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Abstract

We give asymptotically exact values for the treewidth tw(G) of a random geometric graph
G € G(n,r) in [0,/n]?. More precisely, we show that there exists some ¢; > 0, such that
for any constant 0 < r < ¢1, tw(G) = @(logign), and also, there exists some ¢y > ¢1, such
that for any r = r(n) > co, tw(G) = O(ry/n). Our proofs show that for the corresponding
values of r the same asymptotic bounds also hold for the pathwidth and the treedepth of a

random geometric graph.

Keywords: Random geometric graphs, treewidth, treedepth, pathwidth.
AMS subject classification: 05C80, 05C62, 90B15.

1 Introduction

Let V be a set of n points in the square S,, = [0,/n]? and r = r(n) a nonnegative real number.
This choice of the square is only for convenience; by suitable scaling we could have chosen the
square |0, 1]2 and all the results would be still valid. We may assume that no two points are
placed in the same position, and thus we can identify each point with its position, that is, v € V
refers also to the geometrical position of v in &,.

The geometric graph G of V with radius r is the graph constructed by connecting two points
of V if their euclidean distance in &, is smaller than r. For any two points u,v € S, we will
denote by distg(u, v) their euclidean distance and by distg(u, v) their distance in the graph G.

Then we define G(n,r) as the probability space of the geometric graphs of order n with
radius 7. A graph G chosen uniformly at random from G(n,r) will be called a random geometric
graph and will be denoted by G € G(n,r). Note that with probability one, no two vertices of
G € G(n,r) are placed in the same position.

Starting with the seminal paper of Gilbert [7], random geometric graphs have in recent
decades received a lot of attention as a model for large communication networks such as sensor
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first author is partially supported by the ICT Program of the European Union under contract number 215270
(FRONTS). The second author wants to thank the FPU grant from the Ministerio de Educacién de Espana. An
extended abstract of this paper appeared in [16].



networks. Network agents are represented by the vertices of the graph, and direct connectivity
is represented by edges. For applications of random geometric graphs, we refer to Chapter 3
of [10], and for a survey of many theoretical results, we refer to Penrose’s monograph [20].

In order to simplify calculations, we will use the well-known idea of Poissonization (see [20,
Section 1.7]): we assume that the vertices of G(n,r) are generated according to a Poisson point
process of intensity 1 over S,,. Conditioned under the fact that this Poisson point process gen-
erates exactly n vertices (which happens with probability ©(1/4/n)), this model and the G(n,r)
model have the same uniform distribution of the n vertices, and we will use this equivalence
from now on. Notice that, using a Poisson point process, the random variables indicating the
number of points in disjoint areas of S, are independent.

All our stated results are asymptotic as n — co. We use the usual notation a.a.s. to denote
asymptotically almost surely, i.e. with probability 1 — o(1). Besides, in order to be safe such
that all results from the Poisson model also hold for G(n, ), all statements that hold a.a.s. in
fact hold with probability at least 1 — o(1/y/n).

It is well known that the property of the existence of a giant component of order ©(n)
undergoes a sharp threshold in G(n, ) (see e.g. [8]), this is, there exists a constant value r; such
that for any € > 0, a.a.s. the largest component of G € G(n,r, —¢) is of order O(logn), whereas
in G € G(n,r + ¢€), a single component of order ©(n) is present, while the others have order
O(logn) (see [20, Chapter 10]). The exact value of r; is not yet known.

However, there exist two positive constants ¢~ & v/0.696, ¢* ~ 1/3.372 (see [20], p.189) such
that ¢ < r; < ¢™. Moreover, simulation studies suggest that the exact value of r; ~ /1.44
(see again [20], p.189).

Since random geometric graphs have been heavily used for modeling communication net-
works, it is natural to analyze the expected complexity of different algorithms applied to this
class. Courcelle’s Theorem [4] states that any problem that can be expressed in monadic sec-
ond order logic, can be solved in linear time for the class of graphs with bounded treewidth.
This motivates the study of this parameter and other tree-like parameters on random geometric
graphs. In this paper, we study the behavior of the treewidth and the treedepth on random
geometric graphs.

The treewidth was introduced independently by Halin in [9] and by Robertson and Seymour
in [24].

For a graph G = (V, E) on n vertices, we call (T, W) a tree decomposition of G, where W is

a set of vertex subsets Wy, ..., W, C V, called bags, and T is a forest with vertices in W, such
that
LU _ w;=V.

2. For any e = uv € E there exists a set W; € W such that u,v € W;.
3. For any v € V, the subgraph induced by the W; > v is connected as a subgraph of T'.

The width of a tree-decomposition is w(T, W) = max |Wi| — 1, and the treewidth of a graph G
<i<s

can be defined as
tw(G) = min w(T, W).
(T,W)

Observe that if G is a graph with connected components Hi, ..., Hy,, then

= H) . 1

tw(G) 11%1;%);11:\»\7( i) (1)

The concept of treedepth has been introduced under different names in the literature. In
this paper we follow the definition given by NesSetfil and Ossona de Mendez as a tree-like
parameter in the scope of homomorphism theory, where it provides an alternative definition of
bounded expansion classes [18]. For the sake of completeness, we note that the treedepth is



also equivalent to the height of an elimination tree (used for instance in the parallel Cholesky
decomposition [22]). Furthermore, analogous definitions can be found using the terminology of
rank function [17], vertex ranking number (or ordered coloring) [6] or weak coloring number [11].

We now give the precise definition of treedepth. Let T be a rooted tree. The height of T is
defined as the number of vertices of the longest rooted path. The closure of T is the graph that
has the same set of vertices and a pair of vertices is connected by an edge if one is an ancestor
of the other in 7. We say that the tree T is an elimination tree of a connected graph G if G
is a subgraph of its closure. The treedepth of a connected graph G, td(G), is defined to be the
minimum height of an elimination tree of G.

