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Abstract

We devise mixed methods for heterogeneous anisotropic diffusion problems supporting
general polyhedral meshes. For a polynomial degree k > 0, we use as potential degrees
of freedom the polynomials of degree at most &k inside each mesh cell, whereas for the
flux we use both polynomials of degree at most k for the normal component on each face
and fluxes of polynomials of degree at most k inside each cell. The method relies on
three ideas: a flux reconstruction obtained by solving independent local problems inside
each mesh cell, a discrete divergence operator with a suitable commuting property, and a
stabilization enjoying the same approximation properties as the flux reconstruction. Two
static condensation strategies are proposed to reduce the size of the global problem, and
links to existing methods are discussed. We carry out a full convergence analysis yielding
flux-error estimates of order (k + 1) and L?-potential estimates of order (k + 2) if elliptic
regularity holds. Numerical examples confirm the theoretical results.

1 Introduction

Over the last few years, several discretization methods for elliptic PDEs on general meshes
including polyhedral cells and nonmatching interfaces have been proposed and analyzed. Such
general meshes are useful, for instance, in the context of subsurface flow simulations in saline
aquifers and oil reservoirs featuring geological layers with complex three-dimensional shapes.
Another motivation for using general meshes stems from agglomeration-based mesh coarsen-
ing strategies [1, 4]. Examples of low-order discretization methods supporting general meshes
include Mimetic Finite Differences (MFD) [40, [I8] 15], Mixed Finite Volumes (MFV) [34]
and Hybrid Finite Volumes (HFV) [37], the generalized Crouzeix-Raviart method [32], Gra-
dient schemes [36], Cell-Centered Galerkin (CCG) methods [27], the Discrete Geometric Ap-
proach [26], and Compatible Discrete Operator (CDO) schemes [12} [13]. Tight connections
exist between various of the above methods, as discussed in [35] [38] [33], 12]. Higher-order
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discretizations extending ideas from the above methods have become recently available, and
include high-order MFD [8], [, 4], the Virtual Element (VE) method [5, 6], Weak Galerkin
(WG) schemes [43, [44], and Hybrid High-Order (HHO) methods [30}, 29, [31].

In many applications involving elliptic PDEs, in particular with heterogeneous and pos-
sibly anisotropic diffusion, it is often of interest to approximate both the potential (primal
variable) and the diffusive flux (dual variable) starting from the elliptic PDE in mixed form.
An extensive choice of mixed finite elements is available on simplicial and rectangular meshes,
see [10] and references therein, while extensions to pyramids and triangular prisms can be
found in [14]. The literature is more scarce on meshes with more general cell shapes. One
possibility based on standard finite element spaces is to introduce a simplicial submesh of the
polyhedral cells so as to reconstruct the diffusive flux from its normal interface values inside
the cell by solving a local minimization problem [21] [42]. In the present work, we introduce
and analyze an alternative and simpler mixed method on general meshes, avoiding the need
for local solves on the submesh.

The key ideas can be summarized as follows. Let k£ > 0 be an arbitrary polynomial degree.
As a starting point, we consider potential degrees of freedom (DoF's) that are polynomials
of degree at most k in each cell, while the flux DoFs consist of face-based DoF's that are
scalar-valued polynomials of degree at most k in each face (approximating the normal flux
across the face) and of cell-based DoF's that are fluxes associated with potential polynomials
of degree at most k. Then, we devise two key discrete operators, both acting cell-wise: (i) a
discrete divergence operator, mapping flux DoF's to potential DoF's, that satisfies a commuting
property with suitable reduction operators acting on continuous fluxes and potentials, and (ii)
a consistent flux reconstruction operator mapping flux DoFs to a continuous flux evaluated
from the gradient of a polynomial potential of degree at most (k + 1); consistency stems from
the fact that the flux reduction operator is a right inverse of the reconstruction operator.
The third key ingredient is a stabilization bilinear form which is defined cell-wise as a least-
squares penalty on cell faces between flux face-based DoF's and the normal component of the
reconstructed flux. At the discrete level, before the static condensation discussed below, the
weighted L2-inner product between discrete fluxes can be interpreted as originating from a
discrete Hodge inner product built from a consistent and a stabilization part in the spirit
of [19L [16 37, T1]. One salient difference is that, in the present method, the reconstructed
flux is not made fully explicit (only the consistent part is, but not the stabilization part).

A related approach that appeared recently is the mixed VE method of [17]. Therein,
the authors propose a DoF space for the flux variable that allows one to compute the L?-
projection on the space of polynomials of degree < k of vector-valued fields from their DoF's,
see also [7] for a different definition of some DoFs facilitating the computation of the L2-
projection. One relevant difference is that the present construction uses fewer cell-based flux
DoF's, the reduction factor being essentially equal to the space dimension, since these DoF's
are evaluated herein as potential gradients and not as full vector fields. The second difference
is that the consistent part of the formulation is devised as a flux reconstruction evaluated
from a local linear system and is therefore fully computable instead of being virtual. This
also leads to a different viewpoint in stabilization design. Moreover, the lowest-order case
(k = 0) can be incorporated in a straightforward manner.

In practice, further computational savings can be achieved by static condensation, whereby
cell-based DoFs are eliminated leading to a global linear system in terms of face-based DoF's.
Two strategies for static condensation can actually be considered. In the first strategy, cell-
based flux DoFs and potential DoFs up to a constant value per cell are eliminated locally.



