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Abstract

In this work we propose a new family of arbitrary-order mixed methods for anisotropic
heterogeneous diffusion on general polyhedral meshes. A key ingredient is the choice
of flux degrees of freedom, which allows one to define a discrete divergence operator
that satisfies the usual commuting diagram property. Based on this choice and on the
discrete divergence operator, we define a flux reconstruction with suitable consistency
and stability properties. The flux reconstruction and the discrete divergence operator
are then used to define the discrete counterparts of the bilinear forms that appear in the
continuous mixed formulation. A convergence analysis in the energy norm is carried out,
and a supercloseness result for the L?-norm of potential is proved. Several variations
are considered, and the link with existing methods in the lowest-order case is discussed.
Finally, the most relevant implementation issues are discussed, and some numerical tests
are presented.

1 Introduction

Over the last few years, several discretization methods for diffusive problems have been pro-
posed that support general meshes including polygonal or polyhedral elements and nonmatch-
ing interfaces. In most of the cases, such methods are obtained by preserving (or mimicking)
to some extent the structure of the continuum operators at the discrete level. We mention
the Mimetic Finite Difference (MFD) method of Kutznetsov, Lipnikov, and Shashkov [27] for
which a convergence analysis has been carried out by Brezzi, Lipnikov, and Shashkov [12], see
also [9] for the analysis of the nodal MFD method; the Mixed Finite Volume (MFV) method of
Droniou and Eymard [22] and the Hybrid Finite Volume (HFV) method of Eymard, Gallouét,
and Herbin [25]; the Discrete Geometric Approach of Codecasa, Specogna, and Trevisan [14]
and the Compatible Discrete Operators (CDO) schemes recently introduced by Bonelle and
Ern [6], both drawing on the seminal ideas of Bossavit [7, 8] and Tonti [28]. The similarities
among the above-mentioned approaches and with other methods have been highlighted in
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several papers. It has been shown by Droniou et al. [23] that generalized versions of the
MFD, MFV, and HFV methods coincide at the algebraic level; a correspondence between
CDO and nodal MFD methods has been established in [6]; the link between a generalized
version of the HFV method and the classical Crouzeix—Raviart [15] element has been studied
by Di Pietro and Lemaire [19] in the context of linear elasticity problems. A rather different
point of view from the previous works is adopted in [16] [I7], where the application of inte-
rior penalty strategies to consistent reconstructions of differential operators is considered for
diffusive problems.

Until recently, the main focus has been on lowest-order methods. Very recent works con-
sider, however, the extension to higher orders. An example is the arbitrary-order nodal MFD
method of Beirdo da Veiga, Lipnikov, and Manzini [5]. We also mention the Virtual Element
(VE) method developed by Beirao da Veiga, Brezzi, and Marini for linear elasticity problems
in [3]; cf. [4] for a presentation of the general ideas underlying the method applied to a model
diffusion problem. The adjective “virtual” refers here to the fact that one defines a variational
formulation in a finite element fashion, but without explicitly defining the underlying basis
functions. While the present work was developed independently, analogies with VE methods
are to be found in the general ideas underlying the reconstruction of differential operators.
Key differences are that we develop a mixed approximation (hence face- rather than node-
based) hinging on an explicit reconstruction of the diffusive flux. This can be interpreted as
providing a full definition of basis functions. Finally, we mention the work of Brezzi, Buffa,
and Manzini [I0] on mimetic products of discrete differential forms, which also contains an
extensive bibliographic section.

We focus here on the pure diffusion problem

—V-(KVu) = f in Q 1)
u=20 on 052,

where Q ¢ RY, d > 1, denotes a bounded connected polygonal domain, f € L%(Q) is a forcing
term, and K is a piecewise constant, symmetric uniformly positive definite tensor-valued field
whose eigenvalues are contained in the interval [\, As] € Rf. For X < Q, we denote by (-,-)x
and |-||x respectively the standard inner product and norm of L?(X), with the convention
that the index is omitted if X = Q. Letting ¥ := H(div;Q) and U := L?(Q2), the mixed
variational formulation of problem reads: Find (s,u) € ¥ x U such that

(K™'s,t) + (u, V-t) =0 Vte X, )

—(V-s,v) = (f,v) Yo e U. @
Throughout this work, s and u will be termed flux and potential, respectively. It has been long
known that mixed methods based on the weak formulation perform well for problems such
as where the diffusion coefficient is possibly anisotropic and can exhibit large jumps across
interfaces; cf., e.g., the discussion in |29, Section 5.4], where an interesting interpretation of
this behaviour is proposed.

The key ideas of our method can be summarized as follows. Let & = 0 be a fixed poly-
nomial degree and denote by U}]f the space of broken polynomials of total degree < k used
to approximate the potential. The starting point is to define the vector space 2’2 of flux de-
grees of freedom (DOFs) so that an interpolator I} on Eﬁ and a discrete divergence operator
D,’i : Eﬁ - U,’f can be defined that satisfy the usual commuting diagram property [20} 21].



The flux DOFs are polynomials of total degree < k attached to faces and fluxes of poly-
nomials of total degree < k attached to cells (that is, gradients of such polynomials times
the diffusion tensor). The commuting property of the discrete divergence operator and the
choice of the flux degrees of freedom are used to define a (possibly nonconforming) flux recon-
struction MF : TF — L2(Q)? that (i) is exact when the potential is a polynomial of degree
(k+1) inside each element (consistency), and (ii) has coercivity properties on the kernel of Df
(stability), as well as continuity properties. The flux reconstruction is obtained by reasoning
element-wise, and is composed of two contributions responsible for consistency and stabil-
ity, respectively. It turns out that an important requirement in the analysis is that the two
contributions are mutually K—'-orthogonal. We emphasize that the consistency property is
designed so as to guarantee convergence also in the lowest-order case kK = 0. We also observe,
in passing, that the cell unknowns can be eliminated locally thereby yielding a global problem
in the face unknowns only. Moreover, the use of fluxes of polynomial potentials (instead of
fully vector-valued polynomials for the fluxes) results in a substantial reduction in the size
of the local reconstruction problems with respect, e.g., to the Hybrid Mixed Discontinuous
Galerkin method of Cockburn, Gopalakrishnan, and Lazarov [I3]. Based on the flux recon-
struction, we next define a bilinear form H on X¥ x 3¥ which is the discrete counterpart of
the inner product (K~!-,-). Using the terminology of [6], the bilinear form H corresponds to
the discrete Hodge operator. Finally, a discretization of is obtained based on the bilinear
form H and the discrete divergence operator DE. Under the usual regularity assumptions for
the exact solution, we prove that the error on the flux measured by the norm defined by H
converges as h**1 (h denotes here the meshsize). Additionally, a supercloseness result can be
proved for the potential as in standard mixed finite elements (cf., e.g., [20, 211, 26]). Provided
elliptic regularity holds, this means that the L?-norm of the difference between the discrete
potential and the L?-orthogonal projection of u on U, }]f converges as hF2.

