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❆❜str❛❝t✳

❚❤✐s ✇♦r❦ ❛✐♠s ❛t r❡❝♦♥str✉❝t✐♥❣ P❡tr✐ ♥❡t ♠♦❞❡❧s ❢♦r ❜✐♦❧♦❣✐❝❛❧ s②st❡♠s ❢r♦♠
❡①♣❡r✐♠❡♥t❛❧ t✐♠❡✲s❡r✐❡s ❞❛t❛✳ ❚❤❡ r❡❝♦♥str✉❝t❡❞ ♠♦❞❡❧s s❤❛❧❧ r❡♣r♦❞✉❝❡ t❤❡ ❡①✲
♣❡r✐♠❡♥t❛❧❧② ♦❜s❡r✈❡❞ ❞②♥❛♠✐❝ ❜❡❤❛✈✐♦r ✐♥ ❛ s✐♠✉❧❛t✐♦♥✳ ❋♦r t❤❛t✱ ✇❡ ❝♦♥s✐❞❡r
P❡tr✐ ♥❡ts ✇✐t❤ ♣r✐♦r✐t② r❡❧❛t✐♦♥s ❛♠♦♥❣ t❤❡ tr❛♥s✐t✐♦♥s ❛♥❞ ❝♦♥tr♦❧✲❛r❝s✱ t♦ ♦❜✲
t❛✐♥ ❛❞❞✐t✐♦♥❛❧ ❛❝t✐✈❛t✐♦♥ r✉❧❡s ❢♦r tr❛♥s✐t✐♦♥s t♦ ❝♦♥tr♦❧ t❤❡ ❞②♥❛♠✐❝ ❜❡❤❛✈✐♦r✳
❆♥ ✐♥t❡❣r❛t✐✈❡ r❡❝♦♥str✉❝t✐♦♥ ♠❡t❤♦❞✱ t❛❦✐♥❣ ❜♦t❤ ♣r✐♦r✐t② r❡❧❛t✐♦♥s ❛♥❞ ❝♦♥tr♦❧✲
❛r❝s ✐♥t♦ ❛❝❝♦✉♥t✱ ✇❛s ♣r♦♣♦s❡❞ ❜② ❋❛✈r❡ ❛♥❞ ❲❛❣❧❡r ✐♥ ✷✵✶✸✳ ❍❡r❡✱ ✇❡ ❞❡t❛✐❧
t❤❡ ❛s♣❡❝t ♦❢ ❝❤♦♦s✐♥❣ ♣r✐♦r✐t✐❡s ❛♥❞ ❝♦♥tr♦❧✲❛r❝s s✉❝❤ t❤❛t ❞②♥❛♠✐❝ ❝♦♥✢✐❝ts ❝❛♥
❜❡ r❡s♦❧✈❡❞ t♦ ✜♥❛❧❧② ❛rr✐✈❡ ❛t t❤❡ ❡①♣❡r✐♠❡♥t❛❧❧② ♦❜s❡r✈❡❞ ❜❡❤❛✈✐♦r✳

❑❡②✇♦r❞s✿ P❡tr✐ ♥❡ts✱ t✐♠❡✲s❡r✐❡s ❞❛t❛✱ ♣r✐♦r✐t② r❡❧❛t✐♦♥s✱ ❝♦♥tr♦❧✲❛r❝s

❘és✉♠é

❈❡ tr❛✈❛✐❧ ✈✐s❡ à r❡❝♦♥str✉✐r❡ ❞❡s ♠♦❞è❧❡s à ❧✬❛✐❞❡ ❞❡ rés❡❛✉① ❞❡ P❡tr✐ ♣♦✉r ❧❡s s②s✲
tè♠❡s ❜✐♦❧♦❣✐q✉❡s à ♣❛rt✐r ❞❡s sér✐❡s ❞❡ ❞♦♥♥é❡s ❡①♣ér✐♠❡♥t❛❧❡s ❝❤r♦♥♦❧♦❣✐q✉❡s✳
▲❡s ♠♦❞è❧❡s r❡❝♦♥str✉✐ts ❞♦✐✈❡♥t r❡♣r♦❞✉✐r❡ ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞②♥❛♠✐q✉❡ ♦❜s❡r✲
✈é❡ ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t ❧♦rs ✉♥❡ s✐♠✉❧❛t✐♦♥✳ P♦✉r ❝❡❧❛✱ ♥♦✉s ✉t✐❧✐s♦♥s ❞❡s rés❡❛✉①
❞❡ P❡tr✐ ❛ss♦❝✐és à ❞❡s r❡❧❛t✐♦♥s ♣r✐♦r✐t❛✐r❡s ❡♥tr❡ ❧❡s tr❛♥s✐t✐♦♥s ❡t ❝♦♥trô❧❡✲❛r❝s✱
❛✜♥ ♦❜t❡♥✐r ❞❡s rè❣❧❡s ❞✬❛❝t✐✈❛t✐♦♥ s✉♣♣❧é♠❡♥t❛✐r❡s ♣♦✉r ❧❡s tr❛♥s✐t✐♦♥s ❡t ❛✐♥s✐
❝♦♥trô❧❡r ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞②♥❛♠✐q✉❡ ❞❡ ♥♦tr❡ ♠♦❞è❧❡✳ ❯♥❡ ♠ét❤♦❞❡ ❞❡ r❡✲
❝♦♥str✉❝t✐♦♥ ✐♥té❣ré❡✱ ♣r❡♥❛♥t ❧❡s ❞❡✉① r❡❧❛t✐♦♥s ♣r✐♦r✐t❛✐r❡s ❡t ❝♦♥trô❧❡✲❛r❝s ❡♥
❝♦♠♣t❡✱ ❛ été ♣r♦♣♦sé ♣❛r ❋❛✈r❡ ❡t ❲❛❣❧❡r ❡♥ ✷✵✶✸✳ ■❝✐✱ ♥♦✉s ❞ét❛✐❧❧♦♥s ❧✬❛s♣❡❝t
❞❡ ❝❤♦✐① ❞❡s ♣r✐♦r✐tés ❡t ❝♦♥trô❧❡✲❛r❝s ❛✐♥s✐ q✉❡ ❧❡s ❝♦♥✢✐ts ❞②♥❛♠✐q✉❡s ♣♦✉✈❛♥t
êtr❡ rés♦❧✉s ♣♦✉r ✜♥❛❧❡♠❡♥t ❛rr✐✈❡r à ✉♥ ♠♦❞è❧❡ r❡♣r♦❞✉✐s❛♥t ❧❡s ❝♦♠♣♦rt❡♠❡♥ts
♦❜s❡r✈és ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t✳

▼♦ts ❝❧és ✿ ❘és❡❛✉① ❞❡ P❡tr✐✱ ❞♦♥♥é❡s ❞❡ sér✐❡s t❡♠♣♦r❡❧❧❡s✱ r❡❧❛t✐♦♥s ❞❡ ♣r✐♦✲
r✐tés✱ ❛rêt❡s ❞❡ ❝♦♥tr♦❧

❆❝❦♥♦✇❧❡❞❣❡♠❡♥t✳

❚❤✐s ✇♦r❦ ✇❛s ❢♦✉♥❞❡❞ ❜② t❤❡ ❋r❡♥❝❤ ◆❛t✐♦♥❛❧ ❘❡s❡❛r❝❤ ❆❣❡♥❝②✱ t❤❡ ❊✉r♦♣❡❛♥
❈♦♠♠✐ss✐♦♥ ✭❋❡❞❡r ❢✉♥❞s✮ ❛♥❞ t❤❡ ❘é❣✐♦♥ ❆✉✈❡r❣♥❡ ✇✐t❤✐♥ t❤❡ ▲❛❜❊① ■▼♦❜❙3✳

✷



✶ ■♥tr♦❞✉❝t✐♦♥

❙②st❡♠s ❜✐♦❧♦❣② ❛✐♠s ❛t t❤❡ ✐♥t❡❣r❛t❡❞ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ t❤❡♦r❡t✐❝❛❧ ❛♥❛❧②s✐s
♦❢ ♠♦❧❡❝✉❧❛r ♦r ❝❡❧❧✉❧❛r ♥❡t✇♦r❦s t♦ ❛❝❤✐❡✈❡ ❛ ❤♦❧✐st✐❝ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ❜✐♦❧♦❣✐❝❛❧
s②st❡♠s ❛♥❞ ♣r♦❝❡ss❡s✳ ❚♦ ❣❛✐♥ t❤❡ r❡q✉✐r❡❞ ✐♥s✐❣❤t ✐♥t♦ t❤❡ ✉♥❞❡r❧②✐♥❣ ❜✐♦❧♦❣✐❝❛❧
♣r♦❝❡ss❡s✱ ❡①♣❡r✐♠❡♥ts ❛r❡ ♣❡r❢♦r♠❡❞ ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ❛r❡ ✐♥t❡r♣r❡t❡❞ ✐♥
t❡r♠s ♦❢ ♠♦❞❡❧s✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❜✐♦❧♦❣✐❝❛❧ ❛✐♠✱ t❤❡ t②♣❡ ❛♥❞ q✉❛❧✐t② ♦❢ t❤❡
❛✈❛✐❧❛❜❧❡ ❞❛t❛✱ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧s ❛r❡ ✉s❡❞ ❛♥❞ ❝♦rr❡s♣♦♥❞✲
✐♥❣ r❡❝♦♥str✉❝t✐♦♥ ♠❡t❤♦❞s ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞✳ ❖✉r ✇♦r❦ ✐s ❞❡❞✐❝❛t❡❞ t♦ P❡tr✐
♥❡ts ✇❤✐❝❤ t✉r♥❡❞ ♦✉t t♦ ❝♦❤❡r❡♥t❧② ♠♦❞❡❧ ❜♦t❤ st❛t✐❝ ✐♥t❡r❛❝t✐♦♥s ✐♥ t❡r♠s ♦❢
♥❡t✇♦r❦s ❛♥❞ ❞②♥❛♠✐❝ ♣r♦❝❡ss❡s ✐♥ t❡r♠s ♦❢ st❛t❡ ❝❤❛♥❣❡s✱ s❡❡ ❡✳❣✳ ❬✽✱✶✸❪✳

■♥ ❢❛❝t✱ ❛ ♥❡t✇♦r❦ P = (P, T,A,w) r❡✢❡❝ts t❤❡ ✐♥✈♦❧✈❡❞ ❝♦♠♣♦♥❡♥ts ❜② ♣❧❛❝❡s
p ∈ P ❛♥❞ t❤❡✐r ✐♥t❡r❛❝t✐♦♥s ❜② tr❛♥s✐t✐♦♥s t ∈ T ✱ ❧✐♥❦❡❞ ❜② ✇❡✐❣❤t❡❞ ❞✐r❡❝t❡❞ ❛r❝s
(p, t), (t, p) ∈ A✳ ❊❛❝❤ ♣❧❛❝❡ p ∈ P ❝❛♥ ❜❡ ♠❛r❦❡❞ ✇✐t❤ ❛♥ ✐♥t❡❣r❛❧ ♥✉♠❜❡r xp ♦❢

t♦❦❡♥s ❞❡✜♥✐♥❣ ❛ s②st❡♠ st❛t❡ x ∈ Z
|P |
+ ✱ ✐✳❡✳✱ ✇❡ ♦❜t❛✐♥ X := {x ∈ Z

|P | : xp ≥ 0}
❛s s❡t ♦❢ ♣♦t❡♥t✐❛❧ st❛t❡s✳ ❆ tr❛♥s✐t✐♦♥ t ∈ T ✐s ❡♥❛❜❧❡❞ ✐♥ ❛ st❛t❡ x ✐❢ xp ≥ w(p, t)
❢♦r ❛❧❧ p ✇✐t❤ (p, t) ∈ A✱ ✇❡ ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❛❧❧ s✉❝❤ tr❛♥s✐t✐♦♥s ❜② T (x)✳
❙✇✐t❝❤✐♥❣ t ∈ T (x) ②✐❡❧❞s ❛ s✉❝❝❡ss♦r st❛t❡ succ(x) = x′ ✇✐t❤ x′

p = xp − w(p, t)
❢♦r ❛❧❧ (p, t) ∈ A ❛♥❞ x′

p = xp + w(t, p) ❢♦r ❛❧❧ (t, p) ∈ A✳ ❉②♥❛♠✐❝ ♣r♦❝❡ss❡s ❛r❡
r❡♣r❡s❡♥t❡❞ ❜② s❡q✉❡♥❝❡s ♦❢ s✉❝❤ st❛t❡ ❝❤❛♥❣❡s✳

