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MITTAG-LEFFLER FUNCTIONS AND COMPLETE MONOTONICITY
THOMAS SIMON

ABSTRACT. We consider two operations on the Mittag-Leffler function which cancel the ex-
ponential term in the expansion at infinity, and generate a completely monotonic function.
The first one is the action of a certain differential-difference operator, and leads to a char-
acterization via some necktie domain. The second one is the subtraction of the exponential
term itself multiplied by an incomplete Gamma function. These results extend previous
works by various authors.

1. INTRODUCTION

The classical Mittag-Leffler function is the entire function

n

z
EQ(Z)—ZW, ZGC,OK>0,

n>0

and can be viewed as an extension of the exponential function. The generalized Mittag-Leffler

function writes
n

z
E.p(z) = —_— Zz .
aﬁ() ; F(ﬁ+an)’ 6@,0&,5>0
Introduced for analytical purposes by Mittag-Lefer and Wiman at the beginning of the
twentieth century, these functions have been the object of many studies. We refer to Chapter
XVIII in [3] and Chapter 3 in [2] for classical properties, and also to the survey [4] for a more
recent account. Nowadays these functions play an important role in fractional calculus, and
find some applications in physics [6].
It has been shown by Pollard [9] that the function

T = Eu(—x), r € RT,

is completely monotonic (CM) for any o € (0, 1]. Recall that a smooth function on (0, 4+00)
is CM if its successive derivatives have an alternating sign, starting positive. Bernstein’s
theorem - see e.g. [13] p.160 - states that a function f is CM if and only if it writes

flay = [ etutan

for some positive o—finite measure p. Pollard’s result was improved by Schneider [10], who
showed that E, s(—z) is CM if and only if @ € (0, 1] and 5 > «. A short proof of this latter
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MITTAG-LEFFLER FUNCTIONS AND COMPLETE MONOTONICITY 2
result, using an Abelian transformation, has been obtained in [7]. On the other hand, the
author observed in [11] that the function

r = Eo(2%) — az® 'E/(z%)

is CM for all a € [1,2]. In the present paper we pursue these lines of research and display
further CM properties of the functions F, and E, g. For every 8 > 0, consider the following
differential-difference operator

Lof(z) = f'(x) +
For every x > 0, set F,, g(x) = E,5(z%),
Dop(r) = LsFop(x) — Fop(),

and D, g(x) = —D,p(x). It is easy to see that Dy g = 0 for all # > 0. If o # 1, notice
that D, g is the difference of two functions with exponential growth at infinity: one has the
convergent series representation

-1

T

(f(x) = f(0)).

an—1 an

Dasl®) = 2 van—1) ~ 2= T(5 Tan) (L.1)

n>1 n>0

Theorem A. Assume a # 1. The following equivalences hold.
(a) DpapisCM < a€ (0,1),>aV(l—a).

(b) Dy is CM < either a € (1,2], 5 >1oraec (0,1), 8 <aA(l—a).

Do is CM

5 N D, g is CM

\J

Observe that D1/ = 0, as can also be seen from (1.1). In the above result, the role of the
operator Lz is to cancel the leading exponential term in the expansion of E, g(z*). More
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precisely, the asymptotic expansion 18.1(22) p. 210 in [3] shows that for a € (0, 2],

1-8
xrPe
E,p(x) ~ — T — +00,

and the right hand side is, up to some function with polynomial decay, annihilated by the
action of L. Other differential-difference operators can be chosen in order to make this
cancellation, but L is the most natural one because LgE) 5 = E 3.

In view of the complete expansion 18.1(22) in [3], one may ask if subtracting from E, 5(z®)
the leading exponential term itself would not lead to a CM function. The following result
shows that this is indeed the case for o € (0, 2], 8 > 1, up to a slight multiplicative correction
when § > 1. For every u,x > 0, set

y(u,x) = / t“ et dt
0
for the incomplete Gamma function.

Theorem B. The following functions are CM.

(a) For every o € (0, 1], the function

(b) For every a € (0,1] and B > 1, the functions
v Pety(B — 1, 7)
al'(B—1)

(c) For every a € [1,2], the function

1 Pety (B —1,1)
al(f—1)

— F,5(2) and LsF, p(x) —

x = Eu(x%) — c.
«

(d) For every a € [1,2] and B > 1, the functions

1Py (B —1,1) v Pety (B —1,1)
oT(5— 1) mh T

Fop(z) — — LsFop(7).

This result shows that when 8 > 1, the CM functions of Theorem A are decomposed, in
a non-trivial way, into the sum of two CM functions. It seems however difficult to obtain
such a decomposition for 3 < 1, because the underlying Bernstein measures of D, g or D, s
have then a complicated expression.

It is interesting to interpret the result of Theorem B in light of the known asymptotic
expansions of E, g(x*) and (5 — 1, ) at infinity. Using

R . " T(s)a" _
s—1_-—t s—1_—x (n+1)
/x teTtdt = 2 e (E T 7) + o(x ))
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we get the expansion

Dy (B—1,1) z* x ok ~(n+1) (@A)
F,p(x) — al'(5— 1) = ; (af(ﬁ—k) N F(ﬁ_ak)) + o(z~(mHDlanl)y

whose leading term is negative for a < 1 and positive for a > 1, in accordance with (b) and
(d). Throughout this paper, we will often encounter functions depending on a parameter
which become CM when they are positive - see Remark 1 (b) below. Notice also that the
coefficients in the expansion all vanish for a = 1, which matches the easily established - see
(3.3) below - identity

1-8 _
Eyolx) = v ey (B —1x)
I —1)

It is possible to improve Part (a) of Theorem A as well as Parts (a) and (b) of Theorem B,
in showing the CM property for the functions taken at '/®. For Theorem B the situation is
quite different according as o < 1/2 or v € [1/2, 1], where the functions under consideration
turn out to have tight connections with the spectrally positive (1/«)—stable Lévy process.
On the other hand, when « € (1,2] the involved functions are linked with the spectrally
positive a—stable Lévy process. All these relationships are explained in details towards the
end of the paper. Theorems A and B are proved in Section 2 and 3 respectively, following an
approach which is mainly based on Mellin and Stieltjes inversions, and depends in a crucial
way on certain Abelian transformations inspired by that of [7] and connecting the relevant
functions with one another. The argumentation becomes quite intricate for 0 < o, < 1
inside the necktie domain. At the end of each proof, we provide a complete list of the
underlying Bernstein measures.

