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Abstract

To begin with, we identify the equations of elastostatics in a Riemannian manifold, which gener-
alize those of classical elasticity in the three-dimensional Euclidean space. Our approach relies
on the principle of least energy, which asserts that the deformation of the elastic body arising in
response to given loads minimizes over a specific set of admissible deformations the total energy
of the elastic body, defined as the difference between the strain energy and the potential of the
loads. Assuming that the strain energy is a function of the metric tensor field induced by the
deformation, we first derive the principle of virtual work and the associated nonlinear boundary
value problem of nonlinear elasticity from the expression of the total energy of the elastic body.
We then show that this boundary value problem possesses a solution if the loads are sufficiently
small (in a sense we specify).

Résumé

Dans un premier temps, nous identifions les équations de 1’élastostatique dans une variété rie-
mannienne, qui généralisent celles de la théorie classique de 1’élasticité dans 1’espace euclidien
tridimensionnel. Notre approche repose sur le principe de moindre action, qui affirme que la
déformation du corps élastique sous 1’action des forces externes minimise sur I’ensemble des
déformations admissibles 1’énergie totale du corps élastique, définie comme la différence entre
I’énergie de déformation et le potentiel des forces externes. Sous I’hypothese que I’énérgie de
déformation est une fonction du champ de tenseurs métriques induit par la déformation, nous
dérivons dans un premier temps le principe des travaux virtuels et le probleéme aux limites as-
socié a partir de I’expression de 1’énergie totale du corps élastique. Nous démontrons ensuite que
ce probleme aux limites admet une solution si les forces externes sont suffisamment petites (en
un sens que nous précisons).
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1. Introduction

In this paper we study the deformation of an elastic body immersed in a Riemannian manifold
in response to applied body and surface forces. We first show how the equations of elastostatics
can be derived from the principle of least energy, and we then establish existence theorems for
these equations. These equations generalize the classical equations of elastostatics in the three-
dimensional Euclidean space, and have applications in both classical and relativistic elasticity
theory; cf. Section 10. The definitions and notations used, but not defined in this introduction,
can be found in Section 2.

Alternative approaches to the modeling of elastic bodies in a Riemannian manifold can be
found elsewhere in the literature; see, for instance, [11, 12, 17, 19, 20, 21, 22] and the refer-
ences therein. Our approach is akin to the one in Ciarlet [6], but is formulated in a Riemannian
manifold instead of the three-dimensional Euclidean space. As such, our results can be easily
compared with their counterparts in classical elasticity and in this respect can be used to model
the deformations of thin elastic shells whose middle surface must stay inside a given surface in
the three-dimensional Euclidean space. More specifically, letting (V, g) be the three-dimensional
Euclidean space and ¢y : M — M c N be a global local chart (under the assumption that it
exists) of the reference configuration M = @o(M) of an elastic body immersed in N reduces
our approach to the three-dimensional classical elasticity in curvilinear coordinates (see, for in-
stance, [7]), while letting M = M c N and ¢y = idy; reduces our approach to the classical
three-dimensional elasticity in Cartesian coordinates (see, for instance, [6]).

An outline of the paper is as follows. Section 2 describes the mathematical framework and
notation used throughout the paper. Basic notions from differential and Riemannian geometry
are briefly discussed. It is important to keep in mind that in all that follows, the physical space
containing the elastic body under consideration is a differential manifold N endowed with a single
metric tensor g, while the abstract configuration of the elastic body (by definition, a manifold
whose points label the material points of the elastic body) is a differential manifold M endowed
with two metric tensors, one g = g[¢] := ¢*g induced by an unknown deformation ¢ : M — N,
and one gy = gleo] := ¢;& induced by a reference deformation ¢y : M — N. The connection
and volume on N are denoted V and & (induced by @), respectively. The connections and volume
forms on M are denoted V = V[¢] and w = w[¢] (induced by g = g[¢]) and V; and wq (induced
by go).

Tensor fields on M will be denoted by plain letters, such as &, and their components in a local
chart will be denoted with Latin indices, such as &. Tensor fields on N will be denoted by letters
with a hat, such as f, and their components in a local chart will be denoted with Greek indices,
such as &*. Tensor fields on M x N will be denoted by letters with a tilde, such as € or 7', and
their components in local charts will be denoted with Greek and Latin indices, such as 5‘7 or T’H

Functionals defined over an infinite-dimensional manifold, such as C'(M, N) or

CHTM) :=1{£: M — TM; &x) € T M for all x € M},

where T, M denotes the tangent space to M at x € M, will be denoted with letters with a bracket,
such as T[ ]. Functions defined over a finite-dimensional manifold, such as M X N or T; M, will
be denoted with letters with a parenthesis, such as 7'( ). Using the same letter in 7'[ ] and 7'( )
means that the two functions are related, typically (but not always) by

(T[e])(x) = T(x, o(x), Dp(x)) forall x € M,
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where Dy(x) denotes the differential of ¢ at x. In this case, the function T°( ) is called the
constitutive law of the function 7'[ ] and the above relation is called the constitutive equation of
T. Letters with several dots denote constitutive laws of different kind, for instance,

(TleD(x) = T(x, ¢(x), Dp(x)) = T(x, gle(x)) = T (x, Elo, p1(x)) = T (x, £(x), Vo&(x))
for all x € M, where |
Elgo, ] := 3(glp] — go) and & := expy ¢

(the mapping exp,,, is defined below). The derivative of a function f| ] at a point ¢ in the direction
of a tangent vector ;7 at ¢ will be denoted f'[¢]n.

In Section 3, we define the kinematic notions used to describe the deformation of an elastic
body. The main novelty is the relation

@ = exp,, & 1= (€xp(0.£)) © @o

between a displacement field £ € C'(T M) of a reference configuration go(M) of the body and the
corresponding deformation ¢ : M — N of the same body. Of course, this relation only holds if
the vector field £ is small enough, so that the exponential maps of N be well defined at each point
wo(x) € N, x € M. We will see in the next sections that the exponential maps on the Riemannian
manifold N replace, to some extent, the vector space structure of the three-dimensional Euclidean
space appearing in classical elasticity. The most important notions defined in this section are the
metric tensor field, also called the right Cauchy-Green tensor field,

glel == ¢'g,

induced by a deformation ¢ : M — N, the strain tensor field, also called Green-St. Venant tensor
field,

1
Elp,y] = z(g[eb] - gleD

associated with a reference deformation ¢ and a generic deformation ¢, and the linearized strain
tensor field (£ denotes the Lie derivative operator on M; see Section 2)

1
elg, &) = zl:g(g[‘ﬁ]),

associated with a reference deformation ¢ and a displacement field & = (.£) o ¢ of the configu-
ration ¢(M).

In Section 4, we express the assumption that the body is made of an elastic material in math-
ematical terms. The assumption underlying our model is that the strain energy density associated
with a deformation ¢ of the body is of the form

MeD)(x) := W(x, (Elgo, ¢])(x)) € AM, x € M,
or equivalently,
Wl = Wolglwy, where (Wole])(x) := Wo(x, (Elgo, ¢D(x)) € R, x € M,

where AM denotes the space of n-forms on M at x € M, ¢ : M — N denotes a reference
deformation of the body, and wy := ¢j@ denotes the volume form on M induced by ¢y.
3



The stress tensor field associated with a deformation ¢ is then defined in terms of this density
by

oW
Hﬂ:gghﬂ%wh

Other equivalent stress tensor fields, denoted T'[¢], T[cp], )i[(p], and T[(p], are defined in terms
of X[¢] by lowering and pushing forward some of its indices; cf. Remark 4.3. The novelty
are the tensor fields ﬁ‘.[go] = p.X[e] and T[¢] := gle] - Z[¢], where - denotes the contraction
of one single index, which are not needed in classical elasticity because of the particularity of
the three-dimensional Euclidean space (which possesses in particular a constant orthonormal
frame field). The three other tensor fields T [e], T [¢], and Z[¢], correspond in classical elasticity
to the Cauchy, the first Piola-Kirchhoff, and the second Piola-Kirchhoff, stress tensor fields,
respectively.

Hereafter, boldface letters denote volume forms with scalar or tensor coefficients; the corre-
sponding plain letters denote the components of such volume forms over a fixed volume form
with scalar coefficients. For instance, if w := ¢*® denotes the volume on M induced by a
deformation ¢, then

A

W=Wow, L=Xw T=Tow T=Tow, T=Teod, E=300.

In the particular case where the volume form is wp := @j@, where ¢y defines the reference
configuration of the body, we use the notation

W=Wowy, X2=20Q0wy, T =Ty wy, T=T0®w0.

Incorporating the volume form in the definition of the stress tensor field might seem redundant
(only Wy, X, To, T are defined in classical elasticity), but it has three important advantages: First,
it allows to do away with the Piola transform and use instead the more geometric pullback op-
erator. Second, it allows to write the boundary value problem of both nonlinear and linearized
elasticity (equations (1.1) and (1.2), resp. (1.3) and (1.4), below) in divergence form, by using
appropriate volume forms, viz., w in nonlinear elasticity and wy in linearized elasticity, so that
Vo = 0 and Vywy = 0. Third, the normal trace of 7' = T[¢] on the boundary of M appearing in
the boundary value problem (1.1) is independent of the choice of the metric used to define the
unit outer normal vector field to dM, by contrast with the normal trace of T = T[¢] on the same
boundary appearing in the boundary value problem (1.2); see relation (2.3) and the subsequent
comments.

Section 5 is concerned with the modeling of external forces. The main assumption is that the
densities of the applied body and surface forces are of the form

(fleD(x) = f(x,(x), Dp(x)) € TEIM @ ™M,  x € M,
(hlgD)(x) := h(x, ¢(x), Dp(x)) € TEM @ AY'T5, x €T, C M,

where f and h are sufficiently regular functions, and I'; UT, = I’ := M denotes a measurable
partition of the boundary of M.

In Section 6, we combine the results of the previous sections to derive the model of nonlinear
elasticity in a Riemannian manifold, first as a minimization problem (Proposition 6.1), then as
variational equations (Proposition 6.2), and finally as a boundary value problem (Proposition
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6.3). The latter asserts that the deformation ¢ of the body must satisfy the system

—div T[¢] = fle] inintM,
Tl¢l, = hl¢] onl>, (1.1)
©® =0 onI,

or equivalently, the system

—div T[¢] = flg] inintM,
T[e] - (Vle] - gle]) = hle] onThy, (L.2)
¥ =¢o onI,

where div = div[¢] and v[¢] respectively denote the divergence operator and the unit outer
normal vector field to the boundary of M induced by the metric g = g[¢]. Note that the divergence
operators appearing in these boundary value problems depend themselves on the unknown ¢.

In Section 7, we deduce the equations of linearized elasticity from those of nonlinear elastic-
ity, by linearizing the stress tensor field X[¢] with respect to the displacement field & := exp;ol ®
of the reference configuration ¢y(M) of the body, assumed to be a natural state (that is, an uncon-
strained configuration of the body). Thus the unknown in linearized elasticity is the displacement
field ¢ € C'(T M), instead of the deformation ¢ € C (M, N) in nonlinear elasticity.

The elasticity tensor field of an elastic material, whose (nonlinear) constitutive law is W, is
defined at each x € M by

W
A(x) = W(x, O)
The linearized stress tensor field associated with a displacement field ¢ is then defined by

T"™[¢] = (A : elgo, £€]) - g0,

where go = ¢;g and : denotes the contraction of two indices (the last two contravariant indices
of A with the two covariant indices of e[y, £]). The affine part with respect to & of the densities
of the applied forces are defined by

FMEL = flgol + flwolé and B*[€] := hlgo] + I [@olé,

where f'[plé = [% f [exp%(tf)]]tzo = fi-&+ f» 1 V¢ for some appropriate tensor fields
Sf1 € CUTIM ® A"M) and f, € C°(T) M ® A" M) (a similar relation holds for h'[¢o]€).

It is then shown that, in linearized elasticity, the unknown displacement field of the reference
configuration go(M) is the vector field € = (¢o,£) o @, where & € C'(T M) satisfies the boundary
value problem '

—divo T [¢] = f2[£]  in intM,
T"(£), = B[€] onTy, (1.3)
E=0 onl,

or equivalently, the boundary value problem
~divo Tg"[é] = f27[¢]  in intM,

T €] (vo - go) = Ka'[¢]  on T, (1.4)
&E=0 onl}y,
5



where divy and v, respectively denote the divergence operator and the unit outer normal vector
field to the boundary of M induced by the metric g¢; cf. Proposition 7.1. It is also shown that
these boundary value problems are equivalent to the variational equations

f (A : elgo, £]) : elwo,n] = f e+ f hE) -, (1.5)
M M I

for all sufficiently regular vector fields 7 that vanish on I';.

In Section 8, we establish an existence and regularity theorem for the equations of linearized
elasticity in a Riemannian manifold (eqns (1.3)-(1.5)). We show that the variational equations
(1.5) have a unique solution in the Sobolev space {¢ € H YTM); ¢ = OonT} provided the
elasticity tensor field A is uniformly positive-definite and f’[¢o] and h’[¢o] are sufficiently small
in an appropriate norm. The key to this existence result is a Riemannian version of Korn’s
inequality, due to [10], asserting that, if I'; # 0, there exists a constant Cx < co such that (£
denotes the Lie derivative operator on M; see Section 2)

1
1€l rany < Crllelgo, Elllz2cs,mys elwo, €] = E-ﬁggo,

for all £ € H'(T M) that vanish on I';. The “smallness assumption” mentioned above depends
on this constant: the smaller Ck is, the larger f'[¢o] and h'[¢o] are in the existence result for
linearized elasticity.

