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Abstract

Let (A, D(A)) a diagonalizable generator of a C°—semigroup of contractions on a com-
plex Hilbert space X, B € L£(C,Y), Y being some suitable extrapolation space of X, and
u € L%(0,T;C). Under some assumptions on the sequence of eigenvalues A = {\; }x>1 C C of
(A, D(A)), we prove the existence of a minimal time Tj € [0, co] depending on Bernstein’s con-
densation index of A and on B such that y’ = Ay+ Bu is null-controllable at any time T' > Tj and
not null-controllable for " < Tj. As a consequence, we solve controllability problems of various
systems of coupled parabolic equations. In particular, new results on the boundary controllability
of one-dimensional parabolic systems are derived. These seem to be difficult to achieve using
other classical tools.
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1 Introduction

The starting point of this paper is to deal with the controllability properties of non-scalar parabolic
systems. Before describing the problem under consideration, let us recall some known results about
the controllability properties of scalar parabolic systems. The null controllability problem for scalar
parabolic systems has been first considered in the one-dimensional case. Let us consider the following
null controllability problem: Given 5o € H (0, ), can we find a control v € L?(0, T) such that the
corresponding solution y € C([0,T]; H=*(0, 7)) to

By — Dywy = 0 inQ = (0,7) x (0,T),
y(07 ) =, y(ﬂ—7 ) =0 on (OaT)v (11)
y(vo) =1%o in (0777)7
satisfies
y(-,T) = 0in (0,7)? (1.2)

Using the moment method, H. O. Fattorini and D. L. Russell gave a positive answer to the previous
controllability question (see [10] and [11]). Let us briefly recall the main ideas of this moment method.

It is well-known that the operator —0J,, on (0, 7) with homogenous Dirichlet boundary conditions
admits a sequence of eigenvalues and normalized eigenfunctions given by

2
wr =k, ®p(z) = \/>sink:x, E>1, xe€(0,m), (1.3)
™
and the sequence {®y, }>1 is a Hilbert basis of L?(0, 7). Given yo € H (0, ), there exists a control

v € L?(0,T) such that the solution y to (1.1) satisfies (1.2) if and only if there exists v € L?(0,7)
satisfying

T
_<y0a 6_MkT®k>H71((],ﬂ'),Hé((]ﬂr) = / ’U(t)e_uk(T_t)axq)k(O) dat, Vk=>1.
0

Using the Fourier decomposition of v, yo = >~ Yok P, this is equivalent to the existence of
v € L?(0,T) such that

5 (T
k\/>/ e_“’“(T_t)v(t) dt = —e Ty, Vk>1.
T Jo
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This problem is called a moment problem. In [10] and [11], the authors solved the previous moment
problem by proving the existence of a biorthogonal family {q }x>1 to {e #*'};>1 in L?(0,7T') which,
in particular, satisfies the additional property: for every e > 0 there exists a constant C'(e,T") > 0
such that

gkl 2oy < Cle, T)e,  Vk > 1. (1.4)

The control is obtained as a linear combination of {gj };>1, that is,

T 1 _
o0 =) =[5 3 1 s
k>1

and the previous bounds (1.4) are used to prove that this series converges in L?(0,T') for any positive
time 7'. In fact, in [10] and [11] the authors proved a general result on existence of a biorthogonal
family to {e=*#!};>1 in L2(0,T) which fulfils appropriate bounds if the sequence A = {Aj}x>1 C
R satisfies
1
ZA—@O and Ay — A > plk—1|, Vk,1>1, (1.5)
k>1 "k
for a constant p > 0.
It is interesting to point out how the assumptions in (1.5) are used in order to get the null control-
lability result for System (1.1):

1. The convergence of the previous series implies that the sequence {e*A’vt} k>1 1s not total in
L?(0,T;C) and forms a strongly independent set in L2(0,T'). In fact, this assumption assures
the existence of a biorthogonal family to {e=*#!};~1 in L2(0,T).

2. The previous gap property in (1.5) for the sequence A is crucial for obtaining property (1.4) and
the null controllability result for System (1.1) for arbitrary small times 7'

In 1973, S. Dolecki addressed the pointwise controllability at time 7" of the one-dimensional
heat equation (see [9]). That is to say: Given T’ > O and yo € H _1(0, m), can we find a control
v € L?(0,T) such that the solution y € C([0,7]; H~(0,7)) of

8ty - aa:xy = 5xov(t) in Qv
y(07 ) = 07 y(ﬂ-v ) =0 on (07 T)7 (16)
y<'7 0) = Yo in (07 77)7

satisfies (1.2)? Here zp € (0,7) is a given point and d, is the Dirac distribution at this point zg.
Using again the existence of a biorthogonal family in L?(0,7) to the exponentials {e #*'};~; and
the bounds (1.4), S. Dolecki exhibited a minimal time 7§ such that System (1.6) is not null controllable
at time 1" if T' < T} and is null controllable at time I" when I > Tj. This minimal time 7{ in some
way “measures” the asymptotic behavior of

(Oa> Pr) fr-1(0,m), 113 (0,7) = Ph(@o),  VE > 1,

with respect to the eigenvalues p. Of course, this minimal time depends on the point xy. To our
knowledge, this was the first result on null controllability of parabolic problems where a minimal time
of control appears. Let us emphasize that the results of [10], [11] and [9] strongly use the gap property
satisfied by the eigenvalues of the Laplace operator (second property of (1.5)).
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The extension of these results to systems of parabolic equations is then a natural question. In the
case of boundary control, the simplest form of these systems is given by

Oy — (DOye + A)y =0 inQ,
y(oa ) = BU? y(ﬂu ) =0 on (07T)7 (]7)
y(70) = Yo in (Oaﬂ—)a

Here, D = diag(di,...,dy), withd; > Ofori : 1 < i < n, A = (aij)i<ij<n € L(R™) and
B € L(R™ R"). In System (1.7), v € L?(0,T;R™) is the control and we want to control the
complete system (n equations) by means of m controls exerted on the boundary condition at point
x = 0. Observe that the most interesting (and difficult) case is the case m < n.

The first results of null controllability for System (1.7) was obtained in [12] in the case n = 2,
m = 1 and D = Id. This result was generalized by [3] to the case n > 2, m > 1l and D = Id.
In these two papers, the authors used the method of moments of Fattorini-Russell to give a necessary
and sufficient condition of null controllability at any time 7" > 0 for System (1.7). This condition
is a generalization to non-scalar parabolic systems of the well-known Kalman rank condition for
controllability of linear ordinary differential systems (see [21, Chapter 2, p. 35]). In this case the
difficulty comes, firstly, from the fact that the matrix operator A := [d0,, + A has eigenvalues
with (geometric or algebraic) multiplicity greater than 1 and, secondly, from having less controls than
equations (m < n). To overcome both difficulties, the authors extend the results in [10, 11], construct
a biorthogonal family to {t/e*, j € J, A € A} in L?(0,T;C) (J is a finite subset of N and A C C
is the set of complex eigenvalues of —.A) and estimate the L?(0, T'; C)-norm of its elements. In both
cases, the eigenvalues of the matrix operator A with Dirichlet boundary conditions continue to satisfy
the gap condition in (1.5). As in the scalar case (see System (1.1)), this gap property (together with
appropriate properties for the coupling and control matrices A and B) provides the null controllability
result for System (1.7) at any positive time.

The main motivation of this work is the extension of the previous null controllability results for
System (1.7) to the case where D # Id, n > 1 and m < n. The main difference with the case D = Id
lies in the behavior of the sequence of eigenvalues of the matrix operator A := D3d,, + A. Even in
simple cases, the operator —.A admits a complex sequence of eigenvalues A = {Ay };>1 which does
not satisfy the gap condition appearing in (1.5). Even so, following the work [3], we will see that,
under appropriate assumptions (see (2.2)) and for any positive time 7', it is possible to prove the
existence of a biorthogonal family {gj, }>1 to {e*Akt}kzl in L2(0,T; C) but, in general, this family
does not satisfy (1.4) (with %8(Ay) instead of pi;). As a consequence, we will see that a minimal time
of control Ty € [0, +o0] appears in such a way that System (1.7) is not null controllable at any time
T < Tp. Let us mention the work [25] where one can find the first example of matrices D, A and B
for which the minimal time is Ty = 400 and, therefore, System (1.7) is not null controllable at any
positive time 7'. It is interesting to notice that the system treated in [25] is approximately controllable
at any positive time 7T'.

In some situations, the boundary controllability problem (1.7) is a particular case of more abstract
control problems of the following form:

(1.8)

y' = Ay+ Bu on (0,7T)
y(0) = wo,

where:
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e A is such that —A is the generator of a C”—semigroup of contractions on a complex Hilbert
space X whose eigenfunctions form a Riesz basis in X and whose sequence of eigenvalues
A = { A }i>1 C Csatisfies (2.2).

e B € L(C,Y), Y being some suitable extrapolation space of X, and u € L?(0,T;C) is the
control.

In this paper, we study the controllability properties of System (1.8). Let us remark that the
eigenvalues of the diagonalizable operator —.A4, in general, do not satisfy the gap condition in (1.5)
and so, the results in [10] and [11] cannot be applied.

In our work, we obtain two kinds of controllability results for System (1.8). Firstly, we exhibit a
Kalman type condition that ensures the approximate controllability of System (1.8) at time 7". This
condition is independent of 7" and only depends on 3 and the eigenfunctions of A. Secondly, assuming
the previous Kalman condition, we establish the existence of a minimal time T € [0, co] (see (2.13))
such that System (1.8) is null controllable in X at time 7" if 7' > T and is not null controllable in X
attime 7" when T' < Tj. Again, as in [9], we obtain a minimal time of controllability for the abstract
parabolic problem (1.8). This is, in fact, the main result in this paper (Section 2).

The previous minimal time 7 is related to the operator I3 and to the so-called condensation index
of the sequence A of eigenvalues of the operator — A, ¢(A). To our knowledge, this condensation index
has been introduced for the first time by V1. Bernstein (see [5]) for increasing real sequences and later
extended by J. R. Shackell (see [27]) to complex sequences. The goal of these two authors was to
study the domain of overconvergence of Dirichlet series with real or complex exponents. Roughly
speaking, if we consider the complex sequence A = {\;};r>1 C C, the condensation index of A,
¢(A), is a measure of the way how \,, approaches \,,, for n # m and it is interesting to observe that
if, in addition, the sequence A satisfies the second condition of (1.5), then ¢(A) = 0.

In some recent works, Jacob et al. (see [18] and [19]) also give a minimal time which provides the
null controllability properties of abstract systems of the kind of (1.8). This authors provide a different
characterization of this minimal controllability time 7y associated with the system. The construction
of this time 7T seems to be less explicit than ours. The method of proof of the corresponding positive
and negative controllability results is also different: their arguments turn around Carleson measures
while ours make use of the condensation index associated with the sequence of eigenvalues of the
operator associated with the abstract parabolic problem.

The proof of our main result is divided into two parts. Firstly, we prove the positive null con-
trollability result for System (1.8) (see Section 5.1) using the moment method and following some
ideas from [10], [11] and [3] (see Section 4). The second part is devoted to proving the negative null
controllability result (Section 5.2). To this end, we carry out a refined study of the condensation index
associated to a class of complex sequences (see Section 3).

In this paper we also give some applications of our main result to scalar and non-scalar parabolic
problems with distributed and boundary controls (Section 6). First, we generalize the controllability
result for the scalar heat equation stated in [9]. Secondly, we provide a complete null controllability
result for System (1.7) in the simplest (but non-trivial) case n = 2, m = 1,

D = diag (1,d), d > 0, and A:<8 é)

In this case, the minimal time, 7p, only depends on ¢(A), the condensation index of the sequence A
of eigenvalues of the matrix operator —DA — A associated with homogeneous Dirichlet boundary
conditions, i.e., A = {k? dk?};>1. In fact, we will prove that Tj strongly depends on the diophantine
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approximation properties of the irrational number d (see Section 6.2). As third application, we will
consider the null controllability problem for system

Oy — (DOyy + A)y = f(z)Bu(t) inQ,
y(ov ) - y(ﬂv ) =0 on (0, T)v
y(70) = Yo in (O,W),

where D, A and B are as before, f € H~1(0,) is a given function and yo € L%(0,m;R?) is the
initial datum. Observe that v € L2(0,T)) is a scalar control and we want to control the 2 x 2 system
with one control force. In this case we will see that the minimal time of control 7 depends on the
same previous condensation index and on the function f.

Up to now we have described some controllability problems (with distributed or boundary con-
trols) for scalar or non-scalar parabolic systems in the one-dimensional case. Let us briefly provide a
non-extensive literature on the corresponding results in the N-dimensional case (/N > 2).

The N-dimensional null controllability problem for scalar parabolic equations (with boundary
or distributed controls) was independently solved by G. Lebeau and L. Robbiano, [24] (for the heat
equation), and A. Fursikov and O. Imanuvilov, [13] (for a general parabolic equation). The result in
[24] was obtained through a spectral inequality and this inequality was proved by the authors proving
local Carleman estimates. The result in [13] was obtained by proving Carleman estimates that imply
an observability inequality equivalent to the null controllability or controllability to trajectories of
the parabolic equation. Carleman inequalities have been introduced by [7] for proving uniqueness
results for some PDE’s and have been widely extended by Hormander (see [16, 17]). See also [23]
where different Carleman inequalities are presented and compared and where some applications to
the controllability of the heat equation is also done.

There are very few results in the literature concerning the boundary null controllability of coupled
parabolic systems in the /N-dimensional case (N > 2). In [1] and [2], the authors deal with this
problem in the case of some 2 X 2 parabolic systems and give some sufficient conditions imposing
appropriate geometric conditions. These conditions are inherited from the method, that consists in
proving a result for coupled hyperbolic equations and then, using the Kannai transform, they obtain
the result for parabolic equations. For a survey of recent results on null controllability (with boundary
or distributed controls) in the framework of non-scalar parabolic systems, see [4] and the references
therein.

In this paper we have treated the null controllability problem for System (1.8) when the opera-
tor A is, among other thinks, diagonalizable, i.e., its eigenfunctions form a Riesz basis in X. In a
forthcoming paper we will address the controllability problem for this system when .4 admits a Riesz
basis in X of eigenfunctions and generalized eigenfunctions. This will be crucial in order to study the
controllability properties of System (1.7) in the general case.

The plan of the paper is the following one: In Section 2, we address some preliminary results and
we give the main result of this work. In Section 3 we study the so-called condensation index of com-
plex sequences A = {\j }x>1 which satisfy (2.2). This section is crucial in order to prove the negative
controllability result stated in the main result. Section 4 is devoted to the construction and estimates
of a biorthogonal family to complex exponentials. We will use the results of this section for proving
the positive null controllability part of the main result. In Section 5 we give the proof of the main
result. In Section 6 we exhibit some applications of the main result to the null controllability problem
for scalar and non-scalar parabolic systems. Finally, in the Appendix we prove some technical results
from the diophantine approximation theory of irrational numbers.
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2 Preliminaries and main result

Let X be a Hilbert space on C with norm and inner product respectively denoted by || - || and (-, -). Let
us also consider {¢y } ;- a Riesz basis of X and let us denote {4}, the corresponding biorthogonal
sequence 0 {¢ };~. Let us recall that if y € X then

y= (ur)or and |[ylg:= D |(y,vn)]* < oo, @.1)
k>1 k>1
and
y=> e)ve and (lyl§)” =D |, éx)* < oo,
k>1 k>1
In fact, || - ||o and || - ||;; define in X equivalent norms to the usual norm || - ||.

Let us also consider a sequence A = {Ay};~; C C satisfying

Ni # A, Vi k € Nwithi # k,
1
R(\k) >0\ >0, VE>1, and Y — <o, (2.2)

for a positive constant §.
We denote by X_; (resp., X* ;) the completion of X with respect to the norm:

1/2
o= (S gy e x
E>1 ‘)‘k|
(resp.,
) 1/2
Wity = (120 ex),
k>1 [ Akl

On the other hand, the Hilbert space (X1, ||-||;) (resp. (X7, |-||;)) is defined by

1/2
Xy = {y € X: |yl < oo} with [lyll, = | DIl w0 ]
k>1
(resp.,
1/2
Ti={y e X lylly < oo} with lyl7 = | DIl 1w, ¢ | ).
E>1

It is well-known (see for instance [29]) that X_; = (X’{)', the dual space of X} with respect to the
pivot space X.
Let us fix T > 0 a real number. We consider a system of the form:

{ Yy =Ay+ Bu on (0,7) 23)

y(O) =1Yo € X.
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In the previous system we will assume that A : D(A) C X — X is the operator given by:

A== (5 0) ér (2.4)

k>1

with D(A) = Xj. Under assumptions (2.2), we can readily prove that A is densely defined and is
invertible with A~ € £(X). It is also easy to check that:

A== "N (- bn) Y 2.5)

k>1

with D(A*) = XJ.

