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NERON MODELS OF ALGEBRAIC CURVES

QING LIU AND JILONG TONG

Dedicated to Michel Raynaud on the occasion of his seventy-fifth birthday

ABSTRACT. Let S be a Dedekind scheme with field of functions
K. We show that if Xg is a smooth connected proper curve of
positive genus over K, then it admits a Néron model over S, i.e.,
a smooth separated model of finite type satisfying the usual Néron
mapping property. It is given by the smooth locus of the minimal
proper regular model of X over .S, as in the case of elliptic curves.
When S is excellent, a similar result holds for connected smooth
affine curves different from the affine line, with locally finite type
Néron models.

1. INTRODUCTION

In 1964, A. Néron [11] introduced the notion of Néron models (see
Definition of abelian varieties over the fraction field of a Dedekind
domain, and proved the existence of these models (see the introduction
of [1] for a detailed presentation). Since then, this notion has been
generalized to smooth commutative algebraic groups and to torsors
under these groups (see [I], §6.5). In this work we investigate the case
of smooth proper or affine curves.

Let S be a Dedekind scheme, that is, a noetherian regular connected
scheme of dimension 1. Let K = K(S) be its field of functions. Let
Xk be a smooth connected curve over K. When X is proper of
positive genus, a canonical smooth model is the smooth locus X, of
the minimal proper regular model of X over S. When X is an elliptic
curve, it is well known that Xy, is also the Néron model of Xk (see [11]
or [8], 10.2.14). The first main result of this work is a generalization of
the latter fact to higher genus.

Theorem 1.1. (Theorem Let Xk be a proper smooth connected
curve of positive genus over K. Then the smooth locus Xg, of the
minimal proper reqular model of X over S is the Néron model of X .
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NERON MODELS OF ALGEBRAIC CURVES 2

When S is excellent, we actually prove a slightly more general re-
sult: for a regular propre connected curve Xy /K of positive arithmetic
genus, the smooth locus of X admits a Néron model over S, equal to
the smooth locus of the minimal proper regular model of Xx over S.

As an immediate consequence of Theorem (1.1, we have the next
corollary.

Corollary 1.2. Let X be as in Theorem [I.1. Let Y be a smooth
scheme over S and let fx: Yk — Xk be a morphism of K-schemes.
Then

(1) the morphism fx extends uniquely to a morphism of S-schemes
Y — Xom;

(2) (Corollary if Y is proper over S (i.e., Yi has good reduction
over S) and fx is dominant, then Xy, is proper over S and Xy
has good reduction over S.

In the second part of this paper (, we consider Néron Ift-models
(Néron model locally of finite type) of smooth affine curves. The main
result of this second part is

Theorem 1.3. (Theorem [7.10)) Suppose S is excellent. Let Uk be an
affine smooth and geometrically connected curve over K, not isomor-
phic to Ak.. Then Uy admits a Néron Ift-model U over S.

Note that in general, the scheme U in the above theorem is not of
finite type. However, necessary and sufficient conditions (in terms of
the points at infinity of Uk) can be found in Proposition to insure
that U is of finite type over S.

The paper is organized as follows. Some basic properties of Néron
lft-models are assembled in §2] In §3] we prove a crucial technical
result (Proposition on the image of a morphism f: Y — X from a
smooth S-scheme to a normal relative curve over S. In §4 we prove the
main theorem on the existence of Néron models for proper smooth
curves of positive genus. In §5 we study the Néron lft-model of open
subscheme of a curve having already a Néron Ift-model (Theorem |5.1)).
is devoted to the existence of the Néron model of some special affine
open subsets of a smooth conic over local Dedekind schemes S. Finally

we prove Theorem [I.3]in §7]

The present work grew from a partial answer to a question asked by
an anonymous poster at mathoverflow.net/questions/110359/, on
the existence of Néron models of projective curves. We would like to
thank A. Javanpeykar and M. Raynaud for their interests in this work
and especially for their comments which improve the presentation of
the paper.
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Notation: In all this paper, unless explicitly mentioned, the letter
S denotes a Dedekind scheme (that is, a noetherian regular connected
scheme of dimension 1), K denotes its field of functions K (S). Symbols
such as Xk, Yk, Uk usually denote a scheme over K. On the other
hand, for any S-scheme X, Xy also denotes the generic fiber of X. If
Xk is a proper smooth and connected curve over K, by genus of X,
we mean the dimension dimg H'(Xg, Ox,.).

2. BASIC PROPERTIES

Let S, K be as above.
Definition 2.1 Let Xk be a separated algebraic variety (i.e. scheme
of finite type) over K. A model of X over S is a locally finite type,
separated and flatfl] scheme over S endowed with an isomorphism from
its generic fiber to Xk.
Definition 2.2 ([I] 10.1/1, 1.2/1) Let Xk be a separated smooth
algebraic variety over K. A Néron Ift-model of Xx over S or an S-
Néron Ift-model of Xk is a smooth model X of Xy over S satisfying
the following universal property, called Néron mapping property:

for any smooth scheme Y — S, the canonical map (once the generic
fiber of X is identified with X)

(2.1) Morg (Y, X) — Morg (Yi, Xk)
is a bijection.
A Néron Ift-model of finite type is called a Néron model.

Remark 2.3 (1) The universal property above implies the unique-
ness (up to a unique isomorphism) of the Néron Ift-model if it
exists.

(2) Let X be a model of Xx. As X is separated, the map is
always injective. So it is enough to check the surjectivity for the
Néron mapping property. By the injectivity, when S is local, it
is also enough to check the surjectivity with Y smooth of finite
type having irreducible fibers over S.

(3) Let Xk be a separated smooth algebraic variety over K. If each
connected component of X admits an S-Néron Ift-model, then
Xk has also an S-Néron 1ft-model given by the disjoint union
of the S-Néron 1ft-models of the connected components. This
holds similarly for Néron models.

Proposition 2.4. Let X be an S-model of Xi. Let S — S be a
morphism of Dedekind schemes. Denote by K' the function field of S’.

n this work, we do not require the models to be faithfully flat.
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(1) Assume that the morphism S” — S is faithfully flat, and that Xg =
X xg S is the Néron Ift-model (resp. Néron model) of X =
X Xgpeo(k) Spec(K') over S'. Then X is the Néron Ilft-model (resp.
Néron model) of X over S.

(2) Assume that S" — S can be written as a filtered inverse limit of
affine smooth schemes of finite type over S, and that X s the Néron
Ift-model (resp. Néron model) of Xy over S. Then the base change
Xg is the Néron lft-model (resp. Néron model) of Xk over S'.

(3) Assume that S" — S is an extension of local Dedekind schemes of
ramification index 17 with S excellent, and that X is the Néron
Ift-model over S. Then, Xg is the Néron Ift-model over S’.

Proof. (1) This is a direct application of fpqc descent, so we omit the
details here.

(2) Let Y’ be a smooth S’-scheme, and let fx:: Yy, — X be a
morphism of K’-schemes. Without loss of generality, we may and do
assume that the scheme Y’ is quasi-compact, hence is of finite presen-
tation over S’. Consequently, the S’-scheme Y’ (resp. the morphism
frr: Yoo = Xg) descends to an Sy-scheme Yj (resp. to a morphism of
So.x-schemes fo i1 Yo X 5,5 x — X, X 5,5 1) for some (affine) smooth
morphism Sy — S ([5], IV 8.8.2). Thus, we only need to prove that the
morphism fy x can be extended to a morphism fy: Yy — X xgS5p. Con-
sider the composite Yy — Sy — S, which defines a smooth S-scheme.
The morphism fj x gives a morphism of K-schemes from Y x gSpec(K)
to Xg. As X is the S-Néron Ift-model of X, the Néron mapping prop-
erty implies a morphism of S-schemes ¢g: Yy — X making the following
diagram commutative:

g

N
}/6 ———————>XSO — X

NI

504>S

We obtain a morphism fy: Yy — Xg, of Sp-schemes extending fy i, as
required. If X is the S-Néron model of X, then Xg is of finite type
over S’ and is the S’-Néron model of X .

(3) As S is excellent, by [1] 3.6/2, the morphism R — R’ is regular.
Consequently, by a result of Néron ([I] 3.6/8, see also [12] 2.5 for a more
general statement), R’ can be written as a filtered inductive limit of

2see [1] 3.6/1 for the definition, the residue extension is required to be (not

necessarily algebraic) separable.
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smooth R-algebras of finite type. Therefore, Xg is the Néron Ift-model
over S" by (2). O

Corollary 2.5. Let S be a Dedekind scheme with field of functions K,
and let X be an S-scheme locally of finite type (resp. an S-scheme of
finite type) with smooth finite type generic fiber Xy . Then X is the S-
Néron Ift-model of Xk (resp. is the S-Néron model of Xk ) if and only
if for any closed point s € S, X xgSpec(QOg) is the Spec(Os s)-Néron
Ift-model of X (resp. is the Spec(Oss)-Néron model of X ).

