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SOME EXAMPLES OF FAB AND MILD PRO-p-GROUP
WITH TRIVIAL CUP-PRODUCT

CHRISTIAN MAIRE

ABSTRACT. Let Gg be the Galois group of the maximal pro-p-extension
Qs of Q unramified outside a finite set S of places of Q not containing
the prime p > 2. In this work, we develop a method to produce some
examples of mild (and thus FAB) pro-p-group Ggs for which some rela-
tions are of degree 3 (according to the Zassenhaus filtration). The key
computation are done in some Heisenberg extensions of Q of degree p>.
With the help of GP-Pari we produce some examples for p = 3.

INTRODUCTION

Let p > 2 be an odd prime number. Let S = {{1,---,¢;} be a finite set
of prime numbers ¢;, with ¢; = 1(mod p). Consider Qg the maximal pro-p-
extension of Q unramified outside S and put Gg = Gal(Qg/Q).

In the 60’s, Koch (see [8]) gave a description of the pro-p-group Gg by gen-
erators and relations. Thanks to this description, in 2006 Labute in [9] gave
the first examples of pro-p-groups Gg with cohomological dimension 2. By
class field theory these groups have the FAB property: every open subgroup
U of Gg has a finite abelianization. And then the strict cohomological di-
mension of these pro-p-groups Gg is 3 (see for example [12]|, chapter III).
To produce such examples, Labute used a criteria for a pro-p-group to be
mild (this one is related to a criterion of Anick [1]): in some favorable situa-
tions the initial terms of the relations satisfy some very special combinatorial
properties such that the graded algebra built on the lower p-central series
of Gg has a very nice description in terms of the corresponding free graded
algebra. In the examples of Labute, the relations are of degree 2 according
to the Zassenhaus filtration.

Very recently, the arithmetic aspect of the work of Labute has been improved
by a serie of papers of Schmidt [14], [15].

In [16], [17], when p = 2, Vogel has given a way to produce mild pro-2-groups
Gg where the relations are of degree 3. This method uses the Rédei symbol
[13]. With this, Gértner [7] has produced an arithmetic example of mild
pro-2-group G where the relations are of degree 3 and such that, assuming
the Leopoldt conjecture, this group is FAB. The pro-2-group produced by
Gartner corresponds to the maximal pro-2-extension of Q unramified outside
S = {2,17,7489,15809} in which the place 5 splits completely. As the
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prime 2 is in S, it is necessary to force a place to split completlely so as to
rule out the Zs-cyclotomic extension.

In [5] Forré has developed the approach of mild pro-p-group by looking at
the Zassenhaus filtration in the noncommutative ring of formal power series
F,[[ X1, -, Xq]]™ with coefficients in F,,. It is this approach that we will
use here.

By considering the arithmetic in some Heisenberg extension of degree 32 over
Q we produce some mild pro-p-groups Gg for which some relations are of
degree 3. Moreover, these pro-3-groups are FAB (unconditionally). Here
we do not have the Rédei symbols but, it will be interesting to explore the
equality of Proposition 2.23 in this way.

In the first section, we recall the basic facts about mild pro-p-groups (ac-
cording to the Zassenhaus filtration). In section 2, we develop the arithmetic
strategy and present the principle of the computation based on Class Field
Theory. In the last part we produce the two following examples:

Example 0.1. The pro-3-group Gs = Gyiggsi1,11863) can be described by
the generators x1,xo and x3 and by the relations
p1 = [[21, z2], 21][[z1, 23], 21][[22, 23], 21] (mod Fg),
p2 = [[x1, 2], 22] 7" (mod Fyy),
p3 = [[x1, 23], 2] " [[z1, 23], 23] [[T2, 23], 1] (mod Fuy).
This pro-3-group Gg is mild and FAB. In particular:
(i) the pro-3-group Gg is of cohomological dimension 2;

1
(i) the Zassenhaus filtration of Gg has T3t 738 % Poincaré series.

Example 0.2. Let S = {7,13,381,11971}. The pro-3-group Gg is mild

and FAB with two relations of degree 2 and two relations of degree 3 with
1

1 — 4t + 2t2 4+ 2¢3

as Poincaré series.

All the computations have been done with GP-Pari [2].

Notation: For z,y in a group G, we denote by [z,y] = v~ ty~!

mutator of x and y.

xy the com-
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1. RELATIONS AND MILD PRO-p-GROUPS

For this section, we refer to [1], [5] and [3].
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1.1. The Zassenhaus filtration. Let F;¢(d) := F)[[X1, -+, X4]]" be the
noncommutative ring of formal power series in variables X1, --- , Xj over the
finite field ). Denote by .# the two sided-ideal generated by the X;: it is
the augmentation ideal of F;¢(d), i.e. the kernel of the natural morphism
Fpe(d) — Fp:
I = ker (F3(d) — Fp) .

The ring F}°(d) is a topological local ring where the family ("), is a
neighborhood basis of 0.