The operator .4 admits an extension A_; € £ (X, X_1) and we will denote it by the same symbol
A. The C°—semigroup {e} _ =~ generated by A on X also extends to a C”—semigroup on X_;
generated by (the extension of) .A. We will still denote this semigroup by {em} 50"

In System (2.3), u € L? (0, T’; C) is the control which acts on the system by means of the operator
B e L£(C,X_;) (thus B* € L (X],C) = X_,). In the sequel, we will suppose that B is an admissible
control operator for the semigroup generated by A, i.e., for a positive time 7™ one has

R (LT*) c X,

where -
Lyu = / eT=94Bu(s)ds, Yue L*(0,T;C). (2.6)
0

Observe that as a consequence of the closed graph theorem, the previous assumption implies that
Ly € L(L*(0,T;C),X). Moreover, it can be checked that L% € £(X, L?(0,T;C)) is given by

Lo = BT Vi € X.

The mild solution to (2.3) is given by

t
y(t) = ey + / e=94Bu(s)ds, te(0,T) .7
0

and under the admissibility assumption on the operator 3, one has y € C°([0, T]; X).
We recall that:

Definition 2.1. It will be said that System (2.3) is approximately controllable in X at time 7" > 0
if for any 7o, yq € X and any £ > 0 there exists a control v € L?(0,7’; C) such that the solution
y € C°([0,T]; X) to (2.3) satisfies

1y(T) = yall < e.

On the other hand, it will be said that System (2.3) is null controllable in X at time T' > 0 if for all
Yo € X, there exists u € L%(0, T; C) such that the solution y € C°([0, T]; X) to (2.3) satisfies
y(T) = ™y + Lyu = 0.

Remark 2.2. It is possible to define another controllability property of System (2.3): the exact con-
trollability to trajectories in X at time 7" > 0. It will be said that System (2.3) is exactly controllable
to trajectories in X at time 7' > 0 if for any yo € X and any trajectory i € C°([0, T]; X), i.e., a mild
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solution to (2.3) associated with 7jop € X and u € L?(0, T; C), there exists a control u € L2(0,T’; C)
such that the solution y € C°([0, T; X) to (2.3) satisfies

y(T) = §(T) in X).

At first sight, this concept could seem stronger than the null controllability property but, thanks to the
linear character of System (2.3), it is easy to check that the null controllability in X at time 7" > 0 of
this system is equivalent to the exact controllability to trajectories in X at time 7T'. (|

It is well-known that the controllability properties of System (2.3) amount to appropriate proper-
ties of the so-called adjoint system to System (2.3). This adjoint system has the form:

_90/ = A*@a on (Oa T)
P(T) = o € X.
Observe that, under the previous assumptions on the operator A, for any ¢y € X System (2.8) admits

a unique weak solution ¢ € C9([0, T]; X). One has (see for instance [29, Theorem 11.2.1] and [30,
Theorems 2.5 and 2.6, p. 213]):

(2.8)

Theorem 2.3. Assume that B € L(C,X_1) is an admissible control operator for the semigroup
{etA}t>0 generated by A, with A given by (2.4), and A = {A};~, is a complex sequence satisfy-
ing (2.2). Then,

1. System (2.3) is approximately controllable in X at time T’ if and only if the solutions p €
C°([0, T); X) to the adjoint system (2.8) satisfy the unique continuation property

“If B*¢(t) = 0 for almost any t € [0,T), then p = 0.”

2. System (2.3) is null controllable in X at time T if and only if there exists a constant Cp > 0
such that any solution ¢ € C°(]0,T); X) to the adjoint system (2.8) satisfies the observability
inequality

T
o (0|2 < Cr /0 B ()2 dt. -

Let us now take ¢g € X. Then, it is not difficult to check that the corresponding solution to the
adjoint problem (2.8) is given by

p(t) =Y e T (0o, gp) by, V€ [0, T). (2.9)
k>1
Thus, as an easy consequence of the previous result we have:
Corollary 2.4. Under the assumptions of Theorem 2.3, one has:

1. System (2.3) is approximately controllable in X at time T if and only if
by == B* #0, Vk>1. (2.10)

2. System (2.3) is null controllable in X at time T' if and only if there exists a constant Cp > 0
such that
2

T
> e 2RO g, P < CT/ e T ] Vaphisr € 4(C). (21D
k>1 O Jk>1
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Proof. 1. Taking ¢y = 1, in System (2.8), we deduce that condition (2.10) is a necessary condition

for the unique continuation property for System (2.8). On the other hand, let us introduce the notation
ep(t) =e M Vit e0,T).

Then, condition (2.2) in particular implies that the sequence {ey}x>1 is not total in L?(0,7;C) and
forms a strongly independent set, i.e.,

2 .
en & span{ey : k # n}L (O’T’C), VYn > 1, (2.12)

(see Remark 4.4). Let us take ¢p € X such that the solution ¢ to (2.8) satisfies B*¢(-) = 0 on (0,7),
ie.,

Bro(t) = Y e M0 (g, 64) By =0, ae.on (0, 7).
k>1

Property (2.12) implies ¢ = 0 and thus the sufficient condition.

2. This point can be easily deduced from Theorem 2.3 using that {1y, } ;>1 is also a Riesz basis of
X and the expression (2.9). ]

Remark 2.5. Corollary 2.4 provides two conditions which give the controllability properties of Sys-
tem (2.3). It is clear that the observability inequality (2.11) implies condition (2.10). Therefore, we
deduce that (2.10) is a necessary condition for the null controllability property of System (2.3) at
time 7" or, equivalently, if System (2.3) is null controllable in X at time 7" > 0, then this system is
approximately controllable in X at any positive time. g

Corollary 2.4 provides two necessary and sufficient conditions for the approximate and null con-
trollability properties of System (2.3). Observe that condition (2.10) only depends on B and the basis
{% }r>1. This condition is independent of the final observation time 7. However, we will see that
the observability inequality (2.11) strongly depends on the coefficients {b };>1 and the qualitative
behavior of the sequence A of eigenvalues of —.A. In fact, we will prove that the null controllability
result for System (2.3) also depends on the final time of observation 7" > 0 by means of some minimal
controllability time Ty that, in some sense, measures the qualitative behavior of the sequences A and
{bkti>1-

This is our main result. It reads as follows:

Theorem 2.6. Assume that B € L(C,X_1) is an admissible control operator for the semigroup
{etA} 1~ generated by A, with A given by (2.4), and A = {Ak}p>1 is a complex sequence satisfy-
ing (2.2). Let us suppose furthermore that condition (2.10) holds. Let us introduce

log - log =i
. [bk] |27 (M)
To = limsu , 2.13
’ P (3%()\1@) R(Ar) @19
where
00 2
E(z)=]] <1 — ;) . zeC. (2.14)
k=1 k
Then:

1. System (2.3) is null controllable for T' > Ty,
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2. System (2.3) is not null controllable for T' < Tj. ]

Remark 2.7. Let us give some remarks about the statement of Theorem 2.6:

1. The proof of Corollary 2.4 also shows that condition (2.10) is a necessary condition for the null
controllability of System (2.3) at any time 7" > 0.

2. Thanks to assumption (2.2), we deduce that the infinite product (2.14) is uniformly and abso-
lutely convergent on the compact sets of C. In particular, this implies that the value of this
infinite product is independent of the order of the factors. Thus, we deduce that the function E
is holomorphic in C and independent of rearrangements of the sequence A.

3. Using again condition (2.2) we also deduce the property E’(\;) # 0 for all & > 1. This
guarantees that Ty given by (2.13) is well-defined.

4. We will prove that Ty € [0, o] (see Theorem 4.8) and, in fact, we will see that Tj could take
any value on the interval [0, co]. Thus, when Tj € (0, o], from Corollary 2.4 and Theorem 2.6
we deduce that System (2.3) could have the approximate controllability property at a positive
time 7" wihout being null controllable at this time 7'. (|

Theorem 2.6 establishes the existence of a minimal time Ty which provides the null controllability
properties for System (2.3). In the definition of this optimal time 7 two elements intervene. The first
one

only depends on the sequence A and on the control operator B. The second one is the condensation
index of the sequence A, ¢(A), (see Definition 3.1) and, of course, only depends on A. We will also
see that if 77 = 0 (resp., ¢(A) = 0) then Ty = ¢(A) (resp., To = T1) (see Theorem 4.8). In this
sense, we will also see that Theorem 2.6 generalizes the results on null controllability proved in [10],
[11] (where Ty = 0, see Remark 6.27), [9] (where Ty = T, see Subsection 6.1) and [25] (where
To = ¢(A) = oo, see Subsection 6.2).

Theorem 2.6 will be proved in Subsections 5.1 and 5.2.

As we will see in the next sections, when the control operator 3 is “good” (in some sense), the
minimal time Tj coincides with ¢(A), the condensation index of the sequence A. This condensation
index is a measure of the separation of the elements of the complex sequence A. We will see that
¢(A) € [0,00] (Remark 3.10) and, if the sequence A satisfies the second condition in (1.5), then
¢(A) = 0 (Proposition 3.11).

Let us now present an interesting application of Theorem 2.6 to the controllability problem for
System (1.7) in the simplest case n = 2,

1 0 . 01 0
D-(O d)(w1thd>0), A_<O 0) and B—<1>,

ie.,
Oyt — Ozal1 = Y2 in @, Oty2 — dOzzy2 = 0 in Q,
yl(ov ) = yl(ﬂ—v ) =0 on (OvT)a yQ(Ov ) =, yQ(ﬂ—a ) =0 on (OaT)v (2.15)
yl('v 0) = Yo,1 in (077]—)1 y2(70) = Yo,2 in (077]—)7

where @ is the cylinder @ = (0, 7) x (0,7).
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For any v € L*(0,T) and yo = (0.1, %0.2) € H~1(0,7;R?) System (1.7) has a unique solution
y=(y1,12) € C°(0, T} H~'(0,m R?)

which depends continuously on the data.

As said before, the controllability properties of System (1.7) withn =2, m = 1and D = Id are
well-known (see [12]). The case D # Id is widely open and only few results are known (see [25]) .
We will see that, for System (2.15) with d # 1, it is possible to apply Corollary 2.4.1 and Theorem 2.6,
with X = H~1(0, 7r; R?), obtaining the following result:

Theorem 2.8. Assume that d # 1. Then, one has

1. System (2.15) is approximately controllable in X = H~'(0, 7;R?) at time T > 0 if and only if

Vd ¢ Q.
2. Assume that /d ¢ Q. Then, there exists a time Ty € [0, 0o|, which only depends on d, such that

(a) System (2.15) is null controllable in X = H~1(0, 7;R?) at any time T > Ty,
(b) System (2.15) is not null controllable in X for T' < Ty. ]

From this result we deduce that the controllability properties of System (2.15) depend on the
diffusion coefficient d via the condition v/d ¢ Q and the minimal time 7. We will also see that
this minimal null controllability time is in fact the condensation index associated to the sequence of
eigenvalues of the operator —(D0d,, + A), does not depend on B and can be explicitly computed.

In Subsection 6.2 we will also analyze the dependence of the optimal time 7; with respect to d
and we will see that this dependence is, in fact, very intricate and connected with the diophantine
approximation of the irrational v/d:

Theorem 2.9. Assume that d # 1. Then, one has
1. Forany 1o € [0, 00], there exists d € (0, 00), satisfying \/d & Q, such that Ty = .
2. There exists M C (0, 00), with | M| = 0, such that T; = 0 for all d € (0,00) \ M.
3. Given 1y € [0, 00], the set {d € (0,00) : Ty = 10} is dense in (0, 00).

In the previous points T is the minimal null controllability time associated with System (2.15) pro-
vided by Theorem 2.8. O

Theorems 2.8 and 2.9 will be proved as a consequence of the results in Subsection 6.2.

3 The condensation index of complex sequences

In this section we are going to study the so-called condensation index of a complex sequence. To this
end and throughout this section, we will consider a complex sequence A = {)\;},~,; C C satisfying
condition (2.2). In addition, we are going to assume that the sequence A is normally ordered, i.e.,

{ ‘)\k’ S ‘)\k+1’7 vk Z 17

T T 3.1
—g <arg (M) < arg (A1) < 5 when |Ag| = [Agy1]-

Under the previous assumptions, let us introduce the following definition:
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Definition 3.1. The index of condensation of a sequence A = {A},-,; C C satisfying (2.2) is the
real number .
o8 Tt

R (Ak)
where the interpolating function F is given by (2.14). ([l

¢(A) = limsup (3.2)

Remark 3.2. Taking into account Remark 2.7 we deduce that the condensation index c(A) is well-
defined and its value is independent of rearrangements of the sequence A. In particular, we can always
assume that the sequence A is normally ordered and satisfies (3.1). ([l

The previous definition was introduced by V1. Bernstein in [5] for real sequences A. The index of
condensation ¢ (A) provides a measure of the separation of the elements \,, of the sequence A. This
concept is strongly related to the overconvergence and location of singular points of Dirichlet series
of real or complex exponents (see [5] and [27]).

Remark 3.3. Under the previous assumptions on the sequence A, we will see that the corresponding
condensation index ¢(A) is a non-negative number, i.e., ¢(A) € [0, co]. In fact, we will provide some
examples of sequences A for which ¢(A) is 0, or is a finite positive number or ¢(A) = oco. Moreover,
we will give some general conditions on the sequence A which ensure that ¢(A) = 0, a very interesting
case for the controllability properties of the parabolic system (2.3). O

Our next goal will be to get a different formula for the condensation index ¢(A) that will be used
in the proof of our main result, Theorem 2.6. To this end, we will adapt to our setting the definition
of condensation index of complex sequences given by Shackell in [27]. It starts with the notion of
condensation grouping associated with the sequence A. This concept generalizes the one introduced
by VL. Bernstein [5] for real sequences.

Definition 3.4. A sequence of sets A = {G}},~, is a condensation grouping of the sequence A =
{Ak }r>1 if it satisfies the following conditions:

(i) Foreach k > 1, the cardinal of G, N A is finite and equal to pi + 1, for some integer pi. > 0;

(ii) If A € A, then there exists k£ > 1 such that A € Gy, i.e.,

U GenA =
k>1

(iii) Let A;, be the first element of G, N A. Then the sequence {\;, } w>1 18 normally ordered and
pie/ i, — 0as k — oo; B

(v) If {\n, } 4> and { A, },~, are two subsequences of A such that A, , A\, € Gy forall k& > 1,
then A\, /A, — 1ask — oo. O

If A C Cis a finite set, we will use the notation P4 for the polynomial function given by:

Pa(z) =[] (z=N. (3.3)

A€A

With this notation, we introduce

Definition 3.5. Let A = {G}};-, be a condensation grouping of the sequence A = {A},;~;. Thus,
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1. The index of condensation of G}, is the number defined by:

1 !
h(Gy) = max log Pk
P, ()

9

AaneGr | R(A\)

where pi + 1 is the cardinal of the set G N A and

P60 = T 1A= Al
)\mEGk
Am#An

2. The index of the condensation grouping A = {Gy}; -, is defined by:
h(A) =limsuph (Gg) .

3. Finally, let us introduce the number i (A) defined as follows:

h(A) =sup{h(A) : Ais acondensation grouping of the sequence A} .

Remark 3.6. Observe that if G N A reduces to a single element (p;, = 0) for some & > 1, then
the function Pg, is given by Pg, (2) = 2z — Ay, and P, (2) = 1. In particular, i (Gy) = 0. As a
consequence, h (A) € [0, +o0]. O

An essential tool that will be used in the proof of our main result is the following

Theorem 3.7 ([27, Theorem 1, p. 137]). Let A = {)\k}kZI C C be a normally ordered sequence
satisfying (2.2). Then, for any q € (0,00), there exists a condensation grouping A = {G}.} k>1 of A
such thatif \j € Gy N A and 1, . .., iy € A are points which do not belong to Gy, one has

H |\t — 5] > ¢"n! (3.4)
j=1

Moreover, h (A) = h (A).
Proof. Thanks to assumption (2.2) and using that {|\;|};>1 is an increasing sequence, we deduce
that the sequence A = { )\ };>1 has density D = 0, i.e.,

D =1 0.

im— =
| Akl
Therefore, the proof of this result is exactly the same as in the cited article [27]. So we drop it. O

Theorem 3.7 was first proved by Bernstein [5] in the case of real sequences.

Our next result establishes an identity which will be crucial in the proof of the second part of
Theorem 2.6. One has:

Theorem 3.8. Ler A = {\} >1 C C be a normally ordered sequence satisfying condition (2.2). Let
us fix ¢ € (0,00) and A = {Gy};~, a condensation grouping of A satisfying (3.4). Then, for any
subsequence {\p, },.~, € A, one has:

!
P (M)

log 1
E'(An 1
lim [E"Co)] log

Rn)  ROwy)

=0, (3.5)
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where { Dy} k>1 © A s a subsequence of sets satisfying An, € Dy and qi, + 1 is the cardinal of the
set D, N A. Furthermore,
c(A) =h(A),

where h (A) and c (A) are respectively given in Definition 3.5 and in formula (3.2).

