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SBV-LIKE REGULARITY FOR HAMILTON-JACOBI EQUATIONS WITH A
CONVEX HAMILTONIAN

STEFANO BIANCHINI AND DANIELA TONON

ABSTRACT. In this paper we consider a viscosity solution u of the Hamilton-Jacobi equation

Otu + H(Dgu) =0 in QC[0,T] x R",
where H is smooth and convex. We prove that when d(¢,-) := Hp(Dgu(t,)), Hp := VH, is BV for
all t € [0, T] and suitable hypotheses on the Lagrangian L hold, the Radon measure divd(¢,-) can have
Cantor part only for a countable number of ¢’s in [0,7]. This result extends a result of Robyr for
genuinely nonlinear scalar balance laws and a result of Bianchini, De Lellis and Robyr for uniformly
convex Hamiltonians.

1. INTRODUCTION

We consider the Hamilton-Jacobi equation
Owu+ H(Dyu) =0 inQC0,T] xR,

where H is a smooth convex Hamiltonian and 2 an open set of [0, 7] x R™. A viscosity solution of such an
equation is locally Lipschitz but in general it doesn’t have any additional regularity. The structure of the
non-differentiability set of viscosity solutions has been studied by several authors, see for example Fleming
[14], Cannarsa and Soner [I0]. The majority of the existing results are in the case of a strictly convex
Hamiltonian. Under this assumption the viscosity solution u is semiconcave, this implies in particular
that Du belongs to BV and D?u is a matrix of Radon measures. It is therefore of interest to see when
Du belongs to SBV. The first result in this direction was proven by Cannarsa, Mennucci and Sinestrari
in [8]. There, the authors were able to prove the SBV regularity of Du as a corollary to a more general
result on the rectifiability of the closure of the discontinuity set of Du. Therefore they needed a strongly
regular initial datum u(0,2) = ug(x) in WH>°(R") N CF+1(R"), R > 1. Less regularity can be asked
to the initial datum when attempting directly to the Cantor part of D?u. In [5], Bianchini, De Lellis
and Robyr proved that, when the Hamiltonian is uniformly convex and the initial datum is bounded
Lipschitz, D,u(t, ) belongs to [SBV (2)]™, Q4 := {z € R"| (¢,z) € 2}, out of a countable number of ¢’s
in [0,T]. This means that D2u(t,-) can have Cantor part only for a countable number of #’s in [0, 7T].
In particular Du belongs to [SBV (£)]"!. This result was first obtained in the one-dimensional case by
Ambrosio and De Lellis in [2].

When H is just convex, D, u(t,-) looses in general its BV regularity, an example can be found in
Remark 3.7 in Bianchini [4]. However, in this paper, we show that an SBV-like regularity result can be
proven for the vector field

d(t,z) .= Hy(Dyu(t, z)),
defined on the set U of points (¢, z) where u(t, z) is differentiable in x. Here H,, is the gradient of the
Hamiltonian H (p). Indeed, the divergence divd(t, -) is in general a locally finite Radon measure. Moreover
when the vector field d(t,-) is BV and suitable hypotheses are made on the Lagrangian L, the Legendre
transform of H, the measure divd(t,-) has Cantor part only for a countable number of ¢’s in [0, T7.

More precisely let H be C?(R™), convex and superlinear, i.e. such that limp| o0 @

pl
(HYP(0)) Suppose the vector field d(t,-) belongs to [BV (Q)]™ for every t € [0,T].
Define V;, as

= +o00.

Ve, :={v € R"| L(-) is not twice differentiable in v},

and
Yr, i ={(t,x) €Ul d(t,x) € Vz,} and X5 :=U\X .
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(HYP(n)) We suppose V. to be contained in a finite union of hyperplanes 11 .
For j =n,...,3 for every (j — 1)-dimensional plane 7;_; in Il , let L, , : m;_1 — R be the (j — 1)-
dimensional restriction of L to m;_; and

Ve, i ={vemj_1] Lx,_,(-) is not twice differentiable in v}.

Define

Y,y ={(t2) € r, | d(t,z) € Vr} and XL =30\ S .
(HYP(j-1)) We suppose V;,_, to be contained in a finite union of (j — 2)-dimensional planes II,,_,, for
every mj_1 € Ily;.

Let us note that the BV regularity of the vector field d(¢,-) is automatically satisfied by a viscosity
solution whose initial datum is semiconcave, as a consequence of Proposition However, Remark 3.7
in [4] shows an example of a Hamilton-Jacobi equation with a convex Hamiltonian in which the related
vector field d(t,-) does not belong to BV. Therefore the BV regularity is a property which is not always
satisfied by the vector field d(t, -).

In Example |5.6| we show a Hamilton-Jacobi equation for which the hypotheses (HYP(n)),...,(HYP(2))
are satisfied.

Theorem 1.1. Under the assumptions (HYP(0)),(HYP(n)),...,(HYP(2)), the Radon measure divd(t, -)
has Cantor part on Q; only for a countable number of t’s in [0,T].

1

The theorem above can be seen as the multi-dimensional version of a result proven by Robyr in [19].
In that paper Robyr studied entropy solutions of the genuinely nonlinear scalar balance laws

Ow(t,z) + Do (f(t,z,v(t,z))) + g(t,z,v(t,z)) =0 in an open set Q C RT x R,

where the source term g belongs to C1(RT x R x R), f belongs to C?(RT x R x R) and f is such that
the set {p; € R| fpp(t,x,p;) = 0} is at most countable for every fixed (¢,z) € . His main result states
that BV entropy solutions of such equations belong to SBV,.(£2). In the one-dimensional case, genuinely
nonlinear scalar balance laws and Hamilton-Jacobi equations are equivalent when f(¢,z,p) = H(p) and
g(t,x,p) = 0. The entropy solution of the first can be seen as the gradient of the viscosity solution of
the second, v(t,z) = Dyu(t,z). With this consideration our result is a kind of generalization of Robyr’s
result to the multi-dimensional case. Furthermore, we prove that, in the one-dimensional case, when the
Hamiltonian is convex and smooth, the BV regularity of d(¢,z) follows automatically and there is no
need to add further hypotheses to prove its SBV regularity out of a countable number of ¢’s. Since the
BV regularity of d(t,z) does not imply in general the same regularity for u(t, -), the BV regularity of

%u(t, -) has yet to be required to prove the SBV regularity, see Remark

Remark 1.2. Theorem is sharp. Indeed at the end of Remark 3.3 in [2] we can find an example of a
viscosity solution to the Hamilton-Jacobi equation

(Do:u)Q

Ou + =0 inRTxR

whose related vector field d(t,z) = Dyu(t, z) is not SBV in an infinite set of times in [0, 1].

In the multi-dimensional case the question on the SBV regularity of d(t,-) without any additional
hypothesis is still open.

The paper is organized as follows. In Section [2| we recall preliminary results on Hamilton-Jacobi
equations and viscosity solutions. In Section [3| we extend the definition of the vector field d to the all
), we prove that divd(t,-) is a locally finite Radon measure on Q;, for all ¢ € [0,7T], and present the
general strategy used to prove that divd(t,-) has a Cantor part only for a countable number of ¢’s in
[0,T]. In Section 4] we study the one-dimensional case and we prove that divd(t, -) belongs to SBV (€),
out of a countable number of ¢’s in [0, 7], without any additional hypothesis. In Section [5| we study the
multi-dimensional case and prove Theorem We also state some easy corollaries.

2. PRELIMINARIES

2.1. Generalized differentials. We begin with the definition of generalized differential, see Cannarsa
and Sinestrari [9] and Cannarsa and Soner [10].
Let Q be an open subset of R™.
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Definition 2.1. Let u:  — R, for any x € ) the sets

D™ u(z) = {p € R"| liminf uy) —ul@) — .y —7) > 0} ,

yoe ly — x|

DT u(x) = {p € R"| limsup uy) = ulw) = .y = 7) < 0} ,
y—x ly — |

are called, respectively, the subdifferential and superdifferential of u at x.

