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AROUND THE VAN DAELE-SCHMUDGEN THEOREM
YURY ARLINSKII AND VALENTIN A. ZAGREBNOV

ABSTRACT. For a bounded non-negative self-adjoint operator acting in a complex, infinite-
dimensional, separable Hilbert space H and possessing a dense range R we propose a new
approach to characterisation of phenomenon concerning the existence of subspaces 9t C H
such that MNR = M- NR = {0}. We show how the existence of such subspaces leads to
various pathological properties of unbounded self-adjoint operators related to von Neumann
theorems [31]—[33]. We revise the von Neumann-Van Daele-Schmiidgen assertions [31], [39],
[36] to refine them. We also develop a new systematic approach, which allows to construct

for any unbounded densely defined symmetric/self-adjoint operator T' infinitely many pairs
(Ty,Tz) of its closed densely defined restrictions T, C T such that dom (T*Ty) = {0}
(= domT? = {0}) k = 1,2 and dom Ty Ndom T, = {0}, dom Ty +dom 7> = dom T".
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Throughout this paper we consider infinite-dimensional and separable Hilbert spaces over
the field C of complex numbers. If H is a Hilbert space, then its (proper) linear subset
M C H is called a linear manifold. The closure M in topology of H is itself a Hilbert
space. We call this closed linear manifold a subspace of the space H. Let ; and 91, be
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2 YURY ARLINSKII AND VALENTIN A. ZAGREBNOV

linear manifolds of H. Then 9t; + My denotes the sum of manifolds, which is the smallest
linear manifold that contains 9t; and 91,. If intersection of subsets 91, and My has only
zero vector in common, we denote the sum by 9, +9, and call it the direct sum of linear
manifolds. If in addition these two linear manifolds are mutually orthogonal, then we denote
their sum as 9y @ My and we call it the orthogonal sum. All these linear operations can
be obviously extended to subspaces of H. Note that the sum 9%, + My, or the direct sum
M+, of subspaces is not obligatory a subspace, but it is true for the orthogonal sum
My & M.

We use the symbols dom 7', ranT', kerT" for manifolds which are respectively domain,
range, and null-subspace of a linear operator 7. The closures of two first manifolds are
denoted by dom 7', Tan 7. The identity operator in a Hilbert space H is denoted by I := Iy.
If £ is a subspace of H, the orthogonal projection in H onto £ is denoted by Pg. By £ we
denote the subspace which is the orthogonal complement of £, which is £- = H © £. We
use notation T'| N for restriction of a linear operator 7" on the set N' C dom 7.

A linear operator A in a Hilbert space is called non-negative (or positive) if (Af, f) >0
for all f € dom A and it is called positive definite if (Af, f) > c||f||* for some ¢ > 0. We
write A > 0 if A is a non-negative operator. Then the natural order A < C of two positive
(bounded) self-adjoint operators is implied by C — A > 0.

The linear space of bounded operators from the Hilbert space H to the Hilbert space $
is denoted by B(H, $) and the Banach algebra B(H,H) by B(#). The set of all bounded
self-adjoint non-negative operators in H we denote by B*(H). Then non-singular operators
B (H) € BT(H) is the subset of BT (H) with ker B = {0} . If T : H — § is a closed
linear operator in a Hilbert space H, then we used to consider the linear manifold dom 7" as
a Hilbert space with respect to the graph inner product:

(u,v)r = (u,v)y + (Tu, Tv)g .

Now we recall two results, which are established by A.Van Daele. The first result demon-
strates some pathological properties of unbounded operators. It was inspired by the well-
known (and somewhat surprising) J. von Neumann theorem [31], which states that for any
unbounded self-adjoint operator A there is a unitary operator U such that dom .4 and
dom U* AU have only the zero vector in common.

Theorem 1.1. [39, Theorem 2.2]. Let T be a positive self-adjoint operator in the Hilbert
space H. Ifker T' = {0} (non-singular operator), then there exists two densely defined closed
symmetric restrictions Sy and Sy of T such that dom S; N dom Sy = {0}.

In fact one can see from the proof of this theorem that moreover: it is possible to choose
the symmetric densely defined operators S; and Sy in such a way that their ranges ran S;
and ran Sy are orthogonal. This second result was formulated by Van Daele in [40] as a
corollary the following general assertion:

Theorem 1.2. [40, Proposition 3|. Let B be a positive self-adjoint operator in the Hilbert
space H. Suppose that ker B = {0} and ran B # H, i.e. the inverse operator B™! is
unbounded. Then there exist two linear manifolds 9y and My of dom B such that:

(i) 9%, L9,

(ii) the direct sum M +9My is dense in H. |

(iii) the linear manifolds B9, and B My are also dense in H.
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Remark 1.3. Note that if unbounded operator T in Theorem 1.1 is boundedly invertible,
then one can put B := T~' and apply Theorem 1.2 for B € B (H). This means that one
can find two orthogonal linear manifolds My, My C H and define two symmetric operators
S1, Sy with dense domains dom Sy := By, dom Sy := H My by restrictions

S1:=T[domS; , Sy:=T]dom9; .

Then by construction of operators Sy and Sy the ranges ran S; = 9y and ran Sy = My are
orthogonal.

The next result is due to K.Schmiidgen. It was apparently motivated by [31] and by the
arguments in [39] and [19]. In paper [36] Schmiidgen proved the following assertion.

Theorem 1.4. [36, Theorem 5.1] Let H be a closed unbounded densely defined linear operator
in the Hilbert space H. Then there exists an orthogonal projection P such that

(1.1) PHNdomH = (I — P)HNdom H = {0} .

Remark 1.5. In fact the statements formulated in Remark 1.3 and in Theorem 1.4 are
equivalent in the case when My = I is a subspace, i.e. My = M+ =H SM, and if H > 0
s a non-singular, unbounded, self-adjoint operator.

Indeed, let B € B (H) with ran B # H. Then B is invertible and T := B™" is unbounded
self-adjoint operator T'> 0 with dom T = ran B. By Theorem 1.2(1) and by our assumption
that My = M, My = H © M, Theorem 1.2(iii) yields: (BIM+ = H) & (Vu € ML AN €
H,(Bu,p) =0 < ¢ = 0). Since B is self-adjoint, we have (Yu € M+ A ¢ € H, (u, Bg) =
0 < B¢ € MNran B), and therefore (B = H < MNran B = {0}). The same arguments
yield (B = H < M+ Nran B = {0}). Hence, one gets

BML =BM=H < MNranB =M " Nran B = {0}
— MNdomT =M Ndom T = {0} ,
that gives (1.1) for M= PH and T = H.

On the other hand, let H > 0 be unbounded, self-adjoint operator, which is boundedly
invertible: H=' = B. Then by Theorem 1.4 there exists an orthogonal projector P such that

PHNdomH = (I — P)HNdom H = {0} <= MNran B =M Nran B = {0}
— BM=BM+t=H,

where M := PH and M+ = (I — P)YH. This coincides with Remark 1.3 for M, = M and
My = M.

Remark 1.6. In the present paper we call the statements of Theorems 1.1-1.4 and of Remark
1.3 as the Van Daele-Schmiidgen Theorem. Our aim is to develop a new systematic approach
to treat the pathologies of unbounded operators, which is motivated by this Theorem.

Note that using Theorem 1.4 and the Cayley transformation Schmiidgen also proved in
[36] an extended version of the Van Daele Theorem 1.1. It is related to the domain triviality

problem of the square of symmetric operator. This problem was formulated and studied for
the first time in [27], [28], [16], [13].
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Theorem 1.7. [36, Theorem 5.2]. For each unbounded self-adjoint operator H in H there
exists closed densely defined restrictions of H to symmetric operators Hy and Hy such that

(1.2) dom H; Ndom Hy = {0} and dom H? = dom H = {0} .

Later, J.R.Brasche and H.Neidhardt [11] showed that this result remains true if the con-
dition of self-adjoint operator H is replaced in Theorem 1.7 by a closed symmetric, but
non-self-adjoint operator.

Note also that the first assertion in (1.2) was proved by Van Daele [39] under additional
assumptions: H > 0 and ker H = {0}, see Theorem 1.1.

Remark that original proofs of Theorems 1.1, 1.2, and 1.4 are essentially based on the
spectral decompositions of self-adjoint operators and the theory of functions (Fourier series,
analytic functions etc). In the present paper we first elucidate and then we give a new
proof of the Van Daele-Schmiidgen theorem. The proof includes also a generalisation of this
theorem. To this aim we use only operator methods. Our approach uses two key ingredients:

(1) The classical von Neumann theorem [31] (see also [32], [33]), which in particular
states that for any unbounded self-adjoint operator A with a dense domain in H
there exists a densely defined self-adjoint operator B such that intersection of their
domains is trivial: dom A Ndom B = {0}.

(2) The notion and properties of a parallel addition operation for two bounded non-
negative self-adjoint operators [2],[3].

As we mentioned above the von Neumann theorem states in particular that for any un-
bounded self-adjoint operator H there exists a unitary U such that dom H Ndom (U*HU) =
{0}. Then setting J := 2P — I for projection P satisfying (1.1), we obtain as a corollary a
refined version of this theorem: there exists a unitary and self-adjoint operator J such that
dom H Ndom (JHJ) = {0} , see Sections 3.1 and 3.3.

Our arguments allow to obtain more details about properties of restrictions of self-adjoint
operators treated in Theorems 1.1-1.7 and to revise the Van Daele-Schmiidgen and the
Brasche—Neidhardt theorems, see Section 3.4. We note also that the von Neumann theo-
rem [31]-[33] and Schmiidgen’s result [37] are related to results in [29], [30] about another
kind of pathological properties of operators unbounded from above and from below. These
papers solved the problem of existence of densely defined symmetric semi-bounded restric-
tions to stability domains of initially unbounded from below symmetric operators. The same
theorems together with the operator parallel addition play essential role in [6] in order to
construct counterexamples to some statements in [25] related to the Q-functions of Hermitian
contractions.