Proof. 1If X/S is of finite type, then this corollary is proved in [1],
1.2/4. The same proof applies in the locally finite type case. For the
convenience of the readers, we reproduce the proof in this case here.
The direct implication follows from Proposition (2). Conversely, if
X xgSpec(Og,;) is the Néron lft-model of X over Spec(Og) for any
closed point s € S, it follows that X/S is smooth and separated ([5],
IV.8.10.5(v)). It remains to check the Néron mapping property for X/S
(Definition . Consider Y a smooth S-scheme, and fx: Yxr — Xk
a morphism of K-schemes, we need to extend fx to a morphism of
S-schemes from Y to X. We may assume that Y is quasi-compact,
hence is of finite presentation over S. Now, for any closed point s € .S,
our assumptions imply that one can find an extension foy, of fx over
Spec(Oss). As Y/S is of finite presentation and X/S is locally of
finite presentation, we may descend fog, to a morphism f;: Y XgV —
X Xxg V over some open neighborhood V' C S of s ([5], IV 8.8.2). As
X/S is separated, and Y/S is flat, these local extensions of fy are
compatible with each other. As a result, they can be glued together to
a morphism f: Y — S extending ff, as desired. O

The next lemma says that we can restrict ourselves to geometrically
connected varieties Xy without loss of generality. Denote by K an
algebraic closure of K. For any closed point s € S we denote by K"
the fraction field of the strict henselization of the local ring Og .

Lemma 2.6. Let Xk be a separated smooth connected variety over K.
Let K' = K(Xk) N K be the field of constants of K(Xk), let S" be the
integral closure of S in K' and let T C S’ be the étale locus of " — S.
Then

(1) Xk is canonically a separated smooth and geometrically connected
variety over K';

(2) Xi/K admits an S-Néron Ift-model (resp. S-Néron model) if and
only if iimT = 0, or dimT = 1 and Xg /K’ admits a T-Néron
Ift-model (resp. T'-Néron model).
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Proof. (1) As K' C Ox,.(Xk) C K(Xk) by the normality of Xk, the
latter has a canonical structure of K'-variety. As K’ is algebraically
closed in K(Xg), Xg/K'is geometrically connected. As Xg Xgpec(i?)
Spec(K) is a connected component of X Xspec(x) Spec(K), X /K’ is
separated and smooth.

(2) Note that because X is smooth over K, K'/K is separable, so
S" — S is finite. If dim7T = 0, then S is semi-local and S’ — S is
ramified at all closed points. This implies that for all closed points
s € S, Xk has no K-point, so Xy is its own Néron model. Suppose
now that dim7 = 1 and that Xy /K’ has a T-Néron lft-model X.
Then the composition with 7" — S makes X into a smooth separated
S-scheme, with generic fiber X /K. Let us check that it satisfies the
Néron mapping property. Let ¥ — S be a smooth scheme and let
fr: Yx — X be a K-morphism. Then Yx — Spec(K) also factors
through Yx — Spec(K’) via Xx — Spec(K’). In particular, fg is
a K'-morphism. On the other hand, as Y is normal, Y — S factors
through Y — §’. The latter has image in 7' by Corollary [3.2 and makes
Y a smooth T-scheme. So fx extends to a T-morphism f:Y — X,
which is a fortiori an S-morphism.

Conversely, if Xy /K has an S-Néron Ift-model X, the above argu-
ments show that X is canonically a smooth separated T-scheme, and
the generic fiber of X7 is nothing but X viewed as a scheme over K.
If dimT = 1, the Néron mapping property of X — T is immediate to
verify.

Finally, as T" — S is of finite type and separated, X — T is of finite
type if and only if X — S is of finite type. U

For the sake of completeness, we include a discussion about Néron
models for zero-dimensional schemes.

Proposition 2.7. Let Xk be a smooth K-variety of dimension zero.
Then Xk admits a Néron model over S.

Proof. By Proposition [2.3](3) and Lemmal[2.6] we can suppose Xy /K is
geometrically connected, smooth of dimension 0. Then X, = Spec(K),
and S is clearly the Néron model of Xk over S. U

The following proposition will be used to see when a Néron Ift-model
is a Néron model (e.g. in Proposition [7.11]).

Proposition 2.8. Let X — S be a separated morphism locally of finite
type, such that X xg Spec(Og;) is of finite type for all s.

(1) If X is irreducible and Xy is proper over K, then X is of finite
type over S.
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(2) If Xk is affine, X, irreducible for all s € S and S is excellent, then
X is of finite type over S.

(3) If X is of finite type and if X /K is geometrically connected, then
X, 1s geometrically connected for all s in some dense open subset

of S.

Proof. (1) Let U be a quasi-compact open subset of X such that X C
U, and let U’ be a Nagata compactification of U — S. Then U and U’
are of finite type over S sharing the same generic fiber. So there exists
a dense open subset V' of S such that U xg V' = U’ xg V is proper
over V. The inclusion U xgV — X x gV is then open and closed. As
X xg V is irreducible, X xgV = U xgV, thus is of finite type over
V. The missing part X xg (S'\ V) is a finite union of quasi-compact
subsets, so X is quasi-compact.

(2) As in (1), to prove X is quasi-compact, we are allowed to shrink
S. Let U be a quasi-compact open subset of X containing Xy, and
let W be an affine finite type S-scheme such that Wi = Xg. As U, W
are of finite presentation over S with the same generic fiber, shrinking
S if necessary, we can suppose that U = W is affine, and that U — S
is surjective (with S affine). We claim that X = U. Let U’ be any
affine open subset of X not contained in U and F' := U"\ (UNU’).
Then F # (), so it has pure codimension 1 in U’ because U N U’ is
affine (see [§], Exercise 4.1.15. The hypothesis S excellent implies that
the normalization map of U’ is finite). As F = (), F is then a finite
union of vertical divisors, which is impossible since Uj is dense in Xj.
Consequently, X = U is of finite type over S.

(3) This follows from [5], IV.9.7.7 after noticing that, as S is ir-
reducible, a dense locally constructible subset of S contains an open
dense subset. 0

Remark 2.9 In general, the condition X xg Spec(Og ) of finite type
over Qg for all s is not sufficient to conclude that X is of finite type
over S, as an example of Oesterlé ([1], 10.1/11) shows. See also Re-

mark [T.12]

3. IMAGE OF SMOOTH SCHEMES

Let f: Y — X be a morphism of S-schemes. In this section, we study
geometric properties of X at the points of f(Y'), when Y is smooth over
S. The main result is Proposition which states that X is smooth
at points of f(Y') under some mild hypothesis. This proposition is the
principal ingredient of the proof of Theorem [4.1]
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Let Y be a scheme. For any morphism locally of finite type Z — Y/,
we denote by sm(Z/Y) C Z the smooth locus of Z — Y. This is an
open subset of Z if Y is locally noetherian.

Lemma 3.1. Let Z — Y be a morphism locally of finite type. Sup-
pose that Y, Z are locally noetherian and reqular. Then for any section
o:Y — Z, the image o(Y') is contained in the smooth locus sm(Z/Y)
of Z =Y.

Proof. See [1], 3.1/2. O

Corollary 3.2. Let S be a locally noetherian regular scheme. Let
f:Y — X be a morphism between two S-schemes locally of finite type.
Suppose that Y is smooth over S, and that X is reqular. Then f(Y') is
contained in the smooth locus sm(X/S) of X — S.

Proof. Consider the Y-scheme Z := X xg Y. Notice that Z is regular
as Y is smooth over S. The morphism f induces a section o: Y — Z,
y — (f(y),y), of the second projection Z — Y. By Lemma [3.1]

oY) Csm(Z/Y) =sm(X/S) xgY,
hence f(Y) C sm(X/S). O

Corollary does not hold in general if we remove the regular-
ity hypothesis on X. However, in the situation of relative curves, we
can weaken the regularity hypothesis to the normality of X (Proposi-
tion . We first prove some preliminary results.

Lemma 3.3. Let S be an irreducible locally noetherian scheme, and
let X,Y be integral flat S-schemes locally of finite type. Let f: Y — X
be a dominant S-morphism. Let s € S. Suppose that f is quasi-finite
at some point yy € Yy, and that Yy is irreducible at yo. Then X is
irreducible at zo := f(yo).

