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❲❡ ❥✉st✐❢② t❤❡ ❇♦❣♦❧✐✉❜♦✈ c✲♥✉♠❜❡r ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ ❝❛s❡ ♦❢
✐♥t❡r❛❝t✐♥❣ ❇♦s❡✲❣❛s ✐♥ ❛ ❤♦♠♦❣❡♥❡♦✉s r❛♥❞♦♠ ♠❡❞✐❛✳ ❚♦ t❤✐s ❛✐♠ ✇❡
t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ♦❝❝✉rr❡♥❝❡ ♦❢ ❣❡♥❡r❛❧✐s❡❞ ✭❡①t❡♥❞❡❞✴❢r❛❣♠❡♥t❡❞✮ ❇♦s❡✲
❊✐♥st❡✐♥ ❝♦♥❞❡♥s❛t✐♦♥ ✐♥ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ❜❛♥❞ ♦❢ ❧♦✇ ❦✐♥❡t✐❝✲❡♥❡r❣② ♠♦❞❡s✱
t♦ ❣❡♥❡r❛❧✐s❡ t❤❡ c✲♥✉♠❜❡r s✉❜st✐t✉t✐♦♥ ♣r♦❝❡❞✉r❡ ❢♦r t❤✐s ❜❛♥❞ ♦❢ ❧♦✇✲
♠♦♠❡♥t❛ ♠♦❞❡s✳
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❖♥❡ ♦❢ t❤❡ ❦❡② ❞❡✈❡❧♦♣♠❡♥ts ✐♥ t❤❡ t❤❡♦r② ♦❢ t❤❡ ❇♦s❡ ❣❛s✱ ❡s♣❡❝✐❛❧❧② t❤❡
t❤❡♦r② ♦❢ t❤❡ ❧♦✇ ❞❡♥s✐t② ❣❛s❡s ❝✉rr❡♥t❧② ❛t t❤❡ ❢♦r❡❢r♦♥t ♦❢ ❡①♣❡r✐♠❡♥t✱
✐s ❇♦❣♦❧✐✉❜♦✈✬s ✶✾✹✼ ❛♥❛❧②s✐s ❬✷❪✱ ❬✸❪ ♦❢ t❤❡ ♠❛♥②✲❜♦❞② ❍❛♠✐❧t♦♥✐❛♥
❜② ♠❡❛♥s ♦❢ ❛ c✲♥✉♠❜❡r s✉❜st✐t✉t✐♦♥ ❢♦r t❤❡ ♠♦st r❡❧❡❱❛♥t ♦♣❡r❛t♦rs
✐♥ t❤❡ ♣r♦❜❧❡♠✳ ❚❤❡s❡ ❛r❡ t❤❡ ③❡r♦✲♠♦♠❡♥t✉♠ ♠♦❞❡ ❜♦s♦♥ ♦♣❡r❛t♦rs✱
♥❛♠❡❧② b0 → z, b∗0 → z∗✳ ▲❛t❡r t❤✐s ✐❞❡❛ tr✐❣❣❡r❡❞ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❚❤❡
❆♣♣r♦①✐♠❛t✐♥❣ ❍❛♠✐❧t♦♥✐❛♥ ▼❡t❤♦❞ ❬✻❪✳ ◆❛t✉r❛❧❧②✱ t❤❡ ❛♣♣r♦♣r✐❛t❡ ✈❛❧✉❡
♦❢ z ❤❛s t♦ ❜❡ ❞❡t❡r♠✐♥❡❞ ❜② s♦♠❡ s♦rt ♦❢ ❝♦♥s✐st❡♥❝② ♦r ✈❛r✐❛t✐♦♥❛❧
♣r✐♥❝✐♣❧❡✱ ✇❤✐❝❤ ♠✐❣❤t ❜❡ ❝♦♠♣❧✐❝❛t❡❞✱ ❜✉t t❤❡ ❝♦♥❝❡r♥ ✐s ✇❤❡t❤❡r t❤✐s
s♦rt ♦❢ s✉❜st✐t✉t✐♦♥ ✐s ❧❡❣✐t✐♠❛t❡✱ ✐✳❡✳✱ ❡rr♦r ❢r❡❡✳
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❚❤❡ r✐❣♦r♦✉s ❥✉st✐✜❝❛t✐♦♥ ❢♦r t❤✐s s✉❜st✐t✉t✐♦♥✱ ❛s ❢❛r ❛s ❝❛❧❝✉❧❛t✐♥❣ t❤❡
♣r❡ss✉r❡ ♦❢ ✐♥t❡r❛❝t✐♥❣ ✭s✉♣❡rst❛❜❧❡✮ ❜♦s♦♥ ❣❛s ✐s ❝♦♥❝❡r♥❡❞✱ ✇❛s ❞♦♥❡
❢♦r t❤❡ ✜rst t✐♠❡ ✐♥ t❤❡ ♣❛♣❡r ❜② ●✐♥✐❜r❡ ❬✶✵❪✳ ▲❛t❡r ✐t ✇❛s r❡✈✐s❡❞
❛♥❞ ❡ss❡♥t✐❛❧❧② ✐♠♣r♦✈❡❞ ❜② ▲✐❡❜✲❙❡✐r✐♥❣❡r✲❨♥❣✈❛s♦♥ ✭▲❙❨✮ ❬✶✺❪✱ ❬✶✻❪✳ ■♥
t❡①t❜♦♦❦s ✐t ✐s ♦❢t❡♥ s❛✐❞✱ ❢♦r ✐♥st❛♥❝❡✱ t❤❛t ✐t ✐s t✐❡❞ t♦ t❤❡ ✐♠♣✉t❡❞
✧❢❛❝t✧t❤❛t t❤❡ ❡①♣❡❝t❛t✐♦♥ ✈❛❧✉❡ ♦❢ t❤❡ ③❡r♦✲♠♦❞❡ ♣❛rt✐❝❧❡ ♥✉♠❜❡r ♦♣❡r❛t♦r
N0 = b∗0b0 ✐s ♦❢ ♦r❞❡r V = ✈♦❧✉♠❡✳ ❚❤✐s ✇❛s t❤❡ s❡❝♦♥❞ ❇♦❣♦❧✐✉❜♦✈ ❛♥s❛t③✿
t❤❡ ❇♦s❡✲❊✐♥st❡✐♥ ❝♦♥❞❡♥s❛t✐♦♥ ✭❇❊❈✮ ❥✉st✐✜❡s t❤❡ s✉❜st✐t✉t✐♦♥ ❬✷✻❪✳

❆s ●✐♥✐❜r❡ ♣♦✐♥t❡❞ ♦✉t✱ ❤♦✇❡✈❡r✱ t❤❛t ❇❊❈ ❤❛s ♥♦t❤✐♥❣ t♦ ❞♦ ✇✐t❤ ✐t✳
❚❤❡ z s✉❜st✐t✉t✐♦♥ st✐❧❧ ❣✐✈❡s t❤❡ r✐❣❤t ❛♥s✇❡r ❢♦r ❛♥② ✈❛❧✉❡ ♦❢ t❤❡ ●✐❜❜s
❛✈❡r❛❣❡ ♦❢ t❤❡ ♦♣❡r❛t♦r N0✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ③❡r♦✲♠♦❞❡ tr❛♥s❧❛t✐♦♥
✐♥✈❛r✐❛♥t ❝♦♥❞❡♥s❛t✐♦♥ ✭t❤❡ ✜rst ❇♦❣♦❧✐✉❜♦✈ ❛♥s❛t③✮ ♣❧❛②s ❛ ❞✐st✐♥❣✉✐s❤❡❞
r♦❧❡ ✐♥ t❤❡ ❇♦❣♦❧✐✉❜♦✈ ❲❡❛❦❧② ■♠♣❡r❢❡❝t ❇♦s❡ t❤❡♦r② ❬✷✻❪✳

❚❤❡ ♣r♦❜❧❡♠ ♦❢ ❥✉st✐✜❝❛t✐♦♥ ❜❡❝♦♠❡s ❞❡❧✐❝❛t❡ ✐♥ ❛ ✭❜♦♥❛ ✜❞❡✮
❤♦♠♦❣❡♥❡♦✉s r❛♥❞♦♠ ❡①t❡r♥❛❧ ♣♦t❡♥t✐❛❧✿ ✜rst ♦❢ ❛❧❧ ❜❡❝❛✉s❡ ♦❢ t❤❡
tr❛♥s❧❛t✐♦♥ ✐♥✈❛r✐❛♥❝❡ ❜r❡❛❦✐♥❣ ❛♥❞ s❡❝♦♥❞❧② ❜❡❝❛✉s❡ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✇✐t❤
♥❛t✉r❡ ♦❢ t❤❡ ❣❡♥❡r❛❧✐s❡❞ ❇❊❈ ❢♦r t❤✐s ❝❛s❡ ❡✈❡♥ ❢♦r t❤❡ ♣❡r❢❡❝t ❇♦s❡✲❣❛s
❬✶✶❪✱ ❬✶✷❪✳ ❚❤❡ ❛✐♠ ♦❢ t❤❡ ♣r❡s❡♥t ♥♦t❡ ✐s t♦ ❡❧✉❝✐❞❛t❡ t❤✐s ♣r♦❜❧❡♠ ❢♦r
✐♥t❡r❛❝t✐♥❣ ❜♦s♦♥ ❣❛s ✐♥ ❛ ❤♦♠♦❣❡♥❡♦✉s r❛♥❞♦♠ ♣♦t❡♥t✐❛❧ ❢♦❧❧♦✇✐♥❣ t❤❡
▲❙❨ ♠❡t❤♦❞✳ ❚❤❡ ❧❛t❡r ❛❧❧♦✇s t♦ s✐♠♣❧✐❢② ❛♥❞ ♠❛❦❡ ♠♦r❡ tr❛♥s♣❛r❡♥t
t❤❡ ❛r❣✉♠❡♥ts ♦❢ ❬✶✸❪ ✈❡rs✉s t❤❡ ❣❡♥❡r❛❧✐s❡❞ ❝♦♥❞❡♥s❛t✐♦♥ �❛ ❧❛ ❱❛♥ ❞❡♥
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❚❤✐s ♥♦t❡ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❧❡❝t✉r❡ ❞❡❧✐✈❡r❡❞ ❜② t❤❡ ❛✉t❤♦r ♦♥ t❤❡
❲♦r❦s❤♦♣ ✧▼❛t❤❡♠❛t✐❝❛❧ ❍♦r✐③♦♥s ❢♦r ◗✉❛♥t✉♠ P❤②s✐❝s✿ ▼❛♥②✲P❛rt✐❝❧❡
❙②st❡♠s✧✭✵✾ ✲ ✷✼ ❙❡♣t❡♠❜❡r ✷✵✶✸✮ ✐♥ t❤❡ ■♥st✐t✉t❡ ❢♦r ▼❛t❤❡♠❛t✐❝❛❧
❙❝✐❡♥❝❡s ♦❢ t❤❡ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t② ♦❢ ❙✐♥❣❛♣♦r❡✳ ■♥✈✐t❛t✐♦♥ ❛♥❞ ✜♥❛♥❝✐❛❧
s✉♣♣♦rt ❡①t❡♥❞❡❞ t♦ t❤❡ ❛✉t❤♦r ❜② t❤❡ ■♥st✐t✉t❡ ❢♦r ▼❛t❤❡♠❛t✐❝❛❧
❙❝✐❡♥❝❡s ❛♥❞ t❤❡ ❈❡♥tr❡ ❢♦r ◗✉❛♥t✉♠ ❚❡❝❤♥♦❧♦❣✐❡s ✭◆❯❙✮ ❛r❡ ❣r❡❛t❧②
❛❝❦♥♦✇❧❡❞❣❡❞✳

