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A DYNAMICAL SYSTEM APPROACH TO HEISENBERG
UNIQUENESS PAIRS

PHILIPPE JAMING & KARIM KELLAY

ABSTRACT. Let A be a set of lines in R? that intersect at the origin. For I' C R? a
smooth curve, we denote by AC(T") the subset of finite measures on I' that are absolutely
continuous with respect to arc length on I'. For such a p, i denotes the Fourier transform
of u.

Following Hendenmalm and Montes-Rodriguez, we will say that (I, A) is a Heisenberg
Uniqueness Pair if p € AC(T") is such that 7 = 0 on A, then p = 0.

The aim of this paper is to provide new tools to establish this property. To do so, we will
reformulate the fact that ji vanishes on A in terms of an invariance property of u induced
by A. This leads us to a dynamical system on I' generated by A. The investigation of
this dynamical system allows us to establish that (I, A) is a Heisenberg Uniqueness Pair.
This way we both unify proofs of known cases (circle, parabola, hyperbola) and obtain
many new examples. This method also allows to have a better geometric intuition on why
(T, A) is a Heisenberg Uniqueness Pair.

1. INTRODUCTION

The aim of this paper is to contribute to the study of Fourier uniqueness sets of measures
supported on planar curve. More precisely, in the terminology introduced by Hendenmalm
and Montes-Rodriguez in [HMR], we will provide new tools for proving that a piecewise
smooth curve I and a set A of lines through the origin form a Heisenberg Uniqueness Pairs
(HUP).

The concept of HUP is an extension of the notion of annihilating pairs for the Fourier
transform on L*(R) to the setting of measures see e.g. [AB, Be|, Havin and Joricke’s book
[HJ] or the survey [FS]. Its original motivations comes from sets of uniqueness of PDEs
(in particular for the Klein-Gordon equation). We will show that the problem can be
reformulated in terms of a dynamical system on I'. This will allow us to find new proofs
for many existing results as well as to find many new cases that seemed out of reach with
the methods used so far.

Let us now be more precise. If pu denotes a finite complex-valued Borel measure in the
plane R%. The Fourier transform of y is defined by

fte.g) = [ e (s, o)
]R2
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For I' C R? that is the finite union of smooth curves that are disjoint (except possibly for
the endpoints), denote by M(T") the set of finite complex-valued Borel measures supported
in I'. Moreover, we denote by AC(I") the subset of M(I") that consists of measures that
are absolutely continuous with respect to arc length on I'.

Definition. Let A C R* and T a finite union of smooth disjoint curves. Then (', A) is a
Heisenberg Uniqueness Pair if 4 € AC(I") and ,ZI) = 0 implies A = 0.
A

Clearly, some of the invariance properties of the Fourier transform transfer to HUPs,
namely:

[Inv 1] Fix (so,to), (0, yo) € R% Then (T',A) is a HUP if and only if (I — (sg,%), A —
(z0,y0)) is a HUP.

[Inv 2] Fix T a linear invertible transformation R? — R? and denote by T* its adjoint.
Then (I, A) is a HUP if and only if (77*(I"),7*(A)) is a HUP.

This notion was introduced by Hendenmalm and Montes-Rodriguez [HMR] who consid-
ered the case where T is a hyperbola {(z,y € R* : 2y = 1} and A = aZ x {0} U{0} x BZ is
the lattice cross i.e. a discrete set included in two lines. The case of I' an ellipse and A two
lines was soon after settled independently by Sjolin [Sj] and Lev [Le]. Finally Sjolin [Sj]
considered the case where I' is a parabola, thus completing the study of quadratic curves.

Our aim here is to give more geometric proofs of the results of Sjolin and Lev that allow
us to extend their results to case where I' is a rather general curve and A is a union of
two intersecting lines. According to the invariance properties we can assume that the lines
intersect at the origin and write ¢y = {(t cos@,tsinf), t € R} for 6 € [0, 7).

Our starting point was Sjolin’s proof that parabolas and two well chosen lines form an
HUP. In particular, Sjolin used a simple change of variable that directly reformulates as
Lemma 2.1-Corollary 2.2 in our case. These results show that if © € AC(") and f L 0
then there is a mapping ® : I' — I' that leaves p invariant and this mapping a simple geo-
metric interpretation. We will then be able to deduce from the properties of the dynamical
system generated by ® (existence of a wandering set, existence of attractive points and
ergodicity) that (I', A) form a Heseinberg Uniqueness Pair. Note that dynamical systems
already play a crucial role in [HMR, CMHMRY/.

Let us here summarize our main results:

Main Theorem. Let I' be any of the following curves:
(i) the graph of ¥ (t) = [t|*, a > 0;
(ii) a hyperbola;
(iii) a polygon;
(iv) an ellipse.

Then there exists a set E C (—7/2,7/2) x (—m/2,7/2) of positive measure such that, if
0, # 0y € E, (I', g, Uly,) is a Heisenberg Uniqueness Pair.

The actual results are both more general and more precise. For i, the case @ > 1 is
covered by Corollary 3.3 while the case 0 < a < 1 is covered by Lemma 3.4. We refer
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to Proposition 3.6 for iii). To prove those results we show that the dynamical system
generated by ® has many wandering sets. We prove ii) in Theorem 3.5 by first transferring
the problem to the circle (using a simple transform from projective geometry) in order
to prove that here too the dynamical system generated by ® has many wandering sets.
Finally, the case iv is proved in Theorem 4.1 using ergodic theory. In this case, the map
® is an irrational rotation. Our technique shows that the same result holds if I' is any
smooth convex closed curve such that the map ® has irrational rotation number. However
we are also able to construct an example of a smooth convex closed curve and a set of two
lines that form a HUP though the map ® has rational rotation number.

Let us conclude this introduction by explaining how our results apply to PDEs.
Let p be a polynomial of two variables and let T' = {(s,t) € R? : p(s,t) = 0}. Then

p(i0,, 10, )ii(z, y) :/ e~ 1@ty (s 1) dpu(s, t). (1.1)
R2
Therefore, if 1 € AC(I") then F' = i solves the PDE
p(i0y,10,)F = 0. (1.2)

Now (T, g, U £y,) is a Heisenberg Uniqueness pair if and only if for every solution F' of
(1.2) such that F' = g with p € AC("), F(x, x cotanb,) = F(x,z cotanfy) = 0 for every =
implies F' = 0.