The global problem is then of saddle-point form and involves the face-based flux DoF's and
the mean-value of the potential in each cell. This problem has the same size and structure
as that derived in the Multiscale Hybrid-Mixed (MHM) method [2] [39] using a different
viewpoint based on the primal mixed method with Lagrange multipliers enforcing the interface
continuity of the potential. In the second, more computationally-effective strategy, the face-
based flux DoFs can be hybridized by means of face-based polynomials of degree at most k
which play the role of Lagrange multipliers and can be interpreted as potential traces on cell
faces. In this case, the flux and potential DoF's can be eliminated locally, and the global linear
system in the Lagrange multipliers is symmetric positive definite. The size and structure of
this system are closely related to those obtained using HHO methods [30} 29} B1] and also
Hybridizable Discontinuous Galerkin (HDG) methods [23] 24] 25]. One difference with HDG
is that the cell-based flux DoFs to be eliminated locally are not vector-valued polynomials
but gradients of scalar-valued polynomials as in HHO methods, leading to a reduction factor
in the number of local DoF's essentially equal to the space dimension, as mentioned above.
We also emphasize that the present stabilization design is novel, and that bridges with the
HDG methods exploiting this novel design are discussed in [22].

Interestingly, on matching simplicial (or Cartesian) meshes, the present method has also
fewer local flux DoF's than classical (Raviart—Thomas or Brezzi-Douglas—Marini) mixed finite
elements. This comes at the (affordable) price of solving one small linear problem per element
to compute the consistent part of the flux reconstruction for polynomial degrees k > 1, while
the consistent part can be computed explicitly in the lowest-order case k = 0.

This paper is organized as follows. In Section [2| we specify the continuous and discrete
settings including the key ingredients to formulate the discrete problem. In Section [3| we
present the discrete problem and state our main results which include flux-error estimates of
order (k + 1) and L?-potential estimates of order (k + 2) if elliptic regularity holds. We also
discuss static condensation, which is important in the practical implementation of the method,
as well as links with other methods in the lowest-order case (k = 0). In particular, up to an
equivalent design of the stabilization, the lowest-order Raviart—Thomas method is recovered
if the mesh is made of simplices, and a similar observation can be made on Cartesian meshes.
Interestingly, this link shows that Raviart—Thomas basis functions can be decomposed into a
consistent and a stabilization part. In Section 4] we collect the proofs of our results. Finally,
in Section [5] we present numerical results illustrating the error analysis.

2 Continuous and discrete settings

In this section, we introduce the continuous and discrete settings. In particular, we define the
flux and potential DoFs, the discrete divergence and flux reconstruction operators, and the
discrete Hodge inner product.

2.1 Continuous setting

Let Q < R? d > 2, be an open, bounded, connected set with polygonal (or polyhedral)
boundary. We consider the diffusion problem

~V-(KVu)=f inQ

1
u=20 on 052, (1)



where we enforce a homogeneous Dirichlet boundary condition for simplicity. The source
term f is in L2(f2), and the diffusion tensor K is piecewise constant and takes symmetric
positive definite values with eigenvalues in the interval [y, Ay] with 0 < A, < Ay < 4-00. For
X < Q, we denote by (-,-)x and |-|x respectively the standard inner product and norm of
L?(X), with the convention that the index is omitted if X = 2. The same notation is used
for vector-valued functions. Letting 3 := H(div;Q) and U := L?(Q2), the mixed variational
formulation of problem reads: Find (o,u) € ¥ x U such that

(Ko, 1)+ (u,V-7) =0 VreX, (2a)
(V-o,v) =—(f,v) Yv e U. (2b)

Throughout this work, o and u are termed flux and potential, respectively. Boldface fonts
are used for vector- and tensor-valued quantities.

2.2 Meshes and analysis tools

Denote by H < R a countable set of mesh sizes having 0 as its unique accumulation point.
Following [28, Chapter 1], we consider h-refined mesh sequences (7Tj)pey where, for all h € H,
T, is a finite collection of nonempty disjoint open polyhedral cells T such that = UTeTh T
and h = maxrye7;, hr with hr standing for the diameter of the cell 7. Our analysis hinges on
the following assumption on the mesh sequence.

Assumption 1 (Admissible mesh sequence). For all h € H, T, admits a matching simplicial
submesh Ty, such that any cell and any face in Ty, belongs to only one cell and face of Tp, and
there ezists a real number o > 0 independent of h such that, for all h € H, (i) for all simplex
S € Ty, of diameter hg and inradius rg, ohs < rg and (ii) for all T € Ty, and all S € T}, such
that S < T, oht < hg.

The simplicial submesh in Assumption [1| is just an analysis tool, and it is not used in
the actual construction of the discretization method. Furthermore, all the meshes in 7}, are
assumed to be compatible with the known partition on which the diffusion tensor is piecewise
constant. The (constant) restriction of K to a mesh cell T' € 7y, is denoted K. The lowest and
largest eigenvalue of K7 are denoted A, 7 and Ay 7, respectively, and we introduce the local
anisotropy ratio pk 1 := M7/, . More generally, a piecewise-smooth diffusion tensor can be
considered, but this would entail additional technicalities; in particular, Lemma |3| below on
polynomial preservation no longer holds exactly, but up to a high-order term depending on
the local Lipschitz constant of K, similarly to the setting in [30] for HHO methods.

A face F is defined as a hyperplanar closed connected subset of Q with positive (d—1)-
dimensional Hausdorff measure and such that (i) either there exist T7,7» € Tj such that
F < 0Ty n 0Ty and F is called an interface or (ii) there exists T € T, such that F' < 0T n 02
and F is called a boundary face. Interfaces are collected in the set Fi, boundary faces in
]:,];’, and we let Fj, := .7:,11 U .7-'};. The diameter of a face F' € Fp is denoted by hp. For all
T € Tn, Fr :={F € F | F < 0T} denotes the set of faces contained in 07" (with 07" denoting
the boundary of T') and, for all F' € Fp, npp is the unit normal to F' pointing out of T'. For
each interface F' € F!, we fix once and for all the ordering for the cells T, T5 € T;, such that
F c 0Ty n 0T, and we let ng := np,_p. For a boundary face, we simply take np = n, the
outward unit normal to Q. In what follows, |-|; denotes the I-dimensional Hausdorff measure.



