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EXACT C*-BUNDLES

ETIENNE BLANCHARD AND SIMON WASSERMANN

ABSTRACT. Kirchberg and Wassermann showed that if A = {A, X, 7, : A —
Az} is a continuous C*-bundle on a locally compact Hausdorff space X with
exact bundle C*-algebra A, then for any other continuous C*-bundle B =
{B,X, 7z : A — Bz} on X the minimal Cp(X )-amalgamated tensor product

bundle A®gg?x) B is again continuous. In this paper it is shown conversely

that this property characterises the continuous C*-bundles which have exact
bundle C*-algebras when the base space X has no isolated points. For
such X a corresponding result for the maximal Co(X)-amalgamated tensor

product of C*-bundles on X is also shown to hold, namely that A®6”(;’fx> B

is continuous for all continuous C*-bundles B on X if and only if A has
nuclear bundle C*-algebra.

1. INTRODUCTION

Recall that a C*-bundle is a triple A = {A, X, 7, : A — A} consisting of a
C*-algebra A (the bundle algebra), a locally compact Hausdorff space X, fibre
C*-algebras A, together with *-epimorphisms 7, : A — A, for x € X such that
the family {m, : * € X} is faithful, and an action f X a — f.a on A of the
C*-algebra Cy(X) of continuous functions on X vanishing at infinity such that
mx(f.a) = f(z)mz(a) for f € Co(X),a € A,z € X. If the functions = — |7, (a)||
are in Cp(X) for all a € A, the bundle A is said to be continuous. We shall
usually denote A simply by {A, X, A, } when there is no risk of confusion. The
study of continuous C*-bundles in one form or another goes back several decades;
they were, for example, considered in [4] in the guise of continuous fields of C*-
algebras.

More recently the closely related idea of a Cy(X)-algebra has been the focus of
much attention. If X is a locally compact Hausdorff space and A is a C*-algebra,
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2 BLANCHARD AND WASSERMANN

A is a Cp(X)-algebra if there is a non-degenerate *-homomorphism ¢ of Cp(X)
into the centre of the multiplier algebra M(A). It is clear that if {A, X, A,} is
a C*-bundle, then A is a Cy(X)-algebra. If conversely A is a Cy(X)-algebra, let
Ay = A/Cou(X)A and let m, : A — A, be the quotient map for x € X, where
Coo(X) = {f € Co(X) : f(z) = 0}. (Note that Cp ,(X)A coincides with its
closed linear span by Cohen’s factorisation theorem.) Then {Co(X)A, X, A,} is
a C*-bundle and moreover the functions  — |7, (a)|| are upper semicontinuous
for a € Cp(X)A.

There are various ways that continuous C*-bundles arise in practice, the sim-
plest examples being the trivial bundles, those C*-bundles which, for a given base
space X, have bundle algebra Cy(X, A) for some fixed C*-algebra A, fibre A at
each point of X and the obvious Cy(X)-algebra structure. Two related classes of
continuous C*-bundles are the locally trivial and subtrivial C*-bundles, the defi-
nitions of which we recall for later reference. A C*-bundle A = {4,X,4,} is locally
trivial if, for each z € X, there is a compact neighbourhood K of x such that the
restriction Alx = {A|k, K, A, } of A to K is trivial, where A|k is the image of A
under the *-homomorphism ®,cxm,. If A ={A,X,A,} is a C*bundle on X, a
C*-bundle B = {B, X, B, } is a C*-subbundle of A if B is a Cy(X)-subalgebra of
A, that is B is a C*-subalgebra of A with Cy(X).B C B, B, is a C*-subalgebra
of A, for x € X and each morphism B — B, is the restriction to B of the corre-
sponding morphism A — A,. It is immediate that C*-subbundles of continuous
C*-bundles are continuous. A C*-bundle is subtrivial if it is a C*-subbundle of a
trivial bundle. There is also a notion of local subtriviality. A C*-bundle A on X
is locally subtrivial if for x € X there is a compact neighbourhood K of x such
that A|g is subtrivial. There exist continuous C*-bundles on any infinite com-
pact Hausdorff space which are not locally subtrivial [5]. However a C*-bundle
A ={A X A} on a compact metric space X with A separable such that all
the A, are nuclear or such that A is exact is always subtrivial, and is in fact
Co(X)-isomorphic to a C*-subalgebra of the trivial Cy(X)-algebra Cy(X, O) [2].