2.2. Decomposition of a Radon measure. Given an [L™(R™)]" vector field d(x) such that divd(z) =:
wu(x) is a Radon measure on R™, we can decompose p into three mutually singular measures:

M= fha T+ e by

Itq is the absolutely continuous part with respect to the Lebesgue measure. u; is the singular part of the
measure which is concentrated on an " !-rectifiable set. u., the Cantor part, is the remaining part.

2.3. BV and SBV functions. A detailed description of the spaces BV and SBV can be found in
Ambrosio, Fusco and Pallara [3], Chapters 3 and 4. For the reader convenience, we briefly recall that,
given v € BV (R™), the distributional derivative of u, which by definition must be a measure with bounded
total variation, is decomposable into three mutually singular measures:

Du = Dyu+ D.u+ Dju.

Dgu is the absolutely continuous part with respect to the Lebesgue measure. Dju is the part of the
measure which is concentrated on the rectifiable (n — 1)-dimensional set J, where the function u has
jump discontinuities, thus for this reason it is called jump part. D.u, the Cantor part, is the singular
part which satisfies D.u(E) = 0 for every Borel set E with H" 1(E) < oo. If this part vanishes, i.e.
D.u = 0, we say that u € SBV(R"). When u € [BV(R")]¥ the distributional derivative Du is a matrix
of Radon measures and the decomposition can be applied to every component of the matrix.

We recall here some properties of BV functions which will be useful later on.

Definition 2.2. Let u € [L}

! L (R™)]*, we say that u has an approzimate limit at x € R™ if there exists
z € R” such that

lim |u(y) — z|dy = 0.
P70 B, ()

The set S, of points where this property does not hold is called the approxzimate discontinuity set. For
any x € R™\ S, the vector z is called approzimate limit of u at = and is denoted by @(x).

Proposition 2.3. Let u and v belong to [BV(R™)]*. Let
L:={x eR"\ (S, US,)| a(z) =v(z)},

where (x),0(x) are the approximate limit of uw and v respectively. Then Du and Dv are equal when
restricted to L.

Proof. See Remark 3.93 in [3]. O

Proposition 2.4. Let u belong to [BV (R™)]*. Then D.u vanishes on sets which are o-finite with respect
to H"~ 1 and on sets of the form i~ (E) with E C R¥ and H'(E) = 0.

Proof. See Proposition 3.92 in [3]. O

Proposition 2.5. Let u belong to [BV(R")]*. For j = 1,...,n — 1 define the (n — j)-dimensional
restriction Uq, .. o, (-) : R"77 — RF as uq, . o, (&) = u(zy,...,2;,&) for fived (x1,...,2;) € RI. Then
Ugy,..z, (-) is [BV(R™)F for Hi-ae. (x1,...,2;) in R,

Proof. This is a well-known result. The proof in the case j = n — 1 can be found in [3] Section 3.11, in
the other cases it is similar. O
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2.4. Semiconcave functions. For a complete introduction to the theory of semiconcave functions we
refer to Cannarsa and Sinestrari [J], Chapter 2 and 3 and Lions [I§]. For our purpose we define semi-
concave functions with a linear modulus of semiconcavity. In general this class is considered only as a
particular subspace of the class of semiconcave functions with general semiconcavity modulus. The proofs
of the following statements can be found in the mentioned references.

Definition 2.6. We say that a function u : Q — R is semiconcave and we denote by SC(2) the space of
functions with such a property, if 3C' > 0 such that for any z, z € Q such that the segment [z — z, x + 2|
is contained in €

u(z + 2) +u(z — 2) — 2u(z) < Oz~

Proposition 2.7. Let u: Q — R belong to SC(Q) with semiconcavity constant C > 0. Then the function
C
w:x— u(z) — §|$|2

is concave, i.e. for any x,y in Q such that the whole segment [x,y] is contained in Q, X € [0,1]
wAzr 4+ (1 = Ny) > dw(z) + (1 — Mw(y).

Within all the properties of a semiconcave function let us recall that when u is semiconcave Du is a
BV map, hence its distributional Hessian D?u is a symmetric matrix of Radon measures and can be split
into the three mutually singular parts D?u, D]zu7 D?u. Moreover the following proposition holds.

Proposition 2.8. Let u be a semiconcave function. If D denotes the set of points where DT u is not
single-valued, then |D?u|(D) = 0.

Proof. Indeed, the set of points where DT u is not single-valued, i.e. the set of singular points, is an
H"L-rectifiable set. O

Definition 2.9. We say that a function v : Q — R is semiconver if u := —v is semiconcave.

2.5. Viscosity solutions. A concept of generalized solution to the equation
(2.1) 0w+ H(Dyu) =0 inQcC0,7] x R*,

was found to be necessary since classical solutions break down and solutions which satisfy (2.1) almost
everywhere are not unique. Crandall and Lions introduced in [12] the notion of viscosity solution to solve
both these problems, see also Crandall, Evans and Lions [I1].

Definition 2.10. A bounded uniformly continuous function u : Q — R is called a wiscosity solution of
(2.1) provided that
i) u is a viscosity subsolution of (2.I): for each v € C°°(Q) such that u — v has a maximum at
(to, $0) € Q,
dv(to, zo) + H(Dyv(to, o)) < 0;
ii) w is a viscosity supersolution of : for each v € C*°(Q) such that v — v has a minimum at
(to, {I?()) S Q,
8t’l)(t07 .7;0) + H(va(to, LL'())) > 0.

2.6. Properties of the viscosity solution of Hamilton-Jacobi equations. We introduce a locality
property, whose proof can be found in [5].

Proposition 2.11. Let u be a viscosity solution of in . Then w is locally Lipschitz. Moreover for
any (to,zo) € Q, there exist a neighborhood U of (to, o), a positive number 0 and a Lipschitz function vy
on R™ such that u coincides on U with the viscosity solution of

Oww+ H(Dzv) =0 in [to — 9,00) x R

vty — 0,x) = vo(x).

Motivated by the above proposition, let us consider the Cauchy problem

{ Owu+ H(Dyu) =0 in Q C [0,7] x R™,

(2.2) u(0,x) =wup(xz) for all z € Qo,

where wug(x) is a bounded Lipschitz function on €.
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The proofs of the following statements can be found in Evans [13], Section 3.3 and Chapter 10. See
also Cannarsa and Sinestrari [9], Fleming [I4], Fleming and Rishel [I5], Fleming and Soner [16] and Lions
[18].

The convexity of the Hamiltonian in the p-variable relates Hamilton-Jacobi equations to variational
problems.

Let L be the Lagrangian of our system, i.e. the Legendre transform of the Hamiltonian H

D(v) = sup {{v.) ~ H()-

When we consider a smooth convex Hamiltonian the corresponding Lagrangian is strictly convex but
nonsmooth in general. In the case of a smooth uniformly convex Hamiltonian instead, the Lagrangian
inherits the same properties of H, i.e. L is itself smooth and uniformly convex.

Theorem 2.12. There exist a sufficiently big M > 0 and a sufficiently small € > 0 such that on the set
QM = {(t,z) € Q| t € [0,¢],dist((¢,7),00) > M} the unique viscosity solution of the Cauchy problem
is the Lipschitz continuous function u(t,z) defined as

(2.3) u(t,r) = min {u((),y)—ktL(x;Z/)}.

M
yeQ

From now on we restrict to the set Q5™ . To simplify the notations we will call it Q and we will study
the equation on the time interval [0, T] implying that T < e.

Theorem 2.13. Let u(t,z) be a viscosity solution of the Cauchy problem defined on ) as in the
previous theorem.
i) The minimum pointy for (t,x) € Q in is unique if and only if u(t,x) is differentiable in x.
Moreover in this case y = x — tH,(Dyu(t, ).
i) (Dynamic Programming Principle) Fiz (t,x) € Q, then for all t’ € [0, ]

u(t,z) = min {u(t’,z) +(t—t)L (”” - Z) }

z2€Q, t— t/

iil) Let 0 < s <t, let (t,z) € Q and y be a minimum point in . Let z =%z + (1—%)y. Theny
is the unique minimum point for

u(s.z) = min {u(o,y) +sL <Z_sw> } .

