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Abstract

We devise mixed methods for heterogeneous anisotropic diffusion problems supporting
general polyhedral meshes. For a polynomial degree k > 0, we use as potential degrees
of freedom the polynomials of degree at most &k inside each mesh cell, whereas for the
flux we use both polynomials of degree at most k for the normal component on each face
and fluxes of polynomials of degree at most k inside each cell. The method relies on
three ideas: a flux reconstruction obtained by solving independent local problems inside
each mesh cell, a discrete divergence operator with a suitable commuting property, and a
stabilization enjoying the same approximation properties as the flux reconstruction. Two
static condensation strategies are proposed to reduce the size of the global problem, and
links to existing methods are discussed. We carry out a full convergence analysis yielding
flux-error estimates of order (k + 1) and L?-potential estimates of order (k + 2) if elliptic
regularity holds. Numerical examples confirm the theoretical results.

1 Introduction

Over the last few years, several discretization methods for elliptic PDEs on general meshes
including polyhedral cells and nonmatching interfaces have been proposed and analyzed. Such
general meshes are useful, for instance, in the context of subsurface flow simulations in saline
aquifers and oil reservoirs featuring geological layers with complex three-dimensional shapes.
Another motivation for using general meshes stems from agglomeration-based mesh coarsen-
ing strategies [3]. Examples of low-order discretization methods supporting general meshes
include Mimetic Finite Differences (MFD) [32, [I4], 12], Mixed Finite Volumes (MFV) [26]
and Hybrid Finite Volumes (HFV) [29], the generalized Crouzeix—Raviart method [24], Gra-
dient schemes [2§], Cell-Centered Galerkin (CCG) methods [19], the Discrete Geometric
Approach [18], and Compatible Discrete Operator (CDO) schemes [9, [I0]. Tight connec-
tions exist between various of the above methods, as discussed in [27], 30, 25, O]. Higher-
order discretizations extending ideas from the above methods have become recently available,
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and include nodal MFD [6], the Virtual Element (VE) method [4] [5], Weak Galerkin (WG)
schemes [34] [35], and Hybrid High-Order (HHO) methods [22| 21, 23].

In many applications involving elliptic PDEs, in particular with heterogeneous and pos-
sibly anisotropic diffusion, it is often of interest to approximate both the potential (primal
variable) and the diffusive flux (dual variable) starting from the elliptic PDE in mixed form.
An extensive choice of mixed finite elements is available on simplicial and rectangular meshes,
see [7] and references therein, while extensions to pyramids and triangular prisms can be found
in [1I]. The literature is more scarce on meshes with more general cell shapes. One possi-
bility is to introduce a simplicial submesh of the polyhedral cells so as to reconstruct the
diffusive flux from its normal interface values inside the cell by solving a local minimization
problem [16, B3]. In the present work, we introduce and analyze a simple and alternative
mixed method on general meshes, avoiding the need for local solves on the submesh.

The key ideas can be summarized as follows. Let k£ > 0 be an arbitrary polynomial degree.
As a starting point, we consider potential degrees of freedom (DoF's) that are polynomials of
degree at most k in each cell, while the flux DoF's consist of face-based DoF's that are scalar-
valued polynomials of degree at most k in each face (approximating the normal flux across
the face) and of cell-based DoF's that are fluxes of potential polynomials of degree at most k.
Then, we devise two key discrete operators, both acting cell-wise: (i) a discrete divergence
operator, mapping flux DoFs to potential DoF's, that satisfies a commuting property with
suitable reduction operators acting on continuous fluxes and potentials, and (ii) a consistent
flux reconstruction operator mapping flux DoFs to a continuous flux evaluated from the
gradient of a polynomial potential of degree at most (k + 1); consistency stems from the fact
that the flux reduction operator is a right inverse of the reconstruction operator. The third key
ingredient is a stabilization bilinear form which is defined cell-wise as a least-squares penalty
on cell faces between flux face-based DoFs and the normal component of the reconstructed
flux. At the discrete level before the static condensation discussed below, the L2-inner product
between discrete fluxes can be interpreted as originating from a discrete Hodge inner product
built from a consistent and a stabilization part in the spirit of [I5] [13] 29 [§]. One salient
difference is, however, that in the present method, the reconstructed flux is not made fully
explicit (only the consistent part is, but not the stabilization part), in a spirit close to the
VE method.

In practice, substantial computational savings can be achieved by static condensation,
whereby cell-based DoF's are eliminated leading to a global linear system in terms of face-
based DoFs. Two strategies for static condensation can actually be considered. On the
one hand, cell-based flux DoFs and potential DoFs up to a constant value per cell can be
eliminated locally. The global problem is then of saddle-point form and involves the face-
based flux DoFs and the mean-value of the potential in each cell. This problem has the same
size and structure as that derived in the Multiscale Hybrid-Mixed (MHM) method [1I, [31]
using a different viewpoint based on the primal mixed method with Lagrange multipliers
enforcing the interface continuity of the potential. On the other hand, the face-based flux
DoF's can be hybridized by means of face-based polynomials of degree at most k which play
the role of Lagrange multipliers and can be interpreted as potential traces on cell faces.
In this case, the flux and potential DoFs can be eliminated locally, and the global linear
system in the Lagrange multipliers is symmetric positive definite. The size and structure of
this system are closely related to those obtained using HHO methods [22] 21} 23] and also
Hybrid Discontinuous Galerkin (HDG) methods [I7]. One difference with HDG is that the
cell-based flux DoF's to be eliminated locally are not vector-valued polynomials but gradients



of scalar-valued polynomials as in HHO methods.

