢,r)” and the rotors angular speeg Therg vector is then modeled

aSZle(Q" X Ipwi), leading to
78 = Iplg(ws — w1 + ws — wa)ip + p(wr — wy — ws + wa) b (1.134)

where, I, represents the inertia moment of the propeller. For siritplive do not
take into account the drag torque due to the propeller dreefoSince the present
paper concentrates on the longitudinal flight of the vehitle corresponding scalar
equations modeling the forces and moments applied to thieleedre written as:

mX = —Tsusin(@+~)—Tiosin(f+~)— Lsin(d—a)— Dcos(f — a)
mZ = Dsin(0 —a)—Tizcos(0+7)— Lcos(0 —a) —Tzacos(0+7)+g
Iyy9 = M + ll(—Tg_A COs 7y —+ TLQ COS ’7) + Ipp(wl — Wy — W3 + (.«)4)

(1.135)

FFF mathematical model

In this regime the vehicle essentially behaves as an aieptans we can consider
the common longitudinal aircraft model [STE 92]. In additio the body-axis equa-
tions, it is important to express the equations of motionhi@ wind axis, because
the aerodynamic forces act in these axis and the magnitudgef(written asV’
from here onwards"), can be expressed in terms@fandw. This reference sys-
tem is used for translational equations because angleaufkasind velocity are either
directly measurable or closed related to directly meademimntities, while the body
axis velocities ¢, w) are not. The equations of motion take the form

- 1
V. = —[-D+T,cosa —mg(cosasinf — sina cosf)]
m
a = V—[—L—Ttsina—l—mg(cosacos@—i—sinasin@)]+q
m
6 = ¢ (1.136)

The angle® anda lie in the same vertical plane above the north-east plarge ¢F),
and their difference is the flight-path andle= 6 —« (Fig. ??). Under this definition
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Figure 1.25: Wind-Axis
Reference Frame.

Figure 1.26: Flight-path
angle definition.

and from the last equation of (1.135) we obtain the next nmattieal model

. 1

V = —[-D+T,cosa—mgsinT]
m

. 1 .

& = —[-L-Tysina+mgcosIl]+q
Vm

b = ¢ (2.137)

1
= _M
1 I

vy

1.4.2. Transition

The flight envelope of the vehicle encompasses differenhtfligonditions,
achieved by means of the collective angular displacemethieafotors. Indeed, is this
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Figure 1.27: Behavior velocities during the
tilting of the rotors.

tilting that provides aontinuous mechanismto perform the operational transition. To
illustrates this, let us consider the following scenario:

—T; > mgi.e. the vehicle flies at a stabilized altitude.
—0 =~ 0 i.e. stabilized vertical flight.

Is clear that as is tilted the horizontal velocity increases, while the ieatveloc-
ity is reduced (figure®? and ??). These facts affect proportionally to the forces
coming from the rotors and the wing.

Thus, both vertical and horizontal controllers can stillused at the same time
whose actions is controlled by. The vertical collective thrust is gradually reduced
inhibiting the action of vertical controller and allowinge action of the horizontal
controller and viceversa. So, for example, for larger valaky, i.e. v > 45, the
rotorcraft behaves more like a classical airplane. As theckeis gaining speed due
to rotors tilt ¢y), then aerodynamic forces arise. For this reason we cantsidethe
control of vertical and forward flight are active during thiale flight envelope.
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Figure 1.28: Behavior of anglesand« during the
tilting of the rotors.

1.4.3. Control strategy for hover flight mode

The vertical flight of the Quad-plane represents a challepgitage due to the
aircraft's vertical dynamics are naturally unstable. listregime, the Quad-plane
aerial robot aims to emulate the flight behavior of a Quadnetach features and non
conventional Quadrotor design, i.e. an asymmetrical kfstructure.

Vertical flight regime encompasses two dynamic subsystémesaltitude dynam-
ics, actuated by the thrust, and the horizontal translational motion, generated by the
pitch attitude. Taking into account the item 1) presenteskiction Il, we can consider
a simplified model from which is derived the controller in Higime (i.e.« =~ 0 since

v =0).