Proof. The property is local on X and Y. In particular, shrinking X
and Y if necessary, we can suppose that f: Y — X is quasi-finite
and separated. Thus f can be factorized as Y — Y — X with an
open (dense) immersion followed by a finite surjective morphism ([5],
IV 8.12.6). Let Z;,Zy be two irreducible components of X, passing
through zo. By the going-down property of Y — X ([10], 5.E.(v)),
there exist irreducible closed subschemes F}, Fy of Y passing through
yo such that the induced maps F; — Z; (i = 1,2) are finite and dom-
inant (thus surjective). Let n be the generic point of S. As X,Y are
irreducible and flat over S, both X, and Y, are equidimensional of
dimension dim X,, = dimY;, ([5], IV.14.2.3). Consequently,

dim F; = dim Z; = dim,, X, = dim X,, = dimY,, = dim,, Y}
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and F; NY, =Y,. Therefore Z; = Z, and X, is irreducible at z,. O

Lemma 3.4. Let S be a locally noetherian scheme, let X, Y be two
S-schemes locally of finite type, and let f: Y — X be a morphism of
S-schemes. Consider s € S, and yo € Y a closed point of Ys. Let
xo = f(yo). Suppose that Yy is regular at yo and

dim,, Y; > 1 and codimy,(f (o), Ys) > 0.

(The second inequality means that in some irreducible neighborhood of
yo in Ys, [ is non-constant). Then there exists a subscheme Z of Y
passing through vyo such that

dim,, Z, < dim,, Y, and codim,,(f~"(z0) N Z, Z;) > 0,

and Zg is reqular at yo. If furthermore Y is reqular (resp. if Y — S is
flat) at yo, we can assume that the same holds for Z.

Proof. We construct Z locally at yg as a hypersurface defined by some
u € my,Oy,, which must avoid some ideals of Oy,,. We notice the
following facts:

(i) Let I'y,..., T, be the irreducible components of f~!(xq) of codi-
mension 1 in Y passing through yy. Each I'; is defined by a prime
principal ideal £,0y, ,, € m,, Oy, ,, because Y is regular at yo. As
dim,, Yy > 1, we have my, Oy, ,,, Z Oy, 4;

(ii) We have m, Oy, ,, < mzo Oy, 4, because Y; has positive dimension
at yo.

By prime avoidance lemma ([I0], 1.B), there exists

u € my, Oy, 4, \ (m2 Oy, 4y, U (UicntiOy, ) -

Lift u to some u € my,Oy,, and let Z := V' (u) be the subscheme of Y

defined in some open neighborhood of y,. Then:

(1) Zs is regular at yo; if Y is regular (resp. if Y — S is flat) at yp,
then the same holds for Z because u ¢ mzo Oy, and @ is not a zero
divisor);

(2) dim,, Z, < dim,, Y;;

(3) and codimy, (f~(z0) N Z, Zs) > 0, because otherwise V(u) would
be contained in, hence equal to, some irreducible component of
FY(z0), so u € 1,0y, ,, for some i < n. Contradiction.

Therefore Z satisfies the desired properties. O

Lemma 3.5. Let S be a Dedekind scheme. Let X be a normal relative
curve over Sﬂ, and let Y be a regular scheme which is flat and locally

3By a relative curve over S, we mean a flat, locally finite type S-scheme with
generic fiber of dimension 1.
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of finite type over S. Suppose Y, is reqular. Let f:Y — X be an
S-morphism, and xo = f(yo) for some yo € Ys. Suppose that

codimy, (f*(z¢), Ys) > 0.

Then X is irreducible and reduced at xo. If Ys is geometrically re-
duced in a neighborhood of yo, then X, is geometrically reduced in a
neighborhood of xg.

Proof. Using repeatedly Lemma [3.4] we find a subscheme Z of Y con-
taining yo, flat over S, such that Z, is regular of dimension 1 and f|,
is non-constant. This implies that f|z, is quasi-finite and f|7 is dom-
inant. By Lemma X, is irreducible at zy. Shrinking X and Y if
necessary, we can suppose X is irreducible. Hence Y, — X is dom-
inant (because f|z, is non-constant) and X is reduced at its generic
point. But X is normal, hence Sy, X, is S;. This implies that X
is reduced and Y; — X, is scheme-theoretically dominant. Then the
same property holds over w, which implies that X is geometrically
reduced if Yy is geometrically reduced. 0

Proposition 3.6. Let S be a Dedekind scheme, and let X be a normal
relative curve over S with smooth generic fiber. Let f: Y — X be
a morphism with Y smooth and Y, wrreducible for some closed point
s € S. Then either f(Ys) is one point, or X is smooth at every point

of f(Y5).

Proof. We may assume that S = Spec(R) is local, and that f(Y)
is not one point. Then for all yo € Y; and xy := f(yo), we have
codimy, (f~(zo),Ys) > 0. Let R be any discrete valuation ring dom-
inating R. Then Xp := X ®g R’ has smooth generic fiber, and its
special fiber is reduced at any point zj, lying over xz, by Lemma .
So Xp is normal at xf,. Therefore, to prove X is smooth at zy, we can
enlarge R and suppose it is complete with algebraically closed residue
field. Using Lemma [3.4) we can suppose that Y is a relative smooth
curve. Then f is quasi-finite, and Spec Oyyo — Spec OX 2o 18 finite. By
a result of Raynaud ([13], Appendlce p. 195), X is smooth at zy. O

Remark 3.7 Let X be an integral relative curve over S with smooth
generic fiber. Then X admits a minimal desingularization X’ — X. See
e.g. [8, 8.3.50 and 9.3.32 when X is proper over S. As the construction
of X’ is local on X, and the minimal desingularization is unique, the
same result holds for any integral relative curve X over S with smooth
generic fiber.
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Corollary 3.8. Let S be a Dedekind scheme, and let X be an integral
relative curve over S. Let f: Y — X be an S-morphism from a smooth
S-scheme Y to X. Let s € S be a closed point.

(1) If f(Yy) is reduced to one point xy € X, then [ factors as Y —
X — X, where the second morphism is the blowing-up of X along
the reduced center xq.

(2) Suppose that X is smooth, Y is irreducible and that fx: Y — Xk

is dominant. Let X' — X be the minimal desingularization of X
(3.7). Then f:Y — X factors through X' — X.

Proof. (1) We have to show that m,,Oy is an invertible sheaf of ideals
of Oy. Let y € f~(xg) =Y, and let m be a generator of m;Og,. We
have

\/mwo Oy;y = \/ﬂ'Oy’y = 7T0y7y
(because Yj is reduced). As m € m, Oy, C 70y, we find m, Oy, =
7Oy,. Therefore m, Oy is an invertible sheaf of ideals, and ¥ — X
factors through ¥ — X — X.

(2) As the minimal desingularization commutes with restriction to
open subsets, and because the property to prove is local at Y, we
can suppose Y is quasi-compact. Then f(Y) is contained in a quasi-
compact open subset of X. Therefore we can also suppose X is quasi-
compact.

As Y is normal and fg is dominant, f factors through the normal-
ization of X. Furthermore, the normalization map of X is finite (see
[8], 8.3.49(d)). So we can suppose X is normal.

Let F' be the singular locus of X, which is a finite closed subset
of Xs;. Let X; — X be the blowing-up along F' (with the reduced
structure). If F N f(Y,) = 0, then f trivially factors as Y — X; — X.
In general, for any xo € F'N f(Y5), it follows easily from Proposition
that f~!(xg) is a union of irreducible components of Y; and, by (1), f
factors through X; — X. Similarly as above, the morphism ¥ — X;
factors through the normalization map X; — X;. Now we start again

with Y — X7 and the process will stop at the minimal desingularization
of X. O

4. NERON MODELS OF PROPER SMOOTH CURVES

Let S be a Dedekind scheme with field of functions K. Let Xx be
a proper regular and connected curve over K, of positive arithmetic
genus (i.e., dim H (X, Ox, ) > 0). When the base S is excellent or

Xk is smooth over K, Xi admits a unique minimal proper regular
model X, over S (see [2], Theorem 1.2 or [§], 8.3.45 and 9.3.21). Let
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Xon denote the smooth locus of X,;,. The aim of this section is to
prove the next theorem. See also Proposition for a partial result
in higher dimension.

Theorem 4.1. Let S be a Dedekind scheme with field of functions K.
Let Xk be a proper reqular connected curve of positive arithmetic genus
over K. Assume either S is excellent or Xk /K is smooth. Then Xgp,
is the Néron model of the smooth locus Xk ¢m of Xk over S.