❖✉r ❝❡♥tr❛❧ q✉❡st✐♦♥ ✐s t♦ r❡❝♦♥str✉❝t ♠♦❞❡❧s ♦❢ t❤✐s t②♣❡ ❢r♦♠ ❡①♣❡r✐♠❡♥✲
t❛❧ t✐♠❡✲s❡r✐❡s ❞❛t❛ ❜② ♠❡❛♥s ♦❢ ❛♥ ❡①❛❝t✱ ❡①❝❧✉s✐✈❡❧② ❞❛t❛✲❞r✐✈❡♥ ❛♣♣r♦❛❝❤✳
❚❤✐s ❛♣♣r♦❛❝❤ t❛❦❡s ❛s ✐♥♣✉t ❛ s❡t P ♦❢ ♣❧❛❝❡s ❛♥❞ ❞✐s❝r❡t❡ t✐♠❡✲s❡r✐❡s ❞❛t❛ X ′

❣✐✈❡♥ ❜② s❡q✉❡♥❝❡s (x0,x1, . . . ,xk) ♦❢ ❡①♣❡r✐♠❡♥t❛❧❧② ♦❜s❡r✈❡❞ s②st❡♠ st❛t❡s✳
❚❤❡ ❣♦❛❧ ✐s t♦ ❞❡t❡r♠✐♥❡ ❛❧❧ P❡tr✐ ♥❡ts (P, T,A,w) t❤❛t ❛r❡ ❛❜❧❡ t♦ r❡♣r♦❞✉❝❡
t❤❡ ❞❛t❛✱ ✐✳❡✳✱ t❤❛t ♣❡r❢♦r♠ ❢♦r ❡❛❝❤ xj ∈ X ′ t❤❡ ❡①♣❡r✐♠❡♥t❛❧❧② ♦❜s❡r✈❡❞ st❛t❡
❝❤❛♥❣❡ t♦ xj+1 ∈ X ′ ✐♥ ❛ s✐♠✉❧❛t✐♦♥✳ ❍❡♥❝❡✱ ✐♥ ❝♦♥tr❛st t♦ t❤❡ ♥♦r♠❛❧❧② ✉s❡❞
st♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥✱ ✇❡ r❡q✉✐r❡ t❤❛t ❢♦r st❛t❡s ✇❤❡r❡ ❛t ❧❡❛st t✇♦ tr❛♥s✐t✐♦♥s
❛r❡ ❡♥❛❜❧❡❞✱ t❤❡ ❞❡❝✐s✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❛❧t❡r♥❛t✐✈❡s ✐s ♥♦t t❛❦❡♥ r❛♥❞♦♠❧②✱ ❜✉t ❛
s♣❡❝✐✜❝ tr❛♥s✐t✐♦♥ ✐s s❡❧❡❝t❡❞✳ ❚❤✉s✱ ✭st❛♥❞❛r❞✮ P❡tr✐ ♥❡ts ❤❛✈❡ t♦ ❜❡ ❡q✉✐♣♣❡❞
✇✐t❤ ❛❞❞✐t✐♦♥❛❧ ❛❝t✐✈❛t✐♦♥ r✉❧❡s t♦ ❢♦r❝❡ t❤❡ s✇✐t❝❤✐♥❣ ♦❢ s♣❡❝✐❛❧ tr❛♥s✐t✐♦♥s ✭t♦
r❡❛❝❤ xj+1 ❢r♦♠ xj✮✱ ❛♥❞ t♦ ♣r❡✈❡♥t ❛❧❧ ♦t❤❡rs ❢r♦♠ s✇✐t❝❤✐♥❣✳ ❋♦r t❤❛t✱ ❞✐✛❡r❡♥t
t②♣❡s ♦❢ ❛❞❞✐t✐♦♥❛❧ ❛❝t✐✈❛t✐♦♥ r✉❧❡s ❛r❡ ♣♦ss✐❜❧❡✳

❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ✐♥ ❬✷❪ t❤❡ ❝♦♥❝❡♣t ♦❢ ❝♦♥tr♦❧✲❛r❝s ✐s ✉s❡❞ t♦ r❡♣r❡s❡♥t ❝❛t✲
❛❧②t✐❝ ♦r ✐♥❤✐❜✐t♦r② ❞❡♣❡♥❞❡♥❝✐❡s✳ ❆♥ ❡①t❡♥❞❡❞ P❡tr✐ ♥❡t P = (P, T, (A ∪ AR ∪
AI), w) ✐s ❛ P❡tr✐ ♥❡t ✇❤✐❝❤ ❤❛s✱ ❜❡s✐❞❡s t❤❡ ✭st❛♥❞❛r❞✮ ❛r❝s ✐♥ A✱ t✇♦ ❛❞❞✐t✐♦♥❛❧
s❡ts ♦❢ s♦✲❝❛❧❧❡❞ ❝♦♥tr♦❧✲❛r❝s✿ t❤❡ s❡t ♦❢ r❡❛❞✲❛r❝s AR ⊂ P × T ❛♥❞ t❤❡ s❡t ♦❢
✐♥❤✐❜✐t♦r✲❛r❝s AI ⊂ P × T ❀ ✇❡ ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❛❧❧ ❛r❝s ❜② A = A ∪ AR ∪ AI ✳
❍❡r❡✱ ❛ tr❛♥s✐t✐♦♥ t ∈ T (x) ❝♦✉♣❧❡❞ ✇✐t❤ ❛ r❡❛❞✲❛r❝ ✭r❡s♣✳ ❛♥ ✐♥❤✐❜✐t♦r✲❛r❝✮ t♦
❛ ♣❧❛❝❡ p ∈ P ❝❛♥ s✇✐t❝❤ ♦♥❧② ✐❢ ❛t ❧❡❛st w(p, t) t♦❦❡♥s ✭r❡s♣✳ ❧❡ss t❤❛♥ w(p, t)
t♦❦❡♥s✮ ❛r❡ ♣r❡s❡♥t ✐♥ p❀ ✇❡ ❞❡♥♦t❡ ❜② TA(x) t❤❡ s❡t ♦❢ ❛❧❧ s✉❝❤ tr❛♥s✐t✐♦♥s✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐♥ ❬✶✶✱✶✺✱✶✼❪ ♣r✐♦r✐t② r❡❧❛t✐♦♥s ❛♠♦♥❣ t❤❡ tr❛♥s✐t✐♦♥s
♦❢ ❛ ♥❡t✇♦r❦ ❛r❡ ❡♠♣❧♦②❡❞ t♦ r❡✢❡❝t t❤❡ r❛t❡ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡❛❝t✐♦♥s✱
✇❤❡r❡ t❤❡ ❢❛st❡st r❡❛❝t✐♦♥ ❤❛s ❤✐❣❤❡st ♣r✐♦r✐t② ❛♥❞✱ t❤✉s✱ ✐s t❛❦❡♥✳ ■♥ ▼❛r✇❛♥
❡t ❛❧✳ ❬✶✶❪ ✐t ✐s ♣r♦♣♦s❡❞ t♦ ♠♦❞❡❧ s✉❝❤ ♣r✐♦r✐t✐❡s ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ ♣❛rt✐❛❧ ♦r❞❡rs
O ♦♥ t❤❡ tr❛♥s✐t✐♦♥s✳ ❲❡ ❝❛❧❧ (P,O) ❛♥ ✭❡①t❡♥❞❡❞✮ P❡tr✐ ♥❡t ✇✐t❤ ♣r✐♦r✐t✐❡s✱

✸



✐❢ P = (P, T,A, w) ✐s ❛♥ ✭❡①t❡♥❞❡❞✮ P❡tr✐ ♥❡t ❛♥❞ O ❛ ♣r✐♦r✐t② r❡❧❛t✐♦♥ ♦♥
T ✳ Pr✐♦r✐t✐❡s ❝❛♥ ♣r❡✈❡♥t ❡♥❛❜❧❡❞ tr❛♥s✐t✐♦♥s ❢r♦♠ s✇✐t❝❤✐♥❣✿ ❋♦r ❡❛❝❤ st❛t❡ x✱
❛ tr❛♥s✐t✐♦♥ t ∈ TA(x) ✐s ❛❧❧♦✇❡❞ t♦ s✇✐t❝❤ ♦♥❧② ✐❢ t❤❡r❡ ✐s ♥♦ ♦t❤❡r ❡♥❛❜❧❡❞
tr❛♥s✐t✐♦♥ ✐♥ TA(x) ✇✐t❤ ❤✐❣❤❡r ♣r✐♦r✐t②❀ ✇❡ ❞❡♥♦t❡ ❜② TA,O(x) t❤❡ s❡t ♦❢ ❛❧❧
s✉❝❤ tr❛♥s✐t✐♦♥s✳

❚♦ ❡♥❢♦r❝❡ ❛ ❞❡t❡r♠✐♥✐st✐❝ ❜❡❤❛✈✐♦r✱ TA,O(x) ♠✉st ❝♦♥t❛✐♥ ❛t ♠♦st ♦♥❡ ❡❧✲
❡♠❡♥t ❢♦r ❡❛❝❤ x ∈ X t♦ ❡♥❢♦r❝❡ t❤❛t x ❤❛s ❛ ✉♥✐q✉❡ s✉❝❝❡ss♦r succX (x)✱ s❡❡
❬✶✺❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳ ❋♦r ♦✉r ♣✉r♣♦s❡✱ ✇❡ ❝♦♥s✐❞❡r ❛ r❡❧❛①❡❞ ❝♦♥❞✐t✐♦♥✱ ♥❛♠❡❧②
t❤❛t TA,O(x) ❝♦♥t❛✐♥s ❛t ♠♦st ♦♥❡ ❡❧❡♠❡♥t ❢♦r ❡❛❝❤ ❡①♣❡r✐♠❡♥t❛❧❧② ♦❜s❡r✈❡❞
st❛t❡ x ∈ X ′✱ ❜✉t TA,O(x) ♠❛② ❝♦♥t❛✐♥ s❡✈❡r❛❧ ❡❧❡♠❡♥ts ❢♦r ♥♦♥✲♦❜s❡r✈❡❞ st❛t❡s
x ∈ X \ X ′✳ ❲❡ ❝❛❧❧ s✉❝❤ P❡tr✐ ♥❡ts X ′✲❞❡t❡r♠✐♥✐st✐❝✳

❇❛s❡❞ ♦♥ ❡❛r❧✐❡r r❡s✉❧ts ✐♥ ❬✷✱✸✱✹✱✶✶✱✶✼❪✱ ✇❡ ♣r♦♣♦s❡❞ ✐♥ ❬✻❪ ❛♥ ✐♥t❡❣r❛t✐✈❡
♠❡t❤♦❞ t♦ r❡❝♦♥str✉❝t ❛❧❧ X ′✲❞❡t❡r♠✐♥✐st✐❝ ❡①t❡♥❞❡❞ P❡tr✐ ♥❡ts ✇✐t❤ ♣r✐♦r✐t✐❡s
✜tt✐♥❣ ❣✐✈❡♥ ❡①♣❡r✐♠❡♥t❛❧ t✐♠❡✲s❡r✐❡s ❞❛t❛ X ′ ✭s❡❡ ❙❡❝t✐♦♥ ✷✮✳ ❚❤❡ ❝♦♥tr✐❜✉t✐♦♥
♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ❞❡t❛✐❧ t❤❡ ❛s♣❡❝t ♦❢ ❝❤♦♦s✐♥❣ ♣r✐♦r✐t✐❡s ❛♥❞ ❝♦♥tr♦❧✲❛r❝s✿ ✇❡ ❞✐s✲
❝✉ss t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ str✉❝t✉r❡s ❛♥❞ ✉♥❞❡r❧②✐♥❣ ❝♦♠❜✐♥❛t♦r✐❛❧ ♣r♦❜❧❡♠s ✇❤✐❝❤
❛❧❧♦✇ ✉s t♦ ❡✛❡❝t✐✈❡❧② r❡s♦❧✈❡ ❞②♥❛♠✐❝ ❝♦♥✢✐❝ts ✐♥ ♦r❞❡r t♦ ✜♥❛❧❧② ❛rr✐✈❡ ❛t t❤❡
❡①♣❡r✐♠❡♥t❛❧❧② ♦❜s❡r✈❡❞ ❞②♥❛♠✐❝ ❜❡❤❛✈✐♦r ✭s❡❡ ❙❡❝t✐♦♥ ✸✮✳ ❲❡ ❝❧♦s❡ ✇✐t❤ s♦♠❡
❝♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s ❛♥❞ ❧✐♥❡s ♦❢ ❢✉t✉r❡ r❡s❡❛r❝❤✳