Proof. Firstly, the identity h (A) = ¢ (A) can be easily deduced from (3.5) and Theorem 3.7. There-
fore, let us concentrate on the proof of (3.5).

The arguments of the proof of (3.5) are inspired from those of [27, Theorem 3 and Theorem 5,
p 141]. In order to prove the result, let us fix {An, };,~; C A, a subsequence of A, g € (0,00),

= {Gg} k>1- @ condensation grouping satisfying (3.4), and {Dy} k>1 C A, a subsequence of A
such that A, € Dy, forall £ > 1.

We introduce the notation

log 1
[E"(An)
P,=——5=, Vn>1,
R\ "
g oy 1 n
Qr = kol log : . Yk >1,
ROwp)  ROwp) 2| Pp, (ay)

where the interpolating function E(\) has been defined in (2.14). Then, our objective is to prove that
lim @ = 0.
Let us define the following sets:

1 3 An
B, =<\, €A A €A = .
g { © )\nk <2} { © 2< Ank}

Observe that from the definition of condensation grouping we can deduce the existence of a positive
integer kg such that Dy, N By, = () for any k& > k. So, taking into account the expression

o= 2 T
7j>1
J#k

k

, Vk2>1, (3.6)
A

we have

2
ng

_g

1 An
P =y [0 5 T ¢ e P s

)\neDk )\neAk )\neBk

>\n7é)\nk
for any k > k.
A quick computation shows that
2 !
Q- An + An
— Z log |1 — —Z£| =1log log |qk H k
2 / 2
An €Dy, A Pp, (Ane) An €Dy, A
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Thus, for k& > ko,

1 [An | A+ An
- log 2%l _ og |g! An Tt Ang
Qk R Ow) [Og 5 ogla! ] ¥
An€Dy,
AnFAny (3.7
A
X+ Y plogft- S| =S+ 57+ 57
)\neAk AneBk n

Therefore, the task will be to prove that lim S,(:) =0, fort = 1,2,3. We will divide the proof into
three steps.

First step: Let us start proving that lim S,gl) = 0, where

m_ 1 [Ani| | An + Any
S, = R Ow) log 5 log |q! /\1}3 ¥
n k
An#An),

Thanks to assumption (2.2) we have that lim |\,,| = oo and so,

: 1 [An |
| 1 b=
im og 5

R (ny) N

On the other hand, there exist my, 1 and my, 2 such that A\, |, A, , € Dy and we can write

)‘mm + Ang < An + Ay, < Amk,z + Ay
)\%’Lk,l B )\% B >\72nk,2

for any A, € Dy, with \,, # A\, .

From Definition 3.4-(iv), for any A, € Dy, there exists €' € C such that £} — 0 as & — oo and
An = An, (L +¢R). In particular, Ay, ; = Ap,, (14 €g;) with limeg; = 0 (i = 1,2). Then, there
exists k1 > ko such that

Mt dng | _ [Pt | 1 [24epa] _5 1
A% B )\727%,2 ’)\nk‘ |1 +5k72’2 T2 ‘)\nk|7

An + Any - Ay + Ang _ 1 12+ ek 1] 23 1
/\% B Agﬂkﬂ ’)\nk‘ |1 +€k71’2 T2 ‘)\nk‘7

for all A, € Dy and k > k;. Using these inequalities and Stirling’s formula, we deduce that there
exists a positive sequence {3}~ such that 8 — 1 and, for k > ki,

An + Ay,

ax
o (5 (5 )")
> 26|)‘"k ‘
An

- R (Any)

1
log | !
>\7L¢A7Lk

_ log B 1log (2mqk) ar 1Og< 3qx ): »
RAne) 2 R(An)  R(Ow) 2¢ [An, | ’
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and 0"
5k
log |t [T [P o (v (587)”)
AN k! <
R (o) AT R (hn)
An#FAn),
_ log B 1log(2mqy) LI bk \ _ o
Rn) 2 ROn) R \2¢[An] i
Since

gk < dk < gk
Anel = R (Any) T 0 An, ]
and g, + 1 is the cardinal of Dj, N A we get lim g/ |\, | = 0 (see Definition 3.4-(iii)) , lim Cy, ; =
lim C}, 2 = 0 and

1 An + A
im ——1 | | | n TRk — .
TR Oy BT A2
An €Dy

AnFEAn,
Therefore, we have obtained lim S,(;) =0.

Second step: In this step, we will deal with the element S,(f) in (3.7):

Let oy, be the cardinal number of Ay. Since for A, € Ay we have [A,| < 3 [\, |, we deduce

3
o< (3 1l).

where, for every real number x, N'(z) is the cardinal of the set {n € N : |\, | < z}.
Observe that »_,~; 1/[\n| < oo and {1/[An|},>; is a non-increasing sequence. We easily
deduce that n/ |\,| — 0 as n — oo and thus

lim N )

T—00 €T

=0. (3.8)

So, it follows that for any & > 0, there exists R(¢) > 0 such that 0 < N (z) < ez forany z > R. In
particular, there is k2(¢) € N such that

3 3
0<a, < §6|)\nk| < %5%0\%), Vk > ko .
This last inequality proves
. 823
lim ———— = 0. 3.9
R (M)

Observe that the sequence A satisfies 0 < 6 |A,| < R (A,,) forall n > 1 (see (2.2)). In particular,
there exists ¢5 € [0,7/2) such that |arg (A,)| < ¢s < 7/2 for any n > 1. Let us introduce the
function g : z € C — ¢g(z) = z(z + 1) and the compact set

2
Os = {ZEC:SSMSQ, |argz|§2d>5<7r}. (3.10)
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Now, using the definition of A, we deduce
Ay
— €05, Vk>1, VA, € A
An
Therefore, we can bound
An + A
= +2 7k | = lg(Any, /An)| > Vk>1, VA, € Ay, (3.11)
A% IAnk! IAnk!

with a = min,co; [g(2)| € (0, c0).
Recall that the condensation grouping A = {Gy};~ satisfies (3.4) for ¢ € (0, 00). In particular,

II 1A = Al = @™ en!, VE>1,
AnEAL

where «, is the cardinal of the set Ay.

From this last inequality, inequality (3.11) and again Stirling’s formula, it follows that there exists
a sequence {3}, satisfying lim 8, = 1 for which

Z log

An€Ag

A+ Ay
AQ

n

=log [] 1A=l +log J]

AnEAL AnEAL

a \“
> log (¢” ozk)+log<|A ’>
N

v (3)7)

for any k > 1. Therefore,

s <

o o )

_lglB) _loBvomar ok < i >'—F
R (An,) R (An,,) R (M) g R ) = et

forall £ > 1.
Finally, using the definition of Ay, we get

)\
S,(f) Z log <1 +

/\EA

ag
——F _Jog5 =T},
) R ()

forany k£ > 1.

Observe that (3.9) implies limI'y, ; = limI'; o = 0. Thus, the two previous inequalities directly
provide lim S ,E:Q) =0.

Third step: In this last step we will prove lim S ,23) = 0. Let us recall (see (3.7)) that

1
s® - log
RO 2,

2
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It is easy to see the inequalities

! nk\

5 el Db« 5 sl < 3 (14 Be).
AnEBy An€EBy n An€EBy |)\ |
Therefore,
T 2 T+ < —(IAal), VE>1,
/\ €By, A €By,
where,
=log |1+ [ ith 0
fe(z) =log 2 oW x > 0.
Thus, in order to obtain lim S,(:’) = 0, it is enough to see that
lim Z f(IA) | =0. (3.12)
/\ €By,
Indeed, we have
‘>\T2Lk‘ o
ORI (AR N PRI
An€By, Al 2 Ang|
5 Anl
= [V (z) fi(l’)]f)\ﬂ N () fi(fv)]%o\)\n“ (3.13)

%Mnk\ oo
- / +/ f:t( dw—zlkw
A1 3 Ang |

where we recall that A/ (z) gives, for each z > 0, the cardinal of the set {n € N : |\,| < z} and
satisfies (3.8).
First, observe that A/ (|A\1]) = 0. Secondly, from (3.8), we can also check

Tim (A (2) fr () =

Thus, the first two terms in (3.13) can be evaluated as follows:

1
It =log |1 £ 4| N <2|)‘nk|> , Ipo=—log

4 3
119‘N<2|Ank|> .

. 1
lim m (Ik’l + Ik,2) =0. (314)

Now, we will deal with the term I, 3 in (3.13). Using once more (3.8) and also (2.2) we obtain
that, for any € > 0, there exists k3 > 1 such that, if £ > k3, one has

X

/1/ - dr <
———dr<e.
L/ | 127 1

Using again (3.8) we get

0< <e, Vr>4/|M\,|, and
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So, for k > k3, we can write:

\ A"k 2| Any,
k3] = / /\/Lik’ fi(@)N (z) dv

o P /\/ g /zlm 1
" VIl r x2i’)‘nk‘2

g2
< 2|\, | / / dx
Al x2iyA N ‘ N in\)\n | ]

el [ [ Ly
<2 ) M/ — x+€/ ——— dx
" L/ g | |22 1 1/ | |22 £ 1]

< C |y, le.
Thus since € > 0 is arbitrary, the previous inequality gives

lim Iy 3
R (A )

Finally, let us work with the last term I, 4 in (3.13). Using again (3.8) and reasoning as before,
we can see that for arbitrary € > 0, there exists a large k4 such that the following inequality

> 1
/ N (z) da
BPagl/2 T 22 £ A,

1
—
/3/2x2i1 “

lim Iy 4
R (A )

From (3.13) and using (3.14)—(3.16), we have (3.12) and lim S’gg) =0
Going back to the expression (3.7), the previous steps prove (3.5). This finalizes the proof. 0

=0. (3.15)

il = 2 A, |

<2\, e

holds for any k > k4. Thus again

=0. (3.16)

Theorem 3.8 provides a very important identity (see (3.5)). In particular, this identity allows us
to deduce a first formula for calculating the condensation index ¢(A) of a complex sequence A =
{Ak}kzl C C satisfying (2.2). In the next result we are going to obtain a new formula for the
condensation index which relates ¢(A) to the Blaschke product associated with the sequence A.

Let A = {\;},~; C C, be a complex sequence satisfying A\, # \;, for any i # j, and

R(Ar)
2 TR + PP < G4

Then, we recall that the Blaschke product associated with this sequence is the function W : Cy — C
defined by:
1—=A/A
W) =wA) =] bl N Cq,

14+ M\
k=1 [ (3.18)

Me Mg — 1) A +1 )
)\k|)\k+1|)\k—1 (k F )

k=
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We also recall (see for instance [3]) that, under assumption (3.17), the Blaschke product satisfies

W € H>(C.), the space of bounded and holomorphic functions defined on C, is defined almost

everywhere on iR and satisfies | (\)| < 1, for RA > 0, and |W (i7)| = 1, for almost every 7 € R.
One has:

Theorem 3.9. Let A = {\;} k>1 C € be a normally ordered sequence satisfying condition (2.2).
Then, for any subsequence {\n, },~, C A, the following identity holds:

1 1
P8 o] 8 ol

RO R(ny)

In particular,
1
o8 frrix]

¢(A) = limsup ROw)

where ¢ (A\) and the function W () are respectively given in formulas (3.2) and (3.18).

Proof. Let us consider a sequence A = {\} k>1 satisfying (2.2). In particular, the sequence A also
satisfies (3.17) and then, the Blaschke function W () is well-defined on C_.. In fact, we can readily
check the formula

—\k 1— /A
W' () = =0 ] 6,— 222 3.19
() k2Aka%(Ak)jr>[1 14 A/ G-19)
37k

The objective of the proof is to show that lim Q,,, = 0, where

1 1
o8 o] 8 W]

ROw) RO

an =

Evidently, this property provides the new expression for ¢ (A), the condensation index of the sequence

A= {)\k}kzl-
Thanks to the expression of |E’ (A, )| (see (3.6)), we can readily calculate Q,,, and obtain

1 |An, | 1
Qny, = log -
JEn ! g (3.20)
1 1 1
= log | = H
An An
oo [ g
Let us first prove that
liminf Q,, > 0. (3.21)

To this end, let us fix € > 0. Using assumption (2.2), we deduce the existence of Ny(g) € N such that

1
Zmﬁ

j>N0(€)

| ™
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Therefore, we can bound

2 No(e) 2 2
HHM HMSH(HMI) _H<1+|)\nk|> 1 <1+|)\nk|>
j>1 )\j )‘j j>1 |)\ ‘ j=1 ‘)‘J| . ‘)‘J|
= J>No(e)
2 /1] g ) 20 rn, |
el < (1 4 SR el
() < (1)

In the previous estimate we have used the inequality 1 + x < e valid for any z > 0. We have also
used that the sequence A is normally ordered and, therefore, |\;| > || for any j > 1. From the
previous inequality and using again (2.2), we also obtain

)\nk|> TENE ]
1+ e "k
2 ( A1l

From this inequality we get lim inf Q,,, > —¢/4, for any positive . Thus, we have proved (3.21).

—log2 — 2N (2) log (1 + ')
- R(Any)

an Z

log

| M

1
R(An)

Let us now see the inequality
limsup 9, <0. (3.22)

To this end we will use the sets:

<

@ _ [N 1 @3 .3 Nl
A’“_{‘]'IAMI<2 ’ A‘C_‘]'2<\Ank| '
(3)

We can decompose the infinite product in (3.20) into three product H(l), H,(f) and Hk , where:

) — H Ank ‘1+ | Vk > 1, withi=1,2,3. (3.23)

jeAl
First product: Following the ideas of the proof of Theorem 3.8, let &, be the cardinal of the set ﬁ,gl).
Then,

i< N (Siml).
where, for every real number x, N (z) is the cardinal of the set {n € N : |\,| < z}. Using once
more (3.8), we can also deduce B
o
R (Any)
Let us also consider the compact set O given by (3.10), where ¢5 € [0,7/2) is such that
arg (\;) < ¢s for any ¢ > 1. It is clear that

Ane An -
Zme Sk e 05, Vh>1, Vje AV
)‘j )\]

lim

=0. (3.24)

and thus 1 ~ &
I = T 1w /A0 [ /3] < 025,

- 7(1)
jEAk
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where h(z) = (14 2)"' and b = sup,p, |h(z)| € (0,00). Using (3.24) and the previous inequality
we infer

: 1 a _ < 2ay,
lim sup log IT;7 < lim logb | = 0. (3.25)
R (Any) g R (An)
Second product: Let us now consider H,(f) (see (3.23)). From the definition of the set ﬁ,(f), we can
directly bound
1
Y < ] <1,
Ll Y (Pl
JEA, 1A A ]
whence
Jim sup ———— log 1) < 0. (3.26)
R (An) b

Third product: Finally, let us take the third product H,(CS). Using the definition of the set K,(j), we get

< ] ! < T ePmelimslebnling,
G 1— |>\"k| 1— ’A:Lk| . +(3)
JEA, BN |>\j| JEA,

In this inequality we have used the inequality 1 — x > e~2* which is valid for any z € [0,2/3]. So,

4| A, | 1

R ()\nk) jegl(f) |>\J‘

lim sup log HE;’) < lim sup = 0. (3.27)

R (Any)

Coming back to the formula of Q,,, (see (3.20)), from inequalities (3.25)—(3.27) we obtain (3.22).
If we now add property (3.21), we get lim Q,,, = 0 and the proof of the result. O

Remark 3.10. Theorems 3.8 and 3.9 provides two different formulas for calculating the condensation
index of a complex sequence. The second one will be used for proving the first part of the main result
Theorem 2.6 and the first one for the proof of the second part of this result. Observe that from
Remark 3.6 and the identity ¢ (A) = h (A) we deduce that ¢ (A) € [0, oo] for any complex sequence
A = {\g})> satisfying (2.2). In Section 6, we will provide examples of sequences A for which c(A)
could have any value in the interval [0, co]. O

We will finish this section recalling some conditions on the sequence A which ensure that the
corresponding index of condensation is zero. One has:

Proposition 3.11. Ler A = {\;},~, C C be a sequence satisfying condition (2.2). Let us also assume
that the sequence A satisfies one of the following conditions

1. There exist a positive constant p > 0 and a positive integer ng such that

Mo —N| > plk—1|, Vk,1>mng.

2. There exist a positive constant p > 0 and a positive integer ny such that

A — M| =PI, V> nyandl # k.
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Then, ¢c(A) = 0. O

For a proof of this proposition in the real or complex cases, see for instance [5, 10, 11, 27, 15, 12,
3].

Remark 3.12. Observe that in the case of the boundary null controllability of a single one-dimensio-
nal heat equation (see [10] and [11]) we are precisely in the first case of Proposition 3.11. Indeed,
in this case A = {uy}r>1 (see (1.3)) which, evidently, satisfies the first point of Proposition 3.11.
So, applying Theorem 2.6, we will see that the null controllability result for the heat equation with
boundary controls is valid for every T' > 0 (see Remark 6.27). O

4 Existence of biorthogonal families to complex exponentials. Some
properties of the minimal controllability time

In this section we will give a result on existence of biorthogonal families to complex exponentials.
In addition, we will study some properties of these families. As a consequence we will give some
properties of the minimal controllability time 7j given by formula (2.13).