This paper is organized as follows. In Section [2| we specify the continuous and discrete
settings including the key ingredients to formulate the discrete problem. In Section [3| we
present the discrete problem and state our main results which include flux-error estimates
of order (k + 1) and L?-potential estimates of order (k + 2) if elliptic regularity holds. We
also discuss static condensation, which is important in the practical implementation of the
method, as well as links with other methods in the lowest-order case (k = 0). Interestingly,
the link with the lowest-order Raviart—Thomas finite elements on simplices shows that the
latter can be decomposed into a consistent and a stabilization part. In Section [4] we collect
the proofs of our results. Finally, in Section [5 we present numerical results illustrating the
error analysis.

2 Continuous and discrete settings

In this section, we introduce the continuous and discrete settings. In particular, we define the
flux and potential DoFs, the discrete divergence and flux reconstruction operators, and the
discrete Hodge inner product.

2.1 Continuous setting

Let Q ¢ R% d > 2, be an open, bounded, connected set with polygonal (or polyhedral)
boundary. We consider the diffusion problem

-V (KVu) = f in Q 1)
u=70 on 052,

where we enforce a homogeneous Dirichlet boundary condition for simplicity. The source
term f is in L?(2), and the diffusion tensor K is piecewise constant and takes symmetric
positive definite values with eigenvalues in the interval [\, \s] with 0 < A, < Ay < +00. For
X c Q, we denote by (-,-)x and |-|x respectively the standard inner product and norm of
L?(X), with the convention that the index is omitted if X = Q. The same notation is used
for vector-valued functions. Letting ¥ := H(div;§2) and U := L?(Q), the mixed variational
formulation of problem reads: Find (o, u) € ¥ x U such that

(K 'o,7)+ (u,V-7) =0 VreX, (2a)
(V.o,v) =—(f,v) YveU. (2b)

Throughout this work, o and u are termed flux and potential, respectively. Boldface fonts
are used for vector- and tensor-valued quantities.

2.2 Meshes and analysis tools

Denote by H < R a countable set of mesh sizes having 0 as its unique accumulation point.
Following [20, Chapter 1], we consider h-refined mesh sequences (7j)pen where, for all h € H,
T, is a finite collection of nonempty disjoint open polyhedral cells T such that Q = UTeTh T
and h = maxpeT;, hy with hy standing for the diameter of the cell 7. Our analysis hinges on
the following assumption on the mesh sequence.



Assumption 1 (Admissible mesh sequence). For all h € H, Ty, admits a matching simplicial
submesh %5, and there exists a real number o > 0 independent of h such that, for all h € H,
(i) for all simplex S € Tp, of diameter hg and inradius rg, ohs < rg and (ii) for all T € Ty,
and all S € ¥y, such that S < T, ohr < hg.

The simplicial submesh in Assumption [I] is just an analysis tool, and it is not used in
the actual construction of the discretization method. Furthermore, all the meshes in 7 are
assumed to be compatible with the known partition on which the diffusion tensor is piecewise
constant. The (constant) restriction of K to a mesh cell T € 7}, is denoted Kp. The lowest
and largest eigenvalue of Kt are denoted A\, 7 and Ay 7, respectively, and we introduce the
local anisotropy ratio pk 1 := A1/A, 1.

A face F is defined as a hyperplanar closed connected subset of Q with positive (d—1)-
dimensional Hausdorff measure and such that (i) either there exist 77,7» € Tp such that
F c 0Ty n 0Ty and F is called an interface or (ii) there exists 7' € T, such that F' < T n 02
and F is called a boundary face. Interfaces are collected in the set Fi, boundary faces in
]:}f, and we let Fp = }_,iL v .7-'}3. The diameter of a face F' € F}, is denoted by hp. For all
T € Th, Fr :={F € F | F < 0T} denotes the set of faces contained in ¢7" (with 07" denoting
the boundary of T') and, for all F' € Fp, npp is the unit normal to F' pointing out of 7. For
each interface F' € F}, we fix once and for all the ordering for the cells T, 75 € T;, such that
F c 0T n 0T, and we let np := np, p. For a boundary face, we simply take nr = n, the
outward unit normal to Q. In what follows, |-|; denotes the [-dimensional Hausdorff measure.

We recall some results that hold uniformly in A on admissible mesh sequences [20, §1.4].
For all he H, all T € Ty, and all F' € Fr, hr is comparable to hr:

0°hr < hp < hr. (3)
Moreover, there exists an integer Ny depending on ¢ such that
Vhe™H, max card (Fr) < Np. (4)
TeT,
Let [ > 0 be a nonnegative integer. For an n-dimensional subset X of Q (n < d), we introduce
the space P. (X) spanned by the restriction to X of n-variate polynomials of total degree < I.