The definition of treedepth can also be extended to nonconnected graphs. If G is a graph
with connected components Hy, ..., H,,

td(G) = 12%}&“([{1) . (2)

Hence, if S C V(G) separates G in two subsets A and B, we have
td(G) < |S] + max{td(A),td(B)} . (3)
Observe that if H is a subgraph of G, then
td(H) < td(G) and tw(H) < tw(G) . (4)

Both parameters are closely connected: while the treewidth of a graph G is a parameter
that measures the similarity between G and the class of trees in general, the treedepth of G
measures how close G is to a star. In other words, the treedepth also takes into account the
diameter of the tree we are comparing the graph with. The two parameters are related by the
following inequalities:

tw(G) < td(G) < (tw(GQ) + 1) logy n,

both bounds being sharp (see [18]). Note also that tw(G) > w(G) — 1, where w(G) denotes the
size of the largest clique in G.

Results of the paper. In this paper we study the values of tw(G) and td(G) of a random
geometric graph G € G(n, r) for different values of r = r(n). In particular, we prove the following
two main theorems:

Theorem 1. There is some positive constant ¢y < ¢, such that for any 0 < r < ¢1 and

Geg(n,r), aas. tw(G) = @(log)lgogn), and also a.a.s. td(G) = @(logﬁ)gn).

Theorem 2. There is some constant ca > ¢t such that for any r = r(n) > c2 and G € G(n,r),

a.a.s. tw(G) = O(ry/n), and also a.a.s. td(G) = O(ry/n).

Remark 1. Inspecting the proof of Theorem 1, one can easily see that, adapting constants,
Theorem 1 holds up to ¢~. In the case of Theorem 2, however, this is not clear to us.

Remark 2. For G € G(n,r) with r constant, but r > co, by the results of [5], many problems
such as STEINER TREE, FEEDBACK VERTEX SET, CONNECTED VERTEX COVER can be solved
in time O(poly(n)3v™), while others like CONNECTED DOMINATING SET, CONNECTED FEED-
BACK VERTEX SET, MIN CyCLE COVER, LONGEST PATH, LONGEST CYCLE, GRAPH METRIC
TRAVELLING SALESMAN PROBLEM can be solved in time O(poly(n)4v™).

Remark 3. Other width parameters that are sandwiched between the treewidth and the treedepth
clearly then also have the same asymptotic behavior in G(n,r). For instance, the pathwidth of
a graph, introduced by Robertson and Seymour [23], measures the similarity between a graph
and a path. Since the pathwidth is well known to be bounded from below by the treewidth and
bounded from above by the treedepth (see Theorem 5.3 and Theorem 5.11 of [25]), the former
theorems imply that for those values of r = r(n) the pathwidth of the graph is of the same
order.



Remark 4. Whereas intuitively it might be clear that around the threshold of the existence of a
giant component there should be a jump for parameters like treewidth or treedepth in G(n,r),
the orders of magnitude of these parameters are not so obvious (for us). Moreover, we point
out that there are differences between G(n,r) and G(n,p): it is known that in the Erdds-Rényi
random graph model G(n,p), as soon as the giant component appears, the graph has linear
treewidth (see [14]). In contrast to this, Theorem 2 shows that a random geometric graph
with a linear number of edges containing a giant component only has treewidth ©(y/n). This
different behavior of the two models can be explained by their different expansion properties
and the connection between balanced separators and treewidth (see Lemma 14 below). given
by Lemma 14. Classical random graphs have very good expansion properties, and thus it is
difficult to find small separators of large sets of vertices. The geometric properties of the model
G(n,r) imply the lack of large expanders. For this reason, in the latter case one can construct
a tree decomposition with smaller bags. On the other hand, in the subcritical regime (with a
linear number of edges, but before the existence of a giant component) the treedepth of G(n, p)
is O©(loglogn) (see [21]), whereas by Theorem 1, for random geometric graphs it is already
@(blgol%). Furthermore, in this range, in classical random graphs the treewidth is bounded by
a constant (see [21]), whereas our theorems show that in G(n,r) both treewidth and treedepth
are asymptotically of the same order for a wide range of parameters r. The fact that for
random geometric graphs the treedepth and treewidth are always asymptotically equal implies
that G(n,r) is more similar to a star—shaped tree than to a path-shaped tree, which in general
is not true for random graphs.

The paper is organized as follows. In Section 2 we define the cell graph of a geometric graph
and give some properties of it. The proof of Theorem 1 is presented in Section 3. Whereas the
lower bound follows from a standard argument using the clique number of G(n,r), the proof of
the upper bound is more involved. In Section 4 we continue by proving Theorem 2. Finally, in
Section 5 we conclude mentioning some open problems.

2 Properties of Deterministic Geometric Graphs

2.1 The cell graph of a geometric graph

For any constant ¢ > 0, we can tessellate S,, into squares of length ¢ called cells. We use this
tessellation to construct the cell graph Cg(¢) of G: each nonempty cell will be represented by
a vertex and two different vertices of C(¢) will be joined if there exist two points of G in
the corresponding cells that share an edge (see Figure 1, where the tessellation is omitted for
clarity).

For the sake of simplicity of the presentation, we assume that \/n/¢ is an integer for the
values of ¢ considered in this paper. From now on, unless otherwise stated, we will call points
to the vertices of the geometric graph G and use the word vertez for the cells of C(¢). The
cell-graph C¢(¢) simplifies the original geometric graph G while preserving the same structure.
For any subgraph H of G we will denote its cell graph by Cg(¥).

Remark 5. Notice that C(£) is always a subgraph of Cg(¢). Observe that, for any £ < r/v/2,
each nonempty cell contains points from exactly one connected component of G, since all the
points inside a cell are connected. Thus, if £ < r/ \/2 there exists a natural bijection between
the connected components of G and the connected components of Cg ().