✷ ❚❤❡ ❇♦❣♦❧✐✉❜♦✈ ❝✲◆✉♠❜❡r ❆♣♣r♦①✐♠❛t✐♦♥

✷✳✶ ■♠♣❡r❢❡❝t ❇♦s❡✲●❛s

▲❡t ✐♥t❡r❛❝t✐♥❣ ❜♦s♦♥s ♦❢ ♠❛ssm ❜❡ ❡♥❝❧♦s❡❞ ✐♥ ❛ ❝✉❜✐❝ ❜♦① Λ = L×L×L ⊂
R

3 ♦❢ t❤❡ ✈♦❧✉♠❡ V ≡ |Λ| = L3✱ ✇✐t❤ ✭❢♦r s✐♠♣❧✐❝✐t②✮ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s ♦♥ ∂Λ✿ tΛ := (−~

2∆/2m)p.b.c.✳ ▲❡t u(x) ❜❡ ✐s♦tr♦♣✐❝ t✇♦✲❜♦❞②
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✐♥t❡r❛❝t✐♦♥ ✇✐t❤ ♥♦♥✲♥❡❣❛t✐✈❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠❛t✐♦♥✿

v (q) =

∫

R3

d3x u(x)e−iqx, u ∈ L1(R3)

❚❤❡ s❡❝♦♥❞✲q✉❛♥t✐③❡❞ ❍❛♠✐❧t♦♥✐❛♥ ♦❢ t❤❡ ✐♠♣❡r❢❡❝t ❇♦s❡✲❣❛s ❛❝t✐♥❣ ❛s
♦♣❡r❛t♦r ✐♥ t❤❡ ❜♦s♦♥ ❋♦❝❦ s♣❛❝❡ F := Fboson(H = L2(Λ)) ✐s

HΛ =
∑

k∈Λ∗

εkb
∗
kbk +

1

2V

∑

k1,k2,q∈Λ∗

v (q) b∗k1+qb
∗
k2−qbk2

bk1

✇❤❡r❡ ✭❞✉❛❧✮ s❡t Λ∗ =
{

k ∈ R
3 : ✱ kα = 2πnα/L ❡t nα ∈ Z, α = 1, 2, 3

}

❛♥❞ {εk}k∈Λ∗ = Spec(tΛ)✳ ❍❡r❡ {εk = ~
2k2/2m ≥ 0}k∈Λ∗ ✐s t❤❡ ♦♥❡✲

♣❛rt✐❝❧❡ ❡①❝✐t❛t✐♦♥s s♣❡❝tr✉♠✳ ❚❤❡ ♣❡r❢❡❝t ❇♦s❡✲❣❛s ❍❛♠✐❧t♦♥✐❛♥ ❛♥❞
♣❛rt✐❝❧❡✲♥✉♠❜❡r ♦♣❡r❛t♦rs ❛r❡

TΛ :=
∑

k∈Λ∗

εk b
∗
kbk , Nk := b∗kbk , NΛ :=

∑

k∈Λ∗

Nk .

❍❡r❡ {b∗k, bk}k∈Λ∗ ❛r❡ ❜♦s♦♥ ❝r❡❛t✐♦♥ ❛♥❞ ❛♥♥✐❤✐❧❛t✐♦♥ ♦♣❡r❛t♦rs ✐♥
t❤❡ ♦♥❡✲♣❛rt✐❝❧❡ ❡✐❣❡♥st❛t❡s ✭❦✐♥❡t✐❝✲❡♥❡r❣② ♠♦❞❡s✮ ✈❡r✐❢②✐♥❣ t❤❡ ❈❈❘
[bk, b

∗
q ] = δk,q ✿

ψk (x) =
1√
V
eikx χΛ(x) ∈ H, k ∈ Λ∗

bk := b (ψk) =

∫

Λ

dx ψk (x) b (x) , b
∗
k = (b (ψk))

∗

❍❡r❡ b# (x) ❛r❡ ❜♦s♦♥✲✜❡❧❞ ♦♣❡r❛t♦rs ✐♥ t❤❡ ❋♦❝❦ s♣❛❝❡ ♦✈❡r H✳

✷✳✷ ●r❛♥❞✲❈❛♥♦♥✐❝❛❧ ✭β, µ✮✲❊♥s❡♠❜❧❡

❘❡❝❛❧❧ t❤❛t t❤❡ ❣r❛♥❞✲❝❛♥♦♥✐❝❛❧ ✭β, µ✮✲st❛t❡ ❣❡♥❡r❛t❡❞ ❜② HΛ ♦♥ ❛❧❣❡❜r❛
♦❢ ♦❜s❡r✈❛❜❧❡s A(F) ❬✷✵❪✱ ✐s ❞❡✜♥❡ ❜②

〈A〉HΛ
:= TrF(e

−β(HΛ−µNΛ) A)/TrFe
−β(HΛ−µNΛ) , A ∈ A(F) .

❚❤❡ ❣r❛♥❞✲❝❛♥♦♥✐❝❛❧ ♣r❡ss✉r❡✿ p[HΛ](β, µ) := (βV )−1 lnTrFe
−β(HΛ−µNΛ)

❝♦rr❡s♣♦♥❞s t♦ t❤❡ t❡♠♣❡r❛t✉r❡ β−1 ❛♥❞ t♦ t❤❡ ❝❤❡♠✐❝❛❧ ♣♦t❡♥t✐❛❧ µ✳



✼✹ ❱❛❧❡♥t✐♥ ❆✳ ❩❛❣r❡❜♥♦✈

❊①❛♠♣❧❡ ✶✳ ❋♦r t❤❡ ♣❡r❢❡❝t ❇♦s❡✲❣❛s TΛ ♦♥❡ ♠✉st ♣✉t µ < 0✱ t❤❡♥ t❤❡
❡①♣❡❝t❛t✐♦♥ ✈❛❧✉❡ ♦❢ t❤❡ ♣❛rt✐❝❧❡ ♥✉♠❜❡r ✐♥ ♠♦❞❡ k ✐s

〈b∗kbk〉TΛ
:=

1

eβ(εk−µ) − 1
, εk ≥ 0 .

❚❤❡ ❡①♣❡❝t❛t✐♦♥ ✈❛❧✉❡ ♦❢ t❤❡ t♦t❛❧ ❞❡♥s✐t② ♦❢ ❜♦s♦♥s ✐♥ Λ ✐s

ρΛ(β, µ) :=
1

V
〈b∗0b0〉TΛ

+
1

V

∑

k∈Λ∗\{0}
〈b∗kbk〉TΛ

=
1

V

1

e−βµ − 1
+ ρΛ(β, µ)

❚❤❡♥ t❤❡ ❝r✐t✐❝❛❧ ❞❡♥s✐t② ✭✐❢ ✜♥✐t❡✮ ✐s ❞❡✜♥❡ ❜② t❤❡ ❧✐♠✐t✿

ρc(β) := lim
µ↑0

lim
Λ↑R3

ρΛ(β, µ) <∞

✳

✷✳✸ ❈♦♥✈❡♥t✐♦♥❛❧ ❇♦s❡✲❊✐♥st❡✐♥ ❈♦♥❞❡♥s❛t✐♦♥

❋♦r ❛ ✜①❡❞ ❞❡♥s✐t② ρ✱ ❧❡t µΛ(β, ρ) ❜❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥

ρ = ρΛ(β, µ) ⇒ ρ ≡ ρΛ(β, µΛ(ρ)) (always exists!).

• ❧♦✇ ❞❡♥s✐t② ✿ limΛ µΛ(ρ < ρc(β)) = µΛ(ρ)< 0
• ❤✐❣❤ ❞❡♥s✐t②✿ limΛ µΛ(ρ ≥ ρc(β)) = 0 ✱ ❛♥❞

ρ0(β) = ρ− ρc(β) = lim
Λ

1

V

{

e−β µΛ(ρ≥ρc(β)) − 1
}−1

⇒

µΛ(ρ ≥ ρc(β)) = − 1

V

1

β(ρ− ρc(β))
+ o(1/V ) .