We will deduce Theorem [£.1] from the next proposition.

Proposition 4.2 (see also [1], 7.1/6). Let Jx be a separated connected
smooth K-scheme of finite type, and let X C Jg be a connected
smooth closed subscheme of dimension one. Assume that Ji admits
a Néron lft-model (resp. Néron model) J over S. Then Xx admits a
Néron Ift-model (resp. Néron model) over S.

Proof. Let X, denote the scheme-theoretic closure of X inside J. Let
p : X — X, be the minimal desingularization of X, (Remark [3.7).
We want to prove that the smooth locus X, of X — S is the Néron
Ift-model of X over S. As the formation of X, commutes with lo-
calization and strict henselization ([§], Proposition 9.3.28), by Propo-
sition we can suppose S = Spec(R) is strictly local (i.e., R is a
strictly henselian discrete valuation ring). Let Y be a smooth scheme
over S and let fx: Yx — Xk be a morphism of K-schemes. We want
to extend fx to a morphism of S-schemes Y — X,,. We can suppose
Y, is irreducible (Remark [2.3] (2)). If Yx(K) = 0, then Y = Y, and
fx is a morphism from Y to X.

Suppose Y (K) # 0. If fx: Yx — Xk is not dominant, the image
fx(Yx) consists of a rational point P of X. The Zariski closure {P}
of {P} in X is contained in X, (Lemma and is the image of a
section 0: S — Xg,. Then fx extends to Y — X, as composition of
the structure morphism Y — S and the section o: S — Xq.

Now suppose fx is dominant. The morphism Yy — Xx — Jg
extends to a dominant morphism Y — X,. By Corollary [3.§(2), the
latter induces a dominant morphism Y — X. Therefore fx extends to
Y — X, hence to Y — X, (Proposition . This shows that X, is
the Néron Ilft-model of Xx over S.

If J is of finite type over S, then Xy and X above are of finite type
over S, thus Xy, is of finite type. 0

The next proposition is well known.

Proposition 4.3. Let k be a field, and let C' be a projective geometri-
cally integral curve over k of arithmetic genus > 1. Let U C C' be the
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smooth locus of C'/k. Then the canonical morphism
U— Picé/k, = Oc(x)

(given by the invertible sheaf Oy, v (D), where D is the diagonal of
U % U) is a closed immersion.

Proof. Let Diveyy, be the scheme of effective Cartier divisors on C' (see
[1], §8.2). Let Divlc/k be the subscheme corresponding to effective
Cartier divisors of degree 1. Then the canonical morphism U — Divg, I
x + x, is an isomorphism ([6], Exercise 9.3.8).

Let f : Divg, i, — Picg s e the restriction of the canonical morphism
Divey, — Piceyy (corresponding to E — O¢(E)). It will be enough to
show that f is a closed immersion. It is known that f can be identified
to P(F) — Picg, , for some coherent sheaf F on Pic, ;. ([I], Proposition
8.2/7). In particular, f is proper and its fibers are projective spaces.
On the other hand, the map U — Pic}j/k is injective because p,(C) > 0.
So the fiber of f at any y € Im(f) is a projective space of dimension
0 over k(y), hence isomorphic to Spec(k(y)). This implies that f is a
proper (hence closed) immersion. U

Proof of Theorem [{.1: As X is a finite type scheme over S, it is
enough to show Xy, is the Néron Ift-model of X ¢,. By Corollary ,
to show our theorem we can suppose S is local. Consider the closed
immersion f : Xggm — Picﬁ(K /i defined in Proposition . On the
other hand, Pickk /i 18 a torsor under Jg := Picg(K /i and Jg has no
subgroup isomorphic to G, x or G,, x ([14], Proposition 1.1). Hence Jg
has a Néron model over S ([I], Theorem 10.2/1) as well as Picﬁ(K/K ([,
Corollary 6.5/4). So we can conclude with Proposition Indeed let
N be the Néron model of Xg ¢, over S. Embed it into a proper model,
and resolve the singularities without modifying the regular locus (which
contains N). Then we get a proper regular model N’ containing N as
an open subset. The identity on X extends to a morphism N — X ..
By Corollary [3.2] this morphism induces a morphism N — X, which
is an isomorphism on the generic fiber. Therefore X, satisfies the
Néron mapping property. l
Remark 4.4 Keep the notation of Theorem

(1) The Néron model Xy, is not necessarily faithfully flat over S.
Indeed, if X,;, has a multiple fiber above some point s €
S, then (Xgn)s = 0. However, the faithful flatness holds if
Xk (K) #0.

(2) Assume X (K) # 0, and embed Xy into its Jacobian Jg
by using some rational point of Xg. By the uniqueness of
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the Néron model, Theorem (together with Proposition (4.2))
shows that the smooth locus of the minimal desingularization
of the scheme-theoretic closure X C J is isomorphic to X,
where J denotes the Néron model of Jx. Note that in general,
even when X, is semi-stable, Xy, — J is not an immersion,
see [3], Proposition 9.5.

Remark 4.5 Suppose S = Spec(R) is local. Let R — R’ be an exten-
sion of discrete valuation rings of index 1 (i.e., ramification index 1 and
separable residue extension), let K’ = Frac(R’). Then under the con-
dition of Theorem , Xsm X s Spec(R’) is the Néron model of Xy g
over R'. Indeed, the formation of X, commutes with completion ([g],
9.3.28). Applying Proposition (3) to the extension R— ﬁ’, we see
that Xy X g Spec(R') is the R'-Néron model, hence Xyn X g Spec(R')
is the Néron R'-Néron model by Proposition (1).

Remark 4.6 For any smooth connected curve Xy over K, if it can be
embedded as a closed subscheme into a semi-abelian K-variety (or more
generally, into a smooth K-group scheme of finite type admitting a S-
Néron Ift-model), Proposition implies immediately that X admits
also an S-Néron Ift-model. For example, this works if X is proper
of positive genus, or if Xy is affine such that the reduced divisor at
infinity of X in its regular compactification is separable of degree > 1
over K . But this method does not apply for all curves: for instance the
complement of a rational point in a proper smooth connected curve can
not be embedded as a closed subscheme into any semi-abelian variety
over K. In the second part of this work (, we propose a different
approach which works for any affine curve. Even better, our method
allows a very explicit description of the Néron lft-model with the help
of minimal proper regular model of the regular compactification of the
affine curve.

Corollary 4.7. Let S be a Dedekind scheme with field of functions
K, and let X be a connected smooth proper curve over K of positive
genus. Suppose that there exist a proper smooth variety Y having good
reduction (i.e., having a proper smooth model Y/S) and a surjective
morphism fx: Yk — Xg over K. Then Xk has good reduction.

Proof. Let Xg, be the Néron model of X over S. Then fx extends
to f:Y — Xgn. As Y is proper over S, the image f(Y) is closed in
Xsm and is dense because it contains Xg. So f(Y) = Xgu. Therefore
Xqm is proper over S, and Xg has good reduction. O

Remark 4.8 One can give a direct proof of Corollary [£.7]if the smooth
S-scheme Y/S is assumed to be projective. Indeed, it is enough to show
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Xem = Xmin- S0 one can suppose S is local. Using Bertini-type result,
we may find a smooth closed subscheme of Y/S such that its generic
fiber dominates again Xx. Then we can repeat this argument to lower
the relative dimension of the scheme Y/.S until we find a smooth relative
curve over S whose generic fiber still dominates Xg. Finally we only
need to apply [9] Corollary 4.10 to conclude.

Remark 4.9 Corollary 4.7/ does not hold in general if g(Xx) = 0. Let
us consider the following example. Let R be a henselian discrete valu-
ation ring with finite residue field k. Let k’/k be a quadratic extension
and let T% + aT + b € R[T) be a lifting of the minimal polynomial of a
generator of k'/k. Consider the scheme

X = Proj Rlx,y, 2] /(2 + azy + by* + 72?)

where 7 is a uniformizing element of R. Let R = R[T]/(T? + aT + ).
This is a finite étale extension of R. Let K = Frac(R), K’ = Frac(R’).
Then Xy = P},. So Xg has good reduction over R’ hence over R
when it is viewed as a K-scheme (a smooth projective model over R’
is also smooth projective over R).