Definition 2.14. Let y € Qg be a minimizer for u(t,x). We call optimal ray the segment [(¢, ), (0,y)]
defined in [0, ¢].

Proposition 2.15. Let [(¢,z),(0,y)] and [(t,z)",(0,y")] be two optimal rays in [0,t], for z,a’ €
Y,y € Qo then they cannot intersect except at time 0 or t.

Proof. It follows from Theorem iii). O

Proposition 2.16. Let ug be a semiconcave function. Then the unique viscosity solution u(t,x) of
is semiconcave in x, for all t € [0,T].

Theorem 2.17 (Semiconcavity Theorem). Suppose H is locally uniformly convex. Then for any t in

(0,7, u(t,-) is locally semiconcave with semiconcavity constant C(t) = % Thus for any fixed T > 0 there
exists a constant C' = C(7) such that u(t,-) is semiconcave with constant less than C for any t > 7.

Moreover u is also locally semiconcave in both the variables (t,z) in (0,T] x R™.

2.7. Duality solutions. We consider a fixed interval of time [0, 1], and we define duality solutions in
this time interval.

Definition 2.18. Setting u*t(1,2) := u(1, z), we define duality solutions for s € [0,1] and z € Q, the

backward solution
_ o 4 o r—z
u (s, z2) = ;%ng{u (Lz)—(1 8)L<1_S>},
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and the forward solution

ut(s,2) := min {u(O,y) + sL(Z;y> }

y€Qo
Remark 2.19. Note that the function v(7,y) := v~ (1 — 7,y) is a viscosity solution of

0-v—H(Dyv) =0 inC0,7] xR
v(0,y) =u(l,y) forallye Q.

Moreover the forward solution is the viscosity solution of

Owu+ H(Dyu) =0 inQC0,7] x R™,
w(0,2) =u~(0,z) for all z € Q.

Thanks to the previous remark Theorems and Propositions hold for v and the
forward solution u™.

Proposition 2.20. From the definitions above, v and u™ satisfy the following properties for v € Qy,
y € Qo and z € Q for s € (0,1)

u (Lz) =u"(L,z) =u(l,z), u™(0,y)=u"(0,y) <u(0,y), u (s,2) <ut(s,2) <u(s2).

Proof. The first two equalities are a consequence of the fact that u° and u!, defined as follows, are L(x—1v)
conjugate functions. First, for z € )y, set

(@) = min (u(0.) + Lz — 1))
ie. ul(x) =u(l,z).

Then, for y € g, set

u’(y) = gézgf{ul(w) — Lz —y)},

ie. u’(y) =u=(0,y).
From these definitions it follows u°(y) < u(0,y) and

u'(z) = min {u’(y) + L(z — y)}.
y€Qo
Indeed, let & € Q1 be a maximizer for u°(y) then
u’(y) = u'(2) — L(@ —y) < u(0,y) + L(& —y) — L(Z — y) = u(0,y).
Nevertheless, from u°(y) < u(0,y), it follows
min {u”(y) + L(z —y)} < min{u(0,y) + Lz = y)} = u'(2).
y€Qo y€Qo
On the other hand, let § be a minimizer for minyeq,{u’(y) + L(z — y)}, then we have
min {u’(y) + L(z — y)} = u°(5) + L(z — §)
yEQo
> ul(z) — L(z — §) + L(z — )
= u'(x).

Note that the definition of 4~ (s, 2) and u™ (s, 2) implies that u~(1,z) = u*(z) and u*(0,y) = u°(y).
For s in (0,1) ,the last inequality follows by

u”(s,2) = max {ul(x) - (1—S)L("’;_§>}
— Lo L)+ 2o - - (222}
< min {uo(y) + sL(ZSy)} =uT(s,2),

y€EQo

where the inequality is given by the convexity of L

o= 0 (i).

S
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Note that, from the strict convexity of L, the equality holds if and only if =2 = =¥ ie. z = sz+(1—s5)y.

s )

That is z belongs to the segment joining the maximizer x with the minimizer y.
Furthermore, due to the fact that v~ (0,y) < u(0,y), we have u™(s,2) < u(s, 2). O

Proposition 2.21. Suppose H is a smooth uniformly convex Hamiltonian. Then on a smaller set Qcn
there exists a C11(Q) function w such that u™(s,z) < w(s,z) < u't(s,2).

Proof. Thanks to the fact that H is uniformly convex u~ is semiconvex and u™ is semiconcave, thus the
proposition is a consequence of Ilmanen’s Lemma, see Lemma 4G in [I7]. ([l

The definition of backward and forward solutions can be easily generalized for every time interval
[1,t] C [0,T]. Propositions and hold even in this case.

Definition 2.22. Setting uZT(t,z) = u(t, z), we define duality solutions for s € [r,t] and z € §j, the

backward solution
_ :_ o) — (f— rT—z
uy - (8,2) = CEme%xt {u“( ,2) — (t—s)L s

and the forward solution

uf,(s,2) == min {ut,T(T, y)+ (s — T)L<Z - y) }

yeQ, S—T

3. EXTENSION AND PRELIMINARY PROPERTIES OF THE VECTOR FIELD d

We consider a viscosity solution u of the Hamilton-Jacobi equation
Owu+ H(Dyu) =0 in an open set Q C RT x R™,

where H is C%(R™) convex and

H(p)

lim —~% = +o00.
Ipl—oo [P

As already noticed, thanks to the time invariance of the equation and to Proposition [2.11} it is enough
to consider the unique viscosity solution of the following Cauchy problem

Owu+ H(Dyu) =0 in Q C[0,T] x R™,
w(0,2) = ug(x) for all x € Q,

where ug(z) is a bounded Lipschitz function on . Here we restrict to the set Q = Q5™ as in Theorem
2.12

The vector field d(t, z) := Hp(Dgu(t, z)) is well defined where u(t, z) is differentiable in z, i.e. H™-a.e.
on U, for every ¢ € [0,T].

Thanks to the Lipschitz regularity of wu(t,-) and the fact that H is smooth, the vector field d(¢,-)
belongs to [L>()]™.

Moreover d is constant along optimal rays. Indeed, thanks to Theorem iii), we have

d(t,x) =d(s,x — (t — s)d(t,x))

forall 0 < s <t.
A natural extension of d to Q is D(-) : Q@ — R

D(t,z) = {xty | yis a minimum for u;fo(t, z)} .

D(t,z) is a multi-valued function which coincides with d(¢, x) in the points (¢, ) where u(t,z) is differ-
entiable in z. Indeed, where u(t,-) is differentiable, u(t,z) = u;y(t,2) and they both admit as unique
minimizer y = z — tH,(Dyu(t, z)) in Q.

Following the results of Bianchini and Gloyer in [6], we can prove that D(¢,z) has closed graph and
thanks to the fact that D(t,x) is closed. For all ' € €, for all € > 0, there exists ¢ > 0 such that

D(t,x) C D(t,2') + B(0,¢)

for x € B(z',0) C Q;. Moreover D(t,x) is a Borel measurable function and divd(t,-) is a locally finite
Radon measure. We repeat the proof for the reader’s convenience.



8 STEFANO BIANCHINI AND DANIELA TONON

Theorem 3.1. For every t € (0,T], the divergence divd(t,-) is a locally finite Radon measure with
negative singular part.

Proof. Consider an approximation of our vector field done by taking a dense sequence of points {y;}5°,
in Q. Fix an integer I > 0, call Qf := {y;| i =1,...,I} and define for any = €

) = min {00+ (22,

Through this approximation the set €, is split into at most I open regions Q¢, i = 1,...,I, defined by

Q! := interior of {z € Q| Jy; minimizer for u} (t,z)},

Jh= U (ﬁ; ﬂﬁi)
i#]
of negligible H"-measure. Indeed, even for u}” (t,-) the set of points with more than one minimum is the

set of points of nondifferentiability of u}'(t, -) and this set has H™-measure zero. We define the vector
field d' on (2 so that on each open set Q¢

together with the set

dl(t,x) = x_tyi.
Using explicitly the definition of d/ and the fact that H"(J/) = 0,
divd! (t,z) < ?
Thanks to the pointwise convergence of d! to d
divd(t, ) — %H" <0,

i.e. divd(t,-) — $H" is a negative definite distribution, hence it is a locally finite Radon measure. Thus
divd(t,-) is itself a locally finite Radon measure.
Moreover n
divd(t,-) < ?'H",
implies that the singular part of this measure can be only negative. O

From now on we will denote u(¢,-) := divd(t, -).