The material is organized as follows. In Section |2 after briefly recalling the notion of
admissible mesh sequences, we define flux degrees of freedom, introduce the discrete divergence
operator, and define the flux reconstruction upon which the method hinges. The discrete
problem is stated at the end of this section and its well-posedness is established. In Section
we carry out the convergence analysis. Section 4| contains some variations of the method,
in particular sufficient conditions to define virtual versions which have similar convergence
properties as the original method, but for which the flux reconstruction is left undefined. In
this section we also show that, in the lowest-order case k = 0, our method has fundamental
similarities with both the HFV and the GDA methods (which are shown to coincide up to a
different choice of the stabilization parameter). Finally, Section |5|addresses the most relevant
implementation issues and contains some numerical tests.

2 Discretization

We introduce here the notion of admissible mesh sequences, recall some basic facts on broken
functional spaces, and define the discrete divergence operator and the flux reconstruction
upon which the discretization of stated at the end of the section hinges.



2.1 Setting
2.1.1 Admissible mesh sequences

Closely following [I8 Chapter 1] and [19, Section 2], we introduce the notion of admissible
mesh sequences possibly including general polygonal or polyhedral elements and nonconform-
ing interfaces. Let H < R} denote a countable set having 0 as its unique accumulation point.
We consider mesh sequences Ty := {Tn}ren where, for all h € H, Tj, denotes a finite col-
lection of nonempty disjoint open polyhedra (called elements or cells) 7, = {T'} such that
0= UTeTh T and h = maxre7;, hr (hr denotes here the diameter of 7). We say that a hy-
perplanar closed connected subset F of 2 is a mesh face if it has positive (d—1)-dimensional
measure and if either there exist T1, T € Tj, such that F' < 0711 n 0T, (and F is called an inter-
face) or there exists T' € Ty, such that F' < ¢7'noS2 (and F is called a boundary face). Interfaces
are collected in the set ]-'}L, boundary faces in ]-"}f and we let Fp, 1= ]-"}L U ]-'}L). The diameter of
a face F' € F}, is denoted by hp. Moreover, we set, for all T'€ Ty, Fr := {F € F}, | F < 0T},
and, for all F' € Fp, we denote by nppr the normal to F' pointing out of T'. For every interface
F c 011 n 0T we fix once and for all an orientation by means of a unit normal vector ng
and number the elements 77 and 15 so that ng := np p. We also define erp := nyp-np for
all T € T, and all F' € Fp.

It is assumed that, for all h € H, T, admits a matching simplicial submesh ¥, and that
the following holds:

(M1) Shape-regularity. There exists a real number p; > 0 independent of h such that, for
all h € H and all simplex S € T}, of diameter hg and inradius rg, o1hs < rg holds.

(M2) Contact-regularity. There exists a real number g3 > 0 independent of h such that, for
all he H,all T € T, and all S € Tp:={S €T}, | S < T}, o2hr < hg holds.

(M3) Star-shaped property. For all h € H and all T € T, there exists a point xp € T such
that T is star-shaped with respect to 7 and, for all F' € Fp, drrp = pshr holds with
drr orthogonal distance between @y and F and g3 > 0 independent of h.

The star-shaped property is used here to define the flux reconstruction in Section
Additionally, owing to [I8, Lemma 1.41], there exists (d + 1) < Ny < +00 such that

Vh e H, max card(Fr) < Na. (3)
TeTy,
In what follows, we often abbreviate as a < b the inequality a < Cb with C > 0 independent

of h and K (the dependence on K is explicitly tracked to pinpoint the effect of the local
anisotropy ratio on the error estimates).

2.1.2 Basic results on broken functional spaces

In this section we recall some basic results for broken functional spaces that can be proved
under assumptions (MI)—-(M_2)). For h € H and an integer k > 0 we define the broken
polynomial space

Pi(Th) = {v e L*(Q) | vjr € PLT) VT € T},

where [Pg(T) denotes the restriction to 1" of d-variate polynomials of total degree < k. We
express local regularity in terms of the broken Sobolev spaces

H(Ty) :={ve L*(Q) | vr e H(T) VT e Ty}

4



The following trace inequalities hold for all T € T;, and all F' € Fr, cf. [I8, Lemmata 1.46
and 1.49]:

—1/3

lo]lF < Cuchp [v]lr Vo € PA(T), (4)
_ 12
olle < Core (B ol + hrlofie) Yoe HY(D), (5)

with Ci and Cjy . depending on p; and g2 but independent of h. The following inverse
inequality holds for all T' € T, with Ci,, again depending on g1, g2 but independent of h,
cf. [18, Lemma 1.44],

IVul2(rys < Cuavhyp vlizry Vo€ PY(T). (6)

It follows from the mesh regularity assumptions together with [I8, Lemma 1.40] and the results
of [24] that the L2-orthogonal projector Tr,lf on I]Dfl(ﬁl) has optimal approximation properties:
For all T € Ty, all s € {0,...,k + 1}, and all v e H*(T),

|v — 7T]]§’U|Hm(T) < Capphy "'V 5 (1) vm € {0, ..., s},

holds with C,p, depending on o1 and ¢2 but independent of h. Finally, we recall the following
Poincaré inequality valid for all T € Tp:

lv 7l < Cphr|[Volr,  Yve HY(T), (7)

where v := (v,1)7/|T|q and Cp is independent of h (Cp = 7~! for convex elements [2]).

2.2 Flux degrees of freedom

We define in this section the degrees of freedom (DOFs) for the flux approximation. It is
assumed from this point on that, for all h € H, T}, is K-compliant, i.e., jumps in the diffusion
coefficient do not occur inside elements. As a consequence,

VheH, Kr:=KqgpePYD)™  VIeT,.
Let, for a fixed integer k£ > 0,
Th .= KrVPYO(T) VT eT,,  Fi:=P5i_ [(F) VFeF,

denote the flux DOF's attached to cells and faces, respectively, where, for [ = 0, [Pfj’O(T) is
spanned by scalar-valued polynomial functions of total degree < [ having zero average on T’
(concerning the zero-average condition, see Remark . For all T € Ty, we define the local
space of DOFs for the flux approximation as
sk o= TE « FE, Fr = W Fh.

FeFr
In the lowest-order case k = 0 it is understood that the cell DOF's are unnecessary (the space
TY. contains only the null function over T'). The global space of DOFs for the flux is obtained
from the local spaces {E’%}Tefrh by patching interface values,

sheoTthxrE, The= TR FEi= XOFR. (8)
TeTs FeFy,
To localize DOFs in ¥ to X% for a given element T € T, we introduce the restriction
operator Ly : EIfL — Z? which, for all 74, := ({T7}reT,, {TF}Fer,) € 2’;’; is such that Ly, =
(t7, {Tr}rer,) € F-



2.3 Discrete divergence operator

We next introduce a discrete divergence operator which is instrumental in the formulation of
the method and use it to define the discrete counterpart of the H (div;2)-norm. The local
discrete divergence operator

Dk . xk - Uk = PR(T) (9)

is such that, for all T = (77, {TF}Fer,) € B and all v € UL,

(D%T, U)T = —(VU, 'TT)T + Z (U, TFGTF)F‘ (10)
FeFr

We equip the space X% with the following H (div; Q)-like norm:

k . k
vreSh, Tl = IrlF + 21D IE + ) helTelE (11)
FeFr

The global discrete divergence operator
Dj; - 3 — Uy, = P(Th) (12)
is such that, for all 7, € E’fL and all vy, € U}f,