Now consider the free prop-p-group F of rank d generated by the elements
x1,-++ ,x4. Denote by A(F) the complete algebra

A(F) := lim Fp[F/U],
ucF

where U runs through open normal subgroups of F. Let
I(F) = ker (A(F) — Fp),

be the augmentation ideal of A(F). Then it is well-know that the map (the
Magnus expansion)

p: A — TFped)
r; — 1+ X;

is an isomorphism of topological rings. Remark that ¢(I(F)) = .#. Now
consider the map ¢ from F to F;¢(d) defined by

W(z) = p(z — 1),

and put F,) = {z € F,1(z) € #"}. The sequence (F(,)), is a neighborhood
basis of 1: it is the Zassenhaus filtration of F.
We recall some basic facts (see [16], [1]).

Proposition 1.1. (i) The elements [z;,x;], i < j, form a Fp-basis of
Fi)/Fa).
(ii) For p = 3, the elements

2, i=1,---.,d

B
[[mi’xj]’xk]a i<j, k<y
form a Fp-basis of F'(3) /F(4), Forp > 3, one has to omit the p-powers
D

xZ; -

Example 1.2. Suppose p > 2. When F is the free pro-p-group on two
generators, then F/F(3) is a non-abelian group of order p® and of exponent
p (because FP C F(g)): this quotient is isomorphic to the Heisenberg group

Hys =<w,y,2" = 1Ly" =1, [[z,y], 2] = [[z,y],9] =1 >
1.2. Strongly free sequence.

Definition 1.3. Let S = {P,---, P:} be some series in & C F;°(d) and
let .7 be the two-side ideal generated by the elemens Py,--- , P.. Then the
family S is called strongly free if the quotient .’ /.7 .7 is a F,¢(d) /7 -left-free
module on the images of Py,--- , P,.
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For P € F}¢(d), P # 0, denote by P; its term of degree i. If 7g is the smallest
integer such that P;, # 0, then P;; is called the initial form of P and is noted
by w(P). The integer ig is the degree of P and is noted by i := deg(P). We
put deg(0) = oo.

Definition 1.4. If x € F, the degree of x is the degree of t(x) and is noted
by deg(x). For a subgroup H of F, the degree of H, noted by deg(H), is the
minimum of the degree of x, for all x € H.

Definition 1.5 (Anick, [1]). A family My,--- , M, of monomials in .9 C
cm(d), M; # 1, is said to be combinatorially free if:

(1) no M; is a submonomial of any M;, j # i;

(2) for every i,j, the beginning of M; is not the same as the ending of

M;.

Now let us fix a total order < on the set {X1, -+, Xy} and then consider
the lexicographic ordering on Fgc(d) deduced from <. If P is a sum of
homogeneous monomials, we denote by .Z(P) the leading term of P.

Definition 1.6. A family Py, --- , P, of series in & C F¢(d) is called com-
binatorially free (after ordering) if the family of monomials

g(w(Pl))v T 7$(w(P7"))

18 combinatorially free.

Theorem 1.7 (Forré, [5]). If the family S = {P1,---, P} C Fp¢(d) is
combinatorially free then S is strongly free.

1.3. Mild pro-p-groups. Let
1—R—F—>G—1,

be a minimal presentation of a finitely presented pro-p-group G. The p-rank
of G is finite and equal to the p-rank of the free pro-p-group F and these two
groups are topogically generated by d generators xi,--- ,xq4.

Let p1,---,pr € R C F be a basis over I, of R/RP[F,R] ~ Hy(G,F,) (the
elements p; are a basis of the relations of G).

The notion of strongly free sequence will give us a sufficient condition for
a pro-p-group to be of cohomological dimension 2. The key criterion is the
following:

Theorem 1.8 (Brumer, [3]). The pro-p-group G is of cohomological dimen-
sion at most 2 if and only if the Fp[[G]]-module R/RP[R,R] is free.

Now, with the previous theorem, it is possible to give criteria in the algebra
Fgc(d) for a pro-p-group G to be of cohomological dimension at most 2.

Theorem 1.9 (Forré, [5]). The pro-p-group G is of cohomological dimension
at most 2 if and only if #/ %7 is a free left F°(d)/%-module, where % =
t(R).
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We can then define the notion of mild pro-p-group.

Definition 1.10.

If a pro-p-group G has a presentation with relations p1,--- , pr, then G is
called mild (following the Zassenhaus filtration) if the family t(p1),- -+ ,t(pr)
18 combinatorially free.

Thanks to the previous results, one obtains:

Theorem 1.11. If G is mild then the cohomological dimension of G is at
most 2.

Remark 1.12 (The Poincaré series). See [5], [9]. Forn > 1, denote by G,
the quotient F,)R/R and put a, = dimg, G(,)/G(n+1). Then the Poincaré
series P(t) of G (associated to Zassenhauss filtration) is the formal series

Pt) =1+ ant"

n>1
When the relations p1,--- , pr of G are combinatorially free then the Poincaré
series of G satisfies:
1

P(t
()= 1—dt+ Y tdes(pi)’

1.4. The relations in F)¢(d).

Definition 1.13. Let I = (iy,--- ,ip) be a multi-index with i; € {1,--- ,d}.
One denotes by n = deg(I) the degree of 1.

