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Abstract
In this paper, an a posteriori residual error estimator is proposed for the A/¢ magnetodynamic Maxwell
system given in its potential and space/time formulation and solved by a Finite Element method. The reliability
as well as the efficiency of the estimator are established for several norms. Then, numerical tests are performed,
allowing to illustrate the obtained theoretical results.
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1 Introduction

Let T > 0 and © C R? be an open connected bounded polyhedral domain, with a lipschitz boundary I' that is also
connected. In this paper, we consider the Maxwell system given in  x [0, 7] by :

curl E = —9;B, (1)

curl H=6,D + J, (2)

with initial and boundary conditions to be specified. Here, E stands for the electrical field, H for the magnetic field,
B for the magnetic flux density, J for the current flux density (or eddy current) and D for the displacement flux
density. In the low frequency regime, the quasistatic approximation can be applied, which consists in neglecting the
temporal variation of the displacement flux density with respect to the current density [1], so that the propagation
phenomena are not taken into account. Consequently, equation (2) becomes :

curl H=J. (3)

The current density J can be decomposed in two terms such that J = J; + J., where J; is a known distribution
current density, generally generated by a coil, while J. represents the unknown eddy current. Both equations (1)
and (3) are linked by the material constitutive laws :

J, =0 E, (5)

where p stands for the magnetic permeability and o for the electrical conductivity of the material. Figure 1 displays
two possible domain configurations we are interested in. The domain configuration is composed of an open connected
conductor domain . C Q which boundary B = 92, is supposed to be lipschitz and also connected and such that
BNI' = (. In Q,, the electrical conductivity o is not equal to zero so that eddy currents can be created. The domain
Qe = Q\Q. is defined as the part of  where the electrical conductivity o is identically equal to zero. Boundary
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Figure 1: Domains configuration: with respectively supp Js C Q. and supp Js N Q. = 0.

conditions associated with the previous system are given by B-n =0 on I' and Jo - n = 0 on B, where n denotes
the unit outward normal to 2 and Q. respectively. In the conductor domain €., the electromagnetic equations can
be solved by only considering the electrical field, leading to the classical E formulation :

curl g~ teurl E+ o 0,E = 0.

The same approach can be carried out with the magnetic field H. In that case, we obtain the so-called H formula-
tion :
curl o teurl H + p 6,H = 0.

Unfortunately, these two formulations can only be considered in the conductor domain €2, since the electrical
conductivity ¢ and the eddy current only exist in §2.. Consequently, in order to solve a problem with the quasistatic
approximation, a formulation which is able to take into account the eddy current in 2. and which verifies in £,
Maxwell’s equations must be developed. That can be obtained by using the potential formulations often used for
electromagnetic problems [20]. From the fact that div B = 0 in © and that its boundary is connected, by Theorem
3.12 of [2], a magnetic vector potential A can be introduced such that:

B=curl AinQ, (6)

with the boundary condition A x n = 0 on I' allowing to guarantee B-n = 0 on I'. Like B, the vector potential
A exists in the whole domain 2. To ensure the uniqueness of the solution, it is then necessary to impose a gauge
condition. The most popular one is div A = 0 (so-called the Coulomb gauge). Moreover, from equations (1) and
(6), an electrical scalar potential ¢ can be introduced in €2, so that the electrical field takes the form :

E=-0,A—Vypin Q.. (7)

Like the vector potential, it must be gauged so the averaged value of the potential ¢ on 2. is taken equal to zero to
obtain uniqueness of the solution. From (4),(5),(6) and (7), equation (3) leads to the so-called A — ¢ formulation :

curl (g~ 'ewrl A) + o(@tA + ch) =Js. (8)

The great interest of this formulation relies in its effectivity in both domain . and .. Indeed, in ., where
o is zero, the second term vanishes and the A — ¢ formulation becomes the classical A formulation used in the
magnetostatic case.

We are here interested in the numerical resolution of (8) by the Finite Element Method in the context of electro-
magnetic problems [7, 8, 21]. More particularly, we have in mind to derive an a posteriori residual error estimator,
in order to determine the numerical parameters (namely, the space mesh refinement and the time step) to be used
in a space-time adaptivity context.

Concerning the harmonic formulation of some Maxwell problems, several contributions have been proposed for
the last decade. In that case, since there are no more time derivatives to be considered, one only has to deal with
the spatial variable.

Some explicit residual error estimators have been successively derived. In [3], the eddy current formulation was
considered in a smooth context, generalized to piecewise constant coefficients in [24] or to lipschitz domains in [28].



The robustness of the estimates was addressed in [14], and the dependance of the constants arising in the upper
and lower bounds with respect to the polynomial degree of the ansatz space was investigated in [10]. An adaptive
algorithm was proposed in [11], which was proven to converge in the sense of the reduction of the energy norm of
the error. In the low-frequency framework, an adaptive algorithm was also proposed in [12] which was proven to be
efficient for singular solutions. Some works devoted to the potential formulations were also performed in [15, 33].
An estimator for a coupling of the Boundary and Finite element methods was introduced in [18], as well as in [27]
in the context of a Discontinuous Galerkin Method. Very recently, an adaptive h — p finite element algorithm was
proposed for time-harmonic Maxwell’s equations [17].

Other kinds of estimators have also been developed for Maxwell problems such as implicit [16] or reconstructed
[19] estimators for harmonic problems, equilibrated [9] or reconstructed [22] estimators for the E-formulation, as
well as hierarchical one for the magnetoquasistatic approximation [13].

This paper is devoted to a space-time explicit residual a posteriori estimator derivation for the A/ formulation
given by (8). Here the goal is to start from the work developed for other parabolic-type equations [4, 5, 6, 25, 26, 31],
and to adapt it to the case of a magnetodynamic problem. We follow the same philosophy as the one in [4, 25], which
consists in splitting the error in a ”time” one and in a ”spatial” one, allowing to obtain some corresponding ”time”
and ”spatial” error indicators. Our contribution can also be compared to [32], devoted to the H/¥ formulation. In
our work, both potentials (vector and scalar) are kept during all the analysis, and the support of J can intersect §2..
Moreover, the upper bound (reliability) as well as the lower bound (efficiency) are obtained for the same space/time
error.

Let us finish this introduction by some notation used in the whole paper. On a given domain D, the L?(D)
norm is denoted by || - || p, and the corresponding L?(D) inner product by (-,+)p. The usual norm and semi-norm
on H'(D) are respectively denoted by || - ||1,p and |- |1,p. In the case D = €, the index 2 is dropped. Recall that
H}(D) is the subspace of H!(D) with vanishing trace on dD. The notation a < b and a ~ b means the existence
of positive constants C; and Cy, which are independent of the quantities a and b under consideration, as well as
of the coefficients y, o and the discrete parameters h and 7 (see below) such that a < Cob and C1b < a < Cab,
respectively. When needed, C' denotes a generic constant which is not necessarily the same throughout the paper.

The paper is organized as follows. In section 2, different formulations of the problem are presented : the
continuous one, the semi-discrete one and the fully-discrete one. Then, section 3 is devoted to the different errors
and estimators definition. The reliability of the proposed a posteriori estimator is proved in section 4, and its
efficiency in section 5. Finally, section 6 presents some numerical tests to underline the theoretical predictions.

2 Formulations of the problem

In this section, the three formulations we are going to deal with are introduced : the continuous formulation, the
semi-discrete formulation in time, and the fully discrete formulation in time and space. For each of them, the
question of their well-posedness is addressed, and some properties on the corresponding solutions are underlined.

2.1 Continuous formulation

Assuming that divJs = 0, the A — ¢ formulation of the magnetodynamic problem can be written

curl (u~eurl A) + o(atA + w) — J,inQ, 9)
div (a (8tA + ch)) = 0inQ, (10)

Axn = OonT, (11)

c(0:A+Vy) -n = 0on B, (12)

At=0,) = 0in Q.. (13)

We suppose that ;¢ € L>°(€Q) and that there exists pg € R such that > o in Q. We also assume that o € L>(Q),
oo, = 0, and that there exists o9 € R} such that o > o¢ in Q.. At last, we recall the Gauge conditions. Like
mentioned in section 1, we choose the Coulomb one div A = 0 in 2, and we ask for the averaged value of ¢ in €.
to be equal to zero.



We now define :

X(Q) = Ho(curl, Q) = {A € L?*(); curl A € L?(Q) and A x n =0 on I‘},
X0Q) = {Aex Avg)—ovgeﬂo(fz)}
H(div =0,Q) = {A€L2 Avg)_ovgeHO(Q)}
HY(Q.) = HY () dx =0},
(€2) {soe /cho x 0}

where X () is equipped with its usual norm :

1AL (@) = [A]* + [|curl A2,

We finally denote V = X°(Q) x ﬁ(QC), and X°(Q)’ stands for the dual space associated with X°(€2).