• ❙✐♥❝❡ εk = ~
2
∑d

j=1(2πnj/V
1/3)2/2m✱ t❤❡ ❇❊❈ ✐s ✐♥ ❦❂✵✲♠♦❞❡✿

lim
Λ

1

V

{

eβ(εk 6=0−µΛ(ρ)) − 1
}−1

= 0 ,

❚❤✐s t②♣❡ ♦❢ ❝♦♥❞❡♥s❛t✐♦♥ ❜❛s❡❞ ♦♥ t❤❡ ❝♦♥❝❡♣t ♦❢ t❤❡ ♦♥❡✲❧❡✈❡❧
♠❛❝r♦s❝♦♣✐❝ ♦❝❝✉♣❛t✐♦♥ ✐s ❦♥♦✇♥ ❛s t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ ③❡r♦✲♠♦❞❡ ✭♦r t②♣❡
■ ✮ ❇❊❈ ❬✾❪✱ ❬✶✼❪✳



❚❤❡ ❇♦❣♦❧✐✉❜♦✈ ❝✲◆✉♠❜❡r ❆♣♣r♦①✐♠❛t✐♦♥ ✼✺

✷✳✹ ●❡♥❡r❛❧✐s❡❞ ❇♦s❡✲❊✐♥st❡✐♥ ❈♦♥❞❡♥s❛t✐♦♥

❚❤✐s t②♣❡ ♦❢ ❝♦♥❞❡♥s❛t✐♦♥ ✇❛s ♣r❡❞✐❝t❡❞ ❜② ❈❛s✐♠✐r ❬✽❪ ❛♥❞ ❡❧✉❝✐❞❛t❡❞ ❜②
❱❛♥ ❞❡♥ ❇❡r❣✲▲❡✇✐s✲P✉❧✁❡ ✐♥ ❬✷✷❪✱ ❬✷✸❪✱ ❬✷✹❪✳

▲❡t Λ = L1 × L2 × L3 = V α1 × V α2 × V α3 ✱ α1 ≥ α2 ≥ α3 > 0 ✱ ❛♥❞
α1 + α2 + α3 = 1 ✳

• ❚❤❡ ❈❛s✐♠✐r ❜♦① ✭✶✾✻✽✮✿ ▲❡t α1 = 1/2✱ ✐✳❡✳ α2,3 < 1/2✳
❙✐♥❝❡ εk1,0,0 = ~

2(2πn1/V
1/2)2/2m∼ 1/V ✱ t❤❡♥ ❛❣❛✐♥ t❤❡ ❛s②♠♣t♦t✐❝s ♦❢

s♦❧✉t✐♦♥✿

ρ ≡ ρΛ(β, µΛ(ρ)) ⇒ µΛ(ρ ≥ ρc(β)) = −A/V + o(1/V ), A ≥ 0

lim
Λ







1

V

1

e−βµΛ(ρ) − 1
+

1

V

∑

k∈{Λ∗:n1 6=0,n2=n3=0}

1

eβ(εk−µΛ(ρ)) − 1







= ρ− ρc(β) > 0 , lim
Λ

1

V

{

eβ(εk 6=0−µΛ(ρ)) − 1
}−1

6= 0, εk 6=0 = εk1,0,0

lim
Λ

1

V

{

eβ(εk 6=0−µΛ(ρ)) − 1
}−1

= 0, ε0,k2,3 6=0= ~
2(2πn2,3/V

α2,3)2/2m

❚❤❡ ❣❡♥❡r❛❧✐s❡❞ t②♣❡ ■■ ❇❊❈ ❬✷✸❪✿

ρ− ρc(β) = lim
L→∞

1

V

∑

n1∈Z

{

eβ(~
2(2πn1/V

1/2)2/2m−µΛ(ρ)) − 1
}−1

=
∑

n1∈Z

β−1

~2(2πn1)2/2m+A
⇒ lim

Λ

1

V
〈b∗0b0〉TΛ(µΛ(ρ)) < ρ− ρc(β).

❍❡r❡ A ≥ 0 ✐s ❛ ✉♥✐q✉❡ r♦♦t ♦❢ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥✳ ◆♦t❡ t❤❛t ❇❊❈ ✐♥ t❤❡
③❡r♦ ♠♦❞❡ ✐s ❧❡ss t❤❛♥ t❤❡ t♦t❛❧ ❛♠♦✉♥t ♦❢ t❤❡ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡♥s✐t②✳

❋♦r α1 = 1/2 t❤❡ ❇❊❈ ✐s st✐❧❧ ♠♦❞❡ ❜② ♠♦❞❡ ♠❛❝r♦s❝♦♣✐❝✱ ❜✉t
✐t ✐s ✐♥✜♥✐t❡❧② ❢r❛❣♠❡♥t❡❞✳ ❚❤✐s t②♣❡ ♦❢ ❇❊❈ ✐s ❛❧s♦ ❦♥♦✇♥ ❛s q✉❛s✐✲
❝♦♥❞❡♥s❛t❡ ❛♥❞ ✐t ✇❛s ♦❜s❡r✈❡❞ ✐♥ t❤❡ r♦t❛t✐♥❣ ❝♦♥❞❡♥s❛t❡ ✭✷✵✵✵✮ ❛♥❞
✐♥ t❤❡ ❝♦♥❞❡♥s❛t❡ ✇✐t❤ ❝❤❛♦t✐❝ ♣❤❛s❡s ✭✷✵✵✽✮✱ ❬✶✽❪✳

• ❚❤❡ ❱❛♥ ❞❡♥ ❇❡r❣ ❜♦① ✭✶✾✽✷✮✿ α1 > 1/2✳
Pr♦♣♦s✐t✐♦♥ ✶✳ ❚❤❡r❡ ✐s ♥♦ ♠❛❝r♦s❝♦♣✐❝ ♦❝❝✉♣❛t✐♦♥ ♦❢ ❛♥② ❦✐♥❡t✐❝✲❡♥❡r❣②
♠♦❞❡✿

lim
Λ

1

V

{

eβ(εk−µΛ(ρ)) − 1
}−1

= 0.



✼✻ ❱❛❧❡♥t✐♥ ❆✳ ❩❛❣r❡❜♥♦✈

❚❤✐s ✐s t❤❡ ❣❡♥❡r❛❧✐s❡❞ ❇❊❈ ♦❢ t②♣❡ ■■■ ❬❱❛♥ ❞❡♥ ❇❡r❣✲▲❡✇✐s✲P✉❧✁❡
✭✶✾✼✽✮❪✳ ■t ♦❝❝✉rs ♦♥❡✲❞✐r❡❝t✐♦♥ ❛♥✐s♦tr♦♣② α1 > 1/2 ✐✳❡✳ α2 + α3 < 1/2✳
❙✐♥❝❡ εk1,0,0 = (2πn1/V

α1)2/2 ∼ 1/V 2α1 , 2α1 > 1✱ t❤❡♥ t❤❡ s♦❧✉t✐♦♥
µΛ(ρ) ❤❛s ❛ ♥❡✇ ❛s②♠♣t♦t✐❝s✿

µΛ(ρ ≥ ρc(β)) = −B/V δ + o(1/V δ), B ≥ 0, δ = 2 (1− α1) < 1 ,

0 < ρ− ρc(β) = (2πβ)−1/2

∫ ∞

0

dξ e−βBξ ξ−1/2 .

❍❡r❡ ♣❛r❛♠❡t❡r B = B (β, ρ) > 0 ✐s ❛ ✉♥✐q✉❡ r♦♦t ♦❢ t❤❡ ❡q✉❛t✐♦♥✿

ρ− ρc(β) =
1

√

2β2B(β, ρ)
.

❚❤❡ ❣❡♥❡r❛❧✐s❡❞ ❇❊❈ ♦❢ t②♣❡ ■■■ ②✐❡❧❞s ❢♦r t❤❡ ♦♥❡✲♠♦❞❡ ♣❛rt✐❝❧❡
♦❝❝✉♣❛t✐♦♥

lim
Λ

1

V
〈Nk〉TΛ

(β, µΛ (ρ > ρc(β))) = 0 for all k ∈ {Λ∗} .

❋♦r t❤❡ ✧r❡♥♦r♠❛❧✐s❡❞✧ k1✲♠♦❞❡s ♦❝❝✉♣❛t✐♦♥ ✧❞❡♥s✐t②✧♦♥❡ ♦❜t❛✐♥s✿

lim
Λ

1

V 1−ǫ
〈Nk〉TΛ

(β, µΛ (ρ > ρc(β))) = 2β (ρ− ρc(β))
2
,

✇❤❡r❡ k ∈ {Λ∗ : (n1, 0, 0)} ❛♥❞ 1− ǫ = δ < 1 ✳
❉❡✜♥✐t✐♦♥ ✶✳❬✷✹❪ ■♥ ❦✐♥❡t✐❝✲❡♥❡r❣② ♠♦❞❡s t❤❡ ❛♠♦✉♥t ♦❢ t❤❡ ❣❡♥❡r❛❧✐s❡❞
❇❊❈ ✐s ❞❡✜♥❡❞ ❛s

ρ− ρc(β) := lim
η→+0

lim
Λ

1

V

∑

{k∈Λ∗,‖k‖≤η}

{

eβ(εk−µΛ(β,ρ)) − 1
}−1

.

❘❡♠❛r❦ ✶✳ ❬✷✷❪✱❬✷✹❪ ❙❛t✉r❛t✐♦♥ ❛♥❞ ρm✲♣r♦❜❧❡♠✿ ✐s ✐t ♣♦ss✐❜❧❡ t❤❛t t❤❡r❡
✐s ❛ ♥❡✇ ❝r✐t✐❝❛❧ ❞❡♥s✐t② ρm s✉❝❤ t❤❛t ρc ≤ ρm ≤ ∞ ❛♥❞ t❤❡ t②♣❡ ■■■ ✭♦r ■■✮
❝♦♥❞❡♥s❛t✐♦♥ tr❛♥s❢♦r♠s ✐♥t♦ ❝♦♥✈❡♥t✐♦♥❛❧ t②♣❡ ■ ❇❊❈ ✇❤❡♥ ρ ≥ ρm ❄ ❚❤❡
❛♥s✇❡r ✐s ♣♦s✐t✐✈❡✳ ❘❡❝❡♥t❧② t❤❡ s❡❝♦♥❞ ❝r✐t✐❝❛❧ ❞❡♥s✐t② ρm ✇❛s ❞✐s❝♦✈❡r❡❞
❢♦r ❛ ❝✐❣❛r✲t②♣❡ ❤❛r♠♦♥✐❝ ❛♥✐s♦tr♦♣② ❬✶❪✳ ❚❤❡r❡ ✐t ✇❛s ❛❧s♦ ♣r♦✈❡❞ t❤❛t t❤❡
t②♣❡ ■ ❛♥❞ t❤❡ t②♣❡ ■■■ ❝♦♥❞❡♥s❛t✐♦♥s ♠❛② ❝♦❡①✐st✳