For Z € Fp¢(d), we denote by e(Z) to be the X, --- X;, -coefficient of Z.
Fory € F, let us denote by abuse of notation, £1(y) to be er(t(y)).

Proposition 1.14. Let z,y € F. Write p(z) =1+ X and p(y) =1+Y,
with X, Y € Fpe(d).

(i) if deg(z) > deg(I), then er(x) = 0;
(ii) er(zy) = Z ej(x)ex(y), where the sum is taken over all subsets

JK=I
J, K of I such that the concatenation JK of J and K equals to I;

(ili) if min(deg(z),deg(y)) > deg(l), then er(zy) = 0;

(iv) if maX(deg( ),deg(y)) > deg(I), then e;(zy) = er(x) + £1(y);

V) oplr ) = 1- X+ X? - X0,

(vi) ¢([z,y]) = 1 + XY —YX + degree >2;

(vii) zfdeg( ) > 2, then p([z,y]) =1+ XY —Y X + degree > 3;

(viii) ¢([[z,y],2]) =1+ XYZ -YXZ + -ZXY +ZY X + degree > 3.

Proof. Easy computation. O

Now, we are interested in the image in [F;°(d) of the relations of G. If p,, € F
is a such relation, then let us write (by proposition 1.1)

(1) pm = [ [ls )%™ (mod F)),

1<j
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and if moreover p, € F(3):

(2) pm = Hm?‘”(m) H (i, 2], 2] 9+™ (mod Fyy),
J 1<j,k<j

with as, €i7j7k(m) S Fp.

Proposition 1.15. Fori < j < k, we have:

€ij(m) = ¢€ij(pm), €iji(m) = —€ii;j(pm), €iji(m) = €ij;(om),

aj(m) = €iii(pm); €ijr(m) = —¢jik(pm).

Remark 1.16. For p > 3, aj(m) = 0.

Proof. By proposition 1.14, we have:
(@i, 2], 25]) = Xi X; X5 — X; X, X; — X; X, X, + X; X, X; + degree > 3,
L([[xi,xj],xi]) = XZX]XZ — X]XZXZ — XZXZXJ + XZXJXZ + degree > 3,
and for i < k < j:
(i, zi), z5]) = Xa X X — X Xo X — X5 X X0, + X X5 X + degree > 3,
L([[xj,xk],xi]) = X]XkXZ — XkX]XZ — XZX]Xk + XZXkX] + degree > 3.
Hence 1
€ijj(Pm) = €ijj(pm) = €554(Pm) = = 554,51 (Pm),
1
¢iji(m) = 5€iji(pm) = ~€iij(pm) = —€jiilpm),
€ik,j (M) = =€ j(Pm) = —€jik(Pm); €jhi(m) = —epjilpm) = —€ijk(pm)
and
€i ki (M) + €jki(M) = €ikj(Pm) = €jk,i(Pm)-

2. THE PRINCIPLE OF THE COMPUTATION

2.1. The arithmetic context. Let p > 3 be a prime number and let S =
{€1,--+ , €5} be a set of primes such that ¢; = 1(mod p).

Let Gg = Gal(Qg/Q), where Qg is the maximal pro-p-extension of Q un-
ramified outside S.

For i = 1,--- ,d, denote by x; a generator of the inertia group in Gg of
a place [;|¢; along Qg/Q such that its restriction to the maximal abelian
subextension @%b /Q of Qg corresponds, via Class Field Theory, to the ideéle
where all components are 1 except the ¢;-component which is a primitive
root of 1 modulo #;.
Then the pro-p-group Gg is topologically generated by the elements x;, i =
1,--,d.
Let

1—R—F—Gg—1,

be a minimal presentation of Gg on the elements xz;. For i = 1,--- ,d, we
identify x; with one of its preimages in F. The free pro-p-group F is generated
by the elements x1,--- , zq4.
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We need also some particular lifts of Frobenius elements. For i = 1,--- ,d,
let us fix a prime [;|¢; along Qg/Q. Consider y; a lift in Gg of the Frobenius
of the place [; such that the restriction of y; to @“Sb/(@ corresponds, via
Class Field Theory, to the idéle where all components are 1 except the £;-
component which is /;.

As before, we identify y; with one of its preimage in F.

Remark 2.1. By the choice of y;, one has the following fact: if L/Q is a p-
elementary subextension of Q%b/(@ in which the inertia degree of £; is trivial,
then y;, = 1.

Definition 2.2. Denote by QZ’el/Q the maximal elementary p-extension over
Q unramified outside ;. This extension is of degree p in which £; is totally
ramified.

Remark 2.3. As the maximal pro-p-extension of Q unramified outside £; is
cyclic and totally ramified, then the p-class group of Qz_’el 18 trivial.

Remark 2.4. Let q be a prime such that
(i) q=D/p ¢ Fy, is of order p (or equivalently, q is inert in Qggel/(@);
(ii) forj #i, ¢=V/P =1 in Fy, (or equivalently, q splits in ng’,el/(@),

Then, we can choose x; such that its restriction to the maximal p-elementary
subextension Qg’el/(@ of Qs/Q is equal to the restriction of the Frobenius f,
of q. Indeed, the principal idéle g has only two nmontrivial component via the
Artin map in Gal(@%’el/(@): the £;-component and the q-component.