The variational formulation associated with (9)-(13) is consequently given by : Find A € L?(0,7; X°(2)) and
o € L?(0,T; H*(Q.)) such that &, A € L?(0,T; X°(Q)"), A(0,-) = 0 in Q. and such that for all A" € X°(Q) and
¢ € H'(Q,), we have :

(pteurl A, curl A') + (0 (9, A + V), A+ V' g, = (Js, A). (14)

Using the theory of Showalter on degenerated parabolic problem [29, Theorem V4.B], and appropriated energy
estimates, the following existence result for problem (14) is proved in Theorem 2.1 of [23].

Theorem 2.1. Let us assume that Js € H*(0,T; H(div = 0,)) and set Js o = Js(t = 0). Assume that
Jso-n=0on B,

and that there exists Ay € X°(Q2) satisfying
Ao =0in QC,

and
(p~t curl Ag, curl A’) = (T, A )q,, VA’ € X(Q) such that div A’ € L*(Q).

Then problem (14) has a unique solution (A, ¢) in H*(0,T; X°(Q2)) x L*(0,T; If-lvl(QL)) with A(t =0) = Ay.

Due to the divergence free property of Js, we further notice that the test functions in (14) can be ungauged.

Lemma 2.2. Under the assumptions of Theorem 2.1, the unique solution (A, p) € H(0,T; X°(Q))xL?(0,T; H(Q.))
of (14) also satisfies

(pteurl A, curl A') + (0 (A + V), A+ V¢ o, = (Js, A'),V(A', ) € X(Q) x H'(Q,). (15)
Proof: In (14), we first take A’ =0 to deduce that
(0 (A + V), Vo' o, =0,V € H'(Q,).
In a second step taking any ¢ € H}(Q2), as J; is divergence free we get
(0 (QA+ Vo), Vi )o, = (Js, VU).

We conclude by using the Helmholtz decomposition of A’ € X(Q2) into A’ = B’ + V¢ with ¢ € H}(Q) and
B’ € X°(Q). [ |



2.2 Semi-discrete formulation in time

In order to discretize in time equations (9)-(13), a partition of the interval [0,7] into subintervals [t,,—1,tm[ is
introduced, 1 < m < N, such that 0 =ty < t; < ... < ty = T. We denote by 7, the length t,, — t,,_1, we set
7= IaX Tm, and we define the time regularity parameter o, by :

_m_

Tm

or = max . (16)
2<m<N Ty—1

Assuming that Jg is continuous in time, we denote J" the value of Js(t,,), and 7, Js the piecewise constant

interpolation in time of Jg given by 7. Js(t) = J.* for t €]t;—1,tm], 1 < m < N. We denote by A™ and ¢™ the

approximations of A(t,,) and ¢(t,,) respectively. The semi-discrete problem in time issued from Euler’s implicit

scheme is then given by :

AnL_Am—l
curl (,u_lcurlAm) + O’( + Vgom> = J"in Q,
Tm
Am_Am—l
div (o( + Vgom)> = 0 in Q,,
Tm
A" xn = OonT,
AmiAmfl
a( —|—V<pm) ‘n = Oon B,
Tm
A% = 0in Q.. (17)

The corresponding weak formulation consists in looking for (A™, ™) € V,0 < m < N such that A = A(0,-) =0
in Q. and such that for all m, 1 <m < N, we have :

am((A™, ™), (A", @) = In((A',¢") ¥V (A',¢") €V, (18)
with a,, and [, the bilinear and linear forms respectively defined by :

g

am((A, ), (A, ¢) = (;flcurlA, curl A/) + ( (A+7,Ve), A"+ 1, Vgo’) ,

Tm Q.

(A, ¢) = (3", A') + (f AT A W) |
m Q.
Now we address the question of the well-posedness of problem (18).

Theorem 2.3. Problem (18) has a unique solution (A™,¢™) € V,1 <m < N.

Proof: The proof is in any point similar to the one of [15], Lemma 2.1. With a recurrence argument, it is mainly
based on the fact that the bilinear form a,, is coercive on V, allowing the use of the Lax-Milgram lemma. ]

As before, due to the divergence free property of Js, we can show that the test functions in (18) can be ungauged.

Lemma 2.4. Let (A™,¢™) € V,1 <m < N be the solution of problem (18) with A’ = A(0,-) =0 in .. Then
we have for all m, 1 <m < N :

an((A™, ™), (A',¢)) = Ln((A,¢), ¥ (A',¢)) € X(Q) x H'(Q),

Proof: This result is proved in the same manner than in Lemma 2.2 (see also [15, Lemma 2.2]). ]



2.3 Fully discrete formulation

At each computational time ¢,,, 0 < m < N, is associated a conforming mesh .7}, made of tetrahedra, each element
T of Ty, belonging either to . or to Q.. We denote hr the diameter of the element T and pr the diameter of
its largest inscribed ball. We suppose that for any element T', the ratio hy/pr is bounded by a constant o > 0

independent of T" and of the mesh size h = Tmax hr. Moreover, Ty m, Nium, Nﬁffl, Enm, Efﬁfw Fnm and F,’l’ﬁfl

hm

respectively denote the set of tetraedra, nodes, internal nodes, edges, internal edges, faces and internal faces of
Thm- We denote hp the diameter of the face F. Finally, the conductivity ¢ and the permeability p are supposed
to be constant on each tetrahedron :

or =0 VT €T, Omin = min OT, Omax = max or
| T my min TeThn TeQ, ) max TeTh Teq, ’
pr =pr VT € Thm, fmin = min  ur, Hmax = Max fir .
TeThnL TeThnL

The approximation space V}, is defined by V,, = X?(Q) x (:)h(QC), where :

Xn(Q) = {AheX(Q);Ah|T€ND1(T),VTeﬂm}7
NDi(T) = {4,:T—R:x—a+bxx, abeR?},
OhY = {6 e HQiur e BTV T € T},
X0 = {An € Xn(@):(An VE) =07 & € O],
On(Q) = {aphele(Qc);goh|TeP1(T)VTe77m}.

The fully-discrete formulation consists in looking for (A}, o) € V4,0 < m < N such that A} = A(0,-) =0 in Q.
and such that for all m, 1 < m < N, we have :

am (AR 05'), (Mg, #h)) = L (A}, 03)) ¥ (A, 01) € Vi (19)
Theorem 2.5. Problem (19) has a unique solution (A}", ") € Vi, 1 <m < N.

Proof: The proof is similar to the one of Theorem 2.3 in the semi-discrete case, using this time a discrete Friedrichs
inequality instead of a continuous one (see [21] lemma 7.20 page 185). |

We have moreover a similar result than the one given in Lemma 2.4.

Lemma 2.6. Let (A}, o)) € Vi,,1 <m < N be the solution of problem (19) with A} = A(0,-) = 0 in Q.. Then
we have for allm, 1 <m < N :

am(( ;znv‘p;zn)?( /h»‘P;L)) = lm((A;w(p;z))ﬂ v (A'/hﬂ(p;L) € Xh(Q) X é\;L(QC)

Proof: The proof is similar to the one of Lemma 2.2, by using this time a discrete Helmholtz decomposition of
w € Xp into Aj = Bj, + Vi, with B, € XP(Q) and ¢, € ©9(Q) (see [15] page 9). [

3 Definitions of the errors and of the estimators

3.1 Errors
We first build an interpolation in time of the solution of (18) by :
t—tme1 o tmo—t
AT(t):ilA'i_ All tm71<t§tma
Tm Tm (20)
or(t) = ™ b1 <t <tp.

We proceed similarly for the solution of (19) by :

t—tm— tm —t
Ah‘r(t): m-l ;ln‘f' e

Tm Tm

onr(t) = @p' tne1 <t <t .

APt <t <ty



The errors we are interested in are first the time one, given by :

ear(t) = Alt) = A1), epr(t) = »(t) =—¢r(t),

as well as the spatial one, given by :
eanr(t) = Ar(t)—Apr(t), epnr(t) = ©r(t) —onr(1).

3.2 Estimators

For all m, 1 < m < N, the temporal a posteriori error estimator n* is defined by :

m Tm 1/2 — m m—
= (5) 7 e canl (A7 - AT

The spatial a posteriori error estimator is then defined by :

N, = ((7152;1 )%+ (ney2 )2+ (N3 )? + (7 )? + (s )%+ (s )2) )

with
(7761;1')2 = Z (n]n"l;i)Qa 1= 172737
TETh m
(nJm;i)Q = Z (77?;1')2’ i=1,2,3,
FeFnt
where, for all T' € Tp, .,
Am —Am71
iy = e |3 con tewtap) o (FERE— v
; ) T
Am _ Am—l

B

Tm T
My = hr |ldiv(o (A +) 7 Vel))

p=1
ngy = h;/Q H [n x /flcurlAZL]F ||F ,
- A’m _Am—l "
e = bl H [J (hTthvcph >n] ’

m F F
m 1/2 m
ngs = hd” o (AT +> 75 Vel) nlelle.

p=1

T

(22)
(23)
(24)

(25)

(26)

(27)

Here, n stands for the unit normal to the face F' and [u]r denotes the jump of the quantity u through the face F,

namely :
lim w(x+en)—u(x—en) if FeFm,
[u)lp =4 =0 . e
0 it F''e Fpm\Fint.