✷ ❘❡❝♦♥str✉❝t✐♥❣ ❡①t❡♥❞❡❞ P❡tr✐ ♥❡ts ✇✐t❤ ♣r✐♦r✐t✐❡s

❲❡ ❞❡s❝r✐❜❡ t❤❡ ✐♥♣✉t✱ t❤❡ ♠❛✐♥ ✐❞❡❛s✱ ❛♥❞ t❤❡ ♦✉t♣✉t ♦❢ ♦✉r ❛♣♣r♦❛❝❤ ❢r♦♠
❬✻❪✳

■♥♣✉t✳ ❆ s❡t ♦❢ ❝♦♠♣♦♥❡♥ts P ✭st❛♥❞✐♥❣ ❢♦r ♣r♦t❡✐♥s✱ ❡♥③②♠❡s✱ ❣❡♥❡s✱ r❡❝❡♣t♦rs
♦r t❤❡✐r ❝♦♥❢♦r♠❛t✐♦♥❛❧ st❛t❡s✱ ❧❛t❡r r❡♣r❡s❡♥t❡❞ ❜② t❤❡ s❡t ♦❢ ♣❧❛❝❡s✮ ✐s ❝❤♦s❡♥
✇❤✐❝❤ ✐s ❡①♣❡❝t❡❞ t♦ ❜❡ ❝r✉❝✐❛❧ ❢♦r t❤❡ st✉❞✐❡❞ ♣❤❡♥♦♠❡♥♦♥✳

❚♦ ♣❡r❢♦r♠ ❛♥ ❡①♣❡r✐♠❡♥t✱ ♦♥❡ ✜rst tr✐❣❣❡r❡s t❤❡ s②st❡♠ ✐♥ s♦♠❡ st❛t❡ x0

✭❜② ❡①t❡r♥❛❧ st✐♠✉❧✐ ❧✐❦❡ t❤❡ ❝❤❛♥❣❡ ♦❢ ♥✉tr✐❡♥t ❝♦♥❝❡♥tr❛t✐♦♥s ♦r t❤❡ ❡①♣♦s✐t✐♦♥
t♦ s♦♠❡ ♣❛t❤♦❣❡♥s✮✱ t♦ ❣❡♥❡r❛t❡ ❛♥ ✐♥✐t✐❛❧ st❛t❡ x1✳ ❚❤❡♥ t❤❡ s②st❡♠✬s r❡s♣♦♥s❡
t♦ t❤❡ st✐♠✉❧❛t✐♦♥ ✐s ♦❜s❡r✈❡❞ ❛♥❞ t❤❡ r❡s✉❧t✐♥❣ st❛t❡ ❝❤❛♥❣❡s ❛r❡ ♠❡❛s✉r❡❞
❢♦r ❛❧❧ ❝♦♠♣♦♥❡♥ts ❛t ❝❡rt❛✐♥ t✐♠❡ ♣♦✐♥ts✳ ❚❤✐s ②✐❡❧❞s ❛ s❡q✉❡♥❝❡ ♦❢ ✭❞✐s❝r❡t❡
♦r ❞✐s❝r❡t✐③❡❞✮ st❛t❡s xj ∈ Z

|P | r❡✢❡❝t✐♥❣ t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t r❡s♣♦♥s❡ ♦❢ t❤❡
s②st❡♠ t♦ t❤❡ st✐♠✉❧❛t✐♦♥ ✐♥ x1✱ ✇❤✐❝❤ t②♣✐❝❛❧❧② t❡r♠✐♥❛t❡s ✐♥ ❛ t❡r♠✐♥❛❧ st❛t❡
xk ✇❤❡r❡ ♥♦ ❢✉rt❤❡r ❝❤❛♥❣❡s ❛r❡ ♦❜s❡r✈❡❞✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡①♣❡r✐♠❡♥t ✐s

X ′(x1,xk) = (x0;x1, . . . ,xk).

❙❡✈❡r❛❧ ❡①♣❡r✐♠❡♥ts st❛rt✐♥❣ ❢r♦♠ ❞✐✛❡r❡♥t ✐♥✐t✐❛❧ st❛t❡s ✐♥ ❛ s❡t X ′
ini ⊆ X ′✱

r❡♣♦rt✐♥❣ t❤❡ ♦❜s❡r✈❡❞ st❛t❡ ❝❤❛♥❣❡s ❢♦r ❛❧❧ ❝♦♠♣♦♥❡♥ts p ∈ P ❛t ❝❡rt❛✐♥ t✐♠❡
♣♦✐♥ts✱ ❛♥❞ ❡♥❞✐♥❣ ❛t ❞✐✛❡r❡♥t t❡r♠✐♥❛❧ st❛t❡s ✐♥ ❛ s❡t X ′

term ⊆ X ′ ❞❡s❝r✐❜❡ t❤❡
st✉❞✐❡❞ ♣❤❡♥♦♠❡♥♦♥✱ ❛♥❞ ②✐❡❧❞ ❡①♣❡r✐♠❡♥t❛❧ t✐♠❡✲s❡r✐❡s ❞❛t❛ ♦❢ t❤❡ ❢♦r♠

X ′ = {X ′(x1,xk) : x1 ∈ X ′
ini,x

k ∈ X ′
term}.

❚❤✉s✱ t❤❡ ✐♥♣✉t ♦❢ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ❛♣♣r♦❛❝❤ ✐s ❣✐✈❡♥ ❜② (P,X ′)✳

✹



❊①❛♠♣❧❡ ✶✳ ❆s r✉♥♥✐♥❣ ❡①❛♠♣❧❡✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❡①♣❡r✐♠❡♥t❛❧ ❜✐♦❧♦❣✐❝❛❧ ❞❛t❛
❢r♦♠ t❤❡ ❧✐❣❤t✲✐♥❞✉❝❡❞ s♣♦r✉❧❛t✐♦♥ ♦❢ P❤②s❛r✉♠ ♣♦❧②❝❡♣❤❛❧✉♠ ❛s ✐♥ ❬✻✱✶✼❪✳ ■♥ P✳
♣♦❧②❝❡♣❤❛❧✉♠ ♣❧❛s♠♦❞✐❛✱ t❤❡ ♣❤♦t♦r❡❝❡♣t♦r ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ❝♦♥tr♦❧ ♦❢ s♣♦r✉❧❛t✐♦♥
Spo ✐s ❛ ♣r♦t❡✐♥ ✇❤✐❝❤ ♦❝❝✉rs ✐♥ t✇♦ st❛❣❡s PFR ❛♥❞ PR✳ ❚❤❡ ❞❡✈❡❧♦♣♠❡♥t❛❧
❞❡❝✐s✐♦♥ ♦❢ st❛r✈✐♥❣ P✳ ♣♦❧②❝❡♣❤❛❧✉♠ ♣❧❛s♠♦❞✐❛ t♦ ❡♥t❡r t❤❡ s♣♦r✉❧❛t✐♦♥ ♣❛t❤✲
✇❛② ✐s ❝♦♥tr♦❧❧❡❞ ❜② ❡♥✈✐r♦♥♠❡♥t❛❧ ❢❛❝t♦rs ❧✐❦❡ ✈✐s✐❜❧❡ ❧✐❣❤t ❬✶✹❪✳ ■❢ t❤❡ ❞❛r❦✲
❛❞❛♣t❡❞ ❢♦r♠ PFR ❛❜s♦r❜s ❢❛r✲r❡❞ ❧✐❣❤t FR✱ t❤❡ r❡❝❡♣t♦r ✐s ❝♦♥✈❡rt❡❞ ✐♥t♦ ✐ts
r❡❞✲❛❜s♦r❜✐♥❣ ❢♦r♠ PR✱ ✇❤✐❝❤ ❝❛✉s❡s s♣♦r✉❧❛t✐♦♥ ❬✾❪✳ ■❢ PR ✐s ❡①♣♦s❡❞ t♦ r❡❞ ❧✐❣❤t
R✱ ✐t ✐s ♣❤♦t♦❝♦♥✈❡rt❡❞ ❜❛❝❦ t♦ t❤❡ ✐♥✐t✐❛❧ st❛❣❡ PFR✱ ✇❤✐❝❤ ♣r❡✈❡♥ts s♣♦r✉❧❛t✐♦♥✳
❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡tt✐♥❣ ❝♦♥s✐sts ♦❢

P = {FR,R, PFR, PR, Spo}✱ X ′(x1,x3) = (x0
; x

1,x2,x3)✱ X ′

ini = {x1,x4}✱
X ′(x4,x0) = (x2

; x
4,x0)✱ X ′

term = {x3,x0}

❛s ✐♥♣✉t ❢♦r t❤❡ ❛❧❣♦r✐t❤♠✱ ✇❡ ♣r❡s❡♥t ❛❧❧ ♦❜s❡r✈❡❞ st❛t❡s s❝❤❡♠❛t✐❝❛❧❧② ✐♥ ❋✐❣ ✶✳

x












xFR

xR

xPFR

xPR

xSpo
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0
0
1
0
0
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1
0
1
0
0
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0
0
0
1
0













x3












0
0
0
1
1

























0
1
0
1
0













x4

FR

R

d1

d2

d4

❋✐❣✳ ✶✳ ❆ s❝❤❡♠❡ ✐❧❧✉str❛t✐♥❣ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ t✐♠❡✲s❡r✐❡s ❞❛t❛ ❞❡s❝r✐❜❡❞ ✐♥ ❊①♣✳ ✶
❝♦♥❝❡r♥✐♥❣ t❤❡ ❧✐❣❤t✲✐♥❞✉❝❡❞ s♣♦r✉❧❛t✐♦♥ ♦❢ P❤②s❛r✉♠ ♣♦❧②❝❡♣❤❛❧✉♠✱ ✇❤❡r❡ t❤❡ ❡♥tr✐❡s
♦❢ t❤❡ st❛t❡ ✈❡❝t♦rs ❛r❡ ✐♥t❡r♣r❡t❡❞ ❛s s❤♦✇♥ ♦♥ t❤❡ ❧❡❢t ✭❞❛s❤❡❞ ❛rr♦✇s r❡♣r❡s❡♥t
st✐♠✉❧❛t✐♦♥s x0 → x

1✱ s♦❧✐❞ ❛rr♦✇s r❡s♣♦♥s❡s xj → x
j+1✮✳

❋♦r ❛ s✉❝❝❡ss❢✉❧ r❡❝♦♥str✉❝t✐♦♥✱ t❤❡ ❞❛t❛ X ′ ♥❡❡❞ t♦ s❛t✐s❢② t✇♦ ♣r♦♣❡rt✐❡s✿
r❡♣r♦❞✉❝✐❜✐❧✐t② ❛♥❞ ♠♦♥♦t♦♥✐❝✐t②✳

❚❤❡ ❞❛t❛ X ′ ❛r❡ r❡♣r♦❞✉❝✐❜❧❡ ✐❢ ❢♦r ❡❛❝❤ xj ∈ X ′ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ♦❜s❡r✈❡❞
s✉❝❝❡ss♦r st❛t❡

succX ′(xj) = xj+1 ∈ X ′.

❘❡♣r♦❞✉❝✐❜✐❧✐t② ✐s ♦❜✈✐♦✉s❧② ♥❡❝❡ss❛r② ❛♥❞ ❝❛♥ ❜❡ ❡♥s✉r❡❞ ❜② ❛ ♣r❡♣r♦❝❡ss✐♥❣
st❡♣ ❬✶✾❪✳

◆♦t❡ t❤❛t ❛ st❛t❡ xj ∈ X ′ ❛♥❞ ✐ts ♦❜s❡r✈❡❞ s✉❝❝❡ss♦r succX ′(xj) = xj+1 ∈ X ′

❛r❡ ♥♦t ♥❡❝❡ss❛r✐❧② ❛❧s♦ ❝♦♥s❡❝✉t✐✈❡ s②st❡♠ st❛t❡s ✭t❤✐s ❞❡♣❡♥❞s ♦♥ t❤❡ ❝❤♦s❡♥
t✐♠❡ ♣♦✐♥ts t♦ ♠❡❛s✉r❡ t❤❡ st❛t❡s ✐♥ X ′✮✳ ■♥st❡❛❞✱ xj+1 ♠❛② ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ xj

✺



❜② ❛ s✇✐t❝❤✐♥❣ s❡q✉❡♥❝❡ ♦❢ s♦♠❡ ❧❡♥❣t❤✱ ✇❤❡r❡ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ st❛t❡s ❛r❡ ♥♦t
r❡♣♦rt❡❞ ✐♥ X ′✳ ❚❤❡ ❞❛t❛ X ′ ❛r❡ ♠♦♥♦t♦♥❡ ✐❢ ❢♦r ❡❛❝❤ ♣❛✐r (xj ,xj+1) ∈ X ′✱ t❤❡
✈❛❧✉❡s ♦❢ t❤❡ ❡❧❡♠❡♥ts ❞♦ ♥♦t ♦s❝✐❧❧❛t❡ ✐♥ t❤❡ ♣♦ss✐❜❧❡ ✐♥t❡r♠❡❞✐❛t❡ st❛t❡s ❜❡t✇❡❡♥
xj ❛♥❞ xj+1✳ ■t ✇❛s s❤♦✇♥ ✐♥ ❬✸❪ t❤❛t ♠♦♥♦t♦♥✐❝✐t② ❤❛s t♦ ❜❡ r❡q✉✐r❡❞✱ t♦♦ ✭✇❤✐❝❤
✐s ❡q✉✐✈❛❧❡♥t t♦ ❞❡♠❛♥❞ t❤❛t ❛❧❧ ❡ss❡♥t✐❛❧ r❡s♣♦♥s❡s ❛r❡ ✐♥❞❡❡❞ r❡♣♦rt❡❞ ✐♥ X ′✮✳

