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PARAMETER SELECTION IN A MUMFORD-SHAH GEOMETRICAL
MODEL FOR THE DETECTION OF THIN STRUCTURES

MAITINE BERGOUNIOUX & DAVID VICENTE

ABSTRACT. We present a variational model to perform the segmentation of thin struc-
tures in MRI images (namely codimension 1 objects). It is based on the classical
Mumford-Shah functional and we have added geometrical priors as constraints. We
precisely describe the structure model (that we call tubes) and write the problem as a
bilevel problem. We focus on the lower level optimization problem and give existence,
uniqueness and regularity results for the solution. The keypoint is the fact that 2D/3D
problems are equivalent to 1D ones. This gives hints to perform an automatic parameter
tuning for numerical purpose.

1. INTRODUCTION

The detection of blood vessels and the complete reconstruction of the network is one of
the most challenging problems in biological image processing. Some angiography images
are not very noisy and the identification of the network can be done by classical methods
that we mention below. However, in some cases, the images are very noisy and undersam-
pled. This is the case for example of angiographic MRI brain network mouse'. Even if
the magnetic fields are high, the images are undersampled and low contrasted due to the
smallness of the observed area. On the other hand the nature of the structure to identify
(filaments of codimension 1) requires the development of models to identify objects of null
measure.

(a) 2D slice (256 x 256) (b) 3D view (54 slices) (c) 3D view (54 slices)
F1GURE 1.1. Mouse brain MRI image with manual threshold

Several approaches have been made to overcome this difficulty both from the point of
view in the theoretical aspect (models) and numerics (how to approach and/or discretize
such structures). There are, to our knowledge, few models providing a satisfactory an-
swer to these problems. In [15] many vessel extraction techniques and algorithms are
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presented. Vessel segmentation algorithms and techniques are divided into six main cate-
gories: pattern recognition techniques, model-based, tracking-based , artificial intelligence-
based, neural network-based and tube-like object detection approaches. One can find a
review of 3D vessel segmentation techniques in [17]. Recently, Péchaud et al. [21] have
presented a method to extract a network of vessels centerlines from a medical image. They
use both geodesic based methods and tracking methods in a 4D framework. Rouchdy and
Cohen [23] use a geodesic voting method to consider the problem. In this paper, we have
decided to use a variational model. Such models have been investigated by Aubert and al
[7, 8,9, 10, 14] especially in the detection of points in 2D images. One important tool is
the capacity theory [1].

We present here a modified Mumford-Shah model. This model [20, 19] is a well known
segmentation model whose approximation has been studied by many people (see for ex-
ample [12, 13, 18, 16, 22]. We use the Ambrosio-Tortorelli [4] approach and consider an
approximate model that I'- converges to the original one. As in [5] we add prior infor-
mation on the objects but we involve this prior in the constraints rather than in the cost
functional.

The paper is organized as follows. We first present the exact model we use and the
approximated one. However, these models are not convex and we have a lack of uniqueness.
Therefore we consider geometrical constraints in the objects that have to be what we define
as tubes of small diameter. Section 3 is devoted to the description of 2D and 3D tubes
and write the original problem as a two level minimization problem. We focus on the
low-level. In the last section we prove that the problem reduces to a 1D problem and we
give some qualitative properties of the (unique) solution. This allows to get an automatic
parameter selection: indeed variational models are efficient but the parameter tuning is a
major challenge.

2. A MUMFORD- SHAH TYPE MODEL

2.1. The exact model. Let Q be an open bounded subset of RN (N = 2, 3) smooth
enough (with the cone property and C! for example). Let be g: Q — [0, 1] the (normalized)
observed image. The model we study is derived from the Mumford-Shah one [20] that we
briefly recall : we look for a pair (u, K) where K C ) is the set of discontinuities of g and
u is a regular function defined on 2\ K. This representation must minimize the following
energy:

1
E(u, K) = 5 /Q\K lu— g|*dx + BH"H(K) + fy/Q\K |Vul|® de, (2.1)

where 3, v > 0 and HV~1(K) is the Hausdorff measure of the N — 1 dimensional set K.
The first term is a fitting data term and the second ones penalizes the length (if N = 2)
or area (if N = 3) of the discontinuity set. The last term penalizes u variations.
We want to split the image in two sub-domains A and 2\ A. So we only consider binary
functions u = x4 where:
1 sizeA,
xa(x) = { 0 sizeQ)\A,

The energy we have to minimize writes :
1
E(x,0A) = 2/ A — g2 dz + BHPL(0A). (2.2)
Q

To describe the jumps of the function u, the most suitable space is the space of of functions
with bounded variation BV (€2). We recall the definition and the main properties of this
space (see [3, 6, 11] for example), defined by

BV(Q) = {u € L'(Q) | ®1(u) < +o0},
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where
By (u) := sup { [ ut@div @y da | € € L@, fell < 1} . (2.3)

The space BV (Q2), endowed with the norm ||ul| gy (o) = [lu||1 + ®1(u), is a Banach space.
The derivative in the sense of distributions of every u € BV (Q2) is a bounded Radon
measure, denoted Du, and ®1(u) = [, |Du| is the total variation of u. We next recall
standard properties of functions of bounded variation .

Proposition 2.1. Let Q be an open subset of RN with Lipschitz boundary.

(1) For every u € BV(Q), the Radon measure Du can be decomposed into Du =
Vudx 4+ D%u, where Vudzx is the absolutely continuous part of Du with respect of
the Lebesgue measure and D%u is the singular part.

(2) The mapping u + ®1(u) is lower semi-continuous from BV () to RT for the
LY(2) topology.

(3) BV(Q) C L7(Q) with continuous embedding, for o € [, 2] (N #1).

(4) BV(Q) C L7 (Q2) with compact embedding, for o € [1, NL) (N #1).

For u € B(€2) a borelian function and z € €, we denote

ut(z) = inf {t € R: TE%L EN(B(:U’:])VQ v > 1)) = 0},
@ = s {ren: iy SOOI )

The singular set of u is defined as
Sy={recQ:u(z) <u'(z)}.

For any function p with bounded variation which is binary (for example x4 functions),
the singular part of its derivative is included in S,.
The problems we finally consider writes

Mm{ /\p gl dz + BHNH(S,) : p € BV(Q),p € {0,1} ae. } (P)

2.2. Approximate model. The study of the Mumford-Shah model is still challenging
and it is easier to consider approximate versions. Modica and Tortola ([19]) prove a
I'-convergence result for functional

Fo(u) = /Qe|Vu|2 +

to the area functional for surface of dimension N — 1. Inspired by this work, we set

W (u)
— (2.4)

1 2 1— 2
&)=y -9+ [ evpp+ ZUE (25)
Q Q €
and define the approximate problem as
min{&(p) |p € H'(Q),0<p<1ae. }. (P:)

The proof is standard but it has been detailed in this very case for the convenience of the
reader in [24]. It is easy to prove that (P-) has at least an optimal solution p.. However,
as & is not convex, we get no uniqueness.