One way that discontinuous C*-bundles can arise and which is the main concern
of this paper is as tensor products. Given C*-bundles A = {4, X, 74 : A — A,}
and B={B,X, 72 : B — B,} on a locally compact Hausdorff space X, minimal
and maximal Cp(X)-tensor product bundles A ®"C“;FX) B and A ®g %) B can

min

be defined. The minimal amalgamated tensor product C*-algebra A () Bis
(BrexT2@TE)(A®min B) and -A@gf?)() B is the C*-bundle {4 Z‘LSZLX) B, X,m4®
7B ¢ A ®@min B — Az @min Be}. Even if A and B are continuous, A ’g(f?x) B
need not be (see [5]). If A ®g Ty B is not continuous, the C*-bundles A and B
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cannot both be trivial. If A is a C*-algebra and B = {B, X, B, } is a continuous
C*-bundle on the locally compact Hausdorff space X, it was shown in [5] that the
minimal tensor product bundle A® B={A® B, X, A® B, } is continuous for all
continuous B if and only A is an exact C*-algebra. Moreover it was shown that
for a continuous C*-bundle A = {A, X, A, } on X with A exact, A ®6”(f?X) B is
continuous for all continuous B on X; and if all the A, are exact and A®ggzlx) B
is continuous for all continuous B on X, then A is exact [5]. One of the main
result of this paper is the following strengthening of this last result in the case
when the base space has no isolated points. Combined with the earlier results
just cited, this yields a satisfying characterisation of the continuous C*-bundles
on such base spaces which have exact bundle C*-algebras and completes the circle
of ideas initiated in [5].

Theorem 1.1. Let X be a locally compact Hausdorff space with no isolated points
and let A ={A, X, A,} be a continuous C*-bundle on X such that for any con-
tinuous C*-bundle B on X, the minimal Cy(X)-tensor product A ’Eﬁ?m B is
continuous. Then A is ezxact.

We prove this in stages, considering successively the cases (i) X = N , the one-
point compactification of the natural numbers N with added limit point oo , (ii)
X a compact metric space and (iii) X a compact Hausdorff space. In the case
X = N we show that if the hypotheses of the theorem hold, then A, is exact.
For C*-bundles A = {A, X, 72 : A — A,} and B={B,X, 72 : B — B,} on
X, the maximal amalgamated tensor product C*-algebra A ®g0“(tx) B is the C*-
algebra (@,e xTA@mazT2) (A®maz B) and the maximal tensor product C*-bundle
Agget Bis defined to be { AQE 5 B, X, T @ maa Ty + A®maz B — Ar@maz Be }
(see [1]). When A is the trivial bundle on X with fibre A, A @7’ B is denoted
by A ®ax B. It was shown in [5] section 3] that a C*-algebra A is nuclear if and
only its maximal tensor product A ®nq. B is continuous for any continuous C*-
bundle B on [0, 1]. If A is a continuous C*-bundle on a locally compact Hausdorff
space X with nuclear bundle algebra A, then each of the fibre algebras A, is

nuclear, and the maximal and minimal Co(X)-tensor products A ®@¢% B and
A O (x) B are naturally Cy(X)-isomorphic for any continuous C*-bundle B on
X. Since A is exact, [5, Theorem 4.6] implies that .4 @ (x) B is continuous for
any continuous C*-bundle B. Our second main result is the following converse of

this in the case when the base space has no isolated points.

Theorem 1.2. Let X be a locally compact Hausdorff space with no isolated points
and let A be a continuous C*-bundle on X such that for any continuous C*-bundle
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B on X, the mazimal Cy(X)-tensor product A Ca(x) B is continuous. Then A
1s nuclear.