We can than reformulate our results in terms of solutions of certain PDEs (and more
generally for certain pseudo-differential equations). We obtain the following

Theorem. Let 6, # 05 € (0,7), a; = cotanf; and o > 0. Assume that ' € C*(R?) satisfy
one of the following equations:
(i) Shrodinger Equation
i0,F + |A,|**F =0
then denote I' = {(t,|t|*),t € R};
(ii) Helmholtz equation
8§F+8§F = —o’F
01 — 02

then denote ' = {(z,y) € R? : 2% +y* = o*} and further assume that ¢ Q;

(iii) Klein-Gordon equation
OF —2F = o°F.
then denote T' = {(z,y) € R? : 2* — y* = a?} and further assume that |0; — 0,| #
/2.
If F = with p € AC(I') and F(z,a1x) = F(z,asx) =0 for all x € R, then ' = 0.
One would of course like to relax the condition F' = g with p € AC(T") to F' = i with p

a bounded measure on R? (which would then necessarily be supported in T'). It would be
natural to say that (I', €y, U lp,) is a strong Heisenberg Uniqueness Pair in that case.

The remaining of the paper is organized as follows. The following section is devoted to
the technical lemmas we will need. In particular, Section 2.3 contains the three technical
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lemmas linking HUPs and properties of the dynamical system generated by ®. Section 3 is
then devoted to cases where the dynamical system has many wandering sets, in particular
establishing ??) to iii of the Main theorem in four consecutive subsections. The last section
is devoted to closed curves when the map ® has a rotation number.

2. TECHNICAL LEMMAS

2.1. Notation and key lemma. Throughout this paper, I will be a finite union of disjoint
intervals and I' = {7(s),s € I} will be a smooth curve in the plane parametrized by a
function v : I — R? that is assumed to be one-to-one (except possibly for the end points
of I).

For # € S' the unit circle of R? denote by 6+ be the vector in S' directly orthogonal to
6. We will use the common abuse of notation by identifying 6 with its the angle with the
horizontal axes, § = (cos#,sinf). Let ¢y = {t0,t € R} be the line spanned by # and define
mor = (x,0) so that  — my(x)f is the orthogonal projection of x on .

Given pu € AC(T") i.e. a measure that is absolutely continuous with respect to arc length
on I' we write u(s) = gu(s)|[7/(s)||ds = fu(s)ds, with f, € L*(1).

We are now in position to prove the following simple but key lemma:

Lemma 2.1. Assume that I", 8 are such that there exists a finite partition of I = Ufle Iy,
of intervals that are disjoint (up to the endpoints) such that s — mwgy(s) is one-to-one on
each Ij,.

Let p € AC(T'). Then u(§) =0 for & € Ly if and only if, for almost every ¢ € R

> Juls) (2.3)

/!
s€mpy~1(C) o' (5)

Proof. Note that (mgy)" = mp7y’. Then

a(te) = / gu(8)[17/(3) 0 ds
I
N
= > [ s eleas
k=1 "Ik

N
_ _ » d¢
_ 1 / 1 itC
= 9ulmoy™ () {|7 (mer™(C)) ||e
P /m—lak) o ) o 7o' (o (C))
with the change of variable s = myy~1(¢) on each I;. It follows that

o R ©)
,u(te) — /R;lﬂe’f (Ik)( )ny'(m’y_l(o) dg

_ Z fu(s) o its dc.

/
R i "7 (5)



A DYNAMICAL SYSTEM APPROACH TO HEISENBERG UNIQUENESS PAIRS 5

This is now an ordinary Fourier transform so that () = 0 for every ¢ if and only if (2.3)
is satisfied. 0

Remark.
— If 7 is contained in a half place {(z,6) > a} or {(z,6*) < a}, then it is enough to
assume that 7i(t0) = 0 for t € F a set of finite positive measure for (2.3) to hold.

This follows immediately from the previous proof and the well known fact (see e.g. [HJ,
Page 36]) that if f € L*(R) is such that supp f C [0, +oc) and if

~

/ log | f(£)| dé = —oo
R

1+ [¢]?

(in particular if ]?is compactly supported) then f = 0.
— Further, if I is contained in a strip {—a < (2,0+) < o} then we may further restrict
E to be a discrete set of density > .

From now on, we will restrict our attention to curves for which (mgy)~1({) contains at
most two points. More precisely, the following is a direct reformulation of Lemma 2.1:

Corollary 2.2. Let vy : [ — R? be a piecewise smooth function and 0 € [0,27). Assume
that we may split [ = IoUI_U I, in such a way that

(i) mey is one-to-one on each interval Io, I, I_.
(i) let 0 € I and ¢ = mpy(0) and consider the equation mgy(s) = (. Then
—if 0 € Iy this equation has as unique solution s = o;
—if o € I_ (resp. 1) this equation has two solutions oy with o = o € I_ and
oy €1y (resp. op =0 €1, and o_ € 1_). In this case, we denote mgyi (¢) = o4

Let € AC(T). Then u(§) = 0 for & € Ly if and only if,
(i) fu =0 on I
(ii) for every s_ € I_, s; € Iy, with mpy(s_) = mey(ss) —that is s, = meyy " (mey(s-))
and s_ = mpy~ " (moy(s1)) —
f}t(s‘f') — fu(s_) ) (24)
o (50) © mer(s)
Moreover, if ay,y € Iy and a—, B € I_ are such that mpy(ay) = mey(a-), mey(By) =

moy(B_) then
p- B+
fu(s=) ds— = — Juls4) ds. (2.5)

« [e AN

p- B+
[ intsotas | =| [l

Note that (2.5)-(2.6) follows directly from (2.4) if we change variable s, = mpy~'(s_) in
the second integral.

and

. (2.6)
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m';elo
........ R R A
7(5_) mav(s=)ETau(s) 7(3+)
(71L
s_=mpy_" (W@V(S)) sp=mevy " (mﬂ(s))

F1GURE 1. The notation of Corollary 2.2

Notation : If ~, 6 satisfy the hypothesis of Corollary 2.2 we may define the map
Qp :I_ UL -1 UL, Dy(sy)=s+.

This map has a nice geometric interpretation: Consider a point v(s) with s € I and
draw a line orthogonal to @ starting at 7(s). This line will intersect I' again in (®g(s)).
Let us now give a first application:

Proposition 2.3. Let ¢ : R — R be a continuous piecewise Ct function, such that 1 is
concave on R~ and convex on R and that v has a left and a right derivative in 0 Let
I = {(5,1/1(5)),5 € R} be the graph of 1. Then there is a 0y such that, if 0 < 6 < 6y,
(', 4y) is a Heisenberg Uniqueness Pair.

Proof. Let ~(s) = (s,4(s)), 6 € (—=7/2,7/2]. Then ¢(s) := mpy(s) = scosf + ¢(s) sinb.
We have to show that ¢ is one-to-one, but ¢'(s) = cosf + ¢/(s)sinf. As sinf > 0,
the convexity hypothesis on ¢ implies that ¢'(s) > cos@ + ¢'(07)sinf for s < 0 and
¢'(s) > cosf +¢'(07)sinf for s > 0. Thus, if 6 is small enough, ¢'(s) > 0 for all s thus
Tp7y = ¢ 1s one-to-one.