2.2. A first principle. Let I = (iy,--- ,4,) be amulti-index, ; € {1,--- ,d}.
We want to estimate e7(z) for some z € F. The strategy is the following: to
look at the restriction of z to some quotients of Gg, i.e. in some p-extensions
of Q unramified outside S.

Let I be a quotient of Gg. We can assume that I is generated by the images
of the z;, i =1,--- ,d’, with d’ < d.

Denote by F’ the free pro-p-groups on d’-generators x1,--- , x4 and let « :
F — F’ be the natural morphism sending x1,--- ,zy to the generators of F’
and such that a(x;) =1 for i > d'.

By the universal property of F/, there exists a section v from F’ to F such that
a(y(a(x))) = a(z), Vo € F. One then has the following natural commutative
diagramm

1 R F G 1
.4
l Y ia i
1 R/ A 1

Here ker(a) is the the smallest normal subgroup of F generated by the ele-
ments Tgy1,- -+ ,2q and ker(f o a) =< y(ker(5)), ker(a) >.

Lemma 2.5. If I Cc {d' +1,--- ,d} and if deg(I) < deg(ker(B)), then £1(2)
does not depend on the lift of f(ca(z)) in F.
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Proof. The section « induces the injection
FP[[Xla U ’Xd’]]nc - Fgc(d)

and the degree of t(y(ker(8))) C Fp[[ X1, -, Xa]]"¢ is the same as the degree
of ker(3). Now, the kernel of « is the smallest normal subgroup containing
Tgi1,- - ,xq. Hence, t(ker(a)) = (Xg41, -+, Xyg), i.e. the two-sided ideal
of F;¢(d) generated by the elements Xg (1, , Xg.

In conclusion, for all J C I, ej(ker(f o «)) = 0. Hence for 2,2’ € F, such
that B(a(z)) = B(a(z')), one finally has e7(z) = e7(2'). O

Let us give two key examples useful for what will follow.

Example 2.6. Consider QZEI/Q the maximal p-elementary extension of Q

unramified outside ¢1. Put ' = Gal(@?{el/@) and let F' be the free pro-p-
group on x1. Then, ker(8) =< zf >.

Now, let z € F such that B(a(z)) = ¢ € I'. Then e1(z) = a and £11(2) =
a(a —1)/2. In particular, €11(z) =0 if B(a(z)) = 1.

In this example, the computation of €7(z) is reduced to look at the restriction

of z to QZEI/Q.

Example 2.7. Let T = {{1,l2} and let F’ be the free-p-group generated
by x1 and xo. Suppose that the relations of Gr are of degree 3. Then,

Gr/(Gr)@3) =~ F’/F’(g) ~ H,s, where Hys is he Heisenberg group. Then

ker(83) is the smallest normal subgroup of F' generated by x¥, 2, [[x1, x2], 1]
and [[z1, x2], x2]. Hence, ker(B) C F’(g). Hence for z € F such that f(a(z)) =
[x1,22]" € ' one obtains €12(2) = a.
In this example, the computation of €1 2(2) is reduced to look at the restriction
of z to a Heisenberg extension of Q.

For what will follow, we introduce the following notation:
Definition 2.8. Let I = (i1, ,in). Put

/’[/(I) - Eily"' 7in71(y’in)7

where we identify y;, with one of its preimage in F.

The quantity p(I) was firstly introduced as arithmetic analogues of Milnor
invariants of links by Morishita in [10] and [11]. See also [16].

2.3. The Koch computation. One has the following description of Gg:

Theorem 2.9 (Koch [8]). The group Gg can be described by generators
1, ,xq and by the relations py,--- , p, where form=1,---  d:

-1 71]

O —1
Pm =X [T Ym |-

m

This description comes from the fact that the relations are all local: they
are coming from the maximal pro-p-extension of the local fields Qy,. Let us
be a little more precise:
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Proposition 2.10. In the previous arithmetic situation:

H'(Gs, T, EBH (Ty, Fy

where I'y, = Gal(QZ’el/Q) and the natural map

2(Gg,Fp) — @H (Gy,, Fp

is an isomorphism, where Gy, = Gal(Qy, /Qy,) and where Qy, is the mazimal
pro-p-extension of the complete field Qy, .

Fori=1,---,d, let x; be a character such that Hl(ng,Fp) =< x; >

Look at the cup product x; U x; € H*(Gg,F,). Then x; Ux; = 0 and for
k different from i and j, x; U x; is zero in the fx-component H?(Gy, ,F,)
because x; and x; are unramified at fj.

Lemma 2.11. x;Ux; = 0 in H*(Gy,,F,) if and only if (5 splits in @Zfel/@.
Proof. 1t follows from a local computation. O

Hence, one obtains:

Corollary 2.12. The cup-product H'(Gg,F,) U HY(Gg,F,) is zero if and
only if for all i,j, the prime number {; splits in @Z’el/(@.