2. PRELIMINARIES

To simplify the notation, the minimal C*-tensor product of C*-algebras A and
B will be denoted by A®B. If B={B, X, B, } is a C*-bundle on a locally compact
Hausdorff space X, then the minimal C*-tensor product of A and B, the C*-
bundle {A® B, X, A® B, }, will be denoted by A®B, and if A = {A, X, 7, : A —
A, } is another continuous C*-bundle on X, the minimal amalgamated C*-tensor
product A ®gf?X) B will be written A ®¢,(x) B. For a € A and x € X we shall
denote m;(a) by a,. If Y is another locally compact Hausdorft space, let x, be
the evaluation map at y € Y, and for a € Cy(Y, A) let a(y) = (xy @ ida)(a) € A.
By [6l Theorem 4.5] Co(Y) ® A is a continuous C*-bundle on X with bundle
algebra Cp(Y)® A =2 Cy(Y, A) and fibre Cy(Y) ® A, at © € X. For a € Cy(Y, A),
a; € Co(Y, A;) and

az(y) = xy(az) = (Xy @ 72)(a) = 7 (a(y)).

For each z € X the function N(ay) : y — |laz(y)] is in Co(Y). Since Cy(Y) is
nuclear, the following result, which will be required in the proof of Proposition
is a simple consequence of [5, Theorem 4.6 (v)].

Lemma 2.1. With A and Y as above, if a € Co(Y) ® A then the Co(Y)-valued
function x — N(ay) on X is continuous.

3. MINIMAL Cy(X)-TENSOR PRODUCTS

Proposition 3.1. Let A = {A, N,An} be a continuous C*-bundle on N such that
for any unital separable continuous C*-bundle B on N, the minimal C(N)-tensor
product A Dc(®) B is continuous. Then A is exact.

PROOF. If n; < mg < ... is a sequence in N, let Ay, 3 be the continuous C*-
bundle Al{pn, n,... Ju{oc} OD N, where {nj,ns,...} is identified with N via the
bijective correspondence i < n;. Thus Ay} = {A{m},ﬁ, A}, where A; = A,
and Ay, is the bundle algebra of Ay,,y. Let ¢ : N — N be given by

o(i) =35 (nj—1 <i<mny); p(oo) = oo,

where ny is taken to be 0. If B = {B, N, B;} is a separable continuous C*-bundle
on N, let 4B be the pull-back of B along ¢. Thus 48 is the continuous C*-bundle
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{B7N, By}, where
Bi:Bj (77771 <i§7’Lj),Boo = B
and B is the C*-algebra generated by the canonical images of B and C’(Igl) in

HieﬁBi' Since

¢B‘{n1’n2,w}U{°°} =B
via the correspondence ¢ < n,

(A ®c(1§) ¢B)|{n1,n2,...}u{oo} = A{n,-} ®C(1§g) B.
Since A ®cm) ¢B is continuous by hypothesis, it follows that Ay} Dc(®) B is

continuous for any separable continuous C*-bundle B on N.

2. Let B be a unital separable continuous C*-bundle on Iﬁ, let z = Zzzl ar @ by
be in the algebraic tensor product A,, ® B and let € > 0. For each k there is an
ay € A such that mo (@) = ag. Since A ® By is continuous for [ € N,

Jim | (s @m)(>_ar @b = ar @ m(be)ll.
k k

It follows that we can find by induction a sequence n; < ns ... in N such that for
each [ and i > ny,

1D ax @me) = [(m @ m)(Y_ar @ bi)| | < e/2. (1)
k k

Since by part 1 of the proof Ay, Oc(m) B is continuous,

Jim |, @wz)(zkjak @ b)l| = | ;ak ® oo (B1)
which implies that there is an N € N such that for [ > N,

[y @ m) (D an ® bi)ll = 117 ar ® moo (bi) | | < /2 (2)

k k

Combining (1) and (2),

D Sk @mo)]| = 1Y ax @ moo (i)l | < e
k k

for [ > N. Since ¢ is arbitrary, the function

L= 1) ax @ m(be)|
k

is continuous on N. This implies that Ao ® B is continuous, since A, ® B is dense
in As ® B, which implies in turn that A, is exact, by [5, Theorem 4.5]. O
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In what follows C'A will denote the cone A ® Cy((0,1]) of the C*-algebra A.
If A is a continuous C*-bundle on a compact Hausdorff space X, the cone C'A of
A is the C*-bundle A ® Cy((0,1]) on X. By [5, Theorem 4.5], C'A is necessarily
continuous, since Cy((0,1]) is nuclear.