In the notation of Corollary 2.2, Iy = R. The result follows. O

Example. Let o > 0, I' = {(s,sign(s)|s|*),s e R}. fa>1and 0 € [0,7/2] or 0 < < 1
and 0 € [—7/2,0], then (I", ¢) is a Heisenberg Uniqueness Pair.

2.2. The regularity of ®,. The aim of this section is to establish the regularity of the
map Py. This is only needed when we investigate closed curves and the reader may skip
this section when first reading the paper.

We will devote this section to prove the following proposition. The result may be ex-
tended to more general curves but, as we will not need it, we will refrain from doing
SO.

Proposition 2.4. Let I' be a closed convex curve with non vanishing curvature and let
v :[0,1) = R? be a parametrization of T' such that v' does not vanish. Assume that 7y is
of class C*. For every € R, let ®y : [0,1] — [0,1) be defined by the fact that, for every
s €[0,1], moy 1 (v(s)) = {s, Po(s)} with the understanding that ®g(s) = s if Ty " (v(s))
s a singleton.
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Then ®y is well defined, one-to-one on [0,1), of class C*~* in s and 6.

Proof. In this proof it will be convenient to consider 6 as being the unit vector (cos @, sin 6).
First note that, as I' is a convex curve, a line through a point ~(s) € I', orthogonal to
0, either intersects I' in two distinct points and the second point is 7((139(5)) or this line
tangent to I'. In this case, as the curvature of I' does not vanish, the tangent to I' at 7(s)
intersects I" only in v(s) and @y(s) = s. Note that Py is an involution, @y(Pg(s)) = s.
Now fix # and % € [0, 1] and let s§ = Py, (s”). Then Py is defined implicitly as follows:
let F(s,t,0) := mpy(s ) — mpy(t) then

{ (I)Go( 0): 9%
F(s,Pg(s),0) =0

oF oF
Note that Fr —7e'(t) and 50 = F(s,t,0%). Further m5,7/(s%) = 0 means that 6,

(resp. ;) is normal (resp tangent) to I at (s%). The previous discussion then shows that
(%) = y(s%) i.e s% = s°. Next, F(so, Pg,(s0),05) = 0 means that ﬂgév(sg) = W@(}L’Y(S(}r).
As m,v(s%) = mp,y(s%), this again implies that (s%) = y(s”) thus 6y is not normal to T
at y(s2).

Using the Implicit Function Theorem, we deduce that, if 6 is not normal to " at y(s%),
there exists a neighborhood V' x W of (s ,6,) on which (s,0) — ®y(s) is of class C* and

8(I>90 s o 71-90’7/(3—)

Os 7 meY(s4) 27
while 00 /(9)
0/, 0y oY
06 ) T TR a() 0) (28)

Let us now explore what happens in a neighborhood of a point where 6, is normal to I.
First, given 0 € S', the curvature asumption implies that there is exactly one point (s)
in I" such that (6,7/(s)) = 0 and (6,7"(s)) > 0. Denote by s() this point. As the curvature

at the point v(s) is given by k(s) = \det[||7(())|’|y;’(3)]| and as (0,7/(s)) =0, (0,7"(s)) # 0.

It follows from the implicit function theorem implies that 6 — s(6) is of class C*~! with

os(0) (+/(s),6%)
00 (y"(s),0)
It remains to prove that s — ®,(s) is of class C*¥~! in the neighbourhood of s(#). To

do so, we will appeal to the following simple lemma. The proof is a classical exercise on
Taylor expansions:

Lemma 2.5. Let ¢ : V. — R? be of class C* in a neighborhood V of 0. Assume that the
Taylor expansion of 1 is of the form (s) = (ag + a18 + azs® + - - - + aps®, by + bps® + - - +
brs®) + o(s*). Then there is a neighborhood W of 0 such that 1 is two-to-one on W: if
s € W, there is exactly one p(s) € W such that o(s) # s and ¢ ((s)) = ¢(s). Moreover,
the map s — (s) is of class C*=1 with (s) = —s + o(s).
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Write

1(5(0) + 5) = 7 (5(0)) + 5707/ (50)) + 5 [m07' (5(0)) + 77 (5(60))] + ()

where the o(s?) = s%x,(s) with xg(s) — 0 uniformly in 6 (since s(f) is smooth). Applying
Lemma 2.5 (in the basis 6,61 and at the point s(#) instead of the standard basis and the
point 0), we obtain that ®y(s(f) + s) = s(#) — s + o(s) with a o(s) that is uniform in
6. Therefore, ®y is of class C* both in s and 6. If we use the fact that v has a Taylor
expansion of order k, Lemma 2.5 implies that ® is of class C¥~! both in s and 6. U

2.3. Two lines: a dynamical system approach. We will now consider Heisenberg
Uniqueness Pairs of the form (I, ¢y, U lp,) where I' = {7(s),s € I} is a piecewise smooth
curve, and 6y # 0y € [—7/2,7/2) are two angles. Assume that for both angles, I' is as in
Corollary 2.2. We thus have two splittings [ = IJ U I{ UI! = I3 U I? UI? and two maps
Q; =Dy, j =1,2. Write I, j=1,2,&=0,+,— for the corresponding parts of T

Let u € AC(I") and assume that (&) = 0 for £ € £y, U ly,. According to Corollary 2.2,
fu=0on I} UIZ. It follows that 4 € AC(I'\ (I UT)). Without loss of generality, we
may now assume that I} = I2 = ().

From (2.6) we deduce that, for every interval J C I,

/@ NZOEE / 1£u(5)] ds. (2.9)

This is direct if J C 7 and otherwise, we write J as a disjoint union J = J, U J_ with
Ji = J N I and write (2.6) for each of Jy. As ®; is one-to-one, ®;(J_) and ®;(J,) are
disjoint so that (2.9) is just the sum of (2.6) for J_ and J;. Note that ®;(.J) is also an
interval.

The fact that (I, £, Uy, ) is a Heisenberg Uniqueness Pair will depend on the properties
of the dynamical system generated by the map ® = ®5 o &;. We will denote by ®" the
n-th iterate of ®.

We will now prove three lemmas that will allow us to establish Heisenberg Uniqueness.

Lemma 2.6. Let J C I be an interval and assume that J is wandering for ® := &y 0 Oy,
that is for every j > 1 ®I(J)NJ =0 (up to a set of measure 0). If u € AC(T) is such that

=20 only Uly, then f, =0 on U@j(J).