❖✉t♣✉t✳ ❆♥ ❡①t❡♥❞❡❞ P❡tr✐ ♥❡t ✇✐t❤ ♣r✐♦r✐t✐❡s (P,O) ✇✐t❤ P = (P, T,A, w) ✜ts
t❤❡ ❣✐✈❡♥ ❞❛t❛ X ′ ✇❤❡♥ ✐t ✐s ❛❜❧❡ t♦ ♣❡r❢♦r♠ ❡✈❡r② ♦❜s❡r✈❡❞ st❛t❡ ❝❤❛♥❣❡ ❢r♦♠
xj ∈ X ′ t♦ xj+1 ∈ X ′✳ ❚❤✐s ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❢♦❧❧♦✇s✳ ❲✐t❤ P✱ ❛♥ ✐♥❝✐❞❡♥❝❡
♠❛tr✐① M ∈ Z

|P |×|T | ✐s ❛ss♦❝✐❛t❡❞✱ ✇❤❡r❡ ❡❛❝❤ r♦✇ ❝♦rr❡s♣♦♥❞s t♦ ❛ ♣❧❛❝❡ p ∈ P
♦❢ t❤❡ ♥❡t✇♦r❦✱ ❛♥❞ ❡❛❝❤ ❝♦❧✉♠♥ M·t t♦ t❤❡ ✉♣❞❛t❡ ✈❡❝t♦r rt ♦❢ ❛ tr❛♥s✐t✐♦♥
t ∈ T ✿

rtp = Mpt :=











−w(p, t) ✐❢ (p, t) ∈ A,

+w(t, p) ✐❢ (t, p) ∈ A,

0 ♦t❤❡r✇✐s❡.

❘❡❛❝❤✐♥❣ xj+1 ❢r♦♠ xj ❜② ❛ s✇✐t❝❤✐♥❣ s❡q✉❡♥❝❡ ✉s✐♥❣ t❤❡ tr❛♥s✐t✐♦♥s ❢r♦♠ ❛
s✉❜s❡t T ′ ⊆ T ✐s ❡q✉✐✈❛❧❡♥t t♦ ♦❜t❛✐♥ t❤❡ st❛t❡ ✈❡❝t♦r xj+1 ❢r♦♠ xj ❜② ❛❞❞✐♥❣
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦❧✉♠♥s M·t ♦❢ M ❢♦r ❛❧❧ t ∈ T ′✿

xj +
∑

t∈T ′

M·t = xj+1.

T ❤❛s t♦ ❝♦♥t❛✐♥ ❡♥♦✉❣❤ tr❛♥s✐t✐♦♥s t♦ ♣❡r❢♦r♠ ❛❧❧ ❡①♣❡r✐♠❡♥t❛❧❧② ♦❜s❡r✈❡❞
s✇✐t❝❤✐♥❣ s❡q✉❡♥❝❡s✳ ❚❤❡ ✉♥❞❡r❧②✐♥❣ st❛♥❞❛r❞ ♥❡t✇♦r❦ P = (P, T,A,w) ✐s ❝♦♥✲
❢♦r♠❛❧ ✇✐t❤ X ′ ✐❢✱ ❢♦r ❛♥② t✇♦ ❝♦♥s❡❝✉t✐✈❡ st❛t❡s xj+1 ∈ X ′✱ t❤❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥
s②st❡♠ xj+1 − xj = Mλ ❤❛s ❛♥ ✐♥t❡❣r❛❧ s♦❧✉t✐♦♥ λ ∈ N

|T | s✉❝❤ t❤❛t λ ✐s t❤❡
✐♥❝✐❞❡♥❝❡ ✈❡❝t♦r ♦❢ ❛ s❡q✉❡♥❝❡ (t1, ..., tm) ♦❢ tr❛♥s✐t✐♦♥ s✇✐t❝❤❡s✱ ✐✳❡✳✱ t❤❡r❡ ❛r❡
✐♥t❡r♠❡❞✐❛t❡ st❛t❡s

xj = y1,y2, ...,ym+1 = xj+1

✇✐t❤ yl +M·tl = yl+1 ❢♦r 1 ≤ l ≤ m✳ ❚❤❡ ❡①t❡♥❞❡❞ P❡tr✐ ♥❡t P = (P, T,A, w) ✐s
❝❛t❛❧②t✐❝ ❝♦♥❢♦r♠❛❧ ✇✐t❤ X ′ ✐❢ tl ∈ TA(y

l) ❢♦r ❡❛❝❤ ✐♥t❡r♠❡❞✐❛t❡ st❛t❡ yl✱ ❛♥❞ t❤❡
❡①t❡♥❞❡❞ P❡tr✐ ♥❡t ✇✐t❤ ♣r✐♦r✐t✐❡s (P,O) ✐s X ′✲❞❡t❡r♠✐♥✐st✐❝ ✐❢ {tl} = TA,O(y

l)
❤♦❧❞s ❢♦r ❛❧❧ yl✳

❚❤❡ ❞❡s✐r❡❞ ♦✉t♣✉t ♦❢ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ❛♣♣r♦❛❝❤ ❝♦♥s✐sts ♦❢ t❤❡ s❡t ♦❢ ❛❧❧
X ′✲❞❡t❡r♠✐♥✐st✐❝ ❡①t❡♥❞❡❞ P❡tr✐ ♥❡ts (P,O) ✭❛❧❧ ❤❛✈✐♥❣ t❤❡ s❛♠❡ s❡t P ♦❢ ♣❧❛❝❡s
❛s ♣❛rt ♦❢ t❤❡ ✐♥♣✉t✮✳

❊①❛♠♣❧❡ ✷✳ ❲❡ r❡♣r❡s❡♥t ✐♥ ❋✐❣✳ ✸ ✭♣❛❣❡ ✶✵✮ t❤❡ 8 ❛❧t❡r♥❛t✐✈❡ X ′✲❞❡t❡r♠✐♥✐st✐❝
❡①t❡♥❞❡❞ P❡tr✐ ♥❡ts ✜tt✐♥❣ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ X ′ ❢r♦♠ ♦✉r r✉♥♥✐♥❣ ❡①❛♠♣❧❡✳

❲❡ ♥♦✇ ❜r✐❡✢② s❦❡t❝❤ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♣r♦❝❡❞✉r❡✳

❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ♦❜s❡r✈❡❞ r❡s♣♦♥s❡s✳ ❆s ✐♥✐t✐❛❧ st❡♣✱ ❡①tr❛❝t t❤❡ ♦❜s❡r✈❡❞ ❝❤❛♥❣❡s
♦❢ st❛t❡s ❢r♦♠ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛✳ ❋♦r t❤❛t✱ ❞❡✜♥❡ t❤❡ s❡t

D :=
{

dj = xj+1 − xj : xj+1 = succX ′(xj) ∈ X ′
}

.

✻



●❡♥❡r❛t✐♥❣ t❤❡ ❝♦♠♣❧❡t❡ ❧✐st ♦❢ ❛❧❧ X ′✲❞❡t❡r♠✐♥✐st✐❝ ❡①t❡♥❞❡❞ P❡tr✐ ♥❡ts P =
(P, T,A, w) ✐♥❝❧✉❞❡s ✜♥❞✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ st❛♥❞❛r❞ ♥❡t✇♦r❦s ❛♥❞ t❤❡✐r ✐♥✲
❝✐❞❡♥❝❡ ♠❛tr✐❝❡s M ∈ Z

|P |×|T |✳ ❍❡♥❝❡✱ t❤❡ ✜rst st❡♣ ✐s t♦ ❞❡s❝r✐❜❡ t❤❡ s❡t ♦❢
♣♦t❡♥t✐❛❧ ❝♦❧✉♠♥s ♦❢ M ✳ ❉✉❡ t♦ ♠♦♥♦t♦♥✐❝✐t② ❬✸❪✱ ✐t s✉✣❝❡s t♦ r❡♣r❡s❡♥t ❛♥②
dj ∈ D ✉s✐♥❣ s✐❣♥✲❝♦♠♣❛t✐❜❧❡ ✈❡❝t♦rs ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t ♦♥❧②✿

❇♦①(dj) =







r ∈ Z
|P | :

0 ≤ rp ≤ dp ✐❢ d
j
p > 0

dp ≤ rp ≤ 0 ✐❢ djp < 0
rp =0 ✐❢ djp = 0







\ {0}.

◆❡①t✱ ✇❡ ❞❡t❡r♠✐♥❡ ❢♦r ❛♥② dj ∈ D✱ t❤❡ s❡t Λ(dj) ♦❢ ❛❧❧ ✐♥t❡❣r❛❧ s♦❧✉t✐♦♥s ♦❢

dj =
∑

rt∈ Box(dj)

λtr
t, λt ∈ Z+,

❛♥❞ ❢♦r ❡❛❝❤ λ ∈ Λ(dj)✱ t❤❡ ✭♠✉❧t✐✲✮s❡t R(dj , λ) = {rt ∈ ❇♦①(dj) : λt 6= 0} ♦❢
✉♣❞❛t❡ ✈❡❝t♦rs ✉s❡❞ ❢♦r t❤✐s s♦❧✉t✐♦♥ λ✳ ❇② ❝♦♥str✉❝t✐♦♥✱ ❇♦①(dj) ❛♥❞ Λ(dj) ❛r❡
❛❧✇❛②s ♥♦♥✲❡♠♣t② s✐♥❝❡ dj ✐ts❡❧❢ ✐s ❛❧✇❛②s ❛ s♦❧✉t✐♦♥ ❞✉❡ t♦ r❡♣r♦❞✉❝✐❜✐❧✐t② ❬✻❪✳

❊✈❡r② ♣❡r♠✉t❛t✐♦♥ π = (rt1 , . . . , rtm) ♦❢ t❤❡ ❡❧❡♠❡♥ts ♦❢ ❛ s❡t R(dj , λ) ❣✐✈❡s
r✐s❡ t♦ ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥t❡r♠❡❞✐❛t❡ st❛t❡s xj = y1,y2, ...,ym,ym+1 = xj+1 ✇✐t❤

σ = σπ,λ(x
j ,dj) =

(

(y1, rt1), (y2, rt2), . . . , (ym, rtm)
)

✇❤✐❝❤ ✐♥❞✉❝❡s ❛ ♣r✐♦r✐t② r❡❧❛t✐♦♥ Oσ s✐♥❝❡ tr❛♥s✐t✐♦♥ ti r❡s✉❧t✐♥❣ ❢r♦♠ rti ✐s
s✉♣♣♦s❡❞ t♦ ❤❛✈❡ ❤✐❣❤❡st ♣r✐♦r✐t② ✐♥ yi ❢♦r 1 ≤ i ≤ m✳

❊①❛♠♣❧❡ ✸✳ ❋♦r t❤❡ r✉♥♥✐♥❣ ❡①❛♠♣❧❡ ✇❡ ♦❜t❛✐♥ ❛s s❡q✉❡♥❝❡s

x0 x1

x2 x3x4

x5x6 x0x2

FR

R

d1

d2

d4

r1r2

r3 r4 r1 r2

r3r4

✇✐t❤ x5 = (1, 0, 0, 1, 0)T ❛♥❞ x6 = (0, 1, 1, 0, 0)T ✳

❙❡q✉❡♥❝❡s ❛♥❞ t❤❡✐r ❝♦♥✢✐❝ts✳ ❚✇♦ s❡q✉❡♥❝❡s σ ❛♥❞ σ′ ❛r❡ ✐♥ ♣r✐♦r✐t② ❝♦♥✢✐❝t
✐❢ t❤❡r❡ ❛r❡ ✉♣❞❛t❡ ✈❡❝t♦rs rt 6= rt

′

❛♥❞ ✐♥t❡r♠❡❞✐❛t❡ st❛t❡s y,y′ s✉❝❤ t❤❛t
t, t′ ∈ T (y) ∩ T (y′) ❛♥❞ (y, rt) ∈ σ ❜✉t (y′, rt