Then, there exists a real number Ci, depending on ¢ and [, but independent of h, such that
the following discrete trace inequality holds for all T' € Ty, and all F € Fp:

[olr < Culiz®lolr Vo€ PYT). (5)

Furthermore, the following inverse inequality holds for all T € 7}, with Ci,, again depending
on ¢ and [, but independent of h:

IVolz < Civhztlolz Vo e Py(T). (6)

Moreover, there exists a real number Cyp, depending on ¢ and [, but independent of h, such
that, for all T' € Ty, denoting by 7rlT the L?-orthogonal projector on [Pfj(T)7 the following holds:
For all se€ {1,...,l+ 1} and all ve H*(T),

L s—m
|’U—7T51U|Hm(T) +h142|U—7TflT’U|Hm(5T) < CapphT |U|H5(T) Vme {0,...,8 — 1} (7)

Finally, the following Poincaré inequality is valid for all T' € 7;, and all v € H'(T) such that

ST’U =0:
lvlr < Cphr|[Volr, (8)



where Cp = 7! for convex cells while, for more general cell shapes, Cp can be estimated in
terms of p.

In what follows, the regularity assumptions in the error estimates are expressed in terms
of the broken Sobolev spaces H!(T},) := {v € L?(Q) | v € HYT), YT € T;,}. Additionally,
we often abbreviate as A < B the inequality A < ¢B with generic constant ¢ uniform with
respect to the mesh size and the diffusion tensor.

2.3 Local degrees of freedom and reduction operator

Let & = 0. On every cell T' € Ty, the DoFs for the flux and the potential are

ook { % P51<F>}, Uk i (T, o
FeFr

with T4 := Ky VPA(T). A generic collection of DoFs in X%. is denoted 7, = (77, (TF) rez,)-
For k£ = 0, only the face-based flux DoFs are relevant.

Set XH(T) := {r € L*(T) | V- € L*(T)} with s > 2. The reduction operator I%. :
EH(T) — Xk is such that, for all 7 € £H(T), (I57)r = KrVou where v € P¥(T) solves the
following Neumann problem:

(I5T)r, Vw)r = (KrVo, Vw)r = (1, Vw)r  Yw e PX(T), (10)

while (I%7)r = nf.(7-np) for all F € Fr, where nf. is the standard L2-orthogonal projector
onto I]Dfl_l(F ). The Neumann problem has compatible right-hand side vanishing for
constant w, and its solution v is defined up to a constant, which we can fix by prescribing its
average value on T'. Additionally, the definition of 3% (T) ensures that (I%7)p is well-defined.

2.4 Discrete divergence

The discrete divergence operator D% : ;% — Ujli is such that, for all (7,,v) € El} X Ujli,

(Dirr,v)r = —~(Vu,mr)r + Y. (v,7rerr)F, (11)
FE.FT

where erp := nrp-ng for all T € T, and all F € Fr.
Lemma 1 (Commuting property). The following holds for all 7 € X7 (T):
Di(LjT) = mp (V7). (12)

Proof. For all v € PE(T), we observe that

(TH(V-7),0)r = (Vom,0)r = —(Vu, )7 + . (v,7nrr)p
FeFr

—(Vu,(I5)r) + Y (v, (L5T)perr)r = (DE(I5T)),v)r,
FeFr

where we have used integration by parts in 7', the definition of I l} as an element of Z?, and
that of D% acting on an element of X¥.. O



2.5 Consistent flux reconstruction

The consistent flux reconstruction operator Q:f}“ : ET I‘kJr1 K VIPkH( ) is such that,
for all 7, € X%, C?FIIT = KrVov where v e [P];H(T) solves the following Neumann problem:
For all w e PEY(T),

(€ zp, Vw)y = (K Vo, Vw)r = —(w, D) + Y, (w,rperp)p,  (13)
FeFr

with compatible right-hand side vanishing for constant w owing to (L1)) (v is defined up to a
constant which can be fixed prescribing its average value on T).

Lemma 2 (Polynomial preservation). The following holds for all T € I"%H:
(L) = 7. (14)
Proof. Let T € I‘Z}H. Owing to (13), we infer that, for all w € [PZH(T),

(€ (I5r), Vw)r = —(w, DY(I5m)r + ) (w, (T57)perr)p.

FE.FT
The commuting property implies that D (I%7) = 7k(V.7) = V-1 since 7 € ThM! <
P%(T). For the same reason, (I%7)p = 7h(7-np) = Tnp. As a result,
(@ (Ihr), Vu)r = —(w, V-r)r + ) (w,7nrr)p = (1, Vu)r,
FeFr
which proves since (€5 (IhT) — 1) € I‘];fl = KTV[PZH(T). O

2.6 Discrete Hodge inner product
The discrete Hodge inner product Hrp : ;’% X ;’% — R is such that, for all o, T € §§,
T e, & ) + Sr(ar, Tr), (15)

HT(QT>IT) = (K or,s

with stabilization bilinear form St such that, letting k7p := np-Kr-npg,

Sr(or, Tr) Z hewip(Citlar) ng — op, (CA ) np — 75) . (16)
FeFr

Notice that the stabilization bilinear form is symmetric and positive semi-definite, so that
introducing the semi-norm |7p|s7 := Sr(Ty, T7)"7* on Tk, we infer that

Sr(er,7r) < lorlsrlrrlsr  Vor,re Zf. (17)
Another important property of St is the following polynomial consistency: For all o € 1"]73“,

Sr(l(e),77) =0 Ve Xf. (18)

This is a consequence of the fact that @kH(I 70) = o owing to the polynomial consistency
property (14) and that (I}o)r = o-np since 5 < PX(T).