Furthermore, when I'y = dM, we show that the solution to the equations of linearized elas-
ticity belongs to the Sobolev space W"*2P(T M), m > 0, 1 < p < oo, and satisfies the boundary
value problems (1.2) and (1.3) if the data (M, ¢y, fleol, and f'[¢o]) satisfies specific regularity
assumptions.

In Section 9, we study the existence of solutions to the equations of nonlinear elasticity (1.1)
in the particular case where I'j = dM and the applied forces and the constitutive law of the elastic
material are sufficiently regular. Under these assumptions, the equations of linearized elasticity
define a surjective continuous linear operator Al [£] := divy T““[g] + f'lpolé : X —> Y, where

X := W™P(TM) 0 WP (TM) and Y := W™P(T*M ® A"M),

for some exponents m € N and 1 < p < co that satisfy the constraint (m + 1)p > n, where n
denotes the dimension of the manifold M.

Using the substitution ¢ = exp, & (when ¢ is small enough in the C%T M)-norm, so that
the mapping exp,, : C YTM) — C'(M, N) is well-defined), we recast the equations of nonlinear
elasticity (1.2) into an equivalent boundary value problem, viz.,

—div T [exp% =1 [exp% &]  inintM,
éE=0 on OM,
whose unknown is the displacement field £&. We then show that the mapping A : X — Y defined

by
Al€] :=div T[exp(p0 &1+ f[exp% &] forall € € X,
satisfies A'[0] = A"". Consequently, proving an existence theorem for the equations of nonlin-

ear elasticity amounts to proving the existence of a zero of the mapping A. This is done by using
a variant of Newton’s method, where a zero of A is found as the limit of the sequence

& = 0and &y = & — A0 A&, k> 1.
6



Note that the constraint (m + 1)p > n ensures that the Sobolev space W*!- (Tl1 M), to which
Voé belongs, is an algebra. This assumption is crucial in proving that the mapping A : X — Y is
differentiable, since

(AED(x) = A(x, £(x), W&(x), x € M,

for some regular enough mapping A, defined in terms of the constitutive laws of the elastic
material and of the applied forces under consideration; cf. relations (9.5) and (9.6). Thus A
is a nonlinear Nemytskii (or substitution) operator, which is known to be non-differentiable if &
belongs to a space with little regularity.

In addition to making regularity assumptions, we must assume that f’'[¢g] is sufficiently
small in an appropriate norm, so that the operator A'[0] € L(X,Y) is invertible; cf. Theorem
8.1, which establishes the existence and regularity for linearized elasticity.

Finally, we point out that the assumptions of the existence theorem of Section 9 are slightly
weaker than those usually made in classical elasticity, where either p > n is imposed instead of
(m+ 1)p > n(cf. [6]), or f is assumed to belong to the smaller space C"*' (M x TM x Tl1 M)
(cf. [24]).

2. Preliminaries

More details about the definitions below can be found in, for instance, [1] and [3].

Throughout this paper, N denotes an oriented, smooth differentiable manifold of dimension
n, endowed with a smooth Riemannian metric g, while M denotes either a compact, oriented,
smooth differentiable manifold of dimension n, or M := Qc M , where M is a smooth oriented
differentiable manifold of dimension n and € is a bounded, connected, open subset of M, whose
boundary I := dM is Lipschitz-continuous. Generic points in M and N are denoted x and y,
respectively, or (xi);’=1 and (y*)"_, in local coordinates. To ease notation, the n-tuples (x') and
(y*) are also denoted x and y, respectively.

The tangent and cotangent bundles of M are denoted TM := | |,y TxM and T°M := | |, cps TiM,
respectively. The bundle of all (p, g)-tensors (p-contravariant and g-covariant) is denoted Té’ M :=
®’TM) @ (®1T*M). Partial contractions of one or two indices between two tensors will be de-
noted - or : , respectively.

The bundle of all symmetric (0, 2)-tensors is denoted

SaM = | | $2.M c TIM,

xeM

and the bundle of all positive-definite symmetric (0, 2)-tensors is denoted by

SiM:=| |s3 Mcs.m
xeM

Analogously, the bundle of all symmetric (2, 0)-tensors is denoted by S2M := | |,y S2M.

The bundle of all k-forms (that is, totally antisymmetric (0, k)-tensors) is denoted AKM :=
[lyesr AXM; volume forms on M and on T (that is, nowhere-vanishing sections of A”M and of
A""'T) will be denoted by boldface letters, such as w and i, w.

Fiber bundles on M x N will also be used with self-explanatory notation. For instance,

'MeTN:= | | TMeTN,
(x,y)EMXN

7



where T:M ® TN is canonically identified with the space L(TM, T,N) of all linear mappings
from T, M to T\, N.

The set of all mappings ¢ : M — N of class C* is denoted C¥(M, N). Given any mapping
@ € C°(M, N), the pullback bundle of Tg N by ¢ is denoted and defined by

*P AT . P
GTIN:=| |17 N
xeM

The pushforward and pullback mappings induced by a mapping ¢ € C'(M, N) are denoted
@.: T{M — TyN and ¢* : T)M — T{N, respectively. For instance, if p = 1 and ¢ = 2, then

a

Y ) 6 (04
~(E() and (¢"R)y(x) = 2

Oxt

Oy
ox

0
(@) (e(x)) == (X)a—ﬁ(X)gaﬁ(sD(X)), xeM,

where the functions y* = ¢%(x") describe the mapping ¢ in local coordinates, denoted (x') on M
and (y*) on N.

The Lie derivative operators on M and N are denoted £ and £, respectively. For instance,
the Lie derivative of g along a vector field £ € C'(TN) is defined by

H oA . l N A
Le8 = lm — (. 1)°8 = B).

where y; denotes the flow of &. This flow is defined as the mapping (y,f) € N X (—¢,&) —
Y¢(y,1) € N, where ¢ > 0 is a sufficiently small parameter (whose existence follows from the
compactness of M), and y;(y, -) is the unique solution to the Cauchy problem

d A
Eyg(y, 1) =&(yp(y, 1) forall 7 € (-¢,8), and y(y,0) = y.

The notation &|r designates the restriction to the set I' of a function or tensor field & defined
over a set that contains I'. Given any smooth fiber bundle X over M and any submanifold I' ¢ M,
we denote by C¥(X) the space of all sections of class C* of the fiber bundle X, and we let

C*(XIr) := {SIr; S € CFX)).

If § € C*(X) is a section of a fiber bundle X over M, then S (x) denotes the value of S at x € M.
The tangent at x € M of a mapping ¢ € CK(M, N) is a linear mapping Tp € L(T M, ToN).
The section Dy € C¥"/(T*M ® ¢*TN), defined at each x € M by

Do(x) - &£(x) = (Txp)(é(x)) for all & € TM,
is the differential of ¢ at x. In local charts,

0
8),(1/

op® .
Dy(x) = %(x) dx'(x) ® — ((x)), x € M.

Let V : CX(TN) —» C*'(T*N ® TN) denote the Levi-Civita connection on the Riemannian
manifold N induced by the metric g. Any immersion ¢ € C**!(M, N) induces the metrics

g=glpl :=¢"g € CK(SIM) and g = gl¢) := ¢;g € C*(S3(Y*TN)),
8



where
@"8)(E.m) = (@&, o) 0 @ and (9p@)(& 0 @, 70 ) 1= B(&, 1) © ¢,
and the corresponding connections
V = Vgl : CHTM) - CNT*M & TM),
V = Vgl : CX(¢"TN) - C{(T"M ® ¢"TN).

In local coordinates, we have

99 9¢F _ R
ij = afs apf = 8aB ©O P>
8ij 1= 57 57 S 8ap=8apo @
and 5
P o0& 5 2
V& = = +1f &,
Pe ot
. oL
V,’fj = F + F ké:
Lo fly a"DB
Vi — a =Y
‘fa (9 3x’ /J’J’é:
where f’ﬁy, Iy, and fgy = fgy o ¢, denote the Christoffel symbols associated with the metric

tensors g, g, and g, respectively. Note that the metric tensors g and g and the connections V and
V all depend on the immersion ¢. To indicate this dependence, the notation g[¢], g[¢], V[¢], and
V[e], will sometimes be used instead of shorter notation g, g, V, and V.

The above connections are related to one another by the relations

VE =Dy Vé =Dy (V&) o) @.1)
for all £ € CX(TM), & := ¢.&, & := & o @, which in local coordinates read:

o¢’

0 A A
4’ Vi = S (Vs 0 ), 2.2)

Vi =

~

- op® .
where £ = &% o := %f’. Note that
xl

VO = ¢"(V8) and V,& = (V;€)0p, wherefj =@, 8=¢'0, and&=Eo g,

for all n € C<-Y(TM), 6 € CX(T*N) and & € CX(TN), k > 1.

The connection V, resp. @, is extended to arbitrary tensor fields on M, resp. on N, in the
usual manner, by using the Leibnitz rule. The connection V is extended to arbitrary sections
§ € CHT/M ® *(T;N)) by using the Leibnitz rule and the connection V = V[¢]. For instance,
if p =g =r=s=1, then the section V,§ € C*"'(T/M ® ¢*(T'N)) is defined by

(VpS$)E,0,0,7) =S (& 0,0,0) = §(Vyé, 0,0, %) = §(€,V,0,7,7)
_S (‘f’ g, ﬁ7729 ‘T-) - S (f’ a, Za ﬁ17;i-),
for all sections 7 € C<"(T M), & € CK(T M), o € CK(T*M), € C*(¢*TN), and ¥ € C*(¢*T*N).
9



The divergence operators induced by the connections V = V[g], V = V[¢], and vV, are
respectively denoted div = div[e], div = div[¢], and div. In particular, if 7 = T ® w with
T € C(TM ® ¢*T*N) and w € C'(A"M), then, at each x € M,

(div 7)) := (VT (p(x)),
@iv D)) = (VT E0dx (1) @ ... ® dx (x) ® dy (p(x)).
If in addition Vw = 0, then
vnT = (?,,T)@w and divT = (&R/T)@w.

The interior product iy, : T € CH(TM ® ¢*T'N ® A"M) — i,T € COTM ® ¢*T*N @ A" ' M)
is defined by
(ii]T)(99 ga gl 9 ey é/n—l) = T(97 é‘:a n7 51 9 ey gn—])

for all n, ¢y, ..., {u-1 € CUTM), 8 € COT'M), andg € C0(<p*TN), or equivalently, by
i, I=Teiwif T=Tew.

The normal trace of a tensor field T = T ® w € C°(TM ® ¢*T'N ® A"M) on the boundary
OM is defined by y 5
T,:=G,1) (-8 € COUP T'N)on ® A" (9M)),

or equivalently, by
T,=T (v-g)®iw ondM, 2.3)

where v denotes the unit outer normal vector field to M defined by the metric g. Note that the
definition of T, is independent of the choice of the Riemannian metric g, since

i, T) - vi-g1) = @,,T)- (v2- g2) on M

for all Riemannian metrics g; and g, on M (v; denotes the unit outer normal vector field to OM
defined by the metric g;, i = 1, 2). Indeed,

@, T)- 01 - 1) = 1, )@, T) - (v1 - g)] on M
and
&1, v2)(vi - g1) = v2 - g2 on oM.

Integration by parts formulae involving either connection V, V and V will be needed in Sec-
tion 6. We establish here the formula for the connection V, since it does not seem to appear
elsewhere in the literature. Letting M = N and ¢ = idy, in the lemma below yields the inte-
gration by parts formulae for the other two connections V and V, which otherwise are classical.
Recall that -, resp. : , denotes the contraction of one, resp. two, indices (no confusion about the
indices should arise).

Lemma 2.1. For each & € C'(¢*TN) and for each T € C{(TM ® ¢*T'N ® A"M),

fT:ﬁé:—f(&ET)-é+f T,.Z
M M oM

10



Proof. Let w denote the volume form induced by the metric g and let T € C'(TM ® ¢*T*N) be
defined by T = T ® w. Then

T:VE=T: V9w, dvT-i=WivT -dHo,
and

T, -§=@T-(v-8)-&=[T-(v-g)- &liyw;

hence proving the integration by parts formula of Lemma 2.1 is equivalent to proving that
[:900-- [ @180+ [ (008w
M M oM

Since T : V& = TLV,E% = V(TLE) — (V,T1)E?, we have

f(fzvé)amfdiv(T-ém—f(&i‘vTé)w=fz:f.gw—f«’ﬁ‘vf*-é)w,
M M M M M

where L denotes the Lie derivative on M. The first integral of the right-hand side can be written

as
fog(z):fd(if,gw)Zf if,ga).
M M oM

Let v be the unit outer normal vector field to dM defined by the metric g. Since

T-E=g(T -Ev)yy+{T -&-g(T &v)v} ondM,
and since the vector field {T - € — g(T - €, v)v} is tangent to M, the integrand of the last integral
becomes

P70 =iygz0=8gT EViw=T & (v -giw=[T-(v-g)-&liw ondM.
Therefore,
f(T Vo= —f(ciTvT-$>w+f (T-(v-g)-&liw.
M M oM
O

All functions and tensor fields appearing in Sections 3-7 are of class C* over their domain
of definition, with k sufficiently large so that all differential operators be defined in the classical
sense (as opposed to the distributional sense). Functions and tensor fields belonging to Sobolev
spaces on the Riemannian manifold (M, gy), where gy := ¢*g denotes the pullback of the Rie-
mannian metric ¢ by a reference deformation ¢y € C!(M, N), will be used in Sections 8-9 in
order to prove existence theorems for the equations of elastostatics introduced in Sections 6 and
7. The Sobolev space W*?(T M) is defined for each k € N and 1 < p < o as the completion in
the Lebesgue space L”(T M) of the space C*(T M) with respect to the norm

}1/17

>

k
Wl = Wllwercran o= { fM (167 + > I%"él) wo
=1

where
IVo'é] := {go(Vo'&, Vo' &)}/

= {(20)11(80)"" - (80) P (Vo)i, .iiE' (o) &’
11
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The Sobolev space Wg’p (T M) is defined as the closure in W*5?(T M) of the space
Cf,(TM) = {¢€ e CHT M); support(£) C intM).