We recall some results that hold uniformly in h on admissible mesh sequences [28] §1.4].
For all he H, all T € Ty, and all F' € Fp, hg is comparable to hr:

o*hr < hp < hr. (3)
Moreover, there exists an integer Ny depending on ¢ such that

VheH, max card(Fr) < Np. (4)

TeTh

Let [ > 0 be a non-negative integer. For an n-dimensional subset X of Q (n < d), we introduce
the space P%(X ) spanned by the restriction to X of n-variate polynomials of total degree < [.
Then, there exists a real number C}, depending on ¢ and [, but independent of h, such that
the following discrete trace inequality holds for all T' € T, and all F' € Fp:

[vle < CuchiePlvlr Vo e PY(T). ()

Furthermore, the following inverse inequality holds for all T € 7}, with Ci,, again depending
on ¢ and [, but independent of h:

IVolz < Cinchz'vlz Vo e Py(T). (6)

Moreover, there exists a real number Cyp,, depending on ¢ and [, but independent of h, such
that, for all T € T}, denoting by 7TZT the L?-orthogonal projector on PQ(T), the following holds:
For all se {1,...,l+ 1} and all ve H*(T),

v — ﬂlTv|Hm(T) + h¥2|v - 7T/ZTU|Hm(aT) < Capphp "V g (1) VYme{0,...,s—1}. (7)

Finally, the following Poincaré inequality is valid for all T € 7;, and all v € H*(T) such that

STU =0:
lvlr < Cphr| VT, (8)

where Cp = 7! for convex cells while, for more general cell shapes, Cp can be estimated in
terms of o.

In what follows, the regularity assumptions in the error estimates are expressed in terms
of the broken Sobolev spaces H'(T;) := {v € L*(Q) | vjp € H(T), VT € Tp}. Additionally,
we often abbreviate as A < B the inequality A < ¢B with generic constant ¢ uniform with
respect to the mesh size and the diffusion tensor; the constant ¢ can depend on the polynomial
degree k.

Remark 1 (Face degeneration). The present setting for mesh regularity requires that mesh
faces have a comparable diameter to that of the cells they belong to, as reflected by the bounds
m . This setting allows us to use the discrete trace inequality and to use the length
scale hg in the design of the stabilization bilinear form, see below. A framework allow-
ing for face degeneration (keeping the bound ) has been proposed in [20] in the context of
interior-penalty discontinuous Galerkin methods, allowing one to use a sharper discrete trace
inequality on faces belonging to mesh cells matching the assumptions stated in [20, Def. 4.3].
In principle, one could expect that this framework could be used herein while adapting accord-
ingly the penalty strategy; a careful inspection of this point is postponed to future work.



2.3 Local degrees of freedom and reduction operator

Let £k = 0. On every cell T € T}, the DoFs for the flux and the potential are

Shorho | X P} o) ©
FeFr
with T4 := Ky VP(T). A generic collection of DoFs in XF. is denoted 7, = (77, (TF) rer;)-
For k£ = 0, only the face-based flux DoF's are relevant.
Set XH(T) := {r € L*(T) | V-1 € L*(T)} with s > 2. The reduction operator I%. :
S+(T) — X is such that, for all 7 € X7(T), (It71)r = K- Vv where v € PE(T) solves the
following Neumann problem:

(577, Vw)r = (KrVo, Vw)r = (1, Vw)r  Yw e PY(T), (10)
while (l’%T)F = W%(T-np) for all F' € Fr, where ﬂf; is the standard L2-orthogonal projector
onto P’;_l(F). The Neumann problem has compatible right-hand side vanishing for
constant w, and its solution v is defined up to a constant, which we can fix by prescribing its

average value on T. Additionally, the definition of 3% (T) ensures that (I%7)r is well-defined.

2.4 Discrete divergence
The discrete divergence operator D? : ;% — Ujli is such that, for all (r,,v) € El} X Ujli,
(Dirr,v)r = —(70, Vo)r + Y. (Trere,v)F, (11)
FeFr
where erp = nrp-ng for all T € T, and all F € Fr.
Lemma 2 (Commuting property). The following holds for all T € X7 (T):
Diy(I}T) = mh(V-T). (12)
Proof. For all v € PX(T), we observe that

(5 (V-1),v)r = (V-1 0)p = — (T, V)7 + Z (T'nrp,v)F
FeFr

= (I, Vo)r + ). () perr, v)r = (DE(I5T)),v)7,
FeFr

where we have used integration by parts in 7', the definition of I l} as an element of Z@, and
that of D% acting on an element of X¥.. O

2.5 Consistent flux reconstruction

The consistent flux reconstruction operator (’2?”1 : ;lfp — I‘];fl = KTVPZH(T) is such that,
for all 7, € 3%, Q:?HIT = K7Vwv where v e PSH(T) solves the following Neumann problem:
For all w e PETY(T),

(€ 1, Vw)r = (K2 Vo, Vw)p = —(Dfrr,w)r + Y. (trerp, w)p, (13)
FE]‘—T

with compatible right-hand side vanishing for constant w owing to (while v is defined up
to a constant which can be fixed prescribing its average value on T').