3 Discrete problem and main results

In this section, we formulate the discrete problem and state our main results; their proofs are
postponed to Section 4, We also discuss static condensation, which is important in practice,
and draw links with existing methods from the literature in the lowest-order case (k = 0).

3.1 Discrete problem
The global DoF's for the flux and the potential are

st { % r’fp} { % u>';1<F>}, Uk = X BAD) (19)

TeTh FeF, TeTh

so that the face-based DoFs of the flux are patched. A generic collection of DoFs in ;ﬁ is
denoted 7}, = ((7r)reT;,, (TF)Fer,), and for all T' € Ty, we set 71 := (77, (TF)Fer,) € ;@. A
generic element in U}'f is denoted vy, = (vr)7eT;, -

The discrete problem consists in finding (@, us) € If x UF such that, for all (z,,,vs) €
XF x U, the following holds for all T' € Ty,:

Hr(or, 1) + (DiTy, ur)r =0, (20a)
T =

(Dhar,vr)r = —(f,vr)r. (20b)

3.2 Stability and well-posedness

We introduce the following norms on X%

. -1 k

Il 37 = Hr(rp, T7) = K3 P rp )3 + |rrf2 0, (21a)

Izl = Irrl3 + > hrlre]3- (21b)
FE.FT

It is clear that [|-||7 defines a norm on X%; that |||z also defines a norm follows from the
following result.

Lemma 3 (Stability of Hr). There is n > 0, uniform with respect to the mesh size and the
diffusion tensor, such that the following holds:

_1
izl < oyl

_ —1
wr <7 Lzl (22)

for allT € Ty, and all T € El%.

We introduce the global flux norm such that |7,]% = 2ireT HITH%{,T for all T), € 2}.
The following result is a classical consequence of the above setting.

Lemma 4 (Well-posedness of ) There exists a real number 8 > 0, uniform with respect
to the mesh size and the diffusion tensor, such that, for all vy, € U}lf, the following holds:

A Bl < sup { > (DCI?TT:UT)T}- (23)
TeTh

7€, |7yl =1

Additionally, problem s well-posed.



3.3 Error estimates

Assuming that o|p € £7(T') for all T' € Ty, we define the discrete objects (&, Ux) € ;ﬁ x UF
such that, for all T € Tp,

Gy =I5 (or), i = 7 (ur). (24)
The definition of &}, is meaningful since o-np is single-valued for all F' € F,.

Theorem 5 (Flux-error estimate). Let (o, u) be the unique solution to and let (o, up)
be the unique solution to (20). Assume that u € H**2(T,). Then, the following holds:

1/2

~ 2(k+1

8 — onla < { > xrdarhy >|u|%1k+2(T>} , (25)
TeTh

and

1/2 1/2
1 2(k+1
{ > K, A ey —U)I%} S { 3k ardgrhy ! )IUI?LIM(T)} . (20)
TeTy, TeT,

Defining the function 7, € UF such that upp = ur for all T € Ty, a potential L?-error
estimate of order (kK + 1) bounding ||dy, — up| by the right-hand side of follows from
Lemma [4f and Theorem [5| (see Remark @] below). An improved error estimate on the potential
holds under the following elliptic regularity assumption: There is a real number Cg > 0, only
depending on (2, such that, for all g € L?(Q), the unique solution z € H(Q) of -V (KVz) = g

. —1
satisfies | z]|g2(q) < Cen, /QHQH-

Theorem 6 (Supercloseness of the potential). Assume elliptic reqularity and, for k = 0 that
f e HY(Ty). Then, under the assumptions of Theorem@ the following holds:

1/2

~ 2(k+1

|an — upl < PKh{ > A rha )||u||12qk+2(T)} + W2 fllgess () (27)
TeTy

where pg := A/, while 6 =1 for k=0 and 6 =0 for k > 1.

3.4 Static condensation

We briefly discuss two approaches for reducing substantially the size of the discrete prob-
lem by means of static condensation, the second approach being more computationally
effective.

In the first approach, we eliminate locally the cell-based flux DoF's and the potential DoF's
up to one constant value per mesh cell. Let U% be spanned by constant potentials and let
Urfi’o be spanned by polynomials of degree at most k having zero mean-value in T'. Observe
that Urfi = Ur? (—BUYkJO and correspondingly write ur = (u%, ur) for the potential with uOT € Ur?
and Ur € Ujki’o. Then, we infer from that, for all T' € Ty, (o, ur) € I‘? X U;’O can be
eliminated locally by solving the following saddle-point problem:

~

Hr(or,Tr) + (70, Vir)r = g1(7r), (28a)
(o7, Vir)r = g2(vr), (28b)



for all (77, d7) € (K VPE(T)) x U;,o where g1, go are suitable linear forms and Hp(op, 7p) :=
Hr((or, (0)rery), (77, (0) pery)). Owing to Lemma |3 we infer that Hyp(7r, 77) is uniformly
equivalent to ||7r|%, so that is well-posed. After static condensation, the global linear
system is still of saddle-point form and involves the face-based flux DoFs and the mean-value
of the potential in each mesh cell. This problem has the same size and structure as that
derived in the MHM method [1I, 31].