Here is a brief review of contents of the paper. In Section 2 we recall some basic facts
of the operator theory indispensable for formulations and proofs of our main results. They
are: the operator ranges, the concept of parallel addition, the Krein shorted operators, the
self-adjoint extensions of non-negative operators, and few relevant fundamental statements
like von Neumann’s and Douglas’ theorems.

Section 3 collects our main results. We start by Section 3.1, where different charac-
terisations for trivial intersections of operator ranges with subspaces are presented. This
preparation is aimed to describe then essential steps of our approach.
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Our key statement (Theorem 3.7) is that for a given A € B (H) with ran A # H, we can
find a continuum set of different subspaces 91 C H satisfying

(1.3) M Nran AY? = M+ Nran A2 = {0} .

In Theorem 3.9 we show the existence of increasing (decreasing) chains of subspaces
possessing the trivial intersection property (1.3). To this aim we use the lifting of operator
A. Tt is defined as a representation of A generated by orthogonal projection Py : H — I,
which has the form

(1.4) A =TY2Py1/?

Here T € B (H) is the sum T = A + B, where B € B (H) with ran BY/2 Nran AY/2 = {0}.
Note that by virtue of trivial intersection of ran B'/? and ran A2, the subspaces 9t and 9+
have trivial intersections with ran7%/2 :

(1.5) MAran TV? = M+ Nran T2 = {0}.

In Section 3.2 we study the existence of the lifting in the form (1.4) with (1.5), when
the subset 91 possessing (1.3) is given. Then conditions on the entries of A € B (H) in its
block-operator matrix representation with respect to decomposition H = MM HIM* are found.
We give examples that not all subspaces 9 possessing (1.3) can be constructed applying a
general form of the operator lifting (1.4). This indicates that our method is not exhaustive.
It also means that the problem of construction of all subspaces 9t verifying (1.3) for a given
operator A is open.

Nevertheless, our method of the operator lifting allows to obtain more detailed information
about the hierarchy of possible subspaces 991 and to establish a number of new results about
it. In particular, we prove that for a given A € B (H) with ran A # H there exists a one-
parameter family of these subspaces, see Theorem 3.7 and Proposition 3.8, as well as some
increasing (decreasing) infinite chains of subspaces 9t with the property (1.3), see Theorem
3.9 and Corollary 3.12.

In Theorems 3.17, 3.20 of the next Section 3.3 we revise the Schmiigen result (Theorem
1.4). Moreover, in Theorem 3.26 we construct decreasing/increasing families (in the sense
of associated closed quadratic forms) of pairs of non-negative self-adjoint operators with
trivial interactions of their form-domains with domain of a given unbounded non-negative
self-adjoint operator. Then we investigate the limiting behaviour of their resolvents and of
the corresponding one-parameter semigroups.

These results allow to scrutinise in Section 3.4 the triviality domain problem for prod-
ucts/powers of unbounded operators, c¢f Theorem 1.7. We propose a systematic method for
construction of examples of pairs operators (B, B} consisting of closed densely defined sym-
metric operator B and its symmetric/self-adjoint extension B, such that dom (B*B) = {0}.
This gives abstract examples of symmetric operators B with tr1v1al squares and allows us to
refine the Van Daele-Schmiidgen and the Brasche-Neidhardt theorems. Under certain ad-
ditional conditions we show in Theorems 3.31 and 3.32 that the products in different order,
i.e., operators BB and BB are densely defined and we describe their Friedrichs and Krein
self-adjoint extensions.
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2. PRELIMINARIES

2.1. Operator ranges. Following [19] we call linear manifold R in a Hilbert space H an
operator range, if it is the range of some bounded linear operator on H. Note that even
for bounded operators the operator ranges possess certain special features that distinguish
them from arbitrary linear manifolds since their properties may be more pathological.

Clearly, if an operator range R is unclosed and dense in H, then it is a domain of a
non-negative self-adjoint unbounded operator in H. Indeed, if R = ran A, A € B(H),
then R = ran|A*|, where |A*| := (AA*)Y/? is non-negative self-adjoint bounded operator.
Since R is dense in H we get ker |[A*| = {0}. The inequality R # H yields that the
operator T' = |A*|7! is unbounded non-negative self-adjoint operator and dom7 = R.
Conversely, if T is a non-negative unbounded closed and densely defined linear operator,
then dom T = dom |T|, for |T| = (T*T)"?. Consequently, one obtains

domT =ran (|T|+1)"".

This means that dom 7" is an operator range. Various characterizations of operator ranges
can be found in [19].

2.2. The Douglas theorem.

Theorem 2.1. [17] For every A, B € B(H) the following statements are equivalent:

(i) ran A C ran B;
(ii) A= BC for some C € B(H);
(iii) AA* < ABB* for some A > 0.
Moreover, there is a unique operator C' satisfying ran C' C Tan B*, in which case ker C' =
ker A.

The next relations follow from Theorem 2.1 (see [19], Sect.4):

" 1/2

(2.1) (Z Fj> :ranF11/2+...+ranFé/2, {F;}}_, C BY(H),
j=1

(2.2) ran (Fl/ZMFl/Z)l/2 = FY2ran M'Y? F, M € BY(H).

This yields, in particular, that if 77,...,7} are closed and densely defined linear operators
in H, then the linear manifold

domT; + ... +domT7T,

is domain of a closed linear operator.

2.3. The von Neumann theorem. In paper [31] (see also [32], [33]) John von Neumann
established the following fundamental result:

Theorem 2.2. For any unbounded self-adjoint operator H in a Hilbert space there exists a
unitary operator U with the property

dom H Ndom (U*HU) = {0}.
Special examples of self-adjoint operators A and B with dom A N'dom B = {0} one can

find in [12], [39], [23].
In terms of operator ranges the statement of Theorem 2.2 takes the following form:
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Theorem 2.3. If R is a nonclosed and dense operator range in a Hilbert space H, then
there is a unitary operator U on H such that

(2.3) RNUR = {0}.

Corollary 2.4. If R is a nonclosed operator range in a Hilbert space, then there exists a
continuous one-parameter unitary group {U; her such that UR NUR = {0} for s # t.

The proof of Theorem 2.3 and Corollary 2.4 can be found in e.g. [15] and [19].

2.4. The parallel sum of operators. Let F' and GG be two bounded non-negative operators
on H. The parallel sum F : G of F' and G is defined by the quadratic form:

(F:G)h,h) = inf {(Ff,f)+(Gg,9): h=Ff+g},
see [2], [19], [26]. One can establish for F' : G the following equivalent definition

F:G=s—lim F(F+G+e) '@,

see [3], [35]. Then for positive definite bounded self-adjoint operators F' and G we obtain
F:G=F'1+ahH1t.
Since ' < F + G and G < F + G, one gets
(2.4) F=(F+G)"’MF +a)"? G=(F+G)"Y*(I—-M)(F+GaG)"?

for some non-negative contraction M on H with ran M C tan(F + G). This yields yet
another description of the parallel sum F : G.

Lemma 2.5. [5] Suppose F,G € BY(H) and let M be as in (2.4). Then
F:G=(F+G)"*M— M) (F+G)"2
Using (2.1) and (2.4) one obtains the equalities
ran FY/2 = (F + G)Y?*ran M2, ran GY? = (F + G)"?ran (I — M)"/>.
Since
ran M"? Nran (I — M)Y? = ran (M — M*)"/?,
the next proposition is an immediate consequence of Lemma 2.5, cf. [19], [35].

Proposition 2.6. 1) ran (F : G)/? = ran F*/? Nran G'/2.
2) The following statements are equivalent:
(i) F: G =0y
(i) the operator M in (2.4) is an orthogonal projection in Tan (F + G);
(iii) ran F''/2 Nran G2 = {0}.
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2.5. The Krein shorted operator. For a given non-negative bounded operator B on the
Hilbert space H and for any subspace K C H M.G. Krein defined in [24] the operator

Br:=max{Z €B(H): 0<Z<B,ranZCK}.
Then equivalent definition of By has the following quadratic-form expression:
(25 (Bef.f) = nf {(BU+0)f+e)}. feM
Here Kt := H © K. The operator By is called the shorted operator of B, see [1, 3]. Let the
subspace (2 be defined by

Qc:={fetanB: B'?f e K} =tan Bo B/?K".
Then the shorted operator By gets the form Bx = B'Y2P,, B'? and

ramB,lc/2 = K Nran BY? ,

see [24]. In particular, this implies the equivalence:
(2.6) Bx =0 <= KnranBY? = {0} .

Note that with respect to orthogonal decomposition H = K @ K+ a bounded self-adjoint
operator B has the block-matrix form:

K K
B = {Bil Bu} & = D,
BlQ B22 /Cl ’CL

where By, € B(K), By € B(K1), By € B(K+, K). It is well-known (see e.g. ) Recall that
the operator B is non-negative if and only if [25]

(2.7) Bys >0, ran BY, C ran BY?, By, > (3551/2}3;2) (Bgl/Q]BE) .
Here ngl/ 4= (B;Q/2 | Tan Byy) 1. Then operator By is given by the block matrix

(2.8) Be — | Bn = (BR"7B1) (Bh"B1) 0] |
0

Conditions (2.7) imply that the block operator matrix

K K
B— |:B>1kl Bl2:| L - @
BlQ BQ? /CJ‘ /CJ‘

is non-negative if and only if it takes the form [3§]

By, Bi|’TB?