(Dyrh,vn) = Y. (DE(LyTs), va)7- (13)
TeTh

We equip the space Ei with the following norm:

Ve Sy, lmall® = ) ILrTald- (14)
TeT,

Let us study the properties of the local and global discrete divergence operators defined
by and (13), respectively. We let, for all T € Ty, £7(T) := {t € L*(T) | V-t € L*(T)} for
a fixed s > 2. Classically, the moments of the normal components of functions in 31 (T') are
meaningful on the faces of T} cf., e.g., [I1, Section I11.3.3]. We let I : =+ (T) — X% denote
the local interpolator such that, for all t € X7 (7)), Ikt = (77, {Tr}rezr,) with

TT = wljcwt, T = W%(t-’np) VF € .FT. (15)

where 7%, is the standard L2-orthogonal projector on % while w4 denotes the (K;l-, -
orthogonal projector on TT’% (in fact, an elliptic projector in terms of the potential) such that

(K 'oht, w)r = (Kp't,w)r  Ywe Th. (16)

Note that this projection is well-defined owing to the zero-average condition on [PS’O(T). Corre-
spondingly, the global interpolator I;f 2D YRR Eﬁ with X1 :={te X | tre SH(T), VT € Tp}
is such that, for all t € &1, I¥t = ({T1}reT;,, {TF} peF) with

Tr=wht YT €T,  1p=nktnr) VYFeF, (17)

Proposition 1 (Commuting property for discrete divergence operator). Denoting by 7r17“1 and
W,Ii the L?-orthogonal projectors on I]DIC}(T) and IPS(’E), respectively, the following commuting
diagrams hold:



V-

SHT) — L*(T) >+ U
Iy L Th
Dk Dk
= — U} o —" Uf

Proof. Consider the local commuting diagram. Let T € T, t € £7(T), and set T := Ié?t. We
infer that, for all v € Ué‘i,

(mh(Vt),0)r = (Vt,0)r = =(Vo,)r + Y (v, (Bnp)err)r

FeFr
= —(Vou,wht)p + Z (v, T (t-np)erp)p
FeFr
= —(Vu,mr)r + Y, (v, 7rerp)r = (DFT,0)1,
FeFr

where we have used that KpVov € T4, v/ € F%, (15)), and (10). For the global commuting
diagram, we use that, for all T' € Tj, (D,’jrh)rf = DE(LyTy) for all 7, € BF owing to (13),
Lp(Ift) = IE(tyr) for all t € 7 owing to (17), whence

(DRIt = DF(IF(4r) = 7 (V- (7)) = (7 (V) 7,
owing to the local commuting diagram. O

An immediate consequence of Proposition [1| that I }]f can play the role of a Fortin opera-
tor [11].

2.4 Flux reconstruction

We now introduce an arbitrary-order flux reconstruction S)%fl inspired by the lowest-order
Hybrid Finite Volume method of [23, Section 2.3]. The operator | : If — L2(Q)? is
obtained elementwise from local reconstructions %% : 2% — L2(T)? by setting, for all T € 7y,

Ry (Th)r = Ri(Lrrs)  VThe T (18)
Let Hr denote the local bilinear form on 2% X 21} such that, for all o, 7 € 2%,
Hr(o, ) = (K:'Ryo, Wor)r. (19)

By construction, Hr is nonnegative. The global bilinear form H on E;‘; X Zfl is such that, for
all oy, 7h € EZ,

H(ow,mh) = Y Hr(Lroy, LyTy) = (K™ 'Rfo,, RiT), (20)
TeTh

where the last equality is a consequence of (18). We denote by ||z and ||z, the seminorms
defined by H on Ei and by Hr on E%, respectively. The use of a double bar notation is
motivated by the fact that |-|g (resp. |-|mr) is a norm on ker(DF) (resp. ker(D%)) as a
result of requirement (R[2]) below.

We aim at satisfying the following properties for the local reconstructions:



(R1) Consistency and orthogonality. For all T € Ty, the space R := :%E (%) contains the

space I"% = KTV[PZH’O (T'), and, the local reconstruction operator can be decomposed
as Rk = ¢k + 3h with €% . F — I}, and 3% : Bf — R such that

ek(lhw)y=w  VweTlk, (21)
Ip(Ifw) =0, Vwel}, (22)
(K '35, w)r =0 V(T,w) e Tk x Tk, (23)

Owing to properties and , which imply that
RE(IFw) =w  Yw e Tk, (24)

Qf% is termed the consistent part of the reconstruction and 352 is termed the residual.
The residual is introduced to satisfy the stability property (25a)) below. The orthogo-

nality property is used in Section to prove (254) and, via (29), in the proof
of Theorem (11} (bound on ¥3).

(R2) Stability and continuity. There is n > 0 independent of h and K such that, for all
T € Th,

— k
|77z = Xpnllrl7 V7 € ker(D7), (25a)
—1y— k
ITlEr <0 'NglrlE vre =g, (25b)
where Ay 7 and A, p denote the largest and smallest eigenvalue of Kr, respectively.
Inequality (25a) implies, in particular, that 9{1} (resp. SRZ) is injective on ker(D:’})

(resp. ker(D}’i)). Accounting for and , and summing over 1" € Tj, it is inferred
from that
|7alE = Ayl V7 € ker(DJ), (26a)
ITald <7 NMmnl? Yrhe B (26b)
where we have used the fact that 7, € ker(D¥) implies Ly, € ker(DE) for all T € Ty,.
Proposition 2 (Consequences of (R[1))). The following holds for all T € Ty:
Vo,re Xk Hr(o,7) = (K;'¢he, &hr)r + (K7 ' 3he, 351, (27)

hence,
1 _1 RV
vreSh, rlhr = 1K PRrE = K PR 1K PSR 28)
Additionally, for all w e I‘%, letting v = Iéﬁfw with Ié‘i defined by , the following holds:

Hr(v,7) = (K7 w, &) r vre Xk, (29)

2.4.1 Consistency

We first examine the consistency requirement expressed by by generalizing the reasoning
of [22, Lemma 6.1]. Let t, w € T'%. with w = K¢V for a specific v € IPSH’0 (T'). The following
holds:

> (v, tnrp)p :f V-(vt) = (Vu,t)r + (v, V-t)7,
FeFr T



that is to say, owing to the symmetry of Kr,

(Kp't,w)r = —(0,Vt)r + > (v, t-nrp)p. (30)
FeFr

Let T = (77, {Tr}rer;) € B4 be such that 7 = Ikt with I% defined by (15). Owing to
the local commutativity property from Proposition |1} we infer that Dt = 7k(V-t) = V¢,
since V-t € I]fol(T) < PX(T). Moreover, since, for all F € Fr, t-np € PX_ (F), we obtain
T = t-np, whence we infer from that