2. PROOF OF THEOREM A

2.1. Proof of (a). We begin with the only if part. The necessity of o € (0,1) comes from

the fact that if a > 1,
1
Dys(0+) = —— < 0.
Suppose now « € (0,1). Then

xa—l

Do) a5
as * — 0+, an expression which is negative if 5 < 1 — . Finally, if | —a < § < « then (1.1)
entails
T (0%
I'(f—a)

where the equivalence comes from the aforementioned asymptotic expansion 18.1(22) in [3].

Da’ﬁ(l’) = LL’a_lFa’oH_ﬁ_l(l’) — Fa’ﬁ(l’) ~ < 0, T — +00,

We now show that if & € (0,1) and > aV (1 — «), then D, g is CM. We start with the
case f = 1, a situation which was already settled in [11] - see Remark 2 (b) therein - with
the help of Hankel’s contour formula for the reciprocal of the Gamma function. We provide
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here an alternative argument relying on Stieltjes inversion. Using (1.1), we first compute the
Laplace transform
1 — Sa—l

5@ —1

/ e Dy1(zr)dr =
0

for every s > 0. The function

s —1
has an analytic extension on C/(—o0,0] such that F,(z) — 0 as |z| — oo and F,(z) =
o(|z|1) as |z| — 0, uniformly in every sector |arg z| < m — &, € > 0. Besides, for every r > 0
and 6 € (—m, ) one has, setting v =a —1/2 € (—1/2,1/2),
2(r=t 4+ r¥) cos(v0) — 2(1 + r?*~1) cos(0/2)
r2e — 2re cos(f) + 1
2(r*=t + 1) (cos(v8) — cos(6/2)) + 2(r* — 1)(1 — r*~) cos(0/2)

_ > 0.
r2e — 2r*cos(f) + 1 -

R(e¥2F, (rel))

From [5] p. 238, we deduce that F, is the Stieltjes transform of some positive measure (i, (dt)
on (0,+00), viz. it writes

Fi(s) = /0 h “taid? _ /0 e < /0 ooe_””t,ua(dt)) da.

Moreover, the Perron-Stieltjes inversion formula - see e.g. Theorem VIIL.7.a p. 339 in [13] -
entails

1
palb) = pala) = lim 5 [ (Bt —in) = Ful—t+ ) d
_ /b sin(ra)t* (1 +t) ”
), m(t2> — 2cos(ma)te + 1)
for every 0 < a < b. By uniqueness of the Laplace transform, this yields
Dyy(z) = /OO e ™ sin(ra)t*"(1 +¢)
’ 0 (12> — 2 cos(ma)t® + 1)
and shows that D, ; is CM. To handle the case 5 > 1 we appeal to the formula

dt, x>0, (2.1)

1 1
D, 5(z) = 7/ 1 —1)%72D, i (zt) dt, 2.2
5@ = F=gy [ =0 Dute (22
which can be checked from (1.1). Setting
sin(mra)t* (1 +¢
) - Sl (1

(2% — 2 cos(mar )t 4+ 1)

we deduce from (2.2) and Fubini’s theorem

Do s(z) = /Ooo et (ﬁ /01(1 —u)ﬁ—2fa(§)%“> &t x>0
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This shows that D, g is CM for every g > 1.

We now proceed to the case aV (1 —«a) < f < 1 which is more delicate, except in the case
a = 1/2 where (1.1) entails
172
D) = v 1y
a CM function if f > 1/2 (and the zero function if § = 1/2). We must divide the proof
according as a > 1/2 or a < 1/2.

2.1.1. The case a > 1/2 and f > . A computation based on (1.1) reveals that

1 ' _ 4\B—a—1pa—1 T
Nﬁ—a%é“’t) 121 D,y o (act) dt (2.3)

for every 8 > «, so that it is enough to show that D,, is CM. The proof of this fact
hinges upon a certain multiplicative factorization of the o—finite measure p, on (0,400)
with density f,. The Mellin transform?

Wu@):(/wﬁhQﬁﬁ

0
is well-defined for s € (—a,a — 1) and a computation similar to Proposition 4 in [12] yields
the closed formula

Do ps(x) =

B sin(m/«) sin(7s)
asin(ms/a)sin(r(s + 1) /a)
Introduce the B, 1_, random variable with density
o1 —x)™@
1
(@I —a) ton@)

Ma(s) =

and with Mellin transform

E[B:

a,l—a

]_—F(a+s) s> —a

(14 s)D(a)’ '
The complement and concatenation formule for the Gamma function entail

L1+ s (a)Ma(s)  T'(1—-s/a) " 1+ s/a)l(a) v sin(m/«)
INa+s) - T(1—s) I+ s) sin(m(s+1)/«)

for s € (—a, a—1). We will now show that the three factors on the right hand side are Mellin
transforms of positive o—finite measures on (0, +00). First, recall e.g. from Theorem 2.6.3
in [15] that

I'(l—-s/a)
I'(1—ys)
where Z, is the standard positive a—stable random variable which is defined through the
Laplace transform

= E[Z:], 5 < a,

E[e %] = e, A>0.

1Thlroughout this paper we integrate along t° instead of ! to define Mellin transforms, because this
leads to shorter formulze.
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The following Lemma, which might be well-known although we could locate it in the litera-
ture, shows the property for the second factor.

Lemma 1. For every a € (0, 1) there exists a positive random variable X, such that

I'(1+s/a)l(a)
Do+ s)

Proof. A simple application of Helly’s selection theorem, and the fact that the quotient on
the left-hand side equals 1 at s = 0, show that it is enough to consider the case when « is
rational. Set a = p/q with ¢ > p > 1. A repeated use of the Legendre-Gauss multiplication
formula for the Gamma function entails

PO+ 8NE) () BTG Y Ty
XD (?) Hesaeg < L g™ = B

J
P P q j=p+1 (E)

1=2

where B, ;, and I'. stand for the Beta and Gamma random variables with respective param-
eters a,b,c > 0, and X, ; is the independent product

This completes the proof.