2.9 B =
(29) By’ By Bao

where I : Tan Byy — Tan By is a contraction. Then from (2.8) it follows that

BT —-T*T)B*> 0 0 0
2.1 By = |1 11 Be — .
(2.10) * { 0 0] 7% 7 o BYXI-TT")BY?
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2.6. Friedrichs and Krein self-adjoint extensions. Let H be a Hilbert space and let A
be a densely defined closed, symmetric, and non-negative operator. Denote by A* the adjoint
to A. Recall that the operator A admits at least one non-negative self-adjoint extension Ag
(called the Friedrichs, or “hard” extension [24]), which is defined as follows. Denote by al-, -]
the closure of corresponding to A sesquilinear form

alf,gl = (Af,9), f,g € dom (A),

and let D[a] be domain of this closure. According to the first representation theorem [20]
there exists a unique non-negative self-adjoint operator A associated with a[-, -], i.e.,

(Aph, ) = alh, 9], ¥ € Dla], h € dom Ag .
One clearly gets that A C Ar C A* and that dom Ap = D[a] N dom .A*. Moreover, by the
second representation theorem [20] the following equalities
Dla) = dom A* and o, ¥] = (A6, A*0), 6.4 € Dla]
also hold.

In [24] M.G. Krein discovered one more non-negative self-adjoint extension Ay of A. It has
the extremal property to be a minimal, whereas the Friedrichs extension Ay is the maximal
(in the sense of the corresponding associated closed quadratic forms) among all other non-
negative self-adjoint extensions C of A : Ax < C < Ap. These inequalities are equivalent to
inequalities for resolvents :

(Ap +al) ' <(C+al) ' <(Ax +al)™t, a>0,

see [20], [24]. The extension Ay is called the Krein extension of A. If A is a positive-definite
symmetric operator, then the subspace ker A* is nontrivial and one gets:

dom Ag = dom A+ ker A* |

see [24], whereas
dom Ap = dom A+(Ap) " ker A* .

Let Ly and L, be closed linear operators defined in a Hilbert space H, taking values in a
Hilbert space §), such that L, is extension of L;:

(2.11) Ly C Lo.

Then operators L L, and L3 L, are self-adjoint and non-negative. Since Lj C L7, the follow-
ing relations are valid:

dom (L5L,) = dom (LjL;) Ndom (L5Ls) = dom Ly N dom (L3 Ls).
Suppose that

(2.12) dom (L Ly) Ndom (L3Ly) # {0} .
Then operator A defined as follows:
(2.13) Af :=L5L,f, f € dom A, for dom.A:=dom (L5L,),

is closed and symmetric. Since (Af, f) = ||L1f||* > 0 for all f € dom A, the operator A is
non-negative. This kind of operators A we call the operators in divergence form [7]. The
next assertions are established in [7].
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Theorem 2.7. [7, Theorem 3.1|. Let Ly, Ly : H — $) be closed and densely defined operators,
satisfying condition (2.11). If the operator A = L3L, is densely defined and its adjoint is
given by
A* = L Lo,
then
(1) the Friedrichs extension of A is given by the operator LiLy, i.e.,

domAp = {f €edom L, : Ly f € dom L]}, Apf = LiL,f, f € dom Ap,
)
dom A%/Q = dom L, (A%/Qu, A%/Qv) = (Lyu, L1v), u,v € dom Ly,
(3) the Krein extension of A is the operator Ax = L Panr, Lo, i.e.,

dom Ak = {f € dom Ly : Pz, Lof € dom L}},
AKf = L;Pra_nL1L2f7 f € dOITlAK,

and
dom A%(/Q = dom Lo, (A%/QU,AIE/QU) = (Pran 1, Lou, Panp, Lov), u,v € dom Lo,

(4) the Friedrichs and the Krein extensions of A are transversal, i.e., one gets for their
domains:
dom Ap + dom Ax = dom A*.

3. MAIN RESULTS

This section collects our main results. They are based on some new ideas and our lines
reasoning improve the results in [39], [36], [11]. We give new proofs and generalise the Van
Daele-Schmiidgen Theorems 1.1,1.2,1.4,1.7 and the Brasche-Neidhardt assertion [11].

Our observations also lead to certain new applications, see Section 3.3.

3.1. Trivial intersections of operator ranges with subspaces. We start this section
by a useful refinement of the von Neumann Theorem 2.2, which we reformulated in Theorem
2.3 in terms of ranges.
A bounded linear operator J on a Hilbert space H is self-adjoint and unitary operator if
and only if one has:
J=J=J".
Such operator is often called fundamental symmetry, or signature operator [10]. Note that
J is a fundamental symmetry operator if and only if
J=2P -1,

where P is an orthogonal projection in H.

Proposition 3.1. Let R be a non-closed linear manifold in a Hilbert space H. Then the
following assertions are equivalent:

(i) There exists in H an orthogonal projection P such that
ranPNR ={0} and ran(l — P)NR = {0} .
(ii) There exists in H a fundamental symmetry J such that

JRAR = {0} .
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Proof. (i) = (ii). Set J := 2P —I. Let f € R and suppose Jf € R. Then 2Pf € R. But
ran PNR = {0}. Hence f € ran (I — P). Since ran (I — P)NR = {0}, we obtain f =0, i.e.,
the statement (ii) holds.
(ii) = (i). Let P := (I 4+ J)/2. Then P is orthogonal projection in H. Suppose that
f € (@anPNR). Then Jf = Pf = f € R and by virtue of (ii) one obtains f = 0. A similar
argument is valid for f € (ran(/ — P)N'R = {0}). O
Proposition 3.2. Let H be a Hilbert space. Let A € BJ(H) and ran A # H.
(1) Let M be a subspace in H and Py be orthogonal projection on M. We define the
operator A; == A2 Py AY2.
(a) Then one gets
ML Nran A2 = {0} <= ker A; = {0} <= AY20M = H,
MNran A2 = {0} +— ran A7> Nran A = {0}.
Hence, the following statements are equivalent:
(i) ran A}/z Nran A = {0} and ker A; = {0},
(ii) 9 Nran AY? = ML Nran AY2 = {0},
(iii) the linear manifolds AY?9M and A2+ are dense in H.
(b) If ker A} = {0}, then

(3.1) IIA;YR|| = ||A~"2R]| for all h € ran A%
(2) If A, Ay € BY(H), ran AY? C ran AY2 and if (3.1) holds true, then A, = AY2PAY?,

where P is an orthogonal projection in H.

Proof. (1) By definition of A; and by the Douglas Theorem 2.1 we have ran A}/Q = A2,
It follows then that

ran A} Nran A = {0} <= M Nran A% = {0}.
It is also clear that
ker A; = {0} <= tan 4, = H <= M Nran AY? = {0}.
The equality: ||AV2f||2 = ||[PmAY2f||? for all f € H, implies that there is an isometry
V9 — H, ranV = H such that AY?h = V Py AY2h, h € 1. Hence
AP = AV ATV = VAT PR o€ ran A2,

where V* : H — 9N, ran V* = 9N and V'™ is isometry.
For the proof of the statement (2) we refer to [8]. O

Proposition 3.3. Let A € B (H) and ran A # H. Let P, and P, be two orthogonal projec-
tions in H such that

(3.2) ran P, Nran AY? = ran (I — P,) Nran AY? = {0}, k = 1,2
If we define
Ap = AVPPAYR Ay = AP PAY,

then
Ag = AVPPL A,
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where Pys is an orthogonal projection such that
(3.3) ran Pjy Nran AY? = ran (I — Pjy) Nran AY? = {0}.
Proof. We have AY? =V, P AYV2 AY? = VP AV? where Vi s tan P, — H, Va :tan Py — H
are isometries. Then
A2 = APy AYR = APV Ve M s ran Py, k= 1,2,
It follows that
AP = APy
The operator V' := V;*V}* is isometry,
ranV = Vy {ranV]"} = V" {ran P, } C ran P;.
Let Py5 := Py be orthogonal projection on ran V. Then
Ay = A2V AV2 — A2, AL,
Using (3.2) and Proposition 3.2, we obtain that ker Ay = {0}, ran A;ﬂ Nran A; = {0}, and

ran A}/Zﬂran A = {0}. Due to inclusion ran Aé/Q C ran A}/z, one gets ran Aéﬂﬂran A = {0}.
Then application of Proposition 3.2 leads to equalities (3.3). U

Proposition 3.4. Let A € B (H), ran A # H and let P, and Py be two orthogonal projec-
tions in H such that P, < Py and (3.2) holds. Define

A1 = A1/2P1A1/2, A2 = A1/2P2A1/2.
Then
Ay = APPAY?
where P is an orthogonal projection such that
ran (I — P)N ran A}/ = {0}.
Proof. 1t is clear that
A =P AP, A =1 PAY,
where the operator Vj : ran P, — H is isometry, k£ = 1,2. Then
AV = A VeVy
and V := VLV}" is isometry with ran V' = Vo{ran P, }. Hence
Ay = AVPPAY?
where P := P,,,v is orthogonal projection on ran V. Since ker A; = {0}, we obtain the last
statement, ran (I — P) Nran AY? = {0}, of the theorem. O

Proposition 3.5. Let H be a Hilbert space.
1) Suppose that

F, G € BT (H), ker F' = ker G = {0},
F:G=0(<= ranF'?NranGY? = {0}).

Then there is a subspace M in H satisfying
(3.5) M Nran (F + G)/? = M+ Nran (F + G)Y? = {0}.

(3.4)
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2) If a subspace MM in H is such that dim M = dim M+ = oo, then there is a pair of linear
operators ' and G satisfying (3.4) and (3.5) .

Proof. By virtue of Proposition 2.6 and equalities (2.4) we have
F=(F+G)"?P(F+Q)"? G=(F+G)"Y*I-P)F+a)"?

where P is an orthogonal projection in H. Put 9t := ran P. Then, since ker F' = ker G = {0},
we obtain (3.5).

Conversely, suppose that 9T is a subspace in H such that dim 9t = dim 9+ = co. Then
by [8] one can find operator X € B(#H), X > 0, such that ker X = {0} and

(3.6) M Nran X2 = {0}, M+ Nran X2 = {0}.

Now we follow the line of reasoning close to constructions in [8, Section 5. To this end note
that by Theorems 2.2 and 2.3 one can find in the subspace 9 two non-negative self-adjoint
operators W and V' from B(90) possessing the properties

ran W =tanV =9, ran W NranV = {0},
0<W < Iy, ker W ={0}, 0 <V < Iy, ker V= {0}.