Problem (P;) is a suitable approximation of (P). Indeed we have the following classical
convergence result:
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Theorem 2.1. For every € > 0, let p. be a solution to (P-). Then we may extract a
subsequence pe, that converges a.e. to a binary function p (p(z) € {0,1}a.e. x) which is
a solution to (P).

We refer to [6] for definition of the I'-convergence and related properties.

3. TUBE DETECTION

(p —p*)?
0 e

cannot ensure the uniqueness of the solution to (P-). As we get existence however, we

must refine the model adding a geometrical prior. So we consider the minimization of &,

on the set of tubes (that we are going to define). This will provide a unique minimizer

according to the tube geometry.

The functional & is not convex because of the term p — dx. Therefore we

3.1. Modeling a tube. We present here a description of what we call (thin) tubes both
for the 2D and 3D dimension. Roughly speaking, we define a tube as a symmetric object of
codimension 1 whose length £ is much greater that the diameter .. Let I' be a parametrized
curve in {2 : we get the tube by thickening the curve to get a symmetric object of diameter
a> 0.

(a) Dimension 2 (b) Dimension 3

FiGure 3.1. Tubes A,

Let us detail the 3D representation of such tubes. The 2D case is straightforward
(deleting one dimension).

3.1.1. The parametrized curve I'. Let T C Q be a C? curve in @ C R3. We use a
parametrization with a curvilinear abscissa F': [0,¢] — I' and assume the following regu-
larity condition :
F' is surjective,
(Hr) { FisC?and Vt € [0,4], |F'(t)| =1,
F is biregular : V¢t € [0,£], dim Span(F'(t), F"(t)) = 2,
where F'(t) is the first derivative, F" (t) the second derivative and (-,-) the RV inner

product. Assumption (Hr) allows to define a Frenet—Serret frame whose main properties
are recalled thereafter:

1"

Proposition 3.1. Let S? be the unit sphere of R® and assume (Hr)is fulfilled, then there
extst
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o T:1[0,0] — S? the unit vector tangent to the curve, pointing in the direction of
motion,

e N:[0,/] — S? the normal unit vector, the derivative of T with respect to the
arclength parameter of the curve, divided by its length.,

e B:[0,/] — S? the binormal unit vector, the cross product of T and N.

Moreover
d T 0 v O T
t\ B 0 -7 0 B

Functions «y (curvature) and 7 (torsion) are scalar functions and -~y is nonnegative. The
curvature -y is the curvature radius inverse.

Remark 3.1. In the 2D case the Frenet—Serret frame reduces to T and N. FEzxistence
conditions are the same and the differential characterization of the frame is

alv)=(58)(~) 3:2)

Eventually, we have to set an additional hypothesis to get a local parametrization in
the neighborhood of I' : we need the curvature radius to be large enough. If it was smaller
than the diameter of the tube, this would correspond to the case where the tube fall back
on itself. Therefore, we assume

1
vt € [0,¢ a<inf{}. 3.3
0,4 0 (33)
Remark 3.2. [t is sufficient to assume there exists p > 0 such that
« 1
vt € (0,4 — 4+ p<inf — .
S Y(t)

We chose p = 5 for the sake of simplicity

We may now define the tube A, with thickness « around I' as

1 on A,

0 elsewhere. (3.4)

Ay ={z € Q:d(z,T) < a/2} and g = x4, = {
Here d is the euclidean distance in RY. Let us divide A4, into three sub-areas: the two
ends B?, B! and the body C,. More precisely
By = {x€Aa:|lz—F(0)=d(zI)}
Bl = {z€Ay: ||z —F@)|=d(z0)}. (3.5)
and C, = A, \ (B U BY).
3.1.2. Parametrization of the tube. In order to perform calculations, we must specify the

tube parametrization. For this, we consider the ends and the body separately and use
spherical coordinates (or polar coordinates for the 2D case).

Proposition 3.2. Assume (Hr) and (3.3). Then we may define
e 2D case (N=2) :
«
de: [0, 0] x}—? [ & Ca
(t,r) — F(t)+rN(t),

| R
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Q)Bo:]O,%[x]O,ﬂ'[ — B
(r,0) + F(0)+rcos(0)N(0) — rsin(6)T(0),
@Be:]o,%[x]o,w[ ~ B

(r,0) — F()+rcos(0)N()+rsin()T(¢),
e 3D case (N =3) :

oo+ ]335 5[
(t,r,6)) — F(t)+rcos(d)N(t) + rsin(0)B(t).
By ]O,%[X]O,%r[x}o,g[ B°

(r,0,¢) +— F(0)+ rcos(¢)(cos(0)N(0) + sin(0)B(0)) — rsin(¢)T'(0),

By ]0,%[>< 10, 27 x }o,g[—mg
(r,0,0) — F(£)+rcos(¢)(cos(0)N(£) + sin(0)B(L)) + rsin(¢)T'(£),
Moreover ®¢ is a local diffeomorphism whose jacobian is
JOc(t,r) = 1 —7ry(t) if N =2,
JOc(t,r,0) = r(1 —rcos(0)y(t)) if N =3.
Proof. Using the 3D Frenet—Serret formulas (3.1) gives

1—v(t)rcosd 0 0
JOc(t,r,0) =| —1(t)rsind cosf —rsinf | =r(1—rcos(0)y(t)).
T(t)rcos@  sinf rcosé

As r < «/2 and the curvature radius of I" is always greater than «/2 so that
vt € [0, /] |1 — 7 cos(0)v(t))| # 0.
This proves that ®¢ is a local diffeomorphism. O

Now, we gather the respective parametrizations ®go, @5 and ®¢ to get only one
denoted ® defined on A,.

Definition 3.1. Assume (Hr) and (3.3). We say that (Aa,T') is a tube if the application
P is a C' global diffeomorphism.

3.1.3. The set Fo of tubes of diameter . From now we assume that (I', A,) is a tube (as
in definition 3.1). We now define a set of feasible functions to describe such a tube.

Definition 3.2. Let (I, A,) be a tube satisfying (Hr) and (3.3). The space F, C HE ()
is defined as the space of H}(Q) functions p such that

a) for almost every x € Q\ Ay, p(z) =0,
b) for almost every (x,Z) € Ay X Aqg,

d(z,I') =d(z,T) = p(x) = p(z).

Remark 3.3. According the thickness of tubes, we can assume that a functional p which
18 a solution of our problem is almost equal to 0 outside the tubes.
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These conditions mean that p has its support in A, and is symmetric with respect to
the center I' of the tube.
We end with an injectivity property of F, functions.

Lemma 3.1. Let (I', Ay) be a tube satisfying (Hr) and (3.3). Then, for p € Fy, for
almost every (t,1) € [0,4]2, (6,0) € (]-3,%2)? and (r,7) € (]-%, %DZ, we get:

7| = 17| = p(®(t, 7, 0)) = p(® (t ,0)).