J=0

Proof. According to (2.9), for every interval J

Lz(%u)) | fu(s)]ds = [MJ) | fu(s)| ds :/J|f“(8)|d3

and more generally, for every k£ > 0

L, s = [1g1as
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But as the interval .J is wandering and f, € L*(])

+oo > /U;?iOCN(J) | fu(s)|ds = jz()[bju) | fu(s)|ds
d
> [is1as

SO that():/|fu(s)|ds:/ |fu(s)] ds thus f, =0 on ®*(J). O
J ok ()

Lemma 2.7. Let J C I be an interval and assume that J is attractive for ® := &5 0 $q,
that is, there exists k such that ®*(J) C J. If u € AC(T') is such that i = 0 on Ly, U Ly,
then supp f, N J C ﬂ k()

n>1

Proof. As in the previous proof

Jinnas= [ il

so that, if ®*(J) C J, f, = 0 on J\ ®*(J). The result follows by noting that ®"+Vk(J) C
o). O

The last lemma only applies to closed curves. In this case, we can parametrize v with a
function ~y : [0, 1] — R? with v(1) = v(0) and ~ is one-to-one on [0,1). A rotation of angle
« is then the map t — ¢t + amod 1.

Lemma 2.8. Assume further that I is a closed curve. Assume that there is a diffeomor-
phism h such that ® is conjugated by h to a rotation R, with o € R\ Q: ® =h to R,0h.
Then (I', g, U Ly,) is a Heisenberg Uniqueness Pair.

Proof. As previously, but using (2.5) instead of (2.6), for every interval I,

/ ) ds = [ £(s)ds

thus, changing variable s = h~1(¢) in both integrals we get
/ fu(h M Bat)) / Ju(h(®) o / Ju(h7(®)
R=1(I) h/(h_l(R_at)) Rah=1(I) h,(h_l(t)) h=1(I) h/(h_l(t))
As this holds for every I,

= ( a.e. (2.10)

But then
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for almost every t, according to Birkhoft’s Ergodic Theorem. In particular, % is a
(1t

constant, but (2.4) shows that it is sign changing, thus f, = 0.
0

3. HEISENBERG UNIQUENESS PAIRS OBTAINED WITH THE HELP OF WANDERING SETS

3.1. Graphs of functions that go to +oo in +o0.

Theorem 3.1. Let v be a piecewise smooth function and let 01 # 05 € (0,7) be such that
—(s)sinb; + scosb; — +oo when t — £oo
—1p(s)sinb; + scos; — +oo has a unique local minimum.
Let T = {(s,4(s)),s € R} be the graph of 1. Then (T',ly, U ly,) is a Heisenberg
UNIGUENESS Pair.

Before proving the theorem, Let us make a few comments on the hypothesis on .
First, (I, ¢y) is a Heisenberg uniqueness pair according to corollary 2.2.
Next, the requirements of Theorem 3.1 are commonly met as shows the following lemma:

Lemma 3.2. Let x be a smooth function such that |[t|~'x(t) — +o00 when t — +o00. Then
there ezists —m/2 < o < B < w/2 such that, for 0 & («, (), the function ¢ defined by
P(t) = x(t)sin@ +tcosb is such that Y(t) — +oo when t — oo and 1) has a unique local
MINIMUM.

Proof of Lemma 3.2. The first part of the theorem is obvious and it follows that v has
at least one local minimum. To see that this minimum is unique, it is enough to check
that ¢ has a unique zero. But, the mean value theorem implies that x'(¢) — +oo when
t — +oo and X/(t) — —oo when ¢t — —oo thus there is an interval [a, 3] such that
'(t) == x'(t)sin @ + cos§ = 0 has no solution if # is outside [«, /]. O

a) The graph of b) The rotation of The graph of
x(t) = t3(t? — 1) c) the graph of ¢ x(t) +t

FIGURE 2. In a), an horizontal line may cross the graph more than twice
while in b) and ¢) it crosses the graph at most twice.

Remark. This lemma has a geometric meaning namely, if I" is the graph of a function y
that goes sufficiently fast to 400 in 400 then there is an interval I such that, if # € I, one
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may rotate by @ the graph in such a way that an horizontal line intersects the graph at
most twice. The following figure illustrates this in the case x(t) = t*(t* — 1) and § = 7 /4.

We are now in position to prove the theorem.

Proof of Theorem 3.1. As noticed above, the result is trivial if ; = 0 or 5 = 0. We will
thus exclude this case.

Let y(s) = (s,%(s)) and let o be the unique local minimum of (y(s),6;) = scos6; +
¥(s)sinf;. Note that if v is smooth this is the unique point such that 6; is normal to T’
thus 0 is tangent to I'. Without loss of generality, using the invariance property (Inv1),
we may assume that oy = 0 and v(0) = (0,0). Using (Inv2) we may further assume that
0y = —m/2 so that 65 =i := (1,0).

The hypothesis on I and ¢; ensure that we may apply Corollary 2.2. In the notation of
Section 2.3, I} =0, I' = (—00,0] and I3 = [0, +00) and the map ®; : R — R is the map
such that, for every s # 0, s®;(s) < 0 and ¢ (®1(s)) = ¥(s). Note that ¢ is decreasing on
I' and increasing on I7.

Now (y(s),62) = scosfy + v(s)sinfy has also a unique local minimum at s,. Up to
a symmetry T : (z,y) — (—z,y), the invariance property (Inv2) shows that we may
assume that sy > 0 (note that this implies that 0 < 65 < 7/2). Thus in the notation of
Section 2.3, I§ = 0, I2 = (—00, o] and I2 = [sy, +00) and the map ¥, : R — R is such
that ®,(12) = I2 and I' N (y(s) + Rb3) = {~(s),7(P2(s))}. Note that 1(s) + ssinb; is
decreasing on I? and increasing for 7.

Let us first assume that s, > 0 and let o9 = 0.

Next, define o1 = ®9(0) > s, > 0 and, for k > 1, op11 = P (él(ak)). We assert that
01, 02 is & wandering set for & = ®5 0 &y and |, [0k, Okt1] = |01, +00).

Before proving this assertion, let us show that the conclusion of Theorem 3.1 follows.
Indeed, according to Lemma 2.6, f, = 0 on [0y, +00). Appealing to Corollary 2.2 for ®,,
(2.4) reduces to f, =0 on (—o0,0] = ®;"([o1,400)) and then, appealing to Corollary 2.2
for @y, (2.4) reduces to f, =0 on [0, 400) as well.

A

FIGURE 3. The construction of oy,

Let us now show that o} is strictly increasing. This follows from a simple geometric
consideration: since 0 < 5 < 7/2, if we start at a point A € T' in the plane, moving
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horizontally to the left till we reach I' again in some point B and then to the right in
direction 5, we are moving upward and can therefore only reach I' again on the right of
A.