(Ky't,w)r = —(0, Df7)r + ) (v, Trers)r. (31)
FeFr

Inspired by , we define the consistent part of the local flux reconstruction (’:% : El} — I‘l}
such that, for all 7 = (77, {7Tr}rer,) € % and all w € T with w = KrVu for a specific
ve [Pk:+1 O(T),
(K;le:l%T,’w)T = —(U, Dljch)T + Z (’U,TFGTF)F. (32)
FeFr
Recalling that (’:TT € T% means that there exists z € [P]ngl (T such that ek = KyVz, we
can reformulate as the (well-posed) Neumann problem: Find z € [PkJrl (T) such that

(KTVZ, V?))T = —(U, DI;«T)T + 2 ('U, TFGTF)F Yv e UDZ+1’O(T). (33)
FeFr

For further use, we note the following relation that stems from after integrating by parts
the left-hand side: For all T € 3% and all v e P50(T):

((V(’:l% - D%)T, U)T = 2 GTF(Q:I%’T-TLF - TF,U)F. (34)
FeFr

Lemma 3 (Properties of €%). Let €% be defined by [32). Then, condition holds. Addi-
tionally, there exists n1 > 0 independent of h and K such that, for all T € 37,

_1 o
K ek |3 = A )3, (352)
—1 1.
1K ek |3 < ta Ll (35b)

Proof. Condition follows from and since for all ¢ € T%., (€h1kt — ¢) € T and
(K (¢hIkt — t),w)r = 0 for all w e T5.. Let us prove (35).

(i) Proof of (B5d). Let T := (T7,{7r}rer,) € Tk be given with 70 = Ky Vv for a
specific v € [PZ’O(T). Clearly, 77 € l"l%. Letting w = 77 in and using to replace the
first term on the right-hand side (this is possible since v € Ué?), it is inferred that

(K 1¢T7' 7r)r = (Yo, 77)r = HK;QTTHT

Using the Cauchy—Schwarz inequality to bound the left-hand side from above, we infer ([35al)

since
—1/2

_1
ol < |K: Pl < [Kp7

e hrlr.



it) Proof of (B5D). Let 7 := (77, {Tr}rer.) € Tk with ¢kr = KpVu for a specific
T T T
vE IPSH’O(T). Recalling and ([32)), and using D:’}T € UL, we infer that

—1
|K; k|2

—(7kv, DEryp + Z (v, TreTF)F
FG.FT

= (17, lej"lv)T + Z (v— W’z‘iv,TpeTF)F =% + %o
FEJ:T

We obtain
k — — k
%] < [rrlrlVatolr S rele|Volr S A plrrlrKeVollr = A plrr|r | €|,

where we have used the H'-continuity of the L?-orthogonal projection along with Q:’%T =
K7V to conclude. On the other hand, using the Cauchy—Schwarz inequality followed by the
discrete trace and Poincaré’s inequalities, it is inferred that, for all F' € Fp,

(v — 7k, 70) | < Cochip o — whollr|7e]

1 _ 1
< CuCph | Vollrlmrlp < CuCr; HSETlrh e e,

where we have used that |v—7Xv|r < |[v—0|r < Cphr|Vv|r < Cphp||Vu|7. Collecting the
above estimates and using the discrete Cauchy—Schwarz inequality for the boundary terms

together with yields (35D)). O

Remark 4 (Alternatives to the zero-average condition). The zero-average condition on the
potential defining the elements ofTT]% and I‘% ensures the well-posedness of the local Neumann
problems . An alternative condition commonly used in finite volume methods consists in
considering functions that vanish at a given point inside the element (usually the point xp
of () This corresponds to replacing the polynomial spaces [Pfi’O(T), l e {k,k+1}, with the
polynomial spaces IPfi’*(T) of functions that vanish at xp. The local Neumann problems (33))
remain well-posed since the right-hand side vanishes if v is a constant function.

2.4.2 Construction of the residual on a pyramidal submesh

We now turn to devising a residual 3? : E’% — RE; its design criteria are to match the
orthogonality property and the local stability property . The latter means that
||K;1/29fil}7'|\% = HK;/Q@}THQT + HK;1/23]7€~TH% must control the first and the third terms on
the right-hand side of for all 7 € ker(D%). Note that €% cannot achieve this control
alone, since it only bounds the first term on the right-hand side of , see .

Owing to (, for every element T € 7T, it is possible to define a submesh composed of
the face-based pyramids {Prr}rer, with apex xp. It has been proved in [I9, Lemma 3| that
the pyramidal submesh thus obtained inherits the shape- and contact-regularity properties of
the original mesh. As a result, trace and inverse inequalities analogous to f@ hold.

For all F € Fr, we set I‘?F = KTV[PZH’O(PTF) extended by 0 outside Prp, and define
the pyramidal residual 3%, : 3% — T such that, for all T = (77, {Tr}Fer,) € T and all
w e Th, with wp,, = KrVu for a specific v IPSH’O(PTF),

(K3 w)p, = (V&5 = DE)T 0)pyy — erp(Shmnp — 7,0) p. (36)
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Computing J7 amounts to solving a (well-posed) Neumann problem inside each pyramid.
Note that here the zero mean condition on v is important since the right-hand side of does
not necessarily vanish for constant v. We define the residual by collecting all the pyramidal
residuals,

F= 3 Ve Rbi= @ Thp (37)
FeFr TeTh

We can then reformulate as follows:

_1 —1 — /g0
vresh,  |rlhe = 1Ky PobrR = 1K PR D) K R, (39)
FeFr

Proposition 5 (Consistency and orthogonality of the residual). Conditions and
hold.

Proof. To prove (22), we observe that for all t € T'%., € (I5t) = ¢ so that V-€k(Ikt) = V-t =
Th(V-t) = DE(Ikt). Moreover, for all F € Fr, ¢k (I5t)np = tnp = 5 (t-nr). Hence,
yields that 3% .(I%t) = 0. To prove , we consider an arbitrary ¢ € T's, sum tested
with w = ¢p,.,. for all F'€ Fr, and use . O

Lemma 6 (Properties of :%%.). Let €% and 3% be defined by — and —, respec-
tively. Let RE = &% + 3k, Then, properties (7( hold.

Proof. The three properties composing ( have already been established. It only remains

to check the properties composing (
(i) Proof of ([254). Let 7 € ker(Dk), let F € Fr, and denote by yrrp € PX(Prp) the

function obtained by extending the function hZQETF(QtI%T| rnp — 7p) to Prp by constant
values along the direction of €7 —Zr (with Ty denoting the barycenter of F'). By construction
and using mesh regularity, the following bound holds:

lyrelprye S hel€irnp — 7| (39)
Letting w = KrVyrr € I‘Z}F and v = yrp in and using D:’%T = 0, it is inferred that
2 ok 2 _ k k e
hp &rmnpg —1r|E = (V€T y1r)prp — (375T, Vyrre)prp 1= T1 + To. (40)

Using the Cauchy—Schwarz inequality followed by the inverse inequality on Prg together
with and using mesh regularity, it is inferred that

51| <[V Tlprelyre e < 1€ e |5 ne —7p|F.

Proceeding in a similar way for the second term, we obtain

~k ~
Ta| < |35rTPre IVYrEPre < 13507 | Pre €T mp — 77| 5.