We will also use the notation HY(T M) := W**(T M) and HY{(T M) := W(’;’Z(TM).

3. Kinematics

Consider an elastic body undergoing a deformation in a Riemannian manifold (¥, ) in re-
sponse to external forces. Let the material points of the body be identified with the points of a
manifold M, hereafter called the abstract configuration of the body. Examples of abstract con-
figurations of a body are a subset Ny C N that the body occupies in the absence of external
forces, or the range of a global chart of Ny (under the assumption that it exists). Unless otherwise
specified, the manifolds M and (N, ) satisfy the same regularity assumptions as in the previous
section.

All the kinematic notions introduced below are natural extensions of their counterparts in
classical elasticity. Specifically, if (&, g) is the three-dimensional Euclidean space and if the
reference configuration of the elastic body is described by a global chart with M as its range,
then our definitions coincide with the classical ones in curvilinear coordinates; see, for instance,
[7].

A deformation of the body is an immersion C' (M, N) that preserves orientation and satisfies
the axiom of impenetrability of matter. This means that

det Dp(x) > 0 for all x € M,

@lintpr = intM — N is injective,

where intM denotes the interior of M. Note that ¢ needs not be injective on the whole M since
self-contact of the deformed boundary may occur.

A displacement field of the configuration ¢(M) of the body is a section & € C'(¢*TN). It is
often convenient to identify displacement fields of ¢(M) with vector fields on & € C'(T M) by
means of the bijective mapping

E—-&=(pb)og.
When no confusion should arise, a vector field & € C'(TM) will also be called displacement
field.

Remark 3.1. An example of displacement field is the velocity field of a body: If y(t) : M — N
is a time-dependent family of deformations and ¢ := ¥(0), then & := fl—‘f(O) is a displacement
field of the configuration ¢(M).

Deformations ¢ : M — N that are close in the C%(M, N)-norm (the smallness assumption is
specified below) to a given deformation ¢ € C'(M, N) are canonically related to the displacement
fields & € C%(¢*TN) of the configuration ¢(M) of the body by the relation

Yy=@xpéog, Eop=¢,

where exp denotes the exponential maps on N. When & = (¢,&) o ¢ is defined by means of a
vector field &€ € CO(T M) on the abstract configuration M, we let

U =exp, €= @De.d)o . (3.1)
12



Of course, these relations only make sense if |$(<p(x))| = (@) (X)) < 3(go(x)) forall x € M,
where &(y) denotes the injectivity radius of N aty € N (i.e., 5(y) is the largest radius for which
the exponential map at y is a diffeomorphism).
Let 5(¢(M)) := miNyeg(a) 5(y) be the injectivity radius of the compact subset ¢(M) of N, and
define the set
CUTM) := (¢ € COTM); ll@.&llcorn, ) < Se(M))). 3.2)

It is then clear from the properties of the exponential maps on N that the mapping
exp, = &xp o Dy : Co(TM) — C*(M.N)

is a C'-diffeomorphism onto its image. Together with its inverse, denoted exp;l, this diffeomor-
phism will be used in Sections 7-9 to transform the equations of elasticity in which the unknown
is the deformation ¢ of a body into equivalent equations in which the unknown is the displace-
ment field € of a given configuration ¢o(M) of the body; of course, the two formulations are
equivalent only for vector fields £ := exp;o1 ¢ that are sufficiently small in the C°(T M)-norm.

Remark 3.2. (a) The relation ¢ = exp,, & means that, for each x € M, y(x) is the end-point of
the geodesic arc in N with length [£(x)| starting at the point ¢(x) in the direction of (¢.&)(¢(x)).

(b) The relation & = exp‘;1 ¥ means that, for each x € M, &(x) is the pullback by the immersion
¢ of the vector that is tangent at ¢(x) to the geodesic arc joining ¢(x) to ¥(x) in N and whose
norm equals the length of this geodesic arc.

The metric tensor field, also called the right Cauchy-Green tensor field, associated with a
deformation ¢ € C'(M, N) is the pullback by ¢ of the metric g of N, i.e.,

gle] == ¢"8.

Note that the notation C := g[¢] is often used in classical elasticity.
The strain tensor field, also called the Green-St Venant tensor field, associated with two
deformations ¢,y € C'(M, N) is defined by

1
Elp,y] = E(g[elf] - gleD.

The first argument ¢ is considered as a reference deformation, while the second argument ¥ is
an arbitrary deformation.

The linearized strain tensor field, also called the infinitesimal strain tensor field, associated
with a deformation ¢ € C'(M, N) and a vector field &£ € C'(T M) (recall that (¢.£) o ¢ is then a
displacement field of the configuration (M) of the body) is the linear part with respect to & of
the mapping & — E[g,exp,¢], ie.,

d
elp. &l = [EE[“” exm(tf)]}

=0

Explicit expressions of e[y, £] are given in Proposition 3.4 below.

Remark 3.3. Let ¢y € C'(M, N) be a reference deformation and let go = g[¢o] := ¥,8. Given
any (x,y) € M x N and any F,G € T:M ® TyN, let (F,G)* : TgyN - Tg’xM denote the pullback
mapping, defined in terms of the bilinear mapping (F, G) : Tg M- TgyN by letting

((F,G)*t)(&,n) .= 2(F&,Gn) forall (£,n) € T,M X T M and all T € Tg’yN,
13



and let :
g(x,y, F) := (F,F)'8(y) and E(x,y,F):= E(g(x,y, F) — go(x)).

Then
glel(x) = g(x, p(x), De(x)) and E[g, ¢o](x) = E(x, ¢(x), Dp(x)).

The mappings ¢ and E defined in this fashion are called the constitutive laws of the right Cauchy-
Green tensor field g[¢] and of the Green-St Venant tensor field E[¢y, ¢] associated with a defor-
mation ¢.

The linearized strain tensor field e[y, £] can be expressed either in terms of the Lie derivative
on M or on N, or in terms of either of the connections defined in the previous section, as we now
show. Recall that - denotes the (partial) contraction of one single index of two tensors.

Proposition 3.4. Given any immersion ¢ € C'(M, N) and any vector field ¢ € C'(T M), define
the vector fields

& =El¢] = .6 € CN(Tp(M)) and & = E[p] = (p.&) o ¢ € C'(¢'TN),
and the corresponding one-form fields
& =8¢l =glgl-& & =8&lgl:=5 Elpl, and & = &yl := gl] - Elyl,

where g = glg] := ¢*g and § = gly] := ¢ § (see Section 2). Let V = V[¢p], V = Vigl, and V,
respectively denote the connections induced by the metric tensors g, 3, and 8, and let £ and £
respectively denote the Lie derivative operators on M and on N. Then

eli,€1 = 5 Leg = 56" (L3)
and | :
elg,€] = S(VE' +(VEN) = S(g- VE+ (g V&)
= %so*(@éb +(VE)) = %w*(é VE+@-VH (33)
= L(Dg- V& + (Dg-VEY) = 5@ Do VE+ @ D~ VB,

In local charts, equations (3.3) are equivalent to the relations

1 1
z(vifj +Vé) = E(gjkvifk + gV ;&)

100" 0P ~ o o 4
_ L0000 oy 34
> ox g7 VBsa + Vasp) o (3.4

1,068 . 04F
= 2(Ge Vi

oxt
where, at each x € M, £ (x) = &(x)dx'(x), £ () = &,()dy* (), and & (x) = E,(x)dy (p(x)).

eijle, €]

9.
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Proof. For each ¢ in a neighborhood of zero, define the deformations

(1) 1= exp,(t€) and Y(-1) := yz(-.1) 0 g,
where £ € C'(T'N) denotes any extension of the section ¢,& € C'(T'¢(M)) and ¢ denotes the
flow of 3 (see Section 2). By definition,

d o e 8- 'R
e[y, &1 = [ Elp, (-, [)]}IZO—}E}’(} N TR

Since

Iy _ oy _
E(X, 0) = i (x,0) = &(x) for all x € M,

it follows from the above expression of e[y, £] that
Y. 08— '8
= lim —————=.
elp.&l = t1—r>1(} 2t
Then the definition of the Lie derivative yields
Ve 02— 8

o1 [P
e[so,f]:so(}gg o )=§90 (L)

| | eny 1
=59 (Locd) = 5 L9’ = 5 Les.
Expressing the Lie derivative L}g in terms of the connection V gives
1890 0P

2 9xi Oxi
1 0¢p® 4P o

Egﬁ( séa + Vals) 0 0.

611[90’ &= (gayvﬁé: + gﬁy aé: ) oy

This implies in turn that

1
eijlp. &1 = §<gikvj§k + g Vitb)

1
= E(iji +V;€)),

and ‘,03
611[90’ é:] {gaf}’ Oxi ijy ﬁ?’a Jj ‘,;?7}
_1(0p" - 0P -
= 5 Ve + 55 Vi)
O
Remark 3.5. (a) Given any vector field & € C!(TN), define the linearized strain tensor field
a 1o, 1 .4 ~ |
208 = 5 Leg = S(VE + (VEY) = (@ - VE+ (@ - VH") € C'SaN). (3.5)
Proposition 3.4 shows that
elg, €1 = ¢"(ele:&)). (3.6)

(b) A vector field ¢ € C'(T M) defines two families of deformations, ¢(-, ) and ¥ (-, ¢), both
starting at ¢ with velocity & = (¢.&) o @; see the proof of Proposition 3.4. Note that ¢(-, ) depends
on the metric tensor field g of the manifold N, while ¥ (-, 7) depends only on the differential
structure of the manifold M.

15



4. Elastic materials

The behavior of elastic bodies in response to applied forces clearly depends on the elastic
material of which they are made. Thus, before studying this behavior, one needs to specify this
material by means of a constitutive law, i.e., a relation between deformations and stresses inside
the body. Note that a constitutive law is usually given only for deformations ¢ that are close to a
reference deformation ¢y, so that plasticity and heating do not occur.

We assume in this paper that the body is made of a hyperelastic material satisfying the axiom
of frame-indifference, that is, an elastic material whose behavior is governed by a stored energy
function W := Wyawy satisfying the relation (4.1) below. The stress tensor field associated with a
deformation ¢ : M — N of the body will then be defined by any one of the sections [¢], £[¢],
T[¢], T[¢], and T [¢] (see Definition 4.2), which are related to each other by the formulae (4.7)
of Proposition 4.4 below.

Let a reference configuration ¢y(M) C N of the body be given by means of an immersion
@0 € C*(M, N). The metric tensor fields and the connections induced by ¢, on TM and on oy TN
are denoted by (see Section 2)

g0 := glwol, &0 := &lwol, Vo := Vigol, Vo := Vigol.

The volume form induced by ¢y, or equivalently by the metric tensor field gy, on the manifold M
is denoted wy := 0.
The strain energy corresponding to a deformation ¢ of an hyperelastic body is defined by

1] 1=fW[90]=fWo[<P]wo,
M M

where the n-form field Wi¢] = Wylelw € L'(A" M) is of the form
Mel)(x) := Wx, (x), De(x)) = Wy(x, @(x), Dp(x))wo(x), x € M,

for some given mapping W(x,y, 3 = Wolx, y, ) wo(x) : TM®TyN - AIM, (x,y) € M XN,
called the stored energy function of the elastic material constituting the body.
We say that the stored energy function satisfies the axiom of material frame-indifference if

Wo(x,y, F) = Wo(x,y', RF)

forallxe M,ye N,y' € N,F € TM®T,N, and all isometries R € TjN@Ter = L(T,N,TyN).
In this case, the polar decomposition theorem applied to the linear mapping F implies that, for
each x € M, there exist mappings Wo(x,-) : § g’xM — Rand Wy(x,-) : S,M — R such that

Wo(x,y, F) = Wo(x,C) = Wo(x, E) forall F € T;M ® T,N, (4.1)

where the tensors C and E are defined in terms of F by (see Remark 3.3)

. A . 1
C=g(,y, F):=(F,F) (&) and E = E(x,y, F) := E(C - 8o(x)).
Hence the axiom of material frame-indifference implies that, at each x € M,

(WMD) : = W(x, ¢(x), Dgp(x)) = Wo(x, ¢(x), Dp(x))wo(x)
= Wx, (gle])(0) = Wo(x, (gle])(x))wo(x) (4.2)
= W(x, (Elgo, 90])(;%) = Wo(x, (Elgo, ¢ (x)wo (),



where
(gleD(x) = g(x, o(x), Dp(x)) = (" 8)(x),

. 1
(Elpo, D)(x) = E(x, 9(x), Dp(x)) = = ((gle])(x) = go(x))-

Let (x,y) € M x N. The Gateaux derivative of the mapping W(x,y,") : T:M ® TN — A'M
at F € T;M ® TN in the direction G € T;M ® T\,N is defined by

ow o1 .
Sp 0y F): G =lim ;{W(x,y,F +1G) - W, y, F)).