To handle the third factor we rewrite, for every s € (—a,a — 1),

—sin(7/a) _ I'(1+s)/a) " 'l—(1+s9)/a)
sin(m(s +1)/a) I'(l/a) —I'(1—-1/a)

s/a *f(1-a)t "\ |
= E[}2] x/o ( 1/ )tdt.

Setting g, for the integrated function on the right-hand side and putting everything together
shows finally that

Ma(s) = E[B?

a,l—a

| x E[Y;] x M, (s), s € (—a,a—1),

1
where Y, = Z, x X, x I'? is meant as an independent product and we denote by

[e3

M(s) = /OOO F(1)° dt

the Mellin transform of a positive measurable function on (0,4+00). Set now ® for the mul-
tiplicative convolution of two positive measurable functions on (0, +00) :

Fosw = [ o T
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and recall from Fubini’s theorem that Mo, = M; x M, (with possible infinite values).
Setting fx for the density of an absolutely continuous random variable X and h, = g, © fv,,
we get
Ma(s) = My, | (5) % Ma,(s) < +00
for every s € (—a, a — 1). Inverting these Mellin transforms entails the crucial factorization
fa = fBa,l,aCD hav (24>

which seems difficult to obtain from a direct computation. We can now finish the proof of
the case a > 1/2. On the one hand, it follows from (2.3) with 8 = 1 that

Dal / ‘fBal o aa(xt) dt.

On the other hand, we deduce from (2.1), (2.4) and Fubini’s theorem
V= [ o0 ([t )
0 ’ 0

1 o0
H,(x) = m/{) e he(u) du, x>0,

which is a CM function, and comparing the two identities, we obtain

1
/ fBa,l,a( aoe l’t dt - / f]_D,a1 a (l’t)dt x> 0.
0

This is an identity between certain Abelian transforms for which we did not find any direct
inversion formula in the literature. After a change of variable, this identity changes into

ka ®Da,o¢ - ka QHa

with ko (2) = (z — 1)"*1z>13. The Mellin transform of the left-hand side is well-defined on
(—a,a — 1) because

Setting

a—1 -1
Do) ~ ﬁ as v — 0+ and Do) ~ —ﬁ as v — +o00.
Hence, taking the Mellin transform on both sides and factorizing by that of &, entails finally,
after Mellin inversion, that D, , = H, and the proof is complete.
O

2.1.2. The case a < 1/2 and § > 1 — «. Another direct computation based on (1.1) yields

xo1 1

Dasl@) = 555=1 * Tavg=1

for every 8 > 1 — «, so that it is enough to show that D, ;_, is CM. As before, this fact
will follow from a certain multiplicative factorization of the measure p,. However the Mellin

) /0 1(1 — 1) D o (at) dt (2.5)
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transform of f, is here everywhere infinite, because o < 1/2. Set n, = [a™!] > 2, which is
the unique integer such that

1 1
< a < —-
Ng +1 Ng
We will show the stronger result that the function

na—1 ak—1

Deoi—a() = Dai—alz) — Z m (2.6)

k=2
(with an empty sum if n, = 2) is CM. This result is indeed stronger because the sum on the

right-hand side is clearly CM. Observe first from (1.1) that 5a,1—a = 0 if « is the reciprocal
of an integer viz. o = 1/n,. From now on we will hence suppose a < 1/n,. Decompose

na—1 pok—1 2ok—1 ok
D, = _ v
al@) = > T(ak) 2 T(ak) 2 (1 + k)
k=1 k>na k>0
na—1 .
<~ sin(mak) /°° e ok gkl B
= S eekgr 4+ B N
; T 0 kzzna I(ak) kzzo I'(1+ ak)
. na—1
sm(7ra) /oo . e ok l’ak_l :L.ak
= e’ Up_1(cosma) t™% | dt + - —
o (; ! k; (ak) ; I'(1+ ak)
where
sin(n + 1)6
J(cosf) = TR ELC
Un(cos6) sin 0

stands for the n—th Chebyshev polynomial of the second kind. Using the notation US =
Un(cosma) for every n > 0 and
ak—1 ak

Darl®) = 2 pipy ~ ; (1 +ak)’

k>nq

we get

Bostw) = [ e fute)a

0
where, simplifying with the help of the recurrence relations U,, 2+ U, = U,U, 1, we compute

) = S ome 1) T on

sin(ma) (1071 — U _yt=ate=h) o jmane=2))
w(t — Uit + 1)
From (2.5) with 5 =1 and the fact that
na—l  ok—1 1 na—1 ak—1
1 t
> F = / (L=t | D @) g
I'(ark) () Jo I'(a(k-1))

k=2 k=2

. ta_l 1 + . na—1
sin(ma)t* (1 4 t) sin(ma) Z Uo ook
k=1
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we also have
o) . 1 1 .
—xt a—1l;—a
e L) dt = —— 1—t¢ t7 %Dy 1_o(xt) dt. 2.7
| emhwa = 5 [a-n e (2.7

Similarly as in the case v > 1/2, our next step is now to show that the density of the random
variable B;_, , is a multiplicative factor of f,. The Mellin transform

M,(s) = / £ fo () dt
0
is finite for every s € (—a, noa — 1) which is a non-empty interval. Using

sin o /°° te—irsqt sin o /°° wedu _ sin(ms(1 - a)/a)
0 0

—Upte+1 " ra u? +2ucosm(l—a)+1  asin(ms/a)

™

for every s € (—a, ), where the second computation comes from a standard application of
the residue theorem, we deduce

— sin(ms(1 — a)/a) US _ysin(m(l —a)(s + 1 —nya)/a)

Mals) asin(ms/a) asin(m(s + 1 — nya)/a)