We need another auxiliary graph, the grid graph LZ »» defined as follows; its vertex set is
V(LE )y ={(,j): 1<i<a,1<j<b},and (i,7)(,j') € E(LF,) if and only if (4, ) # (7, j')
and max{|i — #'|,|7 — 7|} < k. Note that by construction, for a geometric graph G in S,, with

radius r we have

[r/61
CalO) S Lz ymge (5)
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Figure 1: A random geometric graph and its corresponding cell graph

contained as a subgraph.
The following lemma bounds the maximal number of different connected subgraphs of a
given size in L’; b

Lemma 3. The number of connected subgraphs of size s in L¥, is at most O(ab(2k + 1)%%).

Proof. A connected subgraph is determined by a root v and any of its spanning trees, rooted
at v. Observe that there are ab many ways to choose v € V(L];’b). Moreover, the degree of a
vertex in LF ap 15 at most (2k+ 1)2, since for any cell (i, j) there are at most (2k +1)? cells (¢, j/)
such that max{]z — i), 15 =71} < k.

One can construct at most ((2k + 1))2573 < (2k + 1)** walks of length 2s — 2 that have
both start and end points at v. In particular, these walks contain all the possible spanning trees
rooted at v since a spanning tree has s — 1 edges and each edge is traversed twice. Thus, the
lemma follows. O

Remark 6. Lemma 3 is certainly not tight. For the same problem on the integer lattice (each
cell is connected to the four closest ones) the asymptotic growth is poly(s)A®. However the
exact value of A is not yet known. The best known lower and upper bounds for A\ are 3.980137
and 4.65, respectively (see [2, 12]).

The following proposition bounds the treedepth of a strong product of a graph and a clique.
Given two graphs G and Ga, the strong product G = G X G2 is defined as V(G) = V(G;) x
V(G2) and (u1,u2)(v1,v2) € E(G) iff for i = 1,2, either u; = v; or u;v; € E(G;). Denote by K;
the complete graph on t vertices.

Lemma 4. Let G = G1 K K;. Then
td(G) < ttd(Gy) .

Proof. Let T} be a tree of height td(G;) that embeds G in its closure. Note also that K is
contained in the closure of a rooted path of order t, P;. Observe that 17 X P; is not a tree, but
it contains a tree 7', in whose closure 71 X P; is contained (see Figure 2). Indeed, T' can be
constructed in the following way: each vertex u € V(T7) is replaced by a path of order ¢ (call
these new vertices uq,...,us), and if there is an edge uv € E(11), such that u is ancestor of v,
then in T, u; is connected by an edge to v (the depth of vy in T is exactly one more than the
depth of u;), see Figure 2. Note that T is a tree and its closure contains G as a subgraph. Since
each vertex of G is replaced by t vertices, td(G) < ttd(G1). O
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Figure 2: Embedding of the strong product.

Observe also that for a geometric graph G,
GCCs() XK, , (6)

where t is the maximum number of points inside a cell of the tessellation of length £.

Since we can express the treedepth of G in terms of the treedepth of its cell graph and the

latter one is a subgraph of L'g p» the following proposition will be useful,

Proposition 5. Let Ls’b the grid graph defined as above and suppose that a < b. Then
td(LIZ,b) < O(kalogb).

Proof. We present an elimination tree for L¥, in a recursive way. First, note that td(L*,) =
O(ka), since the treedepth of a graph is always smaller than its order. Let us compute now
the treedepth of L’;’b. By removing the central copy of Lf; j i L’;’b, we disconnect the original

graph and we get two copies of L’; (b—k) /2" Applying this recursively and using (3), we obtain

td(Lf ;) < O(ka) + td(Lk 4 4y /0) <+ < O(ka) + -+ + O(ka) + td(LY ;) = O(kalogh).

logb

O

The following proposition will be very useful in the proof of Theorem 1, but can be applied
to any sparse geometric graph.

Proposition 6. Let H be a geometric graph of order m such that there are no more than t
points inside each cell of length £ = r//2.

Then, we have
B m 3
td(H) =0 (max {bgm,t(logm) }) .



Proof. Throughout this proof all the cells will have length ¢ = r/y/2. Notice that by Remark 5
the connected components of the cell graph Cy(¢) are in one to one correspondence with the
connected components in H. Thus, we may assume that H is connected. We will show an upper
bound on td(H) by providing an elimination scheme for Cy which then induces an elimination
scheme for H.

Fix a vertex v € V(Cp) corresponding to a cell of the tessellation. For any integer d > 0,
denote by V; the set of vertices in the cell graph at distance d from v. More precisely,

Vi={ueV(Cq) : distc, (v,u) =d} .

Analogously, we define P; to be the set of points of H inside the cells of Vj.
For the sake of convenience, we define

m
K=—->.
(logm)?

The idea of the proof is to find a separator S of H that contains at most O(K) points. This
separator will split the graph into some smaller subgraphs. Using (3) and applying the same
procedure recursively to the remaining parts, we will get an upper bound on td(H).

Let f be the largest integer for which

f-1 m
> 1Pdl< (7)
d=0

Let fi be the largest integer for which fi; < f and [Py, | < K and fy be the smallest integer
for which f, > f and |Py,| < K. Since H contains m points, f2 — fi < % = (logm)?.

Given a graph G and S C V(G), we will denote by G[S] the subgraph of G induced by S.
We decompose of C into the following subgraphs (see Figure 3):

fl_l f2—1
CS:CH[VﬁUVfA, Cy=0Cyg U Val , Cr=Cpg U Vi and Cp = Cy U Vi
d=0 d=f1+1 d> fot1
and we define accordingly
fi—-1 fo—1
Hs = H[P;,UPy;,], Ha=H UPd ., H, =H U P;| and Hp=H U Py
d=0 d=f1+1 d> fa+1

Note also that in the case |Pf| < K, we have f; = fo and Cp and Hp, are graph on zero
vertices. Suppose this is not the case, and focus on Cf,.