❚❤❡ ❇♦❣♦❧✐✉❜♦✈ ❝✲◆✉♠❜❡r ❆♣♣r♦①✐♠❛t✐♦♥ ✼✼

✷✳✺ ❚❤❡ ❇♦❣♦❧✐✉❜♦✈ ❚❤❡♦r② ❛♥❞ t❤❡ ❩❡r♦✲▼♦❞❡ ❝✲
◆✉♠❜❡r ❙✉❜st✐t✉t✐♦♥

❚❤❡ ✜rst ❇♦❣♦❧✐✉❜♦✈ ❛♥s❛t③✳ ■❢ ♦♥❡ ❡①♣❡❝ts t❤❛t t❤❡ ❇♦s❡✲❊✐♥st❡✐♥
❝♦♥❞❡♥s❛t✐♦♥✱ ✇❤✐❝❤ ♦❝❝✉rs ✐♥ t❤❡ ♠♦❞❡ k = 0 ❢♦r t❤❡ ♣❡r❢❡❝t ❇♦s❡✲❣❛s✱
♣❡rs✐sts ❢♦r ❛ ✇❡❛❦ t✇♦✲❜♦❞② ✐♥t❡r❛❝t✐♦♥ u(x)✱ t❤❡♥ ♦♥❡ ❝❛♥ t♦ tr✉♥❝❛t❡
❍❛♠✐❧t♦♥✐❛♥✿ HΛ → HB

Λ ✱ ❛♥❞ t♦ ❦❡❡♣ ✐♥ HB
Λ ♦♥❧② t❤❡ ♠♦st ✐♠♣♦rt❛♥t

❝♦♥❞❡♥s❛t❡ t❡r♠s✱ ✐♥ ✇❤✐❝❤ ❛t ❧❡❛st t✇♦ ③❡r♦✲♠♦❞❡ ♦♣❡r❛t♦rs b∗0, b0 ❛r❡
✐♥✈♦❧✈❡❞✳ ❚❤✐s ❛♣♣r♦①✐♠❛t✐♦♥ ❣✐✈❡s t❤❡ ❇♦❣♦❧✐✉❜♦✈❲❡❛❦❧② ■♠♣❡r❢❡❝t ❇♦s❡✲
●❛s ✭❲■❇●✮ ❍❛♠✐❧t♦♥✐❛♥ HB

Λ ❬✷✻❪✳
❚❤❡ s❡❝♦♥❞ ❇♦❣♦❧✐✉❜♦✈ ❛♥s❛t③✳ ❙✐♥❝❡ ❢♦r ❛ ❧❛r❣❡ ✈♦❧✉♠❡ ✭t❤❡r♠♦❞②♥❛♠✐❝
❧✐♠✐t✮ t❤❡ ❝♦♥❞❡♥s❛t❡ ♦♣❡r❛t♦rs b∗0/

√
V , b0/

√
V ❛❧♠♦st ❝♦♠♠✉t❡✿

[b0/
√
V , b∗0/

√
V ] = 1/V ✱ ♦♥❡ ♠❛② ✉s❡ s✉❜st✐t✉t✐♦♥s✿

b0/
√
V → c · I , b∗0/

√
V → c∗ · I , c ∈ C ,

✐♥ t❤❡ tr✉♥❝❛t❡❞ ❣r❛♥❞✲❝❛♥♦♥✐❝❛❧ ❲■❇● ❍❛♠✐❧t♦♥✐❛♥ HB
Λ (µ) := HB

Λ −
µNΛ → HB

Λ (c, µ) t♦ ♣r♦❞✉❝❡ ❛ ❞✐❛❣♦♥❛❧✐③❛❜❧❡ ❜✐❧✐♥❡❛r ♦♣❡r❛t♦r ❢♦r♠✳

✷✳✻ ❚❤❡ ❩❡r♦✲▼♦❞❡ ❝✲◆✉♠❜❡r ❆♣♣r♦①✐♠❛t✐♦♥

❋♦r t❤❡ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ ∂Λ✱ ❧❡t F0 := Fboson (H0) ❜❡ t❤❡
❜♦s♦♥ ❋♦❝❦ s♣❛❝❡ ❝♦♥str✉❝t❡❞ ♦♥ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❍✐❧❜❡rt s♣❛❝❡ H0

s♣❛♥♥❡❞ ❜② ψk=0(x) = χΛ(x)/
√
V ✳

▲❡t F′
0 := Fboson

(

H⊥
0

)

❜❡ t❤❡ ❋♦❝❦ s♣❛❝❡ ❝♦♥str✉❝t❡❞ ♦♥ t❤❡ ♦rt❤♦❣♦♥❛❧
❝♦♠♣❧❡♠❡♥t H⊥

0 ✳ ❚❤❡♥ Fboson(H) = Fboson(H0 ⊕H⊥
0 ) ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡

t❡♥s♦r ♣r♦❞✉❝t ✿

Fboson

(

H0 ⊕H⊥
0

)

≈ Fboson(H0)⊗ Fboson(H⊥
0 ) = F0 ⊗ F′

0,

❋♦r ❛♥② ❝♦♠♣❧❡① ♥✉♠❜❡r c ∈ C t❤❡ ❝♦❤❡r❡♥t ✈❡❝t♦r ✐♥ F0 ✐s

ψ0Λ(c) := e−V |c|2/2
∞
∑

k=0

1

k!

(√
V c

)k

(b∗0)
k
Ω0 = e(−V |c|2/2+

√
V c b∗

0
) Ω0 ,

✇❤❡r❡ Ω0 ✐s t❤❡ ✈❛❝✉✉♠ ♦❢ F✳ ◆♦t✐❝❡ t❤❛t

b0√
V
ψ0Λ (c) = c ψ0Λ (c) ≡ c · I ψ0Λ (c) .



✼✽ ❱❛❧❡♥t✐♥ ❆✳ ❩❛❣r❡❜♥♦✈

❉❡✜♥✐t✐♦♥ ✷✳ ❚❤❡ ❝✲♥✉♠❜❡r ❇♦❣♦❧✐✉❜♦✈ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❣r❛♥❞✲
❝❛♥♦♥✐❝❛❧ ❍❛♠✐❧t♦♥✐❛♥ ✭NΛ :=

∑

k∈Λ∗b∗kbk := b∗0b0 +N ′
Λ✮

HΛ (µ) := HΛ − µNΛ , dom(HΛ (µ)) ⊂ F ≈ Fboson(H0)⊗ Fboson(H⊥
0 )

✐s ❛ s❡❧❢✲❛❞❥♦✐♥t ♦♣❡r❛t♦r HΛ (c, µ) ❞❡✜♥❡❞ ✐♥ F′
0 = Fboson

(

H⊥
0

)

✱ ❢♦r ❛♥②
✜①❡❞ ✈❡❝t♦r ψ0Λ (c)✱ ❜② t❤❡ ❝❧♦s❛❜❧❡ s❡sq✉✐❧✐♥❡❛r ❢♦r♠✿

(ψ′
1, HΛ(c, µ)ψ

′
2)F′

0

≡ (ψ0Λ (c)⊗ ψ′
1, HΛ (µ)ψ0Λ (c)⊗ ψ′

2)F ,

❢♦r ✈❡❝t♦rs (ψ0Λ (c)⊗ ψ′
1,2) ∈ ❢♦r♠✲❞♦♠❛✐♥ ♦❢ t❤❡ ♦♣❡r❛t♦r HΛ (µ)✳

❘❡♠❛r❦ ✷✳ ❙✐♥❝❡ (b0/
√
V ) ψ0Λ (c) = c ·I ψ0Λ (c)✱ t❤❡ ❝✲♥✉♠❜❡r

❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ s✉❜st✐t✉t✐♦♥s✿

b0/
√
V → c · I , b∗0/

√
V → c∗ · I

✐♥ t❤❡ ❍❛♠✐❧t♦♥✐❛♥
HΛ(µ) → HΛ(c, µ) =: H ′

Λ(z)− µ(|z|2 I+N ′
Λ) , z := c

√
V ✳

✷✳✼ ❊①❛❝t♥❡ss ♦❢ t❤❡ c✲◆✉♠❜❡r ❆♣♣r♦①✐♠❛t✐♦♥

❉❡✜♥✐t✐♦♥ ✸✳ ❚❤❡ ❣r❛♥❞✲❝❛♥♦♥✐❝❛❧ ♣r❡ss✉r❡ ❢♦r ❍❛♠✐❧t♦♥✐❛♥ HΛ(µ) ❛♥❞
❢♦r ✐ts ❝✲♥✉♠❜❡r ❇♦❣♦❧✐✉❜♦✈ ❛♣♣r♦①✐♠❛t✐♦♥ H ′

Λ(z, µ)✱ ❛r❡ ❞❡✜♥❡❞ ❜②✿

pΛ(µ) :=
1

βV
lnTrF exp[−βHΛ(µ)]

p′Λ(µ) :=
1

βV
ln

∫

C

d2zTrF′
0
exp[−βH ′

Λ(z, µ)]

Pr♦♣♦s✐t✐♦♥ ✷✳✭❱❛r✐❛t✐♦♥❛❧ Pr✐♥❝✐♣❧❡✮ ❬✶✵❪✱ ❬✶✺❪✳

eβV pΛ(µ) ≥
∫

C

d2zTrF′
0
exp[−βH ′

Λ(z, µ)] ≥

sup
ζ

TrF′
0
exp[−βH ′

Λ(ζ, µ)] =: eβV pΛ,max(µ)

Pr♦♣♦s✐t✐♦♥ ✸✳

lim
Λ
pΛ(µ) = lim

Λ
p′Λ(µ) = lim

Λ
pΛ,max(µ) ,

✇✐t❤ t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡✿

0 ≤ pΛ(µ)− pΛ,max(µ) ≤ O((lnV )/V ),



❚❤❡ ❇♦❣♦❧✐✉❜♦✈ ❝✲◆✉♠❜❡r ❆♣♣r♦①✐♠❛t✐♦♥ ✼✾

s❡❡ ❬✶✺❪✳ ❚❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦✈❡❞ ❜② t❤❡ ❆♣♣r♦①✐♠❛t✐♥❣ ❍❛♠✐❧t♦♥✐❛♥
▼❡t❤♦❞✭❆❍▼✮ ✐s