Ug _ysin(m(l—a)(s+ 14+ a—nya)/a)/a)
asin(r(s+ 1+ a —nya)/a)/a)

sin(m/a) sin(7s)

asin(ms/a) sin(r(s + 1) /a)

+

for every s € (—a, noa— 1), where the second equality follows after some trigonometry. This
entails, with the above notation,

P(1+s)0(1—a)Ma(s)  T(1—s/a)  T(1+s/a)(a)

T —ats) T TO-s © T(ats)
Fla+s)I'(1—a) - sin(m/a)
I'l—a+s)(«a) sin(m(s+1)/«) |
= M) % M) % M, (0 % G S

Using the concatenation formula for the Gamma function and setting U for the uniform
random variable on (0, 1), we finally decompose

— sin(7/a) _ I'(1+s9)/a) " F'l—(14s9)/a)
sin(m(s+1)/«) I'(l/a) ~-I'(1—1/a)
/e T 1—ak F(ng —1/a—s/a)(1/a—n,)
E[r57a) H (1—ak+s) 8 [(na +1—1/a)

o0 —Nao ,—17
— S/O‘ Us/ (1— Ock) (1 _ naOé)t e 5 dt
Tl H x /0 < [(ng +1—1/a)
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for every s € (—a,noa0 — 1). Setting g, for the integrated function on the right-hand side
and

Na—1
ha = ga © fBa1 e @ fza © fxa © f 1/a (@ fUl/(lak)>7
k=1

1/a

an inversion of the Mellin transform yields the factorization

f = fBl a,o @ h :
Comparing with (2.7), we deduce

/ fBl @, ocl axt dt = / -fB1 oo l’t) t [L’>0,

where fflva is the CM function
— 1 o0 —
H,(z) = —— b (1) dt, > 0.
@ = fm | RO
The latter identity transforms into

EQEQ,l—a:E;Qﬁ;

with a(:c) = (z —1)*'14>1y. The Mellin transform of the left-hand side is well-defined on
the non-empty interval (—n,a, o — 1) because

. xnaa—l ~ x
Dyio(t) ~ = —0 d  Dyi-a(x) ~ =— — .
1-a(2) Tl —a) as x + an 1-a(T) T —20) as * — +00

—Q

Similarly as above, we obtain the identification ﬁa,l—a = ff; and the proof is complete.
O

2.2. Proof of (b). We begin with the only if part, which is analogous to the above. The
necessity of o < 2 comes from the fact that if o > 2, then D, 3(0+)" = 0 so that D, g is not
CM. Suppose now « € (0,1). Then
D, p(x) ~ i as v — 0+ and D, p(x) ~ ot as v — +00
7 Ila+p5-1) ’ I'(p—a) ’
and at least one of these expressions is negative if § > a A (1 — «). Finally, if o € (1, 2] then
again the expansion 18.1.(22) in [3] entails

LE‘_l

Dyg(x) ~ == asz — +0o0,

-1

which is negative if g < 1.

We next show that if o € (1,2] and 8 > 1, then D, g is CM. The case 8 =1 is stated as
Theorem 1 in [11] and can also be handled with exactly the same Stieltjes inversion argument
as in the proof of (a). For a < 2 this reads

* . —sin(ma)t* (1 +t)
D, = o dt 2.
1(@) /0 ‘ (8?2 — 2 cos(ma)t* +1) z>0, (28)
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whereas for a = 2 we simply have D, ;(x) = ™%, the prototype of a CM function. The case
£ > 1 follows from the formula

Dosle) = =gy | 1= 0" st (2.9

which is again a direct computation relying on (1.1).

We finally show that if & € (0,1) and 8 < a A (1 — «), then D,z is CM. This is the
delicate part. After some further computations relying on (1.1), we get

Das(a) = 2P (e Dapa(e)) = —(@Dhps(x) + D (0))
— ﬁ/o (1 —1)P"H,p(xt) dt

with
Hop(x) = —(BDay(x) + 2D, (2)) = / T L) + (L B)falt) dt

where the last equality comes after an integration by parts in (2.1). We are hence reduced
to show that H, s is CM, in other words that the function

has(t) = (1= B)fa(t) + tfo(1)

is non-negative. We must divide the proof according as e < 1/2 or av > 1/2.

(i) The case a < 1/2 and 8 < a. It is enough to show the non-negativity of h,, which,
after some computations, amounts to that of the function

t (1 —2a)t°* — 2(1 — a) cos(ma)t*™ + t* — 2at>* ™! + 2a cos(ma)t?**

(ii) The case a > 1/2 and 8 < 1 — a.. Here we need to show the non-negativity of hq 1_a,
which is equivalent to that of the function

t = —2acos(ma)t?*™ — 371 + 201 + 2(1 — a) cos(ra)t** ! + (2a — 1)t* 7L

The non-negativity of these two polynomial functions, which are zero for a = 1/2, can be
observed heuristically with the help of some plotting software. A strict proof is obtained in
using the sequence of signs + — + — + for the coefficients, and the following equivalence for
all a,b,¢c,p>0:

P\ P b 1+p
at™ —bt+¢ > 0 forallt >0 < CLZ(—) (—) )
c 1+p

Though interesting, the details of this strict proof are lenghty and will be not included here.
They have been typesetted and are available upon request.
O
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Remark 1. (a) Proceeding along the same way as in [11], we obtain the following integral
representation which is valid for any 0 < o, 5 < 2.

xt=h |
D, = —— )t P dt
#(@) 27ri/H<ta—1) b

where H is a standard Hankel path encircling the origin. This transforms into

o % (sn(@B)t A (#e! — 1) +sin(r(a + B) 7 +sin(r(a — B
7T /0 ‘ ( 2« — 2 cos(ma)t™ + 1 )

and simplifies to (2.1) resp. (2.8) for § = 1. Using this representation it is an easy exercise,
which is left to the reader, to prove the weaker result that for any « € (0, 1) the function

xﬁ_lDaﬁ(:c) resp. xﬁ_lDaﬁ(aj)

is CM when g € [aV (1 —«),1) resp. S € (0,a A (1 —a)].