The second approach is closely inspired by the hybridization technique for mixed finite
elements introduced in [2]. The key idea consists in enforcing the single-valuedness of interface
flux unknowns on every F € F. by means of Lagrange multipliers in P%_ (F), thereafter
recovering a primal problem once (cell- and face-) flux unknowns have been locally eliminated.
Note that the Lagrange multipliers can be interpreted as potential traces. Let T € T, and
consider a local collection of potential DoFs and Lagrange multipliers

vy = (vr, (VF) Fer,) € Up x { X AIF},

FeFr

with A% := P% | (F) if F € Fr n F, while A} := {0} if F € Fr n FP. To eliminate the flux
unknowns in EZ}, we introduce the local operator ¢, : El% — ;lfp such that, for all v € wg,
s,(vr) € B4 solves the following local problem:

Hr(sp(vr), 77) = —(Dizp,vr)r + Y, (trerp, o) Vrp € 3. (29)
FeFr

The well-posedness of classically follows from . Define now the global space of
potential unknowns and Lagrange multipliers as

wk ::U}Ifx{ X A]f:’}

FE]:h

Denoting by (o},,u;,) € 2’5 X wﬁ the unique solution to the problem obtained from by
enforcing the single-valuedness of face unknowns for the flux via Lagrange multipliers, one can
easily show that o = ¢.(ur) for all T'€ Tj,. Additionally, u; can be obtained independently
from g}, by solving the following primal problem where it appears as the sole unknown: Find
uy, € ﬂﬁ such that, for all v;, € Efb, the following holds for all 7" € Tj:

Hr(sp(ur), sp(vr)) = (f,vr)r. (30)

The well-posedness of stems from the stability of Hy and the injectivity of ¢,.
Conversely, if u;, € E’fl solves , then setting o = ¢ (ur) € zﬁ and letting up € U ;f collect
the cell DoFs of w;,, one can prove that the pair (g, up) solves . As a result, one can solve
the coercive primal problem in place of the saddle-point problem . Additionally, the
size of the global system in can be further reduced by performing static condensation
to express the (cell) potential unknowns in terms of the Lagrange multipliers. Both flux
unknowns and (cell) potential unknowns can then be recovered by local post-processing. As

a closing remark, we observe that the primal problem has the same structure as the
Hybrid High-Order method of [23].



3.5 Lowest-order case (k = 0)

Since lowest-order mixed methods have been extensively explored in the literature, we devote
this section to a brief discussion of the links with the present method in the case where k = 0
recalling that only the face-based flux DoFs are relevant, i.e., 7 = (7r)per, for all T € Z%.
We first observe that leads to the following explicit expression:
¢y = |T1| > |Flar (@ — Zr)erprr, (31)
FeFr

where xr and T denote the barycenter of F' and T, respectively. This lowest-order explicit
flux reconstruction is well-known in the context of Mixed Finite Volumes; see [26, eq. (9)].

To draw further links, let us observe that the stabilization bilinear form can be taken in
the non-diagonal form

Sr(ar, ) = 2 ((Q:%FQT)'"'F - UF)MT,FF’((Q:lTIT)'nF’ —Tpr), (32)

F,F'E.FT

where M7 is a symmetric positive definite matrix of order #(Fr). The choice corresponds
to a diagonal matrix with diagonal entries set to |F' |ag_1hpm}llJ for all F € Fp. Another
approach to design the matrix Mp is to use reconstruction functions {¢rr}rer,. Denoting
@ the mean-value of a generic function ¢ in T', the reconstruction functions must satisfy
i _
Prr = (Tr — ), > ere() @nrp = Iy, (33)
|T|d FeFr

where I, is the identity matrix in R%*?. The first property in implies that the recon-
struction operator Ry (77)(x) := X per, TReTFPTF(2) is such that

Rr(Tr) = 61T(IT)- (34)

The second property implies that

> (@ (rr)np)erpere(@) = Ep(ry) = Ch(ry) = Y. (Ch(zy) np)err@rr.  (35)
FeFr FeFr

As a result, defining the discrete Hodge inner product such that
Hr(or.7r) = | Srlor)@)1Ks () @)de, (36)
T

we infer that we recover definition whenever the stabilization bilinear form results
from with non-diagonal matrix My having entries given by

Mo gepr = jTupTF(w) — o) Ky (prm(a) — pr)de. (37)

Whenever K7 is isotropic, this matrix is uniformly equivalent to the diagonal matrix associ-
ated with . Defining the discrete Hodge inner product as in provides a link with CDO
schemes in cell-based form [9]. Examples of reconstruction functions are the Raviart—-Thomas
basis functions on simplices and the piecewise constant (on a simplicial submesh) functions
on polyhedral cells from the Discrete Geometric Approach [18].
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4 Proofs

This section collects the proofs of our results.

4.1 Preliminary results

Lemma 7 (Stability of D:’ﬁ, Q?rl, and St). The following holds:

1 1 k 1
he| Db zrlr + MoK | + Ao |zrlsr < ol (38)

for allT € Ty, and all T € ;l}.