Since £ = r/v/2, by (5) we know that Cf, is a subgraph of at most 4 copies of Lib (see
Figure 3), where a = (logm)? and b = m, since fo — fi < (logm)? and |P;| < m for any d.
By (3) and Proposition 5, we get

td(Cr) < O(4a) + td(L2 ;) = O ((logm)?) .
Moreover, Hy C Cr;, X K;. Hence, by Lemma 4,
td(Hr) = O (t(logm)?) .
By (3), now applied to H and the separator S = Vy, UV},, we have

td(H) |S| + max{td(Ha),td(HL),td(Hp)}

<
< 2K +max{td(Ha), O (t(logm)*) ,td(Hp)}, (8)

7



Figure 3: Decomposition of C'y

since |S| < 2K by definition of f; and fs.

We recursively repeat this procedure for the two subgraphs H4 and Hp. By the choice of f
in (7), both subgraphs contain at most m/2 points. Hence, the recursion depth of our procedure
is at most logy m = O(logm). This implies that

td(H) = O (max { K logm, t(logm)®}) = O <max{logm, t(log m)3}> .

2.2 Separators and cells

During the rest of the section we will consider a tessellation of length ¢ = r/4.

Given § C §,, a set with positive measure, we denote by vol(S) the area of S and by 0S its
boundary in the euclidean topology. We also use vol(9S) to refer to the length of 9S.

For any set A C V(H), let A= {z € S, : minyeadistg(z,v) < £} C S,, and notice that
0A = {:L‘ € Sy, minye g distp(z,v) = %}

We will use the fact that for any cell D and for any two elements u,v € D

r

distg(u,v) < —. 9

The following lemma shows that for any separator S of a geometric graph H, we can find

a large number of cells of length ¢ = r/4, whose points are entirely contained in S (see also
Figure 4, left).

Lemma 7. Let H be a connected geometric graph of order m and S C V(H) be a separator of
H. Fiz a connected component Hy of H\ S and denote by A =V (Hy).

If vol(A) < en for some ¢ < 1, there exists a set of cells Dg of size dg, such that all points
inside Dg belong to S and

ds = (ril V01(A)> :

Proof. Define B=V(H)\ (SU A), the set of vertices that are contained neither in S nor in A.

For any pair of points v € A and w € B, we have that distg(v,w) > r, since they are in
different connected components of H \ S. Denote the boundary of A by C = 0.A and observe
that since all the points in C lie at distance exactly r/2 from some point at A, they lie at distance
at least r/2 from any point in B.



Let Dg be the union of the cells that have nonempty intersection with C. Let us point
out that some of these cells may not contain any point of V(H). By Lemma 8 shown below,
ds = Q(r~1y/vol(A)).

Moreover, all the points contained in Dg belong to S: by (9), any point u contained in Dg
lies at distance at most r/(2v/2) from some element ¢ € C. However, all the points of AU B lie
at distance at least r/2 from all the elements of C. Thus, u ¢ AU B, implying that u € S.

O

Remark 7. Suppose that the separator set S induces ¢ connected components in H. Since
¢ = r/4, by (5), Cg is contained in the grid graph Li NN Consider the subgraph of
this grid graph, induced by the cells in Dg. Observe that this subgraph forms at most ¢
connected components, at most one for each connected component of S. Denote these connected
components by D¢; and their respective sizes by d¢;. Then, by concavity of the square root
function,

ds =Y dc, = (rl vol(A)) .

It remains to prove Lemma 8.

Lemma 8. With the notation of Lemma 7, we have
dg = (ril V01(A)> .

Proof. Denote again by C = 0.A. We make use of the following isoperimetric inequality (see [19],
Theorem 1.6.1): for any set of positive measure S C R?,

vol(S) > Q(y/vol(S)) . (10)

The inequality in [19] is stated for connected sets S, but by concavity of the square root function
it holds for general S. In particular, if vol(S) < cn for some constant ¢ < 1, the same inequality
holds for § C S,,. By hypothesis of Lemma 7, vol(A) < cn for some constant ¢ < 1, thus,

vol(C) = vol(.A) > Q(y/vol(A)) . (11)

Recall that Dg is defined to be the set of cells that have nonempty intersection with C. For
any cell D € Dg we denote by Cp = C N D, the restriction of C to D. We will show that the
length of Cp is not too large by projecting the elements of Cp onto D, in such a way that the
length of the curve does not decrease by too much.

Let p : Cp — 0D the application that sends an element ¢ € Cp C C being at distance r/2
from a point v € A to the intersection of D and the segment that joins ¢ and v (see Figure 4,
right). In case that there is more than one point of A at the same distance from ¢, p(c) chooses
one of them arbitrarily.

Note that p is injective, since no two elements of Cp can have the same image: indeed,
suppose that there exist two different ¢, € Cp with corresponding points v,v" € A such that
p(c) = p(c/). Then, the segments cv and ¢v' would cross at p(c), and either distg(c,v’) < r/2
or distg(c,v) < r/2 holds, contradicting the definition of C.

Let us show that the application is not too much contracting. Recall that distg(c,v) = r/2.

Since ¢, p(c) € D, by (9) we have distg(c, p(c)) < ﬁ, and therefore distg(p(c),v) > ‘2[2—\517’ by

the triangle inequality. A simple geometric argument shows that

vol(p(S)) > _ivol(S).