(b) It is clear from the above proofs that for any a € (0, 2] the following equivalences hold
Da’ﬁ is CM &< Da’ﬁ >0 and Daﬁ is CM < Daﬁ > 0.

When « > 4, the asymptotic expansion 18.1 (22) p.210 in [3] shows that D, s has leading
term

4cos(2m(a — 1) /a)ec /@2 1=8 cog(zsin(2m /o) + 27(3 — o — B) /)

at infinity, and hence oscillates. It can also be shown directly that

D) — % (" + cos(x) + sin(x))

and also oscillates. It is however unclear to the author whether the function D, s is every-
where non-negative for a € (2,4], 8 > 0, or not. Indeed, the leading term at infinity is then
a positive monomial. See [14] for more complete results on the asymptotic expansions of
Mittag-Leffler functions.

2.3. List of the Bernstein measures and an improvement of (a). In this paragraph
we recapitulate the explicit Bernstein measures i, 3 associated with the CM functions | D, g|.
Recall that these are the positive o—finite measures such that

Dasl(z) = / T s(dt)dt, >0,
0

For the sake of completeness we also rephrase the Bernstein measures associated with the
main result of [10]. Finally, we improve part (a) and show that the function

T Da,g(xl/a)

is also CM for every a € (0,1) and 8 > a V (1 — «).
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2.3.1. The case o € (1,2]. In this case one has D, 3(0+) = 1/I'(8) and the underlying
Bernstein measure is hence finite. For 5 =1 it follows from (2.8) that

Doi(z) = Ele™"]
where Ty = 1 and T, is for o € (1,2) the positive random variable with density
—sin(ma)t* (1 +t) .
(20 — 2 cos(ma)t® + 1)
This latter random variable is connected to first-passage time of spectrally positive a—stable

Lévy processes - see Theorem 3 in [11], a connection which will be discussed in further details
in the next section. For 5 > 1, a direct consequence of (2.9) and Fubini’s theorem is that

Dosle) = g Ele ™™, (2.10)

where here and throughout the product is assumed to be independent. Notice that for o = 2
one obtains

Dyp(z) = (3 Ele~Brs-1],

in accordance with (2.4) in [10] because

Daste) = X iy = Fnl)

Remark 2. Using the representation of Remark 1 (a) and some computations, we also
obtain the explicit formula

Dsja3/2(z) = mf/ ( 1tgf1))dt

-l )
L ()

with the notation j = €*™/3. Observe that the function between brackets on the third line
is indeed positive. This formula can also be obtained directly from (2.10). Except in this
particular case @ = 3 = 3/2, it does not seem that anything more explicit can be obtained
from the integral representation of Remark 1 (a).

2.3.2. The case a € (0,1). In this case the underlying Bernstein measure is infinite since
|Das|(04+) = +o0. It also follows from the above proofs that this measure has a density,
which we denote by d, 3. The latter will be expressed with the notations introduced during
the above proofs, to which we refer without further repetition. We distinguish several sub-
cases.
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e 3> 1. It follows from (2.1) and (2.2) that d,; = f, and that for every g > 1,

1
dog = —— - 2.11
75 F(ﬁ) fBl,ﬁ*l @ f ( )
e a>1/2and f € [o,1). One has
1 1
doow = =—— hy = —— o o 2.12
and, for every 8 > a,
1
dopg = —— Pe-
75 F(ﬁ) ‘fBa,ﬂ—a @

e v<1/2and €[l —a,l). It follows from (2.6) that
1 N na—1 x—ak

dar-a(®) = Frr—gy hal®) + D F o SFRETT) (2.13)

k=2

Recall that ﬁ: is zero if & = 1/n,, viz. « is the reciprocal of an integer, and that the
sum is empty if n, = 2 viz. @« = 1/2. In particular one has d; /2,12 = 0, in accordance
with Dy/91/0 = 0. For 8 > 1 — a, from (2.5) and (2.6) we deduce

1 na—1 xak—l

1
— _ p\otB-24—ap
Da,ﬁ(aj) - F(a+ﬁ_1)A (1 t) * 2t Da,l—a(xt) dt + ; F(ak_'_/B_ 1)7

so that

na—1
1 . o x—ak
da = —— he :
S R DI CY By
e v <1/2and f < aA(l—a). The Bernstein density is
1
dop = ——— ha
7T T(B+1) fB,,© hags

where

sin(ma)ha,5(t)
— 2 cos(ma)t® + 1)?

ha’ﬁ(t) = (1—ﬁ)fa(t)+tf;((t) = 7T(t2a

and we have set

hap(t) = (1—a—pB)t** — 2(1 - B)cos(ra)t*® + (1 —a — B)t*
— (a+B)t** 1t + 2Bcos(ma)t** ! + (a— B)t* .

Observe that this latter function fz;/ﬁ takes negative values when > a A (1 — ).
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2.3.3. Bernstein densities associated with E, 3(—z). In this paragraph we express the posi-
tive random variables underlying the CM functions E, g(—x) for a € (0,1),5 > «. This is
basically a reformulation of the main results of [10, 7], which we however believe to be worth
mentioning. In the case o = 1, we saw above during the analysis of D; 3 that

Biale) = g5 Ele ™™o

The classical case § = 1 had been settled in [9], whose main result reads
E,(—z) = Ele~™-]

where M, < Z_“ is the so-called Mittag-Lefller random variable. It follows from Lemma 1
in [7] that
1 —

Eaa(—fl}') = @E[Mae_xMa] = m E[e_mM“]
where MNa 4 2;_(1 and Z; is the so-called size bias of order —« of Z, that is the random
variable with density function ol'(a) 27 fz (z), which is characterized by

7 E[Z, [(Z.)]
E[f(Z,)] = =
[.f ( a)] E[Z_a]

for every f bounded continuous. Finally, for every 8 > a, Lemma 2 in [7] and a change of
variable show that

@

1 —
Eop(—1) = ——= E[e "Bas-axMe)],
s(2) = 7 Bl |
In particular we observe the identity
M, £ B2, x M,

for every a € (0, 1), which is not obvious at first sight. Notice also that the above identifi-
cations can be performed directly from the proof of Part (c) of the Theorem in [10].