Let us start studying a result on existence of a biorthogonal family in L?(0,T;C) to the com-
plex exponential sequence {e ™!} x>1, where {\; },>1 is a complex sequence satisfying appropriate
properties.

Given T € (0,00] and A = {\;},~; C C a complex sequence, let us consider the closed space
A(A,T) C L*(0,T;C) given by -

2 .
A(A7T) = span {e—)\kt Lk > 1}[/ (O,T,(C)'

In the sequel, H?(C ) will denote the Hardy space of holomorphic functions ® on C such that

+oo
/ @ (0 +iT)[*dr < 00, Vo >0,

— 00

with norm

+00 1/2
@l = ([ GnRar)

— 00

(For the space H?(C ) and the properties of the Laplace transform, see for instance [28, pp. 19-20]).
Let us also consider the function

W)

J(/\):mv

for A\ € Cy 4.1)

where W is the infinite Blaschke product given by (3.18).
With the previous notation, one has the following result:

Theorem 4.1. Let A = {Ar};», C C be a sequence satisfying (2.2) and fix T' € (0, oc]. Then, there
exists a biorthogonal family {qi.} >, C A(A,T) to {e*)"vt}k>1 such that

[N 2y

C - A=)
! Il

| 2
) L P < laell 2oy < Co 1+ M2 VE>1, @42

Ael[W (Ak)
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where C and Cy are positive constants only depending on A and T and W is the function given
by (3.18). Furthermore, for any € > 0 one has

—5%(/\1@) eER(k)

(&
q [2 0,T;C QeT T T Vk > 43

Cl&

where E is the function given in (2.14) and C1.,Ca. > 0 are constants only depending on e, A
and T.

Proof. Let us take a sequence A = {)\,},~,; C C satisfying (2.2) and let us first work in the case
T = oo. Observe that, in particular, the sequence A satisfies (3.17) and this condition guarantees
that A(A, 00) is a proper closed subspace of L2(0,00;C) (see [3]). In fact this condition also en-
sures the existence of a biorthogonal family {g;};~; C A(A,00) to the exponentials {e~ !} _ in
LQ(O, oo; C) (see for instance [3, Proposition 4.1]). In order to prove inequalities (4.2) and (4.3_), let
us recall how the biorthogonal family {g },~, can be obtained (for the details, see [3]).

Let us consider the function -

JA)

Jk()\) = m7

forA e Cy,

where J is given in (4.1). Simple computations immediately show that .J,.J,, € H?(C,), for any
k>1,and

Jr(N) = 0k, VE, 1> 1.
So, using that the Laplace transform is a homeomorphism from L?(0, co; C) into H?(C ), we infer

the existence of a nontrivial function g € L?(0, 0o; C) such that

Je(N) = J’(A;j((i)—m = /O h e MG (t)dt, YAeC, . 4.4)

Using the equalities Ji(\;) = g1, we get
(o @]
/ NG () dt = 6y, Yk, 1> 1,
0

ie., {qk};> is a biorthogonal family to {e_’\kt}k>1 in L2(0, 00; C).
The Parseval equality gives a

L~ oo NP 1 /+OO [T (i7)[?
1 _ p g — dr, VE>1
selils0my = [ W= s [ e k2,

whence
) 1 y 21~ 112 oo ’/\k‘ |/ (i7) ’2
lim <27r’)\kJ (Ar)] quHLQ(Ouoo(C > hm/ it — )‘kP dT

_ / DR dr = e,

The previous equality can be deduced as a direct consequence of the Lebesgue’s dominated conver-
gence theorem. This proves inequality (4.2) in the case T = oo.

Let us now prove inequality (4.3) in the case 7' = oco. Given € > 0, from Theorem 3.9 is not
difficult to prove the existence of ky(¢) € N such that

e 1 1 e 1
—SR(A\p) sR(Ak)
e 2 < < e2 , Vk > ky(e).
|E'(A)| — (W (Ak)| — |E' (M) ol©)



26 Ammar Khodja et al.

On the other hand, using assumption (2.2) we also deduce that there exists k1 (¢) € N such that
2 €
< ez VE > k(o).

These two inequalities together with (4.2) provide inequality (4.3) in the case T' = oo. This com-
pletely proves the result in the case 7' = oc.

The general case T' € (0, oo) will be deduced from the following

Lemma 4.2. Let A = {\;};>, C C be a sequence satisfying (2.2). Then, for any T € (0,00), the
restriction operator
Ry :p € A(A,00) — Ry = pj0,1) € AN, T)
is an isomorphism. In particular, there exists a positive constant Cr, depending on the sequence A
and T, such that
lellz2(0,00:0) < Crll@ll20,150) Vo € A(A, 00). O
Before proving Lemma 4.2, let us complete the proof of Theorem 4.1 in the case T € (0, 00).
Applying Theorem 4.1 in the case 7' = oo, we deduce the existence of a family {gx };~; C A(A, o0)
biorthogonal to {e"\kt}k>1 in L2(0, oo; C) which satisfies (4.2) and (4.3).
Let us set ;
ar = (R7Y) @ € AAT), VE> 1.
From Lemma 4.2 and the properties of the family {gx }, . it is clear that the function g satisfies for

any k£ > 1 inequalities (4.2) and (4.3) (this last inequality for any € > 0).
On the other hand, with the notation ¢y, (t) = e~***, we can write

Okt = (P s @) 12(0,00,C) = (R7'Rror Q1) 12(0,50:C)
= (Rrer, (R7Y) @200 = (er @120y, Yk 1> 1,

ie, {qr}p>1 C A(A,T) is a biorthogonal family to {¢%};~; in L?(0,T;C). This ends the proof of
Theorem 4.1. O

Remark 4.3. It is interesting to point out that when ¢ (A) < oo, inequality (4.3) can be equivalently
written under the form: For any € > 0 there exist positive constants C' ., Ca . such that

Co,ee ™M) < g 2o 1,0y < Creel WO, vl > 1,

In this sense, the condensation index of the sequence A measures the growth of the L2-norm of
the biorthogonal family g with respect to 3 (A;). This inequality and inequality (4.3) will play an
important role in the proof of the positive null controllability part of Theorem 2.6.

On the other hand, let us consider {gy },~, a biorthogonal family to the exponentials {e*)‘kt} o1

in L2(0,T;C). Then,

T
- /0 MG, (1) dt < llanll 2070l 2000
1

qukHLQ(O,T;C) .

< lakll 200 lle™ 1 2(0,00:0) =
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If we put this inequality together with inequality (4.3), we deduce that, for any € > 0, there exists a
positive constant C such that

1
> 2R (Op)e ) g > 1. 45

We will use this inequality below. ([l

Remark 4.4. In Theorem 4.1 we have proved that, under assumption (2.2), A(A, c0) is a closed
proper subspace of L?(0, oo; C). In fact, the existence of a biorthogonal family {gx }x>1 to the expo-
nentials {e~***};>1 in L?(0, co; C) implies that the set {e~*#*};~1 forms a strongly independent set
in L2(0, 00; C), i.e., each element e~*** of this set is outside the closure of the space spanned by the
other functions of the set. Thanks to Lemma 4.2, these last results can be easily generalized to the
case T" € (0, c0). O

Our next task will be to prove Lemma 4.2. The proof is technical and needs some preliminary
results.

Let us consider A = {\;},~,; C C asequence satisfying (2.2). From assumption (2.2) we deduce
the existence of 05 € [0, 7/2) such that

A={M}psy CSsi={z=re” €C:r >0, |0] <65} (4.6)

We begin by recalling a result on the asymptotic behavior of the Blaschke product W defined in (3.18).
This result reads as follows:

Proposition 4.5. Let A = {\;} k>1 C C be a sequence satisfying (2.2). Then, for a fixed 6y, 0 <
0y < /2, one has:

1. There exists an increasing sequence of positive numbers {ry}, -, such that limr, = co and
lim 7! log ‘W (Tnew) ‘ —0, 4.7)

uniformly in |6| < 6.

2. Let us consider 0 € (—m/2,7/2) such that {z = re? € C:r > 0} N A = (). Then:

lim 7~ !log ‘W <rei9>‘ = 0. g

r—00

For a proof of this result, see [6, Theorem 7.2.3., p. 115].
We will also need a result on the asymptotic behavior of Dirichlet polynomials associated with the
sequence A = {\};>; C C. Let us set

N
P:=< P:P(z)= Zaje_ka, Vz:R(z) >0, with N > 1, anda; € C
j=1

The result is the following one:
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Lemma 4.6. Let A = {\};~, C C be a sequence satisfying (2.2). Let us consider 05 € [0, /2)
such that (4.6) holds. Let us also fix 0y € (05, 7/2) and € > 0, and define the sector

) cosfy — T
SggoT:{z:m%—zy:mzs, ’y|§_0}
o T sin 0y

with T € (0, cos 6y). Then, there exists a constant C- > 0 such that, for any P € ‘B, one has
[P(2)] < Cl|Plp2 (0 p0icye” TMI™E), 2 € 8,1,
where |A\1| = ming>1 |Agl. O

We will first give the proof of Lemma 4.2 assuming that Lemma 4.6 has been proved. Then, we
will present the proof of this last result.

Proof of Lemma 4.2. Let us consider a sequence A = {\;} k>1 C C satistying (2.2). Taking into

L?(0,T5C) . . .
account that A(A, T) = span {e~ Mt : k> 1} ( ), it suffices to prove the existence of a positive

constant Cr for which

IPllL2(0,00:c) < CrllPllL20,1:0)0 VP €.
We proceed by contradiction. Assume that there exists a sequence {Pm}m21 C ‘B such that
lim ||Pm||L2(O,T;(C) =0 and ||PmHL2(O,OO;(C) =1 Vm > 1. (48)

Let 0y € (0s,7/2) where 65 € (0,7/2) is such that (4.6) holds. Let us also fix ¢ > 0 and
0o € (05,7/2) and 7 € (0, cosfp). Using Lemma 4.6 and (4.8), we can conclude that the sequence
{Pmn},,> is uniformly bounded on the domain S g, ». Therefore, it is a normal family of holomor-
phic functions on St 6o, and there exists a subsequence, still denoted by { P, },,,~, and a holomorphic
function P on S g, - such that P,,, — P uniformly on the compact sets of 58790;. Furthermore, from
Lebesgue’s theorem, P,,, — P in L?(n, 00; C) for any n > ¢. Assumption (4.8) implies that P = 0
on the interval (), T") forany n : 0 < ¢ < n < T Since P is holomorphic on S, g, -, we get P = 0
on (g,00). Whence lim || Py, || £2(7,00;c) = 0 and since, by our assumption, lim || P, || £2(0,7,c) = O it
follows that

lim ”Pm||L2(0,oo;C) =0.

This contradicts (4.8) and provides the proof of Lemma 4.2. O

Proof of Lemma 4.6. Given the sequence A = {\},~,; C C satisfying (2.2), let us fix 65 € [0, 7/2)
such that (4.6) holds, #y € (0s,7/2) and € > 0. We can apply Proposition 4.5 and deduce the
existence of a sequence {ry, },>1 C Ry satisfying lim r,, = oo and (4.7).

Observe that W () = 0, for any k& > 1, and thus, {|A\,|}n>1 N {7n}n>1 = 0. So, we can assume
that the sequence {7, },>1, or a subsequence, is increasing and such that for each n > 1, the set

Gn = {Z = 7,61'9 Ty < ’Z‘ < Tp+l, ‘0‘ < 00}

contains at least an element of the sequence A. We can also assume that 71 = 1|\1|, where [A;| =
mink21 ’)\k , and

AC UGk

k>1
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Let P be any Dirichlet polynomial:

N
P(z) = che_’\jz, Vz e Cy,
j=1

29

where ¢; € C, for j > 1. Then there exists m = m(NN, A) > 1 such that {/\j}1<j<N C Uit Gy and

P € A (A, 00) can be written in the form:

m m

P(z) = Z Z Cpe MF = ng(z), VzeCy.

k=1 A €Gy k=1

(4.9)

Recall that the biorthogonal family {gi };~; to {e=Mt} > 0 L?(0, 00; C) was constructed in Theo-

rem 4.1 from the formula (4.4). So that the coefficients c,, of P are given by

Cn = / h P(t)q,(t) dt.
0

Coming back to the expression (4.9) of P, we deduce
o0 —
)= [ Pa) Y Ge e viec.,
0 An€Gy

and by Schwartz inequality:

2
oo

g1 (2) | < Hp”%%o,o@;c)/o Z @u(t)e 2| dt = HPH%%O,OO;(C)/O Gk (¢, 2)|? dt.

A €GE

Using again (4.4), we can calculate the Laplace transform of G, which is given by:

/ h e MGyt ) dt = > Tu(N)e M7,

0 A EGE

Applying now the Parseval equality, we also get

2

1 o +o00
%/0 ‘gk(t,z)‘Q dt:/ Z Jn(,”_)e—)\nz dr.

> >\7L EGk

Whence, inequality (4.10) writes:

2

Z Ju(iT)e 7| dr.

o0 A €GL

Jr
9 < 201 Pl ey [

(4.10)

4.11)

Let I'; be the boundary of GGi. Since each A, is a simple zero of J, from the residue theorem, we

obtain:

) _)\nz_J(iT) e 8%
2 e =50 /p G

An€Gy
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Then:

o0 An€GE

M' ‘dg’)Q o

1 —¢z 2 4o .
< g (][] 1) [ eneer
e ( e ¢ )2
= i / Gk

where |iT — £| > p = ming> dist (I'y, {R) > 0 for any { € I'y, and any £ > 1. Inserting this last
inequality in (4.11), we deduce the estimate:

I g2 e
@) < 2y [
k

p\/ﬂ . m ’d§|, VZG(C+

Going back to the expression (4.9) of P(z), we finally obtain the estimate

VzeCy,. 4.12)

Let us now work with the previous integral on I';,. At this level we will use the properties of the
set G, and, in particular, the properties of the sequence {7y, }n>1.
The boundary I'j, can be divided into four subsets, namely, I'y, = I‘fao uIku I‘Z’““, where

F#O ={z=re" 11, < |z| < rig1, |0] = £6p}, N ={z= 12|€¥ ¢ |z| = 1y, |6] < 60}

The assumption (2.2) and the choice of 6y € (65, 7/2) (where 65 is such that (4.6) holds) implies
that the lines {z = 7e*™ : r > 0} do not intersect the sequence A. So, the second point of
Proposition 4.5 can be applied for § = £6,. On the other hand, the sequence {7, },,>1 satisfies (4.7).
From this two properties, we obtain that for any > 0 there exists kg = ko(7) such that

M < W ()| < el VeEeTy, Vk> k. (4.13)
If z=x+1iy € S;0,-and § = re'? e Ty, we can write
xcosh —ysinh > xcos — |y||sinf| > xcosb — |y|sinby > Tz,
and

e8| = grlweosboysing) < pmrrr _ o—lTRG) vy e 5, VEETy, VE>1. (4.14)

In the sequel, C' will denote a generic positive constant; sometimes, we will lay emphasis on the
dependence of C on 7 (resp., €), by writing C,, (resp., C;).
As said before, the properties of 6y and the sequence {7y, },,>1 ensures that Ty N A = () for all
k > 1. Thus, W (&) # 0 for any £ € T', and we deduce that there exists a positive constant C), such
that
W& >C,, VEely, Vk:1<k<kp.
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—¢2

Taking into account this bound, the expression of the function J, see (4.1), and (4.14), we get
e

/pk J(€)

for any z € Scg,, and any k, with 1 < k < ko. Recall that we took 71 = %|)\1| > i|)\1|. In
e ¢?

conclusion,
/m J(§)

Let us now consider & > kq. Taking into account (4.13) and (4.14), for z € S, g, » we can also

bound
I8

e 8%

|d¢| < 2077/ (1 4 ‘5‘2) |d¢| < Cn/ o 1EITR(2) d¢| < Cne—r178%(z)7

Tk T

|dé| < Cpe~iMITRG) vz e 5 g VR 1<k < k. (4.15)

e—¢?