Since we have proven that u(t,-) is a locally finite Radon measure, it makes sense to ask whether is
possible or not that (¢, ) has Cantor part for all ¢ in [0, T]. Note that if a Cantor part is different from
zero then it must be negative for Theorem [3.1]

3.1. General strategy. In order to prove that u(t,-) has Cantor part only for a countable number of
t’s, the general idea is now standard, see [2], [5].

We reduce to a smaller interval [r, T, for a fixed 7 > 0, and we construct, on this interval, a monotone
bounded functional F(t). Then, we relate the presence of a Cantor part for the measure u(t,-), for a
certain ¢ in [7, T, with a jump of the functional F' in ¢. Since this functional is bounded monotone it can
have only a countable number of jumps. Thus, the Cantor part of u(t,-) can be different from zero only
for a countable number of t’s.

To define F we consider the following maps: X, () : Q; —

Xir(z) =2 —(t—7)D(t, ),
and its restriction to the set Uy of points where D(t, z) is single-valued, x¢ -(z) : Uy — U-
Xt,r(x) =2 — (t — 7)d(¢, x).

We will sometimes write x¢ - (§2¢) for x¢.-(Us).
We define the functional F': (7,T] — R

F(t) == H"(xt,r (Ur)).
The functional F' is bounded, and, due to the fact that optimal rays do not intersect except at time ¢

or 0, F' is a monotone decreasing functional.
In order to apply the strategy above we need two estimates of the following type:
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i) For any Borel set A C U, for t in (7, T
(3.1) H"( X1+ (A)) > CrH"(A) — (t — 7)Capult, A),
where C1, Co are fixed positive constants.
i) For any Borel set A C €, for ¢t in (7,7] and for every 0 <6 <t — 7

n t—(r+&)\", .,
(32 1Ko = (50 ) )
where m € N, m > 0 is fixed.

Indeed with the estimates above we can prove the following lemma.

Lemma 3.2. For any t in (7,T) such that p.(t,Q:) < 0 there exists a Borel set A C Uy such that
i) H"(A) =0, pc(t, A) <0 and p(t, 2\ A) = 0;
ii) X, is single-valued on A;
iii) and for any § in (0,T — t]
Xt,r(A) N Xego,r (Qivs) = 0.

Proof. The set of points where D(t,-) is not single-valued, which coincides with the set of points where
u(t,-) is not differentiable, is an H"~!-rectifiable set, due to the Lipschitz regularity of u(t,-). Hence, the
Radon measure pu(t,-) has null Cantor part on it. This and the definition of Cantor part of a measure
imply the existence of a Borel set A such that

e d(t,x) is single-valued for every = € A,
o H"(A) =0,
o (1S \ A) =0 and pc(A) <O0.
By contradiction suppose there exists a compact set K C A such that
pre(t, K) <0
and there exists a § > 0 such that
Xir(K) = xt,7(K) C Xtt6.7(Qeys)-

Then there exists a Borel set K C Q445 such that x; - (K) = Xt+5,7’(k)' Moreover, thanks to the fact
that we are considering optimal rays starting from K, we have

Xt+5.4(K) = K.
Using the estimate ,
~ 6 m - 6 m
n —_n > n = —- " .
HOK) = M CXenalB) 2 (5= ) #srB) = (19— ) # 0K (K))

Hence

0

t+5—7> H™ (X 7 (K)).

H(K) 2 (

Moreover applying estimate ([3.1])

R

Since H™(K) = 0 we obtain u(t, A) > 0 in contrast with the fact that u.(¢, A) < 0. O

) (CYHM () — (t — 7)Clp(t, A))

The estimate (3.1)) and Lemma lead us to the expected conclusion.
Suppose there exists a ¢ in (7,T) such that

we(t, ) <0,
then let A be the set of Lemma According to Lemma iii), for any 6 > 0, we have
F(t+0) < F(t) — H"(X¢,-(A)).
Moreover, the estimate gives
F(t+9) < F(t)+ (t — 7)Capc(t, A).
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Hence, letting § — 0, we obtain

limsup F'(t + §) < F(t).
6—0
Therefore t is a point of discontinuity for F', as we wanted to prove.

4. ONE-DIMENSIONAL CASE

We first consider the one-dimensional case. In this case we don’t need any further assumption on d or
L to prove the following theorem.

Theorem 4.1. The vector field d(t,-) belongs to SBV (), out of a countable number of t € [0,T].
In the uniformly convex case, Theorem is a corollary of Ambrosio and De Lellis’s result in [2].

Proof. Since we are in the one-dimensional case, divd(t,z) = 8%d(t, x). Hence, Theorem implies that
d(t, z) belongs to BV (£2;), for every ¢ € (0,T].

Moreover, D(t,-) is semimonotone. Indeed, since we are following optimal rays for szm they do not
intersect except at time 0 or t. Thus for z1,25 € Q, 1 < 22 and dy € D(t,21),ds € D(t, z2), it must
hold

xr1 — tdl é o — tdg,
otherwise the rays cross each other at a time s € (0,¢). Hence the function 1z — D(t,z) is monotone
increasing and D(t,z) is semimonotone with constant C' = 1.

Let us consider the map X, ; for any ¢ € (7,T], 7 > 0 fixed. The fact that we are in the one-dimensional

case implies that for ¢, x, such that D(¢, x) is multi-valued,

D(t,l’) = [dlde]7
where di,ds € R are the speeds of the optimal rays for u(¢,z). Indeed, for every d,d e [d1,ds], the

ray [(¢,z), (1,2 — (¢t — 7)d)] cannot cross [(t,x), (7,2 — (t — 7)d)], since they are straight lines starting
in the same point. So optimal rays fill the triangle delimited by [(¢,z), (7,2 — (t — 7)d1)], [(t, z), (7,2 —
(t — 7)ds]. Moreover, optimal rays starting in other points cannot cross [(¢,), (1,2 — (t — 7)dy)] and
[(t,x), (1,2 — (t — T)d2)], at intermediate time, since they are optimal. Thus they cannot cross any other
ray [(t,2), (7,2 — (t — 7)d)], where d € [dy,ds]. For this reason these rays are optimal for u; (¢, z). Thus
optimal rays for the forward solution completely fill the set {Q | s € [0,¢]}.

Remark 4.2. This argument holds also in the multi-dimensional case but only for a set of points of
non-differentiability of zero dimension. The argument is not true in general when the points of non-
differentiability lie on a surface of dimension greater than zero, since rays starting in two different points
of this surface can intersect even at intermediate times.