Proof. e Let be t €]0,¢[, (r,0) € ] 5 2[><] 5 2[ and set x = ®¢c(t,r,0). Let y € T
be a point that minimizes the distance of = to I' (it exists since I' is compact). Let
to €]0,¢[ be such that y = F(tp). As I is smooth, x — F(tp) is a normal vector to I" at
F(tp). As the tangent plane is the affine plane F'(t9) 4+ Span (N(to), B(to)), there exists
(ro,6p) € ]—%,%[ ><] 5.5 [ such that

x = F(to) + rocos(bp) N (to) + rosin(6o) B(to);

this means that x = ®¢(tg, o, 0p). With (3.2), ® is a global diffeomorphism. This implies
that t = tg, r = rg and § = £6y. In particular, we may conclude that d(®(¢,r,0),T') = |r|.
e Let be (r,0,¢) € ]—%, %[ X |—m, 7| X ]0, %[ and set © = ®ze(r, 0, ¢). We prove similarly
that d(x,T) = |r|. The same reasoning holds for B°.

e We just proved that

r| = || = dist(®(t,r,0),T) = d(®(£,7,0),T).
With proposition 3.2, this yields that
7| = [F| = p(®(t,r,0)) = p(D(L,F,0)).
O

3.1.4. Minimization problem with tube constraints. We now set the new formulation of the
problem which takes into account the tube constraints. We have to consider all the tubes,
namely all the curves I' € C%(Q) that satisfy assumption (Hr) and, once I is fixed the
constraint p € Fy:

min min & (p)
T'eC? peFa

This problem is difficult to handle because the space C? is not suitable for variational
analysis. There is a great lack of compactness and we are not able to prove an existence
result for an optimal tube.

However, once a curve is chosen, its length ¢, curvature and more generally geometric
features are chosen and appear as parameters in the so called low-level problem (though
the formulation is note quite adapted here):

min & (p). (Pe.a)
pEFa
where the curve (F,/) is fixed from now.

The end of the paper is devoted to existence an uniqueness result of a solution to P 4.
In addition, qualitative properties of the solution will provide parameters tuning with
respect to the tube diameter « and length ¢.

Here
2
E.(p) = ;/A (p—1)2d$+ﬂ/A (95]Vp|2+(p(p€1))> dz (3.6)

since g := x4, and functions in F, have their support in A,.

Theorem 3.1 (Existence). Problem (P: o) has at least an optimal solution.
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Proof. Let (pn)n>1 be a minimizing sequence. As p, and Vp, are bounded in L?(12),
the sequence (p,)n>1 is bounded in H} (). Moreover H}(£2) is compactly embedded in
L4(Q) (N < 3, see [2]). Therefore, one may extract a subsequence (denoted similarly) that
weakly converges to p in H}(Q) and strongly in L*(£2). The lower semi -continuity of &.
then gives

It remains to prove that p € F,. As H} () is compactly embedded in L*(Q) the sequence
(pn)n>1 converges to p almost everywhere (up to a subsequence). The symmetry properties

of definition 3.2 properties are kept by taking the limit. This gives p € F,. O
In the sequel we set
VEER  Fa(t)— %(t 1)y g(ﬁ ey (3.7)
and
VEER  fgo(t) = %Fé’g(t) = §(2t3 —3t%) + (% - g)t - % (3.8)
Theorem 3.2 (Optimality condition). Let p be a solution to (Pz o). Then p € F, verifies
VeeFa [ (O8VH)Vielo) + faclplo)o@)do =0 (3.9

Proof. A classical computation gives

Vo€ Fa <VE()p> = / (186=V(2)Vep(x) + Fl . (p(x) o () da,

—2 [ (98:9p(a)Vipla) + fc () pla)) do
Aa

Every solution p € F, to (P: ) satisfies
Vgoefa <vg€7(p_ﬁ>207
that is (since F, is a linear space)

Vo € Fu < V& (p),p >=0.

Theorem 3.3 (Uniqueness). If 8 < e, then problem (P. ) has a unique solution.

Proof. Let p; and py be two solutions of (P; ). As p; and p2 belong to F, one may choose
@ = p1 —p2 in (3.9): using this equality with p; and py respectively and subtracting gives

/ 98|V (p1 — p2) > + (fse(p1) — fac(p2))(p1 — p2) dz =0 .

{e3

As (fae(p1) = fa.2(p2))(p1 — p2) = fh.(p1 + Op2)(p1 — p2)* with 6 € [0,1], it is sufficient
that f; . >0 to get p1 = pa.

VEeER fp(t)= ?ﬂ — ?t—i— (; +f> :

The discriminant is

D:

€

3652 245 (1 /3) 1282 128 128 (6 >
€ € 2 ¢ € € €

If 3 < e then D < 0; this implies that f5_>0. O
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Remark 3.4. We chose the (classical ) coefficient % for the fitting data term. We may,
however, introduce a parameter v to adjust the weights of the different terms. More pre-
cisely we can define

Evelp) = ;/Aa (p— 1)2d:c+/3/Aa <9€|Vp\2+ W) dx

where v > 0. It is easy to see that minimizing &, . is equivalent to minimizing & with %
instead of 8. The uniqueness condition writes then 5 < ve.

The first significant result of this section is the existence of a unique solution providing
B < e: this is a first rough parameter tuning. More informations come from the optimality
conditions that we make precise now. Indeed, the constraint p € F, does not go directly
to a partial differential equation from (3.9): we cannot ensure that the solution of such
an equation (to be computed in the dual of F,) exists and belongs to F,. In addition,
the numerical description of F, is difficult. For all these reasons, we first show that the
2D/3D problem (P ) can be reduced to a problem in one dimension. We can then give
specific properties of the solution and provide an automatic selection of parameters 5 and
€ with respect to « et £.

3.2. Reduction to a one dimensional problem. To reduce the problem (P:,) to a
1D problem, we exhibit a diffeomorphism that allows to fully describe a tube (through
its parametrization ) with a single variable. This is made possible by the very specific
definition of the concept of tube. We will have to relax some assumptions later to handle
the case of more general tubes.

The 1D problem we obtain is formulated in a weighted Sobolev space where the weight
w is related to the geometry of the tube and (therefore) the space dimension. The case of
dimensions 2 and 3 are treated in the same way with a significant difference in 3D since
the weight w vanishes at 0.