J(£)

de| < 2 / e IIETRE =) o~ 31ElTRE) (1 4 1¢?) |ag]
Ty
< 26_}1|,\178%(z)/ e 1E1GTe=) (14 1¢?) |de), k> ko
Iy

We can now determine the parameter 1. To be precise, let us take n = ir&?. With this value, the

previous inequality can be written as

/rk J(€)

Observe that Ty = I UT}* UT}**!. Thus,

—1élre 1 2) 1de| = L1, 1 2) 4
L, € F (1+1€]%) |d¢| = e aT (1+1r7) dr.
Fk 0

Tk

e 8%

|d¢| < 26_411|/\17§R(Z)/ e 1l (14 [¢1?) |de|, Yz € Segyrr V> ko

Ty

and

6

|d¢| < Cry, (1+17) e ATkTE
0

—1

rie

/T e iléle (1 + |§\2) |d¢| = e~ ATKTE (1 + 7’,%) /
Fkk rie
Summarizing, we have obtain

I,

e~ ¢*

J(£)

|d¢| < Ce*%\)q\‘r?ﬁ(Z) (Tk (1 + 7”]%) e*%T}gTE N (1 + Tl%—l-l) e*%rk+1‘r€

Tk+1
+/ e 1T (1 412) dr>’ Vz € Scpors VR > Ko

Tk
Putting (4.15) and this last inequality in (4.12), we can write:

m+1
|P(2)| < Cgeiip\l‘T%(z)HJ||H2HP”L2(O7OO;C) <1 + Z T (1 + ?”i) e iTKTE
k=1
Tm+1 1
+/ e iTer (1 + 7"2) d?“), Vz € S:007-

T1
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Finally, recall that the sequence {ry, },>1 C (0, 00) is increasing and satisfies lim 7, = oo. Then, the
function B(r) = e 17" (1+7?), with r € R, satisfies # € L*(0, 00) and the series

Z Tk (1 + 7’,%) e ATkTE
E>1

is convergent. We can thus conclude that for a new constant C. > 0 one has
1
|P(2)| < Cee™ tMITR@| Pl 1o o), V2 € Segyr
This ends the proof. O

Remark 4.7. Lemmata 4.2 and 4.6 have been first proved by L. Schwartz (see [28]) in the case of a
real increasing sequence {)\n}n21 of positive numbers such that

> <
n>1 An
For complex sequences, similar results have been proved by S. Hansen in [15] and by E. Fernandez-

Cara and al. in [12]. In these two last articles, the complex sequences had zero condensation index
and this fact is strongly used in the respective proofs of these authors. O

Let us end this section by giving some properties of the minimal time 7 (see (2.13)) which, in
particular, relate this number to the condensation index of the corresponding complex sequence A.
We will use Theorem 4.1 in a fundamental way. One has:

Theorem 4.8. Let us assume the hypotheses of Theorem 2.6 and let Ty be the number given by (2.13).
Then, Ty € [max {T1,c(A)},T1 + c(A)] C [0, 00] where ¢ (A) is given in (3.2) and

In particular, if Th = 0 (resp., ¢ (A) = 0) then, Ty = ¢ (A) (resp., Ty = T1).

Proof. Since by, = B*y,, with B* € X_4, and satisfies (2.10), we deduce that there exists a constant
o > 0 such that -
0< |b/§’§0'|)\k‘ SS%(A’“)’ Vk > 1.

Thus,
5 1
108;@ . log (E &e(,\k)>
RO~ RO

Using the assumption (2.2) on the sequence A, it follows that 77 > 0 and the property: for any € > 0,
there exists ko (¢) > 1 such that

vk > 1.

log -
Ol > e Wk > ko (e).
3%()\1@) = ) = 0()

On the other hand, let us fix €, a positive (and arbitrary) constant. From inequality (4.5) we get,

log i~ log (Cg 2R ()\k)e*f?%(%))
ol > vk > 1.
R\ — R (\) , >
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As above, we deduce again that ¢(A) > 0 and the existence of k; (¢) > 1 such that

1
o8 ot o

W_ 5 ijZkl(&)

Now fix a subsequence {k},~ of integers such that

Then, for n sufficiently large:

log# log+
bk, | [E' (Aky, )]

n >y — 2,
ROe,)  ROw,) —

and this implies that Ty > 77 — 2¢. Since € > 0 can be chosen arbitrarily small, we conclude that
Ty > 11.
The inequality Ty > ¢ (A) can be obtained in the same way. This ends the proof of the result. []

Remark 4.9. As a consequence of the proof of Theorem 4.8 we deduce that, under the assumption of
Theorem 2.6, T, ¢(A) € [0, 00]. In fact, in Subsections 6.1 and 6.2 we will see that 7} and ¢(A) can
take any value in the interval [0, co]. O

5 Proof of the main result

We will devote this section to proving the main result of this paper, Theorem 2.6. Let us then consider
System (2.3) where A is given by (2.4) (A = {A;},~; is a sequence satisfying (2.2)) and B €
L(C,X_1) is an admissible control operator for the semigroup {etA } ¢~ generated by A. In addition,
let us assume that the coefficients by = B*1, fulfills condition (2.10). We will divide the proof into
two parts, the first one will contain the positive null controllability result for System (2.3) whereas in
the second part we will show the negative null controllability result for this system.

5.1 Proof of the null controllability part of Theorem 2.6

In order to prove this first part of Theorem 2.6 we will assume that T' > Ty, with Tj given by (2.13).
Observe that in this case Ty € [0,00). We want to prove that for any yp € X there exists u €
L?(0,T;C) such that the corresponding solution y € C°([0, T]; X) to (2.3) satisfies y(T) = 0 in X.
From the expression (2.7), this amounts to

T
/ eT=94Bu(s)ds = —eT™yy in X
0

Since the sequence of eigenvalues of —A, {A;},~, are pairwise distinct and the set {1}, is a
Riesz basis of X, this last problem is equivalent to:

/OT (u’ B*G(T_t)A*T/)k) di — — (3/076TA*1/J;€) ks L
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Now, using the expression of A* (see (2.5)), we readily deduce that the null controllability problem
for System (2.3) reduces to the following moment problem: Find u € L?(0,T’; C) such that

T
bk]/ eN(T — by dt = —e T (yo, ), V> 1, 5.1)
0

with b, given by (2.10). Clearly, the assumption (2.10) on the coefficient by, is a necessary condition
for having a solution of the previous moment problem for arbitrary initial data yg € X.
As said before, we will solve the moment problem (5.1) using a biorthogonal family in L?(0, T'; C)
to the complex exponentials {e"\kt } E>1-
Taking into account Theorem 4.1 in the case T € (0, 00), we seek a solution v(t) = u(T — t)
to (5.1) under the form:
() =D uGy(t),

k>1

for some unknown coefficients v, € C (k > 1). This leads to the formal solution:

o= MT
Vg = ——= (yo;wk)y vk Z 17
by
this is to say,
e~ T B
u(t) =o(T =) = =Y —— (Yo, ¥n) @(T — 1)
> Ok

Observe that the null controllability problem for System (2.3) is solved if we could prove that
u € L?(0,T;C), i.e., if we prove that the previous series converges in L? (0, T’; C). At this point we
will use Theorem 4.1. Given € > 0, we can apply Theorem 4.1 and obtain, for any £ > 1,

e~ T B 2 e—2R(OW)T ) )
= (Y0, Yk) Qe = ———5— Wo, ¥u)l" llaell 720,10
by, L2(0,TC) |br|
o [ o8/l ) Plos(/ £ y)l)
< e W ROw) d (o, )12,

where C; is a positive constant. It follows that if ' > Tp, with Ty given by (2.13), and if we choose
e € (0,(T — Tp)/2), then the previous inequality leads to:

e T 2

o (Y0, Yr) Gy,

< Coem PRORNT=T0729) | (yo i ))* ) Yk > ke,

L2(0,T;C)

with k. > 1. As a consequence, we deduce that v is an absolutely convergent series in L2(0,T’; C)
and thus v € L?(0, T; C) with

1/2
-\ T 2

7 (Yo, ¥r) Qg

e

1ollo »

lull 2000y < | D

k>1

L2(0,T;C)

(the norm || -||o is defined in (2.1)). In conclusion, we have proved that System (2.3) is null controllable
in X at any time 7" > Tj. This concludes the first part of the proof of Theorem 2.6. ([l
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5.2 Proof of the second part of Theorem 2.6

In this section we are going to prove the second part of Theorem 2.6. In order to achieve this aim,
let us assume that 7' € (0, 7)) with T given by (2.13) (and implicitly, 7 > 0). The objective is to
prove that System (2.3) is not null controllable in X at time 7. Before, let us see a general property
for condensation groupings associated with complex sequences. It reads as follows:

Proposition 5.1. Let A = {A\r}x>1 C Cand A = {Gy}y> be, resp., a normally ordered sequence
satisfying (2.2) and a condensation grouping of this sequence A. Then,
2

. o P! At
lim ————e ' dt =0, (5.2)
/0 2 B0

An€GE k
where py, + 1 is the cardinal of the set Gj, N A and Pg,, is given by (3.3).

Proof. The proof of this result requires the following formula due to Jensen [20]:

Lemma 5.2. Let A = {aj}0<j<q C C be a set of distinct points and let us fix f an analytic function
in a convex domain Q0 C C such that A C Q. Then, there exist 0 € [—1,1] and £ € Conv (A), the
convex hull of A, such that

where P4 is given by (3.3). ]

Going back to the proof of the lemma, we fix ¢ € (0, co) and we apply formula (5.3) with f (z) =
e %, g =p,and A = G, N A. Hence,

—Ant
6 n
Sp(t) =pi! Y o = O e
k(1) = pi Pl (An) gtre
>\7L€Gk k
with || < 1 and

&= > andn, withap, >0and > o, =1
An€GK A €EGE

Now, if ), is the first element of G, N A, we have

1Sk (t)] < P e~ REE < otpr =0y [t — o= tlh 0—pr/IA, 1] — gi(t).
In this inequality we have used assumption (2.2) and the inequality log ¢ < ¢, valid for any ¢ > 0. Let
us recall that p > 0 and it satisfies (see Definition 3.4 (iii))

lim -2k — 0.

‘)\lk|

Therefore, there exists a positive constant C such that g (¢) < Cse 11972 for any t € (0, o0) and
any k£ > 1. In particular, it follows that

lim gx(t) =0, Vt e (0,+00),
ge(t) < Cse= M2y > 1 Vi e (0,00).

Thus, Lebesgue’s dominated convergence theorem proves (5.2). This ends the proof. O
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Let us turn to the proof of the second part of Theorem 2.6. Using Corollary 2.4, the null control-
lability property for System (2.3) in X at time 7" amounts to prove that inequality (2.11) is false for
any positive constant C'r > 0.

Let us argue by contradiction and assume that there exists a positive constant Cr for which the
observability inequality (2.11) holds for any complex sequence {a;}r>1 C £2(C). As said before,
condition (2.10) on the coeficcients by, is necessary for the null controllability of System (2.3) at time
T > 0. Therefore, we will assume it.

Let us fix ¢ € (0,00) and a condensation grouping A = {G},~, of A which satisfies Theo-
rem 3.7. Observe that this condensation grouping also satisfies Theorem 3.8 and the identity (3.5).
Letus fix £ > 1 and set

|
. — P it € Gy
a® = { 0Py, (An) (5.4)

0 otherwise,

where pj, 41 is the cardinal of GG, and the function Py, is given by (3.3). Clearly, the (finite) sequence

{a,(f)}nzl lies in ¢2(C) and satisfies the observability inequality (2.11). This observability inequality

for a,(f) can be written:

2 2

g L R )
< Cr > Sae dt := oy, (5.5)
0

|
Pi: AT
/
N PG, (An)

b PG, (An)

An€GK

and this inequality is valid for any k£ > 1.

On the one hand, we can apply Proposition 5.1 and from (5.2) we get lim U,(f) = 0. Our next task
will be to prove that lim sup a,(fl) = oo. This clearly provides a contradiction to inequality (5.5) and
the proof of the result.

Recall that 7" € (0,7p) and T is given by (2.13). Thus, there exists a subsequence {7y };~, of

positive integers such that

{1081/ byl . log1/ 1B ()
T“‘“(@fewk) R () )

At this level we can apply Theorem 3.8 for the subsequence {A;, },~; € A. So,if {Dg};5 € A
is a subsequence of sets satisfying \,,, € Dy, for any k, and g, + 1 is the cardinal of the set Dy N A,

then the identity (3.5) implies
To = lim L log (5.6)
0= _— . .
R(An)

To end the proof, let us show that if 7' < Tj, then lim a,glk) = 00. Indeed,

- ¥

An€Dy,

2R(Any,) |:§R()\1nk) <10g

qx!

+lo
b, &

2 2

|
77?'“ e T

)]

This last inequality together with the expression (5.6) of Tj show lim aﬁ},} = oo. This contradicts (5.5)
and Theorem 2.6 is proved. U

! o AnT
anbk (An)

1
By ‘—Hog

ag!
— Pp, (Any)



Condensation index and null controllability 37

6 Application to some parabolic problem

We will devote this section to presenting some application of Theorem 2.6 to some scalar and non-
scalar parabolic problems in the one-dimensional case. First, we will obtain some results for the
one-dimensional heat equation with distributed controls. In some particular situations we will obtain
controllability results proved in [9]. On the other hand, we will apply Theorem 2.6 to a non-scalar
parabolic problem (with boundary and distributed controls) obtaining in this case results which are
completely new.

6.1 A distributed controllability problem for the heat equation

Let us consider the one-dimensional heat equation

Oy — Oy = f(x)v(t) inQ = (0,m)x (0,7),
y(0,-) =0, y(m-)=0 on(0,7), 6.1)
y('70) = Yo in (0777);

where T > 0, f € H~'(0,7) and yo € L?(0,n) are given and v € L?(0,7) is a control to be
determined. We are interested in studying the null controllability properties of System (6.1).

The controllability properties of System (6.1) have been intensely studied in the last years by
several authors. Among other authors, let us underline H. O. Fattorini and D. L. Russell, who in
1971 and 1974 gave the first results on null controllability for the one-dimensional heat equation
(see [10, 11]), and G. Lebeau and L. Robbiano, [24], and A. Fursikov and O. Imanuvilov, [13],
who in 1995-1996 solved independently the /V-dimensional null controllability problem for parabolic
equations (with boundary or distributed controls).

The results we present in this section were obtained by S. Dolecki in [9] in the particular case
f(-) = 0y, with g € (0, 7). In this reference, the author proved the existence of an optimal time
Ty € [0, 0], depending on x(, which provides the null controllability result for System (6.1). The
details will be given below.

It is well-known that System (6.1) is well-posed. To be precise, one has:

Proposition 6.1. There is a positive constant C such that for every yo € L*(0, ), f € H=1(0,7) and
v € L*(0,T), System (6.1) admits a unique solution y € L*(0,T; H}(0,7)) N C°([0,T]; L*(0, 7))
which depends continuously on the data:

191l 220,713 0,m)) + W llcoqo.rmz20.7)) < C (190l 20,7 + 1 -1 0. 0]l 22(0,1)) -

In order to obtain the null controllability resut for System (6.1), let us write the problem under the
abstract form (2.3). The objective will be to apply Theorem 2.6.
Let us take X = L2(0, ) and consider the self-adjoint operator

d2
da?
with domain D(Ag) = H?(0,7) N Hg(0,m) C X. Let us also consider the eigenvalues 15, and the
eigenvectors @y, k > 1, of the Dirichlet laplacian in (0, ), i.e., of Ag (see (1.3)). Observe that the

sequence A = {/u; }>1 satisfies condition (2.2). On the other hand, the set {®} }1>1 is a orthonormal
basis of X. Thus, System (6.1) can be written as (2.3) where

A:=—-4)=— ZWC('? (I)k)L2(0JF)(I)k’
k>1

Ay = X — X
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and B € L(R, H~1(0,7)) is given by
B:veR+— Bv=f(-)v e H0,7).
Evidently, B* € L(H}(0,7),R) = H~1(0, ) is given by
(B, 8) sy = (fr Opsagys V6 € HY(0,m).

With the previous notation and taking into account Proposition 6.1, it is easy to check that the
operator A is the generator of a C%—semigroup on X and B € L(R, H~'(0,)) is an admissible
control operator for this semigroup. As a consequence, Corollary 2.4 can be applied obtaining the
following approximate controllability result of System (6.1) in L2(0, ) at time T":

Proposition 6.2. Under the previous assumptions, System (6.1) is approximately controllable in
L?(0, ) at time T > 0 if and only if

be = (f,®r)g—1mp 70, Vk>1 (6.2)
Proof. The proof is a direct consequence of the first point of Corollary 2.4. The details are left to the
reader. ]

Let us now analyze the null controllability property of System (6.1) at time 7" > 0. The objec-
tive will be to apply Theorem 2.6 to this problem and, in particular, to determine the optimal time
Ty (see (2.13)) associated with the sequence A and the coefficients {by};>1 (assuming that these
coefficients satisfy (6.2)).

Firstly, the sequence A = {py }r>1 = {k?} %>1 satisfies the condition (2.2). In fact, this sequence
also fulfills the property

k2 — 1% > 3|k — 1], Vk,I>1.