The above consideration ensures that the map X; , is injective for 7 > 0, however this map is multi-
valued. To recover the Lipschitzianity we use the Hille-Yosida transformation as seen in [I] and [7].
For any Borel set A C @, let z € B := A+ T(A), T(x) := (Cz — D(t,x)) and w(z) := (Idy +
(T)~1)71(2). Then the following 1-Lipschitz transformations
z(z) =z —w(z)
p(z) = Cz — (C+ Nw(z),
transform our graph
{(z,p)|z€ A, peD(tz)}
into the equivalent graph of a maximal monotone function
{(z —w(2),Cz — (C+ 1)w(z))| = € B}.
Recall that C' is the semimonotonicity constant of D(t, -).
Following optimal rays starting in A with speed in D(t, A), we can now pass from X -(x) to a Lipschitz
map defined on B
&(r,2) =z—w(z) — (t—7)(Cz — (C+ Nw(z)).
Note that
{(Cz=(C+1Nw(z))| z€x+T(x)} =D(t,x)
so that X, () = {&(1,2)| z €  + T(x)} and X, . (A) = &(7, B).
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We can now apply the Area Formula to &(7, )

0 -71w w = T, 2)|dz.
(4.1) /E e /B €. (r, 2)\d

Thanks to the injectivity of the map X, ,, which is preserved when passing to the Lipschitz parametriza-
tion, the left term of (4.1)) is precisely the measure of the set (7, B). Hence, we have

/5( B) HO(g(T7 ')_1(w))dw = H1(§(7—7 B)) = Hl(Xt,‘r(A))'
Moreover, differentiating £ with respect to z we denote

€1, 2) = E(t, 2) — (t — T)EL(t, 2),

where &, (¢, 2) := %(z —w(z)) and &,(t, 2) == 8%(02 —(C+ Dw(z)).
Thus we have

H X () = [ let2) — (6= et > [ &)z = (=) [ &t
B B B
Observing that
[ttt = [ 0z Due)ds = ute. ),
B B 32’
we have proven the following estimate: given a Borel set A C , for ¢ in (7,T], we have
(4.2) HU(Xor(A) 2 H(A) = (t = 7)u(t, A).
Moreover, since for every 0 < 6 <t — 7
E(t,2) = (t— (T +6))é:(t,2) =

and &, (t, z) > 0, we have

t—(1+49)

t— (Ez(tvz) - (t—T)éz(t,Z)),

&@(t, z) +

Et.5) — (- (r+0)Et2) = T D e 1) (- )i r.2))

Thus, integrating the last equation over B, we obtain the following estimate: given a Borel set A C €

for ¢ in (7, T, then for every 0 < § <t — 7 we have

t— (1 +9)
t—T

The estimates (4.2) and (4.3 are of type (3.1) and (3.2)) respectively, thus they are enough to prove
the SBV regularity of d, as seen in Section

(4.3) HY ( Xy rrs(A)) >

Hl (Xt,T (A))

O

Remark 4.3. The SBV regularity of d(t,-) does not necessarily imply the one of %u(t, -) as well as the
BV regularity of d(t,-) does not necessarily imply the one of %u(t, -). However, in the one-dimensional

case when H is strictly convex, the divergence of d(¢, -) controls aa—;u(t, -) when a%u(t, -) is BV. Therefore,
this result can be seen as an extension of the one in [I9].

5. THE MULTI-DIMENSIONAL CASE

In [5] Bianchini, De Lellis and Robyr proved that the estimates and hold for the uniformly
convex Hamiltonian H.(p) := H(p) + §|p|* for every € > 0 in a small interval of time and with constants
strictly depending on e. Thus, the two estimates cannot pass to the limit.

Nevertheless, we can prove that the divergence divd(t, -) has Cantor part only for a countable number
of t’s, adding some hypotheses on the regularity of d and on the structure of the set of points where L is
not twice differentiable.

As already noticed, the Lagrangian corresponding to a smooth convex Hamiltonian is strictly convex
but nonsmooth in general. Particular conditions on the set of points where L is not twice differentiable will
allow us to reduce iteratively our problem to a problem of lower dimension, down to the one-dimensional
case, where, as we have seen, SBV regularity can be proven without additional assumptions.
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Before going on with the proof we set some notations. We will denote by (z1, 22, ..., 2,) the compo-
nents of the vector x € R™ and, to contract the notation, for a fixed j = 1,...,n— 1 we call £ € R"J
the vector defined so that

(@1,...,25,&) = (z1,22,...,Tp).
Given a set E C [0,7] x R™ we will denote
E;:={z eR"| (t,z) € E}
and for j=1,...,n—1

Egy,.oz; = {(t,xj_kl,...,xn)\ (t,x1,...,Tj,Tjq1,...Tp) € E}

As before we will sometimes denote with p(t,-) the Radon measure divd(t, ) defined on 2.
(HYP(0)) Suppose that the vector field d(t,-) belongs to [BV (£2;)]™ for any ¢ € [0, T].

Remark 5.1. This hypothesis is certainly satisfied when the initial datum is semiconcave, as a consequence
of Proposition However it is not true in general, see Remark 3.7. in [4] for an example of a Hamilton-
Jacobi equation with convex Hamiltonian whose vector field d is not BV.

The measure divd can have Cantor part only on a subset of the points of differentiability in z of u(t, z),
i.e. the points where D(¢, x) is single-valued. Thus we can reduce to the study of our measure on the set
U :=Q\{(t,x)| D(t,z) is multi-valued}.

Call V the set of points where L is not twice differentiable:
V :={v € R"| L(-) is not twice differentiable in v}.
Then the set U can be split into two subsets:
Y:={(t,x)eU|d(t,z) eV} and X°:=U\ZX.
(HYP(n)) Suppose V is contained in a finite union of hyperplanes.

Remark 5.2. The set V¢ := R™\ V, of points where L is twice differentiable, is clearly open because of
(HYP(n)). Moreover, since d is continuous, %€, the pre-image of V¢ through d, is relatively open in U.

Claim 1.(n) The vector field d(¢, ) belongs to [SBV (X¢)]™ out of a countable number of ¢’s in [0, 7.

Claim 2.(n) The Radon measure divd(t, -), restricted to X, can have Cantor part only for a countable
number of ¢’s in [0, T7.

The regularity of divd will follow from the previous claims and the fact that U = ¥ U X°.

Proof of Claim 1.(n). For a fixed (t,z) € ¢, the Hessian of L exists and is continuous in o := d(t, ).
Thus there exist » > 0 and an (n + 1)-dimensional ball B?*1(#,z) C Q\ ¥ where L and H are uniformly
convex.

We can also find an open cone C,.1(f,Z) C B"TY(¢,z), properly containing (,Z), over which an
Hamilton-Jacobi equation can be solved. Indeed, we take an n-dimensional ball as base,

B" C (BYTH(E,2))i-0 C (2\ D)io,
for a certain 0 < o < r, and we fix the height of length [ € R, 0 < I < 2r. The height must be chosen
according to the speed of propagation of the solution and such that t <t — o + [
Consider now the viscosity solution @ of the Cauchy problem
Ou+ H(Dyu) =0 in Cp11(t,7),
ﬂ(t — 0, 33) = U(t - U,Z‘)]an (]})7
where 1g(z) is the indicator function of the set E. Note that u(t,z) = u(t,z) on Cpi1(L, T).
Thanks to the uniform convexity of H over C,,11(f, ), the main theorem of [5] ensures that the vector
field B
d(t,-) == Hp(Dyuf(t,-))
is SBV out of a countable number of t’s in [t — 0, — o +1].
The vector fields d(t, -) and d(t, -) are both BV and coincide on (Cj,41(%, Z)):, thus, by Proposition

D,d(t,-) = D,d(t,-).
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Therefore d(t, ) belongs to SBV ((Cp+1(%,Z)):) out of a countable number of ¢’s in [f — o,t — o + .
Finally, using the fact that R™ is a countable union of bounded sets, we can apply Besicovitch covering
theorem, see [3], to prove that the set ¥¢ can be fully covered by a countable number of cones C? 11, for
i € N, with the property stated above. Thus d(t,-) belongs to [SBV (X£)]™ out of a countable number of
t’s in [0, 7. O

We consider now the behavior of divd on the set ¥. In order to prove Claim 2.(n), in the n-dimensional
case, n > 2, we need some other hypotheses on L and its restriction to the set of points where L is not
twice differentiable. No additional hypotheses are needed in the case n = 2.