Finally the oscillating term is defined by (£ )? = Z (€7)?, where for all T € Ty,
TEThm

& = he || 35" = I 7,

J¢, being the Raviart-Thomas finite element approximation of J{* on the mesh defined by

/J:}h-ndv(x):/ J'ndy(x) forall FCOT, withT € T -
F F

Recall that the divergence free property of J* implies the same property for J.",.



Let us remark that in the above expressions, ¢}* does not make sense in T' C 2., and consequently we should
replace " by one fixed extension, but since this extension is multiplied by o which is zero on such a T, the
expression is in any case zero on such a tetrahedron and therefore we prefer to use this slight abuse of notations.

Concerning the spatial estimator, the terms (22), (23), (25) and (26) can easily be set in correspondence with our
PDE system, namely the element contributions 7g,.; and 7., represent the residual associated with the equations
(9)-(10), and the jump contributions 1.1 and 17 5 are related to the regularity of the considered obtained functions.
Compared to [15], the new contributions are in fact 6.3 and 175, They are related to the unstationary nature of
the problem and consist in the residual and jump terms corresponding to the time integration of (10) leading to

t
div (o (At x —|—V/<p =0, 29
(o(at+v [ o)) (29)
reminding that A(0,-) =0 in Q..

The global error estimator n™ at time ¢,, (1 <n < N) is finally given by :

n 1/2
Nt = (Z ()2 + 7 (nZ‘)2> : (30)

m=1

4 Reliability of the estimator

4.1 Reliability of the time discretization

Lemma 4.1. For any v™ € X(Q),0 < m < N, let us define its corresponding linear interpolation v, as

t—tm_
= ml ym vl for tpeq <t <tm.

Tm Tm

v (t)

Then we have :

2 n 2 tn 2
n H;fl/chrlvOH + Z Tm H/fl/chrlva §/ H,uflmcurlvTH dt
6 m=1 6 0

n—1
2 140, 2 n || 2
< % H/Fl/zcurl VOH + ( +20 > > (Tm Hlflﬂcurlvm” ) + % ’u Y2eurl v
m=1
where o, is the time regularity parameter defined in (16).
Proof: A simple calculation leads to :
tm 2 Tm
/ u_l/chrlvTH dt = / M_l? <|curlvm\2 + [eurl v 12 + curl v - curlvm_1> dx
tm—1 Q
2 2
> %n <H/~L1/2 curlva + H;fl/Q curlvmle — H,zfl/2 curlva HM*I/Q curlvm1H> .
(32)
Since 2 g2
a? + b —ab > a ;_ , Va,b € R,
we get :
tm 2 Tm 2 2
/ H,u_l/2 curlvTH dt > ra (Hu‘l/Q curlva + Hu_l/2 curlvm_lH ) . (33)
tmfl
Then, summing from m = 1 to n, the left inequality of (31) is established.
To prove the right one, we simply apply the estimate a - b < “2'2H72 valid for all a,b € R to the first row of (32) :
tm 2 2 2
/ H,u_l/2cur1VT dt < %n (Hu‘l/%urlvm + Hu_l/chrlvm_lH ) ,
tm—1
and by summing from m = 1 to N we conclude. [ |



Now, from (20) we remark that :

AT Am—l
A, = ——— forany tin Jt,_1,tm)-
Tm

Thanks to Lemma 2.4, we can write that for all A" € X () and ¢’ € I/{vl(Qc), we have :
(pewl A™ cwrl A') + (0(8: A, + V™), A+ V'), = (I A). (34)

By subtracting (34) to (15) we get the temporal residual equation : for all A" € X(Q2) and ¢’ € I?l(QC)7 we have :

(ntcurlea r,curlA') + (0(denr + Ve, r), A + V@’)Q(
(35)
= (Js—m I, A) + (,u_lcurl (A™ — A,;),curl A’) )

This allows to show that the error in time is controlled by the estimator in time and the error in space, up to high
order terms :

Theorem 4.2. Under the assumptions of Theorem 2.1, we have :

2

tn
Q /
c 0

n tn

<23 aeulenn ()| ds +C e |9~ A

< I i T max s TOSIL2(0,t,:X(Q2)) 2
m=1

tn 2
o/ (ear(tn) + V/ ep.r(5)ds) p Y 2curl eA’T(S)H ds
0

where C' is independent of the time steps 7,,,, 1 < m < N.

Proof: The proof is similar to the one proposed in the context of the heat equation, see e.g. Theorem 4.1 in [25]
(time upper error bound).

Step 1. For a given ¢ €] t,,—1,tm |, we choose in the residual equation (35) the test functions A’ = e, ,(t) and
4 _fo ep.r(8,+)ds, so that :

(n'curlea ;(t), curlea - (t)) + (a(@teA,T(t) + Ve, - (t),ea-(t)+ V/O epr(S,°) ds)Q

= (Js(t) = m - Is(t),ear) + (el (A™ — AL (1)), curlea . (1)) -
Now, the gauge condition on A and A, allows to use the Friedrichs inequality :
| ear Bl S lcurlea (8

so that by the successive use of Cauchy-Schwarz and Young inequalities, we get :

2

1d t
Hu‘l/anuleAﬂ(tw‘A+——a% JLQ(eAJ(t)+7VZ/)e¢T( ) ds)
Q.
1 B 2
< 3 (O Vi 13.0) = 2Ol gy + |5 2wt (A~ A, 0)])” + 5 [|u2ewten (1)
2
SCMMJL@—mL@ﬁmy+W4(ml H H mﬂmAM,

that is to say, by using the fact that e4 ,(0) =0 :

a4 + /tH “2curle (t)H2 ds
dt 0 2 AT o

2
< C pimax [[Js(t) — 7r‘r']s(t)Hi((Q)/ +2 “M_l/chrl (A" — AT(t))H .

&ﬂ@“@+véewg)m)




By integrating this last relation over [0, t,], we get :

tn 2 tn 2
oM (ear(tn) + V/ ep,r(s) ds) +/ H,uilmcurl eA’T(S)H ds
0 Q. 0 Q (37)
2 —~ [ 1/2 2
< C pimax 135 = 73320 0mixcayy +2 D / pH2eurl (A7 = Ar(s))||ds.

m=1"tm-1

Step 2. Now, it remains to bound the last term in (37).

From the definition (20) of A, and the triangular inequality, we have for any ¢ €]t,,_1, t,,] :

2

t”",
/ ‘;f Zeurl (A H < T;’n ufl/zcurl(Am—AZL)H
tm—1
Tm ||, —1/2 m—1 m—1,|?
+ 5 |11 curl (A — Ay )H
Tm || —1/2 m m—1,|?
+ 5 ||# curl (A" — A} )H

tm
<2
t

m—1

—1/2 2 Tm || —1/2 m __ Am—1 2
p4curleg pr(s)|| ds+ 5 |I# curl (A" — AP,

where the last inequality follows from (33) with v, = e4 .. By summing from m = 1 to m = n, and from definition
(21) of n™, we easily obtain :

Z/ curl H /tn Hu /curleA;LT H ds+z ). (38)

Step 3. (36) directly follows from (37) and (38). [ |

Theorem 4.3. Under the same assumptions as in Theorems 2.1 and 4.2, the following estimation holds:

2

t
ol/? Olear+ V/ ep,r)
0

L2(0,tn; X (2))

n tn 2
< 8(0min Mmin) " (Z(nff + 3/ Hﬂ_1/2curle,47h7(s)H ds)
0

m=1

2
+ 20 O min (C /J/mm,u/max + 1) ||J 7TT‘]SHLQ(O,tn;X(Q)’)

Proof: The residual equation (35) with ¢’ = 0, joined to the fact that arln/ii <ol/? 2 < ,u;lilf and the use of
the Cauchy-Schwarz inequality give for all A’ € X (1) :

¢
O'rln/ii <Ul/2 Or(ear(t) + V/ ) ds)7A’>
0

13s(t) = Il x @y |

Qe

IN

A/HX(Q) + [[peurl (A™ — AL (1))]| |lcwrl A'|| + || Teurlea,(£)]] ||curl A’||

—1/2

< uyt (H,u_l/chrleA,T(t)H + H/fl/gcurl (A™ _AT(t))H> HA/HX(Q) + [19s(t) = 7 Is (D)l x () A/HX(Q) )
Since this relation holds for all A’ € X (), by using the dual norm of X (£2) we get :
t
ot/2 9, (en () + V/ ep.r(5)ds)
0 X (Q)
< ol ([ 2eutens @) + [ 2eut (A" - AL 0)]|) + ol 1940) = 7 IOl xay -

10



Squaring this last inequality and using two times the estimate (a + b)? < 2(a? + b?) valid for all a,b € R, we get :

t 2
o2 0, (en+(t) + V/ ep.r(s)ds)
0

X(Q)
< 201 put (Hu curleA,T(t)H + H,ufl/zcurl (A™ — H) + 201 1Ts(t) — m It )||X(Q
< a0k ozl (H# Veenrtea (1) + [ 2t (am - a0 > + 200k 13:00) - 7 3Ol X 0 -
Then an integration over [t,,_1,t,,] and summing for m =1,...,n give :

2

dt
X (@)

tm 2 tm
/ 1Y 2curl eA’T(S)H ds + /
tm—1 tm—1

2
11T = sl L2 0,0 x (0 -

Z/ 120, (en (1 >+v/0tew,f<s>ds>

tm—1

n
-1 -1
< 4O-mm Hmin Z (

m=1

2
p_l/chrl(Am—AT)(s)H ds> (39)

+20_
The first term in (39) is estimated by inequality (36) and the second term by the relation (38), so that we can

conclude. [ |

4.2 Reliability of the space discretization

For any m, 1 < m < N, we denote by ™ € H}(2) and <;;:” € Hi(Q) the extensions over  of ™ € .F.Tl(ﬂc) and
o € ©5,(9), respectively given by :

~ [ ™ in Q ~ | e in Qe
= { ™ in Q, Pho = { e, in Qe
where p" € H'(Q.) and ¢}, € H' () are respectively defined by :
Apl* = 0 in Q, Appr, = 0 in Q,
et = ™ on B, e, = @ onB,
e =0 on I, . = 0 on I'.