Let us replace V by operator U = V&, where ® is a unitary operator from 9+ onto 9t and
taking into account H = 9 @ M+, define

W2 WU
Xi= [U*W U*U] '

Let us show that
ker X = {0}, Xon =0, Xpp = 0.

2

(3.7) (XF, 0)=WfhH + US|
It follows that

Set f = [fl} , where f; € M, f, € M. Then

Since ran W NranU = {0}, ker W = {0}, ker U = {0}, we get f; =0, fo = 0. From (3.7)

and relations Tan W =tan U = 91 we get the equalities

inf (X(f =), f—¢) =0, inf (X(f—¢),f-1)=0.

peML YeM
Equality (2.5) now implies Xgn = 0 and Xop: = 0. Applying (2.6) we obtain (3.6).
Now set
F=X"Y2PpX'? G = XYV — Py) X2
Then by construction ker F' = ker G = {0}, ran F''/2 = X290, ran G'/2 = X/200+. Hence
ran F*/2 Nran GY/? = {0},

therefore by Proposition 2.6 one obtains F' : G = 0. Since F' + G = X, this proves the
statement 2). Hence, the proof of the proposition is completed. O
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Corollary 3.6. Let X € B (H), and a subspace MM C H. Then
M N ran X2 = M+ Nran X2 = {0}
if and only if the operator X with respect to decomposition H = M @ ML takes the form

w2 WU
(38) X = {U*W U*U} )
where
(3.9) W e Bar(i)ﬁ), U c B(EDYL,E)JT), ker U = {0}, ker U* = {0},

ran W NranU = {0}.

Proof. If X is of the form (3.8) with conditions (3.9) then due to (3.7), (2.6), (2.8) we get
that

M Nran X2 = M Nran X2 = {0}, ker X = {0}.
Conversely, suppose X € B (H) and ran X2 N9 = ran X2 N ML = {0}. From (2.6)
and (2.9), (2.10) we get that with respect to orthogonal decomposition H = 99T @ I+ the
operator X takes the form

_ X1 X1 X547
XX Xy |
where ker X1; = {0}, ker X5 = {0}, and I is unitary map of 9+ onto 9. Denote W = X%

U =TX,)%. Then X is of the form (3.8). Moreover, ran W Nran U = {0} due to ker X = {0}.
Therefore, conditions (3.9) are satisfied. O

Let U = V® be the polar decomposition of U € B(9M+, M), where V = (UU*)/? and &
is unitary operator acting from 9+ onto M. Then X in (3.8) takes the form

AL AL
W2 WVo
(3.10) X = [@*VW q)*VQq)} : %L — %L :
and

ran W NranV = {0}.

Let us formulate a general criterion: The operator X € B{ (#), having the block-operator
matrix form

M m
X = {XE Xu} e = &
X12 X22 SIRL mi

possess the property
M N ran X2 = M Nran X2 = {0} ,
if and only if
ker X7; = {0}, ker X9o = {0}, ran X, Nran X;; = {0}.

Now we are in position to formulate the first of our main results of this section. It concerns
subspaces that have trivial intersections with the operator range ran A'/2.
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Theorem 3.7. Let A € Bi(H) and ran A # H. Then there is a continuum set of subspaces
M C H such that

(3.12) M Nran A2 = ML Nran AV? = {0}.
Proof. By Theorem 2.3 there exists B € B (#) such that ran BY/2 Nran AY? = {0} (take

for instance B = UAU*, where U is unitary in ‘H and satisfies (2.3)). Then the parallel sum
A B =0, and hence by Theorem 3.5 there is a subspace 9 such that

M Nran (A + B)Y/? = MMt Nran (A 4+ B)Y? = {0}.
Since ran (A + B)'/? = ran AY/? 4 ran B2 we get (3.12). Notice that
A= (A+ B)Y?Py(A+ B)Y?, B=(A+ B)"?Py.(A+ B)Y2
Let M € BY(#H). Then
ran (BY?M BY?)Y/2 = BY?van M'/? C van B2,
Since ran B2 Nran AY2 = {0}, then
ran (BY2MBY?)Y2 A ran AY? = {0} .
Hence
A= (A+ BY2MBY2)'2P(M)(A+ BYV>MBY?)'/2,
BY2MBY? = (A + BY2MBY?)Y2(I — P(M))(A + BYV>MBY?)1/2,
where P(M) is orthogonal projection in H. In particular

(3.13) A= (A+2B)"Y?P(2)(A+xB)"? B = (A+2B)"Y*(I — P(2))(A+ 2B)"? ,

for proportional to identity operators M(z) = I with positive parameter x. Here we put
P(z) := P(M(x)). Then

ran P(x) Nran AY? = ran (I — P(z)) Nran AY? = {0}.
We show first that if ,y > 0 and = # y, then P(x) # P(y). Notice that
(3.14) ran (A + zB)Y? = ran AY?fran B2, z > 0.

Suppose that x < y. Then
A+zB < A+yB.

Hence, by the Douglas Theorem 2.1 one obtains
(3.15) (A4 2B)Y? = Z, ,(A+yB)Y?,
where Z, , € B(H) is a contraction. Note that

Z:, = (A+yB)?(A+aB)'".

Then equality (3.14) implies that the operators Z  as well as Z,, are isomorphisms of H.
The first equality in (3.13) yields that

A= (A+yB)'\?Z: P(x)Z,,(A+yB)'/>.
On the other hand
A=(A+ yB)l/zP(y)(A + yB)l/z.
Thus

(3.16) Py) = 7}, Pa) 2y
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Set M, = ran P(z), M, = ran P(y). From (3.16) we get that
(1) Za, maps M, into M,
(2) Z,, maps M, into M, isometrically.

In fact Z, , M, = M, and Zgwimyl = imi, because Z, , is isomorphism of H. The equalities
aB = (A+yB)'\?Z; (I — P(x))Zyy(A+yB)Y?,
yB = (A+yB)*(I - P(y)(A+yB)"/?

lead to

yZy, (I — P(x))Zyy =z (I — P(y)),
and taking into account (3.16) we arrive at
(y —2)Py) = yZ; yZay — 1.
Finally
yllZeyhll? = 2| |R]]*, b€ M.

This equality means that the operator

vyt Z,,

isometrically maps 9, onto M. Now assume P(z) = P(y), i.e., M, = M,. Denote this
subspace by 9. Then with respect to decomposition H = 9 & MM+ the operator Z,, takes
the matrix form

o mo o
Ly = { ! ] G )
L0 Vel g gt

where A; and A, are unitary operators in 9 and 9+, respectively. Since
A= (A+yB)"?Py(A+yB)"? = (A+ 2B)">Py(A + yB)"/?,

from (3.15) follows

A=Z,,(A+yB)"?Pyu(A+yB)'?Z: .
Therefore

A=Z, AZ,y.
Due to the structure of Z, ,, the latter equality implies
P Al = Z% (PR Al M) Z,, 1 M-

Hence

1Pp AT || = wy™ [ Ay (P AT 9T ) As].
Because A, is unitary in 9+, we get

1A (P AT ) As || = || Py AT 90T
Thus,
[P AT D[ =y ™ || P AT 9.

Since = # y, this equality implies: P A | 9L = 0, i.e. the contradiction with A € B (H).
So, P(x) # P(y) if z # y. O



AROUND THE VAN DAELE-SCHMUDGEN THEOREM 17

It should be noted that the function P(x) is strongly continuous at each point on (0, +00).
To prove this we define the following auxiliary operator-valued function

Sy = (A+zB)"Y2AY2  2>0.

Then
S*h = AY*(A+ xB)"Y?h, h € ran AY?4ran BY? |

and from (3.13) one gets
(3.17) S.8% = P(z).
Let xg > 0, then
(St —5:)(A+2oB)f = (z0 — z)AY?(A+ zB) V2 Bf
F AV (A% 0B)2 — (At 20B)2)
Note that the Douglas Theorem 2.1 implies: /z||(A + xB)~'/2B/2|| < 1. Therefore,
I(A+2B) 2B < ©
for all x in some neighborhood of the point xy. Hence,

lim (S — Sk )(A+xB)f =0

T—T0
for all f € H. Since the linear manifold ran (A + x(B) is dense in H and ||Sk|| = 1, we
obtain
lim S7g =S, g

T—T0
for all g € H. From (3.17) it follows that ||Skg|| = ||P(z)g]|, then
(3.18) I [[P()gl| = [1P(ro)gll g € H.

On the other hand,
(P(x)g = P(x0)g, f) = (5:5:9, ) = (Sa0S2,9: f) = (529, 52F) = (52,9, 55,

Hence, the function P(x) is weakly continuous at z,, which together with (3.18) implies that
P(z) is strongly continuous at x.

Proposition 3.8. Let {U;}icr be a one-parameter unitary group such that
Uyran AY2 N U,ran AY2 = {0}, s #t,
see Corollary 2.4, then there is a one-parameter family of subspaces {9M; }ier\qoy Such that
M, Nran AY2 = 9 Nran AY2 = {0} for allt #0 .
Moreover,
(3.19) Poye, = U4 P, Uy, £ # 0,

and therefore
ML, = U_ M, t #0.
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Proof. Consider B, = U;AU_;. Note that by the Stone theorem U, is of the form U, =
exp(itH), t € R, where generator H is a self-adjoint operator in H. Since
ran B}/* Nran AY? = {0}, t #0,
we get
A= (A+ B)"?P(A+ B)'/2,
By = (A+ B)Y*(I — P)(A+ By)Y?, t #0,
where P, := Py, are orthogonal projections on 9, C H for all ¢ # 0. Then
(3.20) A=U_(A+ B)Y*(I - P)(A+ B)"?U,.
By virtue of equality
U,t<A + Bt) - (B,t + A)U,t
we get
U_t(A + Bt)k — (B—t + A)kU_t
for all £ € N. Hence
U7t<A —|— Bt)l/Q = (B,t —|— A>1/2U7t7 t # O
Then (3.20) yields
A= (B_y+ AYV2U_((I - P)U(B_,+ A)Y? t #0.
Since also
A= (A+B_)?P_(A+ B_)"* t+#0,
we obtain (3.19) with 9, := ran P,. O

Next we show that there exists increasing (decreasing) chains of subspaces possessing the
trivial intersection property (3.12).