0 ≤ pΛ(µ)− pΛ,max(µ) ≤ O(1/
√
V ) ,

s❡❡ ❬✶✵❪✱ ❬✷✻❪✳
❘❡♠❛r❦ ✷✳ ❆❧t❤♦✉❣❤ ✐♥ ❬✶✵❪ ❛♥❞ ✐♥ ❬✶✺❪ t❤❡ ✉s❡ ♦❢ ❝♦❤❡r❡♥t st❛t❡s ✐s
❡ss❡♥t✐❛❧✱ t❤❡ ♠❡t❤♦❞ ♦❢ t❤❡ ❧❛st ♣❛♣❡r ❡✣❝✐❡♥t❧② ❡①♣❧♦✐ts t❤❡ P❡✐❡r❧s✲
❇♦❣♦❧✐✉❜♦✈ ❛♥❞ ❇❡r❡③✐♥✲▲✐❡❜ ✐♥❡q✉❛❧✐t✐❡s ✐♥st❡❛❞ ♦❢ t❤❡ ❆❍▼✳ ❚♦ ❜❡ ♠♦r❡
✢❡①✐❜❧❡✱ t❤✐s ♠❡t❤♦❞ ❝♦✈❡rs ❛❧s♦ t❤❡ ❝❛s❡ ♦❢ ✐♥✜♥✐t❡❧② ♠❛♥② k✲♠♦❞❡s✱
♣r♦✈✐❞❡❞ t❤❡ card{k : k ∈ IΛ ⊂ Λ∗}< c V 1−γ ✱ γ > 0✱ ❛♥❞ ✐t ❣✐✈❡s ❛❧s♦ ♠♦r❡
❛❝❝✉r❛t❡ ❡st✐♠❛t❡s✳ ❚❤❡ ❇♦❣♦❧✐✉❜♦✈ ❝✲◆✉♠❜❡r ❆♣♣r♦①✐♠❛t✐♦♥ ✐s ❡①❛❝t ♦♥
t❤❡ t❤❡r♠♦❞②♥❛♠✐❝ ❧❡✈❡❧ ✭❆❍▼✮ ❬✻❪✱ ✳

✷✳✽ ❚❤❡ c ✲◆✉♠❜❡r ❆♣♣r♦①✐♠❛t✐♦♥ ❢♦r ■❞❡❛❧ ❇♦s❡✲●❛s

❚❤❡ c✲♥✉♠❜❡r s✉❜st✐t✉t✐♦♥ ✐♥ t❤❡ ❣r❛♥❞✲❝❛♥♦♥✐❝❛❧ ❍❛♠✐❧t♦♥✐❛♥ TΛ(µ) :=
TΛ − µNΛ ✐s

TΛ(µ) → TΛ(c, µ) =
∑

k∈Λ∗\{0}
(εk − µ)b∗kbk − V µ|c|2

❚❤❡♥ ♦♥❡ ❣❡ts ❢♦r t❤❡ ♣r❡ss✉r❡s ✭♥♦t❡ t❤❛t µ < 0 ❛♥❞ εk=0 = 0✮✿

p[TΛ(µ)] =
1

βV
lnTrF exp[−βTΛ(µ)] =

1

βV

∑

k∈Λ∗

ln(1− e−β(εk−µ))−1

p[TΛ(c, µ)] =
1

βV

∑

k∈Λ∗\{0}
ln(1− e−β(εk−µ))−1 + µ|c|2

0 ≤ p[TΛ(µ)]− p[TΛ(c, µ)] =
1

βV
ln(1− eβµ)−1 − µ|c|2 =: ∆Λ(c, µ)

❱❛r✐❛t✐♦♥❛❧ Pr✐♥❝✐♣❧❡✿ {c : infc limΛ ∆Λ(c, µ)} = {c∗(µ)} ⇒
c∗(µ < 0) = 0 ∨ (µc∗(µ)) |µ=0= 0✳ ❍❡♥❝❡✱ t❤❡ ❇❊❈ ❞❡♥s✐t② ✐s ♥♦t ❞❡✜♥❡❞✳

✷✳✾ ●❛✉❣❡ ■♥✈❛r✐❛♥❝❡ ❛♥❞ ❇♦❣♦❧✐✉❜♦✈ ◗✉❛s✐✲❆✈❡r❛❣❡s

❙✐♥❝❡ [HΛ, NΛ] = 0 ✭t♦t❛❧ ♣❛rt✐❝❧❡ ♥✉♠❜❡r ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇✮✱

HΛ = eiϕNΛHΛe
− iϕNΛ , U(ϕ) := eiϕNΛ ,



✽✵ ❱❛❧❡♥t✐♥ ❆✳ ❩❛❣r❡❜♥♦✈

HΛ ✐s ✐♥✈❛r✐❛♥t ✇✳r✳t✳ ❣❛✉❣❡ tr❛♥s❢♦r♠❛t✐♦♥s U(ϕ)✳
❈♦r♦❧❧❛r② ✶✳ ❚❤❡ ❣r❛♥❞✲❝❛♥♦♥✐❝❛❧ ❡①♣❡❝t❛t✐♦♥ ✈❛❧✉❡✿

〈

b0/
√
V
〉

HΛ

(β, µ) = 0✳

▲❡t HΛ,ν(µ) := HΛ(µ)−
√
V (ν b∗0 + ν∗b0)✱ ν ∈ C✳ ❚❤❡♥

〈

b0√
V

〉

HΛ,ν

(β, µ) 6= 0 ,

〈

bk 6=0√
V

〉

HΛ,ν

(β, µ) = 0 .

❘❡♠❛r❦ ✹✳ ❲❤❡t❤❡r t❤❡ ❧✐♠✐t✿ limν→0 limΛ

〈

b0√
V

〉

HΛ,ν

(β, µ) =: c0 6= 0 ?

■❢ ✐t ✐s t❤❡ ❝❛s❡ t❤✐s ②✐❡❧❞s ❛ s♣♦♥t❛♥❡♦✉s ❜r❡❛❦✐♥❣ ♦❢ t❤❡ ❣❛✉❣❡ s②♠♠❡tr②✳
❍❡r❡ c0 ✐s t❤❡ ❇♦❣♦❧✐✉❜♦✈ q✉❛s✐✲❛✈❡r❛❣❡ ❬✹❪✱ ❬✺❪✳ ❚❤❡ ✐❞❡❛ ♦❢ q✉❛s✐✲❛✈❡r❛❣❡s
❛❧❧♦✇❡❞ ❇♦❣♦❧✐✉❜♦✈ t♦ ♣r♦✈❡ ❤✐s ❢❛♠♦✉s 1/q2✲❚❤❡♦r❡♠ ❢♦r ✐♥t❡r❛❝t✐♥❣ ❇♦s❡✲
❣❛s ❛s ✇❡❧❧ ❛s t♦ ❛❞✈❛♥❝❡ ❧❛t❡r ✐♥ ❡❧✉❝✐❞❛t✐♥❣ t❤❡ ❝✲◆✉♠❜❡r ❆♣♣r♦①✐♠❛t✐♦♥✱
s❡❡ ❬✶✺❪✱ ❬✶✻❪✱ ❬✷✶❪✱ ❬✷✻❪✳
❊①❛♠♣❧❡ ✷✳✭■❞❡❛❧ ❇♦s❡✲●❛s✮ ❚❤❡ ❣❛✉❣❡✲❜r❡❛❦✐♥❣ s♦✉r❝❡s ✐♠♣❧②

TΛ,ν(µ) := TΛ(µ)−
√
V (ν b∗0 + ν∗b0) =

−µ(b∗0 +
√
V ν/µ)(b0 +

√
V ν/µ) + T

(k 6=0)
Λ (µ) + V |ν|2/µ.

❚❤❡ c✲♥✉♠❜❡r s✉❜st✐t✉t✐♦♥ ❣✐✈❡s✿

TΛ,ν(µ) → TΛ,ν(c, µ) = −µV (c+ ν/µ)(c+ ν/µ) + T
(k 6=0)
Λ (µ) + V |ν|2/µ

❖♥❡ ❣❡ts ❢♦r t❤❡ ♣r❡ss✉r❡ ✭♥♦t❡ t❤❛t µ < 0 ❛♥❞ εk=0 = 0✮✿

p[TΛ,ν(µ)] = p[TΛ(µ)]− |ν|2/µ ,
p[TΛ,ν(c, µ)] = p[T

(k 6=0)
Λ (µ)] + µV (c+ ν/µ)(c+ ν/µ)− |ν|2/µ ,

0 ≤ p[TΛ,ν(µ)]− p[TΛ,ν(c, µ)] =

1

βV
ln(1− eβµ)−1 − µ|c+ η/µ|2 =: ∆Λ,ν(c, µ) .

❚❤❡ ❱❛r✐❛t✐♦♥❛❧ Pr✐♥❝✐♣❧❡✿{c : infc limΛ ∆Λ,ν(c, µ)} = {c∗(µ, ν) = −ν/µ}
✐♠♣❧✐❡s t❤❛t t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❇❊❈ ❞❡♥s✐t② ρ0∗ ✐s ❞❡✜♥❡❞ ❜② t❤❡ ❧✐♠✐t
|ν/µ(ν)| −→

ν→0

√
ρ0∗ ♦r ❡q✉✐✈❛❧❡♥t❧② ❜②

ρ0∗ := lim
ν→0

µ=µ(ν)→0

|c∗(µ, ν)|2 = lim
ν→0

µ=µ(ν)→0

lim
V→∞

〈 b
∗
0√
V
〉TΛ,ν(µ)〈

b0√
V
〉TΛ,ν(µ) .



❚❤❡ ❇♦❣♦❧✐✉❜♦✈ ❝✲◆✉♠❜❡r ❆♣♣r♦①✐♠❛t✐♦♥ ✽✶

❚❤❡ r❡❧❛t✐♦♥ ♦❢ ❇❊❈ ✈❡rs✉s t❤❡ q✉❛s✐✲❛✈❡r❛❣❡ ❇❊❈ ❛♥❞ t❤❡ ♠❛①✐♠✐③❡r ρ0∗
t❛❦❡s t❤❡ ❢♦r♠✿

zero−mode BEC ρ0 ⇒ 1

V
〈b∗0b0〉TΛ,ν=0(µ) =

1

V

1

e−βµ − 1
≤

|ν|2
µ2

+
1

V

1

e−βµ − 1
=

1

V
〈b∗0b0〉TΛ,ν(µ) ⇒ quasi− average BEC .