More precisely, let s := ®1(0) < 0 < 0y so that ©(sx) = 1(ox). Then, for t > 0 if
s = s + t(og — sk),

<(sg) f0<t<l

P(s) S =v(oy) ift=1
> w(Sk) ift>1

since v decreases on [sg, 0] and increases on R*. On the other hand, for t > 0 ¥(s;) +
t(or — sg)sinby > ¥ (s) = ¥(og). Thus if ¥ (sy) + t(op — sx) siny = 1(s) then t > 1 that
is s > 0. But, by definition, s = ®5(s;) = P9 (@(ak)) = Oky1-

Finally, the only possible finite limit of oy is a fix point of ®5 o ®; that is 0. As
o > 01 > S9 > 0, this is not possible.

In the case s, = 0, it is enough to take oy < 0 and then o; = ®9(0p) > 0. The same
reasonning works and shows that f, = 0 on R\ [0g,01]. But as oq is arbitrary, we let
oo — 0 and sy = 0 implies o7 — 0 as well. ]

Corollary 3.3. Let p > 1 and I' = {(s,|s]?), s € R}. Let 0, # 0y € [—7/2,7). Then
(I, g, U ly,) is a Heisenberg Uniqueness Pair.

The case p > 1 is covered by Theorem 3.1. The case p = 2 is due to P. Sjélin [Sj] and
the previous proof is inspired by his work.

Proof. 1t remains to prove the case p = 1. For |0 — /2| > w/4, Corollary (2.2) shows that
(I, ¢y) is a Heisenberg Uniqueness Pair since then Iy = R.

If |6, —7/2|, |02 — /2| < 7/4, then we may again apply Theorem 3.1.

It remains to consider the case 6, = w/4 or 3w/4 and |0y — 7/2| < 7w/4. We will only
consider the case #; = /4, the other case being similar.

Let v(s) = |s|, and p = f, ds. Write f for the restriction of f, to R*. If i =0 on £,/
then, for every t € R

0= / fu(s)e_i(sﬂs‘)t/‘/i dt = f(s)ds + ﬁ(\/ét)
R R~

Thus f(s)ds = —ﬁ(ﬁt) Riemann-Lebesgue’s Lemma then implies that / f(s)ds =
R

0 thus ﬁ(ﬂt) = 0 thus f;7 = 0. Now, if 6, # 7/4 and ji = 0 on £y, then
0= fu(s)ei(cosPamsinba)st g fu((cos 0> — sin 65)t)
B

for every t € R and as cos 0y —sinf, # 0, f, = 0. O
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3.2. Cusps.

Lemma 3.4. Lety_ : (—00,0] — R be a smooth strictly convex function such that v_(0) =
0, v_(t) = 400 when t — —oo and @ — —oo0 when t — 0 and let v, : [0,400) — R be
a smooth strictly concave function such that v, (0) = 0, v4(t) — 400 when t — +oo and

(t,y-(t)) ift<o0

(t,ve (1) ft>0
Let 6y # 0y € [—m/2,7/2), then (T, Ly, U ly,) is a Heisenberg Uniqueness Pair.

) ' — —
T2 — +oo when t — 0. Finally let v(t) = and I' = {~(t),t € R}.

FI1GURE 4. The wandering set in case of a cusp

Proof. This curve does not exactly fit the hypothesis of Section 2.3

First note that if #; = 0 then I' satisfies the hypothesis of Corollary 2.2 with Ij = R so
that (I, ¢y) is a Heisenberg Uniqueness Pair.

Let I = {(s,7-(s)),s <0} and T'y = {(s,74(s)),s > 0}

Assume first that —5 < 6y < 6 < 0. Observe that HJ»L is transverse to I'_ and more
precisely, for every s > 0, there exists a unique s; < 0 such that (7(3) + Rejl) NI =
{7(s;)}. Denote by ®; the map s — s .

Let s§ be the unique s > 0 such that (7/(s),6;) = 0 i.e. the tangent to I' at y(s) is
directed by ;. Note that si always exists if 7/(s) — 0. If this s does not exist, we set
s; = 400. Let s; = @ (s7). Now, for s < 55, s ¢ ®; (RT) so that s € Ij and f,(s) = 0.
Observe now that, since 6y < 6y, if s > sg @5 (s) < sy so that (2.4) reduces to f,(s) = 0.

If we write Iy = {7(s),s € [sy,s¢]} then pu € AC(T'y). Note that T’y now satisfies the
conditions of Section 2.3. Moreover, define the map ®; : [s;,0] — [0, s;] as ®5 being

+ 7 HF(e—
the unique s € [0, s3] such that (y(s) + Rb3) N Ty = {y(s)}. Define {Skﬂ - (I)%<8ﬁ>.
Sern = Pr(sy)
Note that the assumption on 6 implies that v_ (@7 (s)) < y(s) and 74 (P35 (s)) < - (s).

It follows that v4(sf,;) < v4(s}) thus s, < sf. This implies that s converges to

the unique fixed point of & o &7, that is 0. Similarily, s, is strictly decreasing and
converges to 0. As a consequence [s}) ,s;]| is wandering for ®3 o @7 and [s;, ;] is
wandering for ®7 o @3 . According to Lemma 2.6, f, = 0 on [s},;,s;] = (0,s7) and on

Ulsi s k4] =[50, 0]
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The case 0 < 0y < #; < T is similar, exchanging the roles of I'y and I'_. It remains
to treat the case —m/2 < 6, < 0 < 6 < 7/2. Define s5 as previously and again f, is
supported in [sy,sg]. Define 5; to be the unique s < 0 such that (y'(s),0;) = 0 (if it
exists and s; = —oo otherwise) and for s < 0 define ® (s) as the unique s, > 0 such that
(v(s) +ROy) NIy = {y(s4)}. Let 5§ = @3 (55 ). As previously, f, is supported in [5;, 5]

thus in [max(sgy, 3y ), min(sg, 54 )]. The remaining of the proof is similar. O

[\

Example. Let 0 < o < 1 and I' = {(s,|s]*, s € R}. Let 6, # 0y € (—n/2,7/2]. Then
(I, £y, U ly,) is a Heisenberg Uniqueness Pair.

3.3. Hyperbolas. Let I' be the hyperbola
I ={(u,v) €R* : v —u®=1}.

Let I = (0,1/2) U (1/2,1) and v : I — R? be a parametrization of I' given by
v(s) = (cotan(27s), 1/ sin(27s)).

Theorem 3.5. Let I' be the hyperbola I' = {~(s),s € I}. Then (I',{1r/4) is a Heisenberg
Uniqueness Pair. Moreover if 61 # 0y € (—7/2,7/2). Then (I, Ly, U ly,) is a Heisenberg
Uniqueness Pair if and only if 01 [ 05.

Remark. In [HMR], the authors give a necessary and sufficient conditions for a lattice
cross A in 044 U l_/4 to form a Heisenberg uniqueness pair (I', A).