For simplicity we consider that the gyroscopic moment ig/\amall. These con-
siderations allows us to rewrite (1.135) as

X = —(Bathz) (ging)
7 = —(Bathz) (cosh) + g (1.138)

b6 = - é—ly) (=T34 +Ti2)
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If we rename the total thrust & = T3 4 + T3 2, and the difference of these thrusts
asTy = Tl,g — T3,4. Then

X —Lsing
Z = —% cosf+g (1.139)
6 —é—Ide

thus, we have derived a simple model, suitable for contralésign. The altitude
(1.139b) can be stabilized via a feedback-linearizablatitirough the total thrust;

mu, —mg

L=~ cos(0)

(1.140)
whereu, = —k,.(z — 2%) — ka2 with k,_, ks, > 0 andz, is the desired altitude.
Since the vehicle works in an area closeftes 0, the singularity is avoided. For
the subsystem 1.139a and 1.139c, a two-level hierarchicdf@ scheme is used to
stabilize its dynamics. The outer-loop control stabilitestranslational motion (slow
dynamics [KOK 86]) along the-axis, while the inner-loop control stabilizes the atti-
tude (fast dynamics). Introducing (1.140) into (1.139a) assuming that ~ 29,
namelyu, — 0, leads to

I~ —gtanf = —gtanu, (1.141)

For the horizontal motion (1.141), can be considered as virtual control input
However, it is a state not an actual control. Given #fais slowly time-varying, we
will assume that the-dynamics converges slower than thdynamics. The reference
for the inner-loop systems is

uy = 0% = arctan (—vm> (1.142)
g

Uy = 0% 0 (1.143)

Q

wherev, = k, & + k, x with k,_,k,, > 0. Using the linearizing control input
(1.142) in (1.141) yields

i = v, providedthatl = 0 (i.e. 9 = 6)

As the previous equation shows, the success of the outprelmatroller relies directly
on the inner-loop attitude control performance, thus theeinoop controller must
guarantee the stabilization of the attitude around thereefee. For this reason, the
stability analysis of the inner-loop controller is preshhext. Consider the following
positive function which is an unbounded function

V(d,0) = %Iyyéz‘ + In(cosh d) (1.144)
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Using (1.139) its corresponding time-derivative yields

V(6,0) = Iyye'(—ll—le) +@tanh (1.145)

vy

Considering§ = 6, thus (1.145) may be rewritten as

V(6,0) = 6(—1,T; + tanh §) (1.146)
Using the control input i
T, — tanh ;1— tanh 6 (1.147)
in (1.146) yields o ' .
V(0,0) = —ftanh 6, (1.148)

whereV (4,0) < 0. Therefore, the origiri, §) is stable and the state vector remains
bounded. The asymptotic stability analysis can be obtdired LaSalle’s Theorem.
Thereforef — 0 andd — 0 ast — oo.

1.4.4. Control strategy for forward flight mode

In this section the flight path anglg will be controlled using théackstepping
algorithm taking the following approximations into considtion:

— The air speed is assumed const&ht= 0 [MAT 07].

— From the definition of flight-path angle, the dynami¢s= 6 — « yields I" =
[Ty sina+ L — mgcos I'].

— The thrust ternil} sin « in (1.137) will be neglected as it is generally much
smaller than lift.

— Cp, = Cpyy (@), since the main contribution tdf is provided by the elevator.

With these considerations in mind and using the change afdioates! = " —
1/2m, the system (1.137) may be expressed as

gcos(z+1/2m) n G«

¢ = v mv
) geos(z+1/2m) C «
= - —= 1.149
@ v v T4 ( )
1
g = —Cpn,d

Iyy
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Equation (1.150) is now ifeed forward form for backstepping procedure. For nota-
tional simplification, let

= flx)+&
& = filz,&)+& (1.150)
& = fa+tge(&r)u
with
z = B f@) = —feos (St
b = o filz &) = {cos (?fvm - S (1.151)
& = g f2 = 0
u = d; 92(51) = lecma
Defining the following error states as
e B T —Tes
€1 é 51 — 51@65 (1152)
€2 £ 52 - 52,des