Proposition 3.2. Let X be a compact metric space, Y a nonempty compact
subset of X and A = {A,Y, A,} a continuous C*-bundle on' Y. There exists a
continuous C*-bundle A = {A, X, A,} on X such that

Aly 2 CA.
If A is separable, A can be chosen separable.

PROOF. 1. Construction. Let d(.,.) be the metric on X and let ¢ be the real
function on (0, 00) given by

1 (t<1)
pt)y=¢ 2—-t (1<t<2)
0 (t>2).

For z € X \'Y let g, be the real function on Y given by g¢,(y) = d(z,y)/d(z,Y)
and let ¢, = ¢pog,. Let my, : CA — CA, be the *-homomorphism given by
myi(f®a)=fi@m(a) (f€Co((0,1]),a € A),
where fi(s) = f(st) for f € Co((0,1]), s,t € [0, 1], and Cy((0, 1]) is identified with
the ideal {f € C([0,1]) : f(0) = 0} of C([0,1]), so that f(0) is defined and equal
to 0. For z € X \ 'Y let @, : CA — @,y CA, be the x-homomorphism given by
Ta(€) = Byey Ty p, (1) (€)-
Fory € Y let my : CA — C'Ay be the x-homomorphism
idC((O,l]) [ Ty f R ar— f 24 Wy(a).
The fibre algebras A, of the bundle A are given by
i CA, (z€Y)
T m(CA) (zeX\Y).

The bundle C*-algebra A is the C(X)-subalgebra of II,cx A, generated by the
image of C'A under the embedding a — (7;(a))zcx, where the action of C(X) is
given by

f'(ﬁz(a‘))mGX = (f(x)ﬁz(a))$€X~
Thus A is the closed linear span of C(X).CA (and actually coincides with the
set C(X).CA since 1 € C(X)). The natural extension of 7, to A will again be
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denoted by 7. It is immediate that 7, : A— A, s surjective for x € X, and that
A'is a C(X)-algebra, so that {4, X, A,} is a C*-bundle. Moreover the restriction
of AtoY is CA.
2. Continuity. 1. Let z € X\ Y. If 2/ € X \ Y then

d(z,Y) < d(z,2") + d(2,Y),
so that d(«’,Y) > d(x,Y)/2 if d(z,2') < d(z,Y)/2 and for y € Y,

9o (Y) = 92 (y) = j((:f’/’g)) - j((if»’g))

d(z,y))
d(z',Y)d(z,Y)

d(z',y)(d(z,Y) — d(2',Y)) +d(',Y)(d(z",y) —
d(2',Y))

d(z",Y)d(z,Y)

< 3d(z’,z)d(X)/d(x,Y)?,

IN

d(z’,x)(d(2', y) +

where d(X) = sup,, ,,ex d(z1,72). Thus g,» — g, uniformly on Y as 2’ — =
and, since ¢ is uniformly continuous, ¢,» — ¢, uniformly on Y as 2’ — z. It
follows that for a € A, ||7,/(a)—7.(a)|| — 0 as 2’ — x, where 7,/ (a) and 7, (a) are
both regarded as elements of @&,cy C'A,. This shows that A is continuous at x.

2. Let yp € Y. If a € CA and € > 0, since C'A is continuous on Y there is by
Lemma [2.1]a 6 > 0 such that for y € Y,
d(y,y0) <= || N(ay) = N(ay,) o <,

where a, = 7,(a) for x € X. Suppose that x € X \ Y satisfies d(x,yo) < §/4.
Then

9=(y) <2 = d(z,y) <2d(z,Y) <6/2

= d(y,y0) < d(y,z) +d(z,y0) <0 (3)
= [[N(ay) — N(ay,) [« < ¢
= I7y,0. ) @I = I7y0,0. ) (@] <e.