Assume that (I', A,) is a tube as in the definition 3.1. The purpose of this section is to
obtain an expression of the energy when restricted to F,. In what follows we set

~ HNTH(0A,)
w(r) = 5

where N = 2,3 is the space dimension, H the Hausdorff measure and 0A, the boundary
of the tube A, (with length £). A quick computation gives

| L+ 7r| ifN=2,
w(r) = { wllr| +2mr® i N=3. (3:10)

Definition 3.3. Let be I, = [—$,$]. The weighted Sobolev space H(I,) is defined as

Hi(L) ={a€ (L) | | (Iaf? + 14 1) w(r)dr < +o0}

where w is given by (3.10). This space is endowed with the norm
lalssr = | (1ol +10'7) wiryar

It is easy to see that H'(I,) is continuously embedded in H}(I,) since w is bounded
on I,. The converse embedding is true if N = 2.

Lemma 3.2. If N =2, then H.(I,) = H'(I,) and the associated norms are equivalent.
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Proof. As £ <w(r) < 47§, for every r € I, we get

Q@
Ul < Nl < (5+W§)H(J||fql(1a)-
This achieves the proof. [

If N =2, H\(I,) = H'(I,) C C°(I,) (continuous functions on I,,) and the correspond-
ing functions are defined everywhere. In particular the trace on the boundary makes
sense.

In the 3D case lemma 3.2 is false since w(0) = 0. Therefore functions in HJ(I,) may
have a singularity at en 0. However, we still have a continuity results outside 0.

Lemma 3.3. When N = 3, then H}(I,) C C°(I, \ {0}).

Proof. Let be ¢ € H!(I,) and r € ]0, %} Let us prove that ¢ is continuous on I, \ [-r,7].

Choose 7’ €]0,r[ and v a C'(I,) function identically equal to 1 on I, \ [~r, 7] with support
in I, \ [-7,7']. The function vq belongs to H'(I,). Indeed,

/ (va) ) dr = / Wq+vd)dr < 2 / ((V0)* + (vd)?) dr

I, I Io
< AWWie [ ddrdle [ @R
I \[—7,r"] I \[—7" ']
21V || o 2|V |0
¢ Whe [ gy Ml [ g,
w(r ) I \[—7,r"] W(T ) I \[—7" ]
2|V [| o 2 2|V [ oo "o
< d d
= W(T/) /[a wq T + (A)(T/) \/[OC W(q ) T?
< 400,

and

IN

/1 : (vq)* dr

2
v go/ q2dr§ HVHOO/ w(r q2 r)dr,
vl A D) Sy (r)g=(r)

|2, 2
w(r)g*(r) dr < +o0.
1o

w(r’)

Thus vq is a continuous function on I,. As v =1 on I, \ [—7,7], then ¢ is continuous on
I, \ [=r,7] for every r > 0. Therefore ¢ is continuous on I, \ {0}. O

We may define 1D spaces analogous to Hg () and Fy:

Definition 3.4. Let w be defined by (3.10). The space H;}O(Ia) is the space of H(I,)
functions that vanish at —5 and 5. The space G is the space of even functions oinO (Io)-

The correspondence between 2D /3D case and 1D case is described in next proposition:

Proposition 3.3. The following application © is an isomorphism from F, to GZ:
0:F, — G

. q:1I, — R
P [ p(q)C(Oar))y

where ¢ is defined with (3.2). Moreover, if ¢ = ©(p) then

Pl 1) = llall mra)s (3.11)
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Proof. (i) Let us show relation (3.11) for N = 2. For every p € F,, we have

. // (1o + [VpP2) dz = // (o + [VpP) de.

tor3
ol = /to/ (b2 + V) 0 @c(t, )1 = ry()| dr dt
—0Jr——a
Body Cq
+/ /2 (|p|2+ ]Vp|2) o ®po(r,0)rdrdd
6=0 Jr=0
End B°
+/ /2 (Ip|* + |Vp|?) o @ ge(r, 0)r dr db,
6=0 Jr=0
End B*

e Let us estimate

Lo— / / (1D + [Vp[2) o ®e(t, 1)1 — 1y (t)] dr dt.
=0 Jr=—g

Assumption (3.3) yields that
Vr e 1y, Vt €10,/ 1—7ry(t) > 0.

As p € F,, it is an even function with respect to r. Thus , we get

L o= / O / (IpP? + Vpl?) o ®c(t,r)(1 = ry(2)) dr-t

wlR M\Q

/t 0 / (P + [VBP?) 0 Ba(t, r) (1 + ry(t) dr dt,

L = 2/ / (Ip|* + |Vp|?) o @c(t, ) dr dt.
t=0 Jr=0

Thanks to definition 3.2, we get
V(t,r) €10,0] x Io  p(@c(t,r)) = p(2c(0,7)).
Differentiating with respect to t, gives
Vrelo, (1—=ry(t) (Vp(®c(t,r)), T(t)) = 0.

As 1 —r~(t) > 0 then Vp(Pc(t,-)) is orthogonal to T'(¢) and, thus, colinear to N(t). This

gives
Vpl? o dc(t,r) = (Vp(Pc(t,r)), N (1),

Since q(r) = p(F(t) + rN(t)) then ¢'(r) = (Vp(Pc(t,r)), N(t)).
We finally obtain ¢/(r)? = |Vp|? o ®¢(t,r) and

% 2
L =2 M2+ |q (r)] )dr. (3.12)
e We notice that ®o(r,0) = Ppo(r, 0), so that

_ i % 2 2
I = (Ip? + |Vp[2) @ go (r, 8)r dr d),
0=0 Jr=0
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writes

I —/ /2 (’p‘Q + ‘VP\Q) D po(r,0)rdrdd = ﬂ./? Up,z n ]Vp|2) ® o (r, 0)r dr- df.
6=0 Jr=0

r=0

As ®po(r,0) = F(0) + rcos()N(0) — rsin(6)T(0) = r, the function § — p(F(0) +

rcos()N(0) — rsin(f)) is constant on [0, 7]. The differentiation gives
Vo € [0, 7] (Vpo®po(r,0),(—sin(0)N(0) — cos(0)T(0))) = 0.

This means that Vp o ®o(r,0) is orthogonal to —sin(#)N(0) — cos(6)T(0) and colinear

to cos(@)N(0) — sin(0)T(0). In addition, g(r) = p o ®go(r, ), which yields
|4 (r)| = [{(VVp o ®po(r,0), cos(0)N(0) — sin(6)T(0))].
As cos(#)N(0) — sin(0)T'(0) is a unit vector we get
I’ (r)] = |[Vp(F(0) + 7 cos(8) N (0) — rsin(0)T(0)].