Proof of Claim 2.(n). 2-Dimensional case. First, suppose V is a single straight line. Without loss of
generality we can fix V = {v € R?| v; = 0}.
Call Ly : R — R the restriction of the Lagrangian L to V,
Lv(vg) = L(O7'U2)
for any vy € R. Call I C R the set of every x; in R such that 3., is nonempty. Note that if (¢, z3) € X,
then (0, zo — tda(t, (x1,22))) belongs to X, because d(t, (z1,22)) = (0,da(t, (z1,22)))-
For every 1 € I, we consider the one-dimensional Hamilton-Jacobi equation for the function u,, (¢, z2).
Oy, + Hy (Dgyz,) =0 in X,
Uz, (0, 22) = u(0, (x1,22)) Vo € (Xg,)o,
where Hy (p) is the Hamiltonian associated to Ly (v).
The viscosity solution u,, (¢, z2) is equal to u(t, (z1,x2)) for every (¢, (x1,x2)) € X. Indeed

) = iy fu0,00,30) + ez (272 ) b= iy fu0,0m) + 02 (0,272 ) = ate o1,

y2€ t y2€R t

where the last equality follows from the fact that, for (¢,2) in X, the unique minimizer in the representation
formula (2.3)) is y = (21 — td1(t, x), xo — tda(t,z)) and d(t, (x1,22)) = (0,da(t, (x1,22))) = d(0, (z1, 22 —
tdy(t, (x1,2)))). Let us define as usual

de, (t,22) = (Hy ) py (D, ug, (¢, x2))

and
t ) = id (t )
l’l’$1( ) T afL'Q 1 v )"
The vector field d, (¢, -) is one-dimensional. Hence, by Theorem dy, (t,-) belongs to BV ((X4,)t)
for any x; € I, for any ¢ € [0, 7.
On the set ¥ C U, the matrix of Radon measures D,d has no jump part. Moreover, since ¥; is
contained in the set {z| di(t,z) = 0} and d(t,-) is BV, Proposition implies

0 0
— i) = — ) =0.
8.’£1 dl(t, t) 0 and axle(t, t) 0
Therefore 5
led(t7 ) = ai@dg(t, ) on Zt.

For every (t,x) € X, ug, (t,2) = u(t, (r1,22)) implies
da(t, z) = dy, (¢, 22).
The vector field da(t, (z1,)) is a one-dimensional restriction of da(t,-) thus, by Proposition belongs
to BV ((2,,):) for H'-a.e. z1 € I. Since even dy, (t,-) is BV on (Z,, )¢, Proposition [2.3] implies
St (01,7)) = 5 ()
for H!-a.e. ¥y € I. Therefore taken a Borel set A C ¥; and any ¢ € C°(%,),

[ ot@yutra) = [ | ) (1, 72)

Thanks to the convexity of Ly, we can apply Theorem to g, (t,+) and obtain the following esti-
mates.
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For any 7 > 0, let A be a Borel set in X4, for ¢t € (7,T]. Then for any 0 < § < ¢t — 7, and every section
Ay, for z1 € I, we have

Hl(Xf}(Am)) > Hl(Azl) - (t - T):um (thdn)v

0 (xp (4n))

Here we denote by X;’} (72) the one-dimensional map defined on (X, );
Xf;(xg) = x9 — (t — 7)dy, (t,22).
The corresponding 2-dimensional map
Xir(z) =2 —({t—"7)d(t, ),

Hl (th,'lrJré (AIl )) =

reduces to
Xir (@) = (21, X7 (22))
for every = € 3.
We can integrate the previous estimates with respect to H! on I C R to recover estimates of type

and .

For any 7 > 0, given a Borel set A C X, for ¢ in (7, 7], we have
M (X1.r(A)) 2 HA(A) = (t = 7)u(t, A).
For any 7 > 0, given a Borel set A C ¢, for ¢ in [7,T] and 0 < § <t — 7 we have
t—(149)
t —_
Thus the strategy seen in the Section can be easily applied to prove that u(t,-), restricted to 3,
can have Cantor part only for a countable number of ¢’s in [0, 7.

H?(Xtri6(A4)) 2 H*(Xy,-(A)).

Remark 5.3. Note that in this case nothing can be said about the Cantor part of a%ldg(t, -). Thus we
cannot say that d(t,-) belongs to [SBV (£2;)]?.

Consider now the case in which V consists of a finite number of straight lines. When we consider u(-, -)
restricted to the points of ¥ such that d(t, ) belongs only to a part of one of the straight lines, we can
apply the considerations done in the case where V' consists only of a single straight line. On the other
hand, when we consider u(-,-) restricted to the points of ¥ such that d(t,z) belongs to an intersection
point (v1,v2) of two, or more, straight lines, the divergence divd(¢,-) must be zero on every Borel subset
of {z| di(t,x) = v1,da(t,z) = va}, by Proposition Thus the measure u(t,-), restricted to ¥, can
have Cantor part only for a countable number of #’s in [0, T] even when V consists of a finite number of
straight lines. The case in which V is contained in a finite number of straight lines is analogous.

n-Dimensional case. We prove the claim iterating a subdivision of ¥ down to the dimension one.

Call V;, := V. At the step n — j, for j = n,...,3, we first suppose that V; consists of a single
(j — 1)-dimensional plane, without loss of generality we can fix

Vi={veR"vi=0,...,0p41—; = 0}.
Call Ly, : RI=! — R the restriction of Ly,,, to V},
Ly, (v) := Lv,,,(0,2) = L(0,...,0,0)
for any o € RI—1,
(HYP(j-1)) We require that the restriction Ly, is twice (j — 1)-differentiable out of the set V;_1,
Vi1 :={(0,...,0,8) € R"| ® € R7™", Ly, (-) is not twice differentiable in 9},

and V;_, is contained in a finite number of (j — 2)-dimensional planes.
Then we can subdivide 3; into two sets:

Ejfl = {(t,l’) € EJ| d(t,:c) S ‘/j,1} and 2;71 = Zj \ Ejfl.

Thus, at every step, we have to prove the following claims.
Claim 1.(j-1) The Radon measure divd(t, -), restricted to (3%_;);, can have Cantor part only for a
countable number of ¢’s in [0, 7.
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Claim 2.(j-1) The Radon measure divd(t, -), restricted to (X;_1):, can have Cantor part only for a
countable number of ¢’s in [0, 7.

Proof of Claim 1.(j-1) . We will prove it for j = n, in the other cases the proof is similar.

For a fixed (¢,Z) € X¢_,, the Hessian of Ly exists and is continuous in 9 := (da(t, Z),...,d,(t, 7)) €
R"~L. Thus there exist » > 0 and an (n + 1)-dimensional ball B**1(¢,z) C Q\ ¥,,_1 where Ly and Hy
are uniformly convex.

We can also find, as we did in the proof of Claim 1.(n), an open cone C,,11(¢,Z) C B""1(¢,Z) of height
[t —o,t — o +1], for a certain 0 < 0 <7, ¢t <t— o+ 1 and base B™, which contains properly (¢,Z). On
every section (Cy11(¢,Z))z,, for every 1 € I :={z € R| (Cp,11(£,Z)). # 0}, we can consider the viscosity
solution @, of the (n — 1)-dimensional Hamilton-Jacobi equation

815721'1 + HV(D:%ﬂxl) =0 in (Cn-ﬁ-l(fv i'))xw
Uy, (t —0,2) = u(t — o,2)1pn(x).

As usual we define

da, (t,2) := (Hy )p(Dzla, (t, 7))-
and
L, (¢, ) = div,—1dy, (¢, ).

The vector field d, (t, -) belongs to [BV (((Cry1(£,%))s, )¢)]" ! for any x; € I, for any t € [t—o,t—0+1].
Indeed in every (Cp41(¢, %))z, Hy is uniformly convex.

Since we have a uniform convexity constant for Hy, which holds on every (Cy11(t,Z))s,, for 1 € I,
we can arrange [ small enough, eventually subdividing the cone, so that the following two estimates hold
with uniform constants C,C5 > 0, which do not depend on ;.