Lemma 3 (Polynomial preservation). The following holds for all T € I‘l}“:
(L) = 7. (14)
Proof. Let T € I";fl. Owing to , we infer that, for all w € PZH(T)7

(&5 (Lhr), V)r = ~(OhIhr).wyr + 3 (Zhr)rerr.w)r.

FeFr
The commuting property implies that D (I%7) = 7k(V.7) = V.7 since 7 € Th™ <
PX(T). For the same reason, (I%7)p = nk(T-np) = 7-np. As a result,
(C?“(l?T),Vw)T =—(V-T,w)p + Z (rnrp,w)p = (1, Vw)p,
FeFr
which proves since (€5 (Ihr) — 1) e ThH = Ko VPETY(T). O

2.6 Discrete Hodge inner product

The discrete Hodge inner product Hr : ;? X Z? — R is such that, for all o7, 77 € ;?,
Hp(ar,77) = (K;'&H ar, & m0)r + Sr(ar, Tr), (15)
with stabilization bilinear form St such that, letting k7p := np-Kr-ng,

ST O'T,’TT Z hFFL Q:T O'T) F—O'F,(Q:]%JAIT)'TLF—TF)F. (16)
FeFr

Notice that the stabilization bilinear form is symmetric and positive semi-definite, so that
introducing the semi-norm |Tp|s7 := Sp(Ty, T7)"? on X we infer that

Sr(ar 17) < lerlsrlrrlst  Var re I (17)
Another important property of St is the following polynomial consistency: For all o € I‘l}“,
Sr(Li(o),7r) =0 Vrpe X (18)
This is a consequence of the fact that Q:l}“(l %a’) = o owing to the polynomial consistency
property and that (I4o)p = o-np since Th™ < PE(T).
3 Discrete problem and main results

In this section, we formulate the discrete problem and state our main results; their proofs are
postponed to Section [4l We also discuss static condensation, which is important in practice,
and draw links with existing methods from the literature in the lowest-order case (k = 0).



3.1 Discrete problem
The global DoFs for the flux and the potential are

Ek = { X F];“} x { X Psl(F)}a Ullz~C = X PQ(T), (19)

TeTy FeFy TeTh

so that the face-based DoFs of the flux are patched. A generic collection of DoFs in XF is
denoted 7}, = ((7r)reT;,, (TF)Fer, ), and for all T' € Ty, we set Tp := (71, (TF)Fer,) € ;ﬁ. A
generic element in U,’f is denoted vy, = (vr)7eT;, -

The discrete problem consists in finding (g, us) € Zf x UF such that, for all (7,,v) €
XF x UF, the following holds for all T € T,:

Hy(op, 77) + (Dizr, ur)r = 0, (20a)
(Dyor,vr)r = —(f,vr)7- (20D)

3.2 Stability and well-posedness

We introduce the following norms on X%

. -1 k

lrrl3 o= He(rp, m7) = [Kp €5 )3 + |77 1, (21a)

lrrll3 = I3+ Y hplre]3 (21b)
FE./—'T

It is clear that ||-[|7 defines a norm on X%.; that |||z 7 also defines a norm follows from the
following result.

Lemma 4 (Stability of Hy). There is n > 0, uniform with respect to the mesh size and the
diffusion tensor, such that the following holds:

—1 _ —1
it el < loplar <0 ol (22)

for all T e Ty, and all T € ;%.

We introduce the global flux norm such that |1,|% := 2iTeT, HITH%{,T for all ), € IF.
The following result is a classical consequence of the above setting.

Lemma 5 (Well-posedness of ) There exists a real number 8 > 0, uniform with respect
to the mesh size and the diffusion tensor, such that, for all v, € UF, the following holds:

MNBlonl < sup { > (Déf“TTva)T}' (23)
TeTh

TS, |7 lm=1

Additionally, problem 18 well-posed.



3.3 Error estimates

Assuming that oy € 37 (T) for all T € Ty, we define the discrete objects (&, Un) € SF < Uf
such that, for all T € Tp,

or = l%(fﬂT), ur = 775“(“|T)' (24)
The definition of &}, is meaningful since o-np is single-valued for all F' € F,.

Theorem 6 (Flux-error estimate). Let (o, u) be the unique solution to and let (o, up)
be the unique solution to . Assume that v € H**2(Ty,). Then, the following holds:

1/2

~ 2(k+1

lan —anla < { 3k ardgrhy )!u\fqmm} , (25)
TeTh

and

1/2 1/2
{ Z K, Y2 (€ lg, a')|%} g{ Z pK7TAﬁ,Th§w(k+1)|u|§{k+2(T)} . (26)

TeTh, TeT,

Defining the function @, € UF such that upp = ur for all T € Tp, a potential L2-
error estimate of order (k + 1) bounding |up — up| by the right-hand side of follows
from Lemma [ and Theorem [6] (see Remark [L0] below). An improved error estimate on the
potential holds under the following elliptic regularity assumption: There is a real number
Cen > 0, only depending on 2, such that, for all g € L?(Q2), the unique solution z € H () of

~V-(KVz) = g satisfies 2] y2(0) < cenxl ?|lg].

Theorem 7 (Supercloseness of the potential). Assume elliptic reqularity and, for k = 0 that
f e HY(Ty). Then, under the assumptions of Theorem@ the following holds:

1/2

A~ 2(k+1

Jin — un sm{ > xrdgrhy ™ >Huuzk+2m} 2 flsry(27)
TeTh

where pg = A/, while 6 =1 for k=0 and 6 =0 for k> 1

3.4 Static condensation

We briefly discuss two approaches for reducing substantially the size of the discrete prob-
lem by means of static condensation, the second approach being more computationally
effective.