′

) ∈ σ′ ✭s✐♥❝❡ t❤✐s ✐♠♣❧✐❡s t > t′ ✐♥
Oσ ❜✉t t′ > t ✐♥ Oσ′✮✳ ❲❡ ❤❛✈❡ ❛ ✇❡❛❦ ✭r❡s♣✳ str♦♥❣✮ ♣r✐♦r✐t② ❝♦♥✢✐❝t ✐❢ y 6= y′

✭r❡s♣✳ y = y′✮ ✇❤✐❝❤ ❝❛♥ ✭r❡s♣✳ ❝❛♥♥♦t✮ ❜❡ r❡s♦❧✈❡❞ ❜② ❛❞❞✐♥❣ ❝♦♥tr♦❧✲❛r❝s✳

✼



Pr✐♦r✐t② ❝♦♥✢✐❝t ❣r❛♣❤✳ ❈♦♥str✉❝t ❛ ♣r✐♦r✐t② ❝♦♥✢✐❝t ❣r❛♣❤ G = (VD∪Vterm, ED∪
EW ∪ ES) ✇❤♦s❡ ♥♦❞❡s ❝♦rr❡s♣♦♥❞ t♦ ❛❧❧ ♣♦ss✐❜❧❡ s❡q✉❡♥❝❡s σπ,λ(x

j ,dj) ❛♥❞
✇❤♦s❡ ❡❞❣❡s r❡✢❡❝t ✇❡❛❦ ❛♥❞ str♦♥❣ ♣r✐♦r✐t② ❝♦♥✢✐❝ts✿

✕ VD ❝♦♥t❛✐♥s t❤❡ s❡q✉❡♥❝❡s σπ,λ(x
j ,dj) ❢♦r ❛❧❧ xj ∈ X ′ \X ′

term ❛♥❞ t❤❡ ❞✐❢✲
❢❡r❡♥❝❡ ✈❡❝t♦r dj = succX ′(xi)−xi✱ ❢♦r ❛❧❧ λ ∈ Λ(dj) ❛♥❞ ❛❧❧ ♣❡r♠✉t❛t✐♦♥s
π ♦❢ R(dj ,λ)✳

✕ Vterm ❝♦♥t❛✐♥s ❢♦r ❛❧❧ xk ∈ X ′
term t❤❡ tr✐✈✐❛❧ s❡q✉❡♥❝❡ σ(xk,0)✳

✕ ED ❝♦♥t❛✐♥s ❛❧❧ ❡❞❣❡s ❜❡t✇❡❡♥ t✇♦ s❡q✉❡♥❝❡s σ, σ′ st❡♠♠✐♥❣ ❢r♦♠ t❤❡ s❛♠❡
❞✐✛❡r❡♥❝❡ ✈❡❝t♦r

✕ ES ✭r❡s♣✳ EW ✮ r❡✢❡❝ts ❛❧❧ ❙P❈s ✭r❡s♣✳ ❲P❈s✮ ❜❡t✇❡❡♥ s❡q✉❡♥❝❡s σ, σ′

st❡♠♠✐♥❣ ❢r♦♠ ❞✐st✐♥❝t ❞✐✛❡r❡♥❝❡ ✈❡❝t♦rs✳
❚❤❡ ❡❞❣❡s ✐♥ ED ✐♥❞✉❝❡ ❛ ❝❧✐q✉❡ ♣❛rt✐t✐♦♥ Q ♦❢ VD ✐♥ ❛s ♠❛♥② ❝❧✐q✉❡s ✸ ❛s t❤❡r❡
❛r❡ ♦❜s❡r✈❡❞ st❛t❡s ✐♥ X ′\X ′

term r❡s♣✳ ❞✐✛❡r❡♥❝❡ ✈❡❝t♦rs ✐♥D✿ VD = Q1∪. . .∪Q|D|✳
▼♦r❡♦✈❡r✱ ❡❛❝❤ ♥♦❞❡ ✐♥ Vterm ❝♦rr❡s♣♦♥❞s t♦ ❛ ❝❧✐q✉❡ ♦❢ s✐③❡ 1✱ s♦ t❤❛t G ✐s
♣❛rt✐t✐♦♥❡❞ ✐♥t♦ |X ′| ♠❛♥② ❝❧✐q✉❡s✳

❋♦r ✐❧❧✉str❛t✐♦♥✱ ✇❡ ♣r❡s❡♥t ✐♥ ❋✐❣✳ ✷ t❤❡ ❲P❈s ❛♥❞ ❙P❈s ❜❡t✇❡❡♥ s❡q✉❡♥❝❡s
♦❢ ♦✉r r✉♥♥✐♥❣ ❡①❛♠♣❧❡✳

❙❡❧❡❝t✐♦♥ ♦❢ s✉✐t❛❜❧❡ s❡q✉❡♥❝❡s✳ ■♥ G✱ ❛❧❧ ♥♦❞❡ s✉❜s❡ts S ❛r❡ ❣❡♥❡r❛t❡❞ t❤❛t s❡❧❡❝t
❡①❛❝t❧② ♦♥❡ s❡q✉❡♥❝❡ σπ,λ(x

j ,dj) ♣❡r ❞✐✛❡r❡♥❝❡ ✈❡❝t♦r dj ∈ D s✉❝❤ t❤❛t ♥♦ ❙P❈s
♦❝❝✉r ❜❡t✇❡❡♥ t❤❡ s❡❧❡❝t❡❞ s❡q✉❡♥❝❡s✳ ❚❤❡ s❡t ♦❢ ❛❧❧ s✉❝❤ s♦❧✉t✐♦♥s S∪Vterm ❝❛♥
❜❡ ❡♥❝♦❞❡❞ ❜② ❛❧❧ ✈❡❝t♦rs x ∈ {0, 1}|VD∪Vterm| s❛t✐s❢②✐♥❣

∑

σ∈Qj
xσ = 1 ∀Qj ∈ Q ✭✶❛✮

xσ = 1 ∀σ ∈ Vterm ✭✶❜✮

xσ + xσ′ ≤ 1 ∀σσ′ ∈ ES ✭✶❝✮

xσ ∈ {0, 1} ∀σ ∈ VD ∪ Vterm. ✭✶❞✮

Q3Q1 Q3

Q2

Q0

Q4

σ(x1,d1)

σ2(x
1,d1)

σ3(x
1,d1)

σ(x3, 0)

σ(x2,d2)

σ(x0, 0)

σ(x4,d4)

σ2(x
4,d4)

σ3(x
4,d4)

❋✐❣✳ ✷✳ ❚❤❡ ♣r✐♦r✐t② ❝♦♥✢✐❝t ❣r❛♣❤ r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ r✉♥♥✐♥❣ ❡①❛♠♣❧❡✱ ✇❤❡r❡ ❜♦❧❞
❡❞❣❡s ✐♥❞✐❝❛t❡ ❙P❈s✱ t❤✐♥ ❡❞❣❡s ❲P❈s ❛♥❞ ❣r❛② ❜♦①❡s t❤❡ ❝❧✐q✉❡ ♣❛rt✐t✐♦♥ Q✳

✸✳ ❆ ❝❧✐q✉❡ ✐s ❛ s✉❜s❡t ♦❢ ♠✉t✉❛❧❧② ❛❞❥❛❝❡♥t ♥♦❞❡s✳

✽



❊①❛♠♣❧❡ ✹✳ ❋r♦♠ G s❤♦✇♥ ✐♥ ❋✐❣✳ ✷✱ ✇❡ ♦❜t❛✐♥ ❛s ❢❡❛s✐❜❧❡ s✉❜s❡ts Si ∪ Vterm✿

S1 = {σ1(x
1,d1), σ1(x

2,d2), σ1(x
4,d4)}✱ S3 = {σ1(x

1,d1), σ1(x
2,d2), σ3(x

4,d4)}✱
S2 = {σ3(x

1,d1), σ1(x
2,d2), σ1(x

4,d4)}✱ S4 = {σ3(x
1,d1), σ1(x

2,d2), σ3(x
4,d4)}✳

❈♦♥str✉❝t✐♦♥ ♦❢ st❛♥❞❛r❞ ♥❡t✇♦r❦s✱ ✐♥s❡rt✐♥❣ ❝♦♥tr♦❧✲❛r❝s✳ ❊❛❝❤ s✉❜s❡t S ❣✐✈❡s
r✐s❡ t♦ ❛ st❛♥❞❛r❞ ♥❡t✇♦r❦ PS = (P, TS , AS , w) ✇❤✐❝❤ ✐s ❝♦♥❢♦r♠❛❧ ✇✐t❤ X ′

❛♥❞ ❝❛♥ ❜❡ ♠❛❞❡ X ′✲❞❡t❡r♠✐♥✐st✐❝ ❜② ✐♥s❡rt✐♥❣ ❛♣♣r♦♣r✐❛t❡ ❝♦♥tr♦❧✲❛r❝s ❛♥❞
❝♦♠❜✐♥✐♥❣ t❤❡ ♣r✐♦r✐t② r❡❧❛t✐♦♥s Oσ∀σ ∈ S✳ ▲❡t P (y,y′) = {p ∈ P : yp 6= y′p}✿

✕ ✇❡ ♦❜t❛✐♥ t❤❡ ❝♦❧✉♠♥s ♦❢ t❤❡ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐① MS ♦❢ PS ❜② t❛❦✐♥❣ t❤❡
✉♥✐♦♥ ♦❢ ❛❧❧ s❡ts R(dj , λ) ♦❢ t❤❡ s❡q✉❡♥❝❡s σ = σπ,λ(x

j ,dj) s❡❧❡❝t❡❞ ❜②
σ ∈ S❀

✕ ❢♦r ❡❛❝❤ ❲P❈ ❜❡t✇❡❡♥ σ, σ′ ∈ S ✐♥✈♦❧✈✐♥❣ ✉♣❞❛t❡ ✈❡❝t♦rs rt 6= rt
′

❛♥❞
✐♥t❡r♠❡❞✐❛t❡ st❛t❡s y 6= y′✱ ✐♥❝❧✉❞❡ ❡✐t❤❡r ❛ r❡❛❞✲❛r❝ (p, t) ∈ AR ✇✐t❤
✇❡✐❣❤t w(p, t) > y′p ❢♦r s♦♠❡ p ∈ P (y,y′) ✇✐t❤ yp > y′p ♦r ❛♥ ✐♥❤✐❜✐t♦r✲❛r❝
(p, t) ∈ AI ✇✐t❤ ✇❡✐❣❤t w(p, t) < yp ❢♦r s♦♠❡ p ∈ P (y,y′) ✇✐t❤ yp < y′p t♦
❞✐s❛❜❧❡ tr❛♥s✐t✐♦♥ t r❡s✉❧t✐♥❣ ❢r♦♠ rt ❛t y′✱

✕ ❢♦r ❡❛❝❤ σ ∈ S✱ ❞❡✜♥❡ Oσ = {ti > t : t ∈ TAS∪AR∪AI
(yi) \ {ti}, 1 ≤ i ≤ m}

❛♥❞ ❧❡t OS =
⋃

σ∈S Oσ ❜❡ t❤❡ st✉❞✐❡❞ ♣❛rt✐❛❧ ♦r❞❡r✳
❚❤✐s ✐♠♣❧✐❡s ✜♥❛❧❧② t❤❛t ❡✈❡r② ❡①t❡♥❞❡❞ ♥❡t✇♦r❦ PS = (P, TS , AS ∪AR ∪AI , w)
t♦❣❡t❤❡r ✇✐t❤ t❤❡ ♣❛rt✐❛❧ ♦r❞❡r OS ✐s X ′✲❞❡t❡r♠✐♥✐st✐❝✱ s❡❡ ❬✻❪ ❢♦r ❞❡t❛✐❧s✳

❊①❛♠♣❧❡ ✺✳ ❲❡ ❛♣♣❧② t❤❡ ♠❡t❤♦❞ ♦♥❧② t♦ t❤❡ ❢❡❛s✐❜❧❡ s❡t S4∪Vterm ❢r♦♠ ❊①♣✳ ✹✳
❚❤❡ st❛♥❞❛r❞ ♥❡t✇♦r❦ PS4

= (P, TS4
, AS4

) ❤❛s TS4
= {r1, r2,d2, r3, r4}✳ ❚❤❡r❡

❛r❡ ❢♦✉r ❲P❈s ❜❡t✇❡❡♥ s❡q✉❡♥❝❡s ♦❢ S4✿

❲P❈1 ❜❡t✇❡❡♥ σ3(x
1,d1) ❛♥❞ σ(x0,0) ❞✉❡ t♦ r2, 0 ∈ T (x1) ∩ T (x0)

❲P❈2 ❜❡t✇❡❡♥ σ(x2,d2) ❛♥❞ σ3(x
4,d4) ❞✉❡ t♦ d2, r4 ∈ T (x2) ∩ T (x4)