Now, by using the principle of the section 2.2:

Lemma 2.13. One has y; = x?(j’i) in Gal(@?fl/(@).

Proof. 1t is an application of example 2.6. U
With the notations of the section 1.4, one has:

Proposition 2.14. Let i < j. One has: e; (i) = pu(j,i) and e;;(j) =
—u(%,7). In the other case, e; j(k) = 0.

Proof. Let I = (i,4). Then as 2‘m~1 is at least of degree 2:

5I(pm) = 61( firan 1[xmaym])

= 6[($m ayml])
= 5I(X Y, )—5I(Yme)a

where Y, = ¢©(ym). The conclusion is then obvious. O

Finally, one obtains the two following lemmas:
Corollary 2.15 (Frohlich [6]). Form =1,--- ,r, one has:

Pm = H [xmaxi]ﬂ(i7m) (mOd F(B))
i#Em

Corollary 2.16. The following are equivalent:
(i) the relation pp, is in F(3) ;
.. . . . el
(ii) for all i, €, splits in QZ /Q ;
(iil) for all i, Xm U xi = 0 in H*(Gy,,Fp) ;
(iv) xm U HY(Gg,F,) C H*(Gg,F,) is zero.
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2.4. A key formula. For what will follow, we use the description of Gg by
Koch: pp, = xfm l[xm 7ym1]'

Proposition 2.17 ([16], Theorem 2.1.7). Let I = (i1,12,13). Suppose that
Ly, splits in @?,’el/@, Qg’el/@, and Qg’el/@. Then one has:
Zl 12 13

_ (em - 1)
er(pm) = a(p, [)7]9

where a(p,I) =0 if p > 3 or if I # (m,m,m), and is 1 otherwise.

+ 5i1,m/”'(¢27 137 m) - 5i3,m/1'(ila 127 m);

Proof. Let Yy, = t(y,n). The degree of x‘m~! is at least 3 and by example
2.6, the coefficients of Y,,, in which appear at least one of the X; , X;, and
X, are at least of degree 2. Then (by using proposition 1.14):

er(pm) = ( i 1[35;1 ym ])
- (z’” 1) a[(xgl)—i-&[(X Yin) — er(YinXm)
(K'”_l)el(:cfn)+5z1,mﬂ(12,23, m) = bigmpu(iv, iz, m)

Remark here that as an application of the example 2.6, we have:
Proposition 2.18. One has u(i,i,i) = 0 and if {; splits in QZ’EZ/Q, then
w(iyi,j) =0.

2.5. Computation in some Heisenberg extensions. Let ¢ # j be indices
such that wu(i,j) = p(j,i) = 0.

We want to compute the quantities p(i,j,k) when k satisfies p(i,k) =
wu(7,k) = 0. To do this we use the principle of example 2.7.

Put T' = {¢;,¢;} C S. By corollary 2.16, the conditions for the places of T
imply that the relations of G are in F’(g), where

1—R —F — Gr —1,

is a minimal presentation of Gp. Here F’ is the free-pro-p-group generated
by z; and x;: as usual, as Gg — G7 , we identify the elements x; and
zj in Gp with its preimages in Gg, F/ and F. By hypothesis, F(3) C R/ and
then:

P
where (Gr)(,) = R' NI, /R and where
Hp3 =< x7y7xp = 17yp = 17 [[m,y],x] = [[x7y]7y] =1>
is the Heisenberg group of order p3.
Let K; ; = ng) ¢) be the p-extension associated by Galois theory to the group
1]
el pel
(Gr)(3) and put M; ; = Qe ngje . Then Gal(K; ;/M; ;) =< [x;, x;] >.
Proposition 2.19. One has p(i, j, k) = —u(j,i, k). Moreover
,u(i,j, k?) = 0 <= [} splits in Ki7j/Mi7j7

where [, is a prime of M, ; above (..
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Proof. 1t is an application of example 2.7. Thanks to the conditions above /;,
¢; and ¢, and the remark 2.1, the restriction of the element y;, to Gal(K; ;/Q)
is in the subgroup < [z;,z;] >:

Y = [z, 2;]* (mod Gal(Qg/Kj; ;)).
Then &;j(yx) = €ij([xi, 25]") = a and 5i(yx) = €5i([2i, 75]*) = —a. O
2.6. The use of Class Field Theory. First, let us observe that:

Proposition 2.20. The exstension K; ;/M; j is unramified.

Proof. The non trivial elements of the Galois group of K; ;/Q are of order p.
Hence, if a prime above ¢; is ramified in K; ;/M; ;, then Gal(K; ;/M, ;) is
the inertia group in K; ;/Q of all primes above ¢; which contradicts the fact
that QZ,’EZ /Q is totally ramified at ¢;. O

Let C;; := Cly, ,/(Cly, ;)P be the elementary p-quotient of the class group
of M; ;. By Class field theory, C; ; is isomorphic to the the Galois group G; ;
of the maximal abelian unramified elementary p-extension H; ; of M; ;. Put

Aij = Gal(M;;/Q).