The constitutive law of an elastic material whose stored energy function is Wis the mapping
that associates to each (x,y) € M X N and each F € L(T,.M,TyN) = T;M ® TN the tensor

. . ow oW,
T(x7y7F) = TO(%)”F)@‘UO(?C) = a_F(-x7y’F) = 8_;()5,}”17)@0)0(@ (43)

in(T\M®T;N)® AM.
The constitutive law of an elastic material whose stored energy function is W is the mapping
associating to each x € M and each E € S, .M the tensor

oW AW
X(x, E) = So(x, E) ® wo(x) := ﬁ(x, E)= a_EO(x’ E) ® wo(x) (4.4)
inS2M ® A" M.

The next lemma establishes a relation between the constitutive laws T and ¥ when the cor-
responding stored energy functions W= Wy wy and W = Wy w, are related by (4.1).

Lemma 4.1. Let the stored energy functions W= Wy wg and W = Wo wo satisfy (4.1). Then
- . 1 .
T(x,y,F)=8(y) - F-X(x,E), where E = E(x,y,F) = E{(F’ F)8(y) — go(0)},

for all linear operators F € T{M @ TyN = L(T M, T,N).

Proof. It suffices to prove that Ty(x, y, F) = 8(y) - F - So(x, E). Since Wy(x, y, F) = Wo(x, E), the
chain rule implies that, foreach G € TM ® T, N,

. W Wi OE .
To(x.y.F): G = =20y, F): G = =2 (. E) 1 (520.F) : G).
Besides,

8E. . 1 * A kA
57 0-F) 1 G =1im —{(F +1G.F +1G)'3() - (F. FY )|

- %{<F, G)'20) + (G, F)20)}.

Since the tensors g(y) and Xo(x, E) = ‘ZVZO (x, E) are both symmetric, the last two relations imply
that ]
To(x,y, F) : G = 3o(x, E) : (F,G)"8(y),

which is the same as )
To(x,y, F) : G ={g(y) - F - Zo(x, E)} : G.
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We are now in a position to define the stress tensor field associated with a deformation ¢ €
C'(M, N) of an elastic body, a notion that plays a key role in all that follows.

Definition 4.2. Let gy := ¢j8 and wg := @@ respectively denote the metric tensor field and
the volume form induced by a reference deformation ¢y € C'(M,N), let gly] := ¢*& and
wlp] = ¢*@® respectively denote the metric tensor field and the volume form induced by a
generic deformation ¢ € C!'(M, N), and let

1
Elpo, ¢] := z(g[so] - &0)

denote the strain tensor field associated with the deformations ¢y and ¢. Let ¥ denote the con-
stitutive law defined by (4.4).
(a) The stress tensor field associated with a deformation ¢ is either of the following sections

Zlgl := (., Elgo, ¢, Zly] = ¢ (ZlgD,

Tlg] := glgl - Zlyl, Tlg) =2 - Elgl,

Tl¢] := gl¢l - Dy - Zlgl,
where - denotes the contraction of one index (no ambiguity should arise) and @.(Z[¢]) =
¢ (Zlp]) ® @ for each X[p] = Z[p] ® wl¢p].

(b) The tensor fields Z[¢], Zo[¢] € CO(S2M) and T¢], Tolg] € C*(T| M) and T¢l, Tol¢] €
CUTM ® ¢*T'N) and £[¢] € C°(SNlyuy) and T[] € COT Nlyar)), defined by

Zg] = Zle] ® wle] = Zole]  wo, 2yl =Sl @ &,
Tle] = Tlel ® wlg] = Tole] ® wy, Tlel = Tlel © &,
T(e] = Tlg] ® wle] = Tole] ® wy,

are also called stress tensor fields.

(c) The first Piola-Kirchhoff, the second Piola-Kirchhoff, and the Cauchy, stress tensor fields
associated with the deformation ¢ are the sections Ty[¢], Zo[¢], and T[¢], respectively.

Remark 4.3. (a) The stress tensor fields Z[¢], Zo[¢], and ﬁ[cp], are symmetric.
(b) The stress tensor fields X[¢], Tlel, Tl¢l, f)[go], and T[cp] are obtained from each other by
lowering and raising indices in local charts. Specifically, if at each x € M,

. 0 0 a - 0 0
Z[p](x) = XV(x) D855, Zelle) = 2% (p(x) a—y(,(sﬂ(X)) ® ﬁ(sﬂ(@),

) 0 . A N 0
Tlel) = T)() gm0 @dd@).  Tlele() = Tie() 7o) @ Ay (p(x)),
- - 0
Tlpl(0) = Tgx) 5= (0 ® dy (),
then (9(,03 5 (94,0/3
T!=gux*, Ti= gaﬁﬁzﬁ, $B o= %@zw, and 79 = g5, 8, (4.5)

where 8.3, gij, and g.3 = (8qp © @) respectively denote the components of the metric tensor fields
8. 8lel = ¢*8, and glg] := g o @
18



(c) The components of the stress tensor fields X[¢], T[], and T [¢], over the volume forms
wl¢] and w are related to one another by

el = plel Zolel, Tlel = plel Tolel, Tlel = plel Tolel, (4.6)
where the function p[¢] : M — R is defined by p[¢]w[¢] = wy. In local charts,
_det(Fw)

= ——~—— forall xe M.
det(55 (x))

plx

The next proposition gathers for later use several properties of the stress tensor fields T[¢],
T[¢] and T[e].

Proposition 4.4. (a) Let T be the constitutive law defined by (4.3). Then
(TleD(x) = T(x, ¢(x), D(x)) € (TM & TS N) ® ALM, x € M.
(b) The stress tensor fields appearing in Definition 4.2 are related to one another by

Xlg] : elp,€] = Tlg] : V& = Tlg] : VE = " (T[] : V&) = " (Elg] : &),
X[l : elg, &1 = Tl : V& = Tlg] : VE = (Tg] : V&) o o = Ely] : e[€D o ¢
for all vector fields € € CY(T M), where

4.7

T(p] : V¢ := (Tlg] : V&) @ wlg] and Tlp]: VE = (T[p] : V&) ® b.

As above, the vector fields &, {? and 5 appearing in these relations are related to to one another
by means of the formulae

E=(pd) oy and &= p.é.
Proof. The relation of part (a) of Proposition 4.4 is an immediate consequence of Lemma 4.1.

The relations of part (b) are equivalent in a local chart to the relations (with self-explanatory
notations):

Se;ilp, ] = TiViek = T V.E = (T5 Vpé™) 0 ¢ = (3P 24,[€]) 0 .

Using the relations £V = X/ and T; = g;Z" (cf. Remark 4.3), and noting that e;;[¢,£] =
1(guVie* + gV €5 (cf. Theorem 3.4), we first obtain

Tleilp, €] = THgyViek = T Vi,

We next infer from the relations T} = %T}Y (cf. Remark 4.3) and V& = %Vié:k (cf.
relations (2.2)) that

. . 0p¥ o
Tivié =T! (a—‘;vif") = Ti V.2

Furthermore, since 7/ = gm%?k and 3% 0 ¢ = %g—ﬁ?k and % = 2,.5% (cf. Remark

4.3), and since ﬁ,@" = g—i((@ﬂé‘l) o ¢) (cf. relations (2.2)), we have
N o R . -
LVE = (G a—ffz NTpE) 0 0) = (@ar 0 9YEP 0 (V") 0 ) = (1% TpM) 0 .
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Finally, since 7% = 2,.3#7 and /" = £ (cf. Remark 4.3), and since 2, [£] = 1 (80 VpE" +
gaﬂié") (cf. relations (3.4) and (3.5)), we also have

™8 fa lATA"Aa/ 5 ¥ Za BT 4 &
Ty Vpe" = 537 RueVl" + 2pVed") = 27 05l €1

5. Applied forces

We assume in this paper that the external body and surface forces acting on the elastic body
under consideration are conservative, in the sense that they are defined by means of a potential
P:C'(M,N) — R of the form

Plg] = f Flol+ [ Higl = f Plor+ [ ol 5.1)
M (M) TI>)

I

where the volume forms
Flg] = ¢*(Flg]) € C%(A"M) and H[g] = (¢lr,) (H[g]) € C(A"'T,)

are given for each admissible deformation ¢ € C'(M, N) of the elastic body.

Let ¢ € C'(M,N) be a deformation of the elastic body. The work of the applied body
and surface forces corresponding to a displacement field & = (¢.&) o ¢, & € CUT M), of the
configuration ¢(M) of the body is denoted V[¢]¢ and is defined as the derivative of the functional
P : C'(M,N) — R at ¢ in the direction &. Assummg that F and H are sufficiently regular, there
exist sections f p] € CO(T*N ® A"Nl,m) and h[cp] e CO(T'N @ A lle(rz)) such that

VIglé := P'[p)E = Flol-&+ hlg) - &
(M) (FZ) (5'2)
ffso] §+fh[<p =f fisz,
M 1"2
for all £ € C%(T M), where & := ¢,&, & := € 0 ¢, and
= 0" (Flo]). hle] = (0" (h ,
flel = " (fleD), hlel = (¢*(AleD)Ir, (5.3)

Flel = gi(flel),  hle] = (g (hleDIr,.

The tensor fields f[¢], fle] and f[(p], resp. h[y], hlp] and ﬁ[go], are called the densities of the
applied body, resp. surface, forces.
The notation - appearing in (5.2) denotes as before the contraction of one index: if f[p] =

flel @ wlel, flgl = fle] ® wlyl, and flp] = fle] ® @, then
flgl- &= (flel - O wlel,  flel- & = (flel - E wlpl, and flp]- €& = (flg] - &) b.

The pullback operator ¢* : TN ® A*N — T*M ® A*M and the “bundle pullback” operator
T'N® AN — ¢ T*N ® A*M appearing in (5.3) are defined explicitly in Remark 5.1(b)
below.
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We assume in this paper that the applied body and surface forces f[¢] and h[¢] are local, so
that their constitutive equations are of the form:

(fleD(x) = f(x, p(x), Dp(x)), x € M,
(hle])(x) = h(x, p(x), Dp(x)), x € I,

for some (given) mappings fy,) = fo(x,y,) @ wo(x) TM®T,N - T'M®A"M, (x,y) €
M x N, and h(x,y,") = ho(x,y,") ® (i,,wo)(x) : T-M ® T,N — T*M®A" "Mir,, (x,y) € Ty x N.

Remark 5.1. Let glg] := ¢*g and gy := ¢ be the metric tensor fields on M induced by the
deformations ¢ € C'(M,N) and ¢y € C'(M,N), let v[p] and v, denote the unit outer normal
vector fields to the boundary of M with respect to g[¢] and gy, respectively, and let ¥[¢] denote
the unit outer normal vector fields to the boundary of (M) with respect to the metric g. Let

wlg] == ", wy = Eyd € C°’(A"M), and & € C*(A"N),
be the volume forms induced by these metrics on M and on N, respectively, and let
i @le], iywo € C'(A"'Ty), and iz, € COA" @),

denote the corresponding volume forms on the hypersurfaces I’y € M and on (,D(FZ) CN.

(a) The one-form fields fl¢], folg] € CX(T*M), fl¢l, folg] € C°(¢"T°N), flgl € COUT*Nlyar)
and hlg], hole] € COUT*MIr,), hlyl, hole] € CO(¢*T*NIr,), hlp] € CO(T*Nlyry), defined in terms
of the densities of the applied forces appearing in (5.2) and (5.3) by

f[‘P] = flel ® wle] = folel ® wo, hlp] = hle] ® i)jwle] = hole] ® iy,wo,
flel = flel @ wlgl = folgl @ wo,  hlp] = hle] ® iy wle] = hole] ® iy,w,
flel = flel @ d, hlg] = hlg] ® s, 0,
are related by
flel = plel folel = ¢ (fleD), flol = flelo e,
hlel = plelcl holel = " (hlgDlr,, el = hlgl o ¢lr,,
where the (scalar) functions p[¢] : M — R and p[¢|r] : I’ — R are defined by

plelowlel =wy  and  plelr] (@lr,) (@) = iy, wo.

(b) The components in a local chart of the external body and surface forces, which are defined
at each x € M by the relations

FLel(x0) = filx) dx'(x), Al@l(x) = hi(x) dx'(x),
FIel(x0) = folx) dy*(p(x)), Rl@(x) = ha(x) dy*(@(x)),
Flel@(x) = fulg(x) dy*(@(x)),  hll(@(x) = ha(p(x)) dy*(@(x)),

are related to one another by

0 ~ ~ .. .
f,-:=i . fu=foop. and = i;h ha = hy 0 0.
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(c) If the volume forms F [¢] = Fand H [¢] = H are independent of the deformation ¢, then
the densities of the body and surface forces appearing in (5.2) are given explicitly by

flo) - &= 90*(£gi7) and hlyp] - & = (p*(jjgf{),
forall £ = £ 0 ¢ € C'(¢*TN). Indeed, in this case we have

- d A a P
Vigk = P'lokE = [ 2 POiC.0 09 = fM ¢ (L) + fr ¢ (L),

6. Nonlinear elasticity

In this section we combine the results of the previous sections to derive the model of non-
linear elasticity in a Riemannian manifold, first as a minimization problem, then as variational
equations, and finally as a boundary value problem.