™
Proof. If § = +=— than any line orthogonal to 6 intersects I" in at most one point. That is,

in the notation of Corollary 2.2 Iy = I and the theorem follows.
\ 0 » ,

Let ®; = @y, j = 1,2 be the maps defined in section 2.3. Consider the transforma-
tion' T : (u,v) — (u/v,1/v). Notice that T is a one-to-one map from I' onto the circle
T, = S"\{(—1,0),(1,0)} and moreover the image of any line orthogonal to # is a line L
through the point (—tané,0).

IThis transformation has a natural interpretation in projective geometry.
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Let 213]» : T, — T, be a map defined as follows: ZI%(O() is the unique g € T,\{a} such
that the line L, g) joining o and 8 contains the point (—tan@;,0). Note that

T(y(®5(s) = ®;(T(1(s)),  J=12
This transformation allows to transfer the dynamical system generated by ® = ®; o 3 on
I' to a new dynamical system on T, generated by d =0, 00, In particular we will cover
T, by wandering sets for d. As T is a bijection, I will thus be covered by wandering sets

for ®. The theorem then follows from lemma 2.6.
We distinguish two cases:

FIGURE 5. a) 6y >7/4and b) 0 <6, <7/4 .0, =0, — 3

First case. 0, & (—7/4,7/4)

Using the invariance property (Inv2), we assume without loss of generality that 0; €
(r/4,7/2) and that 03 < #;. Thus tanf; > 1 and tanfy < tanf,. Let A = (—tané;,0)
and note that, since |tanf;| > 1, A is in the “exterior” of T,. Let

T.={z€T,: £Imz >0}
and a+ € T4 the unique point o € T+ such that the line L, 4) is tangent to T. Note that
Re ay = —1/tanb,. For e;,e5 = +1, let
Tee,={2€T,: eiRez>—1/tanb,}.

Note that &)1 is a bijection for T onto T_,, ., while &)2 is a bijection for T, onto T_..

We need the following observation. Let o € T_ | and 3 = &J(a) and let ¢ —resp. Y—
be the angle between the real axis and the line L4 ,) —resp. L(p). Then :

o if —tanf; < —tanfy < —1/tanfy, then |p| > |¥|;

€1,€2
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e if —tanfy = —1/tan6;, hence 0; L 65 and then ¢ = —1;
e if tanfy > —1/tan®; then |p| < |1

So if 6; [ 0, then the absolute value of the angles between the real axis and L( AB(a))
is strictly monotonic. Therefore [, ®(«)] is wandering.

If 6, L 6, the ®*(a) is 2-periodic. Since 6y € (1/4,7/2), we can define
B 1
B \/sin2 0, — cos? 6,

Note that this point is defined by oy = T'(zg,). Let sq € [0,1/2) be such that xg, = v(so)
and Ty = {7(s), s € (0,s0]}. Let f be any function f € L'(Ty). We will now extend f to
LY(T) as follows:

— first, for s € (sg,1/2), there is a unique s € (0, so) such that the line joining y(s!)
to y(s!) is orthogonal to 0; and we define f(s!) via Equation 2.4 for 6;:
DI
Mo,y (s1) oy (s2)
— Next, for every s% € (1/2,1) there is a unique s* € (0,1/2) such that the line joining
v(s%) to y(s3) is orthogonal to 65 and we define f(s%) via Equation 2.4 for 6s:
DI
M, Y (s1) 0,0 (s2)
We will denote by s; = (s9) — +2.
— Finally, for s} € (1/2,s;), there is a unique s* € (s1,1/2) such that the line joining
v(s) to (s} ) is orthogonal to 6; and one easily checks that (3.11) is satifyed.

Let p = fds € AC(I"). According to Corollary 2.2, ;i = 0 on ¢y, U {p,. Moreover, every
€ AC(T') such that 7 = 0 on £y, U ly, can be constructed this way.

Second case. 0,,0, € (—7/4,7/4).
Without loss of generality, we assume that 6, < 0 thus —1 < tanfy, < tanf; < 1. Let

{ar} ={2€TL: Rez=—tanb,}

To, (—cosfy,sinf) €I

(3.11)

(3.12)

be two point at the vertical of A and define Ty + as previously. Let a € T, | and let ¢
(resp. v) be the angle of L, 4y (resp. L(EIS(a),A)) with the real axis, then ¥ > ¢. Again this

implies that [«, ;15(04)] is wandering. The other case are similar.

O

3.4. Closed convex curves with a corner point. Let I' = {7(s),s € [0, 1]} be a closed
convez curve and assume that v is piecewise smooth 1-periodic and that 4’ has a jump
singularity at 0 i.e. ' has a corner point at v(0). Without loss of generality v(0) = 0
and let 7/.(0) the vectors defining the two half tangents to I' at 0. Let Hy be a supporting
hyperplane of I at 0. As 0 is a corner point of I'; this supporting hyperplane is not unique
and we may assume that Hy N I' = {0}. Up to a rotation, we may assume that Hy is the
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vertical axes. Up to a symmetry, we may also assume that v covers I' in counter-clockwise
order.

The fact that 0 is a corner point implies that Hy and 7/, (0) define two positive open
cones C4 with C, in the upper half right quadrant and C_ in the lower half right quadrant.
Let C} be the dual cone of Cx (i.e. 6+ € C; if and only if § € C7.

Let 01,0, € C* UC}and assume that I' does not contain a face normal to 6, nor to 6, so
that I', 0; satisfy the hypothesis of Corollary 2.2. We will first treat the case 6, € C} and
0, € C* and 0, < 0, € C7. The case 0; # 0, € C* is obtained by a symmetry with respect
to the horizontal axis.

F1GURE 6. Closed curve with a corner point

Now, there is a unique s € (0, 1) that we denote by s, such that the line through ~(s)
directed by 6f is a supporting line for I'. Define I'y = {v(s),s € (0,s,)} and I'_ =
{7(s),s € (s 1)}. Observe that, due to the convexity of I', every line issued from a point
A € 'y directed by i will intersect I' again in a point B € I'_. Further, a line through
B directed by 67 will then intersect I' again in a point C' € I'y. The assumption on the
angles imply that we go from A to C along I' clockwise. In the language of Section 2.3,
the mapping & is strictly decreasing on (0, s.). But then, for every s € (0, s,) the interval
[®(s), s] is wandering for ®. According to Lemma 2.6, if 1 € AC(I") is such that i = 0 on
lg, U ly,, then f, =0 on [®(s),s]. As s is arbitrary in (0, s,), f, =0 on (0, s,). Using the
fact that @ is strictly increasing on (s,, 1) we obtain that f, = 0 on (s,,1) as well.