❲P❈3 ❜❡t✇❡❡♥ σ(x2,d2) ❛♥❞ σ(x0,0) ❞✉❡ t♦ d2, 0 ∈ T (x2) ∩ T (x0)

❲P❈4 ❜❡t✇❡❡♥ σ(x3, 0) ❛♥❞ σ3(x
4,d4) ❞✉❡ t♦ 0, r4 ∈ T (x3) ∩ T (x4)

❋♦r ❲P❈1✱ ✇❡ ♦❜t❛✐♥ P (x1,x0) = {FR}✱ ❜② x1
FR > x0

FR✱ t❤❡ r❡❛❞✲❛r❝ (FR, r2)
❞✐s❛❜❧❡s r2 ❛t x0 ∈ X ′

τ ✳ ❋♦r ❲P❈2✱ ✇❡ ❤❛✈❡ P (x2,x4) = {R}✱ ❜② x2
R < x4

R✱
t❤❡ r❡❛❞✲❛r❝ (R, r4) ❞✐s❛❜❧❡s r4 ❛t x2 ♦r✱ ❛❧t❡r♥❛t✐✈❡❧②✱ t❤❡ ✐♥❤✐❜✐t♦r✲❛r❝ (R,d2)
❞✐s❛❜❧❡s d2 ❛t x4✳ ❋♦r ❲P❈3✱ ✇❡ ♦❜t❛✐♥ P (x2,x0) = {PFR, PR}✱ t♦ ❞✐s❛❜❧❡ d2

❛t x0 ∈ X ′
τ ✱ ❜② x2

PR
> x0

PR
✱ t❤❡ r❡❛❞✲❛r❝ (PR,d

2) ♦r✱ ❜② x2
PFR

< x0
PFR

✱ t❤❡

✐♥❤✐❜✐t♦r✲❛r❝ (PFR,d
2) ❝❛♥ ❜❡ ✉s❡❞✳ ❋♦r ❲P❈4✱ ✇❡ ❤❛✈❡ P (x3,x4) = {R,Spo}✱

t♦ ❞✐s❛❜❧❡ r4 ❛t x3 ∈ X ′
τ ✱ ❜② x4

R > x3
R✱ t❤❡ r❡❛❞✲❛r❝ (R, r4) ♦r✱ ❜② x4

Spo < x3
Spo✱

t❤❡ ✐♥❤✐❜✐t♦r✲❛r❝ (Spo, r4) ❝❛♥ ❜❡ ✉s❡❞✳ ❆❧❧ ♣♦ss✐❜❧❡ ❝♦♥tr♦❧✲❛r❝s ❤❛✈❡ ✇❡✐❣❤t ✶✳
❚❤❡ ♣r✐♦r✐t② r❡❧❛t✐♦♥ O4 = {(r2 > r1), (r4 > r3)} ✐s r❡q✉✐r❡❞✱ t❤❡ r❡s✉❧t✐♥❣

✽ ❛❧t❡r♥❛t✐✈❡ X ′✲❞❡t❡r♠✐♥✐st✐❝ ❡①t❡♥❞❡❞ P❡tr✐ ♥❡ts ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✸✳

✸ ❍❛♥❞❧✐♥❣ ❛♥❞ r❡s♦❧✈✐♥❣ ♣r✐♦r✐t② ❝♦♥✢✐❝ts

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞✐s❝✉ss t❤❡ ✉♥❞❡r❧②✐♥❣ ♠❛t❤❡♠❛t✐❝❛❧ str✉❝t✉r❡s ❛♥❞ ❝♦♠✲
❜✐♥❛t♦r✐❛❧ ♣r♦❜❧❡♠s ♦❢ t❤❡ t✇♦ ♠❛✐♥ r❡❝♦♥str✉❝t✐♦♥ st❡♣s✳

✾
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✭❛✮ ✭❜✮ ✭❝✮
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Spo

PFRr1
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d2
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✭❞✮ ✭❡✮ ✭❢✮

PFR

R

FR

Spo

PR

r4

r3

d2

r1

r2

PFR

R

FR

Spo

PR

r4

r3

d2

r1

r2

✭❣✮ ✭❤✮

❋✐❣✳ ✸✳ ❚❤❡ ❡✐❣❤t X ′✲❞❡t❡r♠✐♥✐st✐❝ ❡①t❡♥❞❡❞ P❡tr✐ ♥❡ts r❡s✉❧t✐♥❣ ❢r♦♠ PS4
✳

✸✳✶ ❚❤❡ ♣r✐♦r✐t② ❝♦♥✢✐❝t ❣r❛♣❤ ❛♥❞ s❡❧❡❝t✐♥❣ s❡q✉❡♥❝❡s

❇② ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♣r✐♦r✐t② ❝♦♥✢✐❝t ❣r❛♣❤ G = (VD∪Vterm, ED∪EW ∪ES)
❛♥❞ t❤❡ s❡❧❡❝t✐♦♥ ♦❢ S ⊆ VD ❛❝❝♦r❞✐♥❣ t♦ s②st❡♠ ✭✶✮✱ ✇❡ ♥♦t❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❊✈❡r②
s♦❧✉t✐♦♥ S∪Vterm ♦❢ ✭✶✮ ❝♦rr❡s♣♦♥❞s t♦ ❛ st❛❜❧❡ s❡t ✹ ✐♥ t❤❡ str♦♥❣ ♣r✐♦r✐t② ❝♦♥✢✐❝t
❣r❛♣❤ GS = (VD ∪ Vterm, ED ∪ ES)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ t✇♦ ❝♦♥str❛✐♥ts ✭✶❛✮ ❛♥❞
✭✶❜✮ ❡♥❢♦r❝❡ t♦ s❡❧❡❝t ❡①❛❝t❧② ♦♥❡ ♥♦❞❡ ❢r♦♠ ❡❛❝❤ ♦❢ t❤❡ ❝❧✐q✉❡s Q1, . . . Q|D| ❛♥❞
❛❧❧ ♥♦❞❡s ❢r♦♠ Vterm✱ r❡s♣✳ ❙✐♥❝❡ Q1, . . . Q|D| t♦❣❡t❤❡r ✇✐t❤ t❤❡ ♥♦❞❡s ❢r♦♠ Vterm

❜✉✐❧t ❛ ❝❧✐q✉❡ ♣❛rt✐t✐♦♥ Q ♦❢ GS ❜② ❝♦♥str✉❝t✐♦♥✱ ✇❡ ❛✐♠ ❛t ✜♥❞✐♥❣ ❛ st❛❜❧❡ s❡t
S ∪ Vterm ♦❢ t❤❡ s❛♠❡ s✐③❡ ❛s t❤❡ ❝❧✐q✉❡ ❝♦✈❡r ♥✉♠❜❡r χ(GS) ✐s✳ ❋♦r ❛♥② ❣r❛♣❤
G✱ t❤❡ ♠❛①✐♠✉♠ s✐③❡ ♦❢ ❛ st❛❜❧❡ s❡t ✐♥ ❛ ❣r❛♣❤✱ ✐ts st❛❜✐❧✐t② ♥✉♠❜❡r α(G)✱ ✐s ❛
❧♦✇❡r ❜♦✉♥❞ ❢♦r ✐ts ❝❧✐q✉❡ ❝♦✈❡r ♥✉♠❜❡r χ(G) ✭s✐♥❝❡ ❛ st❛❜❧❡ ❝❛♥ ♠❡❡t ❛ ❝❧✐q✉❡

✹✳ ❆ st❛❜❧❡ s❡t ✐s ❛ s✉❜s❡t ♦❢ ♣❛✐r✇✐s❡ ♥♦♥✲❛❞❥❛❝❡♥t ♥♦❞❡s✳

✶✵



✐♥ ❛t ♠♦st ♦♥❡ ♥♦❞❡✮✳ ■♥ ❣❡♥❡r❛❧✱ ✇❡ ❞♦ ♥♦t ❤❛✈❡ ❡q✉❛❧✐t② ✭❡✳❣✳✱ t❤❡ ❝❤♦r❞❧❡ss
❝②❝❧❡ C5 ♦♥ ✺ ♥♦❞❡s ❤❛s α(C5) = 2 ❜✉t χ(C5) = 3✮✳

▼❛❦✐♥❣ ✉s❡ ♦❢ t❤❡ r❡♣r♦❞✉❝✐❜✐❧✐t② ♦❢ t❤❡ ❣✐✈❡♥ ❞❛t❛ X ′ ❛♥❞ s✐♠✐❧❛r ❛r❣✉♠❡♥ts
❛s ✐♥ ❬✷❪✱ ✇❡ ❝❛♥ ❡♥s✉r❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ st❛❜❧❡ s❡t ♦❢ s✐③❡ χ(GS) ✐♥ GS ❛♥❞✱
t❤✉s✱ ❛ s♦❧✉t✐♦♥ ♦❢ s②st❡♠ ✭✶✮ ❜② ✈❡r✐❢②✐♥❣ t❤❛t t❤❡ s❡❧❡❝t✐♦♥ ♦❢ ❛❧❧ s❡q✉❡♥❝❡s
σ1(x

j ,dj) = ((xj ,dj))✱ ❝❛❧❧❡❞ ❝❛♥♦♥✐❝❛❧ s♦❧✉t✐♦♥ S1✱ ❛❧✇❛②s s❛t✐s✜❡s ✭✶✮✳

❚❤❡♦r❡♠ ✶✳ ❲❡ ❤❛✈❡ α(GS) = χ(GS) ❢♦r t❤❡ str♦♥❣ ♣r✐♦r✐t② ❝♦♥✢✐❝t ❣r❛♣❤ GS

❛♥❞✱ t❤✉s✱ s②st❡♠ ✭✶✮ ✐s ❛❧✇❛②s ❢❡❛s✐❜❧❡✳

❋✐♥❞✐♥❣ ❛❧❧ s♦❧✉t✐♦♥s ♦❢ ✭✶✮ ♠❡❛♥s t♦ ❡♥✉♠❡r❛t❡ ❛❧❧ st❛❜❧❡s s❡ts ♦❢ s✐③❡ χ(GS) ✐♥
GS ✱ ✐✳❡✳✱ ❛❧❧ ♠❛①✐♠✉♠ st❛❜❧❡ st❡ts ♦❢ GS ✳ ❲❡ ♥❡①t ❞✐s❝✉ss ✇❤✐❝❤ ♥♦❞❡s ♦❢ GS ❝❛♥
♥❡✈❡r ❡♥t❡r ❛♥② s♦❧✉t✐♦♥ ♦❢ ✭✶✮ ❛♥❞ ♣r♦♣♦s❡ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ r❡❞✉❝t✐♦♥ ♦❢ GS ✳

▲❡♠♠❛ ✶✳ ❆ ♥♦❞❡ σ ∈ VD ❝❛♥ ♥❡✈❡r ❜❡ s❡❧❡❝t❡❞ ❢♦r ❛♥② s♦❧✉t✐♦♥ S ✐❢ t❤❡r❡ ✐s
❛ ❝❧✐q✉❡ Q ✐♥ Q s♦ t❤❛t σ ✐s ✐♥ str♦♥❣ ❝♦♥✢✐❝t ✇✐t❤ ❛❧❧ s❡q✉❡♥❝❡s σ′ ∈ Q✳

❈♦r♦❧❧❛r② ✶✳ ◆♦ σ ∈ VD ❝❛♥ ❜❡ s❡❧❡❝t❡❞ ❢♦r ❛♥② s♦❧✉t✐♦♥ S ✐❢ t❤❡ s❡q✉❡♥❝❡
❝♦♥t❛✐♥s ❛ t❡r♠✐♥❛❧ st❛t❡ ❛s ✐♥t❡r♠❡❞✐❛t❡ st❛t❡✳

❚❤✐s ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ♣r✐♦r✐t② ❝♦♥✢✐❝t ❣r❛♣❤✿ ❲❡ ♦❜t❛✐♥
t❤❡ r❡❞✉❝❡❞ ♣r✐♦r✐t② ❝♦♥✢✐❝t ❣r❛♣❤ G′ = (V ′

D ∪ Vterm, E′
D ∪E′

S ∪E′
W ) ❢r♦♠ G ❜②

r❡❝✉rs✐✈❡❧② r❡♠♦✈✐♥❣ ❢r♦♠ VD ❛❧❧ ♥♦❞❡s ✇❤✐❝❤ ❛r❡ ❝♦♠♣❧❡t❡❧② ❥♦✐♥❡❞ t♦ ❛ ❝❧✐q✉❡
✐♥ Q ❛♥❞ t❤❡ ❡❞❣❡s ❜❡✐♥❣ ❛❞❥❛❝❡♥t t♦ t❤❡♠✳