2.3.4. An improvement of (a). It is a well-known fact - see e.g. Theorem 2 in [8] - that if f is
CM, then the function f(z?) is also CM for every v € (0, 1). In particular, we see from Part
(b) that the function D, g(z'/*) is CM for every a € (1,2] and 8 > 1. In this paragraph, we
improve Part (a) and show that the function D, z(z'/%) is also CM for every a € (0,1) and
S > aV (1l —a). The argument relies on the following lemma, which is fairly obvious. If f
is a positive function and p a positive measure on (0, +00), we set

Fout = [ e

S

Lemma 2. Let « € (0,1) and
F(z) = / e " f(t) dt
0

be a CM function. Then F(z'/®) is also CM if and only if the Bernstein density factorizes
into f = fz_ © p for some positive o—finite measure p.
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Proof. Suppose that the factorization holds. Two changes of variable and Fubini’s theorem
show that

o) = [ o = [T [T @) )
— /0 e (ds) = /0 T el ar),

where pl®) = 2[4 is a push-forward of p and also a positive o—finite measure. This shows
that F(x'/*) is CM with Bernstein measure (%,

Suppose now that F(z'/®) is CM and let u be its Bernstein measure. Setting p!/® =
xY/?[u], a comparison and two changes of variable show that

/O e dt /0 et = /O N ( /0 we—mt”%fza(s)ds) p(dt)
= [T e oy ) wtvan

- / e @ plo(s) ds,
0

with the same notation as above for the push-forward. We hence obtain the required factor-
ization f = fz © pl/el by uniqueness of the Laplace transform.
O

We can now finish the proof. Suppose first that @ > 1/2. From (2.3) we see that it
is enough to show that Dgo(z'/®) is CM. From (2.12), we know that f, factorizes the
Bernstein density d, o of D, o, and we can conclude by Lemma 2. Assume next that o < 1/2.
The decomposition
na—1 k—1/a

1 ! ~ x
oy _ _ p\at+B-24—a 1/a
Dy (") e 1)/0 (1—1) £ D 1_a(xt) dt + ; e

and the preceding argument entail that it is enough to show that f, factorizes the Bernstein

density of 5,171_&. By (2.13), the latter is a constant multiple of

na—1

;-Z’\; = fza @ gf; @ fBa,172a @ fXa @ frija @ (@ fUl/(lak)>7
“ k=1

and hence satisfies the required property.

3. PROOF OF THEOREM B

Observe first that £y ;(x) = e® = E},(z), so that the assertions (a) and (c) are obvious
for « = 1. To handle the case a = 1,5 > 1 we appeal to the formulae

! ) /0 (L= P2 (at) d (3.1)

Fop(r) = W
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and

LsF, p(x) = ! )/0 (1—t)5_2FO’C,1(xt)dt (3.2)

T(6—1
which can be obtained as for (2.2). Setting o = 1 entails

1 =B —1.x
- ﬁ/{) (1—t)" e dt = F(g(f 1)1’ NEE)

where the last equality follows from a straightforward change of variable. This shows that
all functions in (a)-(d) are zero if @ = 1. We now focus on the case a # 1.

Eyg(z) = Lakg(x)

3.1. Proofs of (a) and (b). We first notice that (b) is a simple consequence of (a). Indeed,
(3.1), (3.2) and the last equality in (3.3) show that

xl_ﬁe“’v(ﬁ—l,x) - o # 1 s e_xt_ )
al(B —1) Fasle) = r(ﬁ—1)/0 (1-1) (a o ( t)) dt

and

' Pety(B - 1,x) 1 1 ~ , ot
LoFup(x) — al(B—1) = m/o (1— t)B 2 (F%l(xt) — ;) dt,

and it is clear that (a) entails that both functions between brackets are CM in z for all
t € [0,1]. We hence focus on the case 5 = 1. We will proceed again via Laplace inversion.
Computing the Laplace transforms yields the following identity, which makes sense for every

s>0: 1
oo x 1 a—

/ Sl E,(z%) | dz = _ 2 :

0 a a(s—1)  s*—1

However, to show as in the preceding section that the function Fi, on the right-hand side
satisfies R(e%/2F,(rel?)) > 0 for every r > 0 and 0 € (—m,7), is very tedious. We hence
follow a direct approach and compute the Stieltjes transform

/°° dt sin(ma)t1 _ sin(ma) /°° dt
o s+t \m(t2™ —2cos(ma)te +1)) 7« o (s +t/)(t — eim)(t — emima)’

which rewrites

i </oo o tl/f)lft —emy /ooo s+ tuaiiii - >) |

Consider the contour 'z made out of the segment [Rel™'~®) Re~1™] oriented downwards,
and of the half-circle Cy leading anticlockwise from Re ™ to Re'™(1=®) Taking s # 1, R > s,
and applying the residue theorem shows on the one hand that

/ dz _ o L ast!
ry (s—2Y)(z—1) s—1 s*—1)"

On the other hand, the integral on the left-hand side is evaluated as

R dt R dt dz
/o (s +617)(t —em) / (st o)t — ey / (s —21/")(z—1)
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Letting R — +o0 and putting everything together entails
/°° dt sin(ra)te? 1 as !
o S+t \m(t—2cos(ma)t*+1))  s—1 s*—1

Therefore, by Laplace inversion,

Cme) = [T (Y a (3.4)

a 2 — 2 cos(ma)t* + 1

is a CM function as required.

Remark 3. (a) The above formula (3.4) should be compared with the classical formula (see
(7.7) in [4], bewaring the misprint therein)

Eo(—x%) = /Oo et sin(ra)t®! dt
“ 0 m(t2> + 2cos(ma)tr+1) )
In particular setting o = 1/2 we retrieve the identity E4/o(—+v/x) + E1/2(v/2) = 2e®, which
follows directly from the very definition of E} ;.