2 ,
I = 77/ <|q|2 + g ]2> rdr.
r=0

Eventually

e We can prove similarly that

7 2 2 2
I3 = (]p\ + |Vp| ) o ®pe(r,0)rdrdd
60=0 Jr=0

verifies

I3 = 71'/2 <|q|2 + |q,]2> rdr.
r=0
Pl = [ @ar20) (1o +1 ) ar

As ¢ is an even function

e The above estimates give

2 2 /12
P = ql” + |q w(r)dr,
P20 /I (g + 14 P) w(r)

that is
Pl ) = gl a (2,)-
(ii) We can show equality (3.11) similarly fo N = 3: however

(1) we deal with triple integrals,
(2) the jacobian of ®¢ at (t,7,0) is |r(1 — rcos(0)y(t))],
(3) the jacobian of <I>Bo Dpe at (r,0,¢) is 72 cos(¢).
We set Do = [0,4) x I x [-5,%] and D = [0, %] x [0,27] x [0, Z]; then

272
Wiy = [f[ | (0 +190R) o elr(1 = reos(o)y (o)
I:= Body
+ ///(T’WGDB (Ip]* + IVp|?) o @ gor® cos(¢),
Is:= ;;Ld BO

I ol 98P o @ costo),
(T797¢)EDB

I3:= end B*

(3.13)

(3.14)
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As previously we get with (3.3)
Vr € 1,,Vt € 0,/ |r(1 —rcos(0)y(t))| = |r|(1 — rcos(0)y(t)).

As p is an even function with respect to r we obtain

n o= /// (1pI2 + |Vp[2) 0 Delr|(1 — rcos(B)y(1)) dt dr df
(t,r,H)EDg

+ /// (Ip? + [Vp|?) 0 ®c|r|(1 4 cos(8)(t)) dt dr 6,
(t,r,0)eDF,

C

no=2fff (Ipf? + IVp[2) 0 Bolr.
(t,r,0)eDE

where D}, = Do N {r > 0}. With symmetry arguments we deduce

Jo—— /] (IaP? + 1) Ir| dr.

We prove as in the 2D-case that
IQ = I3 = 7T/ (’q‘Q + ‘q/|2> T2 dr.
I,
and
By = [ (erlrl+2m%) (1P +1d ) v

Equality (3.11) holds for N = 2,3. This implies that © is an application from F, to
H}, o(Io). Moreover, with definition 3.2, ©(p) is an even function that vanishes on I,
boundary, for every p € F,. More precisely, O(F,) C G¥. The bijectivity of © comes

from definition 3.2. O
Remark 3.5. Let 3 be the t- slice of A, :
5 {Pc(t,r): r e ly} if N =2,
P {@c(t,r,0): (r,0) € I x | -3, 2[} if N =3.

FiGUuRE 3.2. Slice Xy for N = 2,3

The bijectivity of © means that an element of F, is characterized by its image in the
slice ¥ or any other slice ¥y of An. This comes from the (strong) assumption we made
on the geometry of the tube whose diameter « is constant. This assumption will be relazed
in the future to consider tubes with varying diameters.
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Now we can perform the change of variables ¢ = ©(p) that provides an equivalent 1D
formulation of problem (P: o). We define G. : G¥ — RT as follows

Vq € gf; GE(Q) = 55(6_1((])) .

Let us give an explicit expression of G.:

Proposition 3.4. The function G : G¥ — RT satisfies

1
vweds  Gua= [ |9BIdP 4 51— 0P+
where w has been defined in (3.10).

Proof. Let be ¢ € G¥ and p = ©7(q) € F,.

_ 2
Ge(q) = &(p) = ;/Q(IJ_XAQ)QCZT—Fﬁ/Q&E\VpP—l—(p(pEl))dr

12
:;/a(p—l)ZdT‘—I—ﬁ/QQdeF—I-(p(p€ D g

The computation is similar to the previous ones. We obtain (2D case)

Ga) = ¢ [ opelq+ 2o+ 5 g

2 _2)2
+7r/ (18ﬁ5|q’|2 +(1-q)?2+ %(ng)) rdr.
r=0

2 232
= [ (o0elaP+ 50 - a2+ 500 (e iy ar

2

The 3D computation is quite similar. O

B] w(r)dr (3.15)

We call next reduced problem on GZ the following

;?eng% G, (P?,a)

We just proved that we may reduce (P: ) to a 1D problem. More precisely:

Theorem 3.4. Assume that (Hr) and (3.3) are fulfilled.
The function p is solution to (Pe ) if and only if ©(p) is solution to (PZ,) where
e O is given by

0:F, — G

L { q: 1, — R
P ro= p(q)C(Oar))7
o F, is given by definition 3.2 and G% by definition 3.4
o G. is given by (3.15) and H}(I,) by (3.3) with
— 2D case : w(r) =L+ w|r| et
a o
(I)C. [O,E]Xj|—§,§|: — Ca
(t,r) — F(t)+rN(t),
— 8D case : w(r) = wlr +2mr? et
a o T
2o 0.0x]-5.5]x]
(t,r,0)) — F(t)+rcos(d)N(t)+ rsin(0)B(t).
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3.3. Solution properties. Theorem 3.4 is the key result of this paper: indeed we may
now obtain quantitative and qualitative properties of the solution to (P:q) from the
solution to (Pg,).

With the symmetry properties of functions in G it is easy to check that the restriction
of the solution g of (P¢,) ( with 8 <€) to (0, ) is the unique solution to

HllIl G (9) (3.16)
geget
where
Gt = {Q\]o,%} g€ Qﬁ} :
and

5 2y 5
Gt = (956l P + 501 - 02+ 5E"EL )iy ar = [ (086l + Facla)) i)

with the notations (3.7). We recall that Fj; (t) = 2fs(t) where fs. is given by (3.8).
We have seen that if 8 < e then f;_ > 0. Therefore, Fg_ > 0 and Fj_ is increasing. As
Fﬁ,g( ) = 0, the function F578 is negative on | — 0o, 1] and nonnegative on [1,4+oo[. This
proves that the function Fjp. is decreasing | — 0o, 1] and increasing on [1, 4+o0].

Theorem 3.5. Assume < e. Let p be the unique solution to (Pzq) and § = O(p) .
Then § (and p) takes its values in [0, 1]. In particular ¢ € L>(I,).

Proof. 1t is sufficient to prove that

Vr €], %] 0<qr)<1.
Lemmas 3.2 and 3.3 ensure that ¢ is continuous on |0

on [0, §] in the 2D case. So if N =2, we get 0 < g(0) <

e Let us prove first that

in the 3D case and continuous

2]
1 by continuity.

vr €0, 51,4(r) < 1.
Define ¢ = min(g, 1) on ]0, £] so that ¢ € G&"". Then

3 3
/ 9Be|¢’|Pw(r) dr < / 98e|7 |Pw(r) dr .
0 0

From the other hand, Fj . is increasing on [1, +oo[ so that

Fpe(p(r)) = Fpe(a(r)) ifq(r)) <1,

Fge(p(r)) < Fpe(q(r)) ifq(r)) = 1=¢(r),
As w > 0 it comes

GI () <G (),

and with the uniqueness of the solution, this yields : ¢ = §. Therefore ¢ < 1.
o We prove similarly that

vrau%Lamzo.