Proof. That |DEzy||l7 < hpt||lTr||7 follows from the definition of DEr followed by an
inverse inequality on Vv, and a discrete trace inequality on v|p for all /' € Fp. To bound
||K;/2€§,+IITHT, we write €517, = K Vo for some v € [P];H(T), and use the definition
of ¢§+11T to infer that

-1
K7 |3 = (& 17, Vo) = —(eho, Drg)r + 3] (who, mrerp)r.
FG]'—T

Since (1, DErp)r = Yrer, (L, TrerF) F owing to (11)), we can write

—1
K7 /2€§+1IT\|2T = —( %U — T, D:]?IT)T + Z (ngv — TV, TRETF) F-

FeFr

. 1 -1 1
Since | kv — ndolr < he|Volr, |tho — w9olr < b [Volr, and [Volr < X, 2K V|7,

we infer from the above bound on | DXz |7 that HK;/Q@}HITHT < )\b_,_lp/2|||IT|||T. Finally, to

bound |Tr|s 7, we first observe that
_ 1 _
(@) mp| = e K (K 5 1) < el (K e o) (eh ey,

since for two vectors x,y € RY, |- Kr-y| < |z-Kr-x|?|y-Kr-y|7?. As a result,

k ! —1/2 ok
(€ zr) mrlr < mfpl Ko € 2 . (39)
Hence, using a triangle inequality, a discrete trace inequality to bound HK;/ 2€§+11TH F, and

the above bound on HK;WQ?H;THT, we infer that

—1 1 —1
[ e np = mrlp < B2 PRbEA Lzl + e,

whence the bound |Tr[s7 < A 71“/2H|IT‘HT follows from mesh regularity and the fact that

hppt <\ L for all Fe Fr. 0

Lemma 8 (Approximation properties of Qﬁ?ﬂ and St). For all T € T;, and all ve H*2(T),
letting T := K7V, the following holds:

—1 1 1
[KZ (L) = )l + Sr(hr, 15m) < e e M7 hh ol iz (40)

11



Proof. (1) Bound on \|K;1/2(€§+1(l’%7') — 7)|r. Let o7 € [PZH(T) solve the following well-
posed Neumann problem:

(KTVET, VU))T = (KTVU, V'UJ)T Yw € UD];—H(T), (41)
with {, o7 = {, v. Using the triangle inequality, we infer that
1K (@ () = T < [KLV (B — o) | + Ky Pehi (Ihr) - KPVor|r.  (42)

By definition, 0p is the element of IPSH(T) which minimises the distance from v in the
||K¥2V-|\T-n0rm hence we can estimate the first term in as follows:

1 1 1
KLV (T — )7 < [KEV (@0 — o)lr € N RE ol ey, (43)

where we have concluded using the approximation properties ([7]) of 7k*1. Let us estimate

the second term in the right-hand side of . Using the definitions of QZ?H and of
U7 as well as that of the reduction operator I ? and the commuting property of D?, we

infer, for all w e [PkJrl 0(T ) (the space of polynomials of degree < k + 1 with zero average on
T) that

(Q:I%Jrl(l]]cﬂT) — KTVEJ/T, V’LU)T = (VT — W%(V-T),U))T + 2 (W%(T-’I’LF) — T-nF,weTF)F.
FeFr

Denote by %7 and %5 the addends in the right-hand side. For the ﬁrst term, using the Cauchy—
Schwarz inequality followed by the approximation properties of 7rk+1 and the Poincaré
inequality (8), we infer that |T1| < hE|V-7|gr(ryhr [ Vw|r < AMW |U|Hk+2(T)|\Vw\|T. For
the second term, we use the Cauchy—-Schwarz inequality, the approximation properties
of the L?-orthogonal projector, the discrete trace inequality and the Poincaré inequal-
ity (8) to infer |To| < Au’Tthrl|’U|Hk+2(T)HV'lUHT Then, collecting the above bounds and since

—1/2 (T.Vu)r k+1
|K, "l = SUD,,epk+1.0(7) KVl for all 7 € I'7™, we infer that

HK‘%’““@Tr) ~KIVrlr S pff oM B ol iz - (44)

Using this bound and in . together with px 7 = 1, the desired bound follows.
(2) Bound on Sy(I%T, lT'r)l/2 We observe that, for all F' € Fp,

|eh () np — nh(rng)|F = |[Th((EETH (7)) — 7)nF)|F
< (&N (Ihr) = 1) mp|p
1 71
< oo K P (€5 (Ihr) = 7)1,

where we have used that (’:kH(I’%T)-nF e PX_ (F), the fact that 7% is a projector, and a
reasoning similar to the proof of (39 . ). Adding and subtracting K7V or yields

kp |k Iy mp — 7 (rnp) P < K ek (Ihr) — KPPV | e + K2V (57 — 0)|p.