We also define the error €, p, (t,) = @™ — &,:” € Hj (), as well as the spatial error E™ defined by :
m
E™ = eanr(tm) + Y 7p Vepnr(tp) € Ho(curl; Q). (40)
p=1
Theorem 4.4. For any m, 1 < m < N, the spatial error E™ admits the following Helmholtz decomposition :
= Vo™ +el, (41)
where ¢™ € H}(Q2) and e € X"(Q2). Moreover, €7" admits the decomposition :
el = Vo +wm

where ¢™ € H(Q) and w™ = w5, € HY(Q.)3, wm = Wi € H'(Q.)3. Finally,

E™ = w™ + V(p" +¢™), (42)

and the following inequalities hold :
lleTllx@ < Ilcurleans(tm)ll, (43)
(W o, + 1w B o) +16™ S llel llxe- (44)

11



Proof: The proof is very similar to the one of Theorem 3.1 in [15] devoted to the harmonic formulation of the
same problem. Here, we only highlight the main difference, which lies in the estimation (43): in the harmonic case
the term || €™ || x(q) is bounded by the sum of the magnetic energy and the electric energy (see (3.5) of [15]). Here,
using another argument, the corresponding quantity is bounded only by the magnetic energy (this is needed in the
proof of Theorem 4.9, see below). €7 is built exactly in the same way as in [15], using E™ instead of jwe4 + Ve,.
Consequently, we can easily obtain that (see (3.5) of [15]) :

el k@ S IleT 1§, + [l curle | (45)
Moreover, let us recall that by construction we have :

divel = 0 in{,
m —
elg, ' = 0 on B,

so that e € H(curl, Q.) N Hy(div, Q) where Ho(div,Q.) = {A € L*(Q,) : divA € L*(Q.) and A -n =0 on B}.
By the compact embedding of H(curl,Q.) N Hy(div,€,.) into L*(Q.) and the fact that dive] = 0 in Q., (45)
becomes :

e k) < [lcurle [[§, + |[curlel |2 < [[ewlel ||* = ||curlean, (tn) ],

so that (43) holds. [

Now, in the same spirit than in [25], we give four technical Lemmas which will be used in the following. Our
objective is to obtain an upper bound for the spatial error (see Theorem 4.9).

Lemma 4.5. The error E™ defined in (40) satisfies the following Galerkin orthogonality relation : V (A}, ¢}) €
Xn(Q) x ©,(Q), we have :

Emfl _ Em
/Q pteurl e pr(ty) -curl A} dx = /Q o (A}, + 7 V), ) dx. (46)

Proof: Let us first remark that from Lemma 2.4 and Lemma 2.6, we have :

en prl(tm—
am((eA,h‘r(tm)>ecp,h‘r(tm>)7( ;m(p;z)) = A O-M ( ;L+va(p;z) dx,

Tm

that is to say :

(tm
/ o <eA’h()+Ve%hT(tm)> . ( ;1+va90;1) dx
Q.

Tm

At
+/ pteurl eqpr(ty) - curl Aj dx = / JM (A} + T Vp,) dx.
Q Qe

Tm
From the definition (40) of E™, we have :

E?n—l —_E™ t. — t
= eAJ”'( m 1) eA’hT( m) — ve@,h'r(tm) in QC’

Tm Tm

so that (46) holds. [ |

Lemma 4.6. For all ve X(Q) we have :

/ w1t eurl e nr(tm) - curl v dx
Q

A™ — Am—l
:/Ji”vdx—/ a(+V<p"’).vdx (47)
Q Q. Tm
+ Z (nx gt ewl ARY) - v dy(x) — Z / curl (p~'eurl A} v dx.
T€7_}L m aT T67—}L m

12



Proof: The definition of e p, () = A™ — A} and an integration by parts give :
/ pteurl e pr(ty) - curlvdx
Q

= / (pteurl A™) - curl vdx + Z / (nx p~teurl A7) - v dy(x) — / curl (! curl A7) - vdx),
Q oT T

TEThm
and, from Lemma 2.4 with ¢’ = 0), we obtain (47). [ |
As in [15] §3.2-3.3, we introduce now the usual Clément-like interpolants associated with a given fixed mesh
Thm at time t,,, m = 1,..., N. The standard Clément interpolation operators are defined by :
1
I%l,sz P HG(Q) = 6R(Q), v = I%m” = Z Tom | (/ U) Px
xengm L Mo
1
ICLQC : Hl(QC) — @h(Qc) , U — ICLQC’U = Z P —— (/ ’U) ©x ,
eNnLt N, |wx N QC ‘ wxNQe

hm

where wy is the set of tetrahedra containing the node x and @y is the P; nodal basis function associated with the

node x € N;" . Moreover, we denote I, ov an extension of Ig o, v over  such that I v € ©9(Q). For any

edge FE € &, ., we fix one of its adjacent faces Fg € Fp.m; and the standard vectorial Clément-type interpolation
operator is defined by:

Plia s PHQPNX(Q) = Xu(Q), v > Plhgv = Y ((vxng)- 7)) we,
E€€nm

where PH'(Q) denotes the set of functions which belong to H!(Q.) N H'(2,), wg € X,(Q) is the basis function
associated with the edge E € &, and defined by the condition :

wWg -t =g p YE €&m,
E/

with tg the unit vector directed along F, and, finally, the functions fF 7 are determined by the condition :
/ (WE/ XnFE)'fglﬁ:(SE/7E// VE’,E"E(‘:}LmuaFE.
Fg

These interpolant operators fullfill the following estimations (see Lemmas 3.1 and 3.2 of [15]) : for any v° € Hg(Q),
ve HY Q) and v e PHY(Q)3 N X(Q2) we have :

ST P =100 1F + Y R =100 1F S VP, (48)
Te€Thm FeFint
o ohPllv=1 gullF + D hp'llv-14 vl < IV, (49)
TEThm FEFnm
S onllv=PhovlF + Y. hptllv=PhovlE < [Vev]?, (50)
T€Thm FeFint
where || Vpv |2 = || Vv |3 +|[VVvI3,.

Lemma 4.7. For all v € X(Q2) we have :

/ p~ L eurl eanr(tm) - curl vdx
Q

m 0 A;ln — AZL_I m 0
= J& (v —=Paav) dx — o\l + Vo' |- (v —=PeaaVv) dx
Q Q. m

Z / curl (p~teurl A7) - (v — 7381,9 v) dx

+ Z / (nx u_lcurlAZn) (V_PCIQV dry(x
orT TEThm

TEThm

Em_Em—l
(P e
Qe Tm

13



Moreover, using the Helmholtz decomposition (42) and considering v = w™ € H(Q.)>NH(Q)3N X (£2), we have :

— (O'Em_l, Em)QL

2
+ Ton / pLeurl e nr(tm) - curl w™dx
Q. QO

+ (o0(E™—E"), V(@" +¢™) = V(I 02" — 1100™))a.
+ Tm / I (W = Peaw™)dx
Q

- Tm Z curl (p'ewrl A7) - (W™ — P& o W) dx

TEThm
Am_Amfl
()
Qe Tm ’
+ Z / nx p”teurl A ] - (W= P g W) dy(x)
FE]:znt

Proof: First identity. We apply Lemma 4.6 :

/ w1t eurl ea nr(tm) - curlvdx
Q

_ A™M™ 1
= /Q Jnl (V_PC]QV dX— / ( +V§07n> . (V_Pg]’Q V) dX
+ Z (nx ptewl AT - ( P01 Q v) dy(x) — Z curl (p~teurl A7) - (v — 778179 v) dx
TETm T TETh m
Am
/ Jm PCIQVdX— ( —|—V<pm) . PgLQ VdX
+ Z / nx ot curl Ah ) - P CLO vd7 X) — Z curl (p~'curl AJ) ~7381’Q vdx

TETh m or TETh m T

Am Am 1 AT Am—l
+/ g ( +V<ph V PC]QV) dX — / g (hh
Qe Tm Qe

Tm
First we notice that

Am, _ Am—l Am _ Am—l
| (hh +wz”) (= Plhovidx- [ o ( +wm) (v~ Pl V) dx
Q. Qe

T7TL Tm

Tm

Em_Emfl
—/ U()'(V—PCOHQV)CIZX,
Q. Tm ’

second, using Lemma 2.4 with A" = P, o v and ¢’ = 0, we have

r(tm) —€a hr(tm—
_/ , (eA,h (tm) — eanr(tm-1) +Ve%,”(tm)> (v =P qV)dx
QC

A’m _A’rn 1
/ J¢ 'P(OZI,QVdX—/ o ( +V<Pm> 'PCOJI,QVdX :/ (n~'curl A™) ~cur17381_’ﬂvdx,
Q QC

Tm Q

and thirdly elementwise integrations by parts yield

Z / (nx p~teurl ARY) - PR o vdy(x) — Z / curl (p'ewrl A}') - PE) o vdx
TEThm 0T TETh m

=— Z p”teurl AR - curl Py o vdx .