The principle of least energy that constitutes the keystone of nonlinear elasticity theory devel-
oped in this paper states that the deformation ¢ : M — N of the body under conservative forces
independent of time should minimize the total energy of the body over the set of all admissible
deformations.

The total energy is defined as the difference between the strain energy /[¢] and the potential
of the applied forces P[¢], viz.,

Jgti=tigl = Plel = [ wiol=( [ Flar+ [ i)
M M I,

the dependence on ¢ of the densities W], F[¢] and H[¢] being that specified by the constitutive
laws of the material and applied forces (cf. Sections 4 and 5).

We recall that a deformation of the body is an immersion ¢ € C'(M, N) that preserves orien-
tation at all points of M and satisfies the axiom of impenetrability of matter at all points of the
interior of M; cf. Section 3. An admissible deformation is a deformation that satisfies in addition
a Dirichlet boundary condition, also called boundary condition of place, on a given measurable
subset '} € dM of the boundary of the body. Thus the set of all admissible deformations is
defined by

D:={pe CI(M, N); ¢liny injective, det Do > 0in M, ¢ = ¢; on T},

where ¢; € C'(I';, N) is an immersion that specifies the position in N of the points of the body
that are kept fixed. In this paper we assume that ¢; = ¢glr,, where ¢y € C%(M, N) is the reference
deformation of the body.

Therefore, the principle of least energy asserts that the following proposition is true without
proof:

Proposition 6.1. Let the total energy associated with a deformation ¥ € C'(M, N) of an elastic
body be defined by

swr=1w1-rwi= [ - ( [ Fore [ mw), 6.1)
M M I,

and let the set of all admissible deformations of the body be defined by

O:={ye Cc'(M, N); Ylinem injective, det Dy > 0in M, = ¢y on I'1}. (6.2)
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Then the deformation ¢ of the body satisfies the following minimization problem:
we® and Jp] < JY] forall y € ©. (6.3)

The set @ defined in this fashion does not coincide with the set of deformations with finite
energy. Therefore, minimizers of J are usually sought in a larger set, defined by weakening the
regularity of the deformations. However, the existence of such minimizers is still not guaranteed,
since the functional J[y/] is not convex with respect to ¢ for realistic constitutive laws; cf. [4, 5]
and the references therein for the particular case where (¥, §) is an Euclidean space. One way to
alleviate this difficulty is to adapt the strategy of J. Ball [4], who assumed that Wis polyconvex,
to a Riemannian manifold (N, §). Another way is to study the existence of critical points instead
of minimizers of J. It is the latter approach that we follow in this paper.

To this end, we first derive the variational equations of nonlinear elasticity, or the principle of
virtual work, in a Riemannian manifold from the principle of least energy stated in Proposition
(6.1).

The principle of virtual work states that the deformation of a body should satisfy the Euler-
Lagrange equations associated to the functional J appearing in the principle of least energy. We
will derive below several equivalent forms of the principle of virtual work, one for each stress
tensor field Z[¢], Tl¢], Tl¢l, Tl¢], or £[¢], defined in Section 4.

The set of admissible deformations @ being that defined by (6.2), the space of admissible
displacement fields associated with a deformation ¢ € ® of the body is defined by

Elpl ={€€ C'(¢'TN); E=0onT}}
={&=(p.H) o g; £ €E) (6.4)
={E=¢oy; EcEly]),

where

[1]

= {¢eC(TM); £=00nT},
[¢] := {€ € C'(T Nlyary); € = 0o0n @)}

Note that Z[¢] and E[¢] depend on the deformation ¢, whereas E does not. The space Z[¢] is
called the space of admissible displacement fields on the configuration ¢(M) of the body.

In what follows we assume that the stored energy function W = Wowy of the elastic material
constituting the body is of class C', i.e., that W, € C'(S,M). In this case, a solution ¢ € C'(M, N)
to the minimization problem (6.3) is a critical point of the total energy J = I — P, defined by
(6.1), that is, it satisfies the variational equations

(6.5)

[1)>

J'[l€ =0 forall & € Z[¢].

This equation is called the principle of virtual work. The next proposition states this principle in
five equivalent forms, one for each stress tensor field appearing in Definition 4.2. Note that the
first two equations are defined over the abstract configuration M and are expressed in terms of the
stress tensors fields T'[¢] and X[¢], also defined on M. The third equation is defined over M, but is
expressed in terms of the stress tensor field T [¢], which is defined over both M and the deformed
configuration ¢(M). The last two equations are defined over the deformed configuration ¢(M)
and are expressed in terms of the stress tensor fields T [¢] and )f.[go], also defined over p(M).
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Proposition 6.2. Assume that the stored energy function W of the elastic material constituting
the body is of class C'. Let the sets 2, Z[¢] and Z[¢] of admissible displacement fields associated
with a deformation ¢ € ® of an elastic body be defined by (6.4) and (6.5).

If a deformation ¢ € C'(M, N) satisfies the principle of least energy (Proposition 6.1), then
it also satisfies each one of the following five equivalent variational equations:

fzw]:e[so,f]:ff[¢]~f+fh[¢]-f forall £ €,
M M I

fT[¢]:V§=ff[so]~§+fh[so]~§ forall £ e
M M I,

ff[¢]:65=ff[¢]~s+fhms forall & e Elgl,
M M I,

m

f Tie):Ve= [ Jlol-&+ [ higl-2 forall &<Zlg),
(M)

@(M) oI?)
f S eldl= [ Jlel-é+ f hlel & forall & e Elp)
(M) (M) o)

In these equations, - and : denote the contraction of one index and of two indices, respectively;
in particular,

T(g] : V&= (Tlg] : V& @ wlgl, flgl- & := (flgl - ) wlgl,
Tlgl : V&= (Tle]: V@D,  flgl-&:= (flgl- &) b,
whenever T[¢] = T[g] ® wl¢l, flg] = fle] ® wl¢l, Tle] = Tle] ® @, and Fle] = flel © @.

Proof. The right-hand sides appearing in the above variational equations are equal when the
vector fields &, £ and ¢ are related by

E=(p.&op and & = ¢.¢,

since they all define the same scalar, P'[¢]¢ € R, representing the work of the applied forces; cf.
Section 5. Likewise, the left-hand sides appearing in the same equations are equal for the same
vector fields, since

Elg] : elg,€] = Tlg] : V€ = Tg] : VE = " (Tle] : V&) = ¢* Elg] : el €] ;

cf. Proposition 4.4. Therefore, it suffices to prove the first equation.

Let ¢ € C'(M,N) be a solution to the minimization problem (6.3). Given any admissible
displacement field ¢ € Z, let £ and £ be defined as above, and let £ € C'(TN) also denote any
extension to N of the vector field & = ¢.& € C'(TN lo(a))- Let v denote the flow of & (see Section
2) and define the one-parameter family of deformations

lﬁ(" t) = 75(, t) °, re (_87 S)-
It is clear that there exists € > 0 such that (-, ) € ® for all € (—&, €). Hence

Jlo] < JW(,1)] forall t € (—¢,¢),
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which implies in particular that
d
[0l =
or equivalently, that
d I _rd P _ PiglE
[ = [ Pe.ol] = Plek

It remains to compute the first term of this relation.

Using the Lebes gue dominated convergence theorem, the chain rule, and the relations W] =
W(,E [0, ¢]) and (x E) = Z(x E) (cf. Section 4, relations (4.2) and (4.4)), we deduce that,
on the one hand,

[Gtwen] = [ [GiveEruenn],
d
: fM (. Elgo.¢]) + | = Elgo.w.0l]

On the other hand, we established in the proof of Theorem 3.4 that

d
elg.£1 = [ Elg.uC.0l] .

which implies in turn that
elp.é] = [ Elgo, w0l _,-

Besides, X[¢] = X E [0, ¢]); cf. Definition 4.2. Therefore, the above relations imply that

d
PRSI fM Zlg] : elp,£l,

and the first variational equations of Proposition 6.2 follow. O

We are now in a position to formulate the equations of nonlinear elasticity in a Riemannian
manifold. These equations are defined as the boundary value problem satisfied by a a sufficiently
regular solution ¢ of the variational equations that constitute the principle of virtual work (Propo-
sition 6.2). We derive below several equivalent forms of this boundary value problem, one for
each stress tensor field, as does the principle of virtual work.

The divergence operators induced by the connections V = V[¢], V= ?[tp] and @ are denoted
div = div[e], le = dlv[go] and d1v respectively. We emphasize that the differential operators
V, V, div, and div, depend on the unknown deformation ¢, while the differential operators V and
div do not; see Section 2.

Proposition 6.3. A deformation ¢ € C*(M, N) satisfies the principle of virtual work (Proposition
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6.2) if and only if it satisfies one of the following six equivalent boundary value problems:

—div T[¢] = fle] inintM, —divT[¢] = fle] inintM,
Tl¢l, = hle] onTy, o {Tlel- (vlel - gleD) = Ale]l onTy,
® =0 onlt, ® = onTy,
—div T[] = Fle] inintM, —divTle] = flg] inintM,
© Tl¢l, = hle] onT, © { Tlel- (Vo] - gle]) = hlg] onTy,
® =0 only, p=¢y only,
~divTlpl=F  inint(e(M)), —~div T'¢] = flg]  in int(e(M)),
e Tlely = k] on o), © { Tlel- Olel-2) = hlgl  on I>),
® =@ onl}y, ® =0 only,

where v := v[p], resp. ¥ := Y]], denotes the unit outer normal vector field to the boundary of
M, resp. of o(M), defined by the metric tensor field g[y] := ¢*8, resp. g.

Proof. A deformation ¢ € C*(M, N) satisfies the principle of virtual work if and only if the
associated stress tensor field T[¢] satisfies the variational equations

fT[¢]:V§=ff[so]-§+ hil - ¢,
M M I,

for all vector fields & € Z. The standard integration by parts formula on the Riemann manifold
(M, g) (or Lemma 2.1 with N = M and ¢ = idy,) applied to the left-hand side integral yields the
first boundary value problem.

Likewise, since the principle of virtual work satisfied by the stress tensor field 7'[¢], respec-
tively T[¢], is equivalent to the variational equations

f1[¢];6g=ff[¢].g+fiz[¢]-gfora115eé[¢],
M M

I

respectively to the variational equations

f T[w]:@éf:f }[¢]-$+f hip] - & forall § € E[g],
(M) w(M) ()

Lemma 2.1, respectively Lemma 2.1 with M = N and ¢ = idy, yields the second boundary value
problem, respectively the third boundary value problem. O

We conclude this section by defining the elasticity tensor field associated with an elastic
material (relation (6.6) below), followed by an example of constitutive law that can be used in
nonlinear elasticity to explicitly define (by means of the relations (6.12)-(6.14) below) the strain
energy density appearing in Proposition 6.1, and the stress tensor fields appearing in Propositions
6.2-6.3 above. The minimization problem, the variational equations, and the boundary value
problem, furnished by this example are known in the literature as the equations of “small strain
nonlinear elasticity”. They constitute a useful approximation of the equations of (fully) nonlinear
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elasticity, as well as a generalization of the frequently used Saint Venant - Kirchhoff elastic
materials (see (6.15)-(6.17)).

Consider an elastic body that occupies in a reference configuration a subset ¢o(M) C¢ N
of the physical space and whose stored energy function W is of class C2. There is no loss of
generality in replacing the stored energy density W(x, E) by (W(x, E)—W(x, 0)); so we henceforth
assume that.W(x, 0) = O for all x € M. If the reference configuration is unconstrained, then
}i(x, 0) = %—‘g’(x, 0) = 0 too, so the Taylor expansion of W(x, E) as a function of E € § 2aM
in a neighborhood of 0 € S, M starts with the second derivative. This justifies the following
definition of the elasticity tensor field, a notion which plays a fundamental role in both nonlinear
elasticity and linearized elasticity; see Sections 7-9.

The elasticity tensor field of an elastic material with stored energy function W = W w,
Wo € CX(S,M), is the section A = Ay ® wy, Ag € C' (S*M ®sym S2M), defined at each x € M by

5 5
A(x) = ‘;Tvg(x, 0) & Ag(x) := ‘2]‘;;0

Note that the components of A in any local chart possess the symmetries

(x, 0). (6.6)

Aoijkf — Aokfij — Aojikf — A()ij[k, (67)
and that |
W, E) = E(A(x) tE):E+o0(EP), xe M, E €S, M, (6.8)
where -
(A(x) : E) : E := [Ag(0)]™ Ex¢Eij (). (6.9)

The relation (6.8) justifies the following definition of small strain nonlinear elasticity. Small
strain nonlinear elasticity is an approximation of nonlinear elasticity whereby the stored energy
function W(x, ") : § 2.xM — A"M of the elastic material is replaced by its quadratic approxima-
tion, which is denoted and defined by

«+SS 1 1
W E) = S(AG)  E) : E = {E(Ao(x) L E) : Efwo(x) (6.10)

forall x € M and E € S, M. The corresponding constitutive law % is then defined at each
x € M and each E € S, .M by (see (4.4))
Y5 E) = A(x)  E = (Ag(x) : E) ® wy(x), 6.11)

where (Ag(x) : E)/ := [Ag(x))** E},. Note that ™ is linear with respect to E.
Therefore, the deformation of an elastic body satisfies in small strain nonlinear elasticity the
minimization problem of Proposition 6.1 with

(WMD) := W (x, Elgo. ¢]), x € M, (6.12)
the variational equations of Proposition 6.2 with
EleD)(x) := E”(x, (Elgo, eD(x)) = A(x) : (Elgo, pD(X), x € M, (6.13)
and the boundary value problem of Propositions 6.3 with

Tly] = gle] - Zle] := gle] - (A : Elgo, ©)), (6.14)
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where E[po, ¢] := %(g[go] - 80) gly] := ¢*§, and go := ¢}8. Note that the tensor field defined by
(6.13) is quadratic in Dy, while the tensor field defined by (6.14) is quartic in Dg.