Since p is injective and vol(0D) = r,
vol(Cp) = O(vol(0D)) = O(r) .
Using this upper bound for all the cells D € Dg,

vol(C)

dg >
S = maxpepg VOI(CD)

=Q <r_1 VO].(.A)) .

T TS
T

T

LT T[T

7/

-
Q
(@ =

Figure 4: Cells of Dg and the projection of Cp.

We finish with some properties of the tessellation with ¢ = r/4.

Lemma 9. Let H be a geometric graph with connected components Hy, ..., H;. Define A; =
V(H;) and consider a tessellation with £ = r/4. Then, for any cell D

1. if there exists a point v € A; such that v € D, D C A;.
2. there are at most 24 curves C; = 0A; that intersect the cell.

Proof. For the first part, by (9), for any u € D,

distg(u,v) <

b

N3

and thus v € A;.

For the second part, observe that if C; intersects D, then there must exist a point of v € A;
at distance at most r/2 from some point in D. There are most 24 cells satisfying this criterion,
namely the ones in the first and second neighborhood of D. Since all the points of a cell
belong to the same component (they are all connected), there are at most 24 different curves C;
intersecting D. O

3 Subcritical regime

In this section we compute the treedepth of a random geometric graph with r» < ¢, that is,
below the existence of a giant component. The constant ¢; will be chosen in such a way that the
order of each component is a.a.s. at most logn (this value exists, see Theorem 10.3 of [20], and

10



is only chosen to simplify calculations). We also assume r = O(1). We will use the following
result several times: McDiarmid in [15] proved that for any » = ©(1) and G € G(n,r), a.a.s.

logn

w(G) = (1+0(1)) (12)

loglogn ’

In fact, by looking at the results closely, both results can be seen to hold with probability at
least 1 — o(n~1/2).
By (2), the order of the largest connected component implies a coarse upper bound, namely

td(G) = O(logn) .

In order to find a better upper bound, more work is needed. First, we need the following simple
lemma, whose proof is included for completeness.

Lemma 10. Let X be a random variable that follows a Poisson distribution with parameter A.
Then, for any k > 2,
Pr(X > k) <2Pr(X =k).

Proof.
_,\)\
Pr(X >k) = » Pr(X Ze
i>k i>k
= e_A/\—k 1+ A s +
B k! k+1 (k+1)(k—|—2)
AF A\ N
S (k) = T
T >0 Pl-g
AR

< 2 i 2Pr(X = k),

where the last inequality follows from the assumption k > 2\. O

For the sake of convenience, we define

2logn v2logn
max = ———— and =
loglogn loglogn

From now on, we consider in this section the cell graph Cg(¢) of G € G(n,r) with £ = r//2
and write simply Cg for Cg(¢). Notice that all the points inside a cell of Cg form a clique.
Hence, by (12), each cell contains less than Tyy,x points a.a.s. For this particular tessellation,
we call a cell sparse if it contains less than 1" points, and dense otherwise.

Proposition 11. Every connected component H of G € G(n,r) contains at most O(Tiax)
points in dense cells with probability at least 1 — o(n~/?).

Proof. For any connected component H of G we will show that the probability that the number
of points in dense cells of H is at least 10T ax 1S o(n*3/ 2). Since there are clearly at most n
connected components in G, by taking a union bound over all them, with probability 1—o(n~/?)
no component will have more than 107},,x points in dense cells.

Let A; be the number of points in the cell i. Since we are using a Poisson point process of
intensity 1, A; follows a Poisson distribution with parameter A = r/2, the expected number of
points in that cell. The probability that a cell is dense can be expressed as p = Pr(4; > T).

By Lemma 10,

_ e A e 2¢= [eA\T
(1-0(T 1))\/ﬁ (T) =Pr(A;=T)<p=Pr(A; >T)<2Pr(4,=T) < o <T> ,(13)

11



where we have used Stirling approximation T! = (1 + O(T~1))v27xT (%)T
To count the number of points lying in dense cells, we define the following random variables
for each cell i € V(Cq):

t if 4 is dense and has ¢ points inside,
Yi= :
0 otherwise.

Our aim is to show that Yy = ZieV(CH) Y; is at most O(Tax)-
Notice that the probability that the cell ¢ is sparse is 1 — p, while the probability of having
T + 7 points is

. S\ — e e T+ e e > el
Pr(4i = T+j) = (1= (T + i) N 7= () < (D (2
for any integer j > 0. Using (13) we have
Pr(A; =T +3) < 2p(2) .

These observations lead to the definition of the following independent random variables (R;):

0 with probability 1 —2p,
R={ T+ with probability 2p (6)‘)] for any j > 1,
T with probability 2p (1 6)\)

First of all, observe that R; is a probability distribution. The random variables Y; and
R; have similar distributions. In particular, each variable R; stochastically dominates the
corresponding random variable Y;. Analogously, we define R = ZieV(CH) R;. Then,

Pr(R > j) > Pr(Y > j), (14)
for any 7 > 0. In particular, this also holds, if j = O(Tiax)-

Therefore, it is enough to compute an explicit upper bound for Pr(R > 10T},,x). By the
assumption on ¢j, H contains at most logn points, and thus, there are |V (Cpy)| < logn vertices
in Cy. Since we aim for an upper bound, we may assume that |V (Cp)| = logn.

Since £ = r/v/2, by (5) we know that Cg(f) is a subgraph of Lr/ Ve

applied with s = logn there are at most O (n541°g”) < n® ways to construct Cp.
By a union bound over all the possible combinations that yield R > 107},ax, we have

logn
Pr(R > 10T.) < n® zg: > > Pr (ﬂ R; = c2-> , (15)

m=1 g (V(Cr)) Ties ci210Tmax i€s

By Lemma 3

where m counts the number of dense cells in the distribution given by the R;, S is the set of
dense cells and ¢; is the number of points inside the dense cell i € S. There are at most (logn)™
ways to choose the set S and at most (Tiax)™ < (logn)™ possible values for ¢;.