We bound the first term in the right-hand side using a discrete trace inequality and (| .,

while we bound the second term by )\ﬁ/ 2 hk+1 v HE+2(T) usmg a continuous trace inequality

followed by Poincaré’s inequality (8]) and ( . Since pg 7 = 1, we infer that
_1 1 1 1
/QHQ:kH(ITT)'nF — ki (rnp)|r S pI/<2T)\ /2 h + 2|’U|Hk+2(T)

Finally, the desired bound follows from the definition of St and mesh regularity. 0
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4.2 Proof of Lemma [3]

Let 71 € ;’% with 70 = (77, (7)) Fer, )

(1) Lower bound on |Tp|mgr. We write 70 = Ky Vv for some v € PE(T). Using with
test function v followed by with test function v (this is possible since PE(T) = PEH(T)),
we infer that

(K7'7r, 7)1 = (Vo,71)1 = —(0, Dfr)r + ), (0, 7ReTF)F
FeFr
= (C’%JJIT,VU)T = (Kil@kJrlITaTT)T'

|K —1/2€k+1

This identity readily implies that HKT “rr|r < 7|7, whence we infer that

1K e e = A Ll el (45)

Moreover, owing to the triangle inequality, we infer that

1 1 1
hilrele < BN ) e — 7l 4+ b ) e
Using (39) followed by a discrete trace inequality to bound |K pl 7P | F yields
1 —1
hE[rele < BN ) e = 7ele 4+ npp Ky e 2

Recalling the definition of |-|g 7, squaring and summing over F' € Fr, we obtain

1
K, ek |2,

D% helrelE S MrlrrlEr + A
FeFr

since krp < Ay for all F' € Fpr. Combining this bound with ( ., we infer the desired lower
bound on |7 g 7.
(2) Upper bound on ||Tp|gr. This bound is a straightforward consequence of ([38).

4.3 Proof of Theorem [5

We start by observing that the following holds with local consistency error Ep(ry) =
Hr(6p, ) + (Dhrp, Gr)r for all T € Ty,

lon —anln < sup { Z 5T(7'T)} : (46)
TeTh

7€) T =1

Indeed, let T, € I¥ be such that |7,z = 1. Owing to (20a)), we infer that
HT(QT —op,Tr) + (Déf“IT’aT —ur)r = Er(Tr).

Letting 7, = m(ﬁh — a;,) and since DX (&, — ar) = 0, for all T € Ty, owing to the

commuting property and the discrete equation (20bl), the bound follows.

To prove (25)), we estimate &r(;) for all T € Tj, and all T, € Bf such that |7,|g = 1.

We introduce the discrete functions tr := le‘iﬂ(uw) and & := I% (K7 Viir) and decompose

the local consistency error as follows:

Er(zy) = Hy(6y — &7.77) + (Dhap.iir = tir)r + {Hr (&7, 77) + (Dyy, lir)r |

= SLT + TQ,T + T&T.
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(1) Bound on %y 7. Since the discrete Hodge inner product is a symmetric and positive
definite bilinear form, we infer that

Tir <oy -

Using the upper bound in yields

e —&rlnr S |67 - Grlr+ Y. hf|6r —FFlr,
FG]'—T

where &7 and &7 are the components in T'%. of & and &, respectively, and &5 and &5 the
p T T T
components in [P’j_l(F). Recalling the definition of I’ %, see ([10), we infer that
o1 = wi(KrVu), &1 = wi(KrVir),
where % denotes the (K;l-, -)r-orthogonal projector onto T'%. Since
¥ed o MK 7l < M| Kzl

|tz < @y <

ktl , we infer that

for all 7 € L*(T), using the approximation property (7)) of 7.

|67 = &1l = @ (KrV (u = ar)) v $ Arhft ul greary.
Moreover, op = w%(KTVu-nF) and o = ﬂf;(KTVﬁT-nF), so that

|67 —&rlr < |KeV(u—ir)nele < by lulgeser).
Collecting the above bounds yields

1 1
Tir < P/2 )‘ﬁ{;“hljcjl|U|H’V+2(T)HITHH,T'
(2) Bound on Ty . We observe that
Tor = (U — r, Df7r)r = (7p(u — 73 'w), Diry)r < Ju— np ulr | D zr|r

< AR ul s o |z

where we have used that hy|DErrllr < ||zrllr < )\;72
bound in (22)).
(3) Reformulation of T3 . Since Ky Vi € I‘]%H, we infer from that

|T7|lar owing to and the lower

ST(QT, IT) =0.

Moreover, implies that Q:kHE'T = K7 V. Hence,

Tsr = (Vir, ¢§+11T)T + (Dyzp, tir)r = Z (Ur, Trerr)F,
FeFr

where we have used (13 for the definition of QﬁkHiT
(4) Conclusion. We need to bound > ez {T110 + Tor + Ty r}. Using Steps (1) and (2)
and a discrete Cauchy—Schwarz inequality shows that 3 7.7 {%17 + T2 r} is bounded by the
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right-hand side of . Furthermore, since the exact potential u is single-valued at interfaces
and vanishes at boundary faces, we infer that

D Tar= Y Y, (lir —u,Trerr)F,

TeTy, TeT, FeFr

so that } per, 37 is also bounded by the right-hand side of ([25).
To prove , we use the triangle inequality to infer that

-1 -1 —1
K" (€ o — o)l < K "¢ ey — 1)lr + 1K, (€58 — o)
and bound the first term in the right-hand side using since HK;/ 2¢§+1(QT —ar)|r <
lor — &7/ ar and the second term using (@0).