We have a surjective K-morphism Xx — Xi. However, X has
no good reduction over S. Indeed, suppose Xg has a proper smooth
model P — S. Then Py is a smooth conic over a finite field, hence has
a rational point. As R is henselian, then Xx = Pk has a rational point.
The later then specializes to the (unique) rational point of Xj. But
this is a singular point of X;. As X is regular, we have a contradiction
by Lemma |3.1

Corollary 4.10. Let X be a proper smooth connected curve of positive
genus over K. Suppose that for some proper smooth connected variety
Yk over K, the product Xx X Yi has good reduction over S. Then
Xk has good reduction over S.

Proof. Apply Corollary [£.7 to the projection Xx X g Y — Xk. O

Let fx: Yk — Xk be a finite morphism of proper smooth and con-
nected curves over K. Suppose g(Xg) > 1. Let Yiyn, Xmin be the
respective minimal proper regular models of Yy, Xx over S. In gen-
eral, frx does not extend to a morphism Yy, — Xy ([9], Remark
4.5). However, Theorem immediately implies the next corollary,
answering positively a question raised by A. Pirutka.

Corollary 4.11. Let fx : Y — Xk be a finite morphism of proper
smooth and connected curves over K, with g(Xy) > 1. Let Yy, (resp.
Xom) be the smooth locus of the minimal proper reqular model of Y
(resp. Xk ) over S. Then fx extends to a morphism f : Yy, — Xgn-
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For the sake of completeness, let us consider the Néron Ift-models of
curves of genus 0.

Proposition 4.12. Let X be a smooth projective conic over K.

(1) If Xi =Pk, then Xx does not have Néron Ift-model over S.

(2) In general, Xx has a Néron Ift-model over S if and only if S is
semi-local and if X (K") =0 for any closed point s € S, where
K3 denotes the fraction field of the strict henselization of Ogs. In
this case, Xx is its own Néron model over S.

Proof. (1) We will argue by contradiction: assume that Pl admits a
Néron Ift-model P over S. By the Néron mapping property, there
exists a morphism of S-schemes f: Pk — P extending the canonical
identification between the generic fibers. We claim that f is an iso-
morphism. As P} is proper, and P/S is separated, the image f(PL) is
a closed subset of P. Its closed fiber has dimension 1 by Chevalley’s
semi-continuity theorem ([5], IV.13.1.1). Therefore IP,{;(S) — P is quasi-
finite. By Zariski’s Main Theorem, f is an open immersion. But f is
proper and P is irreducible, thus f : P — P is an isomorphism.

On the other hand, there are many endomorphisms of P} that can
not extend to an endomorphism of Pg, hence Py is not the Néron Ift-
model of P},. Contradiction.

(2) Assume first that Xx admits a Néron Ift-model over S. By
Proposition (2), Xgen admits a Néron lft-model over Spec(Og).
As a result, X # P,. In other words, X (K35") = 0 for all closed
points s € S. On the other hand, this condition implies that S is semi-
local. Conversely, assume Xy (K:") = () for any closed point s € S.
As S is semi-local, X is of finite type over S and is its own S-Néron
model. U

Higher dimension. Let V' be an algebraic variety over an alge-
braically closed field k. We say that V' contains a rational curve if
V has a subscheme isomorphic to an open dense subscheme of P}. It
is easy to see that if V' does not contain any rational curve, then for
any algebraically closed field extension K/k, Vi does not contain any
rational curve.

Proposition 4.13. Let S be a Dedekind scheme with field of functions
K. Let Xg be a smooth proper algebraic variety over K. Suppose Xy
has a proper reqular model X over S such that no geometric fiber X,
s € S, contains a rational curve. Then the smooth locus Xgn of X s

the Néron model of X.
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Proof. Let Y be an irreducible smooth scheme of finite type over S
and fr: Yx — X a morphism of K-schemes. Consider the Y-scheme
Z =X xgY — Y. Its geometric fibers are Z; = X, ®y) k(y) and
they do not contain any rational curve. The morphism fx induces a
section Y — Zk, y — (fx(y),y), which extends to a section Y — Z
by [], Proposition 6.2. Composing this section with the projection
Z — X gives amorphism f: Y — X extending fr. By Proposition[3.2]
fY) € Xgn. This proves that Xy, is the Néron model of Xk over
S. O

Remark 4.14 If A is an abelian variety having good reduction over
S, then we recover the well-known fact that a proper smooth model A
of Ak is the Néron model of A ([I], Proposition 1.2/8).

5. NERON LFT-MODELS OF OPEN CURVES IN THE LOCAL CASE

Let X be a separated smooth connected curve having a Néron lft-
model X over S (e.g. if Xg is proper of positive genus, see Theorem
. Let Uk be an open dense subscheme of Xj. A natural question
is whether Ug has a Néron Ift-model U and, if it exists, how it is
related to X. In this section, we restrict ourselves to the case where
S = Spec(R) is local. Then we will show that the answer is positive
under mild hypothesis and we describe explicitly the construction of
U.

Let R*" denote the strict henselization of R, R*" the completion of

Rsh K" = Frac(R*") and Keh = Frac(@).
5.1. Main statement.

Theorem 5.1. Let X be a separated smooth connected curve over
K and let Uk be a dense open subscheme of Xg. Suppose that Xk
has a smooth model X over S such that X is the Néron Ift-model of
X Then Uk has a Néron Ift-model U over S. Moreover, denoting
by Ax = Xk \ Uk the boundary of Ux in Xk, U satisfies the following
properties.
(1) The scheme U 1is of finite type over S if and only if X is of finite

type and if -

AK N XK(KSh) - @
If S is excellent, the latter condition is also equivalent to

AK ﬂXK(KSh) = @,

(2) Let A be the Zariski closure of Ay in X. Then the identity on the
generic fiber Uy extends to an open immersion X \ A — U, and
the open immersion Ux — Xk extends to a morphism U — X.
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(3) Let s be the closed point of S and let k(s)*P be a separable closure
of the residue field k(s) of s. Then U = X \ A if and only if
AN X (k(s)*P) = 0.

Remark 5.2 In the statement of Theorem [5.1] the S-model X is nec-
essarily the Néron Ift-model of X over S (Proposition 2.4(1)), but the
requirement in Theorem is slightly stronger than this, except when
S is excellent (Proposition [2.4] (3)).

5.2. Construction of U. Let k = k(s). First we construct a (possibly
infinite) sequence of blow-ups of X, then define U as a suitable open
subset of the resulting scheme. Note that the following construction
can be done for any smooth S-scheme X such that Ug is a dense
open subset of Xg, and Lemmas and hold just under these
assumptions.

Put Xy := X and Ay := A.

(i) Let Ay = (Ag)sNsm(Xg)s(k%P), i.e., the subset of points of (Ag)sMN

sm(Xp)s with separable residue field over k. If Ay = (), we stop.
(ii) Otherwise, let X; — X, be the blowing-up of Xy along A} (en-
dowed with the reduced structure). Let A; be the Zariski closure
of Ag in X7 and let A] = A;Nsm(X7)s(k5P). If A} = 0, we stop.
(iii) Otherwise blow up Xy — X; along A} (reduced) and start again
with the Zariski closure Ay of Ag in X,. We construct in this
way a (possibly infinite) sequence of models locally of finite type
X, of Xg, with A,, C X, the Zariski closure of Ag in X,,, and
X1 — X, is the blowing-up of A/ := A, Nsm(X,,)s(k*P).

Let U, = sm(X,) \ A,. The identity map on Uk extends to an
open immersion U, — U,.;. More precisely U, is U,,; minus the
the exceptional divisor of X, — X,,. Let U = Un>0 U,. This is a
smooth, separated scheme locally of finite type over S, with generic
fiber isomorphic to Ugx. We will show that U is the Néron Ift-model of
Uk over S. By construction, we have canonical morphisms

(5.1) X\A—=U-—=X,

and the second morphism has image in (X \ A) U (A})s.

Note that the formation of U commutes with any flat extension of dis-
crete valuation rings R — R’ because taking Zariski closure, blowing-up
and taking the smooth locus are all compatible with such an extension.
To prove U is the Néron Ift-model, we can replace R by Rs" and sup-
pose R is strictly henselian and excellent (Proposition . After this
reduction, X is the Néron Ift-model of Xg in the situation of Theo-
rem But in general the curve Ux might be no longer connected
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(the curve Xk and its Néron lft-model decompose accordingly). In this
situation, if we can deal with each connected component of Uy (which
is an open subscheme of a connected component of X), the general
case follows (Remark (3)). Hence, we may assume that U is still
connected.