Theorem 3.9. Let A € Bf(H) and ran A # H. Then there is an increasing sequence
N1 CNy C ... of subspaces in H such that

Elg O%k N ian f?/}Q =N Nran AY2 = {0} for all k € N,
2 N, = {0},

keN

Proof. (1) Choose 9 C H such that 9t Nran AY2 = M+ Nran A2 = {0} and define
Ay = AV PR AV Ay = AP Py AR A = AP PR AP

Then

(3.21) A>A > Ay >

and ran A,lg/ = A,}f 1IN C ran Ai/f | for k € N. It follows that

ran A2 5 raunA}/2 D raunA;/2 D
imﬂranA,lﬁ/Q zimLﬁranA,lg/Z = {0}, ke N.

In addition, by Proposition 3.2(1), ran Ai/Q Nran A = {0}. Hence,
(3.22) ran A,lc/2 Nran A = {0}, k € N,
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Now from Proposition 3.3 and (3.21) it follows by induction that
A = A1/2P]€A1/2, keN,
where { Py }ren are orthogonal projections in H with Py := Py such that
PL>P>.. >P.>.. ..
Since ker Aj, = {0}, one gets ran (I — P;) Nran A2 = {0}. Equation (3.22) and Proposition
3.2 yield also that ran P, Nran A2 = {0}. Set
N =M, My =ran (I — P), k€N,
Then we obtain
M= CcMycC..., M=N"ONy O ... .
(2) Now let us show that
(9% ={0}.
keN
Note first that the sequence {Ax}r>1 C BT(H) is non-increasing. So, it has the strong limit
Ay = s — limy_,o A, and ran Aé/z C ran AY2. Therefore, from A;, = Ai/fleA,lg/z, k €N

we obtain Ag = Aé/ZPgmAé/Z. Hence ran A(l)/2 C M. On the other hand ran Aé/Z N = {0},
which implies that operator Ay = 0.

Suppose f € (| N, ie., f = A,lﬁ/2fk. The equality Ay = A,lﬁ/_zlP;mA/,IC/2 and Proposition
keN
3.2 imply that

| fell = [|A7Y2f]| for all k€ N.
Since s — limy_,oc A = 0 and
(F.h) = (fi- A7), k€N,
we get f =0. Thus () NE = {0}.
(3) Moreover, since ;ceiV limy_,oo P = 0, we also get s — limy_,o Py, = Iy. O

Note that Theorem 3.7 can be reformulated in terms of the operator ranges as follows.

Theorem 3.10. Let operator range R be non-closed and dense in a Hilbert space H. Then
there is a subspace M C H such that

MNAR =M NR = {0}.
Proof. Let A € B{(#H), and ran A2 = R. Then apply Theorem 3.7. O

Concequently, by applying Proposition 3.2 and Theorem 3.7 to A = B?, where B €
B*(H), one can now prove the Van Daele Theorem 1.2.

Corollary 3.11. Let {F;}}_; € BT(H), ker (Z Fj> = {0}, and ran <E F}) # H. Then
i=1 =1

there are infinitely many subspaces M such that

. 1/2 " 1/2
M N ran <ZF]> = 9+ Nran <ZFJ> = {0}.

j=1 j=1
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In particular
imﬁraijl/2 = QﬁLﬂranFjl/Z = {0} forallj=1,2... n.
Corollary 3.12. For arbitrary operator A € B (H) with ran A # H there exists infinitely
many pairs Ay, Ay € BY(H) such that
A - Al + A27
ker A; = ker Ay = {0},
ran A}/2 M ran A;p =0,
ran A}/a—ran Aé/z = ran A2,

(3.23)

Proof. Let 9 be a subspace and 9 Nran AY2 = 9+ Nran A2 = {0}. Define two operators
Ay = AV2PpAY? Ay = AV Py AV
Then equalities in (3.23) are satisfied. O

Since by definition for any operator A € BT (H) the set of all extreme points of the operator
interval [0, A] are of the form

{AI/QPA1/2 : P is an arbitrary orthogonal projection in H},

see [34], the statement of Corollary 3.12 has the following interpretation:

There ezists infinitely many pairs (X, A — X) of extreme points of the operator interval
[0, A] such that ker X = ker(A — X)) = {0}. Moreover, there are increasing (decreasing) se-
quences { X, }n>1 of such extreme points, which in addition have the property s—lim, ., X,, =
A (s —lim, ., X,, = 0).

3.2. Lifting of operators. Let A € B{(H) with ran A # H. For a given subspace 9,
possessing the property (3.12), and for the corresponding orthogonal projection Py, we are
looking for existence of representation of the operator A in the form:

A= T1/2Png1/2,
(3.24) T € BJ (H),

M N ran T2 = ML Nran TY? = {0}.
We call this representation the lifting of operator A and we refer to the operator T as to the
lifting operator for a given subspace 9.

The following statement, which makes our concept of lifting nontrivial can be easily derived
from Proposition 3.5 and Theorem 3.10.

Proposition 3.13. Let A € B (H) with ran A # H. Then operator A admits a lifting in
the form

A _ T1/2PT1/2,
where T € By (H) and P is an orthogonal projection in H such that

ran P Nran T2 = ran (I — P) NranTY? = {0} .
Notice that from the Proposition 3.13 one also obtains the triviality of intersections:
ran P Nran AY? = {0} and ran (I — P)Nran AY? = {0}.

For the following we need an auxiliary statement concerning the operator ranges, which
we formulate as the lemma.
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Lemma 3.14. Let operator range R be dense in H. Then there are operators Y € B (H)
such that

ranY "R ={0} and ranY/?>R.

Proof. Let Z € B*(H) with R = ran Z'/2. Since R is dense, we have ker Z = {0}. Then by
Proposition 2.6 one can find X € B*(H), such that

ker X = {0} and ranX'?nranZ'? = {0},

and Z = (Z+ X)Y2P(Z + X)'/2 where P is an orthogonal projection. Set Y := Z + X. By
construction we have ran Y''/2 O ran Z/2. Since ker X = ker Z = {0}, by Proposition 3.2 we
get ranY Nran Z'/2 = {0} and the proof is completed. O

Theorem 3.15. Let A € B (H) and let M be a subspace possessing (3.12). Suppose that
the block operator-matriz A is of the form:

m m
A:{A“ A”]: ® — D .
ATQ Az M- L
Then operator A admits the lifting in the form (3.24) for the subspace M if and only if
(3.25) ran Ajp C ran AY*.

Proof. By Corollary 3.6 the block operator-matrix A with respect to decomposition H =
M @ ML is of the form (3.8):

w2 woul 2 M
A=lpw vl @, > 9
mt oot

where the matrix entry are
All - WQ, A12 - WU, AT2 - U*W, A22 - U*U

Note that by (3.9), ran W NranU = {0}, i.e., ran A}{Q N ran (A1—11/2A12) = {0}.
Suppose that representation (3.24) is valid for some T' € B§ (H). By virtue of (2.9) the
operator T'/? has a matrix form with respect to decomposition H = 9t & M+

X XiPax?

T1/2 —
XPar X Xoo

Y

where G € B(OM1,9M) is a contraction. Since ker T = {0}, one has ker X;; = {0} and
ker Xoo = {0}. Hence
{ w2 WU}

uw uru

X2 X1 X
— A TV2p T2 11 11X12
o XX XX’

where X9 1= )(111/2(}’)(212/2 and consequently
Xu=W, X1, =U= Wl/ZGX212/2, ran W% D ranU .
Therefore, the inclusion (3.25) holds.
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Now assume (3.25) and define M := W~=Y2U = A*Ay5. Since ranU Nran W = {0}, we
get ran M # H. The latter and the equality ker U = {0} imply that ran M* is dense in H
but ran M* # H. Now, by Lemma 3.14 one can find Y € B (9t+) such that

ranY Nran M* = {0} and ranY'/? > ran M*.
Define Q := tY~Y2M*, where t > 0 is such that ||Q|| < 1 and set
X22 = Y/tQ, G = Q*

Then M* = X3)°G*, M = GX,)* and finally U = WY2GX)*.
Let us introduce

I W wiraxytl  (woou
o X212/2G*W1/2 X22 B U X22 )
Then L € B (H) and the equality
w2 WU
A=LPnl = lU*W U*U}

holds. If now we define T := L?, then A = T2 Py T"/? where
T1/2 S _ Wi +Uf
f2 U*f1 + Xaafa

_ WhH+Uf _ W+ Ufs
XYWV fy 4 Xoofa| — [ MWY2f) 4 Xy fo

Since ran U Nran W = {0} and ran Xy Nran M* = {0}, we obtain
M N ran T2 = ML Nran 7% = {0},
which yields representation (3.24). O
The next statement follows from Corollary 3.6, Theorem 3.15, and (3.10), (3.11).

Corollary 3.16. Let A € BJ (H). Let M be a subspace in H such that dim 9 = dim M+ =
0o. Then operator A admits the lifting in the form (3.24) for the subspace M if and only if

i W¥i]e e
-+ -+
where
W e BJ (M), Ve B (M),
(3.26) ® wnitarily maps M- onto M,

ran V Nran W = {0},
ranV C ran W1/2,

Similarly, the operator A admits the lifting in the form

A= Q2P Q2.
(3.27) Q € B{(H),
M N ran QY2 = M+ Nran Q2 = {0}
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if and only if

ranV Nran W = {0},

(3.28) ran V1/2 > ran W.
Finally, the operator A admits the lifting in the both forms (3.24) and (3.27) if and only if

ranV Nran W = {0},
(3.29) ran W2 > ranV,
ran V2 O ran W.