Remark 9 (Potential error estimate). Since > rcr, (DExp iy —ur)r = H(gp — &p,Tp) +
Er(Tr), a potential L?-error estimate of order (k + 1) bounding |y, — up| classically follows
from Lemmal[{] and Theorem [3
4.4 Proof of Theorem

Let z € H}(Q) be the unique solution of —V-(KVz2) = uy, — 1, set w := KVz, and define
Wy, € Zﬁ, Uy, € [PZH(E), and Z, € [PZH(E) such that, for all T € Ty,

@Wrp = l%w, U = WI;:H’U, Zr = 7T]7€1+1Z

We have, using V-w = uj, —uy, followed by DTwT = V-(KVz)p for all T € T, (a consequence

of { . ) and ({ -,

i — un|® = (@ — up, V-w) = (u, V-w) = > (un, Dy&r)

TeTh
= Z {—(o,V2)r + Hr(ap, @)} = %1 + ... + %5,
TeTh
with, for all i € {1,...,5}, T; = ZTeTh T with

Tir = (e — o, V(z—27)r

Tor 1= (KGN (g — KpViig), ¢85 G — w)7r,

Ty = ST(UT — 07, Wr) + Sr(@r, W),

Tur = (e, Vir)r — (0, Vir)r,

15,T = (VUT, Q:I;j— Wr — w)T

For the first term, the Cauchy—Schwarz inequality, the flux estimate , and the approxi-

mation properties ([7]) of 7rr_l}+1 yield

1/2
wns{EpKﬂwﬁW”w@”m} N0 2 e e)-
TeT,
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For the second term, we use the Cauchy—Schwarz inequality to infer that

1/2 1/2

_1 - —1 ~

5 < { T K (g - KTVUTH%} . { T K (e, —w>|2T} .
TeT, TeTy

To bound the first factor, we add and subtract o, use the triangle inequality, the flux esti-
mate , and the approximation property of Trécfl together with px r > 1. To bound
the second factor, we use the approximation property of €§+1. This yields

1/2

2(k+1 1/2 1

= { > pradarhy )|“|%1k+2(T)} PN B2 2
TeTh

For the third term, the Cauchy—Schwarz inequality together with the flux estimate and
the approximation property of St yield

1/2
=ls { 2, pK,TAmThif’””lulin>} PRI e
TeTy,

For the fourth term, recalling for the first summand, integrating by parts on 1" the second
summand, and using the fact that V- = —f and DéigT = —ﬂ%f owing to and (20Db]),

respectively, we infer that
Ty= ) {(Wéif — LA+ D) (opers — U'”TFa'\Z/T)F} : (47)
TeTh FeFr

When k = 0, we estimate the first term in braces as follows:

(w5 f = £.520)7) = |73 f — f. %1 — 732)7| < B3| f ey |2,

whereas, for £ > 1, we obtain

(7 f = £ Z0)r] = (7 f = £ %0 = mp2)r| S 0572 f ey |2 a2 ry-

Moreover, using the fact that op, o-np, and z are single-valued at interfaces together with
the fact that z vanishes on 02, we can replace Zr by (1 — z) in the second term in braces
in to infer that

D1 . (orerr —ompp, ¥ — 2)F

1/2
1 2(k+2
S Aﬁh{ Z )\ﬁ,ThT( " )|u|%{k+2(T)} HZHHQ(Q)-
TeT, FeFr

TeTy

where the last bound follows observing that ||| gr+1(7,) < Aglulgr+z(g;,). In conclusion, the
following bound holds:

1/2

2(k+1 1

T4l < { 3 xrhytt >|u|zk+2m} N Bz 20y + B2 s -
TeTh
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Figure 1: Triangular, Kershaw, and hexagonal meshes for the numerical example of Section

For the fifth term, we proceed similarly. Using the definition of Qfl}“, integration by parts,
and the fact that D:]}QT = V-w = uy — Uy, owing to the commuting property , we infer
that

T = 2 2 (uTwaﬁTF - w'nTF)F = 2 Z (UT —U,WFETF — w'nTF)F,
TeT, FeFr TeT, FeFr

where we have used the fact that W, w-ng, and u are single-valued at interfaces together
with the fact that w vanishes on 02 to write 47 — v in place of u. The Cauchy—Schwarz
inequality and the approximation property of ﬂ:l}frl yield

1/2

k

5] < { > Arhy “>|u|i1k+2m} Bl 2] 2.
TeTy,

Gathering the above bounds for %1,. .., %5, using elliptic regularity and recalling that px 7 > 1
for all T'e Tp, and pk > 1, we obtain the estimate .

5 Numerical results

We present a numerical example for the homogeneous Dirichlet problem on the unit

0 p! ) and exact solution u =
K

square 2 = (0,1)? with diagonal diffusion tensor K =
sin(mzy ) sin(mxa).

We first evaluate the convergence rates for polynomial orders 0 < k < 4 by solving the
problem with pg = 1 on three mesh families obtained by homogeneous refinement of the
meshes depicted in Figure [I The convergence results displayed in Figure [2] confirm the
theoretical predictions of both Theorems [f] and [6}

We next evaluate numerically the dependence of the multiplicative constant in the error
estimates on the anisotropy ratio pk by solving the above problem on a fixed mesh with
pK € {2}o<i<10- The mesh sizes are selected as follows: 7.68 - 103 (triangular), 1.19 - 102
(Kershaw), and 1.72 - 1072 (hexagonal). The results collected in Figure [3| show that the
present method behaves in a somewhat more robust manner with respect to anisotropy than
that predicted by the error estimates, in particular for the higher-orders and the hexagonal
mesh family.
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