In the first approach, we eliminate locally the cell-based flux DoF's and the potential DoF's
up to one constant value per mesh cell. Let U% be spanned by constant potentials and let
Uéﬁ’o be spanned by polynomials of degree at most k having zero mean-value in T'. Observe
that Urfi = Ur?@ UQkJO and correspondingly write ur = (u%, ur) for the potential with u(T), € Ur?
and ugp € Ujki’o. Then, we infer from that, for all T' € Ty, (o, ur) € I‘? X U;f’o can be
eliminated locally by solving the following saddle-point problem:

~

HT(O'T,TT) + (TT, V'IjT>T = gl(TT>, (283)
(o1, Vor)r = g2(V7), (28b)



for all (7p,v7) € (KTVP’é (1)) x U;,o where g1, g2 are suitable linear forms and ﬁT(UT, Tr) =
Hr((or, (0)rery), (77, (0)pery)). Owing to Lemma || we infer that Hyp(7r, 77) is uniformly
equivalent to ||7r|%, so that is well-posed. After static condensation, the global linear
system is still of saddle-point form and involves the face-based flux DoFs and the mean-value
of the potential in each mesh cell. This problem has the same size and structure as that
derived in the MHM method [2, [39].

The second approach is closely inspired by the hybridization technique for mixed finite
elements introduced in [3]. The key idea consists in enforcing the single-valuedness of interface
flux unknowns on every F € F. by means of Lagrange multipliers in PX_ (F), thereafter
recovering a primal problem once (cell- and face-) flux unknowns have been locally eliminated.
Note that the Lagrange multipliers can be interpreted as potential traces. Let T € T, and
consider a local collection of potential DoFs and Lagrange multipliers

vy = (v, (Vp)per,) € U x { X A’}} = Wk,
FeFr

with A% := Pk | (F) if F € Fr n F, while A}, := {0} if F € Fr n FP. To eliminate the flux
unknowns in EZ}, we introduce the local operator ¢, : El% — ;lfp such that, for all v € wg,
srlvr) € 3% solves the following local problem:

Hy(sp(vr), 1p) = —(Dixp,vr)r + Y, (trerp,vr)p  Vrpe 3. (29)
FeFr

The well-posedness of classically follows from . Define now the global space of
potential unknowns and Lagrange multipliers as

wk .= U}Ifx{ X A]}}

F€.7:h

Denoting by (o},,u;,) € 2’5 X wﬁ the unique solution to the problem obtained from by
enforcing the single-valuedness of face unknowns for the flux via Lagrange multipliers, one can
easily show that o = ¢.(ur) for all T'e Tj;,. Additionally, u; can be obtained independently
from g}, by solving the following primal problem where it appears as the sole unknown: Find
uy, € ﬂﬁ such that, for all v;, € Efb, the following holds for all 7" € Tj:

Hr(sp(ur), sp(vr) = (f,or)r (30)

The well-posedness of stems from the stability of Hy and the injectivity of ¢,.
Conversely, if u;, € W¥ solves (0], then setting o7 = ¢ (ur) € X% for all T € Ty, observing
that o is single-valued at all mesh interfaces so that g, € Zﬁ, and letting up € U }]f collect the
cell DoFs of wy, one can prove that the pair (g}, up) solves . As a result, one can solve
the coercive primal problem in place of the saddle-point problem . Additionally, the
size of the global system in can be further reduced by performing static condensation
to express the (cell) potential unknowns in terms of the Lagrange multipliers. Both flux
unknowns and (cell) potential unknowns can then be recovered by local post-processing. As
a closing remark, we observe that the primal problem has the same structure as the
Hybrid High-Order method of [31].
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3.5 Lowest-order case (k = 0)

Since lowest-order mixed methods have been extensively explored in the literature, we devote
this section to a brief discussion of the links with the present method in the case where k = 0
recalling that only the face-based flux DoFs are relevant, i.e., 7, = (7r)per, for all T € ;%.
We first observe that leads to the following explicit expression:
1 _ _
Crrr = Y, |Fla1(@r — Br)erptr, (31)
T
FG]‘—T

where xr and T denote the barycenter of F' and T, respectively. This lowest-order explicit
flux reconstruction is well-known in the context of Mixed Finite Volumes; see [34, eq. (9)].

To draw further links, let us observe that the stabilization bilinear form can be taken in
the non-diagonal form

Sr(er,zr) = Y, (Crar)np —op)Mrpp(ErTy)np —Tm), (32)

F,F’E]:T

where My is a symmetric positive definite matrix of order #(Fr). The choice corresponds
to a diagonal matrix with diagonal entries set to |F\al_1hpm;llJ for all F € Fp. Another
approach to design the matrix My is to use reconstruction functions {¢rr}rer,. Denoting
@ the mean-value of a generic function ¢ in T', the reconstruction functions must satisfy
—_Flaa o _
Prr =~ (TF — 1), > ore(@) @ nrr = Iy, (33)
‘T|d FeFr

where I, is the identity matrix in R%*?. The first property in implies that the recon-
struction operator Ry (77)(x) 1= X per, TReTFPTF(2) is such that

Rr(Tr) = 61T(IT)- (34)

The second property implies that

> (€r(rr)np)erppre() = Cp(rr) = €h(rr) = ) (Cp(rr)np)err@rr.  (35)
FeFr FeFr

As a result, defining the discrete Hodge inner product such that
Hr(or.7r) = | Srlor) @)Ky Se(rr) @)de, (36)
T

we infer that we recover definition whenever the stabilization bilinear form results
from with non-diagonal matrix My having entries given by

My = fTapTF(w) o) Ko (pr (@) — o) da. (37)

Whenever Kr is isotropic, this matrix is uniformly equivalent to the diagonal matrix asso-
ciated with . Defining the discrete Hodge inner product as in provides a link with
CDO schemes in cell-based form [12]. Examples of reconstruction functions are the Raviart—
Thomas basis functions on simplices and the piecewise constant (on a simplicial submesh)
functions on polyhedral cells from the Discrete Geometric Approach [26].
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4 Proofs

This section collects the proofs of our results.