Recall that the variables R; are independent and that Pr(R; = T + j) = 2p (T)‘) for any

j > 1. Therefore,
Pr (ﬂ R; = c-) = ﬁz <6A>Ci_T
. (. (4 - J p T
i€S i=1

On the one hand, if m < 104/logn, using (13),

m e\ c;—T m 4 ¢ m 2\ .
»\1 = orT — ] =< 26 /2T p) T < (2eM/ 2T p)L0VIoen
EP<T) —Em( ) <I1(%) <eeVaT ¥ < @overt )

i=1
(16)




On the other hand, if m = 10+/logn + j for some integer j > 1,
i e\ T -
[I2» <T> < (2p)™ = (2p)"OVIE" (2p) .
i=1

Therefore, splitting equation (15) into two sums, we obtain

10+/logn
Pr(R > 10Tmax) < n® Z (logn)*™ (2eM/27T p)'0Vicsn

m=1

+n® (2(logn)?p) t0viogn Z (2(log n)2p)j :
i>1

From the bounds on p in (13), one can derive that (2(logn)?p) < 1/2, and the infinite sum
of the second term above is bounded from above by one. Thus,

10v/Iogn
Pr(R > 10Ta) < n® <10 log n) ((log n)?p(2eM2rT + 2)) ¢

= exp{Slogn+5loglogn+ 10V10gn(2loglogn+logp+0(logT))}.

Moreover, by (13) we also have p < 2e 2 (%)T, and hence logp < —(1 + o(1))T'logT <

\V2rT
—+/logn. Thus,
Pr(R > 10Tmax) < exp {—(1 + o(1))2logn} = o(n~%/2). (17)

By (14), this also implies that Pr(Y > 10Tjx) = o(n3/2), and by taking a union bound over
all components, this implies that the probability of having a connected component with more
than 107 ,ax points inside dense cells is o(nfl/ ). O

Proof of Theorem 1. The lower bound on tw(G) follows easily from (12), which yields

logn
td(G) > tw(G) > w(G) —1=0Q <loglogn> .

For the upper bound, we provide a constructive way to create an elimination tree for G.
By (2) it suffices to bound from above the treedepth of each connected component. Let H be
a connected component of G.

From Proposition 11, there are at most O(Tax) points in dense cells of H. We temporarily
remove all these points, and add them at the end. Let H’ be the subgraph of H that remains
after removing the points in the dense cells.

Observe that now, by definition of sparse, every cell of C'r contains at most T points.
Denoting by m = |V (H')|, by Proposition 6 we have

td(H') = O <max {IOZm,T(log m)3}> :

Since, with probability at least 1 — o(n=3/2), m = O(logn), we have that for every component
H of G, td(H') = O(Timax) with probability at least 1 — o(n~1/2).

Recall that adding a new point to H can increase the treedepth by at most one unit. Thus,
td(H) < td(H') + O(Timax) = O(Tmax), and therefore, using (1), we have

td(G) = O (k’g”)

loglogn

with probability at least 1 — o(n~1/2). O
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4 Supercritical regime

Fix now r = r(n) > ¢y, for some sufficiently large constant cy > ¢t > 74, the threshold radius
of having a giant component.

Recall that for any subset S C S,, = [0, /n]? with positive measure, we denote by vol(S)
the area of A. We need the following standard lemma (which is a simple application of Chernoff
bounds for Poisson variables, see for example Theorem A.1.15 of [1]):

Lemma 12. For any S C S,, such that vol(S) > clogn and any 0 < 6 < 1/3, the number of
points inside S is

2
1. at most (14 6)vol(S) with probability at least 1 — (e®(1 4 §)~(1H))vollS) > 1 e~ 5 vol(®),

2
2. at least (1 — 0) vol(S) with probability at least 1 — e 7 VoUS)

We will use the previous lemma to show that there exist separting sets with few points, and
consequently, give an upper bound on td(G).

Proposition 13. For any r > ca, td(G) < O(rv/n) with probability 1 — e~V

Proof. Consider the tessellation of S, into square cells of length £ = r. Denote by Dy; ;) the
j-th cell in the i-th row, where 1 <i,j < a=+/n/r.

Define
a a
Xi= (U D(a/2,i)) U (U D(i,a/2)) ;
=1 =1

and consider the set Y;! C V(G), containing the points inside X{. Observe that Y;! is a separator,
since ¢ = r, and it splits the graph into 4 components (some of them might be empty), G3, G3,
G3 and Gj.

By Equation (3), we have

1 J
td(G) < Yy |+ gj‘@{td(%)} :

We then define analogously the sets X% , for all Gg, and using Equation (3), we continue
iteratively. Let ¢ denote the step where all the sets X7 have size one (see Figure 5).

16
X3

Figure 5: Construction of the sets Xg .
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The treedepth of G will be bounded from above by the maximum number of points inside
any of the possible sets of cells

— xJ j 5
lejz...jt = X11 @] X22 U---u Xtt

where 1 < j; < 41

Observe that |XZJ| < a27(=2) | The sets X j,.j = X{l U ng U---u Xft are not disjoint,
but they all have the same size

Xjijo.. Jt| Z |X]Z| < Za2 -2 = _t)4a .