Now, following the backstepping procedure differentigtihe first equationin (1.152)
yields
¢ = f(z) + &1 des + €1 — Taes (1.153)

where¢; 4.5 is viewed as a virtual control for the last equation, chog$igg; 4.5 =
—f(z) — k1e + &q4.5- Then substituting this virtual control in (1.153) we hakatt

é=—ke+e (1.154)
Repeating the same procedure, differentiatingields
é1= fi(x, &) + €2 + Ez,des — E1.des (1.155)
Letéo ges = — f1(x,&1) — e — kreq + &1 aes SO that
é1 = —e—kiey +es (1.156)

As a last step, now the real control signal is obtained inlaimiay. Differentiating
e yields '
é2 = f2 + 92(&1)u — €2,des (1.157)
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Let
Lo 1
~ g2(&1)

so that

—fa—e1 — kaea + éQ,des = u(.’é.dv Zd, Zd, 2d, €, €1, 62) (1-158)

éQ = —€1 — k262 (1159)

It is important to ensure that:(£1) # 0, which occurs only with big enough

[$2)
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Figure 1.29: Position and attitude of the vehicle under dis-
turbance condition.

negative values af. These values are assumed to be impossible to achieve dasthn
operation of the airplane, so avoiding division by zero. &ens (1.154,1.156,1.159)
expressed in vectorial form

ée=—-Ke+ Se (1.160)

S = —ST satisfiese’ Se = 0, Ve, so that with the Lyapunov-candidate-function
Vie)= %eTe, and the time derivative evaluated in the trajectoriegel

Vie)=el(—~Ke+ Se) = —eTKe < 0,Ve (1.161)

This proves that the above differential equation, is asytiqally stable about the
origin.
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Figure 1.30: Derivatives of the position and attitude of viedicle under
disturbance condition.

1.4.5. Simulation results
HF

The performance of the nonlinear controller presented énpitevious section is
evaluated on the dynamic model (1.139) in MATLAB/Simulinke started the Quad-
plane at the positiofizo, 20, 00) = (2,0, §) and(z, 2,6) = (0,0,0). The aircraft
had the task of performing hover flight @t?, 24, %) = (4, —7,0). Figures?? and
?? show the evolution and convergence of the stétes;, z, 2, 0, 9) to the desired
references with the initial conditions mentioned aboveis limportant to note that
position and angle references are tracked with negligitdady state errors. The
controller is robust in the presence of a perturbatioh+n 600 ms with a magnitude
of 1/8x radians, as seen in figur@g and??.

The control inputs are depicted in the figut® which shows the reaction to the
disturbance.
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Figure 1.31: UAV's control inputs and
response to disturbance.

FFF

After the vehicle experiments the transition-flight, ithbeior is like an airplane.
We have considered the next initial conditions for purpadfesmulation: I, = 5,
ag = 5 andédy, = 10. The aircraft had the task of tracking a trajectory showrhim t
first part of Fig. ??. This figure shows the evolution and tracking trajectoryhsf t
states(I, «, 6) to the desired reference, with the initial conditions meméid above.
It is important to note that angle references are trackel natgligible steady state

errors.

1.5. Concluding remarks

In this Chapter Euler-Lagrange approach has been appliezbtaining a simpli-
fied model of a quad-rotor rotorcratft.

The longitudinal dynamics of this aircraft including itsradynamics are derived
at the hover and forward flight operating mode. The proposettal strategies were
evaluated, at simulation level, for the nonlinear dynamiclad, obtaining satisfactory
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Figure 1.32: Tra-
jectory tracking.

results. The proposed control algorithm is based on an-ontar loop scheme since
it is suitable for implementation purposes.

For energy-saving purposes during forward flight (airplarele), it is proposed
that the vehicles can lead their orientation towards windaity vector. To achieve
this objective, the vehicles could easily rotate their midtion (yaw movement in
helicopter mode) and once addressed the wind vector, statelirplane mode. In
the Quad-plane configuration, this process could be quitplsi, since the vehicle is
always maintained with the roll and pitch angles close t@zetich is not possible
in the case of a tail-sitter configuration since within veatimode the wing surface is
highly vulnerable to wind gusts.
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