So that, Proposition 3.11 can be applied, getting ¢(A) = 0.
On the other hand, the direct application of Theorem 4.8 provides us the formula

1
log Bl

—log|b
To =11 :=limsup ——— limsupM

o e (6.3)

where the coefficients {by, } ;> satisfy (6.2).
Summarizing, we can apply Theorem 2.6 and infer the following

Theorem 6.3. Let us assume that f € H~1(0, ) satisfies condition (6.2) and let us consider T\ €
[0, o] given by (6.3). Then,

1. System (6.1) is null controllable in X = L?(0, ) at any time T > T}.
2. System (6.1) is not null controllable in X for T' < T1. g

As a consequence of Theorems 6.2 and 6.3, let us study the case f = d,, € H1(0,7) with
zo € (0,m), i.e, the case in which we exert a pointwise control on the right hand side of the heat
equation. In this case the coefficients by (see (6.2)) and the optimal time T} (see (6.3)) are given by

— log |sin kx|

2
b, = Pr(x0) = \/;Sin kxo, k>1, and Tj = limsup 12

Thus:
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Corollary 6.4. Assume that f = 6, € H1(0,7) with xo € (0,7). Under the previous notations,
one has:

1. System (6.1) is approximately controllable in L?(0, ) at time T > 0 if and only if zo # qm
withqg € QN (0,1).
2. Assume that vo = 9, with 9 € (0, 1) an irrational number, and consider

— log |sin(kd)|
12

Ty = lim sup

Then:

(a) System (6.1) is null controllable in L*(0, ) at any time T > T.
(b) System (6.1) is not null controllable in L?(0, ) for T < Ty. O

Corollary 6.4 was proved by S. Dolecki in [9]. In fact, in that paper, the author proves some
interesting result on the dependence of the optimal time T3 with respect to ¥:

Theorem 6.5 ([9]). Under assumptions of Corollary 6.4, one has:
1. Ty = 0 for almost all ¥ € [0, 1].
2. Givent € [0, 00|, the set {9 € [0,1] : Ty = 7} is dense in [0, 1]. O

Remark 6.6. The previous result shows the unstable dependence of Ty with respect to x¢g = .
Some similar results will be obtained in Subsection 6.2 for a non-scalar parabolic problem. O

6.2 A boundary controllability problem for a non-scalar system

Let us now consider the one-dimensional controlled parabolic system
8ty_(Dawx+A)y:0 inQ:(O,ﬂ')X(O,T),
y(07 ) = BU? y(ﬂ'a ) =0 on (07 T)7 (6.4)
y(70) = Yo in (077)7

where T > 0 is a given time,

(10 . /01 a
D_<O d)(w1thd>0), A_(O 0), B—(b2> (6.5)

are given real constant matrices and yo € H~1(0,7;R?) is the initial datum. Observe that v €
L?(0,T) is a scalar boundary control which acts on the Dirichlet boundary condition of the state at
point x = 0 by means of the vector B. The objective is to control the whole system (two states) with
one control force v.

Firstly, the previous problem is well-posed and a solution of (6.4) can be defined using for example
the transposition method. Thus, one has:

Proposition 6.7. Let us consider D given in (6.5) and A € L(R?) and B € R2. Then, for any
yo € H™Y0,m;R?) and v € L?(0,T), System (6.4) admits a unique weak solution y satisfying
y € L*(Q;R*) nC°([0,T); H~'(0,m;R?)) and

lyllz2(or2) + 1yl coqo.rp:m-10,mr2)) < C (lyoll r-1(0,mr2) + VIl L20.7)) 5

where C'is a positive constant only depending on D, A and B. (|
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For a proof of the previous result see for instance [12] or [29].

The null and approximate controllability problems for System (6.4) has been studied mainly in the
case d = 1 (see for instance [12] and [3]). In this case, the null and approximate controllability prop-
erties for System (6.4) are well-known and equivalent to an appropiate Kalman condition associated
with (6.4). The general case d > 0 and d # 1 is more intricate and only a few results are known.

One has the following result:

Theorem 6.8 ([12], [3], [25]). Let us consider System (6.4) with D given in (6.5). Then,

1. Whend =1, A € L(R?) and B € R?, System (6.4) is approximately controllable in H=1(0, 7; R?)
at time T if and only if it is exactly controllable to trajectories in H—1(0,7;R?) at time T if
and only if

rank [B|AB] =2 and Ay — Ay # 5> —k* Vk,j € Nwithk # j,
where A1 and A5 are the eigenvalues of A.

2. Whend # 1 and A and B are given in (6.5) with by = 0 and by = 1, System (6.4) is approxi-
mately controllable in H='(0, 7; R?) at time T if and only if /d & Q.

3. There exists d € (0, 00) with Vd & Q such that System (6.4) is not null controllable at any time
T >0. g

To our knowledge and apart from the previous result, the controllability properties of System (6.4)
are completely open in the case d # 1. Let us then study the controllability of (6.4) in this case, i.e.,
when

d+1.

Remark 6.9. It is interesting to point out that the second and third points of Theorem 6.8 shows
that the controllability properties of System (6.4) seem to be very different from the corresponding
controllability properties for scalar parabolic problems: In the non-scalar parabolic case (6.4) there
are values d > 0 for which System (6.4) is approximate controllable at all positive time 7" and not
null controllable at any time 7" > 0. O

Our objective is to apply Theorem 2.6 to System (6.4) and, to this end, let us first write this system
under the abstract form (2.3).

Another way to define the solution to System (6.4), that will be adopted here, is making use of the
notion of boundary control system as it is developed in [29, Chap. 10]. The self-adjoint operator

d2 2 2
AO:_E:L (0,7[') — L (0,77)

with domain D(Ag) = H?(0,7) N HZ (0, ), admits various extensions. It is also a self-adjoint oper-
ator on H~'(0, ) with domain H¢ (0, ) and also on (H2(0,7) N Hg(0,7))" with domain L(0, 7).
Let us denote by Ag all these extensions and let us work in

Z = H}(0,7) + DR c H'(0,7),
where D is the Dirichlet map: for each v € R, z = Duw is the solution to the problem

{ —2"=0 on(0,7),
2(0) =v, =z(m)=0,
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ie., z(x) = 0(x)v with §(x) = (7 — x)/m. Let us also consider the differential operator L €
L(Z,H71(0,7)) given by

d’z
—T

and the trace operator vo € L(H'(0,7),R) defined by 7o : z € H*(0,7) — vz = 2(0) € R.
Observe that L| 71 g r) = Ao. Thus, since z — Dypz = z — 0z € HE(0,7) for any z € Z, one has

Lz = Vz € Z,

Ao (z = Dyz) = L (2 — Dyoz) = Lz,

1.e.,

L=A)— AoD’y().

With the previous decomposition of the operator L in the space Z, System (6.4) can be written
under the form

"= Ay + B 0,7),
Y y+Bv on(0,7) 66)
y(0) =y €X,
where X = H~1(0, m; R?),
A= —DAy+A:X — X, (6.7)

with D(A) = D(Ag) x D(Ag) = HE (0,7 R?), and B € L (R, (H2(0, 7 R?) N Hg(o,w;RQ))’> is
given by
Bv := DAyDBv = (A¢b)DBv. (6.8)

Let us observe that X is a Hilbert space for the scalar product

1
(Y1, y2)x = Y ?(yl,kv Yo.e)r2, VYL, y2 €X,
k>1

where, as before, p and ®, k > 1, are, respectively, the eigenvalues and the eigenvectors of the
Dirichlet laplacian in (0, ) (i.e., of Ay, see (1.3)) and where y; , € R? is given by

Yik = Wi ®r)g-1 1, V21, i=1,2

Remark 6.10. We have reformulated System (6.4) under the abstract form (6.6). But in fact, the
solution y € L?(Q) to System (6.4) (and then, the solution to (6.6)) can be explicitly computed using
the basis {®y };>1 of H~ (0, 7). Indeed, if yo 1 = (vo, p) 1,1 € R?, then,

y(t) = ur(t)®r, ae.te(0,T),
k>1

where yy, is the solution to the ordinary differential system

2
/(1.2 “
v, = (—k D+A)yk+k\[rDBv on (0,7), 69)
yk(O) = Yo,k € R2.

One has:
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Proposition 6.11. Assume that d # 1. Let us consider the operators A and B given by (6.7)
and (6.8) with D, A and B given by (6.5). Then, A is the generator of a C°—semigroup on X and

BeLl <R, (HQ(O, m;R2) N HL(0, 7; ]RQ))/> is an admissible control operator for this semigroup.
Moreover,
U<A) = {_k27 _dk2}k21 = {_)‘l,lw _)\Q,k}k21 (610)

and the corresponding family of eigenfunctions is given by
{D1k, P2k} sy = {EVLEPk, V2 Pr} sy

where Vi, € R? are such that (—k>D + AV =—NigVig foranyk > landi=1,2, ie,

1
Vig = < (1) >, Vo = ( (dil)kQ ), VE > 1.

Finally, the eigenvalues of A are simple, i.e., =\ j, # — 2 ; for any k,j > 1, if and only ifvVd ¢ Q.

Proof. That A is the generator of a C%—semigroup on X can be checked by showing that A + oy is a
maximal monotone operator on X for o > 0 large enough. On the other hand, applying Proposition 6.7
we deduce that System (6.6) possesses a unique solution y € C°([0, T]; X) for yo = 0 and for any
v € L%(0,T). In particular, y(T) € X and this proves that R(Ly) C X (L is given by (2.6)). Then,
we have that B € L (R, (H?(0,m; R?) N H(0, m; RQ))/) is an admissible control operator for the
semigroup associated with A.

Clearly, A has compact resolvent and it is easy to check that its (point) spectrum is given by (6.10).
The remainder of the statement can be also easily checked and the details will be omitted. 0

In the sequel, A* (resp., B*) will denote the transpose of the matrix A (resp., of the vector B).
We continue checking the assumptions of Theorem 2.6 applied to System (6.4). One has:

Proposition 6.12. Under the hypotheses of Proposition 6.11, the following properties hold:

1. The family {¢1 k, P2}~ is a Riesz basis of eigenfunctions of A in X. Its biorthogonal basis
is given by -
{1k, Yo tpsy = {EW1ePr, kW2 kit

where W, j, € R? are such that (—kzD + AW, = =X xWig, forany k > 1 and i = 1,2,

ie.,
1 0
Wi = 1 , Wop = ( ) , Vk>1.
d—Dk? 1

2. The operator A can be written as

A=— Z Ak ( k) x 1k + Aok (s, Yo k)xdo k] -

k>1

3. The operator B* € L (H?*(0,m;R?) N Hj(0,mR?),R) = (H*0,m;R?*) N H&(O,W;Rz))’
satisfies

2
(B*, i k) = \/7B*DWM, VE>1, i=1,2, 6.11)
T

where (-, -) denotes the duality pairing between the spaces (H*(0,m; R?) N Hg (0, ; Rz))/ and
H?(0,m;R?) N H} (0, 7; R?).
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Proof. Tt is straightforward to prove that the family {¢1 x, $2.x},~, is complete in X. On the other
hand, it is also easy to see that {11 1, V2 } i>1 18 its biorthogonal family, i.e.,

(Dik, Vjo)x = 0ijOke, Yk, €2>1, d,j€{1,2}.
This last property in particular implies that both families form strongly independent sets, i.e.,
¢j,€ g Span {gbl,k : (Z’k) 7é (]v E)} and qzz)j,é g span {d}l,k : (ka) 7& (.]76)}7 \44 > 1’ .] = 172

In order to see that {¢1 j, P21 } x> 1s a Riesz basis in X, we will use the following result (see for
instance [14, p. 320]): -

Lemma 6.13. Let {x}}1>1 be a sequence in a Hilbert space X. Then the following statements are
equivalent.

(a) {xk}r>1 is a Riesz basis in X.

(b) {xk}r>1 is a complete Bessel sequence in X and possesses a biorthogonal system {yy, },>1 that
is also a complete Bessel sequence in X. ([l

We recall that the sequence {x, }1>1 in the Hilbert space X is a Bessel sequence if it satisfies
Z (z,2) x|? < 00, Ve X.
k>1

Using the previous result, we only have to prove that {¢1 , ¢21},~; and {1k, Y2 r},~, are
Bessel sequences in X. - -

Letus fix f € X, i.e., f = (f1, f2) with f1, fo € H71(0, 7). Thus, for any k > 1,
1
I(f, d10)x| = %‘ fio @) mg | = 4 el
1 L —fik
- Vo ®p) — Z|_JLk
|(fs P2.0)x| = k‘f 26®r) g1 | = ¢ (d—l)k2+f2’k’

and therefore,

(U orn)x + |(f, do)xl?) Z (If1kl? + [ fax]?) < oo,

E>1 k>1

with C' a positive constant. This shows that {¢1 x, 21 } w>1 1s a Bessel sequence in X. A similar
argument proves that {11 1, V2 1}~ is also a Bessel sequence in X. We have completed the first
point of the result.

The second point is a consequence of the first point and can be easily checked.

i (x € (0,7)) and note that

™
2 [T 21
(e,cbk)Lz(Om):\[/ T Ssinkrdr =/ Zo k> 1.
Tfyo m

Thus, using (6.8) and the previous equality, we get

For proving the third point, let us recall that 0(z) =

(VB 1) = (Bu, Y1) = (Ao)DBu, i) = 1 (DBv, W) (Aok, By

= f(B*DWi,k)U, Yo eR, Vk>1.
T

This proves the third point and finalizes the proof. O
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We are now ready to state the approximate controllability result for System (6.4). This result also
provides the proof of the first point of Theorem 2.8. It reads as follows:

Theorem 6.14. Let us suppose the assumptions of Proposition 6.11. Then, System (6.4) is approxi-
mately controllable in X = H~'(0, m;R?) at time T > 0 if and only if

Vd ¢ Q, (6.12)
by [(d — 1) k?b1 4 dbs] #£0, Vk>1. (6.13)

Proof. Let us first proof that (6.12) and (6.13) are necessary conditions for the approximate controlla-
bility of System (6.4) in X at time 7. Indeed, if Vd € Q then, from Proposition 6.11, the operator —.A
has eigenvalues with geometric multiplicity equal to two: there exist k, 7 € N such that A\j , = Ao ;.
In this case, it is easy to see that, taking

0o = a1 ) + a2, with aj,a2 € R,

the solution ¢ to the corresponding adjoint problem (2.8) is given by (see (2.9)):

p(t) = e M= (@191 + astpaj), Vte (0,T),

with \ = A1k = A2, j. Now, using the identity (6.11) we get

2 ~
B*p(t) = \/;e_’\(T_t) (a1 B*DWi ), + a2 B*DW» ), Vt e (0,T).

This last formula proves that there exist aj,as € R, with ajas # 0, such that B*¢(t) = 0 for any
t € (0, T). We can conclude that the adjoint problem to (6.4) does not satisfy the unique continuation
property (see Theorem 2.3) and therefore, System (6.4) is not approximate controllable in X at time
T.

Let us now assume that d # 1 fulfills condition (6.12). From Propositions 6.11 and 6.12 we
deduce that the sequence A = {1 5, A2, }x>1 and the operators A and B satisfy the assumptions of
Corollary 2.4. Thus, we can directly apply the first point of this result and obtain that System (6.4) is
approximately controllable in X at time 7 if and only if

iy == B*wi,k £0, Vk>1, i=1,2.
From (6.11) we get (6.13). This ends the proof. O]

Remark 6.15. Conditions (6.12) and (6.13) are independent of the final observation time 7' > 0 and
can be seen as a Kalman condition for the approximate controllability of System (6.4) at time 7. In
fact, Condition (6.12) is equivalent to a condition on the simplicity of the eigenvalues of the operator
A (given by (6.7)). On the other hand, condition (6.13) is equivalent to the controllability of the
ordinary differential system (6.9) for any £ > 1. Indeed, given k > 1, System (6.9) is controllable at
time 7' if and only if (Kalman rank condition)

rank [DB| (=k*D + A) DB] = 2,

and this amounts to condition (6.13). ]
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s=(1).

condition (6.13) holds and the approximate controllability result for System (6.4) at time 7" is equiv-
alent to condition (6.12). Thus, the previous result generalizes the approximate controllability result
for System (6.4) given in [12], to the case in which B is a general vector in R2. ]

Remark 6.16. Observe that when

We are now in position to set, as a consequence of Theorem 2.6, the null controllability result for
System (6.4). This result in particular proves the second point of Theorem 2.8:

Theorem 6.17. Let us consider the matrices D, A and B given by (6.5) with d # 1. Let ¢(Ay) be the
index of condensation of the sequence Ng = {1, Aok }psy = {k‘z, dk2}k>1. Let us also assume
that conditions (6.12) and (6.13) hold. Then, a B

1. System (6.4) is null controllable in X = H1(0, 7; R?) at any time T > c¢(Ay).

2. System (6.4) is not null controllable in X for T' < c(Ag).

Proof. First, let us take the real sequence Ay = {Aj}x>1 normally ordered. The assumption (6.12)
ensures that this sequence A4 of eigenvalues of the operator —.A satisfies condition (2.2). On the other
hand, from Propositions 6.11 and 6.12 we also deduce that the operators .4 and B3 fulfill the conditions
of Theorem 2.6. Finally, condition (2.10) corresponds to (6.13). Indeed, using (6.11) we get

bk =B = B*DWy g = by + 5%,
bo g = B*tha ), = B*DWs , = dba,

for any k£ > 1. Thus we can apply Theorem 2.6 and obtain the result for Ty given by (2.13). Let us
now compute this optimal time 7y. We clearly have

log 1/ |b;
hmw =0, i=1,2.
ik
Thus, from Theorem 4.8, we infer Ty = ¢(A4). This ends the proof. O

Remark 6.18. Let us observe that the assumption v/d ¢ Q guarantees that the eigenvalues of the
operator —A (given by (6.7)) are simple and satisfies (2.2). In particular, we can compute the cor-
responding condensation index of the sequence A4 of eigenvalues of —.A (see Remark 2.7) and this
condensation index provides the optimal time 7p for the null controllability of System (6.4). Evi-
dently, this optimal time is independent of the control vector B and only depends on the diffusion
coefficient d. g

Remark 6.19. In the following result we will see that for some diffusion coefficients d satisfy-
ing (6.12) one has ¢ (Ay) = 0, where A, is the sequence Ay = {k:Q, de}k>1. In that case, Sys-
tem (6.4) is approximate controllable in H (0, r; R?) at time 7" > 0 if and onTy if the system is null
controllable in this space at time 7" and these two properties are equivalent to condition (6.13).