Using the above bounds to estimate the right-hand side of , it is inferred that

_1/p. 1 —1 — 1/
Dy o [ Y o) Pt "ol PR ) ol e S T (41)

11



Recalling and the fact that D’%T = 0, we then proceed as follows using (35al) together
with the triangular inequality followed by and the discrete trace inequality on Prp,

Il = Irrl% + D) hrelrelE

F€.7:T
1
2P Y hplhrnp —meld o+ ) helehmnp|b
FE]'—T FE]:T
1 k 1
S NrlK P rid 4 Y {IK T, + 1K e,
FeFr

< MK PR3,

where the last inequality is a consequence of . This proves .

(ii) Proof of (25b). Let T € k. Recalling [35b) together with ([38)), it suffices to prove
the continuity of the residuals in the ||-||7-norm. Denote by ¥; and To the terms on the
right-hand side of . Using the Cauchy—Schwarz and triangle inequalities followed by the
inverse and Poincaré’s inequalities on Prp and using mesh regularity, it is inferred for the
first term that

k k
11 < (IS5 tlpre + 1D5lprs ) [0lpr
< (Cinhz 1€5 oy + | DiTlipys ) Cohl|Volpy,

—1 _1
SN2 (157 1prs + hrl DElpy ) KT P wlpy .

For the second term, the Cauchy—Schwarz, triangle, discrete trace, and Poincaré’s inequalities
on Prr yield

71 1 71
ol <A (WP el + 1 €5 rlipy, ) 1Ky Pwlpy.
Collecting the above results leads to
1 /2. 1 T +% k k 1
NAIK 3 p o = Ny swp == S| pyy + el Dl + 0 I
welh p\(0} [[Kp " wpy,

The continuity of J% in the |-||7-norm then follows squaring the above inequality, summing
over the element faces, and concluding with the discrete Cauchy—Schwarz inequality. 0

Remark 7 (Penalty coefficient). A more general form for the residual can be obtained intro-
ducing a scalar penalty coefficient p > 0 and defining 3’%F as follows:

M_I(K;IJ]%FTv w)PTF = ((Vetl'% - D%)Tv U)PTF - GTF(Q:IIC“T'TLF —TF, U)F- (42)

2.5 Discrete problem and well-posedness

We consider the following discretization of based on the spaces Eﬁ and U, ,’f defined by
and ((12)), respectively: Find (op, up) € Zz X U/lf such that

H(o‘h,Th) + (uh, D]]_CLTh) =0 V’Th € EZ, (43&)
—(D¥op,vp) = (f,on) Yo, € UF, (43b)
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with bilinear form H defined by . Owing to the choice for U;f, equation (43b) can be
alternatively written, letting f; := ﬂ,’j fs

— Dﬁa’h = fh' (44)

Lemma 8 (Well-posedness). There exists f > 0 independent of h and K such that, for all
vp, € U}]f, the following holds:

Dk

45
rezhoy  I7al (45)

Additionally, problem 1s well-posed.

Proof. The surjectivity of the operator DE expressed by is a classical consequence of the
existence of an interpolation operator satisfying the commuting property of Proposition [I] and
uniformly continuous in the sense that, for all 7 € 7, [|[IFr|| < C||7|s+ holds with C' > 0 in-
dependent of the meshsize. The well-posedness of problem then results from together
with the ||-||-coercivity of the bilinear form H on ker(Dy), a consequence of (26a]). Further
details can be found in the book of Brezzi and Fortin [I1], cf. in particular Section IV.1.2. [

3 Convergence analysis

In this section we prove an error estimate and, under regularity assumptions for the exact
solution, identify convergence rates for the flux and potential approximations.

3.1 Basic error estimate

Lemma 9 (Basic error estimate). Let (s,u) € 3 x U denote the unique solution to and
assume the additional reqularity s € X1 with X7 defined in Section . Let o, := I,{fs and
up = wﬁu where I}f is the interpolator defined by and W’g is the L*-orthogonal projector
on ﬂ’g(ﬁ) Denoting by (o, up) € TF x U}Ij the unique solution to , the following holds:

max (%B(n)\b)l/QHﬂh —upll, [on — UhHH) < sup En(Th). (46)

ThEDY, [Thla=1
with consistency error E,(Ty) := H(Gn, Th) + (Gn, DET4).

Proof. We denote by $ the supremum on the right-hand side of . By virtue of (43al), the
following holds for all 7, € ¥\ {0}:

~ ~ Th
H(Gp, = op, ) + (A — un, Di71) = En(Th) = & <ITth> |Tnler < 8| 7aln-

Hence, letting T, = &), — o}, in the above expression and using (&, — o},) € ker(Dﬁ) on the
left-hand side, we obtain
loh —onln <$ (47)

Let us now estimate the error on the potential. Using (43a)) together with the definition of
the consistency error yields for all 7 € Zﬁ,

(DyTh,in — up) = (DFTh,ap) — (DETh,up) = H(oy — Ghy Th) + En(Th).
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Using the inf-sup condition together with the above relation, the Cauchy—Schwarz in-
equality, and (26b)), it is inferred that

(DETp, G — up)

BN) Plan — up|| < sup < |lon—&nlm +$,

mezivoy (%) Pl
and the conclusion follows using ([47). O

Corollary 10 (||-||-error estimate). The following holds:

(/2 Zen — ol < sup  En(Th).

TheZE, IThl =1

To estimate the convergence rate, we need to work with the unpatched space of flux DOF's

=~k
¥, = X zk (48)
TeTh

<k
The restriction operator Ly, for all T' € T, can be extended to ¥, and stills maps onto Z%.

Theorem 11 (Convergence rate). Under the assumptions of Lemma @ and assuming the
additional regularity uw € HL () n H*Y2(Ty,), the following holds:

1/2
BN i — wnl) + 161 — ol < C ( 3 pK,TAu,Th%“””|u|?qk+2m) o (49)
TeT),

with C' independent of h and K and anisotropy ratio px 1 := Xy7/ Ny 1

Proof. We extend the bilinear form H defined by to f)i X f): With a, = 7T,]§+1U and

- =k - - .
o, € 3, such that Lyay, = I{,E(KVuh)‘T for all T € T},, we infer that, for all 7, € 2’5,
En(Th) = H(Gh — &, Th) + (Gn — Up, DiTh) + {H(éhﬂ'h) + (ﬁh,Dﬁm)} =T 4+ T + T3

We estimate the terms on the right-hand side.
(i) Estimate of T1. Using the Cauchy—Schwarz inequality leads to

1/2
EXSTES { > Lren - LT&hﬁ{,T} |75 - (50)

TeT,

Owing to the local continuity assumption expressed by (25b]), and recalling , we infer
that, for all T € Tp,