Now
lazll = sup |7y 6,0 (@)l by (3)

d(y,yo)<d

and

layoll = Imye,1 (@) = sup |7y 6. (@)l,

d(y,y0) <8
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from which it follows that
Hlazll = llay |l | <e.
If y € Y satisfies d(y, yo) < d/4, then
[ N(ay) = N(ay,) [« <e,

which implies that | |lay|| — [lay, || | < e. Thus for any « € X satisfying d(z,yo) <
5/4,

Haall = llay [l | <e,
which establishes the continuity of ||a,|| at yo. The continuity of A now follows
straightforwardly, since, by construction, for arbitrary a € A, g € X and £ > 0

there exist an open neighbourhood U of x and an o’ € C'A such that |ja, —al| < e
forz e U. 0

Proposition 3.3. Let X be a compact metric space. If A = {A, X, A} is a
continuous C*-bundle on X such that A®¢(x)B is continuous for any continuous
C*-bundle B on X, then A, is exact for any limit point x € X.

PROOF. If 2y € X is a limit point, let {z;} be a sequence of distinct points
in X\ {zo} with limit 2o and let B = {B,N,B,} be a separable continuous
C*-bundle on N. Identifying the topological spaces N and {z1,29,...} U{zo}
in the obvious way, there is a separable continuous bundle B on X such that
Bl {21 s, }u{we} = CB by Proposition Since

(ADc(x)B) (2125, 30{z0} = Alfar 22, 30{20} Oy OB = C(Al(ay s, 1ulzo} @y B)s

the continuity of A ®c(x) B implies that of C(Al{z, ... }u{z0} ®cqm B)- Let-
ting z € C((0,1]) be the function given by z(t) = ¢, the map a — a ® z from
Al s 22, 30{zot @c ) B 10 C((Al{zy ... }u{me} oy B) is a completely positive
C’(N)—isometry. This implies that Al(z, 2,,..30{z0} Ro®) B is continuous. Since
B is arbitrary, A,, is exact, by Proposition O

Proof of Theorem We first consider the case X compact. Let g € X. If
A, is finite dimensional, it is trivially exact. If on the other hand A, is infinite
dimensional, let C' be a separable infinite dimensional C*-subalgebra of A,,. We
show that C' is exact.

For a € A let N(a) denote the continuous real function z +— ||m,(a)| on X.
Let D be a separable C*-subalgebra of A such that 7., (D) = C. Then the unital
abelian C*-algebra C*(N(D),1) is separable and its spectrum is compact and
second countable, hence metrizable, and a quotient of X. To make this explicit,
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let {f1, f2,...} be a dense sequence in C*(N(D), 1) \ {0} and let an equivalence
relation ~ on X be defined by x ~ y < f,(x) = fn(y) for all n. Writing z for
the equivalence class of  and X for the set {Z : 2 € X} of equivalence classes, a

metric on X is defined by
Az, 9) =Y 27" fall I fu(@) = fulw)]-
n=1

It is routine to verify that with the obvious identifications, the spectrum of
C*(N(D)) is X with the topology coming from this metric. Moreover the map
¢ :x — T from X to X is continuous and surjective. There are two cases to
distinguish, according to whether Z, is an isolated point of X or not.

(a) %o isolated. In this case the subset Xy = ¢~!(Zo) of X is open, compact and
infinite, since xq is not an isolated point of X. Let B be a continuous C*-bundle
on Xy, let X5 be the compact set X \ Xy and let B’ = B @ C(X3), where C(X3)
is the trivial C*-bundle on X5 with fibre C. Then B’ is a continuous C*-bundle
on X and by hypothesis A ®¢(x) B’ is continuous. Hence (A|x,) ®c(xq) B =
(A®c(x) B')|x, is continuous. This implies in particular that N(b) is continuous
on Xg for b € D ®¢(x) B'. However for d € D, ||, (d)| = ||z, (d)|| for x € Xo,
which implies that 7, (D) = C for x € X via the isomorphism 7, (d) — 7, (d),
so that the restrictions of the sections of D to X are identified with the constant
C-valued functions on Xy. Thus the algebra of sections of (A|x, ) ®c(x,) B coming
from D ®¢,(x) B’ is isomorphic to C' ® B and is continuous. Since B is arbitrary
and X is infinite, X has a limit point and C is exact by [3| Corollary 4].