❊①❛♠♣❧❡ ✻✳ ❚❤❡ r❡❞✉❝❡❞ ♣r✐♦r✐t② ❝♦♥✢✐❝t ❣r❛♣❤ G′ ♦❢ t❤❡ r✉♥♥✐♥❣ ❡①❛♠♣❧❡ ❝❛♥
❜❡ ♦❜t❛✐♥❡❞ ❛s ❢♦❧❧♦✇s✿ ❲❡ r❡♠♦✈❡ σ2(x

1,d1) s✐♥❝❡ ✐t ✐s ✐♥ ❙P❈ ✇✐t❤ ✭t❤❡ ♦♥❧②
s❡q✉❡♥❝❡ σ(x0,0)✮ ✐♥ Q0 ❞✉❡ t♦ r2,0 ∈ T (x0)✳ ❲❡ ♦♠✐t σ2(x

4,d4) s✐♥❝❡ ✐t ✐s ✐♥
❙P❈ ✇✐t❤ ✭t❤❡ ♦♥❧② s❡q✉❡♥❝❡ σ(x2,d2)✮ ✐♥ Q2 ❞✉❡ t♦ d2, r4 ∈ T (x2)✳

❋✉rt❤❡r♠♦r❡✱ ❧❡t G′
S = (V ′

D ∪ Vterm, E′
D ∪ E′

S) ❜❡ t❤❡ r❡❞✉❝❡❞ str♦♥❣ ♣r✐♦r✐t②
❝♦♥✢✐❝t ❣r❛♣❤✳ ❲❡ ✜♥❛❧❧② ♦❜t❛✐♥✿

▲❡♠♠❛ ✷✳ ❲❡ ❤❛✈❡ α(G′
S) = χ(G′

S) ❢♦r t❤❡ r❡❞✉❝❡❞ str♦♥❣ ♣r✐♦r✐t② ❝♦♥✢✐❝t
❣r❛♣❤ ❛♥❞ t❤❡ s❡ts ♦❢ ♠❛①✐♠✉♠ st❛❜❧❡ s❡ts ✐♥ GS ❛♥❞ G′

S ❛r❡ ❡q✉❛❧✳

❍❡♥❝❡✱ ✇❡ ❝❛♥ ❛❧s♦ r❡❞✉❝❡ s②st❡♠ ✭✶✮ ❜❛s❡❞ ♦♥ G′
S ❛♥❞ ♦❜t❛✐♥ t❤❡ s❛♠❡ s♦❧✉t✐♦♥s✳

✸✳✷ ■♥t❡r♣r❡t❛t✐♦♥ ♦❢ r❡s♦❧✈✐♥❣ ❲P❈s ❛s s❡t ❝♦✈❡r ♣r♦❜❧❡♠

❋♦r ❡❛❝❤ ❲P❈ ❜❡t✇❡❡♥ t✇♦ s❡q✉❡♥❝❡s σ, σ′✱ t❤❡r❡ ❛r❡ ✉♣❞❛t❡ ✈❡❝t♦rs rt 6= rt
′

❛♥❞ ✐♥t❡r♠❡❞✐❛t❡ st❛t❡s y 6= y′ ✇✐t❤ t, t′ ∈ T (y) ∩ T (y′) s✳t✳ (y, rt) ∈ σ ❜✉t
(y′, rt

′

) ∈ σ′✳ ❲❡ ❞❡♥♦t❡ t❤✐s ❢♦r s❤♦rt ❜② ❲P❈(σ, σ′)✳ ❚❤✐s ♣r✐♦r✐t② ❝♦♥✢✐❝t ❝❛♥
❜❡ s♦❧✈❡❞ ❜② ❛❞❞✐♥❣ ❝♦♥tr♦❧✲❛r❝s ✇❤✐❝❤

✕ ❡✐t❤❡r t✉r♥ rt ✐♥t♦ ❛ tr❛♥s✐t✐♦♥ t ✇❤✐❝❤ ✐s ❞✐s❛❜❧❡❞ ❛t y′ ✭t❤❡♥ t > t′ ❢♦r❝❡s
t t♦ s✇✐t❝❤ ✐♥ y ✇❤❡r❡❛s ♦♥❧② t′ ✐s ❡♥❛❜❧❡❞ ❛t y′✮✱

✕ ♦r t✉r♥ rt
′

✐♥t♦ ❛ tr❛♥s✐t✐♦♥ t′ ✇❤✐❝❤ ✐s ❞✐s❛❜❧❡❞ ❛t y ✭t❤❡♥ t′ > t ❢♦r❝❡s t′

t♦ s✇✐t❝❤ ✐♥ y′ ✇❤❡r❡❛s ♦♥❧② t ✐s ❡♥❛❜❧❡❞ ❛t y✮✳
❋♦r t❤❛t✱ ❝♦♥s✐❞❡r ❢♦r ❡❛❝❤ ❲P❈ t❤❡ s❡t P (y,y′) ♦❢ ♣❧❛❝❡s ✇❤❡r❡ y ❛♥❞ y′ ❞✐✛❡r✳

✶✶



❘❡♠❛r❦ ✶✳ ■❢ ♦♥❡ ♦❢ y,y′ ✐s ❛ t❡r♠✐♥❛❧ st❛t❡✱ s❛② y′✱ ♦♥❡ ♦❢ t❤❡ ❛❧t❡r♥❛t✐✈❡s ✐s
♥♦t ♣♦ss✐❜❧❡✱ t❤❡♥ t ❤❛s t♦ ❜❡ ❞✐s❛❜❧❡❞ ❛t y′ ❛♥❞ t > t′ = 0 ❤♦❧❞s ❛✉t♦♠❛t✐❝❛❧❧②✳
◆♦t❡ t❤❛t ✐❢ y = y′ t❤❡♥ P (y,y′) = ∅ ❢♦❧❧♦✇s ✇❤✐❝❤ ✐s t❤❡ r❡❛s♦♥ ✇❤② ❙P❈s
❝❛♥♥♦t ❜❡ r❡s♦❧✈❡❞ ❜② ❛❞❞✐♥❣ ❝♦♥tr♦❧✲❛r❝s✳

▲❡t ❈❆(σ, σ′) ❜❡ t❤❡ s❡t ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ r❡❛❞✲❛r❝s t❤❛t ❝❛♥ r❡s♦❧✈❡WPC(σ, σ′)✱
✐♥✈♦❧✈✐♥❣ rt 6= rt

′

❛♥❞ st❛t❡s y 6= y′ ❜② ❡✐t❤❡r ❞✐s❛❜❧✐♥❣ t ❛t y′ ♦r t′ ❛t y t❤❡♥
❈❆(σ, σ′) ❝♦♥t❛✐♥s✿

✕ ❛ r❡❛❞✲❛r❝ (p, t) ∈ AR ✇✐t❤ ✇❡✐❣❤t w(p, t) > y′p ∀p ∈ P (y,y′) ✇✐t❤ yp > y′p✱
✕ ❛♥ ✐♥❤✐❜✐t♦r✲❛r❝ (p, t) ∈ AI ✇✐t❤ w(p, t) < yp ∀p ∈ P (y,y′) ✇✐t❤ yp < y′p✱
✕ ❛ r❡❛❞✲❛r❝ (p, t′) ∈ AR ✇✐t❤ ✇❡✐❣❤t w(p, t′) > yp ∀p ∈ P (y,y′) ✇✐t❤ y′p >
yp✱

✕ ❛♥ ✐♥❤✐❜✐t♦r✲❛r❝ (p, t′) ∈ AI ✇✐t❤ w(p, t′) < y′p ∀p ∈ P (y,y′) ✇✐t❤ y′p < yp✳

▲❡♠♠❛ ✸✳ ■♥s❡rt✐♥❣ ✐♥ PS ❛♥② ♥♦♥✲❡♠♣t② s✉❜s❡t A′ ⊆ ❈❆(σ, σ′) r❡s♦❧✈❡s t❤❡
✇❡❛❦ ♣r✐♦r✐t② ❝♦♥✢✐❝t ❲P❈(σ, σ′)✳

❲❡ ♥❡①t ❞✐s❝✉ss ✇❤✐❝❤ s✉❜s❡ts ♦❢ ❝♦♥tr♦❧✲❛r❝s ❢♦r ❛❧❧ ❲P❈s ❛r❡ s✉✐t❛❜❧❡ t♦ t✉r♥
PS ✐♥t♦ ❛ ❝❛t❛❧②t✐❝❛❧ ❝♦♥❢♦r♠❛❧ ❡①t❡♥❞❡❞ P❡tr✐ ♥❡t✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❛ ❝♦♥tr♦❧✲
❛r❝ (p, t) ∈ ❈❆(σ, σ′) ♠✐❣❤t ❞✐s❛❜❧❡ t ❛t ❛ st❛t❡ ✐♥ ❛ s❡q✉❡♥❝❡ σ′′ ∈ S \σ, σ′ ✇❤❡r❡
t ✐s s✉♣♣♦s❡❞ t♦ s✇✐t❝❤✳ ■♥ t❤✐s ❝❛s❡✱ (p, t) ❤❛s t♦ ❜❡ r❡♠♦✈❡❞ ❢r♦♠ ❈❆(σ, σ′)✱
r❡s✉❧t✐♥❣ ✐♥ ❛ r❡❞✉❝❡❞ s❡t ❈❆S(σ, σ

′)✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♦♥❡ ❝♦♥tr♦❧✲❛r❝ ♠❛②
r❡s♦❧✈❡ s❡✈❡r❛❧ ❲P❈s ✐♥ PS ✐❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❡ts ❈❆S(σ, σ

′) ✐♥t❡rs❡❝t✳
❚❤✐s ♠♦t✐✈❛t❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥s✐❞❡r❛t✐♦♥✿ ■♥tr♦❞✉❝❡ ♦♥❡ ✈❛r✐❛❜❧❡ z(p,t) ∈

{0, 1} ❢♦r ❡❛❝❤ ♣♦ss✐❜❧❡ ❝♦♥tr♦❧✲❛r❝ (p, t) ∈ ❈❆S(σ, σ
′) ❢♦r ❛❧❧ ❲P❈s ✐♥ PS ✳

❈♦♥str✉❝t ❛ 0/1✲♠❛tr✐① AS ✇❤♦s❡ ❝♦❧✉♠♥s ❝♦rr❡s♣♦♥❞ t♦ ❛❧❧ t❤♦s❡ ✈❛r✐❛❜❧❡s
✭r❡s♣✳ ❝♦♥tr♦❧✲❛r❝s✮ ❛♥❞ ✇❤♦s❡ r♦✇s ❡♥❝♦❞❡ t❤❡ ✐♥❝✐❞❡♥❝❡ ✈❡❝t♦rs ♦❢ t❤❡ s❡ts
❈❆S(σ, σ

′) ❢♦r ❛❧❧ ❲P❈s ✐♥ PS ✳ ❚❤❡♥ ❛♥② 0/1✲s♦❧✉t✐♦♥ z ♦❢ t❤❡ s②st❡♠

ASz ≥ 1 ✭✷✮

❡♥❝♦❞❡s ❛ s✉✐t❛❜❧❡ s❡t ♦❢ ❝♦♥tr♦❧✲❛r❝s r❡s♦❧✈✐♥❣ ❛❧❧ ❲P❈s ✐♥ PS ✳ ❆♥② 0/1✲s♦❧✉t✐♦♥
z ♦❢ ✭✷✮ ✐s ❝❛❧❧❡❞ ❛ ❝♦✈❡r ♦❢ AS ✳

▲❡♠♠❛ ✹✳ ❆♥② ❝♦✈❡r ♦❢ AS ❝♦rr❡s♣♦♥❞s t♦ ❛ s❡t ♦❢ ❝♦♥tr♦❧✲❛r❝s ♠❛❦✐♥❣ PS

❝❛t❛❧②t✐❝❛❧ ❝♦♥❢♦r♠❛❧ ✇✐t❤ X ′✳

❆❝❝♦r❞✐♥❣ t♦ ❬✶✽❪✱ ✇❡ ❛r❡ ♦♥❧② ✐♥t❡r❡st❡❞ ✐♥ ✜♥❞✐♥❣ ♠✐♥✐♠❛❧ ♠♦❞❡❧s ✜tt✐♥❣ X ′✱
✇❤❡r❡ ♠✐♥✐♠❛❧✐t② ✐s ✐♥t❡r♣r❡t❡❞ ✐♥ t❤❡ s❡♥s❡ t❤❛t ❛❧❧ ♥♦♥✲♠✐♥✐♠❛❧ ♠♦❞❡❧s ❝♦♥t❛✐♥
❛♥♦t❤❡r ♦♥❡ ❛❧s♦ ✜tt✐♥❣ t❤❡ ❞❛t❛✳ ❇❛s❡❞ ♦♥ r❡s✉❧ts ✐♥ ❬✶✽❪✱ ✇❡ ❝❛♥ s❤♦✇✿