Ng|Lrn — LeGn|ir S |67 — &1l + ) helor — (KV)rne|fh
FeFr

+ W4 | DE(Lr&y, — Lray)|3,  (51)

with op = 5 (KVu). To estimate the first term on the right-hand side of (5I)), we observe
that

|67 — &1lr = @8 (K V (u—n)|r < Az V(w—Un)lr S Mobhy™ |ul greaery,
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where we have used the approximation properties of WZ—H and, recalling the definition (16))

of wh., the fact that [wht|r < A3 K7 whtlr < MTIKZ tlr < Ar|Kz't|r for all
t € L*(T)?. For the square root of the second term on the right-hand side of (5I)), a similar
estimate can be obtained after using the trace inequality together with the continuity and
approximation properties of W? and . Finally, using the commutativity of the left diagram
in Proposition |1/ and the continuity and approximation properties of 7r]:}i, it is inferred that

hr|Dy(Lr& ), — Lray)|r = hrllnh [V-(KrV (u — @))] |7
< hy| V(K2 V (u — )7 S Merh5 ] g2y

Using the above results to bound the right-hand side of and recalling , we conclude
by the discrete Cauchy—Schwarz inequality that

2(k+1 12
T Y {oxarnh i ulsiy ) Il (52)
TeTy

(ii) Estimate of To. For all T € Ty, we obtain

|(@n — U, D Lery)7| < |75 (u— @) |7 | DY Lrralr

< W5 ul gz ory ILrTalle eq.
1
SN ul gesaoy ILrTalmr, eq. (@53)

where in the first line we have used ||75(u — @p) |7 < |u—n|r < h?QHuHHHz(T). Hence, the
discrete Cauchy—Schwarz inequality yields,

2k+1 12
Tl £ ) et d Pl ITala (53)
TeTh

(ii) Estimate of T3. Letting up, := 7mhu and observing that, for all T € Ty, Vpr =0
and (U, — up) |7 € IPSH’O(T), we infer that

Ty = > (Vi — 1), S Lyrs)r + (U, DETH) eq.
TeTh
= 2 {—(ﬁh — Uy, DY LrTy)r + Z ((ap — Uh)|T77'F€TF)F} + (i, DFTy) eq.
TeTh FeFr
= 2 {—(ﬁh — Ty, DY LrTy)r + Z (Up|7, TFETF)F — (Uh,D:]?LTTh)T} eq.
TG'T;L FG]'—T

+ (1\2}1, DZ’Th)

D7D (lingr — uTrerr) F, eq.

TeT, FeEFT

where in the last line we have used ZTeTh ZFeFT (u, 7Trerp)r = 0, a consequence of the
fact that u has single-valued traces on interfaces and vanishes on 02. Hence it is inferred,
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using the Cauchy—Schwarz inequality, and together with (25a)), the continuous trace
inequality , the approximation properties of whH, and mesh regularity, that

1/2 1/2
T3] < { >0 2 A e —u|%} X { > A[,%FWF”%}

TeT, FeFr TeT, FeFr

2(k+1
< { 3 Aprhy™t >|u|zmm} I7ul .
TeT,

(54)

The estimate follows from Lemma @], together with the bounds , , , and
I<pk . O

Remark 12. The above proof of the bound on T1 shows that, for all T € Ty,

|Lr(@n — &) |ar = |Lrén — KV |nr S prrierhy ™ |ul g . (55)

3.2 Supercloseness of the potential
For the sake of simplicity, we assume throughout this section that
K = Idg, (56)

where Id; denotes the identity matrix in R%*¢. The estimate of the error on the potential
can be refined if elliptic regularity holds in the following form: For all g € L?(€2), the unique
solution z € H}(Q) to

(V2z,Vv) = (g,v) Vv e HH(Q), (57)

satisfies the a priori estimate
Izl 20y + Wl ye < Canllgll,  w:=Vz, (58)
with C¢ only depending on €.

Theorem 13 (Supercloseness of the potential). Under the assumptions of Theorem [11]
and elliptic reqularity, the following holds:

i — unll < CH**2ul gasagey, (59)
with C' > 0 independent of h.

Proof. We sketch the proof. Let z solve with g = uj, — Uy. We let o, and 4y, be defined
as in Lemma@and set sp, := %Zah, Sp = %Z&h, Up, 1= ﬂ’,j*lu, Zp = 772“2, vy, = I,liw, and
wy, = %ﬁvh. Owing to Proposition |1, and since, by definition, V-w = 4, — uy € IP’;(E), the

equality Dfvj, = V-w holds. Hence, taking 7, = vy, in and recalling (56,
—(Vew,up) = —(Djvn,up) = H(op,vp) = (8p, wp).
Using the above relation and denoting by V}, the broken gradient on 7j, leads to
|an — un|? = (@p — up, V-w) = (u — up, Vw)
= —(s,w) + (s, wp)

60
= (8n — s, w — Vpzp) + (s, — Vg, wy — w) (60)

+ (s — 8, Vpzp) + (Vip, wp —w) =T + ...+ %y,
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where in the second line we have used s = Vu. Using the Cauchy—Schwarz inequality, it is
inferred that

%] < [sn = sllw = Vazal| < B2 ul greaoy |2l 20, (61)
since ||sp, — 8| < |sp, — V| + |V, — s||, the first term is bounded using (observing
that |sp, — s|r = |RELrS, — Viu|r = |Lrén — 15V, |gr) and the second using the

approximation properties of w’,j“, while |w — V25| < h2] g2(q)- Proceeding similarly, it is
inferred that

[%o| < lsn=Vin||lwn—w] < (Isn = 3u] + [3n — Vi) [wi—w| £ B2 ul grsz )| w] 1 (e

(62)
The estimate on T3 deserves being treated in more detail. Letting z; := ﬂgzh, so that
(20 —Zn)iT € T for all T € Ty, it is inferred that
(sh, Vinzn) = (8n, Vi(zn — 2p)) = Z (K Lron, V(zn, —Zn)r eq.
TeTy
= 2 {—(zh — Zh, DljchTO'h)T + 2 ((Zh — Zh)T,O'FETF)F} eq.
TeTh FeFr
= Z {—(Zh,D:]?LTUh)TJr Z (Zh|TaUF€TF)F,}, eq.
TeT, FeFr

where L7 is the restriction operator defined in Section Hence, upon element-by-element
integration by parts of the term (s, Vjz2p), we obtain

T3 = (Zh,V-S — Dﬁah) + Z Z €TF(Zh\T70F — S-’I’LF)F = 1371 + 5372.
TE'Th F€.7:T

Observing that the function V-s — Dﬁah has zero average inside each element, we infer that
T31 = (2n—%2n, V-8 —Dﬁah). Hence, using the approximation properties of the L2-orthogonal
projector leads to

15,11 S 28] e a2l 0)-

Using the fact that both the trace of z and the normal trace of s are single-valued at interfaces
and that z vanishes on 0€2 it is inferred that

Ta2= Y, Y, errlznr — 2,08 —snp)p.
TeT, FeFr
As a consequence, using the Cauchy—Schwarz inequality followed by the approximation prop-
erties of the L?-orthogonal projector and Corollary together with yields |Tz9| <
hk+2HSHHk:+1(Q)dHZHHQ(Q). Hence,
|Ta| < |Taal + [Ts2l S W2 sl g all 2l 20 (63)

Proceeding in a similar manner as for %3 it is inferred that

Tl = D) D erp(linr —w,vp —wnp)p| S B ul g w] mi)- (64)
TeT, FeFr

The desired result is then obtained using f to estimate the right-hand side of ,
using (58) with g = @y —uy, to infer that |[2] g2y + |w] g1()e < Cenlitn —upll, and simplifying
by [an — up|. O
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Remark 14 (Elliptic regularity assumption). Elliptic reqularity holds if, e.g., £ is convex. If
this is not the case, since ) is polyhedral, one still has the additional reqularity u € H'+(€2)
and s € H'(Q)? with 1/2 < t < 1. Proceeding as in the above proof shows that the estimate (59))
becomes |n — up| < ChFF L |u) iz q)-

4 Variations

We consider in this section several variations of the method and establish links with
other methods in the lowest-order case.