One can resume the above observations as following:
Let W € B{ (9) with ran W # 9. Then there exists a subspace £ C 9 such that

(3.30) Cnran W% = ¢+ nran W2 = {0}.
(a) Define the operator

Vi o= WWEPW 2,
Then one obtains that

ran V11/2 NranW = {0} and ranV; C ran Wl/z,

i.e., the operator V; satisfies (3.26), but it does not satisfy (3.28). This means that for any
unitary mapping ® of 9+ onto M the operator

Ay = wE o Whe| gt — gt
1-— (I)*‘/lW (I)*‘/lQ(I) : SIRL SIRL

admits the lifting (3.24) by T', but it does not admit the lifting by @ in the form (3.27).
(b) Let us define

Vo = WY1 4 Po)W/2.

Using (2.2) and the equality ran (I+Pg) = 90, we get that ran V;/* = ran W2, On the other
hand if Vox = Wy, then (I 4+ Pe)WY2x = W1/2y. Tt follows that PeW /22 = W'/2(y — x).
Condition (3.30) yields that y = x = 0. Hence, ran Vo, Nran W = {0}, i.e., the operator V,
satisfies (3.29). Consequently, the operator

Ay = w2 WO g — gt
2 -— (I)*‘/QW (I)*‘/ZQCI) . m’ti mLa

admits the lifting in the form (3.24) and in the form (3.27) for any unitary ® .

(c) Choose V' € B{ (901) such that ran V2N ran W2 = {0}. Then operator V satisfies the
condition ran V Nran W = {0}, see (3.11), but it does not satisfies both conditions (3.26)
and (3.28). Therefore, operator A does not admits the lifting in the form (3.24) and in the
form (3.27). This example indicates a limit for application of our method.
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3.3. Applications to unbounded operators. First we present here an extended version
and a new proof of the Schmiidgen Theorem 1.4. The both follow from our results in Section
3.1 and 3.2.

Theorem 3.17. Let H be a closed unbounded densely defined linear operator in a Hilbert

space H. Then
(1) there exists a subspace M of H such that

(3.31) M N dom H =M Ndom H = {0} ,

moreover, there exists uncountably many of them ,
(2) there exists a fundamental symmetry J in H such that

(3.32) Jdom H Ndom H = {0},
moreover, there exists uncountably many of them.

Proof. Let A= (H*H +1)~'. Then A € B*(H) and R := ran A2 = dom H. By Theorem
3.7, Proposition 3.8, and Theorem 3.10 there exists uncountable set of subspaces 9 of H
satisfying (3.31). Therefore, combining this observation with Proposition 3.1 we deduce that
there exists uncountable set of fundamental symmetries J satisfying (3.32). U

Note that by virtue of Theorem 3.10 and Proposition 3.8 there exists a one-parameter
family {91 },cr of subspaces and operators {J; := (2Pm, — I)}ier satisfying respectively
(3.31) and (3.32). Then besides Proposition 3.1 we can formulate the following version of
the von Neumann Theorem 2.2.

Corollary 3.18. For any unbounded self-adjoint operator H in a Hilbert space H there exists
a one-parameter family {U, }ier of unitary operators with the property

dom H Ndom (U; HU;) = {0} .

Moreover, one can find a strongly continuous family {J; }ier of fundamental symmetries (i.e.
self-adjoint and unitary operators) such that

dom H Ndom (J;H J;) = {0} .

Corollary 3.19. Let T1,...,T, be closed unbounded densely defined linear operators in a
Hilbert space H. Then there exists infinitely many subspaces M in H such that

M N (i domTk> =Mt N <i domTk> = {0}.

j=1
In particular
M N domTj = M Ndom T; = {0} for allj=1,...,n.

Let T be non-negative self-adjoint operator in H. As it is well-known [20], [24] the
sesquilinear form (T'u,v), u,v € domT admits a closure and we (following Krein [24]) de-
note this closure by T'[-, -] and its domain by D[T] (see Subsection 2.6). Then by the second
representation theorem [20]

D[T] =domT"* and T[f,g] = (T'?f,T"?g), f,g € domT">.
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The linear manifold D[T](= dom T"'/?) is the Hilbert space with respect to the graph inner
product

(3.33) (fs9)m2 =T[f, 9]+ (f, 9)

The fractional-linear transformation
S=I-T)I+T), T=(I-8)IT+95)"

gives a one-to-one correspondence between the set of all non-negative self-adjoint operators
T and the set of all self-adjoint contractions S such that ker(S + I) = {0}, see [24]. Then
one can easily derive [6] that

D[T] = ran (I + S)'/2,
Tlu,v] = —(u,v) + 2 ((I + S)""?u, (I + S)""?v), wu,v € DT

The next application of our approach is the following theorem and the corresponding
remarks.

(3.34)

Theorem 3.20. Let T' be unbounded non-negative self-adjoint operator in Hilbert space H.
Then there are infinitely many pairs (T, Ts) of unbounded non-negative self-adjoint operators
such that

(1) domTll/2 Ndom7T = domTzl/2 NdomT = {0};
2) domTkl/2 C domTV?, and ||Tkl/Zg|| = [|T"?g]| for all g € domTkl/Q, k=1,2;
) dom T}"* N dom T,/% = {0};
) the Hilbert space D[T| admits the orthogonal decomposition D[T| = D[T1| ©y1/2 D[T5]
with respect to the inner product (3.533).

Proof. Let S = (I — T)(I +T)"" and let MM be a subspace in H such that (see Corollary
3.17)

(
(3
(4

M N dom T2 = ML Ndom TV? = {0}.

We define
(3.35) Si =T+ 9)V2Pu(I+9Y2 =T, Sy=(I+8) Py (I+8S)/?—1.
The operators S; and Sy are self-adjoint contractions with ker(Sy + 1) = {0}, k = 1,2. Let

To == Se)(I+ Sp)7 !, k=1,2.
Then T and 75 are non-negative self-adjoint operators. Using (3.34) and (3.35) we have

dom TY? = ran (I 4+ S)/2,
dom T}/ = (I + 8)*M, domT,/* = (I + S)"/>m*.

Notice that by definitions

dom 77/* N dom /% = {0},

domTll/Z%domT;/2 = dom 7"/2.

Suppose (I + S))Y?u = (I + S)f, ie., (I + S)/%2x = (I + S)f for some x € M. Hence
= (I+9)Y2f. But ranMM N (I +S5)Y2 = {0}. This means that u = f = 0 and, therefore,
dom T} N'dom T = {0}. Similarly domTy’* Ndom T = {0}.
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From [ + S = (I + S)Y2 Py (I + S)'/? we obtain
(I+S)"*h = (I+S8)"*Uhn, hc H,
where U is unitary operator from H onto 9(= ran Py). Hence
(I+8)"2g=UT+5,) g forall geran(l+5)"*=domT;">
Thus,
(3.36) 1(1+S1)"2gl)? = |I(1 + 8)""2g|?, g € ran (I + Sp)"/2.

Now (3.34) and (3.36) yield ||T11/zg|| = ||T"?g|| for all g € domTll/Q. Similarly ||T21/Qg|| =
|T%/2g|| for all g € domT;/Z.
Let u € domTll/Q, v E domT;/Z. Then

u=(I+8)"f fem,
v=(I+S)/2h, h € M.

From (3.33) and (3.34) we get (u,v)p12 = 0. This yields the orthogonal decomposition
D[T| = D|T1] ®71/2 D[T3] and the proof is completed. O
Remark 3.21. From the proof one can also find the expressions of Ty and Ty via T':
Ty = (I +T)"V?Pu(I+T)"?) " —1,
Ty = (I +T) 2Py (I+T)2) 7" I
Then
I+T) P +(I+T) P =I+T)"

This means that any vector fr € domT" admits a unique decomposition

Jr=Jn + In»
where fr, € domTy and fr, € domTs, although
domT NdomT; = domT Ndom Ty = {0}.

Here fr, = U+ T) "I +T)fr, fr, = [ +To)*(L + T)fr. In addition, the following
equalities are valid:

dom T7/% = (I +T)~"/*m,

dom Ty"% = (I +T)~V/29n+,

Remark 3.22. (a) Theorem 3.20 yields also that ker Ty = ker Ty = {0}. Suppose that f # 0
and Ty f =0, then (2) implies Tf =0, i.e., ker Ty C ker T'. This gives domTll/2 NdomT #
{0}, which contradicts to (1).

(b) The equalities (2.1) and (3.35) imply that

ranT11/2 —ranT"? + domT21/2, ramTzl/2 —ranTY? + domTll/Q.

In particular

ranT11/2 DranT'?, ramTzl/2 Dran T2,
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Remark 3.23. (a) By the properties (2) and (3) the form-sum T,+T is equal to operator
2Ty, for k = 1,2. Then the Lie-Trotter-Kato product formula [21], [22] implies the strong
convergence

s — lim (exp(—tT/n)exp(—tT}/n))" = exp(—2tTy), t >0, k =1,2.

n— o0

(b) Since domT,"* N dom Ty’ = {0}, the Kato theorem [21, Theorem 1] yields
s — lim (exp(—tTy/n)exp(—tTy/n))" = s — lim (exp(—tTy/n)exp(—tTy/n))" = 0.
n—o0 n—o0

Note also that Theorem 3.20 and Remark 3.21 yield the following statement.

Corollary 3.24. Let T" be unbounded non-negative self-adjoint operator in Hilbert space H.
Then for each natural number n there exists n unbounded non-negative self-adjoint operators
{T}}}_, such that

(1) domT}”* NdomT = {0}, k =1,2,...,n,

(2) if k # j, then domTkl/2 N domle/2 = {0},

(3) the form Ty[-,-] is a closed restrictions of the form T|[-,-],

(4) D[T) = DIT1] ®p12 D[Ts] ®p1s2 - - - B2 DT,

G)(T+D) "=+ D+ (L+ D)+ (T 4+ )7

Theorem 3.25. Let Ty be unbounded non-negative self-adjoint operator in H with ker Ty =
{0}. Then one can always find two non-negative self-adjoint operators Ty and T such that
conditions (1)-(4) of Theorem 3.20 are satisfied.