(b) Zo is a limit point. If x ~ 2/, so that Z = 7', then |7, (d)|| = |7 (d)|| for
d € D. Thus m,(D) = 7, (D), and we can identify 7, (D) and 7, (D), and also
7, and 7,. With these identifications, for z € X let Dz = 7, (D), 7z(d) = 7 (d)
and D = C*(C(X)D), where the action of C'(X) on D is given by

fd=(fo¢)d

for f € C(X) and d € D. The triple D = {D, X, Dz} is a continuous C*-bundle
on X. Forn =1,2,... let f, be the function on X given by f,(Z) = f.(z). By
construction, f1, fa, ... are continuous.

Let B = {B, X, Bz} be a continuous C*-bundle on X and let 4B be the pull-
back to X. By hypothesis A ®¢(x) ¢B is continuous, which implies that if d €
D @¢(xy B, and f is the non-negative real function on X defined by

f(@) = |mz(d)]
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for x € X, then the function f o ¢ : x — f(Z) is continuous. To see that f is
itself continuous, let x1,s,... be a sequence in X such that Z; — Z¢ in X and
let {Z;,, Zi,,...}, where iy < is < ..., be a subsequence of {Z;,Ts,...} such that
f(Z;;) converges as j — oo, with a = lim; .o f(Z;;). By the compactness of X,
{xi,, iy, ...} has a limit point 2’ in X. From the continuity of f,, and f,,
fn(xl) = fn(fl) - fn(j()) - fn(fo)

as i — 0o, which implies that f,(z') = fn(20) and 2’ ~ xg. Since the function
x — f(Z) is continuous, f(Z') = f(Zo) is a limit point of {f(Z:,), f(Ziy)s-- -},
which converges to a. Thus o = f(Zg), and every convergent subsequence of
{f(Z1), f(Z2),...} converges to f(Zo). This implies that lim;_,~, f(Z;) exists and
equals f(Zg), that is, f is continuous at Zo. Thus D ®( ) B is continuous at g
for all continuous C*-bundles B on X. By Proposition C = Dj, is exact.

Since a C*-algebra is the inductive limit of its net of separable C*-subalgebras
and an inductive limit of exact C*-algebras is itself exact, A, is exact for all
x € X. It now follows by [0, Theorem 4.6] that A is exact.

In the general case, if X is not compact, let X be the one-point compactification
of X, with added point w, and let A = {A, X, A, } be the natural extension of A
to X, so that the fibre A, at w is {0} and 7, = 0. Then A is continuous. If B is
a continuous C*-bundle on X and Cj (X) is identified with the ideal of functions
in C(X) vanishing at w, then By = {Cy(X).B, X, A, } is a continuous C*-bundle
on X. The amalgamated tensor product A ’goi?X) By is continuous by hypothesis

and its natural extension to X coincides with A ®c()?) B. Thus A ®C(}?) B is

continuous for any continuous C*-bundle B on X. By the proof given for the
compact case, A is exact. O

4. MAXIMAL Cy(X)-TENSOR PRODUCTS

To prove Theorem we prove the following more general result.

Theorem 4.1. Let X be a locally compact Hausdorff space and let A be a con-

tinuous C*-bundle on X. Let v € X be a limit point. Then A ®goa(rx) B is

continuous at xo for all continuous C*-bundles B on X if and only if A, is nu-

min

clear. Moreover if Ay, is nuclear, then A Co(X) B is continuous at xy for all
continuous C*-bundles B.
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PROOF. Let xg be a limit point of X and assume that A, is nuclear. Let B =
{B, X, By} be another continuous C*-bundle on X and let a € A®g ) B. Given
e > 0, since the function  — ||az||maz is upper semicontinuous [5, Lemma 2.3],
there is an open neighbourhood U of = such that

”azllmaw < ||awo||ma:v +e€

for x € U. Let @ be the image of a in A ®g;?)() B under the canonical Cy(X)-
homomorphism from A ®7C”0“(“)'() Bto A Z‘ZZLX) B. Then ||z, |lmin = |0z ||l max
since A,, is nuclear. Since the function x +— ||ay||min is lower semicontinuous [5l