Let t —o <7 <t—o0+1, let Abe a Borel set in (Cp41(t,7))s, for ¢ in [7,# — o + ). Then, for any
0<§<t—r7andevery set A, , for x; € I, we have

Hnil(th,}r(Axl)) > Cl,Hnil(Azl) - (t - T)CQﬁﬂu (t7 Aml)a

n—1
t‘(”)) W (K (Ay)).

t—T

M R (40) = (

Here the (n — 1)-dimensional map X1 () is defined as

XPU(3) = & — (t — 7)dy, (£, ).

t,T

Consider now the vector field d.
On the set Cp11(t,7) C U, the matrix of Radon measures D,d has no jump part. Moreover, since
(Cr+1(t,@))¢ is contained in the set {z| dy(t,z) = 0} and d(¢,-) is BV, Proposition [2.4] implies
0 _
—di(t, (Cpa1(t,@))) =0 for j=1,...,n.
a{L'j
Therefore
divd(t,-) = div,,_1d(t,-) on (Cpy1(t,T))s,
d(t,z) == (da(t,2),...,dn(t, x)).
For every (t,x) € Cpy1(t, T), Ug, (¢, 22) = u(t, (x1,72)) implies
d(t,z) = dy, (£, 7).
The vector field d(t,z1,-), being an (n — 1)-dimensional section of the BV vector field d(t, ), belongs,
by Proposition to [BV((Zn_1)z,)]" "t for H'-a.e. 1 such that (X,,_1),, is nonempty.
Since even d, (¢,-) is BV on (Cp+1(%, T))t, Proposition [2.3| implies
divy,—1d(t, (x1,)) = dive_1dg, (¢, )

for almost every 7 such that (3,-1),, is non empty. Therefore taken a Borel set A C (Cy41(%,Z)): and

any ¢ € Cgo((CnJrl(ﬂ 'i‘))t)’
[ ot@dutea) = [ | O, 18
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Moreover, for every z € (Cpy1 (%, Z))s

Xir(r) =2~ (t—71)d(t,x) = (21, X1 (2)).

T

The uniformity on every A,, allows us to integrate with respect to H!, over the set I, to obtain the
following estimates.
Let t —o < 7 < t, let A be a Borel set in (Cp11(t,%))s, for t in [t — 0, — 0 4+ 1]. Then for any
0<§<t—r,it holds
H(Xo7(A)) = CyH™(A) — (¢ — 7)Cap(t, A),

1 (s = (D) e (),

t—T
Therefore, repeating the standard procedure seen in Section we can prove that u(t,-) := divd(t, -)
has Cantor part only for a countable number of ¢’s in [t — o, — o + [].
Finally, using again Besicovitch theorem, the set £¢,_; can be fully covered by a countable number of
cones C},_; for i € N with the property stated above. Thus the Radon measure divd(t,-) can have Cantor

part on (X¢_;)¢ only for a countable number of ¢’s in [0, T1. O

We iterate the procedure subdividing ;1 in ¥;_» and ¥$_,. Hence to prove Claim 2.(j-1) is enough
to prove Claim 2.(2), i.e. for j = 3.

Claim 2.(2) The Radon measure divd(¢,-), restricted to (22);, can have Cantor part only for a
countable number of ¢’s in [0, 7.

Proof. The proof is equal to the one done in the 2-dimensional case. We rewrite it with the notation
which applies in this case.
First, suppose V3 is a single straight line. Without loss of generality we can fix
Vo = {”U S [Rn| v1 =0,...,0,1 :0}
Recall that V5 is a straight line in V3 = {v € R"*| v; =0,...,v,_2 = 0}.
Call Ly, : R — R the restriction of the Lagrangian Ly, to Vs,
Ly, (vs) := Ly, (0,v,) = L(0,...,0,v,)

for any v, € R. Fori =1...,n—1, call I; C R the set of every z; in R such that (X3),, is nonempty and
I:=I x--x1I,_ 1 CR".

For every (z1,...,2,-1) € I, we consider the one-dimensional Hamilton-Jacobi equation for the func-
tion ug, . w,_, (& Tn).

atuail,m,wnfl + HV2 (D:L’nuwly'“)ajnfl) =0 in (22)I17~'~,$n717
Uzy,...ozn_1 (07 xn) = U(O, (-7317 s 71‘71)) YV, € ((22)301,...,1”,1)0’

where Hy, (p,,) is the Hamiltonian associated to Ly, (vp,).

The viscosity solution g, .. 4, , (¢, xy) is equal to u(t, (z1,...,x,)) for (¢, (z1,...,2,)) € Ua. Indeed
. Ty —
Ug, oz (5 T0) = min {u(O, (T1, .-, Tn1,Yn)) + Ly, ( = ; y”)} =u(t, (z1,...,75)),

where the last equality follows from the fact that, for (¢,x) in X5, the unique minimizer in (2.3)) is
y = (x1 —tdi(t,x),...,z, — td,(t,x)) and d(t,z) = (0,...,0,d,(t,x)) on Xa.
Let us define as usual

and
0
Hay,.mn_1 (t’ ) T ai‘rndwlwuyxn—l (tv )

The vector field dy, ... 4, ,(t,-) is one-dimensional. Hence, by Theorem gy, (L, ) belongs to
BV (((22)sy,...4n_1)¢) for any (z1,...,2,-1) € I, for any ¢ € [0,T].

On the set Yo C U, the matrix of Radon measures D,d has no jump part. Moreover, since (Xg); is
contained on the set {z| di(¢t,2) =0,...,d,_1(t,z) = 0} and d(t,-) is BV, Proposition implies

0

%di(t,(Zg)t):O fore=1,....,n—1landl=1,...,n.
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Therefore

9

oz,

For every (t,x) € Xg, Uz, 2, . (t,xn) = u(t, (21,...,2,)) implies
dn(ta :17) = dmlv“vxnfl (tv xn)

The vector field d,, (¢, (x1,...,Zn—1,-)) is a one-dimensional restriction of d,, (¢, -) thus, by Proposition
belongs to BV (((£2)4,,....5,_,)¢) for almost every (x1,...,2,-1) € I. Since even dy, .. 4. ,(t,-) is BV on
((Z2) 21,1 )t Propositionimplies

0 P
T%dn(t, (T1, . Tp1,)) = .

for H" t-a.e. (21,...,2,_1) € I . Therefore taken a Borel set A C (33); and any ¢ € C°((32)¢),

| etwrnto = [ [

Thanks to the convexity of Ly, , we can apply Theorem [4.1{to piz, .
estimates.

For any 7 > 0, let A be a Borel set in (X2)¢, t € (7,T]. Then for any 0 < § <t — 7 and every section
Agroioan s for (x1,...,2,-1) € I, we have

Hl(thc,‘ll'"”7w”L71(Aﬂil,m,znfl)) > Hl(Azlsnwwnfl) - (t - T)Mwl,m,wnfl(t? AI1,~~,1n71)7

divd(t,-) = dp(t,:) on (Z2):.

drl,...,mn_l (t7 )

(z)(x)dum],.“,xn,l (ta xn)d(xla .. axn—l)-

Lp,...,T

(t,-) and obtain the following

sy Tn—1

t—(1+49)

A A 0)) 2

,Hl(X:m ..... mn_l(Axl,...,mn_J)'

Here we denote by X L1

tr (xy,) the one-dimensional map defined on ((X2)s,,... 2, 1)t

th,;)wwnil(xn) =z, — (- T)dm,m’wnq (t, z).
The corresponding n-dimensional map defined on (X3);
Xiqr(x) =2 — (t—7)d(t, ),

reduces to
Xir(x) = (x1, .y g, Xp o (2,)

t,T
for every z € (X2):.
We can integrate the previous estimates with respect to #" ! over I to recover estimates of type (i3.1)
and (3.2). For any 7 > 0, given a Borel set A C (X2)¢, for ¢ in [7, T, we have

(5.1) HO (X, (A)) > HP(A) — (t = 7)plt, A).
For any 7 > 0, given a Borel set A C Xy, for ¢ in [1,T] and 0 < § <t — 7 we have
t—(r+946
) H(Xrs( ) = T D, ),

Thus the strategy seen in the Section [3.1] can be easily applied to prove that (¢, -), restricted to (32),
can have Cantor part only for a countable number of ¢’s in [0, 7.

Consider now the case in which V5 consists of a finite number of straight lines. When we consider p(-, -)
restricted to the points of Yo such that d(t,x) belongs only to a part of one of the straight lines, we can
apply the considerations done in the case where V5 consists only of a single straight line. On the other
hand, when we consider pu(-,-) restricted to the points of o such that d(¢,x) belongs to an intersection
point of two, or more, straight lines, the divergence divd(t, ) = u(t,-) must be zero on every Borel set,
as seen in the 2-dimensional case. The case in which V5 is contained in a finite number of straight lines
is analogous.