4.1 Virtualization

We first discuss a modification of that does not require to solve inside each pyramid.
As for VE methods, this can be interpreted as not specifying the basis functions underlying
the reconstruction. Throughout this section, it is assumed that the bilinear form H is defined
by with reconstruction operator given by 9‘%’% = Qf’% —1—3?. We consider a bilinear form HY
on X x X¥ defined from local symmetric and nonnegative bilinear forms Hy. on X% x 2k,
such that, for all oy, Tp € Efw

HV(O'h,Th) = Z H¥(LTUh,LTTh). (65)
TeT,
We formulate the following requirements:
(V1) Consistency. The following holds, for all T € 75, and all t € T4, letting T := I%t:
HY (1,v) = Hp(T,v) VYveXh
(V2) Stability and continuity. There exists v > 1 independent of h and K such that, denoting

for all T'€ Ty by || gv 1 the (semi-)norm induced on 3% by the bilinear form HY., the
following holds:

VT eTh, v rlave <ltlur <Alrlave,  ¥reSh (66)

This implies, in particular, denoting by ||-[|;7v the (semi-)norm induced by the bilinear
form HY on EZ, and recalling ,

Y Hralay < Imule <Alralav, VT e ) (67)

<k =k
Remark 15 (Consequence of () Extend the bilinear forms H and HY to X, x X, (with

~ k ~k
3, defined by ([48))). For allt e L*(Q)? such that tir e T for all T € Ty, and letting T, € ),
be such that its restrictions satisfy LpTy = Iéﬂt‘T for all T € Ty, we infer from ( that

HY (11,,vp) = H(Th,vp) Yy, € 2%. (68)

We consider the following variation of (#3)): Find (o), u)') € £ x UF such that
HY (o), 71) + (v, Dfr1) =0 V1, € ZF, (69a)
—(Djoy on) = (fon)  Vop € UY. (69b)

The well-posedness of problem is an immediate consequence of and ([26al) together
with .
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Theorem 16 (Convergence rate for the virtual version). Denote by (s,u) € X x L*(€) the
exact solution to and assume the additional regularity u € HE() n H**2(Ty,). Then,
letting (o) ,u)) € Bf x UF denote the unique solution to and with (&1, 4p) € f x U}
defined as in Lemma@ the following holds with C' > 0 independent of h and K and with pk
defined as in Theorem [11):

1/2
~ ~ k
BN @ — )| + |6 — o) v < C ( > oxardrhy ”>|u|%,k+2m> . (70)
TeTh

Proof. We sketch the proof. As a consequence of (@3H) and (69b), we infer that Df(o,—0)) =
0. Hence, letting 75, = (o, — o)) in ([#3a) and in (69al), respectively, it is inferred that

H(op,on—0))=HY (o), 0, —0))=0. (71)
We extend both bilinear forms H and HV to EV]Z X ZV)Z, and the corresponding norms to EV]]:L
Letting &, € EJZ be defined as in the proof of Theorem and using , we obtain
HY(&p,0n—0))—H(&h, 0, —0))=0=H" (o), 0, —0)). (72)
Now we can proceed as follows:

lon = a5y = HY (on,on —0)) = H' (o), 01— o},)

= Hv(ah—ﬁ'h,ah—aX)—I—H(E'h,ah—O'X) eq.
:Hv(ah—E'h,O'h—a}L/)—I—H(E'h—ah,a'h—a}{) eq.
<lon—nlgyv lon—o)lgv + |Fn —onlu |lon— Y|z Cauchy-Schwarz
<Nlon—&nlu lon— oyl nv. eq.

Hence, o), — o) |gv < 2y, —&4|u. Therefore, using the triangle inequality and again (67),
it is inferred that

|61 = onlav < 16n = anlgy +lon —onlav

<
<Hlon —onlg +2v|on — Gulu < 3V|oh —onllg +2v|6h — FrlH.

The estimate for |6}, — o) |gv in follows using to estimate the first term on the
right-hand side and using for the second. The bound for |Gy — u) | can be proved as in
Lemma [9 O

A supercloseness result analogous to Theorem can be proved also for the virtual
method . The details are omitted for the sake of conciseness.

Example 17. Assume that K is isotropic, i.e., Ky = Apldy. A possible choice for HY is to
let, for all T € Ty, and all o, T € E%,

Hy (o, 7) = (K7'Cro, &r)r + J7 (0, 7), (73)
with stabilization bilinear form
JQY(O', T) = Z )\;th(Q:I%O'-TLF —O0F, Q:]%T-TI,F — TF)F-

FG]'—T
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Proposition 18. Assume that K is isotropic. Properties (V1))~(V[2]) hold for the bilinear
form HIY defined by .

Proof. Property (V[L)) is readily verified since the second term on the right-hand side of
vanishes if & = I}t with t € T5. The bound Y 7l gv e < lTlar in is an immediate
consequence of together with (38). Let us prove the second bound | 7|z < |7 gv 7.
Using where we can take any v € P¥(T), we infer that

ho|(V-&F — Di)r|r = sup  hr((V-€ — D)7, 0)7
veﬂ”(}(T),”v”T:l
= sup Z hTGTF(Q:Ir}T-’nF —TF,’U)F
vePH(T), vl r=1 FeFy
s s 3 b e = melelvlpn. < AP (),

vePG(T)Jvlr=1 FeFy

where we have used the Cauchy—Schwarz, mesh regularity, discrete trace inequalities on the
pyramid Prp, and the discrete Cauchy—Schwarz inequality to conclude. Recalling and
using discrete trace and Poincaré inequalities, we infer that, for all T € Z? and all F' e Fr,

V-Q:k —Dk T,V Q:kT-n R
K Aprlpn, < sup St DT e (S rnr —r. )
vePkH10(T) |KL V| ppp bkt oy [KEVolpy,

S0 { (V- = D)7 lpy + b |€hrms — 7o

Hence, the above bounds together with the discrete Cauchy—Schwarz inequality imply HKIT/QJTTHT <
JY (T, 7)/2. The desired result then follows using this bound to estimate the second term on
the right-hand side of and using (3)). This concludes the proof of (V[2). O

4.2 Lowest-order variations and links with other methods

In this section we derive explicit formulae for the reconstruction of Section in the lowest-
order case k = 0 and discuss a variation leading to the methods of [22] 23], [14], [6].