14
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Hence we get :

/ pteurl e nr(tm) - curlvdx
Q

:/J;”'(pr&gv)dxf/ o

- Z / curl (p~teurl A - (v — ’P&,Q v) dx + Z / (nx p tewrl AYY) - (v — ’P&,Q v) dy(x)
T€Thm T TET m T

< A7 — A

m

+ Vo' > (v — Pgl,ﬂ v) dx

Em _Emfl
—/ o <) (v =P gv)dx + / p”teurl (A — ARY) - curl PR g vdx.
Qe

Tm Q
By applying Lemma 4.5 with A = 738119 v and ¢}, = 0 we have :

/ (0 lewl (A™ — AP)) - cwrl P o vdx = —/
Q

Em _ Em—l
g () 'Pgl’QVdX,
Qc

Tm
and we conclude.

Second identity. From the first equation we have :
T, / pteurl eanr(tm) - curl whdx
Q

Am _ Am71
= T / I (wh— PgLQ w™)dx — Tm/ o (h - h Vgo’,f’) (W — ’P&ﬂ w') dx
Q Q. m

—Tm Z curl (p~teurl A) - (W™ — 7781’9 w™) dx
TeTh m

+Tm Z [n x p ! curl AT}F (W — 778179 w™)dy(x) — (o(E™ —E™ ), wm)q,.

Nevertheless,
—(o(E™ —E™ 1), wm)g, = —(cE™,E™)q, + (cE™ L, E™)g. + (¢(E™ —E" ), E™ —w™)q,.
From the Helmholtz decomposition (42), it appears that in ..
E"™ —w™ = V(@™ + ¢™).
The conclusion follows by observing that :
(0(E™ ~E™ ), V(I 09" — 18.06™))a, =0

because of Lemma 4.5 with A), = 0. ]

Lemma 4.8. Let ¢™ € HE(Q) for m € {0, ---, N} be defined in Theorem 4.4. Then we have in €2, :

Ve llo S Omin (M + 1Fia) (58)
where n¢)' 3 and 777’3 are respectively defined in (24) and (27).

Proof:
By using the Helmholtz decomposition (41) and as from Lemma 4.5 (with Aj, = 0 and ¢}, = ¢™) with a recurrence
argument we have :

/Q GE™-VIY ¢ dx =0,

15



we deduce :

V™ I3,

/ Vo™ - (E™ —eT) dx
Qe

< ok / GE™ V(" — 10, o @) dx — / eT . Vo™ dx
Q. Qe
< o (= oA"Y R V) VT g™ (59
Q
c p—l

+ > / div (o (A7 + Z 7, Vb)) I%l 0 ®™) dx (60)

TETh m,TCQe

- > [ Ah+ZTstﬁh ] ("~ Ry ¢™) dr(x)), (61)

FeFint FCQ.

hm?

where we have integrated by parts and used the fact that diveS = 01in Q. and €S -n = 0 on B (see the construction
of e in the proof of Theorem 3.1 of [15]), so that :

/ eT~V¢mdx:f/ div(e’f)g&mdxf/ el -nVg"dy(x)=0.
Qe c Qe

Defining ¢ = ¢™ — 12, ;, $™, we remark that :

—/ o(A™ + Z 7, V) - ' dx = —Z/ o(AT— AT 4 7, V) -l dx =0, (62)
Qe p=1 g=17%%

where the last deduction is due to the semi-discrete weak formulation (18) with A’ = 0 applied for all the discrete
time steps ¢ =1,...,m.

The use of the continuous and the discrete Cauchy-Schwarz inequalities to the reminding terms (60) and (61),
combined with the definitions (24) and (27) of some parts of the estimator, and the use of the stability result on
the standard Clément interpolate (49), lead to :

IVE™ [, < omin Z hr || div (o(A}' +Z s VeR) bt Il @™ =1 o @™ |l
TETh m TCQe —1

- 1/2 1/2 A m
tomt S BNAR + 3 m V) nle AR e =10 ™ |
FeFjnt FCQ. p=1

< Ormin (N5 +07:3) 11 VO™ [|a.s

so that (58) holds. [ |

Theorem 4.9. Let n € {0, ..., N }. Then we have the following upper bound :

n
0'1/2 (eA,hT(tn) + Z Tm vecp,hf(tm)> + Z Tm

m=1

2

2
/2 curley hr(tm) HQ

Qe

n
5 maX mma,umdx Z Tm (gm))
m=1

Proof: In the two first steps, the error (51) is estimated at time ¢,, : an upper bound is proposed for the terms
in the right-hand-side of the second relation associated with Lemma 4.7. In particular, the first and the second
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steps are devoted to the estimation of the terms (53), (54), (55) (56) and (57). In the third step, the estimation is
extended to all times t,,, 0 < m < n.
Step 1. The continuous and the discrete Cauchy-Schwarz inequalities combined to the definitions (22), (25) of

some parts of the estimator and (28) of the error space approximation of the data lead to an estimation of (54),
(55), (56) and (57) :

/J?~(wmfp&gwm)dxf/ o

- Z / curl (pteurl A}) - (W™ — 7781,9 w™) dx
T

<A’;f —Ap?

- + V@Z?) (W — Pgl,ﬂ w'™) dx

TEThm
- Z curl (p'eurl A7) - (W™ — Py o W) dx
T€Thm T
-1 m m 0 m
+ Z / [nx p~tewl AT ], - (W =P qw™) dy(x)
ot JF
FeFjnt

= Y [ man - Pl g dx
T

TEThm
m -1 m AZL — A;zn_l m m 0 m
+ Z mpd{" —cwrl (ptewl AYY) — o [ ——L— + Vo | | - (W — PG o W) dx
TEThm T Tm

+ Z [nx puteurl AP ]p - (W™ — 7781,9 w™) dy(x)

FeFin,
< > || 3T = mp I |l hpt W = P oW [l
TETh m
m -1 m A;ln_AZPL_l m -1 m 0 m
+ Z hy ||mpdy" — curl (p~ curl A}Y) — o | ——"— + Vi hr [|w™ = Porow™ |7
TETh m Tm T
1/2 _ —1/2
+ > mll o el A e b W = P o w ||
FeFint
1/2 1/2 1/2
< ( 5 <ng:¢1>2) s ( 3 W) ( > h;ﬂwmpgl,gwmn%)
T€Thm T€Thm T€Thm
1/2 1/2
+ [ > Y hpllw™ =P w7
FeFint FeFint

From the stability result on the vectorial Clément interpolant (50), there exists C' > 0, which does not depend on
T, F and w™, such that the previous estimation becomes :

Z (Jln — curl (/J/_1CUI'1 AZL)) . (Wm _ 7)8]’9 WnL) dx
TEThm

Am o Am—l
— / o <hh + V@T) (W — P&Q w™) dx
Q.

Tm

+ Z /F [mx p~ " curl Ahm]F (W= ’P&)Q w™) dy(x)

FeFint
S ONVew™ (€™ +nae1 +170) (64)
S o2 e Peurlen e () || (€™ + 08y + 17 1)

(from (44) and (43) in theorem 4.4)
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< ol (€™ +ng + 070 ) + = H H 1/ZCUﬂeA e () [?
(thanks to Young’s inequality ab < a? —|— 2, Va,b € R)
m m m 1 —
S tmax (€M) 4 (50)° + (050)*) + 7 Mk V2 curle e (tn) ||

thanks to the relation (a + b+ c¢)* < 3(a” 4+ b“ 4+ ¢*), Va,b,c € .
hank he relati b 2 3(a? +b? 2), Va,b R

Step 2. Here we evaluate (53): we explicitly write the errors ea nr(tm) and ey pr(tn) in order to split the
temporal and spatial contributions (A™, ¢™) and (A}, ¢7*). Then we apply Green’s formula, so that (53) takes
the following form :

—~—

(0 (B™ —E™71), V(9" +¢™) = V(Ig o @™ — 110 0™))e.

e T tm —e T tmf ~m m NAm m
- a( anr(tm) = eans 1)+Ve@,hf<tm>)-w LD T 1 0 ™) dx

Tm

Am _ Am—l o m o . m

= Tm/Q (U (7_ + V‘Pm)> V(@ + " =12 g 9" I8y ¢™) dx (65)
¢ m
A'm 1 O .
+ Tm le _— V@h IC] Q SD ) d
TeTh ms TCQ
_ Am ' m 'm _ ~m
T o| ——"—+Vy; 12,0 ™) dr(x)
F

Fe]-‘”” FCQ.