5.3. Dilatation. ([1], §3.2). Let R be a discrete valuation ring. Let
X be any flat R-scheme of finite type. Let E be a closed subscheme
of the special fiber X defined by a sheaf of ideals T C Ox. Recall
that the dilatation of E2 on X is obtained by blowing-up u : X — X
along F/, and then taking the open subset of X where u*Z is generated
by a uniformizing element of R. Denote by X’ the dilatation of E. It
satisfies the following universal property: for any flat R-scheme Z, a
morphism Z — X factors through X’ — X if and only if Z, — X,
factors through £ — X, as morphism.

If X/R is smooth and if the center E is smooth over k, by a local
computation, one can show that the dilatation X’ of E on X is smooth

over R, and is equal to the complement in X of the strict transform of
Xs.

5.4. Some technical lemmas.

Lemma 5.3. Keep the notation of §5.9 and assume R is strictly hense-
lian and excellent. Suppose that the sequence of blowing-ups X1 —
X, is infinite. Let p1,ps € X be closed points such that for alln € N,
they specialize to a same point x, € Al . Then p; € Xg(K) and

P1 = P2

Proof. Let us first prove p; € Xg(K). Let p € {p1,p2}. Let X, C
Xni1 — X, be the dilatation of A/ on X,, and let P, = {p, z,} be the
reduced Zariski closure of p in X,,. By the construction of X,,, x,1
maps to z, € A}, and it is a smooth point of X, 1. So z,41 € X,
and for all n > 0, we have a commutative diagram

Poyr — Xrlz—i-l C Xn1

| |

P, Xn

The first vertical arrow is birational and finite. Moreover, P, is
nothing but the strict transform of P, in X,.;. By the embedded
resolution of singularities (see e.g., [§], 9.2.26, recall that S is excellent),
there exists m > 1 such that P, is a regular scheme. Then P,,.1 — P,
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is an isomorphism and we have a factorization

!
Xm+l

.

P, X, ..

By the universal property of the dilatation (, the closed immersion
Om,s: Pm,s = X s factors through Spec k(x,,) C X, s. Hence P, ; —
Spec k(x,,) = Speck is an isomorphism. Therefore P, — S is an
isomorphism and we have K (p) = K.

If p1 # po, by the embedded resolution of singularities of the Zariski
closure of {p1, pa} in Xy, the Zariski closure becomes a disjoint union of
sections in some X,,. Contradiction with the hypothesis in the lemma.

O

Lemma 5.4. Keep the notation of 5.3 and suppose R is strictly hense-

lian and excellent.

(a) If (X)), is an infinite sequence, and if (x,), is such that x, € Al
and x,11 — x, by X111 — X, for all n > 0, then there exists
p € Ak such that x, € P, (Zariski closure of p in X,,) for all
n > 0.

(b) Let Y be a flat integral S-scheme of finite type with irreducible
closed fiber Y. Let fx : Yk — Xg be a morphism. Suppose that
for allm > 1, fx extends to f, : Y — X, and that f,(Y;) C Al.

(¢) The scheme U is of finite type over S if and only if X is of finite
type and A N X (K) = 0.

Proof. (a) Let F,, C Ak be the set of points specializing to x,. Then
(F,), is a decreasing sequence of non-empty finite sets, so N, F,, # 0
and any point p in the intersection satisfies the required property.

(b) As Y; isirreducible, f,(Y5) is reduced to one point x,, and x,, ;1 —
xn by X1 — X,. Let p € Ak be such that z, € P, for all n > 0.
Let ¢ € Yi be a lifting of some closed point of Y;. Then fx(q) and p
are closed points of X having the same specialization z,, € A/ for all
n. By Lemma 5.3} p = fx(q) € Ax N fx(Yi).

(c) Suppose there exists p € Ax N Xg(K). For any n > 0 such
that X, is constructed, p specializes to a point of A, N sm(X,)s(k),
s0 X,,41 exists in the construction of §[5.2] As X,,;; — X, consists in
blowing-up some smooth points, U, ;1 contains a dense open subset of
the exceptional locus of X1 — X,,. So U, € U, and U is not of
finite type. On the other hand, if X is not of finite type, then Uy, thus
U, is not of finite type.
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Conversely, if Ag does not contain rational point of X, there exists
m > 1 such that no point of Ag specializes to a point of sm(X,,)s(k)
(Lemma , and the construction of § stops at this step. Thus
U = U, is of finite type over S if X is of finite type. O

Lemma 5.5. Let S be a locally noetherian scheme, and let f : 7 —
T be a morphism of locally noetherian flat S-schemes. Let zy € Z
and to = f(z9). Suppose Zs — Ty is flat at zy. Then the canonical
morphism

[z 1 Spec Oz ., — Spec Ory,

is surjective. In particular, for any P € T such that ty € {P}, there
exists Q € f~1(P) such that zo € {Q}.

Proof. By the fiberwise flatness criterion ([5], IV.11.3.10.1), f is flat at
2o and f,, is a flat morphism of local schemes, hence faithfully flat. In
particular, f,, is surjective. The last assertion results from the usual
interpretation of the images of Spec Or, and SpecOz ., in T" and Z
respectively. O

5.5. Proof of Theorem [5.1 Now we prove that U is the Néron Ift-
model of U over S. As noticed previously in §5.2) we can suppose S
is strictly local and excellent. In particular kP = k.

Let Y be a smooth scheme over S and let fx : Yx — Ug be a
morphism of K-schemes. We want to extend fx to a morphism Y — U.
We can suppose Y is irreducible (Remark . First fx extends to a
morphism fy: Y — X by the hypothesis on X. Consider the sequence
(Xn)n constructed in §5.2]

(A) Suppose that for some m > 0, f factors through f,,: Y — X,
and that f,,(Ys) € Al . Let us show f,,(Y) C U, or, equivalently, that
fm(Ys) N A, = 0 because f,,(Y) C sm(X,,). If this is true, then fx
extends to f,,: Y — U, C U and we are done. We distinguish two
cases:

Case 1: f,,(Y;) = {x,} is a singleton. By hypothesis, x,, ¢ Al .
As Y; is smooth and Y; — Spec k factors through Y, — Spec k(x,,), we
have z,, € sm(X,,)s(k). So z,, ¢ A, and f,,,(Ys) C Uy,.

Case 2: [,,(Y;) is not a singleton. If there exists z,, € f,(Ys) NA,
let ¥, € f1(x,) and let p € Ag specializing to x,,. As sm(X,,), is a
smooth curve and (f,,)s is dominant, (f,,)s is flat at y,,. By Lemma
applied to Z =Y and T' = sm(X,,), we find a closed point ¢ € Y such
that fx(q) = p. This contradicts the hypothesis that fx(Yx) C Uk.

(B) Now we show that the condition in (A) is satisfied for some
m > 0. Westart with fo: Y — X,. If fo(Y;) C Af, then fo(Ys) = {z0}.
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As in Corollary (1), fo factors through f; : Y — Xi. If f1(Y;) € Af,
we are done. Otherwise, we have a fo: Y — Xs. Repeating this
construction, we see that if (A) is never satisfied, then for all n > 0,
fr extends to f,: Y — X, with f,(Y;) € A/. This is impossible by
Lemma [5.4[b). Hence U is the Néron lft-model of Ug.

It remains to prove the various properties of U. We first remark that

if S is excellent, then K*" is algebraically closed in its completion K",
hence the two conditions in Part (1) are indeed equivalent. Part (1) is
a direct consequence of Lemma [5.4|[d). Parts (2) and (3) follow from
the construction in X\ Ag = Uy is open in U and its generic fiber
is Xg \ Ax = Ug; and U = X \ A is equivalent to A = ().

As an application of Theorem [5.1], we have the following result which
will be used in Proposition [6.1]in the next section.

Proposition 5.6. Let S be local. Let P be a reqular, proper semi-stable
model of P}, over S. Let T'y,--- T, be disjoint sections, n > 2, in the
smooth locus sm(P/S) such that T' := U;,I'; meets every exceptional
divisor of P/S when P, is not irreducible. Let Vi =Py \Tg. Let V be
the S-model over S obtained by the process described in starting
with X := sm(P/S). Then V is the S-Néron lft-model of Vi over S.
Moreover, the identity Vi — Vi and the inclusion Vi — Pk extend to

sm(P/S)\I' =V — sm(P/S)
and the first morphism is an open immersion.

Proof. As the formation of V' commutes with completion and strict
henselization, by Proposition (1), we can suppose S is strictly local
and excellent. We prove the result by induction on the number of
irreducible components of P;.

First suppose P; is irreducible. Start with the case n = 2. Then
P = PL. One can see easily that V, which is isomorphic to the Néron
Ift-model of G,, k, is obtained by the process described in §5.2f with
X := P. See [1], 10.1.