CGi, =G

Then the extension H; ;/Q is Galois and A; ; acts on G;; (and on C; ;) as
follows

7 (o, i /M) = 7(a, Hig /Mig)m ™" = (a7, Hi g /My ),
where (., H; j/M; ;) : C;j = Gy ; = Gal(H; ;/M; ;) is the Artin symbol.
As consequence of Proposition 2.19, one has:

Proposition 2.21.
w(i, 4, k) = 0 <= [, splits in K; j/M; ; <= (I, H; ;/M; ;) € Dy,

where [, is a prime of M; ; above ..

We finish this part with the question to find the subgroup Dj ;.

Lemma 2.22. There exists an unique subgroup C of C;; such that C' is
normal in Gal(H; ;/Q) and such that C;;/C ~ Z/pZ. Hence, D;; is the
unique subgroup of C; ; of index p fized by A; ;.
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Proof. If C’ is an another subgroup, then the quotient Gal(H; ;/Q)/C’ is a
group of order p®. Let K’ be the fixed field by C’. The extension K'/M; ;
is unramified. First, it is obvious that the group Gal(K’/Q) can not be
the group (Z/pZ)®. Now the groups Z/p?Z x Z/pZ and the nonabelian
group of order p? different from H,s have the same particularity: all the
subgroups of order p? are cyclic, excepts one. Hence, if Gal(K’/Q) is different
from Hps, we can assume that Gal(K’/QZ’el) is cyclic. Then, as K'/M, ; is

unramified, one deduces that K’/ Qz_’el is unramified. Contradiction. Hence,

Gal(K'/Q) ~ H,s. The Galois group Gal(K'/Q) is a quotient of F', the

relations of this quotient are in F(3), and by comparing the indexes, one
obtains that ¢/ = C. O

2.7. How to compute the relations modulo F{). Recall that S =
{€1,--+ ,¢5}. Following the remark 2.4, for j = 1,--- ,d, let us choose some
auxiliary primes g; such that:

(i) the prime g; is inert in QZ’_EI/Q;

(ii) for all ¢ # j, the prime g; splits in @Z’el/(@.

For j = 1,--- ,d, there exist p%! primes Qgﬂ in Qg’el above the auxiliary
prime g;. Then, for j = 1,--- ,d, let us fix Qj|g; one of these primes and
then let us choose z; € Gg such that its restriction to Gal(@%’el/(@) is equal
to the inverse fgjl of the Frobenius fq, of Q.

Consider two primes ¢; and ¢; such that pu(i,j) = p(j,7) = 0. Let ¢; be a
third prime (eventually ¢; = ¢;), such that u(i, k) = pu(j,k) = 0.
We want to compute (i, 7, k) when it is nonzero.

We use the notations of sections 2.5 and 2.6 for the primes ¢; and /;.

First, the extension K; ;/Q is a Heisenberg extension and we know that
Yk = [zi, 75]* (mod Gal(Qs/Ki;))

and then u(i, j, k) = a.

The field @Z’el contains p primes [5-1) above ¢; and p primes q§.1), e qg-p )
above ¢;. Now, in Gal(K; ;/Q), to fix the subgroup generated by the Frobe-
nius fqg*) of a prime above g; is equivalent to fix the inertia group of a place
((

i

o

) For what it follow, we assume that fq(n) corresponds to [g,"), n=1---,p,
j

and that moreover Q; NK;; = qgl) := gj. Then the restriction of z; to

Gal(K;,;/Q) is equal to the inverse of the Frobenius fq; of q;.
Consider the subfied N, ; of @EZ),Q)/QZEZ fixed by the Frobenius fq, of q;.
Then:

1

(i 23] = (1)) @5 = Fo o @i (mod Gal(@s/Kij)).

Now the elements z; and f 1 are in Gal(Qs/QY), and then
g5 !

[, 5] = qufq,. € Gal(N; /@Zel)’
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where f,, is the Frobenius of the auxiliary prime ¢; in Gal(Q] <L 1Q).

. C IOP-el
Hence, as qufqi is not trivial in N; ;/ Q.

yr = [zi, z;]* (mod Gal(Qs/K; ;))
if and only if
v = ¢ 1, € Gal(Ni/Q)),

which makes still sense because vy, € Gal(@%b/(@z’d). Hence, to have a € I,
it suffices to compare y; with qufqi in Gal(Nm/QZ’el).

The question for the next is how to find N; ; 7
The Frobenius fg; is associated to the inertia group of the prime [él,) above /;.

Hence the extension N; ;/ QZEZ is of conductor dividing [§2) e [gp ),

Denote by Ci([§2) e [g»p )) the p-elementary quotient of the ray class group of
QZ’el of conductor [§2) e [§p ) Let B; ; be the p-elementary abelian extension

of QZ’el of conductor [5»2) e [g»p): by Class Field theory, Ci([§2) e [gp)) ~
Gal(Bi,j/QZ’el). As the p-class group of QZ’el is trivial, Gal(Bi,j/QZ’el) is a

quotient of (Z/pZ)P~1.