A’m 1
+ Tm Z <0< + Vep! )> " =10 ¢™) dx
TETh m,TCQe
0| @ nd ).

o L )

FeFi™t FCQ. F

The term (65) is equal to zero thanks to the semi-discrete weak formulation (18) with A’ = 0, as shown in the
proof of the Lemma 4.8 (see the relation (62)). Using the Cauchy-Schwarz inequality and the definitions (23) and
(26) of some parts of the estimator, the right-hand side of the previous identity can be estimated as follows :

(0 (E™ —E™ 1), V(@™ +¢™) — V(% 0 ¢™ — 180 6™,

2| - . 1/2 L —~ 1/2
< mlnia (0D RPN Mg lF) T i (X AR -TR0emI})
TETh m,TCQe Fe]:’ilwkrtL’FCQC
- 1/2 B 1/2
g ( > hT2ll¢m—I%1,Q¢mll%) + 1 ( > F1||¢m—1gl7ﬂ¢m\|;) }
TEThm FeFint FCQ.

hm?

S m (e + 072) IVE" o, +7m (02 + 072) (VO™ ], (66)

the last line coming from the usual stability estimates (48) and (49). Applying (58) for the first term of the
right-hand-side of this last inequality, and (44) and (43) for the second term, we get :

(ne + 072) IVE™ la, S omin (02 + 072) (nbis +17s) (67)
(ns + 172) VO™ [l S milae (o + 0Te) 1| curlean- (tm) || - (68)

Then coming back to (66) and using the Young inequalities ab < a? + % for (68) and ab < 4 + ¥ for (67),
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and afterwards the relation (a + b)? < 2(a? + b?), we can conclude that :

—_—

(0 (E™ —E"71), V(¢" + ™) = V(I 0 ¢™ — 110 ¢™))e,

< Crtp (U;ﬁln (N + 77?]7?2)2 O min (7793 Jr77J3) + fimax (N2 + 777?2)2)
Tm —1/2 2
+ 4 || o curle 4 nr (tm) ||

)

m m m m Tm _
< Cmax (0 max) T (052)" + (072)* + (0832)* + (0738)*) + |l V2 curlea iy (tn) |17

Step 3. In this step, the results obtained in steps 1 and 2 are used to estimate the second equation arising in
Lemma 4.7, and the Young inequality is applied to (52) :

|-

2
o + Tm / pteurl ea nr(tm) - curl wdx
c Q

1 2,1
< |2 Emfl‘ 2 H
< e 0. "2
o (O;iln,ﬂmax)Tm ((7761;1)2 + (UJm;1)2 + (773;2)2 + (77‘7},?2)2 + (0&3)2 + (773'?3)2 + (§m)2)
1 _
+ 7, 3 | u=2curle g () ||? .

Having in mind the definition (22) of the spatial estimator n}", we get :
o2 B, 7l 2eurl e ir (b
12
= H o!/2E" H LT C max (0,4, Hmax ) T ()2 + (€M)
and summing for m =1, ..., n yields (63). ]

Theorem 4.10. Under the same assumptions than in Theorem 4.9, the following estimation holds:

|02 (Oreanr + Vepnr) H%Q(O’tn%x(m/)

n
S max (Umlln , (Omin ftmin ) ™H) max (1,0 O min » Pmax ) Z T ( +(&m)?).
m=1

Proof: Thanks to the spatial error definition (see section 3.1), to Lemma 2.4 with ¢’ = 0, for any ¢ €]t;,—1, tm]
with 1 < m < n, and for any A’ € X (), the following relation holds :

(g di(enns(t) +V /0 t eonr(5)ds), A')Q (69)

c

Am _ Am—l Am _ Am—l
= <a ( + wm) ~0 <h 4 w;y) ,A’>
Tm Tm Q

—1 m / m / AZL_AZI_I m I
= —(p tewlA™ curlA) + (I A) — (o Pt + Ve ) A
Q

Tm

c

c

— (ptewrl A}, curl A') + (p teurl AR, curl AY)

= —(u'curlea nr(tm), curl A') + (I*, A)

AT _ Am—l
— (p tewrl A}, curl A') — <0 (hTh + Vgozl> ,A') . (70)
m Q

c
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Since A’ € X (), we use the Helmholtz decomposition for A’ in a similar manner as made in Theorem 4.4 :
there exist w such that w, = wio, € H'(Q)?, we = wio, € H'(Q)?, ¢ € Hj(2) and ¢ € Hj(S2) such that :

A =w+V(p+9), (71)

and such that [|[V@||a, S|[A'|], [|[Ve|] < || curl A’ || and ||V, w|| < || curl A’ || which, using the relation || curl A’ || <
|| A"||x(q), become :

IVella, S 1A Ix . (72)
IVell < \|A/||X(sz), (73)
IVewll S 1A [Ix(@) - (74)
So remembering the divergence-free property of J7* and that the curl of a gradient is equal to zero, we rewrite (70)

as follows :

m A/ -1 m / A;Ln — AZT_l m /
(I A — (pteurl AR curlA') — (o T7—|—V<ph VA (75)
m Q.
A™ A_m71
= (I w)— (p ewl AR, curlw) — (o (hTh + V(p?f) ,W) (76)
m Q.
AT _ Am—l A
(o (MR v ) Ve 0) ()
m Q.

Thanks to Lemma 2.6 with A}, = Pgl’ﬂw and ¢}, = 0, we estimate (76) proceeding as in the Step 1 of the proof
of Theorem 4.9 (see the estimation just above inequality (64)) :

Am_Am—l
(I, w) — (NilCUﬂA}?,Curlw) — (o’ <hh Jrv@zn) ’W)
Tm Q.
S i+ EIVewl S (g + i +6") 1A 1x@) (78)

where, in the last inequality, we used (74). Thanks to Lemma 2.6 with A} = 0 and @, = I/%_l\;gé + I%I,Q ¢, we
proceed to the estimation of (77) as made in Step 2 of the proof of Theorem 4.9 (see the estimation just above

inequality (66)) :
m m—1
(a (Ah‘Ah 4 wz”) Vgt ¢>)

Tm Q.

S (0 + 7)) (I V@lla, +1IVe) S (nde + n7a) 1A Ix @), (79)

where, in the last inequality, we used (72) and (73).

Combining (78) and (79), (75) can be estimated as follows :

mo_ Amfl
(I A — (u_lcurl A} curlA') — (0‘ (hTh + V(pzl) ,A')
m Q.

S (noe1 071 +0ge + 0 + &) A || x@) »
and, consequently, (69) can be estimated as follows! :
t
(/% di(eans + V/ epnr), A)
0

—-1/2 —1/2 _ —1/2 m m m m m
it P eurlea e (tn) || ] cutl AY || + C ol (8, + 0y + 0 + 07 + €™ | A | x(0)

IN

g

—-1/2 - m m m m m -
S max (0, (Gumin min) 2) (Wi + 0y + 0y + Wy €7+ || 2curl e (b)) 1A [|xc0)

1Since o = 0 in Qe, we can extend the domain of the integral (o d¢(ea pnr(t) +V fot ep,nr(s)ds), A, to the whole domain €.
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Since this last relation holds for any A’ € X (Q) for any t €]t,,_1,tm], we obtain

t
[o'/2 dy(eanr + V/O €o,hr) | x (0

< max(o —1/2

Squaring this last inequality, using two times appropriately the relation (a1 + -+ + a,) < n(a;? + ---

integrating over |t;,—1, tn] and summing for m =1,...,n, we get :

t
|| o'/? 0y (eanr + V/ eonr)s Al L2006, x Q)
0

n
< max (3,0, (Fumin fanin )~ (Zrm ni )+ (70) + () + (17) + (€7)?)
=1

n
+ 3 ol eurl e pr () ||2) .
m=1

Applying Theorem 4.9 to the term (80) leads to the conclusion.

4.3 Reliability of the whole error

We can state a first result for the error at time ¢,, n € {1, ..., N}:

1/

2
rowl eA(t)’ L2(0,40L2(Q)) |

1/2 eA +V/ dt

O

where ey = A —Ap, =esr+egprande, =@ — Opr =€ur +€onr-

Theorem 4.11. For alln=1, ..., N, we have :

e(tn)2 S Comins pmax (1 +07) ( 2+ Z T ( 2+ [Js — - Js ”L2 0,t, X(Q)'))’

ny

where C

Omin; Bmax

denotes a constant which only depends on the values of opin and pimax -

Ot (@min panin) %) (11 405+ 1y + Wy + €7+ || 2eurlea e (t) 1)

+ an?),

(80)

Proof: Using the above definitions of e4 and e, this result is a direct consequence of Theorems 4.2 and 4.9. It
is based on some classical Cauchy-Schwarz and Young inequalities, associated to the relation (31) of Lemma 4.1 to

move from continuous to discrete integration in time.