If 6,,65 are both in C,, a slight adaptation is needed. Without loss of ; < 6. Then
the same geometric argument shows that the map & is still strictly decreasing and again
fu=0on(0,s,). Let s, be defined (y(1/2) +RO_) NT = {7(1/2),~(s.)} (note that we
might have s, = 1/2). Corollary 2.2-(2.4) for §_ shows that f, = 0 on (s,,1). Let s be
the

We have thus proved the following:

Proposition 3.6. With the above notation, if 6, € C} and 0 € C* assume that I has no
face normal to 6, nor to Oy. Then (I', €y, U ly,) is a Heisenberg Uniqueness Pair.
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Remark. In the case v(1/2) is also a corner point, the previous proof may easily be
extended to prove the following: Let again Ci be the previous cones and define Cx to be
the analogous cones for (1/2), translated to have there summit at the origin. C; is in the

upper left quadrant and C_ in the lower left one.
Then, if §; fy arein Cy UC_ UCy UC_, (T, €y, Uly,) is a Heisenberg Uniqueness Pair.

Example. If T" is a convex polygon, then for almost every 6;, there is an open interval of
0y’s such that (T, £y, Uly,) is a Heisenberg Uniqueness Pair. In the case of a regular n-gon,
this interval has length 7 /n.

4. HEISENBERG UNIQUENESS PAIRS AND ROTATION NUMBERS

4.1. The ellipse revisited. Let I' be an ellipse. According to the invariance properties
(Inv1)-(Inv2) there is no loss of generality in assuming that I' is the circle centered at 0 of
radius 1, T' = {7(t) = (cos 27t,sin 27t),t € [0,1)}.% Let 6; # 0 be two angles. Without
loss of generality §; = 0 and 0y € [0, 7). Let ®;, P, be the maps associated to them as
in Section 2.3. It is easy to see that ®; is the orthogonal symmetry with respect to the
line through 0 directed by 6;, in particular ®(s) = —smod 1 while ®5(s) = 2 — smod 1.
Throughout the remaining of Section 4.1 all functions on I' will be lifted as 1-periodic
functions on R.

Then, according to Corollary 2.2, u € AC(T") is such that 1 = 0 on £ U ly, if and only
if f,(—s) = —fu(s) and f,(02/m —s) = —fu(s). In particular, f,(62/m+ s) = f.(s). Note
that conversely, if f,(02/7+s) = fu.(s) and f,(—s) = —fu(s), then f,(0z/7—5) = —f.(s).

According to Lemma 2.8, (T, ¢y, Uly,) is a Heisenberg Uniqueness Pair if 6, ¢ Q. Assume

p

now that — = —, p,q € N, p,q coprime. Then every integer j may be written in the
m q

form j = kp + {q so that, if f, is both 1-periodic and p/g-periodic, then f,(s+ j/q) =
fu(s +kp/qg+0) = fu(s+ kp/q) = fu(s) i.e. f, is also 1/g-periodic. The converse is
trivial. Thus 7 = 0 on ¢y U lp, if and only if f, is both odd and 1/¢-periodic. Such
functions are all constructed in the following way: take any f, on (0,1/2¢), extend it into
an odd function on (—1/2¢, 1/2¢) and then to a 1/¢-periodic function on R (thus also to a
1-periodic function).

This gives a more geometric and constructive proof of the following result:

Theorem 4.1 (Lev [Le] and Sjolin [Sj]). Let T' be a circle and let 01,05 € R Then (T, £y, U
1

ly,) is a Heisenberg Uniqueness Pair if and only if — (02 —6,) ¢ Q .
7T

For a general ellipse the condition is a bit more complicated. First let a and b the major
and minor semi-axes of the ellipse So that, if we denote by L(x,y) = (x,ay/b) then there
is a rotation Ry such that LRyl is a circle C of radius a. According to the invariance
properties, (I', ¢y, U lp,) is a Heisenberg uniqueness pair if and only if (C,¢,, U {,,) with

o, = (Ry)*(L71)"ly,. Tt follows that ¢ — ¢ = arcsin % — arcsin %.

2This parametrization has been chosen to be coherent with the usual definition of rotation numbers in
the next section.
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FicUure 7. Ellipse

4.2. An extension. Let —7/2 < 6 £ 0 < 03 < w/2 be two angles and let ¢/ = —2tan 0, +
2tanfy. Define I' = {7(t),t € [0,1]} as follows:

(¢ + cosdm(t — 1/8),sindn(t — 1/8)) fort € [0,1/4]

0,
() = (0(2 —4t),1) for t € [1/4,1/2]
(cos4m(t — 3/8),sindr(t — 3/8)) fort € [1/2,3/4]
(0(=344t),—-1) for t € [3/4,1]

and write ' =C, US, UC_ US_ for the four corresponding pieces of I'.

2 tan 0, I's 92tan 0,

FIGURE 8. The domain I
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In other words, I' is a circle of radius 1, cut into two halves, the two halves are then
separated by a distance ¢ and glued together by a rectangle of length ¢ and height 2. This
length is chosen so that the following holds

— take a point I'; in C, and draw a line orthogonal to #; and assume this line intersects
S_ in a point T'y. (Otherwise it intersects C, in a point I';)

— From I'y, draw a line orthogonal to #5. This line will intersect S, in a point I's.

— From I's, draw a line orthogonal to #;. This line will intersect C_ in a point [',.

Then Ty is the translate by (—£,0) of the point T4 that is the intersection of C_ + (¢, 0)
with the line orthogonal to #; starting at I';.

We may of course exchange C, and C_ that is, to go backwards in the above argument.
Moreover, we can replace 0; by 6, (this is needed if, at the first step, we go from I'; to f’l).

Define s;, j =1,...,4 so that v(s;) =T.

Now let 1 € AC(T") be such that i = 0 on £y, U ly,. Then (2.3) for 6; in (4.13), then for
0 in (4.14) and for 0; again in (4.15) shows that:

fu(sl) _ fu<52) _ fu(52) 7, (44,0)

TV (s1)  may(s2) 7o, (4L, 0) mg (42, 0) (4.13)
_ fu(SB) 7T92(4€, O) B fu<53)

T, (—40,0) T, (46,0) T, (—4L,0) (4.14)

71-01’7//(34). (415)

A similar identity holds if we replace ¢, by 6-.
Let us now define v a measure on the unit sphere {(cos 27t, sin 2xt), t € [—1/4,3/4]} by

) = {24 1) for b€ [-1/4,1/4
S fut/2+3.8)  fort € [1/4,3/4]

In other words, v is u restricted to the two half-circles (when glued back together).

From the discussion above, we see that (4.15) is (2.3) for f, and #;. The same holds for
05. Therefore, 7 = 0 on ¢y, U ly,. But, according to Theorem 4.1, v = 0, that is f, = 0 on
0,1/4) U [1/2,3/4]. It follows from (4.13)-(4.14) that f, =0 on [1/4,1/2]U [3/4,1].