Examples of elastic materials obeying classical small strain nonlinear elasticity are those
characterized by a Saint Venant - Kirchhoff’s constitutive law, which characterizes the simplest
elastic materials that obey the axiom of frame-indifference, are homogeneous and isotropic, and
whose reference configuration is a natural state; cf. Theorem 3.8-1 in [6]. Its interest in practical
applications is due to the fact that it depends on only two scalar parameters, the Lamé constants
A > 0and u > 0 of the elastic material constituting the body (which are determined by experiment
for each elastic material), by means of the relations

Ao 1= g0 0" + u(g0™ g0 + 80" g0™), (6.15)

defining the elasticity tensor field A = Ay ® wo.
The stored energy function of a Saint Venant - Kirchhoff material is then defined by

stk(x’ E) - (/El(trE)Z +u |E|2) Cl)()(X) (616)

forall x € M and all E € S, .M, where tr E := goVE;;, |EI* := go™ g0/ ExcEj, and go := ¢}3.
Hence the strain energy of a body made of a St Venant - Kirchhoff material is given by

.SV A
Mg] = f W (. (Elgo. @D@) = f (z(trE[‘Po,@])z+/J|E[‘Po,90]|2>wo~ (6.17)
M M

7. Linearized elasticity

The objective of this section is to define the equations of linearized elastostatics in a Rieman-
nian manifold. These equations, which take the form of a minimization problem, of variational
equations, or of a boundary value problem (see Proposition 7.1 below), are deduced from those
of nonlinear elasticity (Section 6) by linearizing the stress tensor field X[¢] with respect to the
displacement field & := exp;o1 ¢, and by retaining only the affine part with respect to & of the
densities f[¢] and h[¢] of the applied forces. Thus the vector field & € C'(TM) becomes the
new unknown in linearized elasticity, instead of the deformation ¢ in nonlinear elasticity.

Consider a body made of an elastic material whose stored energy function is W = Wy w,
Wo € C*(S2M), and occupying a reference configuration ¢o(M) C N, ¢o € C*(M, N). Assume
that this reference configuration is a natural state, so that i‘:(x, 0) := %—g(x, 0) =0forall x e M.
Without loss in generality, assume in addition that W(x,0) = 0 for all x € M.

Let wy, i,,wp, and vy, respectively denote the volume form on M, the volume form on I' =
0M, and the unit outer normal vector field to the boundary of M, all induced by the metric
g0 = gleol := ¢o*8; see Section 2. Let A = Ag ® wy, Ag € C'(S’M ®yym S>M), denote the
elasticity tensor field of an elastic material constituting the elastic body under consideration; see
(6.6) in Section 6.

In linearized elasticity, the stored energy function and the constitutive law of the elastic ma-
terial are defined, at each x € M and each E € S, .M, by

.- lin 1 1
W E) = S(AW : E) E = (54 : B) : Ef @ (),

++lin

Y (E):=AX):E=A)x) : E)®wy(x),
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respectively, where (Ag(x) : H) : K = [Ag(x)]"* Hy¢K;;. Hence the constitutive equation of a
linearly elastic material is given by either one of the following relations:

i ..-lin 1
WinLg] = W (x, elgo. £1) = 5(A : elpo.€D) - elpo. £

] = £ (x, elgo, £1) = A : elgo, £], (7.2)

T™[¢] := go - T[] = g0 - (A : e[go, £]),

for all displacement fields £ € C'(T M). Note that in linearized elasticity, the stress tensor fields
2lp] := £"[¢] and T[] := T[], where ¢ := exp,, &, are linear with respect to the displace-
ment field &.

The applied body forces f[¢] and k[¢], which are given in nonlinear elasticity by the consti-
tutive equations (see Section 5)

(fleD(x) = f(x, ¢(x), Dp(x)) and (Rlp])(x) = h(x, ¢(x), Dp(x)),

are replaced in linearized elasticity by their affine part with respect to the displacement field
&= exp;nl ¢, that is, by fA7[£] and h*T[£], respectively, where

€N = flool + f'lgolé and B*[£] = hlgo] + K [wolé,
1

£'lgolé = lim — (flexp,, (&) = flpol) = fi- & + fo 2 ok (7.3)
1

W [polé = lim — (lexp,, (6)] = hlgo]) = by - & + ha : Vg

for some sections f; € CO(T3M® A'M), f, € CO(T21M ®A"M), hy € CO(T3M® A”_1M|1—2), and
hy € COT!M ® A" ' MIr).

Likewise, the densities F[¢] and H[y] appearing in the definition of the potential of the
applied forces (see (5.1)) are replaced in linearized elasticity by their quadratic part with respect
to the displacement field & := exp;(} ¢, that is, by FI"*[£] and HI"*[£], respectively, where

1
FY[&] := Flpo] + F'[@o]é + EF”[QDO][f,f],
(74)

1
HY™[£] := H[gpo] + H'[@o]é + EH,,[‘PO][f’f],

where F’[¢g]¢ is defined as above and

2
F/ligoll£.€] := lim = (Flexp,, (1€)] = Flol = tF [polé)

(a similar definition holds for H'[¢]€ and H” [¢][&, £]).
Finally, define the tensor fields 7,"[¢] € CY(T| M), fi[¢] € CO(T"M) and h3T[£] € CO(T*MIr,),
by letting

T"[¢] = TEMEl @ wo, 1€ = AT E) @ wo, B[] = W [€] ® iy, w0. (7.5)

We are now in a position to derive the boundary value problem, the variational equations, and
the minimization problem, of linearized elasticity from the corresponding problems of nonlinear
elasticity:
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Proposition 7.1. Let
E:={peC(TM); n=00nT}}

denote the space of all admissible displacement fields (the mappings ¢ := exp, 1, 1 € &, are
then the admissible deformations of the body; see Section 6).

(a) The displacement field ¢ € C*(TM) satisfies in linearized elasticity the following two
equivalent boundary value problems:

—divo T [¢] = f2T[£]  in intM, ~divo T{"[é] = f27[¢]  inintM,
T"[¢),, = B*"[E] onTy, &  {T"[€]- (vo- go) = h§'[€] onTy, (7.6)
£=0 onTt. £E=0 onT;.

(b) The displacement field ¢ € C'(T M) satisfies in linearized elasticity the following varia-
tional equations:

£cE and f (A : elpo, 1) : elposn] = f FED -+ f (WEY - forallp € E. (1.7)
M M I,

(c) If the external forces f¢] and h[p] are conservative (cf. Section 5), then the displacement
field & € CY(T M) satisfies in linearized elasticity the following minimization problem:

E€B, and JM[£] < JM™[n] foralln € E, (7.8)

where

a 1 ua ua
st [ avetan e - ([ P [ Eem) 09
M M Iy
denotes the total energy of the body in linearized elasticity.

Proof. (a) The boundary value problem of linearized elasticity is the affine (with respect to &)
approximation of the following boundary value problem of nonlinear elasticity (see Proposition
6.3)

—div T[¢] = fle] inintM,

Tlg], = hlg¢] onl>, (7.10)
¢=¢ only,
satisfied by the deformation ¢ := exp, ¢. It remains to compute this affine approximation ex-
plicitly.
The dependence of the stress tensor field T[¢] on the vector field ¢ = exp;o1 ¢ has been
specified in Section 4 by means of the constitutive law of the elastic material, namely,

(TTeD(x) = (gleD(x) - (EleD(x)
= (" &)%) - (x, (Elpo, p])(x)), x € M.
Since the reference configuration ¢o(M) has been assumed to be a natural state, we have

¥(x,0) = 0 for all x € M. The definition of the elasticity tensor field A = Ag ® w( next implies
that

)
a—E(x, O)H = A(x) tH, xeM, He SQ,XM.
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Besides (see Section 4),

d
= elgo,£] and [d—tg[exmo(tsf)]] = 2.

d
—Elgo, exp,, (1]
= t=0

dt =0

Combining the last three relations yields

Tl¢] = gle] - Zlel = go - (A : el@o, €D + o(|lEllcr (7 ar)s

which implies in turn that

div T[g] = divo T™[£] + o(l|€llct ran))» (7.11)

since T [£] := go-(A : e[wo, £€]) is linear with respect to €. As above, divy denotes the divergence
operator induced by the connection Vy := V[¢p].

The dependence of the applied force densities f[¢] and k[¢] on the vector field & = exp;o1 @
has been specified in Section 5 by means of the relations

(FleD(x) = f(x, o(x), De(x)) and (hp])(x) = h(x, p(x), Dp(x)).

Thus, using the notation (7.3) above, we have

Flel = FUE + o(liéllerrary) and kil = B [E] + o(lI€llor (7any)- (7.12)

The boundary value problems (7.6) of linearized elasticity follow from the boundary value
problem (7.10) of nonlinear elasticity by using the estimates (7.11) and (7.12).

(b) The variational equations of linearized elasticity are the affine part with respect to &€ of the
variational equations of nonlinear elasticity (see Proposition 6.2)

Slexp,, {ln =0 foralln € E,

where
Sleln :=fE[so]:e[so,n]—(ff[sD]-mfh[so]'n)
M M I

and X[¢] := z(, El¢o, ¢]). Thus the variational equations of linearized elasticity satisfied by
¢ € Eread:

d
S*M[£ln := Sleoln + [ES[eXP%(tf)]n] =0 forally € E.
1=0
It remains to compute S*T[£]y explicitly. Using that E[exp,, £] = ] + o(llllr () (see part

(a) of the proof), that ylin [£] is linear with respect to &, that e[exp% &, 11 = eleo, n]+o(lléllcr (rumy)s
and the relations (7.12), in the above definition of S[¢]n, we deduce that

STeln = [ (a:elené): chgnnt ([ v+ [ aemien - n)

Using this expression of S*T[£] in the equation S*T[£]n = 0 yields (7.7).

(c) The minimization problem of linearized elasticity consists in minimizing the functional
J4 : E — R over the set &, where J9"? is defined at each £ € = as the quadratic approximation
with respect to the parameter ¢ of the total energy Jexp,, (t)], where

Jlgl = f Wl - ( f Fle] + f Hig));
M M I
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cf. Proposition 6.1. Thus

1
JIEN = Jlpol + I [golé + EJ"[%][%‘,E] forall ¢ € CH(T M),

where .
T'lgolé = lim —(Jlexp,, (€] — Jlgol).

2
T Lgoll£.£] 1= lim = (Jlexp,, (€] = Tlgol = 17 [p0l€).

Using t.}.l_at MeoD(x) = W(x, 0) = Ofor all x € M, that the reference configuration is a natural
state (i.e., X(x,0) = O for all x € M), and the definition of the elasticity tensor field A (see (6.6)
in Section 6), we deduce that

1 1
s = f (A : elgo.£1) : elgo. 1 = (Plgolé + P'lgolé + 5 P goll£.€))
M

for all £ € CY(TM), where Ply] = fM Flo] + frz H{[y] denotes the potential of the applied
forces. Then the explicit expression (7.8) of the functional J4"? follows from the definition (7.4)
of FI“*[£] and HI™[£]. O

Remark 7.2. (a) The variational equations of linearized elasticity of Proposition 7.1 are ex-
tended by density to displacement fields & € H'(T M) that vanish on I'; in order to prove that
they possess solutions; cf. Theorem 8.1.

(b) If the forces are conservative, then the three formulations of linearized elasticity are equiv-
alent.

(c) Elastic materials modeled by Hooke’s constitutive law correspond to linearized elasticity.
Their elasticity tensor field and stored energy function are respectively defined by

AgM = agoYgo" + u(go™ go” + 20" 80™),
A
W0 E) = (S B + HIEP) wo(). x € M. E € Sp,M.

where 4 > 0 and u > 0 denote the Lamé constants of the elastic material constituting the body
under consideration. The corresponding strain energy is defined at each ¢ € C'(T M) by

... Hooke A
[Hooke[£] .= f W (x, (el £D(X) = f (—(tre[t,oo,f])z+/1|e[900,§]|2) wo,
M m 2

where 1 1
elgo. €1 = 5 Lego = E(VOfb + (Vo))

denotes the linearized strain tensor field; cf. Section 3. Note that WHOOke = WSVk (see (6.16)),
and that 1H°°%¢[£] is the quadratic part with respect to & of ISVk[exp% £], where I*¥ denotes the

Saint Venant - Kirchhoff stored energy function (see (6.17)). O
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8. Existence and regularity theorem in linearized elasticity

In this and the next sections, M denotes the closure of an open subset Q of a smooth ori-
ented differentiable manifold of dimension n, Q being in addition bounded, connected, with a
Lipschitz-continuous boundary I' := dM; see the beginning of Section 2. The reference defor-
mation ¢y : M — N being given such that ¢y(M) is a natural state of the elastic body under
consideration, the Riemannian metric go = glgo] := ¢§ makes M a Riemannian manifold and
¢o : M — N becomes an isometry.

As in the previous sections, Vp, divg, and w( denote the connection, the divergence operator,
and the volume form on M induced by gy. The solutions to the boundary value problem of
linearized elasticity will be sought in Sobolev spaces whose elements are sections of the tangent
bundle 7 M; these spaces have been defined in Sect. 2.