Proof. Let
1
Sl = ([ — Tl)([—i-Tl)il, A1 = 5 ([-'- Sl)

Then 0 < A; < I, ker Ay = ker(I — A;) = {0}. By Theorem 2.3 there exists X € B (H)
such that ran X/2 Nran A% = {0}, 0 < X < I. Set

B := (I — A)Y2X(I — A)Y2
Then ker B = {0}, 0 < A; + B < I, ker(A; + B) = {0}, and the equalities
ran BY? = (I — A})Y?ran X'/?, ran (A, — A%)'/% = 1"8LnA}/2 Nran (I — A;)Y?,
ran X% N ran A? = {0}
imply ran B2 N ran A}/Q = {0}. Hence
Ay = (A1 + B)'?P(A; + B)'?, B= (A, + B)'*(I — P)(A, + B)'/?,
where P is some orthogonal projection in H, see Proposition 2.6. Then define

S:2<A1+B)—[, SQ 2223—17
Ti=(I—8)(I+S)" Ty:=(I —Ss)(I+Ss)"

Since I + 51 = (I + S)YV2P(I + S)/? and I + Sy = (I + S)/*(I — P)(I + S)'/2, one follows
arguments used in Theorem 3.20 to complete the proof. O

The next statement is extension of Theorem 3.20 to the infinite family of operator pairs.
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Theorem 3.26. Let T' be unbounded non-negative self-adjoint operator in Hilbert space H.
Then there are pairs of families ({11 ;}jen, {Tok fren) of unbounded non-negative self-adjoint
operators possessing the following properties:
(1) domT'? > domTll/l2 D domTll/z2 DD domTllé2 BEEES
1/2
(2) N domT, = {0},
jeN
(3) domT{/? Ndom T = {0} (Tyo = Top = 1),
(4) dom T21’/12 C dom T217/22 C -+ Cdom T217§2 C---CdomT"?,
(5) domT%2 NdomT = {0} for all j € N,
(6) the sesquilinear forms T ;[-, -] and T[] are closed restrictions of the form T, -]
for each j € N,

(7) D[T] = D[T1 ;] ®p1/2 D[] for each j € N,

(8) s — ]1LIEO(TL]» —A)7' =0, for \ e C\ Ry,

(9) s — jli_)I&(TQJ —A)t=(T - M), for \e C\ Ry,
(10) s — lim exp(—=2T3;) =0 for all z, Rez > 0,
(11) s — jl?rflo exp(—zT3,;) = exp(—2T") for all z, Re 2>0.

Jj—00

Proof. Let S := (I — T)(I +T)"'. Then by Theorem 3.9 there is an increasing sequence
Ny C Ny C ... of subspaces in H such that

(1) . Nran (I + S)Y? =9 Nran (I + )2 = {0} for all k € N,
(2) N9 = {0},
keN
k—o0
Then we define
Sij =+ 8)?*Ppr(I+8)Y? =1 and Sy := (I +9)/*Pn (I +8)/*—1, jeN.
Due to M DNy O ... and 9N, C Ny C ... one obtains
I+SZI‘|‘51,1 ZI+SLQZ..., I+SQ71 §I+SQ72§§I+S
Hence for j € N:
ran (I 4+ 51 ;1) Cran (I + S;;)Y? Cran (I + S)Y2,
ran (I 4 Sy ;)2 C ran (I + Sy jy1)Y? Cran (I + S)Y2.
Consequently, we get for j, [, k € N:

ran (I + 517]‘)1/2 ﬂmk = ran (I + 517]‘)1/2 N ‘ﬁj = {O},
ran (I 4 Sy)? N My = ran (I + S9)/2 N9 = {0}.

Since s — lim Py, = I, one also has
Jj—00 7

s—lim{/+S5;)=0 and s— lim ([ +S5;)=1+S5".

J—00 J—00

Now we define for j € N:
TL]' = ([ — Sl,j)([ -+ Sl,j)il and Tg’j = ([ — SQJ)([—'— 527]')71.
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Then {77 ;} and {15 ;} are non-negative self-adjoint operators, such that (see Theorem 3.20
and Theorem 3.9)

dornTl/2 Ndom7T = {0}, domTl/»2 Ndom7T = {0}, j € N,

and properties (1)—(7) hold true. Since (71 ;+1)"* = 2(I+S51;) and (Ty;+1)"' = 2(1+S,;),
we obtain

s—1lim(Ty;+1)"'=0 and s— lim (Ty,; + 1) ' =2l +S9) =T +T)"*

j—00 j—00
This implies (see [20, Chapter VIII, Theorem 1.3]) that
S — hm (Tlvj — )\I)il =0,
j—o0
S — hm (TQJ‘ — )\I)il = (T — )\I)il
j—00
for A € C\ R;.
In order to prove for all z, Rez > 0, the limit s — lim exp(—277;) = 0 we use the
j—o0

Euler approximation of the one-parameter semigroup {exp(—tA)}i>o with m — a sectorial
(aw € [0,7/2)) generator A in the operator-norm topology [9],[41]:

||exp(—tA) — (I +tA/n)™"|| < ,t>0, neN,

n cos2 o’
Here K, depends only on «, see [14].

Let T be non-negative self-adjoint operator and Rez > 0. Then for z = t e and || €
[0,7/2) the operator A = €T is m — |¢p|-sectorial generator. Put 7' = Ty ;. Then

lexp(=2T1 ;) fI] < || (exp(=t(e¥ T ;) — (I +t(e*T1;)/n)™") fl]
+[|(1 4 t(e* T ) /n) " f]|

K )
< ﬁwu 1L+ KT ) /n) " |
K el
Ll ]+ O o, )]+ =

~ ncos?p

il

for any f € H and some constant C(n, ,t). Since above it was established that for each n,
o, f,and t >0
ip

te
Ti;) ' fll=0
n 1,]) f|| )

lim (7 +
j—o0
we obtain s — lim exp(—21} ;) = 0.
j—o0

Applying now the Trotter— Kato approximation theorem [18, Chapter III, Section 4.9], we
obtain

s — lim exp(—2T5 ;) = exp(—=2T) for all z, Rez >0,

J—00

and the end of the proof. O

Remark 3.27. 1) The inclusions dom Tlé . D dom T}"? and equalities ||T117§2fH = ||TV2f]|

for all f € dom Tl,j and all 37 € N mean that
T<Th)<Ti2<..<Ty <
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in the sense of associated closed quadratic forms [20]. It is proved by T. Kato [21, Lemma
1], that if H; for j € N are self-adjoint operators in H such that Iy < Hy < Hy < ... and

Dy={ueH: uGﬂdomH/,sup||H/u||<oo}

jeN

then lim H =0 for all v L D.

_]*)OO

2) Let H := {(0,h), h € H}. Then H is a self-adjoint linear relation [4]. The resolvent
(H—X\I)"': H — H is identically zero operator. The equality s— lim (Ty ;— M)~ = 0 means
J—00

that in the strong resolvent limit sense [20] the sequence of operators {1\ ;}jen converges to
H.
3) From Remark 3.22 it follows that for all j € N:

ran Tllf =ranT"? + dom T;f and ran T21’§2 = ran T2 + dom Tllf.

In particular,

ramTl/QCranTll/1 CranT1/2_ T T =T, >
ranT/ DranTl/Q_ DramTl/2 T §T21§.. <711,
and
(1) s — Lim (T} — A)7' = =A7'1,
j—o0
(2) s — JILIEO e T = I, for all z, Rez > 0,

3) s — hm Toh = XD =(T7' = X)L, for A € C\ Ry, (note that T~ is, in general,
2,7 +
j—

a lmear relation) ,
(4) lim Ty ' [u,v] = T u,v] for all u,v € ran T2,

Jj—o0
3.4. Beyond the Van Daele-Schmiidgen and the Brasche-Neidhardt theorems.
We start by theorem, which is a weaker (but useful) version of the Van Daele Theorem 1.2.

Theorem 3.28. Let B be a non-negative unbounded self-adjoint operator in a Hilbert space
H. Suppose that ker B = {0} and ran B # H. Then there exists two linear manifolds ®1 and
Dy possessing the following properties:

(1) D495 = dom B,

(2) B®; and B®s are dense in H.
Moreover, one can choose 1 and Dy such that 1 G Dy = dom B.
Proof. Set S := (I — B?)(I + B*)~'. Then

B=(I-8)I+98)", B=(-8"1+5)"
Hence
dom B = ran (I + S)?, B(I + S)"*h = (I — S)"*h, h € H.

Since ker(/ — S) = {0} and ran (I — S) # H, there exists a subspace M of H such that
(3.37) M Nran (I — S)? = M Nran (I — 5)% = {0}.

Let
D=+ 9Y2M and D, := (I +5)/?mt.
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It follows then from (3.33) and (3.34) that

@1 DB @2 = dom B.
Since BD, = (I — S)?2M, BD, = (I — S)/?M*, and (3.37) holds, we conclude that the
sets B®; and B3, are dense in H. OJ

In the following theorem our approach elucidates the property of products and squares of
unbounded operators.

Theorem 3.29. Let T and (T1,T3) be as in Theorem 3.20. Define non-negative self-adjoint
operator L := T? together with two of its densely defined symmetric restrictions

L= T1/2[domT11/2 and Ly := T1/2[domT21/2.
Then

(1) operators L1 and Ly are closed,
(2) dom £, N'dom £? = dom £, N dom £2 = {0},
(3) dom £, Ndom £, = {0} and dom £ = dom £, +dom L,
(4) dom (LLy) = dom (LL,) = {0}, in particular, dom £? = dom £3 = {0}.
IfranT = H, then

(1) LiL is densely defined,

(2) (LpL)* = LLE, k=1,2,

(3) dom (£,£) Ndom (£,£) = {0} and

dom (£,£)+dom (£,L£) = dom £,

(4) the operator L*(=T) is the Friedrichs extension of Elﬁ and L,L,
(5) the Krein extension of the operator L;L is (L;L)x = L;L7, j = 1,2.
Proof. Since for all ¢ € dom Tll/2 — dom £, one has
1rgl? = [ITY20l = 1T,

we get that £; is closed operator and the first representation theorem [20] leads to equality
LiLy = Ty. Similarly the operator £, is closed and L3Ls = T5. Taking into account that

dom T}, C domTkl/2 and domTkl/QﬂdomT = {0} we obtain dom 7, Ndom 7T = {0}, k =1, 2.
This means that

dom £; Ndom £2 = dom L5 N dom £? = {0}.
Hence

(3.38) dom (£:Ly) Ndom £2 = {0}, k = 1,2.
The condition £ D £, leads to equality
dom (£;L) N dom £2 = dom (LLy).