Set ¢ = max(q,0) on ]0, §] so that ¢ € Gat and

% /12 % —12
/ 98¢’ |“w(r) dr < / 98e|q |“w(r) dr
0 0

Furthermore
Fie(p(r)) = Fae(q(r)) ifq(r)) 20,
1=Fp.(0) < Fge(q(r)) ifq(r) <0,



16 MAITINE BERGOUNIOUX & DAVID VICENTE

since Fj . is decreasing on | — 00,0]. As w > 0 we get

G;w»scﬂ«@—%/;él—fwmwxwdrs<ﬁw@.
q
As before p = g and § > 0. 0

Now, we make the optimality condition precise : let p be the unique solution to (P4 )
and ¢ = O(p). Then

Vi € Gy / (98eq' V" + fae(@)y) w(r)dr =0 (3.17)
Io
Let us denote N a
1 1
HL(0.5) = {p e HL(0.5 =0},
where w is defined with (3.10). It is a linear subspace of CO([ $])for N = 2 and €°(]0, §])
for N = 3. For every function ¢ € H}(0,5) we set

B () ifx>0
¥(w) = { i(—x) ifx <0

The function % belongs to G and with (3.17)

/_‘5

(955(]’1&’ + fgyg(cj)w) w(r)dr = 2/02 (955(}’1&’ + fg,g((j)w) w(r)dr

N1

%
:24(%mw+mgwmmwm:m
Finally

a
«
77)

5 [T 0800 + factalr)otr)) wlrydr =0
Choose ¢ € D(0, §) and integrate by parts gives
— 98¢ (wq') +wfs.(q) =0 in (0, %) , (3.18)

in the sense of distributions. In addition g(§) = 0.
Now, choose ¢ € C'(0,9) such that ¢(%) = 0 and ¢(0) # 0. An integration by parts gives

/24¢w@omw:—/”@mw¢dr—4mwxmwwm
0 0

and with (3.18) we obtain ¢’ (0)w(0)¢(0) = 0, that is ¢ (0)w(0) = 0. Consequently, if N = 2
(w(0) = £ #0) we get ¢'(0) = 0 and we may describe the 2D solution.

3.4. 2D case.

Vo € HL(0

Theorem 3.6 (Euler equation ). Assume < e. Let p be the unique solution to (Peq)
and ¢ = O(p). Then g € G¥ is solution to the boundary problem

{ — 986 (W) +wfpe(q) =0 in (0, %) (3.19)
7(5) =0,4(0) =0
In that case G € C%(I,) and is the (strong) solution to
{ — 98e (w7) + wfpe(q) =0 in I, (3.20)
75 = (%) =0
Moreover @ (0) = 0.
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Proof. We have seen that ¢ is the solution of (3.19) in the sense of distributions. As
q € H'(I,) is continuous on I, the equation above can be extended by parity and gives
the system (3.20). Since g € H'(I,) C L*=(1,), the function

{Ia - R
ro= w(r)fee(@)(r),

belongs to L*(I,). From (3.19) and (3.21), it can be deduced that (¢8wq’) € L*(I,) and
wq € H'(1,). As, H'(I,) C C°(1,), then w@ is continuous. Dividing by w (which does
not vanish), we deduce that ¢ is continuous on I,. In other words, g € C!(1,).

We use the same reasoning to prove with ¢ € C*(I,) and relation (3.17) that (¢8wq)’ is
C'. On the other hand,

(3.21)

(wd)' =7HT +wd’,
in the distributional sense, where H is the Heaviside function (H = —1 on R™ and H =1
on RT). We noticed that ¢'(0) = 0: therefore 7 H7 is continuous. This implies that wg” is

continuous as well. Dividing once again by w, we claim that ¢’ is a continuous function.
Therefore ¢ € C?(1,) is a strong solution of (3.17). O

We now precise the solution shape. Indeed, we want it to be as close as possible to the
indicator function of I,. We are going to prove that the solution shape is as in Figure 3.3.
Therefore we have to estimate §(0) and ¢(§) to tune parameters § and ¢ so that g(0) is
as close as possible to 1 and |¢'(§)| as large as possible.

(Sll]
no[Q

FI1GURE 3.3. Solution for N = 2

Theorem 3.7. Assume N = 2 and B < . Let p be the unique solution to (P:q)and
g =0(p). Then

(1) q is an even function that is decreasing on [0, %],

(2)

7(0) — Mﬁ +o(t?) < q(t) < G(0) . (3.22)

(3) ) i
= Ip(000) 415z < T0) < fi5z (3.23)

(4) « (&% «
~ 3682 = 7(3) < fﬁ,a((I(O))%ﬂ8 (3.24)
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(5)

q'(5) <0.

«
2
where fg. is given by (3.8).

Proof. Let p be the unique solution to (P:q)and ¢ = O(p). We denote ¢ = jo,2 the
solution to problem (3.16).

(1) As g is even, it is sufficient to prove that ¢ is decreasing on [0, §]. We have proved
that ¢ is the strong solution of

96¢ (wa')' = whs.c(q) in [0, 5.

As ¢ <1 and fg is increasing with fz (1) =0 we get

o'
vrel0,5] wr)fse(a)r) <0.

Therefore (wq')’ is a continuous, negative function on [0, §] and wq’ is decreasing.

In particular

vr € [0, %} w(r)q (r) < w(0)¢'(0) = 0.

Thus ¢’ < 0 and q is decreasing.
(2) Let us perform a local study at t = 0. With equation (3.19) we have

e 5l 98 [ (@) ds= [ wls)foulats)) ds
Let us estimate .
/0 w(s) fp-(a(s)) ds .

As @ is decreasing on [0, t], takes its values in [0, 1] and fg . is an increasing, negative
function, we have: V0 < s <t < %

1

- 5 = fﬂ,s(o) < fﬂ,e(‘.i(t)) < fﬁ,s(‘j(s)) < fﬂ,e(‘.i(o)) <0 (3'25)

and (with w > 0)
foctate)) [ wtsyas< [

that is
2 2
(@) T < 0 (1) < fa(0)
since ¢'(0) = 0. Thus we obtain
faetatty CEET

2
that is finally

t

w($) f.2((s)) ds < f5.(a(0)) /0 w(s)ds <0,

(0 + mt)? — 2
2 ’

< 08e(t + 77 (1) < f5.0(a(0) 2T
t
18p¢

6 t

vt € [0, 5] A(t) fﬂ,a((j(t))@

where we have set

< q(t) < A1) f3.(a(0)) (3.26)

(204 mt) 1
ANt )= """ 1 . 2
(*) {4+t +€~|—7rt (3.27)
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By continuity, we get

q’(0) = lim at) _ fs:(a0)

t—0t T 93¢ ’

and a local expansion of g at 0 as well:

f5.(q(0))
183¢

since ¢/(0) = 0. As 0 > fz.(q(0)) > —3 we obtain inequality (3.22).
(3) Equations (3.25), (3.26) and 1 < A(t) < 2 give

vt € [0, %] — 1< A(t) f3(q(t)) and A(t) f5,(q(0)) < f3,(q(0)) .
This yields

q(t) = q(0) + t* 4 o(t%)

a t t
5l - 185 = q(t) < fs(a(0 >)1865 :

vVt e [0

Performing an integration between 0 and § gives

a? a?