4.1 Preliminary results

Lemma 8 (Stability of Dk QkH and St). The following holds:
k 1/2 —1/2 pk+1 12
hr|Drzrlr + A p[Ky 7€z |0 + N plrrlse < llzrlir, (38)

for allT € Ty, and all T € ;5]%.

Proof. That | DExy|l7 < hit||Tr|l7 follows from the definition of DEr followed by an
inverse inequality on Vv, and a discrete trace inequality on v for all F' € Fr. To bound
||K;/2€§,HIT||T, we write €517, = K Vo for some v € PZH(T), and use the definition
of C?FIIT to infer that

—1
IK, ek |3 = (€ ey, Vo)p = —(Dbrp, who)r + > (rrere, mEv)p.

FE]:T

Since (DErp, 1) = Yrer, (TReTp, 1) F owing to (11), we can write

-1
K7 e rrlf = —(Dhry, i — wfv)r + Y, (rrerp, Thv — 7ho) .
FeFr
. 1 71 1
Since kv — 7ol < hr|Volr, [who — 790 < b [Volr, and [Volr < ALK 9oz,

,I/QQ:k_,'_l

we infer from the above bound on | DA |7 that [K- Trlr < )\;r_lp/2|||ITH|T. Finally, to

bound |Tr|s 7, we first observe that
k —1 gk L —1 5k k+1 1
(& rr)mp| = [npKp-(K7' € 17| < “T/} (Kp' e ry)-(&ht o)),
since for two vectors x,y € RY, |2 Kry| < |- Kr-x|7?|y-Kr-y|72. As a result,

—1
|5 ) mp|r < mpe | Ky P Eh . (39)

Hence, using a triangle inequality, a discrete trace inequality to bound HK;/ 2@?“

1/2¢k+1

ITHF7 and

the above bound on |K 77|, we infer that

< h_1/2 1/2 _1/2

l(€F" ) mr — 7plF < 7 Izrllr + 7|,

whence the bound |T7[sr < A ;Q\HTT\HT follows from mesh regularity and the fact that

kpp <, for all Fe Fr. 0

Lemma 9 (Approximation properties of Q?H and St). For all T € T;, and all ve H*2(T),
letting T := K7 Vv, the following holds:

Ky (@ Lhr) — )l + S5, Ii) 2 < pfd p M ahE ol rsary. (40)

12



Proof. (1) Bound on HK;/Q((’:]%H@Z}T) — 7)|r. Let o7 € PE™(T) solve the following well-
posed Neumann problem:

(K7 Vi, Vw)r = (Kp Vo, Vw)p Yw e PEYL(T), (41)

with §. o7 = {,v. Using the triangle inequality, we infer that
K" () = )l < [KFV (B = o)llr + K" () — Ky Vir|r. (42)

By definition, Uy is the element of PSH (T') which minimizes the distance to v in the HKT/QV- |-
norm, hence we can estimate the first term in as follows:

KLV (0 — )7 < [KEV @k — )| € N hE o] e o, (43)

where we have concluded using the approxnnatlon properties @ of W?H. Let us estimate

the second term in the right-hand side of (42]). Using the definitions of Qkﬂ and (41)) of
v as well as that of the reduction operator l 7 and the commuting property of D%, we

infer, for all w € Pk+1 0(T ) (the space of polynomials of degree < k + 1 with zero average on
T) that

(€5 (I57) = Ky Vi, Vw)r = (Vor = 7 (Vor),w)r + 3 (Tp(Tnp) — Tonp, werr)p.
FeFr

Denote by %7 and %5 the addends in the right-hand side. For the ﬁrst term, using the Cauchy—
Schwarz inequality followed by the approximation properties of 7rk+1 and the Poincaré
inequality (§), we infer that |T1| < 5|V -7 | e hrl| Vwlr < )\ﬂThk+1|v\Hk+z [ Vwllz. For
the second term, we use the Cauchy— Schwarz 1nequahty, the approx1mat10n propertles .
of the L?-orthogonal projector, the discrete trace inequality (5] and the Poincaré inequal-
ity (8) to infer [To| < Ay, ThE o) giee ()| Vw|7. Then, collecting the above bounds and since

—1/2 (1,Vw)r k+1
|K, 7|7 = SUP,,epk+1.0(7) K Pvulr for all 7 € I';."", we infer that

IK %’“HUTT) Ky *Virlr < pi oM 75 ol gz (44)

Using this bound and (| in . together with px 7 = 1, the desired bound follows.
(2) Bound on Sp(IkT, ITT) /2. 'We observe that, for all F € Fr,

|eh () mp — 7 (ronp) | F = [7h (€ (T5r) — 7)omp)|
< (€ (Thr) — 7)np|p
< | K P (€5 (Ihr) — )|,

where we have used that Cl}“(l%T)-nF e PX_ (F), the fact that 7% is a projector, and a
reasoning similar to the proof of (39 . ). Adding and subtracting K7 Vo yields

k| (Lhr ) mp — 7k (ronp) | p < [Kp Peht N (Ihr) — KV p + KV (37 — )| 5.