❚❤❡♥ ❜② t❤❡ ❱❛r✐❛t✐♦♥❛❧ Pr✐♥❝✐♣❧❡ ❢♦r t❤❡ c✲◆✉♠❜❡r ❆♣♣r♦①✐♠❛t✐♦♥ ♦♥❡
♦❜t❛✐♥s✿

lim
ν→0

µ=µ(ν)→0

lim
V→∞

1

V
〈b∗0b0〉TΛ,ν(µ)

!
= lim

ν→0
µ=µ(ν)→0

lim
V→∞

〈 b
∗
0√
V
〉TΛ,ν(µ)〈

b0√
V
〉TΛ,ν(µ)

⇒ gauge− symmetry breaking BEC = lim
ν→0

µ=µ(ν)→0

|c∗(µ, ν)|2 = ρ0∗ .

❘❡♠❛r❦ ✺✳ ■s ✐t ♣♦ss✐❜❧❡ t❤❛t ρ0 < ρ0∗ ❄ ❚❤❡ ❛♥s✇❡r ✐s ♣♦s✐t✐✈❡✿ ♦♥❡ ❝❛♥
♣r♦✈❡ t❤✐s ✐♥❡q✉❛❧✐t② ❢♦r t❤❡ ✐❞❡❛❧ ❛s ✇❡❧❧ ❛s ❢♦r ❛♥ ✐♥t❡r❛❝t✐♥❣ ❇♦s❡✲❣❛s ❬✼❪
✐❢ t❤❡② ♠❛♥✐❢❡st ❣❡♥❡r❛❧✐s❡❞ ❇❊❈ ♦❢ t❤❡ t②♣❡ ■■ ♦r ■■■✳
Pr♦♣♦s✐t✐♦♥ ✹ ❬✶✺❪✱ ❬✶✻❪✳ ❚❤❡ k = 0 ✕ ♠♦❞❡ ❇❊❈ ⇒ q✉❛s✐✲❛✈❡r❛❣❡
❇❊❈⇔ s♣♦♥t❛♥❡♦✉s ❣❛✉❣❡✲s②♠♠❡tr② ❜r❡❛❦✐♥❣ ❇❊❈⇔ ♥♦♥✲③❡r♦ c✲♥✉♠❜❡r
❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ ♠♦❞❡ k = 0✳

❚❤❡ ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ ●r✐✣t❤✬s ❛r❣✉♠❡♥ts ❛♥❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦
Pr♦♣♦s✐t✐♦♥s✿
Pr♦♣♦s✐t✐♦♥ ✺ ❋♦r ❛ r❡❛❧ ν ♦♥❡ ❣❡ts ❡q✉❛❧✐t② ❜❡t✇❡❡♥ t❤❡ ❧✐♠✐ts✿

lim
Λ
pΛ(µ; ν) = lim

Λ
p′Λ(µ; ν) = lim

Λ
pΛ,max(µ; ν) ,

✇❤✐❝❤ ❛r❡ ❝♦♥✈❡① ✐♥ ν✳
Pr♦♣♦s✐t✐♦♥ ✻ ✭●❛✉❣❡✲❙②♠♠❡tr② ❇r❡❛❦✐♥❣ ❛♥❞ ❇❊❈✮

lim
|ν|→0, arg(ν)

lim
Λ

〈

b0√
V

〉

HΛ,ν

(β, µ) =

lim
|ν|→0, arg(ν)

lim
Λ

|zΛ,max(ν)| ei arg(ν)/
√
V =: c0 .

❍❡r❡ ❜② t❤❡ ❱❛r✐❛t✐♦♥❛❧ Pr✐♥❝✐♣❧❡✿ zΛ,max(ν) = |zΛ,max(ν)| ei arg(ν)✱

sup
ζ

TrF′
0
exp[−βH ′

Λ(ζ, µ; ν)] = TrF′
0
exp[−βH ′

Λ(zΛ,max(ν), µ; ν)]

= exp [βV pΛ,zΛ,max(ν)(µ; ν)] =: exp [βV pΛ,max(µ; ν)],



✽✷ ❱❛❧❡♥t✐♥ ❆✳ ❩❛❣r❡❜♥♦✈

❛♥❞ zΛ,max(0) = |zΛ,max(0)| eiφ✱ pΛ,zΛ,max(ν)(µ; ν)|ν=0 = pΛ,max(µ)✳
❈♦r♦❧❧❛r② ✷✳ ❖♥❡ ♦❜t❛✐♥s ❢♦r t❤❡ q✉❛s✐✲❛✈❡r❛❣❡ ❝♦♥❞❡♥s❛t❡ ❞❡♥s✐t② ❛♥❞
❢♦r t❤❡ ❝♦♥❞❡♥s❛t❡ ❞❡♥s✐t② ❡q✉❛t✐♦♥✿

ρ0(β, µ) = lim
|ν|→0, arg(ν)

lim
Λ

〈

b∗0 b0
V

〉

HΛ,ν

(β, µ)= lim
Λ

|c0,Λ,max|2(β, µ) .

✇❤❡r❡ c0,Λ,max ✐s ❛ ♠❛①✐♠✐③❡r ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ♣r♦❜❧❡♠✿

sup
c0

TrF′
0
exp[−βH ′

Λ(c0
√
V , µ)] = TrF′

0
exp[−βH ′

Λ(c0,Λ,max

√
V , µ)]

✸ ❘❛♥❞♦♠ ❍♦♠♦❣❡♥❡♦✉s ✭❊r❣♦❞✐❝✮ ❊①t❡r♥❛❧
P♦t❡♥t✐❛❧s✳

✸✳✶ ❘❛♥❞♦♠ ❛♥❞ ❑✐♥❡t✐❝✲❊♥❡r❣② ❊✐❣❡♥❢✉♥❝t✐♦♥s

❋♦r t❤❡ ❛❧♠♦st s✉r❡❧② ✭❛✳s✳✮ s❡❧❢✲❛❞❥♦✐♥t r❛♥❞♦♠ ❙❝❤r☎♦❞✐♥❣❡r ♦♣❡r❛t♦r ✐♥
Λ ⊂ R

d ♦♥❡ ❤❛s✿

hωΛ φ
ω
j = (tΛ + vω)Λ φ

ω
j = Eω

j φ
ω
j , for almost all(a.a.) ω ∈ Ω ,

✇❤❡r❡ {φωj }j≥1 ❛r❡ t❤❡ r❛♥❞♦♠ ❡✐❣❡♥❢✉♥❝t✐♦♥s✳ ■♥ t❤❡ ❧✐♠✐t Λ ↑ R
d t❤❡

s♣❡❝tr✉♠ σ(hω) ♦❢ t❤✐s ♦♣❡r❛t♦r ✐s ❛✳s✳ ♥♦♥r❛♥❞♦♠ ❬✶✾❪✳
▲❡t NΛ(φ

ω
j ) ❜❡ ♣❛rt✐❝❧❡✲♥✉♠❜❡r ♦♣❡r❛t♦r ✐♥ t❤❡ ❡✐❣❡♥st❛t❡ φωj ✳

NΛ :=
∑

j≥1

NΛ(φ
ω
j ) :=

∑

j≥1

b∗(φωj )b(φ
ω
j )

✐s t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦♣❡r❛t♦r ✐♥ t❤❡ ❜♦s♦♥ ❋♦❝❦ s♣❛❝❡ F(L2(Λ))✱ b(φωj ) :=
∫

Λ
dxφωj (x) b(x)✱ ❛♥❞ {φωj }j≥1 ✐s ❛✳s✳ ❛ ✭r❛♥❞♦♠✮ ❜❛s✐s ✐♥ H = L2(Λ)✳
▲❡t tΛ ψk = εk ψk ❜❡ t❤❡ ❦✐♥❡t✐❝✲❡♥❡r❣② ♦♣❡r❛t♦r ❡✐❣❡♥❢✉♥❝t✐♦♥s

{ψk}k∈Λ∗ ✇✐t❤ ❡✐❣❡♥✈❛❧✉❡s εk = ~
2 k2/2m✳ ❘❡❝❛❧❧ t❤❛t ♦♥❡ ♦❢ t❤❡

❦❡② ❤②♣♦t❤❡s✐s ♦❢ t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ ❇♦❣♦❧✐✉❜♦✈ ❚❤❡♦r② ✐s t❤❡ ❡①✐st❡♥❝❡
♦❢ tr❛♥s❧❛t✐♦♥✲✐♥✈❛r✐❛♥t ❣r♦✉♥❞✲st❛t❡ ✭✐✳❡✳ t❤❡ ③❡r♦✲♠♦❞❡ ψk=0✮ ❇♦s❡
❝♦♥❞❡♥s❛t✐♦♥✳

❘❛♥❞♦♠ ❍❛♠✐❧t♦♥✐❛♥ Hω
Λ ♦❢ ✐♥t❡r❛❝t✐♥❣ ❇♦s♦♥s ✐♥ F(H)✿

Hω
Λ := Tω

Λ + UΛ = random Schrodinger operator + interaction ,



❚❤❡ ❇♦❣♦❧✐✉❜♦✈ ❝✲◆✉♠❜❡r ❆♣♣r♦①✐♠❛t✐♦♥ ✽✸

✇❤❡r❡ t❤❡ ❦✐♥❡t✐❝✲❡♥❡r❣② ♦♣❡r❛t♦r ❤❛s t✇♦ ❢♦r♠s✿

dΓ(hωΛ) := Tω
Λ =

∑

j≥1

Eω
j b∗(φωj )b(φ

ω
j ) =

∑

k1,k2∈Λ∗

(ψk1
, (tΛ + vω)ψk2

)Hb
∗
k1
bk2
.