— 0@
<fa;> K j 7Q(gi,gj)

Bij .
o B,

Ny, j M; ;

PN

L l
Qg° Qe

Q
If Gal(Bi,j/QZ’d) is cyclic, there is nothing to do: B;; = N; ;.
Let 2 be a prime for which the Frobenius fy generates Gal(K; ;/M; ;). Then
the extension N; ;/ Qz_’el is such that:
(i) the restriction of fy is trivial,
(ii) the prime q; = q(l)

J
(iii) the primes q§n) are inert, n = 2,--- ,d.

@)
SHU R S I

splits,

These properties caracterize N; ; (and then the subgroup D; ;) but also the

primes (D

;* associated to g; := qgl). In conclusion:

Proposition 2.23. The quantity pu(i, j, k) € F,, is such that

A 1i,,k)
I, = <q§q'> S CZ([§2) cee [§~p))/Ei7j,

where |l is a prime ideal of QZ’EZ above {), not dividing [§2)---[§p). In

particular when k = j, one has to take [, = [5-1).
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3. EXAMPLES
3.1. Example. Take p =3 and S = {¢; = 11863, ¢5 = 19, {5 = 9811}.
First, we note that ¢; = 1(p?) and that for all i # j, the prime ¢; splits
in Qg;el/(@: wu(i,7) = 0. Now, thanks to Propositions 1.15 and 2.17, the
relations of Gg become:

€1,2,1 €1,2,2 €1,3,1 €1,3,2
1 _:U‘(la2?1) 0 —M(1,3, 1) 0
P2 0 _/1'(17272) 0 _M(17372)
ps| 0 0 0 | -u(1,2,3)
€1,3,3 €231 €2,3,2 €2,3,3
P1 0 _:U‘(Qa 3’ 1) 0 0
P2 0 0 _M(2,3a 2) 0
P3 _:U‘(la?)’g) M(1’2’3) 0 _M(2’353)

Notations. If ¢; and {; are two fized primes, put M, ; = QZ?EZQZTEI and let
H; ; be the elementary unramified p-extension of M, ;.

If A is an ideal of M; j, denote by oy := (A, H; j /M, ;) the Artin symbol of A
in H; j/M; ;. If £ is a prime of Q, then £, will be a prime of M; ; above £.

3.1.1. The extension Q?ﬂQ /Q. The number field Q?;el = Q(#,) is the unique
subfield of Q((11863) of degree 3 over Q. It is defined by a root 6; of the
equation: 3 + 22 — 39542 + 39104 = 0. The field Qg’;el = Q(62) is defined
by a root @y of the equation: z3 + 2?2 — 62 — 7 = 0. The compositum
Mo = Q‘zel g’;l is generated by a root 6 of the equation

22 — 2% — 5140827 + 13752520 + 7789570944° + 5838633202
—331099157997623 — 2942127414553622 + 1777568574652416x
+20509622778724352 = 0.

The 3-class group Cj 2 of M 5 is isomorphic to Z/3Z and Gal(K; 2/M; 2) =<
Og10 >=< 0,463 >- We remark that 05119 = 0¢,,563- Hence, by Proposition
2.21, u(1,2,1) # 0 and p(1,2,2) # 0.

3.1.2. The extension Q?fé?) /Q. The number field Q;f:l is defined by the equa-

tion 2% + 22 — 32702 — 6904 = 0. The compositum M; 3 = Qg’;el(@g’;l is
generated by a root 3 of the equation:

29 — 2% — 2586638427 + 49524527628 + 1665538139292802°
—21864004078149762* — 5627979921807007180823
+83890962452662796288x2 + 942384971138013179412480
+19677317846068743788036096 = 0.

The class group of M;3 is isomorphic to Z/37Z and Gal(K;3/M;3) =<
Ogises =< Ogggy; >- Moreover, og, = 1. Hence, by Proposition 2.21,
n(1,3,2) = 0, u(1,3,1) # 0 and u(1,3,3) £ 0.
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3.1.3. The extension @?ﬂs /Q. The compositum My 3 = Qzel(@zel is gener-
ated by a root v of the equation:

22 — 28 — 4251627 + 3524925 + 5351580742° — 630338704z*
—17249885725202° + 363404812400022 + 45824385358080x
—112874663383552 = 0.

The class group of My 3 is isomorphic to (Z/37Z)3. The p-group As 3 acts triv-
ially on og,, and on og,,, and then on < og,,, 08, >= (Z/3Z)%. Hence
< 08195 0ggs1; >= D23 and one verifies that Gal(Ka3/Ma3) =< o¢gk, , >
The primes £19 and £gg11 split in Ko 3/Ms 3, and then: p(2,3,3) = 1(2,3,2)
0. To finish, one has o¢, 4, ¢ D23 1(2,3,1) # 0.

3.1.4. The ordering. Consider now the ordering X3 > Xo > X;. Then by
the above computation

E(w(pl)) = X3X2X1, f(w(pQ)) = X3X2X2, f(w(pg)) = X3X3X1.

To conclude, the family {p1, p2, p3} is combinatorially free, the pro-p-group
Gg is mild, and then by Theorem 1.11, the cohomological dimension of Gg
is 2.