Thus the measure u(t,-) can have Cantor part only for a countable number of ’s in [0, 7] even when
V5 is contained in a finite number of straight lines. O
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Once Claim 2.(2) is proved, we can iteratively prove all the others Claims 2.(j-1) for j = 4,--- ,n
just by repeating the same considerations for the general case in which V; consists of a finite union of
(j — 1)-dimensional planes. This case can be treated as usual distinguishing the two cases. When we
consider p(-,-) restricted to the points of £; such that d(¢, z) belongs only to a part of one of the (j —1)-
dimensional planes, we can apply the considerations done in the case where V; consists only of a single
(j — 1)-dimensional plane. On the other hand, when we consider pu(-,-) restricted to the points of ¥;
such that d(¢, ) belongs to a (j — 2)-dimensional plane intersection of two, or more, (j — 1)-dimensional
planes, we can reduce the problem to the (j —2)-dimensional case. Indeed in this case we can apply again
the iterative proof. The case in which Vj is contained in a finite number of (j — 1)-dimensional planes is
analogous.

The considerations above done for j = n + 1 conclude even the proof of Claim 2.(n). O

Let us recall all the necessary assumptions.
Suppose H is C?(R™) convex and

H(p)

m ——- = +00.
lpl—oo [P

(HYP(0)) The vector field d(t,-) belongs to [BV ()" for every t € [0, T].

Define V,, as

Vi, :={v € R"| L(-) is not twice differentiable in v},
and
Yo, = {(t,x) €Ul d(t,z) € Vo,} and XY :=U\X; .

(HYP(n)) We suppose V.. to be contained in a finite union of hyperplanes II, .

For j =n,...,3 for any (j — 1)-dimensional plane 7;_; in Il.,, let L, | : m;_1 — R be the (j —1)-
dimensional restriction of L to m;_; and

Va,_ i ={vemj_1] Lx,_,(-) is not twice differentiable in v}.

Define
Yo,y ={(t2) € Zr | d(t,z) € Vi b and T =30\ S .

(HYP(j-1)) We suppose V,_, to be contained in a finite union of (j — 2)-dimensional planes II,,_,, for
every mj_1 € Il,.

1

Remark 5.4. There is no need to ask any assumption on the one-dimensional restriction of L to a straight
line in any of the Vg, for a plane ma, since in the one-dimensional case the SBV regularity is proven
without any other assumptions on L.

Theorem 5.5. With the above assumptions (HYP(0)),(HYP(n)),...,(HYP(2)), the Radon measure divd(t, -)
has Cantor part on Q; only for a countable number of t’s in [0,T].

Ezxample 5.6. The Hamiltonian

is such that the hypotheses (HYP(n)),..., (HYP(2)) are satisfied. Indeed the corresponding Lagrangian

n—1 2
’Ui(’l)i)% + <v;)

is not twice differentiable on the set V = {v € R*| vy =0} U---U {v € R"| v,—1 = 0} which is a finite
union of hyperplanes. Every restriction on one of these hyperplanes is not twice differentiable on a finite
union of (n — 2)-planes and so on.

Corollary 5.7. Let D u(t,) belong to [BV(2)]" for every t € [0,T] and let L satisfy (HYP(n)),...,
(HYP(2)), then the Radon measure divd(t,-) has Cantor part on Q: only for a countable number of t’s
in [0,T].

Proof. If Dyu(t,-) belongs to [BV(Q)]™ for every t € [0,T], then d(¢,-) = H,(Dyu(t,-)) belongs to
[BV (Q)]™ for every ¢ € [0,T]. O
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Corollary 5.8. Let u(0,-) be semiconcave and let L satisfy (HYP(n)),..., (HYP(2)), then the Radon
measure divd(t,-) has Cantor part on Q4 only for a countable number of t’s in [0,T].

Proof. Tt follows from Proposition [2.16} O

(1]
2]

(3]

(10]
(11]
(12]

(13]
(14]

[15]
[16]
(17]

(18]
19]

REFERENCES

G. Alberti and L. Ambrosio. A geometrical approach to monotone functions in R". Math. Z., 2:259-316, 1999.

L. Ambrosio and C. De Lellis. A note on admissible solutions of 1D scalar conservation laws and 2D Hamilton-Jacobi
equations. J. Hyperbolic Differ. Equ., 31 (4):813-826, 2004.

L. Ambrosio, N. Fusco, and D. Pallara. Functions of bounded variation and free discontinuity problems. Oxford Uni-
versity Press, 2000.

S. Bianchini. On the Euler-Lagrance equation for a variational problem. DCDS-A, 17:449-480, 2007.

S. Bianchini, C. De Lellis, and R. Robyr. SBV regularity for Hamilton-Jacobi equations in R™. Arch. Ration. Mech.
Anal., 200:1003-1021, 2011.

S. Bianchini and M. Gloyer. On the Euler-Lagrange equation for a variational problem: the general case ii. Math. Z.,
265:889-923, 2010.

S. Bianchini and D. Tonon. Sbv regularity for Hamilton-Jacobi equations with Hamiltonian depending on (¢, ). Sub-
mitted, 2011.

P. Cannarsa, A. Mennucci, and C. Sinestrari. Regularity results for solutions of a class of Hamilton-Jacobi equations.
Arch. Ration. Mech. Anal., 140:197-223, 1997.

P. Cannarsa and C. Sinestrari. Viscosity solutions of Hamilton-Jacobi equations and optimal control problems.
Birkhauser, Boston, 2004.

P. Cannarsa and H.M. Soner. On the singularities of the viscosity solutions to Hamilton-Jacobi equations. Indiana
Univ. Math. J., 36:501-524, 1987.

M.G. Crandall, L..C. Evans, and P.-L. Lions. Some properties of viscosity solutions of Hamilton-Jacobi equations. Trans.
Amer. Math. Soc., 282:487-502, 1984.

M.G. Crandall and P.-L. Lions. Viscosity solutions of Hamilton-Jacobi equations. Trans. Amer. Math. Soc., 277:1-42,
1983.

L. C. Evans. Partial differential equations. American Mathematical Society, RI, 2010.

W.H. Fleming. The Cauchy problem for a nonlinear first order partial differential equation. J. Differential Equations,
5:515-530, 1969.

W.H. Fleming and R.W. Rishel. Deterministic and stochastic optimal control. Springer, New York, 1975.

W.H. Fleming and H.M. Soner. Controlled Markov process and viscosity solutions. Springer, Berlin, 1993.

Tom Ilmanen. The level-set flow on a manifold. In Differential geometry: partial differential equations on manifolds
(Los Angeles, CA, 1990), volume 54 of Proc. Sympos. Pure Math., pages 193-204. Amer. Math. Soc., Providence, RI,
1993.

P.-L. Lions. Generalized solutions of Hamilton-Jacobi equations. Pitman, Boston, 1982.

R. Robyr. SBV regularity of entropy solutions for a class of genuinely nonlinear scalar balance laws with non-convex
flux function. J. Hyperbolic Differ. Equ., 5:449-475, 2008.

STEFANO BIANCHINI

SISSA, viaA BONOMEA, 265, 34136 TRIESTE, ITALY,
PHONE +39 040 3787 434, FAx +39 040 3787 528

E-mail address: bianchin@sissa.it

DANIELA TONON

INSTITUT DE MATHEMATIQUES DE JUSSIEU, UNIVERSITE PIERRE ET MARIE CURIE, CASE 247, 4 PLACE JUSSIEU, 75252 PARIS,
FRANCE,
PHONE +33 144279863

E-mail address: tonondaniela83@gmail.com



	1. Introduction
	2. Preliminaries
	2.1. Generalized differentials
	2.2. Decomposition of a Radon measure
	2.3. BV and SBV functions
	2.4. Semiconcave functions
	2.5.  Viscosity solutions
	2.6. Properties of the viscosity solution of Hamilton-Jacobi equations
	2.7. Duality solutions

	3. Extension and preliminary properties of the vector field d
	3.1. General strategy

	4. One-dimensional case
	5. The multi-dimensional case
	References