◆♦t❡ t❤❛t t❤❡r❡ ❛r❡ ❛❧s♦ t✇♦ ❢❛❝❡s ❢♦r t❤❡ s❡❝♦♥❞✲q✉❛♥t✐s❡❞ t✇♦✲❜♦❞②
✐♥t❡r❛❝t✐♦♥ u(x− y) ✐♥ F(H)✿

UΛ :=
1

2

∑

j1,j2
j3,j4

(φωj1 ⊗ φωj2 , u φ
ω
j3 ⊗ φωj4)H⊗H b∗(φωj1)b

∗(φωj2) b(φ
ω
j3)b(φ

ω
j4)

=
1

2V

∑

k1,k2,q∈Λ∗

v (q) b∗k1+qb
∗
k2−qbk2

bk1

❘❡♠❛r❦ ✻✳ ❖✉r ❛✐♠ ✐s t♦ ❡❧✉❝✐❞❛t❡ t❤❡ st❛t✉s ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r❧②
❡①❛❝t♥❡ss ♦❢ t❤❡ ❇♦❣♦❧✐✉❜♦✈ ❝✲◆✉♠❜❡r ❆♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ r❛♥❞♦♠
✐♥t❡r❛❝t✐♥❣ ❜♦s♦♥ ❣❛s✳ ❋♦r ❡①❛♠♣❧❡ t♦ ❛♥s✇❡r t❤❡ q✉❡st✐♦♥s ❝♦♥❝❡r♥✐♥❣
t❤❡ ✭❣❡♥❡r❛❧✐s❡❞✮ ❇❊❈✿
∑

j:Eω
j 6δ〈NΛ(φ

ω
j )〉Hω

Λ
/V → c ❄ ♦r

∑

k:εk6γ〈NΛ(ψk)〉Hω
Λ
/V → c ❄

✸✳✷ ❘❛♥❞♦♠ ✈❡rs✉s ❑✐♥❡t✐❝✲❊♥❡r❣② ❈♦♥❞❡♥s❛t✐♦♥

Pr♦♣♦s✐t✐♦♥ ✼ ❬✶✶❪ ▲❡t Hω
Λ := Tω

Λ + UΛ ❜❡ ♠❛♥②✲❜♦❞② ❍❛♠✐❧t♦♥✐❛♥
♦❢ ✐♥t❡r❛❝t✐♥❣ ❜♦s♦♥s ✐♥ r❛♥❞♦♠ ❡①t❡r♥❛❧ ♣♦t❡♥t✐❛❧ V ω

Λ ✳ ■❢ t❤❡ ♣❛rt✐❝❧❡
✐♥t❡r❛❝t✐♦♥ UΛ ❝♦♠♠✉t❡s ✇✐t❤ ❛♥② ♦❢ ♥✉♠❜❡r ♦♣❡r❛t♦rs NΛ(φ

ω
j ) ✭❧♦❝❛❧

❣❛✉❣❡ ✐♥✈❛r✐❛♥❝❡✮✱ t❤❡♥

a.s.− lim
δ↓0

lim
Λ

∑

j:Eω
j 6δ

1

V
〈(NΛ(φ

ω
j )〉Hω

Λ
> 0 ⇔

⇔ a.s.− lim
γ↓0

lim inf
Λ

∑

k:εk6γ

1

V
〈NΛ(ψk)〉Hω

Λ
> 0 ,

❛♥❞ ✿ limγ↓0 limΛ

∑

k:εk>γ 〈NΛ(ψk)〉Hω
Λ
/V = 0✳ ❍❡r❡ 〈−〉Hω

Λ
✐s q✉❛♥t✉♠

●✐❜❜s ❡①♣❡❝t❛t✐♦♥ ✇✐t❤ r❛♥❞♦♠ ❍❛♠✐❧t♦♥✐❛♥ Hω
Λ ✳

❘❡♠❛r❦ ✼ ■❢ ❛ ♠❛♥②✲❜♦❞② ✐♥t❡r❛❝t✐♦♥ s❛t✐s✜❡s t❤❡ ❧♦❝❛❧ ❣❛✉❣❡ ✐♥✈❛r✐❛♥❝❡✿

[UΛ, NΛ(φj)] = 0 ,

t❤❡♥ UΛ ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♦❝❝✉♣❛t✐♦♥ ♥✉♠❜❡r ♦♣❡r❛t♦rs {NΛ(φj)}j≥1✳
❋♦r t❤✐s r❡❛s♦♥ ✐t ✐s ❝❛❧❧❡❞ ❛ ✏❞✐❛❣♦♥❛❧ ✐♥t❡r❛❝t✐♦♥✧✳



✽✹ ❱❛❧❡♥t✐♥ ❆✳ ❩❛❣r❡❜♥♦✈

❈♦r♦❧❧❛r② ✸ ❆ r❛♥❞♦♠ ❧♦❝❛❧✐③❡❞ ❣❡♥❡r❛❧✐s❡❞ ✭♦❢ ❛ ②❡t ✉♥❦♥♦✇♥ t②♣❡✮
❜♦s♦♥ ❝♦♥❞❡♥s❛t✐♦♥ ♦❝❝✉rs ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ✐s ❛ ❣❡♥❡r❛❧✐s❡❞ ✭t②♣❡
■■✴■■■✮ ❝♦♥❞❡♥s❛t✐♦♥ ✐♥ t❤❡ ❡①t❡♥❞❡❞ ✭❦✐♥❡t✐❝✲❡♥❡r❣②✮ ❡✐❣❡♥st❛t❡s✳ ❚❤✐s ✐s ❛
♣♦ss✐❜❧❡ ✇❛② t♦ s❛✈❡ t❤❡ ❇♦❣♦❧✐✉❜♦✈ t❤❡♦r② ✐♥ ❛ t❤❡ ❝❛s❡ ♦❢ ♥♦♥✲tr❛♥s❧❛t✐♦♥
✐♥✈❛r✐❛♥t ✱ ❜✉t ❤♦♠♦❣❡♥❡♦✉s r❛♥❞♦♠ ❡①t❡r♥❛❧ ♣♦t❡♥t✐❛❧✳

✸✳✸ ❆♠♦✉♥ts ♦❢ ❘❛♥❞♦♠ ❛♥❞ ♦❢ ❑✐♥❡t✐❝✲❊♥❡r❣②
❈♦♥❞❡♥s❛t❡s

▲❡t ❢♦r ❛♥② A ⊂ R+ t❤❡ ♣❛rt✐❝❧❡ ♦❝❝✉♣❛t✐♦♥ ♠❡❛s✉r❡s mΛ ❛♥❞ m̃Λ ❛r❡
❞❡✜♥❡❞ ❢♦r t❤❡ ♣❡r❢❡❝t ❇♦s❡✲❣❛s ❜②✿

mΛ(A) :=
1

V

∑

j:Ei∈A

〈NΛ(φ
ω
i )〉Tω

Λ
, m̃Λ(A) :=

1

V

∑

k:εk∈A

〈NΛ(ψk)〉Tω
Λ
.

Pr♦♣♦s✐t✐♦♥ ✽ ❬✶✶❪ ❋♦r t❤❡ ♣❡r❢❡❝t ❇♦s❡✲❣❛s ❛♠♦✉♥ts ♦❢ r❛♥❞♦♠ ❛♥❞
❦✐♥❡t✐❝✲❡♥❡r❣② ❝♦♥❞❡♥s❛t❡s ❝♦✐♥❝✐❞❡✿

m(dE) =

{

(ρ− ρc)δ0(dE) + (eβE − 1)−1 N (dE) ✐❢ ρ > ρc ,
(eβ(E−µ∞) − 1)−1 N (dE) ✐❢ ρ < ρc ,

m̃(dε) =

{

(ρ− ρc)δ0(dε) + F (ε)dε ✐❢ ρ > ρc,
F (ε)dε ✐❢ ρ < ρc.

✇✐t❤ ❡①♣❧✐❝✐t❧② ❞❡✜♥❡❞ ❞❡♥s✐t② F (ε)✳ ❋♦r ♠♦❞❡❧s ✇✐t❤ ❞✐❛❣♦♥❛❧ ✐♥t❡r❛❝t✐♦♥s✿
mΛ(A) ≤ m̃Λ(A)✳

✸✳✹ ❇❊❈ ✐♥ ❖♥❡✲❉✐♠❡♥s✐♦♥❛❧ ❘❛♥❞♦♠ P♦t❡♥t✐❛❧✳
P♦✐ss♦♥ P♦✐♥t✲■♠♣✉r✐t✐❡s

❋♦r d = 1 ❛♥❞ ❢♦r r❡♣✉❧s✐✈❡ P♦✐ss♦♥ ♣♦✐♥t✲✐♠♣✉r✐t✐❡s ✇✐t❤ ❞❡♥s✐t② τ ❛♥❞
a > 0✱ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❡r❣♦❞✐❝ r❛♥❞♦♠ ❡①t❡r♥❛❧ ♣♦t❡♥t✐❛❧ ❤❛s t❤❡ ❢♦r♠✿

vω(x) : =

∫

R1

µω
τ (dy)a δ(x− y) =

∑

j

a δ(x− yωj )

P{ω : µω
τ (Λ) = s} =

|Λ|s
s!

e−τ |Λ| , E(µω
τ (Λ)) = τ |Λ| , Λ ⊂ R

1 .

−− • −−• −−−−−−− • −−−−• − • −−−−− • −−− • −−−−



❚❤❡ ❇♦❣♦❧✐✉❜♦✈ ❝✲◆✉♠❜❡r ❆♣♣r♦①✐♠❛t✐♦♥ ✽✺

Pr♦♣♦s✐t✐♦♥ ✾ ❬✶✹❪ ▲❡t a = +∞✳ ❚❤❡♥ σ(hω) ✐s ❛✳s✳ ♥♦♥r❛♥❞♦♠✱ ❞❡♥s❡
♣✉r❡✲♣♦✐♥t s♣❡❝tr✉♠ s✉❝❤ t❤❛t t❤❡ ❝❧♦s✉r❡ σp.p.(hω) ❂ [0,+∞)✱ ✇✐t❤ t❤❡
■♥t❡❣r❛t❡❞ ❉❡♥s✐t② ♦❢ ❙t❛t❡s

N (E) = τ
e−πτ/

√
2E

1− e−πτ/
√
2E

∼ τe−πτ/
√
2E , E ↓ 0, (Lifshitz tail).