We bound the first term in the right-hand side using a discrete trace inequality and (| .,

while we bound the second term by )\ﬁ/ 2 hk+1 |v] Hk+2(7) using a continuous trace inequality

followed by the Poincaré inequality (8} and . Since pk 7 = 1, we infer that
_I/QHQ:k‘—‘rl(ITT)_nF _ WIE:T'(TTLF>HF pléQT)\l{Q h k+1/2

Finally, the desired bound follows from the definition of St and mesh regularity. 0

”U’Hk+2 (T)-
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4.2 Proof of Lemma [4]

Let 7 € 27 with 77 = (71, (TF) Fery)-

(1) Lower bound on |7p|mr. We write 7r = Ky Vv for some v € PE(T). Using with
test function v followed by with test function v (this is possible since PE(T) < PEH1(T)),
we infer that

(K 'rr,mr)r = (70, Vo)r = —(DhTp,v)r + Z (Trerr, v)F
FE.FT

= (&7 1y, Vo)r = (K7 '€, 7r)r.
This identity readily implies that HKT ‘rr|r < HK_l/ 2€k+11THT, whence we infer that

1K e e = A L rrlr (45)

Moreover, owing to the triangle inequality, we infer that

1 1
hi el < W N o) ne — rele + b€ ) ne e
Using (39)) followed by a discrete trace inequality to bound |K -7 7 2L | p yields

1 -1
WP rele < BENEE ) e — molp + r Ky R

Recalling the definition of |-|g 7, squaring and summing over F' € Fr, we obtain

—1
K, ek |3,

> helrelE € Mrlrelar + Ar
FeFr

since krp < Ay 7 for all F' € Fr. Combining this bound with (45)), we infer the desired lower
bound on |7 g 7.
(2) Upper bound on |74 |m,r. This bound is a straightforward consequence of (38).

4.3 Proof of Theorem

We start by observing that the following holds with local consistency error Ep(tp) =
Hr(6p, ) + (Dhrp, Gr)r for all T € Ty,

lan = anlla < sup { > gT(TT)} : (46)
TeTh

TS} |7y =1

Indeed, let T, € X% be such that |7,z = 1. Owing to (20a)), we infer that
Hp(87 — ap,Tp) + (DfTy. dr — ur)r = Er(Ty).
Letting 1, = m(ah a,) and since D% (g, — O'T) =0, for all T € Ty, owing to the

commuting property and the discrete equation (20b]), the bound (§ . follows.

To prove (25), we estlmate Er(ry) for all T € Ty, and all 7, € F such that |7,||z = 1.

We introduce the discrete functions tr := wlj‘iﬂ(uw) and & := I% (K7 Viir) and decompose

the local consistency error as follows:

Er(zy) = Hy(6y — &7,77) + Dy, iir = tir)r + {Hr(&p,77) + (Dyy, lir)r |
= SLT + TQ,T + T&T.
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(1) Bound on %y 7. Since the discrete Hodge inner product is a symmetric and positive
definite bilinear form, we infer that

Tir <|er —arlar|rtr|ar.

Using the upper bound in yields

1 ~ ~
e —&rlnr < |67 —Grlr+ Y. hi|6r —FFlr,
FE]:T

where o7 and &7 are the components in I‘l} of &, and &, respectively, and p and &5 the
components in PX_ (F). Recalling the definition of I%., see (10), we infer that

&T = w]fﬂ(KTVu), t\J/'T = w]fﬂ(KTVﬁT),
where % denotes the (K;1~, -)p-orthogonal projector onto T's. Since

1/2 HK_1/2

—1 —
| T < whrlr < MGIK: e < MKz r|r,

k+1 , we infer that

for all T € L?(T), using the approximation property (7) of e
|67 — &1l = | (KrV (u = Gr)) | $ Arhft ul grea ).
Moreover, op = ﬂ'ﬂfﬂ(KTVu-np) and op = W%(KTVZ\ZT-'I’LF), so that
|65 —&rlr < |KrV(u—tr)nr|r < Mrhi " ul gre -
Collecting the above bounds yields
Tir e b5 ulgese e Lol

(2) Bound on Ty . We observe that

Tor = (lr — i, Dpry)r = (v (u — 75" w), Dyre)r < |u—ap" ulr| Dy |7

< AR ) s o |z |,

where we have used that hy|DErrllr < ||zrllr < 1/2

bound in .
(3) Reformulation of T3 . Since Ky Viir € I‘?Fl, we infer from that

and the lower

ST(QT, IT) = 0.

Moreover, implies that Q:k+15'T = K7y Vir. Hence,

Ty = (Viir, S5 rp)r + (Dhzy, i) = Z (Trerr, Ur)F,
FE]‘—T

where we have used (| . ) for the definition of QﬁkHiT
(4) Conclusion. We need to bound > ez {T1r + Tor + Ty r}. Using Steps (1) and (2)
and a discrete Cauchy—Schwarz inequality shows that Y ... {T17 + T2 r} is bounded by the
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right-hand side of . Furthermore, since the exact potential u is single-valued at interfaces
and vanishes at boundary faces, we infer that

D Tar =Y, Y, (lir —u,Trerr)F,

TeTh, TeT, FeFr

so that Y per T3 is also bounded by the right-hand side of (25]).
To prove (26)), we use the triangle inequality to infer that

—1 —1 —1
K (@ ar — o)lr < [Kp &5 ar - &1)|r + Ky (€567 — o),
and bound the first term in the right-hand side using (25)) since HK;/ ZQ:]%JFI(QT —orp)|r <
lor — &r|la,r and the second term using .