Let Yj, j,..j, denote the set of points in X}, j,.j,. Thus, |Y} j,. ;| is a random variable following
a Poisson distribution with mean at most (1 — 27%)dar?.
By Lemma 12.1,

Pr([Yj .l > (14+08)(1 =2 dar?) < e (1-27)40%r?/3)
_ v |

for any 0 < 6 < 1/3.
Moreover, there are at most

H 41 — O(t2

sets of the form Xj, ;,. ;. Observe also that, by construction, t = O(loga) = O(logn).
Now, by a union bound over all sets,

Pr (EI J:92, 5 Je s | Yige gl > (1 +8)(1 — 2_t)4ar2) < Ollog? n)=Qrv/n) _ ,—Qrv/n)
Thus, we have that the treedepth of G is at most
td(G) < (1+0)(1 — 27 H4dar? = O(rv/n) ,

with probability at least 1 — e~ v)),
O

For a lower bound on tw(G), we need the following explicit link between the treewidth of
a graph and the existence of a vertex separator with special properties. A vertex partition
V = (A, S, B) is a balanced k-partition if |S| = k+ 1, S separates A and B, and % (n—k—-1)<
|A[,|B| < 2 (n— k — 1). In this case, S is also called a balanced separator. The following result
connecting balanced partitions and treewidth is due to Kloks [13].

Lemma 14 ([13]). Let G be a graph with n vertices and tw(G) < k such that n >k —4. Then
G has a balanced k-partition.

From now on and until the end of the section, we consider the tessellation of S,, into square
cells of size r/4.

Recall that for any set A C V(H), we defined A = {x € S, : min,eca distg(z,v) < r/2}.
Observe that in a geometric graph, no direct relation exists between the size of A and the
volume of .A. However, as the following lemma shows, in a random geometric graph, vol(.4) can
be bounded from below using the size of A, if A has linear size.

Lemma 15. Let G € G(n,r) with v > co. For any set A C V(G), |A| > an, there exists
c(a) > 0, such that
vol(A) > c(a)n

with probability 1 — e ("),
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Proof. Set m = m(«a) to be the smallest constant integer such that

—1 2
€<m + m1)2>§(§andmzlle7

m! \m—-1 (m-—

which exists for any « > 0, since the left-hand side of the first condition tends to zero, when
m — +00.

Recall that the number of points inside a cell D follows a Poisson distribution with mean
A = r2/16. Suppose that D contains ¢ > 0 points. Define then Zp to be the following random

variable:
gt ift=mA,
P~ 0  otherwise ;

and let Z =) Zp be the sum of these random variables over all the cells of the tessellation.

We may consider r > 4, since by hypothesis r > co, for some ¢y large enough. This implies
that A > 1. By Stirling bounds and calculation of the derivative one can see that for any m > 1
the function f(\) =e )‘()‘ >y is decreasing for A € [1,00), and thus

.\ )\m)\ 671
Also
)\m)\Jri )\m)\Jr(ifl) A 1
Pr(Zp =mA+i)=e " = : < —Pr(Zp =mA+(i—1
1(Zp=mA+i)=e o D) ma i S m r(Zp =mA+(i—1)),

for any ¢ > 1. Hence,

e ! et [ m2\ m oA
tPr(Zp=t) < — A R q— < —
Z 1(Zp = m! (mA +i)m™ m! (m—1+(m—1)2>_ 4’
t>m >0
where the last inequality follows from the definition of m. Since A = r2/16 and there are 16n /1>

cells in the tessellation, we have
an

E(Z) <=

By Hoeffding bounds for unbounded random variables (the precise version we use here is Theo-
rem 1 of [3], applied with Xp =ep = Zp, and thus S =T = Z, Y = Po(\), mpy =m =E (Zp)
for any k, and b = m\ — 1, so that m(b) = m and the measure ™ is exactly our probability
distribution of Zp, and x = 2E (Z))

Pr(Z > 2E(2)) < inf e MFAE (ehz) < e EDE () |
<z

Now, observe that
)\m)\
GQE(ZD) > e2mA PI‘(ZD = m)\) > e(2m—1))\m

and

mA i
E (e?P) = Pr(Zp :0)+ZemA+iPr(ZD — mA+i) < 1+ em=DA A Z (3) .

i>0 T >0

Since by assumption on m, e/m < 1/4, we have

E(eZD) <1+

<

42 i 3 A
3 2 '



The random variables Zp are mutually independent. Thus,

16n

mA ”
G2E(Z) _ He2]E(ZD) > ((A )\)'e(Qm—l)A> ’
MA).

16n

3 amA 2
E(e) = (2<mx>!6 > ’

and

and therefore

16n

2
Pr(Z > 2K (2)) < e 2R () < @m) = ¢~

Thus, with probability at least 1 — e~ ") there are at most an/2 points of G contained in cells
with at least mA points, and thus with the same probability there are at least an/2 points of
A contained in cells with less than mA\ points.

Therefore, with this probability, there are at least

an/2  8an
mAx  mr?’

different cells D that contain at least one point from A. By Lemma 9.1, D C A, and

8an
vol(A) > ) -vol(D) = c(a)n ,

with probability at least 1 — e~ (™). O
Using the previous lemmata, we are able to provide a lower bound for tw(G).

Theorem 16. There exists a constant ca such that for any r > co, tw(G) > Q(r\/n) with
probability at least 1 — e~ 2(rVn),

Proof. We will show that there exists no balanced separator of size o(ry/n) for the giant com-
ponent H. Then, by Lemma 14, this implies that tw(H) = Q(ry/n), and by Equation (1),
tw(G) > tw(H) = Q(ry/n).

Let S C V(H) be a fixed balanced separator of H. Let Si,...,S; denote subsets of S
that induce connected components in H. We may assume that S is minimal, and hence each
component of S contains at least one point of H. Therefore we can assume that t < r/n, as
otherwise there is nothing to prove.

The separator S is balanced and |S| = o(ry/n) = o(n). Thus, there exist two sets A, B C
V(H) (not necessarily connected) of size %n(l —o(1)) <|A4|,|B] < %n(l +0(1)), such that H\ S
contains no edges from A to B.