Prop. 4.9], there is an open neighbourhood V of z( such that
@z |l min > |Gz |min — €
forx e V. Thusifz e UNV,

lazy |l — € < Nz llmin < llazllmaz < [lag, |l + &

Since ¢ is arbitrary, this implies that the functions © — ||az||lmaz and & — ||az||min
are continuous at xg. Thus A ®TC”:&) B and A ®gg?x) B are continuous at xg.
For the converse, assume that A, is not nuclear at a limit point y of X. Then
there exist a Hilbert space H, a C*-algebra C C B(H) and a finite sum ¢t = ) r,®
sk € Ay © C such that ||t||la,,...82) < [tlla,0...c (see [3, section 3]). Using
functional calculus, we can assume that ||t||4,e,...z) <1 and [|t|a,0,,...c = 2.
Letting B, = B(H) for z in X\{y}, B, = Cand B = {b € C(X,B(H)) : b, € C},
B = {B,X,B,} is a continuous C*-bundle on X. Let 7, € A and §; € B be
liftings of 71, and sg, respectively. Then ¢t = Y 7 ® 5, is in both D = A ’g{f&) B
and A @F % Co(X,B(H)) = A ®max B(H). Regarding ¢ as a section of the
bundle A ®,4, B(H) with projection t, at x, the function x — ||t2]| 4, ... B(H)
is upper semi-continuous at y, so that for some neighbourhood U of y, z € U =
2l Ay @mee B(E) < 3/2 since ||ty ]| 4, @0, B() < 1. Regarding f as a section of the
bundle A @7 %) B, for x € U\ {y}, [talla.@manB. = ItllA,0m.. B0 < 3/2 but
Ity 4, @maw B, = It 4, @manc = 2, Which shows that A®F%) B is not continuous
at y. O

5. FURTHER RESULTS AND QUESTIONS

1. Corollary 4 of [3], which was used in the proof of Theorem states that,
given an infinite compact Hausdorff space X, a C*-algebra A is exact if and only
if A® B is a continuous C*-bundle for any continuous C*-bundle B on X. If X is
metrizable, this is a special case of Proposition [3.3] and in fact the proof given in
[3] involves similar ideas to those used here. For general non-metrizable X, there
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seems to be no way to prove this result without using the method of [3], which
we recall briefly for completeness. Using Urysohn’s Lemma, there exists a subset
{x1,29,...} of distinct points of X with a limit point xo not in the set and a
continuous function f : X — [0,1] such that f(z1) < f(z2) < ... and f(zg) = 1.
Then f(X) is a compact subset of [0,1] containing 1 as a limit point. If B is a
continuous C*-bundle on f(X), then the pull-back ;B is a continuous C*-bundle
on X. If A® ;B is continuous on X, then A ® B is continuous on f(X). By the
result for the metrizable case, A is exact.

2. In Proposition [3.2] can the cone C' A be replaced by A itself, that is, is every
continuous C*-bundle on a closed subset of a compact metric (or, more generally,
compact Hausdorff) space the restriction of a continuous bundle on the whole
space? We have been unable to settle this question in general, though the follow-
ing essentially straightforward special cases are worth noting.

Proposition 5.1. Let X be a compact Hausdorff space, let Y be a non-empty
closed subset of X and let A be a continuous C*-bundle on Y. Then there exists
a continuous C*-bundle A on X such that Aly = A if (i)Y is finite, or (ii) A is
separable and exact.

PROOF. In either case A is a C*-subbundle of a trivial bundle on Y with fibre a
C*-algebra B. If YV is finite, then B can be taken to be the (finite) direct sum
of the fibres of A at the points of Y. If A is separable and exact, then C(Y)
is separable, which implies that Y is metrizable, and hence, by [2, Appendix],
that A is C(Y)-isomorphic to a C*-subbundle of the trivial bundle on Y with
fibre Oy. Since the restriction map f — f|y from C(X) to C(Y) is surjective,
the corresponding restriction homomorphism ¢ : C(X, B) — C(Y, B) is surjective
and a suitable C*-bundle A on X extending A is obtained by taking ¢~1(A) as
the bundle algebra, where A is the bundle algebra of A. O
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