We will also see that there exists d > 0 satisfying (6.12) for which ¢(Ag) > 0 or ¢(Ag) = oo.
In these cases the approximate controllability property at time 7" for System (6.4) is not equivalent to
the null controllability one at time 7". The extreme situation is reached in then case ¢(A4) = oo and
B € R? satisfying (6.13): The system is approximate controllable at every time 7" > 0 and never null
controllable at any positive time. (|
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From Theorem 6.17 we deduce that System (6.4) has a null controllability optimal time Ty =
¢(A4) which strongly depends on the diffusion matrix D. At this level, a natural question arises:
given 79 € [0, 0o], does there exist d > 0 satisfying (6.12) and such that ¢(A4) = 70? The answer is
positive and is given by the following proposition (which is, in fact, the first point of Theorem 2.9):

Proposition 6.20. For any 1y € [0, 00|, there exists d € (0, 00) satisfying (6.12) such that the con-
densation index of the sequence Nq = {k?, dk?}i>1 is given by c(Ag) = To.

Proof. Let us fix 79 € [0, cc]. The objective is to determine d > 0 such that the condensation index
associated with Ay (see (3.2)) is equal to 7y. To this end, let us consider the infinite product associated

with the sequence Ag:
22 22
B =11(1 =5 ) (1 )

k>1

and let us first calculate |E’(k?)| and | E’(dk?)| for any k > 1.
From Euler’s formula

2
sin(mz) = 7z H <1 - l<:2> vz € C,

k>1

we deduce the following expression:

sin (7¢) sin (\[) sinh (7() sinh (%)

2
E(C):d et , v¢eC.
Differentiating with respect to , we can readily deduce:
k
/(1.2 / 2
= = > .
|E'(k%)| = |sin <\/a) Ay, |E'(dK?)| = ‘sln (wk:f)‘Bk, VEk > 1, (6.14)

where

d . . k 1 . .
Ag = 5355 sinh (7k) sinh <\/Zi> , By := S35 sinh (7k) sinh (ﬂ'k‘\/g) ,

for any k > 1. Finally, it is easy to see the estimates

d . . T d
3315 sinh () sinh <\/3) < A < L

1 : : 1 rk wkvVd
msmh (m) sinh (ﬂ\/g) < B < m@ e , Vk>1.

Let us observe that ¢(Ay) is given by (3.2) with Ay = {\.}k>1 = {k? dk?}x>1. Therefore,
¢(Ag) = max {ly,lo} with

wk ﬂk/\f
(6.15)

log L log A
[y = lim sup 7|§2(k2)| and [y = limsup 75@(2%2)'
Now, using the expression (6.14) and the estimates (6.15), we also have ¢(Ay) = max {l1, 2} with
—log |sin (i;%) ’ —log |sin (ﬂ'k\/&) ‘
l1 = limsup 2 and [y = limsup T2 (6.16)

Case 79 = 0. In order to prove the result in the case 79 = 0, let us recall a well-known lemma about
approximation of algebraic numbers:
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Lemma 6.21. Let v be an irrational algebraic number of degree n > 2, i.e., v is an irrational number
which is the root of a polynomial of degree n with integer coefficients. Then, there exists a positive
number C, depending on v, such that

C
>7

—, Vp,qeN, ¢>0. O

v—Z
q

:

The previous result is known as Liouville’s theorem on diophantine approximation. For a proof,
see for instance [22].

Let us take d > 0 such that v/d is an irrational algebraic number of degree n > 2 and let us see
that ¢(Ag4) = 0.

We reasoning as follows. For any & > 1 there exists h;, € N such that

‘k\/&—hk‘ < % 6.17)

Indeed, we can take hy = [k\/ﬁJ if kv/d — V{:\/ZZJ <1/2o0rhy = Lk‘\/&J + 1 otherwise (| -] is the
floor function, i.e., for z € R, || gives the largest integer less than or equal to x).
If we now apply Lemma 6.21 with ¢ = k and p = hy we get

C 1
7<kd—h‘<f vk > 1
kn—l—‘\[ k_27 = 1,

and

sin [7? (k\/g — hk)} ‘ = sin ‘7? <k‘\/& — hk>’ > sin |C7r/€1_"’ = }Sin (kal_”ﬂ , Vk>1.

Recall that ¢(Ay) = max{ly,lo} with I; and l2 given in (6.16). So,

—log ‘sin (ﬂk\/ﬁ) ‘ —log |sin (Wk\/& — thﬂ
lo = lim sup a2 = lim sup 72
_ : 1—n
< limsup log ‘Slr;]({gﬂk )‘ =0.

The same argument applied to 1/ \/d permits to prove that [; < 0. Taking into account Remark 3.10,
we deduce that ¢(Ay) = 0.

Case 7y € (0, 00). Let us now show the result when 7y € (0, 00). We will use the following

Lemma 6.22. . Forany 19 € (0,00), there exist an irrational number d > 0 and a sequence of
rational numbers {py, /qx. } o such that py, and gy, are co-prime positive integers, the sequences
{pr} >0 and {qi} )~ are strictly increasing and

lim e™P% |v/d — PE| = 1. (6.18)
dk
Moreover, for any k > 0 one has
’Qk\/g—pk‘ < ‘Q\/g—p , Vp,g €N, withq < gg. (6.19)
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2. For any o0 € (0,00), there exists an irrational number d > 0 and a sequence of rational
numbers {pi/qi. } ;> Such that py, and q, are co-prime positive integers, the sequences {py } .~
and {qi } ).~ are strictly increasing and

Ja_ P

gk

. 240
lim ePx

=0. (6.20)

The proof of this lemma is based on some properties of continued fractions. The second point
follows some ideas from [25]. We will give its proof in Appendix A.

Let us fix 79 € (0,00) and take d > 0 provided by the first point of Lemma 6.22. Again, recall
that ¢(Ay) = max {l1,l2} with [; and [ given by (6.16). The aim is now to prove that ¢(Ay4) = 79
and, to this end, we will show that [; = lo = 79. We will divide the proof into two steps.

A. Observe that

~log ‘s;r; (;—%)‘ o ‘sin (&z(zg - h\/&)) ‘ e

Let us now take the subsequences of positive integers {py, }1>1 and {qx },>1 provided by Lemma 6.22.
From (6.18) we deduce lim (pk — qk\/g) =0, lim py /g = v/d and

s (5 i)

Pr

—log ‘ﬁ (pk; - qk\/ﬁ)‘
Pi

[y > limsup = limsup

—log

= lim = 70.

I

Let us now reason with /. As before, from (6.18) we get

' — log |sin (qu\/@ ‘ . —log |sin (qu\/& — ka)’
lo > lim sup dq,% = lim sup dq,%
_ — log )qu\/& - wpk( . —log ‘ﬂqke”"pi  Top?
= lim sup dq,% = lim sup dq,% = lim d—qi = 79.

In conclusion, we have obtained that [y > 7 and I > 79. Using once more that c(Ay) =
max {l1,l2}, we can also conclude ¢(Ag) > 7.

B. Let us now see the inequalities [; < 79 and I3 < 79. As before, for each &k > 1 there exists
hi. € N such that (6.17) holds. On the other hand, there exists n;, € N such that £ < g,,, . Since every
convergent py/q;, satisfies (6.19), it follows that:

‘k\/g— hk) > |gn, Vd = pny |-

From this last inequality and (6.17), we deduce:
sin (Wk\/;iﬂ = [sin |:7T (k\/g — hk>] ’ = sin ‘7‘( (k\/g — hk)’ > sin ’7r (an\/g —pnk>’
= r (3 )

)
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for any k > 1. Thus, since k < gy, ,

sin (ﬂk\/&)) log |sin [7‘( (an\/g - pnk)} ’
dk? = dgz,

log

Coming back to the expression of /5 (see (6.16)), we obtain

—log ‘sin (Wk\/@‘ —log ‘sin [W (an\/& B p”’“ﬂ ‘
dk? dqz,

lo = lim sup < limsup = T1p.

In the previous inequality we have used (6.18), lim (pn,C — Qn,, \/&) = 0 and limpy, /qn, = V.

A similar argument permits to prove the inequality I; < 7. In conclusion, we have proved that
ly = ly = 79 and, therefore, the existence of an irrational number d > 0 such that ¢c(Ay) = 79 €
(0, 00).

Case 19 = oo. In order to get the result in this case, let us fix ¢ > 0 and apply the second point
of Lemma 6.22. We deduce the existence of an irrational number d > 0 and a sequence of rational
numbers {py/qr) ;> satisfying (6.20). In particular, we deduce the existence of a positive constant C'
such that

’qk\/;i—pﬂ < quefp?ﬂ, vk > 1.

Following previous arguments, it is not difficult to see

g sin (75 (e — ) )| ~log |5 (e — )

[y > limsup 5 = lim sup 5
Py Dy
> lim 5 = 00.
Py
This proves the third case and finalizes the proof of the result. O

Remark 6.23. As a consequence of Proposition 6.20 we deduce that if v/d is an irrational algebraic
number then c¢(A4) = 0, where A4 is the sequence Ay = {k?, dk2}k21- This condition on d can be
easily generalized to the case in which d satisfies the property

P
’\/»_2’2 1(q>7 Vpaquv p>¢]27€07

q

where kg € N and 51 is a positive function that fulfills the conditions

log (&)1(’@‘))

lim®; (k) =0 and limsup 12

=0.

This condition can be equivalently written as follows: “Let &)1 be a positive function satisfying the
previous conditions. If d € (0,00) is an irrational number such that the inequality

‘\/g_p' _ ®i9)
a9l g
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has a finite number of integer solutions p,q > 0, then ¢c(Ag) = 0. B
On the other hand, it is possible to generalize condition (6.20) in this way: “Let ®2 be a positive
function satisfying

—log (&)2(]?))
12

Ifd > 0 is an irrational number such that the inequality

lim = 00.

‘\/63—5‘ < By(p)

has an infinite number of integer solutions p,q > 0, then ¢(Ag) = c0”. ([l

We will finalize this subsection giving two results on the measure of irrationals numbers v/d for
which the optimal time of null controllability of System (6.4), Ty = c(Aq), is zero or positive. In
particular these results provide the proof of the two last points of Theorem 2.9.

Proposition 6.24. Let c(Ay) be the index of condensation of the sequence Ay := {k:z, dk‘2} k> With
Vd & Q. Then, c(Ay) = 0 for almost d € (0, c0).

Proof. The proof is a consequence of Remark 6.23 and Theorem 32 in [22] (p. 69). Indeed, let us
consider the inequality

‘\/&— p' < 21l9) 6.21)
q q

with @ (z) = 1/22. Observe that
0 ~
/ Q) (x)dr < occ.
1

Thus, the inequality (6.21) has a finite number of integer solutions p, ¢ € N for any d € (0, 00) \ M,

with | M| = 0. In particular, ¢(Ay) = 0 for any d € (0, 00) \ M. This proves the result. O
Corollary 6.25. Let c(Ag) be the index of condensation of the sequence Ag := { k2, dk2}k21, with
Vd & Q. Then, given 1y € [0, o], the set

{d € (0,00) : ¢(Ag) = 70}
is dense in (0, 00). O

Let us observe that the previous result is clear for 79 = 0. The case 79 € (0, 00| is a consequence
of Lemma 6.22 and will be proved in Appendix A.

Remark 6.26. As said before, the optimal time for the null controllability of System (6.4) in the
space H~1(0,m;R?) is given by Ty = c(Ay) with Ay = {k?, dk?}>1. Evidently, this optimal time
depends strongly on the diffusion coefficient d and depends on the diophantine approximation of the
irrational number v/d by rational numbers. Observe also that for some d € (0, 00) the optimal time is
To = ¢(Ag) = oo. In this sense, Theorem 6.17 generalizes the results in [25]. O

Summarizing, we have proved (see Theorems 6.14 and 6.17):

1. If v/d € Q, then System (6.4) is neither approximate nor null controllable in H ! (0, 7;R?) at
any positive time 7.
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2. If v/d ¢ Q, then System (6.4) is approximate controllable in H ~1(0,7;R?) at any positive
time 7'. With respect to the null controllability in H (0, ; R?) of this system, we have proved
the existence of an optimal time 7 € [0,00] (which depends on d) such that if T < Tj
System (6.4) is not null controllable at this time and if T > Tj the system is null controllable
at this time.

Remark 6.27. Let us now consider the boundary null controllability for the scalar heat equation,

Oy — Opay = 0 in@ = (0377) X (O,T),
y(oﬂ ) =, y(ﬂ-v ) =0 on (O? T)a (622)
y('a 0) =Y in (07 7T)7

where T > 0 and yo € H (0, ) are given and v € L%(0,T) is a boundary control. This problem
was considered in [10] and [11]. Following the ideas of Subsections 6.1 and (6.2), it is not difficult
to see that Theorem 2.6 can be applied. In this case, from Theorem 4.8, we have Ty = ¢(A) = 0,
where A = {k?}>1 and the minimal time T} and the condensation index c(A) are respectively given
by (2.13) and (3.2). Therefore, we deduce that the null controllability result for System (6.22) is valid
for every positive time 7. O

6.3 Pointwise null controllability of a parabolic system

In the last application of Theorem 2.6 we are going to combine the difficulties appearing in the exam-
ples of Subsections 6.1 and 6.2. Consider the following parabolic system

Oy — (DOyr + A)y = f(z)Bo(t) inQ = (0,7) x (0,7T),
y(0,-) =y(m,-) =0 on (0,7), (6.23)
y(+,0) =yo in (0, ),

where D, A and B are given in (6.5), f € H~ (0, 7) is a given function and yo € L?(0, 7; R?) is the
initial datum. Again, v € L?(0,T) is a scalar control which is exerted via the right-hand side of the
system.

System (6.23) is well-posed. In fact, one has:

Proposition 6.28. Let us consider the matrix D given in (6.5) and A € L(R?) and B € R?. Let
f € H1(0,7) be a given function. Then, for any yo € L*(0,m;R?) and v € L?*(0,T), System (6.23)
possesses a unique weak solution y satisfying y € L*(0,T; H}(0,7;R?)) N C°([0,T]; L?(0, m; R?))
and

1Yl 220,713 0,mm2)) + Wl oo o 11:22(07:82)) < C (lyollz202:82) + I fllzr-10.m) 10| 220.7)) -
where C'is a positive constant only depending on D, A and B. ]

The proof of this result is similar to the proof of Proposition 6.1 and will be omitted.
As will be seen, the controllability properties of System (6.23) are different when d = 1 and
d # 1. Let us first study these controllability properties in the more complicated case d # 1.
System (6.23) enters the framework of Section 2 by setting X = L?(0, 7;R?), A given by (6.7)
and
B=f()BeL(R, H_l(O,W;RQ)) .
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When d # 1 and taking into account Proposition 6.12, we can write
A==kl ¥ir)xde + dag( Yo r)x bkl
E>1

where the sequence {1 ;, A2 }x>1 is given by (6.10) and

{10, P2t psy = {VikPr, VarPrtysy s {1k Youtisr = {Win®r WorPrlysy

(the vectors V1 i, Vo i, W1, and Wa ), are given in Propositions 6.11 and 6.12 and ®j(x) in (1.3)).
Following the proof of Proposition 6.12, we also have that the set {¢1 x, 21 } w>1 18 a Riesz basis of
eigenfunctions of A in X = L?(0, m; R?) and its biorthogonal basis is {11 x, %2  }x>1. Observe also
that the sequence of eigenvalues of —A, {—A1 i, — A2k }x>1, satisfies assumption (2.2).