(b) Subtracting (3.4) on both sides of (2.8), we get the other CM function

a—1 o/ a e’ > —xt SiIl(?TOé)ta
E S — dt
ar al2) o /0 ‘ <7T(t2a — 2cos(ma)t® + 1) ’

which can also be obtained from a mere differentiation of (3.4).

3.2. Proofs of (c) and (d). Again, a direct application of (3.1), (3.2) and the last equality
in (3.3) show that (d) is a consequence of (c). To show (c), it is possible to use a contour
integral analogous to that of (a). However, we will provide yet another argument which
is specific to the case a € (1,2]. This proof is slightly lengthier but it has an independent
interest. Referring to [12] for details and further references, let {X;, t > 0} be the spectrally
positive Lévy a—stable process, starting from zero and normalized such that

E[e™%] = *", s,t>0. (3.5)

Taking the Laplace transform, for every A > s we get

1 _ / 6—>\tE [6_8Xt} dt = /e—s:c (/ e—)\thl(l,t—l/a)t—l/adt) d!L’,
A—se 0 R 0

where the second equality follows from Fubini’s theorem and the (1/«a)—self-similarity of
{X}, t > 0}. Differentiating with respect to s and integrating in A we get

as*! Y 1 141
= /6—55(; / e M f, (at™ )t~ Tt ) da.
s — A\ R 0

Specifying to A = 1 and adding the two equalities, we obtain

i = /e‘sw /00 et fy (w1 4 ﬁ)dt dx,
s¢—1 R 0 ! at
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which makes sense for every s > 0. It is well-known - see Theorem 2.10.2 in [15] - that | X
conditioned on {X; < 0} has the same law as Z_“, and that P[X; < 0] = 1/a. Hence, for
every x < 0 one has

& & tdt
/ e fy (2t VNV g = / e fy. (ta ) Lo
0 0 x|

= o|*! / e I fg ()t dt =
0

o )

6_|m|

«

Similarly, for every x < 0 we have

. o —t “1/a x dt . 1 o ¢ —a

1 00 6—|m|
_ —|x|*t _
= — e t)dt = .
a/o fZO‘( ) «
Therefore, for every s > 0,

a—1 __ 1 00 00
T / e (/ e~ fy (w1 4 )dt) dx s> 0.
s —1 0 0 '

Inverting the Laplace transform, we deduce

Do(w) = Faplx) — Fiu(x) = / e‘tfxl(fvt‘”“)t‘l/a(1+%)dt
’ 0 «

OO dt
o —x%t -1/ a—1
— /0 e, )1+ ax t)at1+1/a

= Ga(z) — Gi(x)

where we have set X" = X;| X; > 0 and

* —z® -1/ dt —ma )
Ga(x) = /(; € thl(t Y )Oét1+1/a = ( ) (0
F,

1(0) = 1 shows that

for every x > 0. Solving the linear ODE with initial condition

1 « —
le(l’) = (]_ — —) E[e_x (Xfr) ] +

e’
(0% «

On the other hand, formula (3.3.16) in [15] (beware the notation for Z(a, p) which is that
of Chapter 3.1 therein) and Bochner’s subordination for stable subordinators entail

Zi-1/6\"" 4 (Zaa "'
X L L (e Z .
( ) (Za—l) Za—l 8 Y

By Lemma 2, this entails

x ]_ 1/«
Bo(z%) — % - (1--) Efe2Ua"1]
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Za— a—1
Ua—l == <Z 1) .
a—1

It is well-known - see e.g. (3.3.16) in [15] and compare with the positive part of a drifted

,11@1 has the explicit density

with the notation

Cauchy random variable - that U

asin(m(a — 1))t B —asin(ra)te!
m(a— 1) (12 +2cos(m(a— 1))t +1)  w(a — 1)(t2> — 2cos(ra)t™ + 1)
We finally obtain

e” < —sin(ra)t?
E oy _ Z xt ]
a(@®) a /0 c (W(tza — 2 cos(ma)t™ + 1)) at, (36)

which concludes the proof.
O

3.3. List of the Bernstein measures and an improvement of (a) and (b). We detail
here the Bernstein densities associated with the CM functions of Theorem B, discarding
the trivial case o = 1 where all functions are zero. We will use all our previous notations
without further repetition. We also improve parts (a) and (b) in the same way as we did
in Paragraph 2.3.4. We next rephrase our results in the realm of spectrally positive stable
Lévy processes. Finally we compare some of them with the existing works on the so-called
Mittag-Leffler distributions.

3.3.1. The case a € (0,1). From (3.4) and (3.1) we have

e.’E ]_ 1/
z Ea ay Z_1\E —zU;”, )
and, for every § > 1,
1Py (B —1,1) 1 (1 ) 1/a
2 Fag(z) = — [ = — 1) E[e*UiaxBis-1)],
ol (B —1) ) = \a | |

From (2.11), we finally see that the infinite Bernstein measure associated with the CM
function

v Pey (B — 1, x)

ﬁBFaﬁ([L’) - af(ﬁ—l)
has density
1 .
e @ a
o) P @
where
A sin(mwa)t®
fa(t) = ( ) )

(12 — 2 cos(ma)t* + 1)
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3.3.2. The case a € (1,2]. We have seen above that

x 1 o
Ea(z®) - eE B (1_5) Ele™V"),

and again (3.1) entails

o' Pey(B-12) 1 1 ~o(UL/ % x By 1)
Fop(z) — ol'(B8-1) - T(B) (1_5) Ble ]

for every S > 1. Introduce now with the size bias of order 1 of the random variable Utlx/_a 1

and denote it by (Ui/_a ). This is a proper random variable with density

—asin(ma)t®
(2 — 2 cos(ma)t® + 1)

The above entail the further formulae

’ 1 1/a \(1
6_ _ Oél’a_lE(/X([L’a) - E[6_x(UQ/*1)( )]
@ a
and, for every 8 > 1,
2 Bty (B — 1, 2) 1 e )
: — LgF,p(x) = Efe—2((Uy1) ) X Bis-1)]

3.3.3. An improvement of (a) and (b). In this paragraph we show the following proposition.
Proposition 1. Let a € (0,1). The function

is CM if and only if o > 1/2.