Remark 10 (Potential error estimate). Since > rcr, (DExr,iir —ur)r = H(ap — &p, Tr) +
Er(Tr), a potential L?-error estimate of order (k + 1) bounding |y, — up| classically follows
from Lemma[3 and Theorem[G.
4.4 Proof of Theorem [Tl

Let z € H}(Q) be the unique solution of —V-(KV2) = uy, — 1, set w := KVz, and define
Wy, € Zﬁ, Uy, € Pg“(ﬁ), and Z, € PZH(E) such that, for all T € Ty,

@Wrp = ﬂfpw, Ur = W%Hu Zr = 7T]7€1+1Z

We have, using V-w = Uy —uy, followed by V-w € PX(Ty,), DE&y = V-(KV2)pforall T € Ty,

(a consequence of . and -,

i — unl® = (@ — up, V-w) = (u, V-w) = > (un, Dy&r)

TeTh
= Z {_(U7VZ)T + HT(QT,@T)} =%+ ...+ T,
TeT,
with, for all i e {1,...,5}, T; = ZTeTh T with
T = (e, — o, V(z— 7)1
Tor = (K ar — KrVir), ¢51 o, — w)r,
T3 1= ST ( — o7, @r) + Sr(@r, @),

Tyr = (e, Vir)r — (o, Vir)r,

T@T = (VUT,Q:T+ wT w)T.

For the first term, the Cauchy—Schwarz inequality, the flux estimate , and the approxi-

mation properties @ of m_l}H yield

1/2
wns{EpKﬂwﬁW”w@Hm} Rzl sz
TeT,
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For the second term, we use the Cauchy—Schwarz inequality to infer that

1/2 1/2
1 - —1 ~
T < {}]K Pektlg —KTvmn%} X{E;HKT/%ci;“wT—w)%} .

TeTh TeTh

To bound the first factor, we add and subtract o, use the triangle inequality, the flux esti-
mate , and the approximation property (7)) of 7rk+1 together with px r > 1. To bound
the second factor, we use the approximation property . of Qkﬂ This yields

1/2

2(k

T2 < {mexﬂ, *”\u|Hk+2(T>} PN b 2 2
TeTh

For the third term, the Cauchy—Schwarz inequality together with the flux estimate and
the approximation property of St yield

1/2
T3] < { Z PK,T)‘mThg“UHl)|u|?qk+2(T)} 1/2)\1/2h||'2'||H2(Q)
TeTh,

For the fourth term, recalling for the first summand, integrating by parts on 1" the second
summand, and using the fact that V- = —f and DéigT = —ﬂéif owing to and (20Db)),

respectively, we infer that
Ty= ) {(Wéif — LE)r+ ). (orers — U‘nTFa'\Z/T)F} : (47)
TeT, FeFr

When k = 0, we estimate the first term in braces as follows:

((75f = f.%0)r| = (7 f = £, 20 = 7p2)r| S Bl 2] g ).

whereas, for k > 1, we obtain

(7 f = 1. 20)7] = | f — [ 20 = mp2)r] < 02 fl ey |20 a2y

Moreover, using the fact that op, o-np, and z are single-valued at interfaces together with
the fact that z vanishes on 02, we can replace Zr by (7 — z) in the second term in braces
in to infer that

> . (orerp —ompp, ¥ — 2)F

1/2
2(k+2)
< )\ﬁ { Z v rhip (et |U|Hk+2 } hHZ||H2(Q)
TeT, FeFr

TeT,

where the last bound follows observing that |o | gr+1(7) < Aglulgrr2(7;,). In conclusion, the
following bound holds:

1/2

2(k+1 1

FARS { 3 Aprhatt >|u|%{k+2m} ARzl 2 + B2 s |2 .
TeTy,
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For the fifth term, we proceed similarly. Using the definition of Ql}“, integration by parts,
and the fact that D:’,EQT = V-w = uy — U owing to the commuting property , we infer
that

T= > >, (lp,Operp —wnrp)p = Y, Y. (lip — u,Bperr — wnrp)F,
TeTy, FeFr TeT, FeFr

where we have used the fact that Op, wnp, and u are single-valued at interfaces together
with the fact that u vanishes on 0 to write % — u in place of %p. The Cauchy—Schwarz

inequality and the approximation property of 7r§+1 yield

1/2

k

%5 < { > derhy *”|u|§{k+2m} N0 2 -
TeT,

Gathering the above bounds for T1,. .., %5, using elliptic regularity and recalling that px 7 > 1
for all T € T, and pg > 1, we obtain the estimate (27)).

5 Numerical results

We present a numerical example for the homogeneous Dirichlet problem on the unit

0 p! | and exact solution u =
K

square Q = (0,1)? with diagonal diffusion tensor K =
sin(mzxy) sin(mxe).

We first evaluate the convergence rates for polynomial orders 0 < k& < 4 by solving the
problem with pg = 1 on three mesh families obtained by refinement of the meshes depicted
in Figure[l] Both the Kershaw and hexagonal meshes are obtained starting from a Cartesian
grid. For the Kershaw mesh, only deformation is applied. For the hexagonal mesh, the
connectivity is obtained starting from the nodes of a deformed Cartesian grid, and prescribing
the hexagonal connectivity by selectively eliminating some of the nodes. In both cases, the
mesh sequence is obtained by refining the underlying Cartesian grid and repeating the above
procedure. The convergence results displayed in Figure [2] confirm the theoretical predictions
of both Theorems [6] and [7l

We next evaluate numerically the dependence of the multiplicative constant in the error
estimates on the anisotropy ratio px by solving the above problem on a fixed mesh with
pK € {29}o<i<10. The mesh sizes are selected as follows: 7.68 - 1073 (triangular), 1.19 - 1072
(Kershaw), and 1.72 - 1072 (hexagonal). The results collected in Figure |3| show that the
present method behaves in a somewhat more robust manner with respect to anisotropy than
that predicted by the error estimates, in particular for the higher-orders and the hexagonal
mesh family.
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