T 8% 180¢ ‘j( ) —q(0) < fﬁ,s(‘?(o))m )

and with ¢(§) =0

| /\

2 a2

~I5@(0) 515 <90 < T

(4) ¢'(5) estimate. Equation (3.26) with ¢ = % provides

« a B «

2 fe(a( m < (5) < fﬂ,a(Q(O))m

a3))

1
since 1 < A(t) < 2. As fg.(q (2)) f8:(0) = —g we have proved relation (3.24).
(5) We finally prove that ¢”(§) < 0. The differential equation writes

vt €0, S —98emd (t) — 98=(C + T (t) + (¢ + ) f5.-(q(t) = 0.

Passing to the limit as ¢t — 5, we obtain
Py T Yy a

7(3) =57 7s (3~ g+ 73)-

Equation (3.24) yields

So

_,,(g) oo 1 1 < —20 <0
39 =366 ((+ %) 188 ~ 36Be(l+n3) —
O

The previous theorem allows to tune parameters with respect to the diameter «, so that
the solution is as close as possible of the indicator of 1.
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Corollary 3.1. Parameters 8 and € should be chosen such that

2

1
6 <e, %<<B€<<a, B€<%. (3.28)

If we introduce ~y as the fitting data term parameter (so that 3 becomes g) then

2

~y Q@
< — .
8 < e, 36 << Pe << ya, 55<7144

1

If we choose v = = for example, one gets

e 1 o}
<2, —— << Be<<, Be< — .

P= 0 36 “°FF Pe < 1
Proof. We have to set 8 < € to get uniqueness. If we want the solution to be very flat at

0 it is sufficient to set
1
E>> — .

b 36
with (3.22). We would like g(0) to be close to 1. Passing to the limit as ¢ — 1 in relation
(3.22) gives a necessary condition

a? > 1448¢ .

The right inequality in (3.24) is not useful : indeed, ideally g(0) = 1 and fz.(q(0)) = 0.
However |¢'(§)| can be large only if the left hand side is. ne grand si de gauche . A
necessary condition is

fe << a.
]

3.5. 3D case. Unisng the same techniques as in the 2D case, one can prove that the
solution ¢ is C? on |0, 4] and is a strong solution to
— 9B (wq')' + wfs=(q) = 0in [n, 5],
G o (3.29)
q(n) given , q(5) = 0.

for every n €]0,%]. Nevertheless, one cannot conclude that ¢ is C* on [0,%] because

w(0) = 0 and the solution may be singular at 0. However, we may use the following
strategy

e The 3D problem is equivalent to a 2D one with the same projection technique. A
weight function wy appear with wa(0) # 0.

e Then we pass from 2D to 1D by noticing that the 2D problem owns symmetry
properties once again.

We will not detail this strategy and rather present a slightly modified model that allows
to give regularity results in the 3D case.

4. A MODIFIED 3D MODEL

The possible singularity of teh soltuion at 0 comes from the fact that w(0) = 0. This
is due to the ends of the tube contribution to w. Therefore, we consider a modified tube
model where ends are excluded.
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4.1. Modeling the tube. As in section 3., assumptions (Hr) are needed to define a
Frenet-Serret frame. Thickness around I' is defined now: it is said that the section of the

tube along T is less than «( diameter of the tube) if the points are at a distance less than

5 of I'. Once again it is required that the radius of curvature is not too small and we

assume (3.3). We have a result similar to the one of section 3.

Proposition 4.1. Assume (Hr) and (3.3) are satisfied. Then the following application
® is a local diffeomorphism:

& 0,4 x }0,%[x Y
(t,r,0) — F(t)+rcos(d)N(t)+ rsin(0)B(t).
The Jacobian of @ is
JO(t,r,0) = r(l—rcos(d)y(t)).
The proof is similar to the one of proposition 3.2.
Definition 4.1. Let be ® as in proposition 4.1 and Ty, the range of ®. We say T, is a

tube if ® is a global diffeomorphism from ]0,£[ x 0,5 [ x ]—m, x| onto T,.
The (new) space F, is the space of HY(Q) functions p with support in T, such that

p(D(t,7,0)) = p(®(t,r,0) t €]0,¢[, a.e.r € }0, %[, a.e.(0,0) €] —m x[% (4.1)

Commenter
We now consider a minimization problem to detect such a tube T,.

1?61}'% gs(p)v (Qf'?»a)
where
2 _ 2
E(p) = ;/ (p—1)2de+p <9s|vp12+p(1€p)> da. (4.2)
[e3 Ta

The following result can be proved as in section 3.1.4

Theorem 4.1. Problem (Q: o) has at least a solution. This solution is unique if § < e.
Moreover, any solution p of (Pe,) satisfies

Vo € Fa /T (98eVpVp + f5-(0)¢) dz =0, (4.3)

where fg . is defined with (3.8).

4.2. 3D tube rectification. The purpose of this section is to show that with the symme-
try assumptions (4.1) the minimization problem is equivalent to minimizing the functional
on the set of zero curvature tubes T}, i.e. the ones for which I' is a segment.
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FIGURE 4.1. Tube rectification

Definition 4.2. To consider the rectified problem we set :
o I'* the R3-segment given by
F*:[0,4] — R3
t — (t0,0).

o T the o diameter tube associated to I'*:

T = {2 €R3 |z = (t,rcosf,rsind), t € (0,4, r € [0, %], 0el-mn}.
o FX C H}(TY) the space of functions q with support in T such that

for almost every (t,7) € [0,4] x [0,5] and (6;,62) € R? :

q(t,rcosby,rsinby) = q(t,rcos by, rsinby),

o w:Tr — R such that

. 1
w(t,rcosf,rsinf) = = 2(cos 0)27 ()2

o A, : T} — M3 3(R) such that

Vw(t,rcosf,rsingd) 0 0
Ay (t,rcosf,rsinf) = 0 101, (4.4)
0 0 1
o & the energy functional defined on FJ by
1 —1))?
EX(q) = / (¢ —1)*dz + ﬁ/ <9€\AVq|2 + ((I(Q))> dx, (4.5)
2 T T 9
o HL(TY) the space of measurable functions such that

Iplls; = [ (8uVpP + 57) do < +x,

@

Let (Qf ,) be the minimization problem

min E(q). (02a)

With assumptions of proposition 4.1 and (3.3) we get :

(0%

0<r<—,tef0,4=0<ry(t) <

N
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Therefore the application w makes sense and takes its values in [1, 3] This proves that
HY(T3) = Hy(Ty) -
Now we may define © as
©0:T, — T
x +— (t,rcosf,rsinb),

where © = ®(t,7,6). As @ is a diffeomorphism (proposition 4.1) and the polar coordinates
parametrization as well, then © is also a diffeomorphism .