On the other hand, we also have

X; = D(A) = H2(0,m;R?) N HY(0,m;R?) and X_; = (H*(0,m;R?) N HE(0,m;R?)),

and, therefore, B € £(IR,X_;). Finally, from Proposition 6.28 we readily obtain that the operator B
is an admissible control operator for the semigroup generated by .A. Furthermore, with the notations
of Subsection 6.2, we have:

<BU, ¢Z’7k>X,1,X1 = vB*Wi,k<f7 q)k>7

and thus
B*¢i,k:B*Wi,k<fa(bk>a \V/k'z 1) /i:1727
where (-, -) is the duality pairing between H (0, ) and H}(0, 7).
The previous considerations together with Corollary 2.4 permit to state the approximate control-
lability result for System (6.23):

Theorem 6.29. Assume d # 1. Under the previous assumptions, System (6.23) is approximately
controllable in X = L?(0,T;R?) at time T if and only if

VAEQ b= BWLD) = bt | () 20,

b2,k = B*WQ,k<f7 (I>k’> = b2<fa (I)k:> 7é Oa Vk > 1.

(6.24)

Proof. The proof of this result can be obtained following the ideas of the proof of Theorem 6.14. The
details are left to the reader. O

Remark 6.30. The conditions in (6.24) can be written in the shorter way:
Vd¢Q and by [bi(d— 1)k* +bo] (f,®p) #0, Vk>1.

Again, these conditions can be seen as a Kalman condition for the approximate controllability of
System (6.23) at time 7. In this case, conditions (6.24) are equivalent to the properties

1. The eigenvectors of the operator A are simple (geometric multiplicity 1).
2. The ordinary differential system

Y = (—k*D + A)yg + (f,®1)Bv on (0,7),
yk(0) = yor € R2

is controllable for any . U
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As a consequence of Theorem 2.6, we have the following result:

Theorem 6.31. Let us consider the matrices D, A and B given by (6.5) with d # 1. In addition,
assume that conditions (6.24) hold. Let us take

<10g 1/ |bi k| +log1/ \E/(Ai,kﬂ)
ik ’

To = maxlim sup
i=1,2

where A = {A¢}o>1 = {1k, Aok Je>1 and b; i, are given in (6.10) and (6.24), and

E(z):ﬁ(l—f%), z e C.

/=1
Then:

1. System (6.23) is null controllable in X = L*(0, m; R?) for T > Tp;
2. System (6.23) is not null controllable in X = L*(0, 7; R?) for T < Ty.

Proof. The proof can be deduced from Theorem 2.6, Proposition 6.11 and Proposition 6.12. The
details are left to the reader. [

In order to finish this subsection, let us consider System (6.23) with D, A and B be given by (6.5)
in the simplest case d = 1. In this case, the eigenvalues of the operator —.A (see (6.7)) are given by
{k?};>1 and the corresponding eigenfunctions are given by

¢k=<é><1>k, VEk > 1.

Observe that the set of eigenfunctions of —A is not a Riesz basis of X = L?(0, 7; R?) and therefore
Theorem 2.6 cannot be applied. Nevertheless, the controllability properties of System (6.23) can be
deduced from the results stated in [10, 9, 12, 3]. If we denote

Jo={(f,®k), VE=1, (6.25)
one has:
Theorem 6.32. Let us consider the matrices D, A and B given by (6.5) with d = 1. Then,

1. System (6.23) is approximately controllable in X = L*(0, 7; R?) at time T if and only if

bafi = ba(f, Pr) #0, Vk2>1. (6.26)

2. Assume that (6.26) holds and take

log 1/ | fx|

12 € [0, c0.

T} := limsup

Then,

(a) System (6.23) is null controllable in X = L?(0,7;R?) for T > Tx;
(b) System (6.23) is not null controllable in X = L?(0, 7; R?) for T < T.
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Proof. Observe that for d = 1, we have D = Id. The proof is then a consequence of previous results
proved in [12] and [3].

As saw before, the controllability properties of System (6.23) are equivalent to appropriate prop-
erties of the adjoint system

—Oip = (Id0yy + A%) , inQ,
30(07 ) = 90(71-7 ) =0 on (07 T)) (627)
e T) = o in (0, 7),

where o € L%(0,m;R?) is given. In this case, it is not difficult to construct the solutions to the
adjoint system (6.27). Indeed, if

polz) =Y ( Z: ) Op(x), ae xe(0,7),

k>1

where {ax }x>1, {bk }k>1 € €2, then the solution ¢ to the adjoint system (6.27) is given by

pla,t) =Y e HT=D ( Tl—t (1) ) ( Z: ) Op(x), ae. (z,t) € Q.

k>1

Therefore

B (f, (1)) = > e IO [AUT — 1) + Byl fr, ae.te(0,7), (6.28)
k>1

where fj, is given by (6.25) and

Ak L bz 0 ajf
()= (2 2) (). wen 62)

We will also need the following result:
Lemma 6.33. For every T > 0 and € > 0, there exists a positive constant C (e, T") such that

2
1 T
D g (ARl + |Bif) 72 < C(E,T)/ ST (Art+ Bpe Y dt
0

k>1 E>1

for any sequences { Ay }r>1, { By }r>1 € 02 O
The proof of this result is implicitly given in [12], (see the proof of Proposition 3.4, p. 1727-1728).
We are now ready to prove the theorem.

1. The approximate controllability result for system (6.23) in L2(0, 7; R?) at time 7' > 0 is equivalent
to the following unique continuation property for the solutions ¢ € C°([0, T]; L?(0, 7; R?)):

“If B(f,o(-,t)) = 0 for almost all t € (0,T), then g = 0.”

From (6.28) and (6.29) we deduce that (6.26) is necessary.

On the other hand, if (6.26) holds, the solutions to the adjoint problem (6.27) satisfies the previous
unique continuation property. Indeed, if B*(f, ¢(-,t)) = 0 for almost all ¢ € (0,7"), from (6.28) and
Lemma 6.33 (applied to frAx, fxBr and ¢ = T'), we deduce frAr = frBr = 0 for any k > 1.
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Using (6.29) and assumption (6.26) we get ap, = by, = 0 for any k£ > 1, i.e., o9 = 0. This proves the
first point of Theorem 6.32.

2. Let us now prove the second point of Theorem 6.32 and let us assume that (6.26) holds. In this case,
the null controllability result for System (6.23) is equivalent to the existence of a positive constant Cr
such that the solutions to (6.27) satisfy the observability inequality:

T
oGOz < Cr [ 1B (ol

where g € L%(0,7;R?). Using the expression of ¢ and (6.28)—(6.29), the previous observability
inequality amounts to the existence of a positive constant C such that

(F ) ()],

for any sequences {ay }x>1, {bx }x>1 € ¢2, and where A, and By, are given by (6.29).

2
< Cr / Ze LApt + Bp) fi| dt, (6.30)
2 0

k>1

o912
§:€2kT

k>1

(a) Let us assume that 7' > T}, with 7} € [0, 00) given in the statement of the theorem. Let us fix
¢ > 0. From the definition of the time 77 we deduce

|ful > Cee P49 g > 1,
where C; > 0 is a constant. On the other hand, from Lemma 6.33 applied to the sequences { fi Ay }r>1
and { fx By }x>1, we infer

2

1 2
/ ST e ARt + B fi dtZC(E,T)Zﬁ(|kak‘2+‘kak‘2)e*2€k
0

E>1 k>1

1 _
> C(&,T) Z ﬁ (|Ak|2 + |Bk:|2) e 2k2(Ty1 +2¢)
k>1

1.2
> C(S,T) Z (‘Ak‘Q + ‘Bk’2) e 2k (T1+38).
k>1
Finally, let us take ¢ = (7" — 717)/3. Thus, from (6.29) (b2 # 0), the previous inequality gives

2

/ ST e At + B fi| dt > CT)D e T (|awl + [oxf?)
k>1 k>1
and, evidently, (6.30). This proves the point (a).

(b) Let us now assume that 7' < 77 € (0, oo]. This point is a direct consequence of the results stated
in [9]. Indeed, taking a; = O for any k£ > 1, inequality (6.30) transforms into

S e |y 2 <CT\b2|/ e tbkfk dt, (6.31)

k>1 k>1
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where {by }x>1 € 2.
Let us see that inequality (6.31) fails when 7" < T3. To this end, let us take € > 0 such that
T + ¢ < Ti. From the definition of 77 we deduce that the series

e~k (T+e)

= |/l

diverges. Thus, for a subsequence {k, },,>1 we must have
efk,% (T+e) 1

| fien | k2’

Multiplying this last inequality by k2 we deduce that for a positive constant C., one has

Vn > 1.

—k2T —k2(T+e)
e n e m
72197205, Vn > 1.

| fien | " fral

Finally, let us take the sequence {b](gn) }k>1 given by

1
— ifk =k,
b =< fr,

0 otherwise.

From inequality (6.31) applied to the previous sequence {b,(cn)} k>1 we deduce that for any n > 1 one
has

ef%iT T 2 1 2
052 < < CT|b2|/ e 2kt gy — CT|b2|—2 (1 _ €—2knT) .
i 0 2k2
With this last inequality we evidently obtain a contradiction. Therefore, inequalities (6.31) and, of
course, (6.30) fail. This proves the statement (b) and finalizes the proof of the result. ]
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Proofs of Lemma 6.22 and Corollary 6.25

This appendix will be devoted to proving Lemma 6.22 and Corollary 6.25. To this end, we will use
some results from the diophantine approximation theory. Thus, in a first section we will recall some
known properties of continued fractions. We will devote the second section to proving the two results.

A.1 Some basic properties of continued fractions

We refer for this subsection to [22].

Let us recall that a (simple) continued fraction is an expression of the form

1
[CLO,alw'-aan]:aO"i'a i 1 )
Pt
where ag, a1, . .., a, are real numbers satisfying a; # 0 for any ¢ > 1. By induction:

[ao] = ao
[ao, a1] = ao + i

1
[ao,al,...,an]: ao,al,...,an_g,an_1+?n:|, n > 1.
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Let us take ap € Z and {ay}r>1 C N a sequence of positive integers. Then, it is easy to see that

[ag, a1, ...,ay] € Qforall n > 0. On the other hand, if x € Q there exist n € N and integer numbers
ag, a1, ..., an, with ag > 1 for any 1 < k < n, such that
[ao,al, e ,an] =xT.

Let us point out the previous representation of the rational number z is not unique. Indeed, it is easy
to check

[ag, a1, ..., an] = lag,a1,...,an, —1,1] if a, > 2,
xr =
[ag, a1, ... an—1,1] =lag,a1,...,ap—1 +1] ifa, =1.

Let us now recall some classical properties of simple continued fractions. One has:

Theorem A.1. Let us fix ag € Z and {ay}r>1 C N a sequence of positive integers.

1. Ifp_1 =1, py=ap, g-1 =0and g0 = 1 and

Pn = GnPpn—1 +Pn—2, Gn = @nQn—1 + Gn—2, Vn > 1, (A.1)
then,
Pn
lag,a1,...,an) = —, n>0.
qn

2. The sequence {qn},~, is strictly increasing and g, > 0 for all n > 0. Moreover, if ag > 0,
then p, > 1, for any n > 1, and the sequence {py},~ is also strictly increasing.

3. The following identities hold:

= , VYn>1,
qn dn—1 (qn(ir)z:ll (A2)
p—n—wzian, Vn > 2.
dn  4n-2 dndn—2
In particular, pnqn—1 — Pn-1qn = (—=1)"! and p,, and q,, are co-prime for any n > 0. ]

The second group of properties for simple continued fractions concerns the approximation of real
numbers. One has:

Theorem A.2. Let us fix ag € Z and {ay}r>1 C N a sequence of positive integers. Then,

1. The sequence of simple continued fractions {|ag, a1, ..., ay|},~, is convergent in R to an ir-
rational number x. Conversely, for all x € R\ Q, there exist a unique integer ag € Z and a
unique sequence {a;}i>1 C N of positive integers such that lim Z—Z = x, where p, and q,, are
given by (A.1), i.e.,

Pn

— 5 “ e =~ U.
q [aO ai, 70%] ’ Vn >0
n

In this case, we will write x = [ag,a1,...,an,...|. The rational number p,/qy is called the
n-th convergent of x.
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2. If v = [ao,ai1,...,an,...] and p,/qy is the corresponding n-th convergent of x, then
1 1
S S P L) [P . V>0, (A3)
an (Qn+1 + qn) dn qndn+1

D2n DP2nt1 ic i ; .
and the sequence {q% }nzo (resp., {q%+1 }nzo) is increasing (resp., decreasing). Moreover,
the convergents of x satisfies lim |zq, — p,| = 0 and

|2q —p| =[2G, —pnl, VR >1, Vp,q€Z, withl <q< gy, (A.4)

with equality if and only if p = p, and q = qy, (it is said that the convergents of x are the best
approximation of x of the second kind). O

Let us note that from (A.2), it follows that

B (P Do) (=1
[ao,al,...,an]—ao—i—z — - — —ao—i-Zi, Vn > 0.

i1 \dk Gk—1 i1 Qedk—1
Thus,
k+1
-1
[ag,a1y... an,...] =ao+ L
k>1 qKk9k—1

A.2 Proofs of the results

Let us first prove the first part of Lemma 6.22 and Corollary 6.25 when 7y € (0, c0). To this end, let
us fix 79 € (0,00), g € (0,00) and £ > 0. The objective will be to determine an integer ag > 0
and a sequence {ay };>1 of positive integer numbers such that the infinite simple continued fraction
Vd = l[ag, a1, ..., ay,...] satisfies (6.18) and (6.19), for pj and ¢, given by (A.1), and

‘\/(3 - $0| <e.
Let us fix ag € Z and a sequence {ay} k>1 C Nof positive integers such that ap > 0 and
lim ag = oo. (A.5)

Consider the sequence of convergents {Iq)—"} 0’ defined by (A.1), of
n n>

.. D .
v=ap,a1,...,0n,...] :hmq—n:hm[ao,al,...,an].
n

Multiplying inequality (A.3) by a,+1¢2, n > 0, we have:

a a
n+14n < an+1q7% U ZLn < n+1Qn’ vn 2 0.
qn+1 + qn n dn+1
On the other hand, from (A.1), we also deduce:
1—M<an+1qg o <1_Qn717 Vn > 0. (A.6)
n+1 + an dn dn+1
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Using once again (A.1), we obtain

gn+1 = pi1 + Qn—l7 v, > 1.

dn n

So that, since lim a,, = 0o and the sequence {¢, } >0 is increasing , it follows that

lim ntl _ oo and lim Intl _
dn dn—1

Thus,

li Qn + gn—1

im— =0,

gn+1 + qn
and coming back to (A.6) we arrive to
Dn

vV — —
n

)-1

Taking into account the previous identity, given 79 € (0, 00), the task consists in finding an integer
ap > 0 and a sequence {ay}~; C N satisfying (A.5) for which

lim <an+1 q'?z

2
m &t _ g (A7)

eTOPEL

Taking vd = v = [ag, a1, . .., an, .. .|, we obtain the proof of (6.18).

We reason as follows: Let us fix kg € N, ag € Z and positive integers {ay, ..., ax, } such that
ag > 0 and
_ <t |[ao, a a]—:(:]<E
k()(k[)—f—].)_z’ 0, @1y ..y ULy 0_2-

On the other hand, let us take p_; = 1, pg = ag, g—1 = 0 and gy = 1. Following formula (A.1) we
can construct the convergents py /gy for any k : 1 < k < ko. Now, let us set

2
Of+1 = Max {1, [empko /qﬁoJ } 5

where |- | is the floor function (for x € R, |z] gives the largest integer less than or equal to x). Again,
formula (A.1) allows us to compute p, and g for k : 1 < k < kg + 1.

We can continue the argument reasoning by induction: Given n > kg 1 and nonnegative integers
ag, with 0 < k < n, we calculate py and g, using (A.1), (0 < k£ < n) and take

an+41 = Max {17 LGTOP%/QZJ } :

Clearly, the sequence {ay }x>0 C N satisfies a;, > 1, for any k£ > 1, and then, lim p,, = lim¢,, = o0

and lim (p,, /qn) = v, where v = [ag, a1, ..., an, .. .]. So,

. €Ph TPa 2

lim —— =lim ——=5 = o0,
whence

2

eToP;
limay,4; = lim = 0.
dn
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In conclusion, the sequence {ay } x>0 C N satisfies (A.5) and, therefore, (A.7). This proves (6.18).
We can also write

lv—xo| < |v—ao,a1,...,ak]| + a0, a1, ..., ak] — xo|
< 1 +5< 1 +5<
< < — 4 — <.
QeoTho+1 2~ ko(ko+1) 2

In the previous inequality we have used (A.3) and the property qx > k, for any k£ > 1, which is valid
for any sequence {ay }x>0 C Z with ag > 0 and a;, > 0 for k£ > 1. This also proves Corollary 6.25
when 79 € (0, 00).

The inequality (6.19) can be directly deduced from the property (A.4). This ends the first part of
Lemma 6.22.

The second part of Lemma 6.22 follows in the same way by constructing a sequence {aj };~; C N
such that, for a given o > 0, one has B

and this can be done choosing (for instance)

240
ePn
Gn4+1 = max ¢ 1, , Vn > k.
qn

This finalizes the proof of Lemma 6.22.
Finally, when 7y = oo, Corollary 6.25 can be proved following the previous ideas. ([l
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