❖♥❡ ❣❡ts ❢♦r t❤❡ s♣❡❝tr✉♠✿

(a.s.)− σ(hω) =
⋃

j

{

π2s2/2(Lω
j )

2
}∞
s=1

,

✇❤❡r❡ ✐♥t❡r✈❛❧s Lω
j = yωj − yωj−1 ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞

r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✿

dPτ,j1,...,jk(Lj1 , . . . , Ljk) = τk
k
∏

s=1

e−τLjsdLjs

❚❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s✿ ❢♦r ❛✳❛✳ ω ∈ Ω t❤❡ ♦♥❡✲♣❛rt✐❝❧❡ ❧♦❝❛❧✐③❡❞ q✉❛♥t✉♠
st❛t❡s {φωj }j≥1✱ ❣✐✈❡ ❛ ❜❛s✐s ✐♥ L2(Λ)✳

✹ ●❡♥❡r❛❧✐③❡❞ c✲♥✉♠❜❡rs ❛♣♣r♦①✐♠❛t✐♦♥

✹✳✶ ❊①✐st❡♥❝❡ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ ♣r❡ss✉r❡

❙✐♥❝❡ r❛♥❞♦♠♥❡ss ✐♠♣❧✐❡s ❢r❛❣♠❡♥t❡❞ ✭♦r ❣❡♥❡r❛❧✐③❡❞ t②♣❡ ■■✴■■■✮
❝♦♥❞❡♥s❛t✐♦♥✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ❇♦❣♦❧✐✉❜♦✈ ❛♣♣r♦①✐♠❛t✐♦♥ ♣❤✐❧♦s♦♣❤②✱ ✇❡ ✇❛♥t
t♦ r❡♣❧❛❝❡ ❛❧❧ ❝r❡❛t✐♦♥✴❛♥♥✐❤✐❧❛t✐♦♥ ♦♣❡r❛t♦rs ✐♥ t❤❡ ♠♦♠❡♥t✉♠ st❛t❡s ψk

✇✐t❤ ❦✐♥❡t✐❝ ❡♥❡r❣② ❧❡ss t❤❛♥ s♦♠❡ δ > 0 ❜② c✲♥✉♠❜❡rs✳ ▲❡t Iδ ⊂ Λ∗ ❜❡
t❤❡ s❡t ♦❢ ❛❧❧ r❡♣❧❛❝❡❛❜❧❡ ♠♦❞❡s

Iδ :=
{

k ∈ Λ∗ : ~2k2/2m 6 δ
}

,

❛♥❞ ✇❡ ❞❡♥♦t❡ nδ := card{k : k ∈ Iδ}✳
❘❡♠❛r❦ ✽ ❚❤❡ ♥✉♠❜❡r ♦❢ q✉❛♥t✉♠ st❛t❡s nδ ✐s ♦❢ t❤❡ ♦r❞❡r Vl s✐♥❝❡ ❜②
❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ■♥t❡❣r❛t❡❞ ❉❡♥s✐t② ♦❢ ❙t❛t❡s✿ nδ = V NΛ(δ)✳ ❚♦ ✉s❡ t❤❡
▲✐❡❜✲❙❡✐r✐♥❣❡r✲❨♥❣✈❛s♦♥ ♠❡t❤♦❞ ✇❡ ❝♦♥s✐❞❡r nδΛ = O(V 1−γ)✱ 0 < γ < 1✳
❲❤② ✐t ✐s ♣♦ss✐❜❧❡ ❄ ❙❡❡ ❈♦r♦❧❧❛r② ✹✱ ❛♥❞ ❬✷✺❪ ❢♦r ❞❡t❛✐❧s✳



✽✻ ❱❛❧❡♥t✐♥ ❆✳ ❩❛❣r❡❜♥♦✈

✹✳✷ ●❡♥❡r❛❧✐s❡❞ ❇❊❈ ♦❢ t②♣❡ ■■■✿ ♦♥❡✲♠♦❞❡ ♣❛rt✐❝❧❡
♦❝❝✉♣❛t✐♦♥s

❉❡✜♥✐t✐♦♥ ✹ ❬✶✷❪ ❲❡ ❝❛❧❧ ❡✐❣❡♥❢✉♥❝t✐♦♥s✿ {φωj }j≥1 ✇❡❛❦❧② ❧♦❝❛❧✐s❡❞ ✐❢

lim
Λ

1√
V

∫

Λ

dx |φωj (x)| = 0 for a.a. ω ∈ Ω .

Pr♦♣♦s✐t✐♦♥ ✶✵ ❬✶✷❪✱❬✶✸❪ ▲❡t ❛❧❧ {φωj }j≥1 ❜❡ ❧♦❝❛❧✐s❡❞✳ ❚❤❡♥ ❢♦r ♠♦❞❡❧s
Hω

Λ ✇✐t❤ ❞✐❛❣♦♥❛❧ ✐♥t❡r❛❝t✐♦♥s

lim
Λ

1

V
〈NΛ(ψk)〉Hω

Λ

= 0 for ❛❧❧ k ∈ {Λ∗}

❚❤✐s ✐♠♣❧✐❡s t❤❛t ❛♥② ♣♦ss✐❜❧❡ ❣❡♥❡r❛❧✐s❡❞ ❦✐♥❡t✐❝✲❡♥❡r❣② ❇❊❈ ✐♥ t❤❡s❡
♠♦❞❡❧s ✐s ♦❢ t②♣❡ ■■■ ✳
❈♦r♦❧❧❛r② ✹ ❚❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥❞❡♥s❡❞ ❦✐♥❡t✐❝✲♠♦❞❡s ✐s ❛t ♠♦st O(V 1−γ)✱
0 < γ < 1✱ ❛♥❞ ✐♥ t❤✐s ❝❛s❡ ♦♥❡ ❝❛♥ ✉s❡ t❤❡ ▲❙❨ ♠❡t❤♦❞ ❢♦r t❤❡ ♠♦❞❡s✿

lim
Λ

1

V γ
〈NΛ(ψk)〉Hω

Λ

6= 0 , for k ∈ IδΛ , γ = 1− ǫ

▲❡t Hδ ❜❡ t❤❡ s✉❜s♣❛❝❡ ♦❢ H s♣❛♥♥❡❞ ❜② t❤❡ s❡t ♦❢ ψk ✇✐t❤ k ∈ Iδ✱ ❛♥❞
Pδ ❜❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t♦r ♦♥t♦ t❤✐s s✉❜s♣❛❝❡✳ ❍❡♥❝❡✱ ✇❡ ❤❛✈❡ ❛ ♥❛t✉r❛❧
❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ t♦t❛❧ s♣❛❝❡ H ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡♣r❡s❡♥t❛t✐♦♥
❢♦r t❤❡ ❛ss♦❝✐❛t❡❞ s②♠♠❡tr✐s❡❞ ❋♦❝❦ s♣❛❝❡✿

H = Hδ ⊕H′ , F ≈ Fδ ⊗ F′.

❚❤❡♥ ✇❡ ♣r♦❝❡❡❞ ✇✐t❤ t❤❡ ❇♦❣♦❧✐✉❜♦✈ s✉❜st✐t✉t✐♦♥ bk → ck ❛♥❞ b
∗
k → ck ❢♦r

❛❧❧ k ∈ Iδ✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s ❛♥ ❛♣♣r♦①✐♠❛t✐♥❣ ✭❢♦r t❤❡ ✐♥✐t✐❛❧✮ ❍❛♠✐❧t♦♥✐❛♥✱
t❤❛t ✇❡ ❞❡♥♦t❡ ❜② H low

Λ (µ, {ck})✳
❚❤❡ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣r❡ss✉r❡ ❢♦r t❤✐s

❛♣♣r♦①✐♠❛t✐♥❣ ❍❛♠✐❧t♦♥✐❛♥ ❤❛✈❡ t❤❡ ❢♦r♠✿

Ξlow
Λ (µ, {ck}) = TrF′ e−βHlow

Λ
(µ,{ck}) ,

plowΛ,δ (µ, {ck}) =
1

V
ln Ξlow

Λ (µ, {ck}) .

Pr♦♣♦s✐t✐♦♥ ✶✵ ❬✶✸❪✱ ❬✷✺❪ ❚❤❡ ❝✲♥✉♠❜❡rs s✉❜st✐t✉t✐♦♥ ❢♦r ❛❧❧ ♦♣❡r❛t♦rs ✐♥
t❤❡ ❡♥❡r❣②✲❜❛♥❞ IδΛ ✱ card{k : k ∈ IδΛ} = O(V 1−γ)✱ ❞♦❡s ♥♦t ❛✛❡❝t t❤❡
♦r✐❣✐♥❛❧ ♣r❡ss✉r❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥s❡✿

a.s.− lim
Λ
[pΛ(β, µ)− {max

{ck}
plowΛ,δΛ(µ, {ck})}] = 0



❚❤❡ ❇♦❣♦❧✐✉❜♦✈ ❝✲◆✉♠❜❡r ❆♣♣r♦①✐♠❛t✐♦♥ ✽✼

❘❡♠❛r❦ ✾ ❇❡s✐❞❡s t❤❡ t②♣❡ ■■■ ❝♦♥❞❡♥s❛t✐♦♥ t❤❡ ❧❛st st❛t❡♠❡♥t ❝♦✈❡rs t❤❡
♦♥❡✲♠♦❞❡ ❝❛s❡✳ ❋♦r t❤❡ ❝❛s❡ ♦❢ ❡✈❡♥t✉❛❧ t②♣❡ ■■ ❝♦♥❞❡♥s❛t✐♦♥ t❤❡ ❛r❣✉♠❡♥ts
❛r❡ s✐♠✐❧❛r✱ ❜✉t ✇✐t❤ ❛ ✈♦❧✉♠❡✲❞❡♣❡♥❞❡♥t ❝✉t✲♦✛ ♦❢ t❤❡ ❝♦♥✈❡r❣✐♥❣ s✉♠ ♦✈❡r
♠♦❞❡s ❬✷✺❪✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ▼✳❇❡❛✉✱ ❱✳❆✳❩❛❣r❡❜♥♦✈✳ ❚❤❡ s❡❝♦♥❞ ❝r✐t✐❝❛❧ ❞❡♥s✐t② ❛♥❞ ❛♥✐s♦tr♦♣✐❝
❣❡♥❡r❛❧✐s❡❞ ❝♦♥❞❡♥s❛t✐♦♥✳ ❈♦♥❞✳ ▼❛tt❡r P❤②s✳✱ ✸✶✱ ✷✸✵✵✸✿✶✲✶✵✱ ✭✷✵✶✵✮✳
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