4.2.1 An explicit formula for the lowest-order reconstruction

Let T € Ty, and let w € T'% be fixed. There exists a unique v € [P;’O(T) such that w = K7V
and, setting z := K7'w = Vo leads to v(x) = z-(x — @r) for all x € T with 7 barycenter
of T since v has zero mean in T. Hence, identifying constant functions with their value on 7',
and denoting by T the barycenter of F' € Fr, formula yields

IT|a(€FT)-2 = j|T|dU(5T)D%7; + > |Flae12(®F — Zr)rers,
FG.FT

=0

where |-|4 and |-|4—1 denote the d- and (d—1)-dimensional Lebesgue measures, respectively.
Since the vector z is arbitrary, we infer the following explicit formula for the consistent part
of the reconstruction:

1
Q:(j)vT = — Z |F|d—1(§F — ET)TFETF, (74)
|T| FEJ—'T
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which is precisely [22] eq. (9)] when the barycenter is chosen as the cell center (the measure
of the face appears in since we have interpreted face unknowns as average rather than
integral values). Similarly, for all F' € Fp, the general form of the pyramidal residual is
such that, for all 7 € £% and all w e T'%,

~ d _
T = po—erF(TF — Crrnp) (T — Trr), (75)
TF
where Tpp denotes the barycenter of Prp and drp = (€p — Tr)-nrp as defined in (M3)).

4.2.2 Link with Mixed Finite Volumes

We assume, for the sake of simplicity, that for all T' € 7, we can take 7 = @7, the barycenter

of T, in ( Observing that Tp — Trp = #‘ll(ip —Z7), can be rewritten as

o ~d _
J(Q)«FT = MTETF(TF — Q:%T-TLF)(ZBF — acT), (76)
TF
with & = ,ud%‘fl. This is the “weak” flux stabilization suggested in [23| Section 2.3] for a
diagonal penalty matrix. The generalization corresponding to the inner product [23] eq. (2.31)]
can be interpreted as a virtualization of the above method.

4.2.3 Link with the Discrete Geometric Approach

We next consider the Discrete Geometric Approach of [I4], see also [6], for which the basis
functions {¢rp}rer, for the flux reconstruction are piecewise constant on the pyramidal
subdivision of T" and such that, for all F,G € Fr,

(@ —ZT7)®nrrp\ _  _
Id; — —
d |T|ddTF (.’L‘G’ .'L'T) )

_ (®g — =)
QOTG"PTF dTG|G|d—1

1
drc + (
T4
where Idy is the identity matrix of R?*? and dpq is equal to 1 if F = G, 0 otherwise. For
all T € Z?, the corresponding flux reconstruction ¢ is piecewise constant on the pyramidal
subdivision of T" and such that, for all F' € Fr,

t‘PTF = 2 TGEeTG |G|d—1(PTG‘79TF
GE}—T

1 1
¢rT + - {TFETF - <|T| >} Gla (@ —Zr) TGGTG> 'nTF} (@F —27)

d GE]'—T

1 _ _
= Q:%T + E(TpeTF — Q:%T-TLTF) (mF — a:T) .

The second term on the right-hand side allows us to identify the residual. Comparing its
expression with shows that the two residuals coincide provided the penalty coefficient

in is selected as [i = /4.
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4.2.4 Link with lowest-order Raviart—Thomas finite elements

Consider a simplicial mesh. For all T' € T, consider the lowest-order Raviart—Thomas finite
element space RTY(T) = PY(T)?+zPY(T) with local basis functions prp(x) = d‘—%w(w—wv(}w))
for all F' € Fr, where v(F) is the vertex of T opposite to F. Define the consitent part of the
reconstruction by , and define a residual attached to each face F' € Fr as follows:

(37r7) (@) = |Flarerp(tr — (€37) np)orp(x),  VoeT. (77)

Observe that the residuals are now supported on T and no longer on the pyramid Prg
attached to the corresponding F'. Then, set 3% =D pe Fr 35} > which matches the consistency
property by construction. The orthogonality property follows from the fact that,
for all (7,w) € % x T'%,

(K737, w)r = { D1 Flarerp (e — (€7)-np)(@r — iUT)} Ki'w,
FE.FT

since ST prr = p — 7. The term between braces is equal to

|T|de:%7' — { Z |F|d—1(§F — ET) ®nTF} Q:’%T =0
FeFr

since ) pe Fr |Fla—1(XZp—T7)@n7rF = |T|41dg. This yields the orthogonality property. Finally,
the stability property (25a]) results from classical properties of the mass matrix of Raviart—
Thomas finite element functions, while the continuity property (25b)) is straightforward to
verify.

5 Implementation and numerical example

For the sake of completeness, we discuss some implementation aspects and present a numerical
example to confirm the theoretical results. An essential step in the implementation consists
in selecting suitable bases for the polynomial spaces that appear in the construction. Let
T € Tp,. An appropriate choice for the basis B of the polynomial space [Pld(T) (the values
I =kandl=k+1 are used) is, letting A' := {a = (o) 1<ica € R? | |0 < 1},

d
Bl = {Hf?y%
1=1

i.e., the basis B:lp is spanned by monomials in the translated and scaled coordinate variables
(&7,i)1<i<d- Equation defines hierarchical bases, so that we can construct and evaluate
BZI}H at quadrature nodes and obtain B:kp (used to solve ) by simply discarding the higher-
order functions. Additionally, replacing the zero-average condition with the requirement that
functions vanish at Tp (cf. Remark, a basis for the polynomial space IPZH’* (T') used in
is obtained by simply discarding the constant function in Bé,“fl. The choice performs
well for moderate polynomial degrees and isotropic elements. For higher orders or anisotropic
elements, one possibility is to perform an orthonormalization as described in [I] (in this case,
the zero-average condition is the appropriate one). Orthonormalization was not necessary in

I T =TTy
ac A s ET,i = 7]1
T

Vlgigd}, (78)
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Figure 1: Triangular, skewed quadrangular, and hexagonal meshes for the numerical example
of Section

the numerical example presented hereafter. Similarly, for the spaces [P’j(F ), F' € Fp, we have
chosen the basis of monomial functions that vanish at the face barycenter.

Concerning numerical integration, one possibility in the two-dimensional case is to exploit
the decomposition of elements into pyramids and use standard quadrature rules inside each
pyramid. In three space dimensions, this is also possible provided the faces of the elements are
triangles or quadrangles yielding pyramidal subelements for which standard cubature rules are
available. If this is not the case, a simplicial decomposition of the element can be considered
at the price of increasing the number of quadrature nodes. Similarly, numerically integrating
on the mesh faces is straightforward in two space dimensions and for elements with triangular
or quadrangular faces in three space dimensions. For more general polygonal faces in three
space dimensions, triangulating the face may be required.

To close this section, we present a numerical example for the homogeneous Dirichlet prob-
lem on the unit square 2 = (0, 1)? with unit diagonal diffusion tensor K and exact solution
u = sin(7x1) sin(rzz). We consider the virtual bilinear form H" defined by and and
use mesh families obtained by homogeneous refinement of the meshes depicted in Figure
The convergence results of Figure [2| confirm the predicted orders of convergence. Further
numerical experiments including the non-virtual version of the method will be presented in
future work.
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