We have thus proved:

Proposition 4.2. Let 01,605, I' be as above. Then (I',{y, Uly,) is a Heisenberg Uniqueness
Pair.

4.3. Rotation numbers. Till the end of section 4.3, we will assume that I is a C*-smooth,
k > 4 closed curve with non vanishing curvature. We parametrize I' = {7(s), s € R} where
v is one-to-one and 1-periodic. Let #; # 65 be two angles and assume that ' satisfies the
hypothesis of Corollary 2.2 for both #; and 6,. Let ®; = @y, be the corresponding maps
and write @y, g, 1 or simply ® for & = Py 0 d4.

Note that @ is of class C*~! and, as ®; and ®, are orientation reverting, ® is orientation
preserving. We denote by ® a C¥~! lifting of ® as a map from R — R.
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We need a bit more notation. All results mentioned in here are standard facts in the
theory of dynamical systems and can be found in [Hel, Yo] which also give precise references
for them. )

The rotation number of @ is defined as p(®) = lim %. As is well known, this limit
exists and does not depend on z. Moreover, we define p(®) = p(®) mod 1 and this number
does not depend on the choice of lifting ®.

Notation : We will write p(I'; 01, 02) = p(®) to stress the dependence on 6,0, and T.

Recall that p(®) is rational if and only if ® has a periodic orbit. On the other hand if
a = p(P) is irrational, it is known that & is conjugated to the rotation of angle « (for this
we only need ® to be of class C? but C' may not suffice). However this conjugation may
not be regular, even though ® is of class C*. In order to obtain a regular map, we need
more. Recall that o € R\ Q is called diophantian of order § (in a € Cp) if there exists
C > 0 such that |a—p/q| > C/¢**? for every p/q € Q. Note that U Cs has full Lebesgue

=0
measure. We will use the following theorem:

Theorem 4.3 (Yoccoz [Yo)). If @ is of class C¥~1, k > 4, and assume that o := p(®) € Cg
with k > 2(B+1). Then there exists a diffeomorphism h of class C¥=P=2=¢ for every e > 0
such that ® = h™' o R, o h where R, is the rotation of angle o, Ro(t) =1+ o mod1.

Together with Lemma 2.8 we obtain the following

Corollary 4.4. Let >0, k > min(4, 8 + 3,28 +2). Let T be a C* smooth closed convex
curve with non-vanishing curvature and 6y, 0 be two angles. Assume that p(I'; 01,0:) € Cs
then (I', g, U ly,) is a Heisenberg Uniqueness Pair.

Unfortunately, computing the rotation number p(I'; 01, 05) is practically impossible. Nev-
ertheless, if we assume that

a<d(x)—z<b (4.16)

1.e. if we bound the “displacement” of ® then
na < ®"(x) —x = Z () — 'Y (z) < nb
j=1

thus a < p(I';6,,6,) < b. Note that it is enough to obtain the bound (4.16) for = € [0, 1].
Write t = ®(z) thus 2 = ®,(t), since ;' = @1, so that (4.16) is equivalent to

a < Dy(t) — Dy (t) < b.

Now, from this, it is obvious that p(I';6;1,602) — 0 when 63 — 6#;. On the other hand,
p(I;01,05) # 0 since @y(x) # Po(x) (otherwise §; # 0 would both be normal to I') thus
min[o71}(<§1(x) — ®y(x)) > 0 by continuity of ®;,®5. In particular p(I';6;,6;) is not a
constant function of #; nor of 6,.

We will appeal to the following
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Theorem 4.5 (Herman [He2]). Let U, be a family of diffeomorphisms of [0,1) of class C3
such that the dependence in the parametert is of class C*. Then either the rotation number
p(®;) does not depend on t or there exists a set E of positive Lebesgue measure such that,
for every t € E, ®, is conjugated by a C* diffeomorphisms to a rotation with irrational
angle.

The above comment with the regularity of ®; and ®, established in Proposition 2.4
imply the following result:

Corollary 4.6. Let I' be a C* smooth closed convex curve with non-vanishing curvature.
Then there exists a set of positive Lebesque measure E C (—m/2,m/2)? such that, for almost
every (61,0) € E, (I, Ly, Uly,) is a Heisenberg Uniqueness Pair.

4.4. Rational rotation number is compatible with Heisenberg Uniqueness. Let
us conclude with an example of a smooth curve I' and angles 6;, 6, such that p(®) is rational
but such that (I, £y, U ly,) is not a Heisenberg uniqueness pair.

First, let y be a 1-periodic C* function on R such that supp x = [0,1/4]+7Z, 0 < x(s) <
1/2 on (0,1/8) and x(s) < 0 on (1/8,1/4). Let v(s) = (1 + x(s))(cos 27s, sin 27s). Note
that v : [0, 1] — R? has the following properties

(1) v is C*°-smooth,

(2) v(s) = (cos2ms,sin2ws) for s € [1/4,1] i.e. T contains 3/4 of the circle C centered
at 0 and radius 1.

(3) |v(s)| < 1fors e (0,1/8) and |y(s)| > 1 for s € (1/8,1/4). In other words the part
of I' in the first quadrant is inside the disc below the diagonal and outside the disc
above the diagonal.

(4) If (1+ X(s))2 +X'(8)% = 2(1+ x(s))x"(s) = 0 then T" is convex.

Let 6, = 0 and 6, = g and consider the associated maps ®;, P5 and ® as in Section

2.3. Note that k/8, k € Z are 2-periodic points of ® thus ® has rotation number 1/2.
Then, for s € [1/4,3/4], ®(s) = s+ 1/2. For s € (3/4,7/8), s —1/2 < ®(s) < 3/8 and for
s € (7/8,1), ®(s) < s —1/2. As a consequence, if a € (1/4,3/8) ®?*(a) is increasing and
bounded, therefore it converges. The limit is a fixed point of ® and the only possible one
is 3/8. Similarly, if b € (3/8,1/2), ®**(b) is decreasing and bounded and converges to 3/8
as well. It follows that (a,b) is attractive for ®.

According to Lemma 2.7, if u € AC(T") is such that 7z = 0 on £y U £, /5, then supp f, N
(a,b) C N, 0lP%(a), ®**(b)] = {3/8}. As a is arbitrary in (1/4,3/8) and b is arbitrary
in (3/8,1/2), f, = 0 on (1/4,1/2). Using Corollary 2.2-(2.4) for ®;, ®,, we deduce that
fu=0on (0,3/2) and using it again for ®; or ®5 we deduce that f, = 0.

We have thus proved the following:

Proposition 4.7. There exists a smooth closed curve and two angles 01,605 such that
p(L;01,05) is rational and (T, €y, U ly,) is a Heisenberg Uniqueness Pair.
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