If Py is irreducible and n > 3, we consider Ux = Px \ {(T'1)x, (F2)x}
with its Néron Ift-model U. Then V' can be obtained by the process of
starting with X :=U. As P\ (I’ UT) is open in U by the above
discussions, and the Zariski closure of (I';)x in Pis I'; € P\ (I'; UTy)
when ¢ > 3, Theorem says that V' is the S-Néron lft-model of Vi,
P\ T is open in V' and the latter maps to U, hence to P.

Now suppose P, has more than one component. Let E be an ex-
ceptional divisor in P. Up to renumbering, we can suppose 'y, ..., [,
r < n—1, are exactly the sections of P among the I';’s not meeting FE.
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Let m: P — @ be the contraction of E et let ¢ = 7(F) € @s. Consider
Uk =P \{(T1)x, -, (T1)k, (1) k }- Then @Q is regular, proper and
semi-stable and, if we still denote by I'; the Zariski closure of (I';) x in @,
I'y,..., I, Tyq correspond to r+1 disjoint sections of ()/S whose union
meets every exceptional divisor of /S when @ is not irreducible. By
the induction hypothesis, the Néron Ift-model U of U is obtained by
the process of §5.2)starting from X :=sm(Q/S). As (I'41)s = {¢} and
7m: P — @ is the blow-up of @ along {¢}, by the explicit construction
of U, sm(P) \ (Uij<r+11';) is open in U. For any ¢ > r + 2, the point of
(T;) k specializes to a point of (sm(P)\ (Uij<,+11;))s. Then Theorem|5.]]
tells us that Vi admits an S-Néron Ift-model V', and the latter is ob-
tained from U by blowing-up the closed points U;>,12(I';)s contained
in the open subset sm(P) \ (Uj<,+1I';) C U, taking the smooth locus
and start again etc. In particular sm(P/S) \ I" is an open subscheme
of V' and the latter maps to sm(P/S). O

6. NERON MODELS OF OPEN SUBSETS OF A SMOOTH CONIC

In this section, we suppose S = Spec(R) is local and excellent. We
prove the existence of the Néron model for affine open subsets of a
smooth projective conic, whose complement is non-empty and consists
of ramified points.

Proposition 6.1. Let S be an excellent local Dedekind scheme with
field of functions K. Let Ck be a projective smooth conic over K.
Let Ak be a non-empty finite closed subset of Ck (endowed with the

reduced structure) such that Ax(K*") = 0. Then Ug = Cg \ Ax
admits a Néron model over S.

Proof. Assume first Cx (K) # 0, or equivalently, Cx = P}.. Consider a
smooth proper model X = P{ of P}.. After finitely blowing-ups along
smooth separable points, the construction of gives us a regular
proper semi-stable model P of Cx = P} such that the intersection AN
sm(P/S)s(k(s)*P) is empty. By successively blowing-down exceptional
divisors of P which do not meet the Zariski closure A of Ag, we can
suppose that:

(1) A meets every exceptional divisor of P/S if P; is not irreducible
and
(2) A meets P, only at singular points or smooth inseparable points.

Claim: under the above conditions, U := sm(P/S) \ A is the Néron
model of Ug.

To prove the claim we can suppose S is strictly local. In particular,
each (reduced) irreducible component of P, is isomorphic to P}. Let Y
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be a smooth S-scheme with connected fibers and let fx : Yx — Uk be
a morphism of K-schemes. Let I'y,... T, C U(S) be disjoint sections
such that n > 2, I' := U;I; is ample in P and such that fx(Yx) & k.

Set H = fz'(I'x) C Y. This is a closed subset of Y, empty or
of codimension 1. Let Y’ := Y \ H. We claim that the restriction
fK|y[/( : Yy — Uk \ I'k extends to a morphism Y’ — U. Indeed,
let V' be the Néron Ift-model of Vi := Pk \ I'x. Then fx induces
a morphism f' : Y’ — V. By Proposition [5.6] we have a morphism
V — sm(P/S)\I' = U. Consequently, f’ extends to a morphism
f" YY" — U where Y = Y/ UYg. As Y, is connected, the image
fr:Y! — Uy is contained in some connected component. Let U’ denote
the union of the latter connected component of U, with Ug. Then f”
factors through U’ C U.

On the other hand, the scheme U’ can be obtained by first blowing-
down successively all the irreducible components of P, other than the
one containing U!, then removing from the resulting proper smooth
model of Cx = PL the closure of Ag. In particular, the scheme U’ is
affine. Thus f” extends to a morphism Y — U’ C U since Y \ V" is a
closed subset of codimension > 2 of the normal scheme Y ([I], 4.4/2).
Therefore U satisfies Néron mapping property, as desired.

For the general case, if Xx(K*") = (), then Xy is the S-Néron model
of itself. Otherwise, there exists a finite unramified extension K’ of K
such that Ck(K') # 0. Since K'/K is unramified, the complement
of Uk in its smooth compactification Cxs consists of closed points
which are still ramified of degree > 1 over K’. Therefore, U, admits
a Néron model U’ over the semi-local ring S’, the normalization of S
in K. Hence Uk admits also a S-Néron model by Proposition and

Proposition [7.5] O

Remark 6.2 Keep the notation of Proposition|6.1}, and let U be the S-
Néron model of Ug. Assume Cx = P with a proper smooth S-model
C such that the Zariski closure A of Ak (with the reduced structure) is
regular. Then the canonical morphism obtained from Néron mapping
property C'\ A — U is an open immersion. Indeed, as A is regular,
after blowing up all separable closed points of A, we obtain a proper
semi-stable model P of Ck such that the conditions (1) (2) in the
proof of Proposition [6.1| are satisfied. By the claim in the same proof,
U =sm(P/S)\ Ag. Thereby C'\ A is an open subset of U.

Remark 6.3 In Proposition 6.1, we can not drop the assumption that
S is excellent. For example, let k£ be a field of characteristic 2, and
K = k(t,u*) C k[[t]] C k((t)) with u € k[[t] transcendental over k(t).
The discrete valuation on k((t)) induces a discrete valuation on K,
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and let R be the corresponding (discrete) valuation ring (with ¢ € R

o~

a uniformizer). The completion R of R is k[[t]] C k((t)), hence K =
Frac(R) = k((t)). Note that u € K is purely inseparable of degree 2
over K (in particular, R is not excellent). Consider v = v? € K and
let Ux = Spec(K[X1, Xo]/(X? — vXZ — Xp). This is the underlying
scheme of a unipotent group. As v ¢ K? Ux % Al. On the other
hand, Up = A}?. It follows that Uz = G, . Therefore, by [, 10.2/2,

Uy does not admit Néron Ift-model over S.

7. NERON LFT-MODELS OF AFFINE CURVES

The aim of this section is to prove the existence of Néron lft-models
of affine curves over K different from the affine line (Theorem [7.10)).
Let S be a Dedekind scheme with field of functions K.

7.1. Globalize local Néron Ift-models.

Lemma 7.1. Let S be a Dedekind scheme with K its field of functions.
Let Uk be a separated connected smooth curve over K. Suppose that

(i) for any closed point s € S, Uk admits a Néron Ift-model U (s)
over Og;

(ii) there exists a model of finite type UY of Ux over S such that for
all s € S, the isomorphism UY — U(s)k extends to an open
immersion U° x g Spec(Qgs) — U(s).

Then Uk admits a Néron [ft-model over S.

Proof. The proof is inspired from that of [I], 10.1/7. The Néron lft-
model of Ui over S will be obtained by gluing the local Néron Ift-
models U(s) for all closed points s € S. We will first extend U(s) to a
model V(s) which coincides with U® above S\ {s} and then glue the
various V' (s) in a natural way to obtain the Néron lft-model U of Uk
over S.

Fix a closed point s. As U(s) is locally of finite type, any connected
component U(s), of U(s), is open in U(s)s, hence its union with Uy
is a quasi-compact open subset U,(s) of U(s). We can extend U,(s)
to a separated scheme of finite type U, over S (use [5], IV.8.10.5). As
U, and U° are both of finite type over S and have the same generic
fiber, they are S-isomorphic over a dense open subset S, C S\ {s}
(and the S-isomorphism is unique once the isomorphisms Uy — Uk,
(Ua)k — Uk are fixed because U, is separated over S). Now we glue
the separated morphisms of finite type

Ug X5 (Sa U{s}) = SaU{s}, U"xg(S\{s})— S\ {s}
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above (S, U {s}) N (S \ {s}) = S,. The resulting S-scheme V, is
separated and of finite type because these properties are satisfied above
Sa U{s} and S\ {s}. By construction, we have canonically

Vo xs (S\ {s}) =U° x5 (S\ {s}), Vi xsSpec(Os;) = Uq(s).