Proof. We first compute the fractional moments of the random variable Ui/_ ¢ appearing in
(3.7). For every s € (—a, ), we find
[(1—2)(1+
D(1 = (552)s)0(1 + (152)s)
ra- ra+2
= E[Z]] x < ( _Sa X ( le_aa) ) .
P —(5%)s) T+ (5%)s)

«

E[U)]

If &« > 1/2, this can be read off in the following way
E[U}S] = E[Z3) x E[W3),

W ZFJ -«
o Zl—a '

with the notation
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From (3.7) and Lemma 2, this entails that

B = (l - 1) Efe—=We]

(0% «

is a CM function. On the other hand, if & < 1/2 then the quotient under brackets vanishes
at s = a/(1 —a) < 1. If this quotient were the Mellin transform of a positive measure, then
it would vanish inside its definition strip which is —a < R(s) < 1, and this is a contradiction.
This shows that fz, does not factorize the Bernstein density fUi/i and, by Lemma 2, that

1/

T =

o E, ()

is not CM.

From (3.1) and the above, we see that for every a € [1/2,1) the function

1-8 1
a ef — 1,z 1 1
X e ’7(5 y L ) B Ea,g(SC) _ (1 . _) E[e—x(wa ><B175,1)]

o=

al'(f—1) I'(8) a

is CM, which also improves (b). Observe also that this function taken at 27 is not CM
for any v > 1, since the derivative at zero is then zero. It is however unclear whether this
function is CM or not for v < 1/2. To characterize the CM property of the functions

I'(p—1)

1/ -5 L1

and EBFaﬂ(x%) _ree
a

eSE

ar® 1 E! (1) —

«

is also an open question.

3.3.4. Connections with spectrally positive stable Lévy processes. In this paragraph we fix
B =1and o € (1,2]. As in Section 3.2, let X = {X}, t > 0} be the spectrally positive Lévy
a—stable process, starting from zero and normalized by (3.5). Let

Ty = inf{t >0, X; > 1} and 7 = inf{t>0, X; = 1}

be respectively the first passage time above 1 and the first hitting time of 1 for X. It is
well-known from the Wiener-Hopf factorization - see (7) in [11] and the references therein
for further details - that

E.(x) — az'"VeE! (z) = Ele™*N].
On the other hand, a consequence of Fristedt’s formula - see (1.4) in [12] and the computa-

tions therebefore for an explanation - is that

6wl/a

1
_ l—l/aE/ — Z FRle—®m],
— B ) = T ]
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Besides, we saw above in Paragraph 3.3.1 that

1/a
6w ]. _ 1/
E.(z) — = (1- =) E[e@Ye-)
@ - S = (1-3) B |
1 —2(Ua_1%X%Z1 0) 1 —z(X{)7
= (1——)Efe amtXf/e)] = |1 — =) Ele v,
« «

where the third equality follows from formula (3.3.16) in [15] and Bochner’s subordination.
Hence, we see that the decomposition in two CM functions

T 1/

E.(x) — az'"VoE! (z) = <Ea(x) - ea ) + (62 - ole_l/aE(’x(x))

can be interpreted as an explicit relationship between three Laplace transforms connected
to the Lévy process X:

1 —a 1
E[e*T] = (1 — —) E[e_“’c(xm | + = Ele™™™].
a a

In particular, inverting these Laplace transforms shows that for every x > 0,

@) = (1= 1) fspyel) + 2 00 (3.5)

which clarifies formula (14) in [11]. Notice that the decomposition (3.8) can actually also be
derived in comparing Propositions 2 and 3 in [12], Corollary 6 in [12] and the classical series
representation (2.4.6) in [15].

Remark 4. (a) Set now § = 1 and a € [1/2,1). Let Y = {Y;, ¢ > 0} be the spectrally
positive Lévy (1/a)—stable process, starting from zero and normalized as in (3.5). Recall
that this process has positivity parameter P[Y; > 0] = 1 — «. It follows from the proof of
Proposition 1, and the same considerations as above around formula (3.3.16) in [15], that

(0% (% (0%

This hence establishes a link between F, and yet another spectrally positive stable Lévy
process.

(b) Setting again =1 and « € [1/2,1), consider I; = inf{V}, ¢ € [0, 1]}. It is well-known
- see e.g. Proposition 1 (iii) in [1] - that

Eo(-2) = E[e™™"] = E[e™™ ],

with Y]~ = |Y1] conditioned on {Y; < 0}. This is the usual connection between Mittag-LefHer
functions and spectrally negative stable Lévy processes.
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3.3.5. Comparison with the other Mittag-Leffler distribution. Let L be the unit exponential
random variable and o € (0, 1). The random variable

ML, = LY* x Z, (3.9)

is known as the ”other” Mittag-Leffler random variable, the classical one being the above
I,. Tt is a particular instance of the Linnik (or geometric stable) random variables. It has an
explicit and completely monotone density which is

Ia_lEa,a(—l’a>,

and an explicit Laplace transform
1
14 A\

1 t
(75

is CM for all ¢ > 0, and the associated semi-group, which is sometimes called the Mittag-
Leffler semi-group in the literature, has also a semi-explicit transition density which is given
by (20.1.2) in [4]. The factorization (3.9) means that this semi-group is subordinated to
the positive a—stable semi-group. We refer to Section 19 in [4] for details and references
on the above properties, and also for further features of the other Mittag-Leffler distribution.

E[e—)\MLa] —

It is infinitely divisible viz. the function

Let now « € (1,2). In the present paper we exhibited a positive random variable 1\//I\L/a,

with an explicit and completely monotone density which is
E,(z%) — az® 'E! (2%),
and an explicit Laplace transform
et 1
A —1

This random variable is infinitely divisible and the associated semi-group is subordinated to
the positive (a/2)—stable semi-group, viz. one has the factorization

Efe M) —

ML, = XY X Zy,

where the random variable X is infinitely divisible. One can also show that 1\//I\L/a has MLy, /,
as an additive factor. In a forthcoming work, we will show these properties and also present
further features of this Mittag-Leffler random variable of the second kind.
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