The existence of solutions in linearized elasticity relies on the following Riemannian version
of Korn’s inequality, due to Chen & Jost [10]: Assume that I'; C dM is a non-empty relatively
open subset of the boundary of M. Then there exists a constant Cg such that

1 rany < Crllelwo, Elllz2cs,mys eleo, €] := Lego 8.1

for all £ € H'(T M) satisfying € = 0 on T';.

The smallest possible constant Cg in the above inequality, called the Korn constant of M
and I'y € OM, plays an important role in both linearized elasticity and nonlinear elasticity (see
assumptions (8.3) and (9.14) of Theorems 8.1 and 9.2, respectively) since the smaller the Korn
constant is, the larger the applied forces are in both existence theorems. To our knowledge, the
dependence of the Korn constant on the metric go of M and on I'; is currently unknown, save
a few particular cases; see, for instance, [15, 16] and the references therein for estimates of the
Korn constant when (¥, g) is an Euclidean space, or [14] when (&, 2) is a Riemannian manifold.

One such particular case, relevant to our study, is when I'j = dM and the metric g is close
to a flat metric, in the sense that its Ricci tensor field satisfies the inequality ||Rico||zes,m) <
where Cp is the Poincaré constant of M, i.e., the smallest constant Cp that satisfies

1
Cp’
Wl1Z2 a0y < CPINOEIL g1y, For all € € H(TM).

To see this, it suffices to combine the inequality
2 : 2 1 2 .
”VOé:HLZ(Tl]M) + ”leO f” Z(M) = Ell'EngHLZ(SZM) + I RlC()(tf, é‘:) ()]

1 2 : 2
< EHLng“LZ(SzM) + ||R1C0||L°°(52M)”§”L2(TM),

which holds for all ¢ € H(I)(T M), with the above assumption on the Ricci tensor field of g, to
deduce that
2 * 2
||V0§:”L2(T|1M) < CK||‘£§g0||L2(s2M)a
. -1 1/2

where Cy := {2(1 - CpIIRlcolle(SzM))} . Hence the constant Cx = 2{(1 + Cp)C*K)} can be
used in Theorems 8.1 and 9.2 when I'j = dM and |[Rico||z~s,0) < cl,, Interestingly enough,
particularizing these theorems to a flat metric g yields existence theorems in classical elasticity
with C} = 1/2, which constant is optimal.
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The next theorem establishes the existence and regularity of the solution to the equations of
linearized elasticity under specific assumptions on the data. Recall that in linearized elasticity
the applied body and surface forces are of the form (see relations (7.3))

FE = flgol + £Tgole = flwol + (fi - €+ fr 1 Vob),
BT[E] = hlpol + B [@olé = hlgol + (hy - & + hy : Vof),

and that (see (6.9))
(Ao(x) : H) : H := [Ag(x)]"* Hy Hyj, x € M.

Theorem 8.1. Assume that I'y € OM is a non-empty relatively open subset of the boundary of
M, that the elasticity tensor field A = Ay ® wy, Ay € L“(Tg M), is uniformly positive-definite,
that is, there exists a constant Cy, > 0 such that

(Ap(x) : H(x)) : H(x) = Cy, IH)P, where [H)P = go(x)(H(x), H(x)), (8.2)

for almost all x € M and all H(x) € S, M, and that the applied body and surface forces satisfy
the smallness assumption

" TeodMll et (7 ay.c2crmoarary) + ”h/[‘100]”.C(H‘(TM),LZ(T*M®A”"M)\FZ) < G/ Ck, (8.3)

where Cg denotes the constant appearing in Korn’s inequality (8.1).
(a) If flgo] € LX(T*M ® A" M) and hlpo] € L*(T*M ® A" M|r,), there exists a unique vector
field ¢ € HY(TM), & = 0 on Ty, such that

f (A : elgpo, &) : elpo, ] = f e+ f gl (8.4)
M M I

forallye H(TM), n=0o0nT}.

(b) Assume in addition that T'y = OM and, for some integer m > 0 and 1 < p < oo, the
boundary of M is of class C"*2, ¢y € C"*2(M,N), A € C’”*l(TgM@A”M), fi€ C’”(TSM@)A”M),
fre C’”(TZIM ® A"M), and fleg] € WP(T*M ® A"M). Then & € W">P(T M) and satisfies the
boundary value problem

—divo (T"™[£]) = f*"[€] in M,

(8.5)
¢E=0 on oM.
Furthermore, the mapping A™ : W"2P(T M) — W™P(T*M ® A"M) defined by
A ] = divo T™[n] + f'lgoln  for alln € W™>(T M), (8.6)

is linear, bijective, continuous, and its inverse (A™ is also linear and continuous.

Proof. (a) Korn’s inequality, the uniform positive-definiteness of the elasticity tensor field A,
and the smallness of the linear part of the applied forces (see (8.1), (8.2), and (8.3)), together
imply by means of Lax-Milgram theorem that the variational equations of linearized elasticity
(8.4) possess a unique solution & in the space {¢ € H'(TM); £ =0onT}}.

(b) It is clear that the solution of (8.4) is a weak solution to the boundary value problem
(8.5). Since the latter is locally (in any local chart) an elliptic system of linear partial differential
equations, the regularity assumptions on A and f*T and the theory of elliptic systems of partial
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differential equations imply that this solution is locally of class W"*>?; see, for instance, [2, 13,
18] and the proof of Theorem 6.3-6 in [6]. Furthermore, the regularity of the boundary of M
together with the assumption that I'; = M imply that & € W"*2P(T M).

The mapping A" defined in the theorem is clearly linear and continuous. It is injective, since
ﬂ““[f] = 0 with & € W™2P(T M) implies that & satisfies the variational equations (8.4), hence
& = 0 by the uniqueness part of (a). It is also surjective since, given any fy € W2 (T*M ® A" M),
there exists (by part (a) of the theorem) a vector field & € H&(TM ) such that

f(A:e[soo,f]):e[%,n]:ffow for all n € Hy(TM),
M M

and & € W™2P(T M) by the regularity result established above. That the inverse of A™ is also
linear and continuous follows from the open mapping theorem. O

Remark 8.2. The regularity assumption A € C’”*l(Tg M ® A"M) can be replaced in Theorem
8.1(b) by the weaker regularity A € W™*'"?(TgM ® A"M), (m + 1)p > n := dim M, by using
improved regularity theorems for elliptic systems of partial differential equations; cf. [23].

9. Existence theorem in nonlinear elasticity

We show in this section that the boundary value problem of nonlinear elasticity (see Propo-
sition 6.3) possesses at least a solution in an appropriate Sobolev space if I, = 0 and the applied
body forces are sufficiently small in a sense specified below. The assumption that I'; = () means
that the boundary value problem is of pure Dirichlet type, that is, the boundary condition ¢ = ¢g
is imposed on the whole boundary I'j = I" of the manifold M. Thus our objective is to prove the
existence of a deformation ¢ : M — N that satisfies the system (see Proposition (6.3)):

—divT[¢] = fle] inintM,

9.1
© = onT, ©-

where )
(TleD(x) = T(x, ¢(x), Dp(x)), x € M,

(FleD)(x) := f(x,0(x), Dp(x)), x € M,

the functions T and f being the constitutive laws of the elastic material and of the applied forces,
respectively (see Sections 4 and 5). Recall that the divergence operator div = div[¢] depends
itself on the unknown ¢ (since it is induced by the metric g = g[y] := ¢*g; cf. Section 2) and
that w[¢] := ¢*® denotes the volume form induced by the metric g[¢].

The idea is to seek a solution of the form ¢ := exp,, &, where the reference deformation
¢@o : M — N corresponds to a natural state ¢y(M) of the body, and ¢ : M — T M is a sufficiently
regular vector field that belongs to the set

9.2)

Co,(TM) = {£ € CUTM); lipo,Ellcorn,y ) < S0 (M)},

where S(goo(M)) denotes the injectivity radius of the compact subset ¢o(M) of N; see (3.2) in
Section 3. It is then clear that the deformation ¢ := exp, &, where ¢ € Cl(TM) n CgO(TM),
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satisfies the boundary value problem (9.1) if and only if the displacement field ¢ satisfies the
boundary value problem

—div Texp,, &1 = flexp, &1 inintM,

3
éE=0 onT. ©3)

Remark 9.1. The divergence operator appearing in (9.3) depends itself on the unknown &, since
it is defined in terms of the connection V = V[¢] induced by the metric g = gly] = ¢*8,

¢ 1= expy, &.
Given any vector field £ € C'(TM) N C) (T M), let
AlE] := div(T[exp,, £ + flexp,, £]. 9.4)

Proving an existence theorem to the boundary value problem (9.3) amounts to proving the exis-
tence of a solution to the equation A[¢] = 0 in an appropriate space of vector fieldsé: M — TM
satisfying the boundary condition ¢ = 0 on I'. This could be done by using Newton’s method,
which finds a zero of A as the limit of the sequence defined by

& = 0and &y = & - AE]AE], k> 1.

This sequence converges to a zero of A under the assumptions of Newton-Kantorovich theorem
(see, for instance, [9]) on the mapping A, which turn out to be stronger than those of Theorem
9.2 below, which uses a variant of Newton’s method, where a zero of ‘A is found as the limit of
the sequence defined by

& = 0and &y = & - A0 A&, k> 1.

The key to applying Newton’s method is to find function spaces X and Y such that the map-
ping A : U c X — Y be differentiable in a neighborhood U of & = 0 € X. The definition (9.4)
of A can be recast in the equivalent form

A£] := div((T o exp,, )[ED + (f o exp,, €], 9.5)

where the mappings (T o exp,, ) and (f o exp,, ) are defined by the constitutive equations

(T 0 exp,, IED() = T (x, £(x), Voé(x)) := T(x, o(x), De(x)), x € M,
((f 0 exp, IEN) = f (x,£(x), Vo&(x)) 1= f(x, @(x), Dp(x)), x € M,

for all vector fields & € C'(TM) N C) (T M), where ¢ = exp,, ¢ and T and f are the mappings
appearing in (9.2).

Relations (9.6) show that (T oexp%) and (f oexp%) are Nemytskii (or substitution) operators.
It is well known that such operators are not differentiable between Lebesgue spaces unless they
are linear, essentially because these spaces are not Banach algebras. Therefore & must belong
to a space X with sufficient regularity, so that the nonlinearity of T and [ with respect to
(é(x), Voé(x)) be compatible with the desired differentiability of A. Since we also want & to
belong to an appropriate Sobolev space (so that we could use the theory of elliptic systems of
partial differential equations), we set (see Section 2 for the definition of the Sobolev spaces and
norms used below)

(9.6)

X := W2P(TM) 0 Wy (T M), 9.7)
36



for some m € Nand 1 < p < oo satisfying (m + 1)p > n. Note that the space X endowed with the
norm || - [[x := |- |lm+2,p is a Banach space, and that the condition (m + 1)p > n is needed to ensure
that the Sobolev space W™*!'P(T| M), to which V¢ belongs, is a Banach algebra. It also implies
that X ¢ C'(T' M), so the deformation ¢ = exp,, & induced by a vector field £ € X N CgO(TM) is
at least of class C'; hence the results of Section 7 about modeling nonlinear elasticity hold for
EeXNC)(TM).
Define
U = Bx(6) := {£ € X:[léllx <} € X 9.8)

as an open ball in X centered at the origin over which the exponential map ¢ = exp,, ¢ is well-
defined (which is the case if the radius ¢ is sufficiently small). For instance, it suffices to set

S(po(M))
Cs(m + 2, P)”D‘;DOHCU(T*M&/J(*)TN) '

0 = 0(po,m, p) := 9.9
where Cg (m + 2, p) denotes the norm of the Sobolev embedding Wn2P(T M) ¢ COUT M). To see
this, note that [l¢o.&llcorn, ) = SUPxen 1D@0(X) - £ < |IDollcormeg;rn) Cs (m + 2, p)liéllx <
5(go(M)) for all £ € Bx(6).

We assume that the reference configuration ¢o(M) C N of the elastic body under consider-
ation is a natural state, and that the reference deformation, the constitutive laws of the elastic
material constituting the body, and the applied body forces defined by (9.6), satisfy the following
regularity assumptions:

o € C"2(M, N),
T eC™' (M xTMxTM, T|M ®A"M), (9.10)
(f = flgo]) € C"(M X TM X T{ M, T*M & A" M),
and
Sfleol € WP(T"M ® A"M), 9.11)

for some m € N and p € (1, o0) satisfying (m + 1)p > n. Under these assumptions, standard
arguments about composite mappings and the fact that W™*!»(M) is an algebra together imply
that the mappings

(T oexp,,) : £ € Bx(6) — Tlexp,, £ € W™'P(T{M ® A" M),
(f oexp,,) : & € Bx(6) — flexp,, &1 € W"P(T'M @ A"M),

are of class C' over the open subset By(6) of the Banach space X. Since A[£] = div T[equJ0 £+
Slexp,, &1 for all & € Bx(6), this in turn implies that A € C'(Bx(9),Y), where the space

Y := W™P(T*M ® A"M)) 9.12)

is endowed with its usual norm || - [ly := | - [|n,p-

Finally, we assume that the elasticity tensor field A = Ay X wy, where wy := ¢y®, of the
elastic material constituting the body under consideration is uniformly positive-definite, that is,
there exists a constant C4, > 0 such that

(Ao(x) : H(x)) : H(x) > Gy, IH(x)I*, where |[H(x)* := go(x)(H(x), H(x)), (9.13)
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for almost all x € M and all H(x) € S, .M (the same condition as in linearized elasticity; cf.

ox .
(8.2)). Note that the elasticity tensor field A := “E is defined in terms of the constitutive law T

appearing in (9.2) by means of the relation
T(x, ¢(x), Dep(x)) = g(x) - E(x, (Elgo, e)(x)), x € M,

where Elgo, ¢] := (gle] — gleol)/2 = (¢"§ — ¢8)/2; cf. Section 7.