Since both sets have linear size, we may assume that |A| > an and |B| > n. Thus, by
Lemma 15, with probability at least 1 — e~2") their respective volumes are also linear, which
implies that

c(a)n < vol(A) < (1 —¢(B))n,

with at least this probability, where c¢(«), ¢(f) > 0 are given by Lemma 15.

Since the complementary event has probability only e~ and we will below take union
bounds over a set of at most e”"V" events, we condition on this event from now on.

Noticing that vol(A) < (1 — ¢(8))n, we can apply Lemma 7 to the separator S and each
connected component of A separately. Then, by concavity of the square root function, we have

a set of cells Dg of size
K
dg =Q (fl vol(A)) > Vn :

r
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for some constant K > 0, such that all the points inside Dg belong to S.

Now it suffices to show that, with high probability, there are at least r/n points inside any
potential set of cells Dg. Denote by Yp the random variable counting the number of points
inside such a Dg. Since vol(Dg) = %ds, by Lemma 12.2, we have that

r? _e22y
Pr <YDS <(1- 5)16d5> <e mds, (18)

We will now show that by taking a union bound over all possible balanced separators no
balanced separator contains less than (1 — 5)%ds points. Write Dg = UDCJ,7 where ch are
the sets of cells described in Remark 7. Recall that there are at most ¢ such sets and we will
assume that this is the case. For the sake of simplicity, we will assume that r > 4. By letting
dcy, - .., de, the sizes of these connected components of Dg, and setting a = b = 4y/n/r < \/n,
k =4 and s = d¢; in Lemma 3, we conclude that there are at most ptglde,+tdoy) < ptedds
ways to construct Dg.

Combining the inequality in (18) with a union bound over all separators Dg of size dg >
K+/n/r, the probability of having such a balanced separator is at most

Pr(3S : S is balanced sep., |S| = o(ry/n)) < Z Z Z ntedds e ds (19)

ds>K+\/n/rt<r\y/ndc,++dc,=ds
where v = §2/32 for any 0 < § < 1/3.

Our aim for the rest of the proof is to show that each summand can be bounded from above
by an exponentially small term.

The number of ways to obtain the sum dg when using ¢ nonnegative numbers is at most
ds < n', and thus, the right hand side of (19) can be bounded from above by

Z Z n2t69d56—7r2d5 ) (20)

ds>/nfrt<ryn

If t <ecf \g/z for some small constant ¢ > 0, we can bound n2t < e27V7 = o(e7’4s), and also

edds = o(eWZdS), for sufficiently large r and not too small ~.

r\/ﬁ.

Thus, we can assume that ¢ > ¢ o Denote by Dy all cells that contain at least one

point of H. Suppose first that there is a constant fraction of the cells in Dy \ Dg contained in
vnlogn
cr

components of size at least . We restrict our separator to these big components. For this

NG

rlogn

(sub)separator, since there are at most 16n/r? cells, we have t < ¢ ( ), and by the previous

arguments, for this (sub)separator, the probability of having too few points is at most e~ ds
for some v > 0, and hence the probability of having few points in S is also at most e~ rids
Thus, we may assume that there is at least a constant fraction of the cells in Dy \ Dg

contained in components of order at most @. Then, dg is minimized if there are at most
BRYZ0 vnlogn
¢ {5gm components of order Y=

Observe that, by Lemma 9.2, there exist at most 24 different connected components A; of
A, such that 0.A; intersects a given cell. Hence, by applying the isoperimetric inequality given
in (10) over each component,

S n'/4\/logn " d n _q n3/4
5= er 24rlogn r3/2\/logn |

We distinguish two cases.
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First, we consider the case co < r = O(y/logn). Since t < ry/n, n?" = 2 logn < g2rvnlogn <
3/2 2 n?/4/r n3/4
62\/EIOg n and €’YT ds 2 e’y Viogn 2 eryx/m,

a2 A2
nZtegdse yredg <e y'r<dg

for some 0 < v < .
Otherwise, r = w(y/logn). Observe that ¢ < dg, since do; > 1 by definition. Therefore,

n2t€9d56*7T2dS < nQdSegdS(B*WTzdS — €(2logn+0(1)7'yr2)ds < ef’y”rzds

for some 0 < 7" < 7.
We showed that each term of (20) can be bounded by an exponentially small term. Hence,
there exists a constant v > 0, such that with probability at most

Z Z n2t69d56—m’2d5 _ e—Q(r\/ﬁ) ’
ds>K+/n/rt<r\/n

there exists a separator S containing less than (1 — 5)71"—2d5 = Q(r+/n) points connected to the
giant component, completing the proof. ]

Proof of Theorem 2. Theorem 2 follows directly by recalling that tw(G) < td(G) and combining
Proposition 13 with Theorem 16. O

5 Conclusion

We have shown that for random geometric graphs with 0 < r < ¢; and for r > ¢o the parameters
of treewidth and treedepth are asymptotically of the same order. The immediate natural ques-
tion that remains open is whether for all values of r = ©(1), including the values of ¢; < r < co,
this happens to be true. For either of the parameters it would be interesting to know whether
there is a sharp threshold width of order o(1), in the sense that there exists some critical value
of the radius r. such that the treewidth (treedepth, respectively) of a graph with radius of at
most r.—o(1) is of order @(logﬁ)’;n) with probability at least 1 —¢, and the treewidth (treedepth,
respectively) of a graph with radius at least r. + o(1) is of order ©(y/n) with probability at
least 1 — ¢, for any € > 0. We remark that the general result on sharp thresholds of monotone
properties of [8] implies only a sharp threshold width of order logg/ 4 n. Needless to say, in case
of the existence of such a sharp threshold, it would be nice to find this exact threshold value
for any of the two parameters (they might coincide). Using our methods, this, however, among
other problems, requires the knowledge of the exact threshold value r; of the appearance of the
giant component in a random geometric graph, which at the moment is not known.
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