We now define the whole error at time t,, n € {1, ..., N} by :

2 2

tn t"
Bt = |0 (eart) +V [ eor®d)| + 0 anelta) + 9 [ enr(t)dt)
0 0

Qe Qe
2

+ HUW (Brenr + Vegr) V2 (e ans + Vepns)

2
L2(0,t,3X(22)") H
2

L2(0,t5;X(2)")

2
1

[

curley - (t) + Hufl/chrleAﬁT(t)‘

L2(0,tn3L2(Q)) L2(0,t05L2(Q))

Theorem 4.12. For alln=1, ..., N, we have :

7 2
E(t”)2 5 CVo'milu sHmin sHmax (1 + UT) (<n L)2 + Z Tm (é-m)2 + ||J5 - 71-"—Js||Lz(0,tn§)((ﬂ)/) ) ’

m=1

where C,

Omin ; Kmin ; #max

denotes a constant which only depends on the values of oy, ftmin and fimax -
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Proof: Using Lemma 4.1, this result is a direct consequence of Theorems 4.2, 4.3, 4.9 and 4.10. |

Let us remark that another definition of the global error should be considered, which will be shown to be useful

in the following.
E(ty)? 2y Z

In that case, we also have a reliability property :

2

(eans(tn) +V /0 " e (s) ds) (83)

Qc

Corollary 4.13. We have:

n

5 m m m 2
B0 < O e (D0 O 4 7 (O 4 (€792) [0 = 73e 01y ) -

m=1

where C denotes a constant defined in a similar manner as already specified in Theorem 4.12.

Omin ) Mmin ; fmax
Proof: From the definition of E(t,), by Theorem 4.9, the new term arising in (83) can be bounded as follows :

n

tm
St ll o (eaneltn) + ¥ / conr(t)d) |13,

m=1
S C maX rnln 3 Mmax Z Tm Z Tp fp) )
m=1 p=1
S O maX( mln,,umax T Z Tm (£M)2) .
m=1
|
5 [Efficiency of the estimator
5.1 Efficiency of the time discretization
For the temporal estimator n™ (see definition (21)), the following result can be established :
Lemma 5.1.
1/2 1/2
ps ()" et (3" i entennon )|
1/2 1/2 1/2 —1/2
O max(Hnas (Bmax Omin) 7 Hinin [ H“ LA ety itz
1/2 _
+ HU (Orear +Vepr) L2 (b 1,tm 3 X (Q)) s ﬂTJSllLZ(tmfl’tm?X(Q)')} '
Proof: From the definition of the temporal estimator (21) and by using the triangular inequality, we get :
1/2
= ()" froeeniar - ar|
1/2 1/2
()" fremian g () o e ia x|
1/2
n (%) Hu*/%url (A™ —Am*I)H : (84)

Since the first two terms in the right-hand-side of this inequality directly represent the magnetic energy norm of
the spatial error respectively e4 jr(tm) and ea pr(tm—1), we have to estimate only the term (84). Reminding the
definition (20) of A;, a direct calculation gives :

Tm || —1/2 m m—1y |2 N e m 2
3 Hu curl (A™ — A )H = t u~“curl (A —AT(S))H ds.
m—1
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Moreover, from the temporal residual equation (35) with A’ = A™ — A, and ¢’ = 0, we have :

2
H;fl/2curl (A™ —A))

< (Js*ﬂ"r-]s’ Am*AT)
(85)

+ (0(0rea,r +Veyr), AT —Ar)g + (p'eurlea,r , curl (A™ — AL)) .

Since the gauge condition of the vector potential A™, for m = 1,...,n, implies that div(A™ —A;) =0, A™ — A,
belongs to X (Q) N H(div;Q); and by the compact embedding of X () N H(div ;) into L*(Q), we deduce that :

H(A™ = A [| S [[ewrl (A™ — Ar) [ + [[ div (A™ — A7) || S || curl (A™ — A7) [].

As o(Orear+ Ve, ) € X(Q), the first two terms of the right-hand-side of the inequality (85) can be estimated
as follows :

Js —mJs, A™ — Al)o + (0(Orear + Ve, ), A™ — AT)QC
< (I3 = 73y + lo(@rear + Veo )l oy ) 1A™ = Asllx g (86)

<C il (HJs — T sl x )y + lo(Orear + Vew,T)HX(Q),) Hu‘lpcuﬂ (A™ —A,)

An integration of (85) over the interval [t;,—1,tm], the Cauchy-Schwarz inequality and the use of (86) give :
tm 2
/ p2eurl (A™ — AL dt <
tm—1
1/2 /2 ,,—1/2

C max(lum/axv (,Urrnx O'rmn)

—1/2
> Hnin ) (”Js _WTJSHLz(tmfl’th(Q)') + HM / curle ; L2(ty_1,tm;L2(Q))

2
+ |02 @rear + Veo,r)

) Hu V2curl (A™ — A,)

L2(tm 1, tm; X (Q)) L2(ty 1 tm;L2(Q))

Using this last result to estimate (84), the conclusion follows. [ |

5.2 Efficiency of the space discretization

As specified in assumption 5.4 of [25], since we consider an unstationary problem in an mesh adaptive context, in
the following, we suppose that for any m, 1 < m < N, there exists a conforming triangulation ’Em such that each
element T' € Ty, or T € Tp —1 is the union of elements T of 77”,1 such that hy ~ hz. In the following we use the
relation :

E" -E" ! = eA,hT(tm) - eA,h'r(tm—l) + Tm Ve/g;;'(tm) )

which is deduced directly from the definition (40) of E™. We further use the so-called bubble functions (see e.g.
Remark 1.2 and Lemma 1.3 pages 9 and 10 of [30]) denoted by br and bp, defined respectively on the tetrahedron
T € Trm and on the patch wp = T U Ty where F = T; NTh, and the extension operator Fuy : C(F) — C(T). We
will use the well-known properties of the bubble functions :

br=0on 9T, bp=0 on dwp and ||br|lee,7=10F ||cc,wr =1,

and the corresponding inverse inequalities, for instance we refer to inequalities (3.19)-(3.23) of Lemma 3.3 in [15].
To complete the notations introduced in subsection 2.3, we will write :

Owr,max = Max ox and e min = Min pg,
Ewr KEwT
where
wr = U K
N (T)ON G o ()0

is the patch of the tetrahedron T' € Ty, with N, (T) and N, (K) denoting respectively the sets of the vertices
of T"and K.

23



Lemma 5.2. e For any T € Ty, and F C 0T, we have :

Em _ Em—l _
LI e 2| 2curd e () [+ €7 (57)
m T
m 1/2 1/2Em -E"! : -1/2 -1/2 m
Npq S max o’ hy |07/ f——m—m— + min p || @ curleq nr(tm) |lwr +&0, - (88)
; Kewp Tm wp Kewp

Using the dual norm X (), we also get a global in space result :

E"” —E™! _
S ol ot + |t Peurl e g (t) [ + €2 (89)
Tm X(Q)
Em _ Em—l o _
ST g, saﬁmM}WQ o2l Pewrl e e (tn) [lop + €7+ (90)
FCOT Tm X(Q)

e Forany T' € Ty, T C ¢, and for any F' C 0T, we have :

m m—1
1/2 1,E" —E
nre S o | e PE———] |
Tm, T
EnL _ Em—l
Npo S max U}(/Q e
’ Kewr Tm wp
Using the dual norm X (Q)’, we get a global in space result :
m m—1
1/2 1B —E
e S o || et PE—— ,
m X
Em o E’H’L71
1/2 1/2
Z 771??;2 S Uw/T,max g / T .
FCoT m X ()

Proof: The proof is based on a standard application of the bubble functions inverse inequalities: we have conve-
niently used the techniques in the proofs of Lemmas 4.3, 4.4 and 4.5 of [15] with the ones in the proof of Theorem
5.6 of [25].

In order to manage the different triangulations coming from the nonstationary nature of the problem, for example,
for the estimation (87), we arbitrarily fixed T' € Tj 4, where Tp, ., is the conforming triangulation in common with
Thm and Tpm—1 (as specified just above) and defined :

A™ _ Am—l o
T = ( P (hh + Vgo,f]‘) — curl (g teurl A} ) K

T
/CI,L =
T;1 N
the triangulation Ty, ., (at the beginning of this paragraph) implies that :

) s Y @R

TeThm:TCT

so that 7 hz |[1% || Having proved inequality (87) for an arbitrary tetrahedron T € Thm, the assertion on

So we can extend the lower upper error bound for all the T" belonging to the triangulation 7y, (remarking that,
for a regular triangulation, hz ~ hr for TC 7).

For this reason, from now on, we can directly work on the triangulation 7y, ,,, bearing in mind that we should work,
in a first moment, on a suitable triangulation 7} ,,, and, afterwards, extend the results to the triangulation Tj, .