Then (3.38) yields dom (£L),) = {0}, k = 1,2. . .
Suppose that ranT = H. Then the operators £, £1L£, and L,L are positive definite, see
Section 1. It follows then that

dom (Ekﬁ) = £ 'dom £}, and (ﬁ'kﬁ)(L*l(p) = Lo, p € dom Ly, k=1,2.
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This yields, that dom (Ekﬁ) is dense in dom £ with respect to the graph-norm in dom L.
Hence, the operator LiL s densely defined in H and, moreover, the Friedrichs extensions of
LiL (for k=1,2) coincide with operator £2, see Section 2.6 and Theorem 2.7.

Note that ker(£,L)* = ker £;. Therefore, relations

dom £}, = dom L+ker £; and dom (£,£)* = dom £+ ker(L,L)*
lead to the equality (Ckﬁ)* = EC,’;, kE=1,2. ' '
The equality dom £;+dom £, = dom £ implies that dom (£;£) N dom (£L,£) = {0} and
dom (£,£)+dom (£,£) C dom £2.
Let f € dom £? = domT. Then Lf = TY2f € domT"/2. Due to the direct decomposition
domTl/Z%domTl/2 = dom T2,

we get TY2f = @1 + sy, where ¢, € dom Tl/2 k = 1,2. The equality ran T"/? = H implies
that o, = T"?hy, by, € dom T2, Since ¢, = TV/?h, € domTkl/Q, k = 1,2, we obtain that
hi € dom (L L), k = 1,2, and therefore
f=T"p1+ T7 0 = by + ho.
So we proved . .
dom £* C dom (£,£)+dom (L,L),
which implies ' '
dom £? = dom (£, L£)+dom (L5L).
Finally, since ran £ = H, one gets (£;L£)x = Ejﬁj for j = 1,2 (see Theorem 2.7). O

Remark 3.30. Abstract examples of pairs (Lo, L): Lo C L, consisting of a densely defined
closed and non-negative symmetric operator Lo and of its non-negative self-adjoint extension

L such that
(1) dom (LLy) = {0},
(2) LoL is densely defined, (LoL)* = LLY, and the operator L? is the Friedrichs extension
Of LOL

are given in [8].

The next two assertions are strengthened versions of the Van Daele-Schmiidgen and
Brasche-Neidhardt theorems [40], [36], [11] mentioned in Section 1.

Theorem 3.31. Let B be unbounded self-adjoint operator in a Hilbert space H. Then there
are infinitely many pairs (By, Ba) of densely defined closed restrictions of B such that

(1) dom B; Ndom By = {0};

(2) dom B = dom B;+dom Bo;
(3) dom By N dom B? = dom By N'dom B? = {0};
(4) dom (BB;) = dom (BBy) = {0}, and in particular, dom B} = dom B3 = {0}.
Ifran B = H, then

(1) BiB is densely defined, k=1,2,

(2) the operator B* = (BIB)F = (BQB)F is the Friedrichs extension of the operators B.B
and ByB,

(3) (ByB)* = BB}, k=1,2,
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(4) dom (B;B) Ndom (B2 B) = {0} and
dom (B, B)+dom (B, B) = dom B?,
(5) the Krein extension of the operator B;B is (B;B)k = BjB;‘, j=1,2.

Proof. Let T' = B2 Then there exists a pair (T}, T,) possessing properties 1)-4) mentioned
in Theorem 3.20. Now let

By = B[domTll/2 and By := B[domTQI/z.

Then dom B; Ndom By = {0}. In addition dom B; Ndom B? = dom B, Ndom B? = {0}. Be-
cause dom B = dom v/B2 = dom T%/? and dom T%/2 = dom T}/*+dom T,’* we get dom B =
dom B;+dom B,.

Arguing as in Theorem 3.29 and taking into account that ||Be||? = |[V/B2y||, ¢ € dom B,
we get By By = Ty, k = 1,2. Since dom 7} Ndom 7 = dom 7Ty Ndom T = {0}, we get

dom (B; B;) Ndom B* = dom (Bj By) N dom B? = {0},
Therefore, since By D B, B; D B, and
dom (B} By) Ndom B* = dom (BBy), k= 1,2,

we obtain the equalities

dom (BB;) = dom (BB;) = {0}.
The rest of the theorem can be checked similarly to the proof of the corresponding part of
Theorem 3.29. (]

Theorem 3.32. Let B be a closed densely defined symmetric operator. Then there are
infinitely many pairs (B, By) of closed densely defined restrictions of B such that

(1) dom By Ndom By = {0};

(2) dom B = dom B;+dom By;

(3) dom B; Ndom (B*B) = dom B, N dom (B*B) = {0};

(4) dom (B*B;) = dom (B*By) = {0}, in particular, dom B; = dom B3 = {0}.
If 0 is for B the point of the reqular type: ||Bf|| > c||f|| for some ¢ > 0 and all f € dom B,
then

(

1) B;B* is densely defined,
(2
(3
(4

)
) the operator BB* s the Friedrichs extension of operators BiB* and ByB*,
) (B;B)* = BB;, j =1,2,

) dom (B,1B*) ﬂdom (BQB*) ker B* and

dom (B,B") + dom (By8*) = dom (BB"),
(5) the Krein extension of the operator B;B* is the operator B;Bj, j = 1,2.

Proof. Let B = UB be the polar decomposition of B. Here B = (B*B)/? and U is a
partial isometry with ker U = ker B* and ranU = tan 8. By Theorem 3.31 there is a pair
(B1, Bs) of densely defined closed restrictions of B such that dom B = dom By+dom Bs,
dom By, N'dom B? = {0}, k = 1,2, and dom (BB;) = dom (BBy) = {0}. Set B = UB,
k =1,2. Then clearly B; and B, are closed densely defined (and symmetric) restrictions of
B with dom B; N dom By = {0}, dom B = dom B;+dom By, and dom By, N dom B*B = {0},
kE=1,2.
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Since B* = BU* [20], we have
B*B, = BU*UB), = BBy, k = 1,2.

Hence, dom (B*B;) = dom (B*B;) = {0}.
Suppose now that 0 is the point of the regular type for the operator B. Then it is well-
known that there exists a self-adjoint extension B of B with B! € B(H), and

dom B* = dom B+ ker B*,
dom B} = dom B+ ker B;,
for 7 = 1,2. Note that
dom (B;B*) = B\_ldomBj{L ker B*, j =1,2,
dom (BB;) = B~'dom B;+ker B*, j = 1,2,
dom (BB*) = B~tdom B+ ker B*.
The above equalities and decomposition dom B = dom B;+dom B, leads to dom (B1B*) N
dom (ByB*) = ker B* and dom (B,8*) 4+ dom (B28*) = dom (BB*).
Now we show that dom (BB*) is dense in dom B* with respect to the graph inner-product
in dom B*. If for some h € dom B* one has
(B*(B~ o1 + ¢0), B*h) + (B~Y1 + o, h) =0
for all p; € dom (B,B*) and for all pg € ker B*, then h = Bg and
(p1,BB*g+ g) = 0 for all ¢ € dom B;.

Since dom B; is dense in ‘H, we get g = 0. Thus dom (B,8*) and similarly dom (B,B*) are
dense in dom B* with respect to the graph inner-product in dom B*. This is equivalent to the
fact that dom (B;*) is dense in ‘H and that the Friedrichs extension of B;5* is the operator
BB* for any of j = 1,2, i.e., (B;B*)r = BB*.
Since N
{ dom (BB*) 3 f = B¢y + 1y, @1 € dom By, vy € ker B,
(BB")f = Bigr
for any x € dom (B, B*)* we get
(Bigpr, x) = (B~ 1 + vy, (B1B*)"x)
for all p; € dom B; and all ¥y € ker Bf. This implies that
(B1B*)*x = Bg, g € dom By,
x € dom By, Birz =g.

Therefore, if 2 € dom (B;B*)*, then x € dom BB} and (B,B*)*x = BB;«z, i.e.,

(B.B*)* C BB;.
On the other hand one has

BB} C (B,B*)".
Thus, (B,B*)* = BB;. Similarly we obtain (B2B*)* = BB;. Applying Theorem 2.7 we get
that

(B;B")x = B;Bj, j =1,2.

This completes the proof. (]
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Combining Theorem 3.20, Corollary 3.24, and Theorems 3.26, 3.32 we can summarise
them as the following statement.

Theorem 3.33. Let B be a closed densely defined symmetric operator. Then

(1) for each natural number n € N there exists n closed densely defined restrictions
{Bi}1_, of the operator B such that:
(a) dom By Ndom B; = {0} , k # j,
(b) dom B;+dom By+ - - - +dom B,, = dom B,
(¢) dom B, Ndom (B*B) = {0} for each k =1,2,...,n,
(d) dom (B*By) = {0} for each k =1,2,...,n,
(2) there exists two infinite sequences {Bi j}jen and {Ba;}jen of closed densely defined
restrictions of the operator B such that
(a) 8381,1 381,2 D"'DBL]‘ Doy
(b) Byy CBop C - CByj C---CB,
(€) e dom By = {0},
(d) dom By ;+dom B; ; = dom B,
(e) dom (B*By ;) = {0}, dom (B*B, ;) = {0} for each j € N.
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