We are now in a position to establish the existence of a solution to the Dirichlet boundary
value problem of nonlinear elasticity if the density f[¢o], resp. the first variation f’[¢g], of the
applied body forces acting on, resp. in a neighborhood of, the reference configuration ¢o(M) are
both small enough in appropriate norms.

Theorem 9.2. Suppose that the reference deformation ¢o and the constitutive laws T and f
satisfy the regularity assumptions (9.10) and (9.11), that the elasticity tensor field A = Ay ® wy
satisfy the inequality (9.13), and that the manifold M possesses a non-empty boundary of class
C"*2. Let A : Bx(6) ¢ X — Y be the (possibly nonlinear) mapping defined by (9.4)-(9.9) and
(9.12).

(a) Assume that the first variation at ¢y of the density of the applied body forces satisfies the
smallness assumption:

W' Lol et crmn, r2rment sy < Cay/Crs (9.14)

where Cg denotes the constant appearing in Korn’s inequality (8.1) withI'y =T

Then the mapping A is differentiable over the open ball Bx(6) of X, A'[0] € L(X,Y) is
bijective, and A'[0]"" € L(Y,X). Moreover, A'[0] = A™ is precisely the differential operator
of linearized elasticity defined by (8.6).

(b) Assume in addition that the density of the applied body forces acting on the reference
configuration ¢o(M) of the body satisfies the smallness assumption:

flpollly < &1 := sup r(IA'T01lIgly x, — sup IKA'[E] = A'TO| cox)): (9.15)

0<r<é [|€llx<r

where ¢ is defined by (9.9). Let 61 be any number in (0, 6) for which

IfLeollly < &1 (IKAT0T I gy x, = Sup A€~ A0 exy))- 9.16)

Then the equation A[€] = 0 has a unique solution & in the open ball Bx(51) C Bx(d). Moreover,
the mapping ¢ := exp,, & satisfies the boundary value problem (9.1)-(9.2).

(c) Assume further that the mapping ¢y : M — N is injective and orientation-preserving.
Then there exists &, € (0, 1) such that, if || fleollly < &2, the deformation ¢ = eXpy, & found in
(b) is injective and orientation-preserving.

Proof. (a) It is clear from the discussion preceding the theorem that A € C!(Bx(6),Y). Let
& € Bx(0) and let ¢ := eXPy, £. We have seen in Section 8 (relations (7.11) and (7.12)) that

div T[] + flel = divo T™[£] + f7(€] + o(l€llcr ),

where div := div[¢] and div( := div[¢g] denote the divergence operators induced by the connec-
tions V := V[e] and Vj := V[go], respectively.
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Using the definitions of the mappings faﬁ, A" and A (see (7.3), (8.6), and (9.4), respec-
tively) in this relation, we deduce that

A¢] = flgol + A™E + o(lléllerrar)-

This relation shows that A’[0] = A", Since A" is precisely the differential operator appearing
in Theorem 8.1(b), and since assumption (9.14) of Theorem 9.2 is the same as assumption (8.3)
of Theorem 8.1 when I'; = 0, Theorem 8.1(b) implies that A'[0] € L(X,Y) is bijective and
A'[0]7" € L(Y, X). Note in passing that this property can be used to prove an existence theorem
to the equations of nonlinear elasticity by means of the local inversion theorem, instead of the
Newton’s method used below: see Remark 9.3(a) at the end of this proof.

(b) The idea is to prove that the relations

& =0and & = & — A0 AEL k> 1, (9.17)

define a convergent sequence in X, since then its limit will be a zero of A. This will be done by
applying the contraction mapping theorem to the mapping 8 : V C Bx(d) — Y, defined by

Bl¢] = & — A'[0] ALE].

The set V has to be endowed with a distance that makes V a complete metric space and must be
defined in such a way that B be a contraction and B[V] C V (the set B[V] denotes the image of
V by B).

Since the mapping A’ : Bx(6) —» L(X,Y) is continuous, it is clear that &; > 0. Hence there
exists 81 € (0, 6) such that

IfTeollly < 1 (A0 zly ., — sup IA'LE] = A[0]ll cexy) ). 9.18)

S
l€llx <61

Note that this definition is the same as that appearing in the statement of the theorem; cf (9.16).
So pick such a §; and define

V =Bx(61] :={£ € X; |éllx <61}

as the closed ball in X of radius §; centered at the origin of X. As a closed subset of the Banach
space (X, ||-|lx), the set Bx(d,] endowed with the distance induced by the norm || ||y is a complete
metric space. Besides, the mapping B : Bx(d;] — X is well defined since Bx(0;] C Bx(9). It
remains to prove that 8 is a contraction and that B[Bx(5]] € Bx(].

Let & and 7, be two elements of Bx(5;]. Then

IBL£1 - Blnlllx < IA'[0] | 2y lAL] = ALE] = AOIE — )y
Applying the mean value theorem to the mapping A € C'(Bx(6), Y) next implies that
IB[£1 - Blnlllx < Calls - nllx,
where

Cg := lA[0] Yl cvx) sup NA'TLT = A [0l g
[I¢ll<o1
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But the inequality (9.18) implies that
Cs = 1= A0 lLzv.0 (A 101 My - Jup I 1] = A [0l ccxy))
|[<01

Wflgollly _

<1 =AYl zovx) 5 S

1 9
which shows that B is indeed a contraction on Bx(d;].
Let ¢ be any element of Bx(d,]. Since

IBIENlIx < IBIO]llx + IBLE] = BIO]llx < lA'[0]”" flgolllx + Csd1,

using the above expression of Cg and the inequality (9.18) yields

IBIENx < 1A 101 | zov o (LF Lpollly + 61 sup IAIZ) = A [0l zcxy)) < 1,
£11<61

which shows that B[Bx(d]] € Bx(61].

The assumptions of the contraction mapping theorem being satisfied by the mapping B, there
exists aunique & € Bx(d;] such that B[£] = £, which means that £ satisfies the equation A[£] = 0.
This equation being equivalent to the boundary value problem (9.3), the deformation ¢ := exp,, &
satisfies the boundary value problem (9.1)-(9.2).

(c) The contraction mapping theorem shows that the rate at which the sequence & = B[0],
k =1,2,..., converges to the solution & of the equation A[£] = 0 is

Cy)
e~ &l < 1 “2 IBI0]]lx. (9.19)
— L3
In particular, for k = 0,
| A T01 | ey,
léllx < 18101 < ~———="X 1 #l0o]lly < Callflgollly, (9.20)
1-Cg 1-Cg

where _1
Ca = {IATO1 Wty x, — sup AL = ANz} -
IlI<61

The Sobolev embedding W"+>P(T M) c C'(T M) being continuous, the mapping
n € Bx(61] >  := exp,, 1 € C'(M,N) — det(Dy) € C'(M)

is also continuous. Besides min,e)s det(Dgg(z)) > 0 since ¢y is orientation-preserving and M is
compact. It follows that there exists 0 < d, < 0, such that

lInllx < 62 = [l det(Dy) — det(Dgo)llcony < IZI;}VI} det(Deo(2)),
which next implies that

Inllx < 8 = det(Dy(x)) > 0 for all x € M. 9.21)
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Assume now that the applied forces satisfy ||f[¢ollly < € := 62/Cx. Then the relations
(9.20) and (9.21) together show that the deformation ¢ := exp, &, where & € Bx(9;] denotes the
solution of the equation A[£] = 0, satisfies

det(Dg(x)) > 0 for all x € M,

which means that ¢ is orientation-preserving.
Moreover, since ¢ = ¢y on M and ¢y : M — N is injective, the inequality det Dp(x) > 0 for
all x € M implies that ¢ : M — N is injective; cf. [6, Theorem 5.5-2]. O

Remark 9.3. (a) The mapping ¥ : Bx(d) C X — Y defined by
F£] = Al - fleo]

satisfies the assumptions of the local inversion theorem at the origin of X if the assumption
(9.14) is satisfied; see part (a) of the proof of Theorem 9.2. Hence there exist constants 63 > 0
and &3 > 0 such that the equation F[£] = —f[¢o], or equivalently

Al¢] =0,

has a unique solution ¢ € X, ||€|[x < 3, if ||fl¢ollly < €3. Using Newton’s method instead of the
local inversion theorem in the proof of Theorem 9.2 provides (as expected) explicit estimations
of the constants ¢3 and &3, namely 63 = ¢, and &3 = & (see (9.15) and (9.16) for the definitions
of &1 and 67).

(b) The proof of Theorem 9.2 provides an iterative procedure for numerically computing
approximate solutions to the equations of nonlinear elasticity in a Riemannian manifold, as well
as an error estimate: see relations (9.17) and (9.19) above. Another iterative procedure, this
time in classical nonlinear elasticity, can be found in [6, Chapter 6.10]; the corresponding error
estimate is given in Theorem 6.13-1 of [6].

(c) Previous existence theorems for the equations of nonlinear elasticity in Euclidean spaces
(see, for instance, [6, 8, 24]) can be obtained from Theorem 9.2 by making additional as-
sumptions on the applied forces: either f fleo]l = 0 in the case of “dead” forces, or f €
C™"(M xTM X T M, T*M ® A" M) in the case of “live” forces.

(d) Theorem 8 1 (a) and (b) can be generalized to mixed Dirichlet-Neumann boundary con-
ditions provided that T} N T, = 0, since in this case the regularity theorem for elliptic systems of
partial differential equations still holds.

10. Concluding remarks

The equations of nonlinear elastostatics (Section 6), as well as those of linearized elastostatics
(Section 7), satisfied by an elastic body subjected to applied body and surface forces, have been
generalized from their classical formulation, which is restricted to the particular case where
the body is immersed in the three-dimensional Euclidean space, to a new formulation, which
is valid in the general case where the body is immersed in an arbitrary Riemannian manifold.
This new formulation is intrinsic, i.e., it does not depend on the choice of the local charts of the
Riemannian manifold, in contrast to the classical formulation, which depends on the choice of
Cartesian coordinates in the three-dimensional Euclidean space.

One application of this new formulation of the equations of nonlinear elastostatics is to model
three-dimensional bodies whose geometry in a reference configuration is described by several
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local charts (as for instance spherical coordinates in one part of the body, and cylindrical coor-
dinates in another part). Therefore the assumption that the body be described by a global chart,
which is made in most, if not all, classical textbooks (see, for instance, [7]) is not needed in our
approach. Another application is to to model two-dimensional bodies whose deformations are
constrained to a given surface (as for instance a cylinder deforming only longitudinally), then
to numerically compute approximate solutions for the deformation of such bodies subjected to
specific body and surface forces.

The main novelty of this paper is the definition of the stress tensor field of an elastic body,
and of the equations satisfied by the corresponding deformation, in any Riemannian manifold.
The classical Cauchy stress tensor field, first Piola-Kirchhoff stress tensor field, and the second
Piola-Kirchhoft stress tensor field, are obtained from the stress tensor field defined in this paper
by letting the Riemannian manifold be the three-dimensional Euclidean space, by choosing a
particular volume form in the reference configuration of the body, and by using a Cartesian
frame in the three-dimensional Euclidean space.

Another novelty is the definition of a new kind of stress tensor field, denoted T'[¢] in Section
4, which is essential in proving the existence of a solution to the equations of nonlinear elasticity
in a Riemannian manifold; cf. Theorem 9.2. This tensor field has not been defined in classical
elasticity since the first Piola-Kirchhoff stress tensor field associated with a deformation ¢, which
in the general case where the body is immersed into a Riemannian manifold (¥, &) is defined by

a T NI 6 (04

To(x) := (To)o (%) 75 (0) @ dy*(p(x)), x € M,
can be identified in the particular case where (¥, g) is the three-dimensional Euclidean space with
the tensor field (with the notations of this paper)

Tpx(x) = (To)'a(X)%(x) ®eY, xeM,
by choosing (y*) as the Cartesian coordinates of a generic point y in the three-dimensional Eu-
clidean space with respect to a given orthonormal frame {O, (¢*)}. The advantage of this identifi-
cation is that é* does not depend on the unknown deformation ¢, while dy®(¢(x)) does. Such an
identification is obviously not possible if (V, g) is an arbitrary Riemannian manifold.

The main result of this paper is Theorem 9.2, which establishes the existence of a solution
to the equations of nonlinear elastostatics in a Riemannian manifold. This existence theorem at
the same time generalizes several theorems of the same kind in classical elasticity, and weakens
their assumptions. In particular, the applied forces considered here are more general than those
in classical elasticity, the smallness assumption on these forces is explicit, and a new algorithm is
provided for approaching the (exact) solution of the equations of nonlinear elastostatics. Another
use of Theorem 9.2 in classical nonlinear elasticity is to prove an existence theorem for two-
dimensional elastic bodies whose deformed configurations are contained in a given surface of
the three-dimesional Euclidean space.

Finally, the proof of Theorem 9.2 is to our knowledge new even in classical elasticity, since
is based on the Newton’s method for finding the zeroes of a nonlinear mapping, rather than on
the implicit, or the inverse, function theorem.
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