For the estimation (89), the difference of the proof with the analogous L?-estimation (87) lies on the extension of
the domain of integration from T to all the domain © (thanks to the fact that the bubble function on T is zero
outside of T'), and the use of the relation :

i

Wl

I[T% bz |7 + [ curl (0 b7) || 7
—1 m

(L+hz") e |7,

77 b7 | x @ v bz | + || curl (F b

2

AN
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where bz denote the bubble function on T. The others dual estimations proceed similarly. |

Lemma 5.3. For any T € T}, and for any F' C 9T, we have :

m 2 m
Wis S of e B I, (91)
s S max o7 ([0 PE (92)
Cwp
Proof: For T € Ty, we define :
v = (div (o (AR + ) 7 Vel )))r, sothat nfly = hy |7 ||r . (93)
p=1

From the inverse inequalities (3.19) and (3.20) of Lemma 3.3 of [15], using the fact that

/U(Am+ZTst@”)-<p’dx =0,
T

p=1

derived from the semi-discrete weak formulation (18) with A’ = 0 (see (62)), and the property that by = 0 over
0T, we can estimate 17/ :

m
e 1% < oy |2 = /Tdiv<o<A2“+erw,f> (e br) dx
p=1

(94)

| oB Vb dx S ol |12 B 196 br)
T
S o *hpt o E I |15 Il

Joining this result to (93), the estimation (91) follows. The estimation (92) is deduced in a similar manner, using
the inverse inequalities (3.21), (3.22) and (3.23) of Lemma 3.3 of [15] and the extension operator Fey in order to
estimate the integral over F' € 9T, which leads to an integral on the patch wp. |

Now, a bound of the local spatial indicator can be stated.

Theorem 5.4. For any T € Ty, ,,,, we get :

n;znT 5 max (UwT7 max ’ ' wp, min + || /,L_l/QCUI‘I eA7hT (tm) ||wT

m m—1
1/2 —1/2 )( Hal/zE —E

m wr

1/2 1/2pm
oL B )+ €0

w

where 7' 7 = Z(n? j)2 + Z (771’?;1)2 denotes the space error estimator on the element 7.
7=l FCOT,FeF;T,
Proof: Since ny'r < Ny + Nre + s+ Z (N1 + nEe + ng), the conclusion is a direct
FCOT,FeFint

hm

consequence of Lemmas 5.2 and 5.3. ]

5.3 Efficiency of the whole error

Theorem 5.5. For alln=1, ..., N, we have :
n n
= 2
0= 3 0 4 Tl S o ome s i (E(tn>2+ 19 = 73 a0, x00) + D T <£’”>2> :
m=1 m=1
where Co . o ttmin pimax d€10tES & constant which only depends on the values of owmin , Omax , fhmin and fmax -
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Proof: The result is a direct application of Lemma 5.1, the relations (89), (90) of Lemma 5.2, Lemma 5.3 and the
use of relations (33) and the left hand side of (31) with v, = e4 ,. Moreover we recall that :

n 2 2
1/2
E Tm ‘ = HU 12 (Beanr + Vepnr)
m=1

0—1/2 Em Emfl
L2(0,tn;X(2))

Tm

X(Q)

So we can write :

n

7 ) + )
m=1

2 2

+ Hufl/ZcurleAyT(t)'

A

max (Jtmax  Mmax Tmin s Hinin ) (H01/2 (Oear + Vey,r) L2(0,£,;X(2)") L2(0,t,:L2(2))

2

2 —1 —1/2
13 =Bl cxiay) )+ s iy 1) [ et e () L2(0,,3L2(9)

2

+ Omax ( HO’1/2 (8teA,hT + Vew,m)

n
+ Z Tm
m=1

L2(0,tn;X(Q)")
2 n
) + T (£ )2'

Qc m=1

tn
o (ean:(tn) +V / ep. hr(s)ds)
0

6 Numerical validation

In this section, numerical experiments are performed to underline and confirm some of our theoretical predictions
with the use of the software Code_Carmel. It consists of an analytical test, by solving the fully discrete formulation
(19) on the time interval [0,7] and on the domain 2 = (—1.2,1.2)3, where the inductor domain Q. is defined by
Q. = (=1,1)%, as shown in Figure 2. Here we consider y = 1 in 2 and ¢ = 0 in Q\,, and define the analytical

i

Figure 2: Configuration and regular mesh of the domains € and Q..

solution (A, ¢) of the A — ¢ formulation (8) given by :

f(@,y,2)
A(t,z,y,z) =sin(27t) curl 0 in Q% [0,7T],
0
where
(=D -1 (2 =14 in Q.,
f($7 y’ Z) = .
0 otherwise ,

and ¢ = 0 in .. The source term J is consequently deduced from equation (8). Note further that in that case
the support of Jg is the whole conductor domain .. For the simulations, we use an uniform discretization in time
and a regular mesh family 7}, ., of Q.

We aim to check the expected rates of convergence of the numerical scheme, both in space and time, and also
to underline the behavior of the estimators. The parameters corresponding to Test 1, Test 2 and Test 3 are given
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Test 1 Test 2 Test 3
o0, 1 1 10°
(h1,7) | (0.2653,0.0590) | (0.2653,0.0304) | (0.1366,0.125)
(ha,T2) | (0.1874,0.0416) | (0.1874,0.0304) | (0.1366,0.0625)
(hs,73) | (0.1366,0.0304) | (0.1366,0.0304) | (0.1366,0.0313)
Table 1: Parameters corresponding to the three tests.
in Table 1.
In Test 1, we take o), = 1 and we consider three meshes from the coarse one to the more refined one,

corresponding to decreasing values of h denoted h; > ha > hs. The discretization is uniform in time, and the time
step 7; is chosen to be proportionnal to the value of h;, 1 < i < 3. We plot in Figure (3a) the error e(ty) defined
by (81) as a function of h in a log-log scale. We can see that the numerical solution (A}, ¢}) converges towards the
exact one (A, p) at order one, as theoretically expected. Now, in order to illustrate Theorem 4.11, we also compute
the estimator ¥ defined by (30), and display in Figure (3b) the so-called global effectivity index given by :

As we can see, the effectivity index converges towards a constant when the couple (h,7) goes towards zero. This
illustrates the reliability of the proposed estimator, having in mind that the other terms arising in the right-hand
side of (82) correspond to higher order terms.

In Test 2, we want to illustrate the behavior of the spatial part of the estimator. To do so, we still take ojq, = 1
and the same meshes as the ones used for Test 1, but this time we choose for all computations 7 = 0.0304, so that
the error in space is significantly larger than the one in time (we observe that while decreasing the time step, the
error remains constant). As expected, we observe a convergence at order one in h of the error e(ty) (see Figure
(3¢)). Moreover, if we now introduce the space effectivity index given by :

e(tn)
N b)
(3 )
m=1

we see in Figure (3d) that it converges towards a constant when h goes towards zero, showing in that case the
equivalence between the error and the spatial part of the estimator.

Eg =

Similarly, in Test 3 we want to illustrate the behavior of the temporal part of the estimator. Hence, we now
consider o), = 103 in order to volontary increase the error in time, and we take the same mesh for all computations
corresponding to h = 0.1366. As expected, we observe a convergence at order one in 7 of the error e(ty) (see Figure
(3e)). Moreover, if we now introduce the time effectivity index given by :

e(t]v)
N 12’
(X om?)

we see in Figure (3f) that it converges towards a constant when 7 goes towards zero, showing in that case the
equivalence between the error and the temporal part of the estimator.

Er =

Acknowledgments

This work was supported by EDF R&D, and in part by the Labex CEMPI (ANR-11-LABX-0007-01). It is realized
under the MEDEE project with financial Assistance of the European Regional Development Fund and the region
Nord-Pas-de-Calais. We acknowledge Olivier Boiteau, Yvonnick Le Menach, Olivier Moreau and Francis Piriou for
very fruitful discussions about the results presented in this paper.

27



Log(Error)

Log(Error)

Log(Error)

-0. T T T T T T

-0.4 — B — Log(Error)
—6— slope 1

-1 s

-1.2 K|

-1, I I I I I I I I
-22 -21 -2 -19 -18 -17 -16 -15 -14 -13 -

Log(h)

(a) Error convergence: refinement in (h, 7).

-0.4- — B — Log(Error)
—©S— slope 1

1.3

-1.3

-2.1 -2 -19 -18 -1.7 -16
Log(h)

(c) Error convergence in space :

-15 -14 -13 -

refinement in h.

al — B — Log(Error)
—©— slope 1
3.5
3l
=
-
~
25F -
-
a-
2l
151
. . . . . .

-36 -34 -32 -3 -28 -26
Log(1)

(e) Error convergence in time :

-24 -22 -2 -18

refinement in 7.

0.14

0.135

0.13

0.125

0.12

0.115

0.11

0.105

0.1

— B — Error/Total Error Estimator

-2.1 -2 -1.9 -18 -17 -1.6 -15 -1.4 -1.3

Log(h)

(b) Global effectivity E¢ while refining in (h, 7).

0.18

0.16

0.14

0.12

0.1

0.08

0.06

23

225

22

215

21

20.5

l — B — Error / Spatial Error Estimator‘

L L L L L L L
-21 -2 -19 -18 -17 -16 -15 -14 -13 -
Log(h)

(d) Spatial effectivity E's while refining in h.
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(f) Temporal effectivity Ep while refining in 7.

Figure 3: Plots of the rate of convergence of the error (Figures (3a),(3c),(3e)), and of the effectivity indices (Figures (3b),(3d),(3f)).
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