3.1.5. The computation of the relations modulo F4). Remind of that p = 3
and S = {{; = 11863, ¢, = 19, {5 = 9811}.

First, we compute some auxiliary primes following section 2.7: ¢; = 31,
qo = 2, qs = 191.

e The quantity u(2,3,1).

The computation will be done in the Heisenberg extension @;’;ég /Q. Follow-
ing the notations of section 2.7, we take ¢ = 2 and j = 3.

Let Os be the ring of integers of Qzel = Q(6#2). One has the decompositions:
19105 = L9109y gy, with g1 = (191,35 + 63), 19, = (191,75 + 63), g =
(191,82 + 62) and 98110, = [9811[2)811[618117 with lgg11 = (9811,—3147 +
02), log11 = (9811, —1158 + 62), lgg1; = (9811,4306 + 62). The p-part of the
ray class group of Qzel of conductor [ljg;, [0, is isomorphic to (Z/3Z)?:
Ca(lhg1119511) =< (3),(02) >. The computation in this ray class group and
the conditions (i-iii) of the section 2.7 allow us to verify that lgg1; is associated
to fi,0,: in Gal(K23/Q) the Frobenius f;,,, generates the inertia group of lgg.
One verifies that f : 6 — —63 + 4 and that [ffgl = [{g;. Then, following the
computation of the section 2.7:

el

(3) [562,563] = f[lllgl S Gal(N2,3/ 1226 )
To conclude, in the quotient C(lhg;;Gg1)/E2.3, the ideals [{; and 11863 are
in the same class and then (thanks to (3)):

Y1 = Flises = [x27x3](m0d Gal(@s/K)),
and ((2,3,1) = 1.
e The quantities p(1,2,2) and u(1,2,1).
The computation will be done in the Heisenberg extension Q?ﬂl /Q and fol-

lowing the notations of section 2.7, we take ¢ = 2 and 5 = 1. One has in Qif;el:

3109 = [31[él[g1 where [37 = (31, —15+92), [gl = (31,4+02), [gl = (31, 12+
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02), and 1186302 = [11863[111863[11/18637 where [11863 = (11863, —3181 + 62),
1563 = (11863, —382+03), If1g53 = (11863, 3564+632). The ray class group of
Qzel of conductor [} 44571563 18 cyclic of degree 3: Ca(l}1g4311863) =< (62) >.
The computation allow us to see that fi,, generates the inertia group of [11g63
and that [f121863 = [{,563- Then:

(21, 2] 1 = @yt wy twomy = fiy, € Gal(By;/Q)).

Now the restrictions of fi,, and of fiy in B; j / QZGZ are the same. In conclu-

sion:
_ l
Yo = fu = [21, 72" (mod Gal(Qg/ )
ie. u(1,2,2) = —1. By similar computation,

(1) Fises = fagl and then u(1,2,1) =1 ;

(ii) figq, = f1yo and then p(1,2,3) = —1.
e By similar computation in the number field QZGZ, one also obtains x(1,3,3) =
w(1,3,1) = 1.

To conclude, the computations above show the following:

Proposition 3.1. The pro-3-group Gyig,9g11,11863) can be defined by the gen-
erators x1,xo and xg, and by the relations

p1 = [[z1, w2), m1][[z1, w3], 1] [[x2, 23], 21] (mod F(y)),
p2 = [[x1, 2], 22] 71 (mod Fuy),
ps = [[w1, 23], w2] M1, x5], 3][[x2, 23], 1] (mod Fy)).

3.2. A second example. Takep =3, 5 = {{; = 13,0y = 7,03 = 11971, 44 =
181} and consider the ordering: Xy > X3 > Xy > X;.

The relations p; and py are of degree 2. Indeed, as u(4,1) # 0, thanks to
Proposition 1.15 and Proposition 2.14, one has ¢(w(p1)) = X4X;.
Moreover p(4,2) = u(3,2) = 0 and p(1,2) # 0, and then £(w(p2)) = X2X;.

Now for all 4, p(i,3) = u(i,4) = 0: by Proposition 2.14, the relations p3 and
pa are in F(3). Thanks to proposition 2.17 and example 2.6 the study of the
relations p3 and py we will be done in some H,s-extension of Q.

First, let us remark that as 4 = 1(mod p?). Hence €444(ps) = 0.

By a computation in the extension Qg’?&/(@, one obtains that p(4,3,3) =0
and that p(3,4,4) # 0. By a computation in the extension @g’?&/@, one
obtains 1(2,4,3) # 0. Recall that u(4,4,3) = 0 (see Proposition 2.18).
Hence: €443(p3) = 11(4,4,3) =0, e433(p3) = p(4,3,3) =0, and €42 3(p3) =
1(4,2,3) # 0. Then £(w(p3)) = X4 X2X3.

Moreover, €4,43(pa) = 1(4,3,4) # 0, and then £(w(ps)) = Xy X4 X3.

One conclude that Gg is mild by noting that the family

{Xu X1, XoXi, XuXoX3, Xy X4 X3}

is combinatorially free.
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