Proposition 4.2. The following application is an isomorphism :
v:F, — Fi
p — poO.
Moreover [l sy = 19 (0)l sy sy and E.(p) = EX((p)).

Proof. Let be p € F,. As the support of p is included in Ty, we have

1Pl3 y d = // (P + |VpP) da = /// (Ipl? + |Vpl?) d

We know that ® is a parametrization of T,. Denoting D =|0,¢[x ]0, %[ x |-, 7[, and
= (t,r,0)

Pl = [ (o @2 +Vpo @) (1 - rcos(0) (1) dx.
With (3.3),

N | —

vr e [0, %], VEe[0,f]  ry(t) <

and
Y(t,r,0) € D (1 —rcos(0)y(t))| = r(1 —rcos(8)y(t)).

Pl ey = ///XGD (Ipl* 0 @) r(1 — 1 cos()y(t)) dx
I
+///XGD (IVpl* 0 @) (1 — rcos(6)y(1)) dx.

Ip)

This yields

Let us split D as D = DT U D~ with
Dt :DO]O,E[X}O,Q[X G—QED, D~ =D\ D",
2 22
so that cosf > 0 on D' and cosf < 0 on D~. As (po ®)(t,r,0) = (po ®)(t,r,—0), it
comes

no= ] ket —reosonas+ [[[ ok ow)rr = reostoyn) i,
=[], e @y —reos@n@yax+ [[[ (oo ®)r+reos(opn) ax.
_ 2///(tyr,0)€D+(|p|2o(I))rdrdth:///(t7T’9)€D(|p|2o(I))rdrdth.
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The computation of Iy is different because |(Vpo ®)(t,r,0)| = |(Vpo ®)(t,r, —0)| may not
be true. Indeed if the tube curvature is zero then a cylindrical symmetric function has a
gradient whose norm is also symmetric. This is not true any longer if the tube curvature
is not zero. Set ¢ = p o ® so that

q(t,r,0) = p(F(t) + rcos(Q)N(t) + rsin(0)B(t)).
With the differential properties of the Frenet-Serret frame we get

g;l = (Vpo®, (1 —rcos(0)y)T —rsin(f)TN + rcos(0)TB),
3(7]’ = (Vpo®, cos()N +sin(0)B),
873 = (Vpo®, —rsin(0)N + rcos(f)B) .

. . q
Asqgiss etric — = 0. So
g is symmetri 70

= (Vpo®, (1 —rcos(6)y)T),

9q
gt
éTq = (Vpo ®,cos()N +sin(0)B),
,
0 = ((Vpo®,—rsin(d)N + rcos(0)B) .
The vector Vp o ® is always orthogonal to —rsin(f)N + r cos(0) B: therefore it belongs to

the plane spanned by T and u = cos(f)N + sin(f)B. These are orthogonal vectors and
Pythagorean theorem gives

IVp2o® = [Vpo df? = L 9\, (0a)’
b -V (1 —rcos()y)2 \ ot or)

With the above result I writes

i L (s () () )
- et (3 o [ e ()

13 I4
With D = DT U D™, we get

=[] - 00)" et ap
5T (t7r79)eD+T 1 —rcos(d)y 14 rcos(f)y ot

r Jdq 2
= — | drdtde.
///(t,r,@)eD 1 —r2(cos(0))?? (375) '
Similarly

2
I, = /// r (1 —rcos(0)y + 1+ rcos(f)y) <8q> dr dt do
(t,r,0)e D+ ot

J0q 2
= r{—=— | drdtdf.
(t,r,0)€D or
dq 2 04 2 04 2
= — — — dr dt do.
= ///(t,rﬁ)eD [w<8t> +<57"> " o0 ne

Finally
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Using (4.4) we obtain (with ¢ = po @)

I = /// |A Vaq|*rdrdt df = /// (|AVp|? o @) rdrdtdh.
t,r,0)e t,r,0)e

Eventually,
Wiy = [[[  (4aTo ) o alrardras
(t,r,0)€eD

||pHH1 Q) = /// ALV (T (p)|* + ((p))? d.

This means that HpHHl(Q) = H\I/(p)HH(12 The application V¥ is isometric from F, to Fj.

and

Equality & (p) = £X(¥(p)) can be proved with the same arguments. O
We just proved

Theorem 4.2. Problems (Q: ) and (Qf ) are equivalent. More precisely p is the unique
solution to (Qea) if and only if W(p) is the unique solution to (Qf ).

4.3. Solution regularity. We end this section by giving regularity properties of (Qc )
solution. For this, we first show that the solution of the problem (Qf ,) is solution of a
more general problem. Then we will use Theorem 4.2 to conclude. Consider

g *k
qeglll(nT " 2 () (QZ%)

It is now classical to see that if 3 < ¢ then problem (QZ%,) has a unique solution.
Theorem 4.3. Assume 3 < e and let p* be the solution of (QF%,). Then p* € C*°(To)NF}.

Proof. We first prove that any solution p of (Qf%,) belongs to C>°(T};) . The first order
optimality condition gives

Vo HAT) [ (98:V0Vo+ fauo)e) da =0, (4.6

where f3. is given by (3.8). Then

9BeAp = fz.(p) on Ty,

in the sense of distributions. As T is a smooth open subset of R3, then H}(T,) C
L%(T,)([2] for example). This implies that fg.(p) € L?(T%). Thanks to the ellipticity of
the Laplacian operator we deduce that p is C*°.

Let us show now that p* € Fi. We use a symmetrization technique. Let H be an
hyperplane including I'*, II the orthogonal symmetry with respect to H and set p := poll.
As problem (QZ%,) is invariant by the rotations of axis I'*, the function p is solution of the
problem as well. By uniqueness, p = p*. this proves that p* has a cylindrical symmetry
of axis I'™*. O

We may now conclude:
Theorem 4.4. If 3 < ¢, the unique solution to p de (Qc o) belongs to C3(Ty).

Proof. Theorem 4.3 tells that the unique solution p* of (Qf,) belongs to C*°(T}). In
addition, p = ¥~1(p*) is the unique solution of (Qc ). As U~1(p*) as the same regularity
as ®, we deduce that p belongs to C?(T},) since ® is C2. O
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5. CONCLUSION

The model we have presented allows to consider thin structures segmentation via a
geometrical prior. The tuning of parameters allows to separate noise from small tubes.
However, we are only able to perform a study on the low-level problem. In addition, the
study of the low-level solution shows that the (full) model we consider is too rigid to follow
the tubes. Therefore, we have to add an anisotropic term, namely a moving vector field
that makes it more flexible. This is detailed in [25].

Last but not least, we actually perform numerical simulations and different tests with
respect to the parameters «, 8 and €. This will be reported in a near future.
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