▲❡♠♠❛ ✺✳ ◆♦♥✲♠✐♥✐♠❛❧ ❝♦✈❡rs ♦❢ AS ②✐❡❧❞ ❡①t❡♥❞❡❞ P❡r✐ ♥❡ts ✇✐t❤ ✉♥♥❡❝❡ss❛r②
❝♦♥tr♦❧✲❛r❝s ❛♥❞✱ t❤✉s✱ ❜❡✐♥❣ ♥♦t ♠✐♥✐♠❛❧✳

❍❡♥❝❡✱ ✐t s✉✣❝❡s t♦ ♦♥❧② ❝♦♥s✐❞❡r ♠✐♥✐♠❛❧ ❝♦✈❡rs ♦❢ AS ❜✉t✱ ❢♦r t❤❡ s❛❦❡ ♦❢
❝♦♠♣❧❡t❡♥❡ss✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ✜♥❞✐♥❣ ❛❧❧ ♦❢ t❤❡♠✳ ❚❤❡ s❡t ♦❢ ❛❧❧ ♠✐♥✐♠❛❧
❝♦✈❡rs ♦❢ ❛ ♠❛tr✐① A ✐s ❝❛❧❧❡❞ ✐ts ❜❧♦❝❦❡r b(A)✳ ❚❤✐s ✐♠♣❧✐❡s✿

❚❤❡♦r❡♠ ✷✳ ❆❧❧ ♠✐♥✐♠❛❧ ❝❛t❛❧②t✐❝❛❧ ❝♦♥❢♦r♠❛❧ ❡①t❡♥❞❡❞ P❡tr✐ ♥❡ts ❜❛s❡❞ ♦♥ PS

❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ❝♦♠♣✉t✐♥❣ t❤❡ ❜❧♦❝❦❡r b(AS)✳

✶✷



❊①❛♠♣❧❡ ✼✳ ❋♦r t❤❡ ❢❡❛s✐❜❧❡ s❡t S4 ∪ Vterm✱ ✇❡ ♦❜t❛✐♥ ❛s ♠❛tr✐① AS4
✿

(FR,r2) ∈ AR (PFR,d
2) ∈ AI (PR,d

2) ∈ AR (Spo,r4) ∈ AI (R,r4) ∈ AR (R,d2) ∈ AI

WPC1 X
WPC2 X X
WPC3 X X
WPC4 X X

❚❤❡ ✶✺ ❝♦✈❡rs ♦❢ AS4
❛r❡ ❛s ❢♦❧❧♦✇s✿

(FR, r2) ∈ AR (PFR,d
2) ∈ AI (PR,d

2) ∈ AR (Spo, r4) ∈ AI (R, r4) ∈ AR (R,d2) ∈ AI

Pa WCP1 WCP3 WCP4 WCP2
Pb WCP1 WCP3 WCP2 and WCP4
Pc WCP1 WCP3 WCP4 WCP2
Pd WCP1 WCP3 WCP2 and WCP4
Pe WCP1 WCP3 WCP4 and WPC2 WCP2
Pf WCP1 WCP3 WCP4 WCP2 and WCP4
Pg WCP1 WCP3 WCP4 and WPC2 WCP2
Ph WCP1 WCP3 WCP4 WCP2 and WCP4
i WCP1 WCP3 WCP3 WCP4 WCP2 and WCP4
j WCP1 WCP3 WCP3 WCP4 WCP2
k WCP1 WCP3 WCP3 WCP2 and WCP4
l WCP1 WCP3 WCP3 WCP2 and WCP4 WCP2
m WCP1 WCP3 WCP4 WCP2 and WCP4 WCP2
n WCP1 WCP3 WCP4 WCP2 and WCP4 WCP2
o WCP1 WCP3 WCP3 WCP4 WCP2 and WCP4 WCP2

❚❤❡ ✽ X ′✲❞❡t❡r♠✐♥✐st✐❝ ❡①t❡♥❞❡❞ P❡tr✐ ♥❡ts ❢r♦♠ ❋✐❣✳ ✸ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ✽ ❝♦✈❡rs
✭❛✲❤✮ ♦❢ AS4

✇❤❡r❡ ✇❡ ❝❤♦s❡ ♦♥❡ ❜② ♦♥❡✱ ♦♥❡ ❝♦♥tr♦❧✲❛r❝ t♦ s♦❧✈❡ ♦♥❡ ❲P❈✳ ◆♦t❡
t❤❛t Pe,Pf ,Pg ❛♥❞ Ph ❛r❡ ♥♦t ♠✐♥✐♠❛❧ s✐♥❝❡ t❤❡② ❝♦♥t❛✐♥ ✉♥♥❡❝❡ss❛r② ❝♦♥tr♦❧✲
❛r❝s✱ ✇❤❡r❡❛s t❤❡ ♠✐♥✐♠❛❧ ❝♦✈❡rs ❢r♦♠ b(AS4

) ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❢♦✉r ♠✐♥✐♠❛❧
s♦❧✉t✐♦♥s Pa,Pb,Pc,Pd✳

◆♦t❡ t❤❛t b(AS) ✐s ♥♦♥✲❡♠♣t② ✐❢ ❛♥❞ ♦♥❧② ✐❢ ♥♦♥❡ ♦❢ t❤❡ s❡ts ❈❆S(σ, σ
′) ✐s

❡♠♣t②✳ ❋✐♥❛❧❧②✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t b(AS1
) 6= ∅ ❛❧✇❛②s ❤♦❧❞s ❢♦r t❤❡ ❝❛♥♦♥✐❝❛❧

s♦❧✉t✐♦♥ S1✱ s♦ t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ ❝❛t❛❧②t✐❝❛❧ ❝♦♥❢♦r♠❛❧ ♥❡t✇♦r❦ ❢♦r ❛♥② ❣✐✈❡♥
X ′✳ ❇② ❝♦♥str✉❝t✐♦♥✱ ❛❧❧ ❝❛t❛❧②t✐❝ ❝♦♥❢♦r♠❛❧ ❡①t❡♥❞❡❞ P❡tr✐ ♥❡ts ❜❛s❡❞ ♦♥ PS

❝❛♥ ❜❡ ♠❛❞❡ X ′✲❞❡t❡r♠✐♥✐st✐❝ ❜② t❛❦✐♥❣ ❛❧❧ t❤❡ ♣r✐♦r✐t✐❡s Oσ ❢♦r ❛❧❧ σ ∈ S✳

✹ ❈♦♥❝❧✉❞✐♥❣ ❘❡♠❛r❦s

■♥ ❬✻❪✱ ❛♥ ✐♥t❡❣r❛t✐✈❡ ♠❡t❤♦❞ t♦ r❡❝♦♥str✉❝t ❛❧❧ X ′✲❞❡t❡r♠✐♥✐st✐❝ ❡①t❡♥❞❡❞
P❡tr✐ ♥❡ts ✇✐t❤ ♣r✐♦r✐t✐❡s ✜tt✐♥❣ ❣✐✈❡♥ ❡①♣❡r✐♠❡♥t❛❧ t✐♠❡ s❡r✐❡s ❞❛t❛ ✐s ♣r♦♣♦s❡❞✳
❲❡ ❞❡t❛✐❧❡❞ ❤❡r❡ t❤❡ ❛s♣❡❝t ♦❢ ❤❛♥❞❧✐♥❣ ♣r✐♦r✐t② ❝♦♥✢✐❝ts ❛♥❞ ❝❤♦♦s✐♥❣ ❝♦♥tr♦❧✲
❛r❝s ❜② ❞✐s❝✉ss✐♥❣ t❤❡ ✉♥❞❡r❧②✐♥❣ ♠❛t❤❡♠❛t✐❝❛❧ str✉❝t✉r❡s ❛♥❞ r❡❧❛t❡❞ ❝♦♠❜✐♥❛✲
t♦r✐❛❧ ♣r♦❜❧❡♠s✿ ✇❡ ✐♥t❡r♣r❡t❡❞

✕ t❤❡ s❡❧❡❝t✐♦♥ ♦❢ s✉✐t❛❜❧❡ s❡q✉❡♥❝❡s ❢r♦♠ t❤❡ ♣r✐♦r✐t② ❝♦♥✢✐❝t ❣r❛♣❤ ❛s t❤❡
♣r♦❜❧❡♠ ♦❢ ✜♥❞✐♥❣ ❛ st❛❜❧❡ s❡t ♦❢ s✐③❡ χ(GS) ✐♥ GS ❛♥❞ ❡♥s✉r❡❞ t❤❡ ❡①✐st❡♥❝❡
♦❢ s✉❝❤ ❛ st❛❜❧❡ s❡t ✭❚❤♠✳ ✶✮✳
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✕ r❡s♦❧✈✐♥❣ ❲P❈s ❛s s❡t ❝♦✈❡r ♣r♦❜❧❡♠ ✐♥✈♦❧✈✐♥❣ ❛ ♠❛tr✐① AS ❡♥❝♦❞✐♥❣ ❛❧❧
♣♦ss✐❜❧❡ ❝♦♥tr♦❧✲❛r❝s t♦ r❡s♦❧✈❡ ❛❧❧ ❲P❈s ✐♥ ❛ st❛♥❞❛r❞ ♥❡t✇♦r❦ PS ❛♥❞
s❤♦✇❡❞ t❤❛t ❝♦♠♣✉t✐♥❣ t❤❡ ❜❧♦❝❦❡r b(AS) ②✐❡❧❞s ❛❧❧ ♠✐♥✐♠❛❧ ❝❛t❛❧②t✐❝ ❝♦♥✲
❢♦r♠❛❧ ❡①t❡♥❞❡❞ P❡tr✐ ♥❡ts ❜❛s❡❞ ♦♥ PS ✭❚❤♠✳ ✷✮✳

❚❤❡s❡ ✐♥t❡r♣r❡t❛t✐♦♥s ✐♥ t❡r♠s ♦❢ t✇♦ ✇❡❧❧✲❦♥♦✇♥ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♣t✐♠✐③❛t✐♦♥
♣r♦❜❧❡♠s ♦♣❡♥ ✉s t❤❡ ♣♦ss✐❜✐❧✐t② t♦ ❛♣♣❧② ❡✛❡❝t✐✈❡ t❡❝❤♥✐q✉❡s ❦♥♦✇♥ ❢r♦♠ t❤❡
❧✐t❡r❛t✉r❡✱ ❡✳❣✳✱ t❤❡ ❝❧❛ss✐❝❛❧ ❛❧❣♦r✐t❤♠ ♦❢ ❇❡r❣❡ ❬✶❪ ♦r ♦♥❡ ♦❢ ✐ts r❡❝❡♥t✱ ♠♦r❡
❡✣❝✐❡♥t ✈❛r✐❛♥ts ❬✺✱✶✷❪✱ t♦ ❝♦♠♣✉t❡ t❤❡ ❜❧♦❝❦❡r ♦❢ ❛ ♠❛tr✐①✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡r❡ ❡①✐st ❛❧❣♦r✐t❤♠s t♦ ❡♥✉♠❡r❛t❡ ❛❧❧ ♠❛①✐♠❛❧ st❛❜❧❡
s❡ts ♦❢ ❛ ❣r❛♣❤ ❬✼✱✶✵✱✶✻❪✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡ ❛❧❧ ♠❛①✐♠✉♠ ♦♥❡s✳ ❍❡r❡✱ ✐t ❝♦✉❧❞ ❜❡
✐♥t❡r❡st✐♥❣ t♦ ❞❡s✐❣♥ ❛ s♣❡❝✐❛❧✐③❡s ❛❧❣♦r✐t❤♠ ❢♦r ❡♥✉♠❡r❛t✐♥❣ ❛❧❧ st❛❜❧❡ s❡ts ♦❢
s✐③❡ χ(G)✱ ❜❛s❡❞ ♦♥ ❛ ❦♥♦✇♥ ❝❧✐q✉❡ ♣❛rt✐t✐♦♥ ♦❢ G ♦❢ t❤❡ s❛♠❡ s✐③❡ χ(G)✳
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✻✳ ▼✳ ❋❛✈r❡ ❛♥❞ ❆✳ ❑✳ ❲❛❣❧❡r✳ ❘❡❝♦♥str✉❝t✐♥❣ X ′✲❞❡t❡r♠✐♥✐st✐❝ ❡①t❡♥❞❡❞ P❡tr✐ ♥❡ts
❢r♦♠ ❡①♣❡r✐♠❡♥t❛❧ t✐♠❡✲s❡r✐❡s ❞❛t❛ X ′ ✭❡①t❡♥❞❡❞ ❛❜str❛❝t✮✳ ❈❊❯❘ ❲♦r❦s❤♦♣ Pr♦✲
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