Next we glue the various V,, (when U,(s) runs through the connected
components of U(s),) with the condition V, NV, = U if a # o'. The
resulting S-scheme V' (s) satisfies canonically

V(s) xs (S\ {s}) =U% x5 (S\ {s}), V(s) xsSpec(Og,) = U(s).

Hence V (s) is separated and locally of finite type over S. Moreover,
Condition (ii) implies that the isomorphism UY — V(s)x = U(s)x
extends to an open immersion U% — V(s).

Finally, we glue the various V'(s) when s runs through the closed
points of S with the condition V(s)NV (s') = U%if s # s'. The resulting
S-scheme U is locally of finite type and U xg Spec(QOg;) = U(s) for
all s € S. By Corollary 2.5 U is the Néron lft-model of U overS, as
required. 0

Lemma 7.2. Let S be a Dedekind scheme. Let Xx be a smooth con-
nected separated curve over K and let Ux be an open dense subscheme
of Xxk. Suppose that Xk has a smooth model X over S such that
for all closed points s € S, X xg Spec(Oss) satisfies the property in
Theorem [5.1. Then Uy admits a Néron Ift-model over S.

Proof. Let Ag == Xg \ Ug, X' C X any quasi-compact open subset
containing Xg, and A? := Ax C X° By Theorem [5.1] the Néron
model of Uk over Spec(Qg;) exists for all closed point s € S, and by
Theorem (2), U° := X\ A® verifies the hypothesis of Lemma [7.1]
Thus we can apply Lemma to conclude. 0

Proposition 7.3. Let S be a Dedekind scheme. Let X be a connected
reqular proper curve over K of arithmetic genus > 1. Let Ug be a
dense open subscheme of Xy contained in the smooth locus of X /K.
Suppose either S is excellent or the scheme Xk is smooth over K. Then
Uk admits a Néron Ift-model over S.

Proof. Let X = X, be the smooth locus of the minimal proper regular
model of Xg over S. Let s € S be a closed point. Then X xg Og’;

is the Néron model of Xy over Ofg’fs by Theorem and because in
both cases the minimal proper regular as well as the its smooth locus

commute with strict henselization and completion ([8], 9.3.28). By
Lemma[7.2] Uk has a Néron lft-model U over S. O
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7.2. Welil restriction.

Proposition 7.4 (see also [1], 10.1/4). Let S be a Dedekind scheme
with field of functions K and let X be a separated smooth connected
curve over K. Let K'/K be a finite extension, and let S’ be the nor-
malization of S in K'. Assume that

(i) 8" — S is finite (e.g., if S is excellent or K'/K 1is separable);
(ii) X admits a Néron Ift-model (resp. Néron model) X' over S';
(iii) any quasi-compact open subset of X' is quasi-projective over S’.
Then Xk admits also a Néron Ilft-model (resp. Néron model) over S.

Proof. Let s € S. Then any finite subset F' of X! := X’ xg Speck(s)
is contained in an affine open subset of X’. Indeed, F' is contained
in a quasi-compact open subset W of X’. Let V be an affine open
neighborhood of s. As S’ xg V is finite over V, W xgV = W xg
(8" xg V) is quasi-projective over V', hence F' is contained in an affine
open subset of W xg V C X',

The morphism S’ — S is finite and locally free, hence the above
property implies that the Weil restriction functor ¥ := Resg/gX' is
representable by a smooth S-scheme locally of finite type ([1], 7.6/4).
Furthermore, by the functoriality of the Weil restriction functor, one
checks easily that Y is the S-Néron lft-model of its generic fiber Yy =
Resg/k(Xk). Finally, remark that as Xg/K is separated, the ad-
junction map Xx — Resgr/k(Xg/) = Yk is a closed immersion, hence
it suffices to apply Proposition to conclude the existence of Néron
Ift-model or Néron model of X O

The following result is useful when we want to check the condi-

tion (iii) of Proposition [7.4]

Proposition 7.5. (Quasi-projectivity) Let S be a Dedekind scheme
with field of functions K, and let U be a connected regular relative
curve over S locally of finite type. Suppose that either Ux has a smooth
compactification or S is excellent. Then any quasi-compact open subset
of U is quasi-projective over S (in the sense of [, I11.5.3.1).

Proof. Let Uy be a quasi-compact open subset of U. Let Uy C U] be a
Nagata compactification. The hypothesis on Ug or S implies that there
exists a desingularization morphism Z — U/, which is an isomorphism
above Uy. So U is isomorphic to an open subscheme of a regular proper
flat S-scheme Z. It is enough to show that Z — S is projective. This
is a theorem of Lichtenbaum when S is affine ([7], Theorem 2.8 or [§],
8.3.16), but the proof works exactly in the same way in the general
case: find a positive horizontal Weil divisor H on Z which meets all
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irreducible components of all fibers of Z — S. As Z is regular, H is
defined by an invertible sheaf £ on Z. The hypothesis on H implies
that L is fiberwise ample, hence L is relatively ample for 7 — S. U

Remark 7.6 If the Dedekind scheme S is separated, then any quasi-
projective scheme over S is a subscheme of some PY. Indeed, S then
has an invertible ample sheaf ([I5, Proposition 09NZ]), and one can
conclude with [5], I1.5.3.3.

7.3. Affine open subsets of a conic. In this Subsection, we dis-
cuss the existence of Néron lft-models of an affine open subset Ux of
a smooth projective conic C /K. Observe first that A}, does not ad-
mit Néron Ift-model over S ([1], 10.1/8). Therefore, we only need to
consider the case where Uy is not isomorphic to Al

Proposition 7.7. Let S be an excellent Dedekind scheme with field of
functions K. Let Uk be an affine open subset of a smooth projective
conic Cx over K. Suppose Uk is not isomorphic to Ak.. Then Uy
admits a Néron Ift-model U over S.

Proof. If over an algebraic closure K of K, C% \ Uz contains at least
two points, then there exists a finite extension K’/K such that Uy is
isomorphic to an open subscheme of G,, . It follows from Proposi-
tion @ that we can suppose Uk is an open subscheme of G, k. The
latter has a Néron Ift-model G over 9, locally on S compatible with any
index 1 extension (see the construction of [1], 10.1/5). Consequently,
by Lemma [7.2] Ux admits a Néron lft-model over S. For the rest of
the proof, we can therefore suppose that Uz is Cz minus one point. So
Ay = Ck \ Uk consists of a single point ¢, which is purely inseparable
of degree > 1 over K because Ux % Al

As Ck is smooth over K, there exists a separable extension K'/K
such that Cxr = PL,. The point of C \ Uk is still purely inseparable
of degree > 1 over K’ because K'/K is separable. Using Proposi-
tion [7.4] we can reduce to the case Cx = P. Let P = P} be a smooth
proper model of Pk over S, and let A = {¢os} = P. We know (Propo-
sition that for all closed points s € S, Ug admits a Néron model
U(s) over Og,. To find a global Néron Ift-model, it is enough to show
that for U° := P\ A, the canonical morphism

(7.1) U° xg Spec(Og) — U(s)

is an open immersion for all s contained in a dense open subset V' C S:
the base change U x g V satisfies then Condition (ii) of Lemma [7.1]
As S is excellent, so is A. Thus the regular locus of A is open in
A. Shrinking S if necessary, we can assume A is regular. Then for
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any closed point s € S, the morphism ([7.1]) is an open immersion by
Proposition and Remark [6.2], and the proposition is proved. U

Corollary 7.8. Let S be an excellent Dedekind scheme of characteristic
p > 0, with K 1its field of functions. Let Gk be a connected smooth
K-wound unipotent group of dimension 1. Then G admits a Néron
Ift-model over S.

Remark 7.9 Let S be a Dedekind scheme with field of functions K.
One can deduce from Proposition and Proposition [4.2] that if Xx
is a connected separated smooth K-variety admitting Néron Ift-model
over S, then Xx does not contain any closed subscheme isomorphic to
PL or Al. Conversely, if Xx is the underlying scheme of a smooth
commutative algebraic group over K, the latter condition is also suffi-
cient for the existence of Néron Ift-model when S is local and excellent
([, 10.2/2).

When S is global and excellent, whether this latter condition is suf-
ficient is still an open question. It is conjectured ([1], 10.3, Conjecture
I) that the answer is yes. Some positive examples are known in [IJ,
Chap. 10. Corollary provides some evidence in favor of this con-
jecture. Together with the well-known results for abelian varieties and
for tori, we deduce that over any excellent Dedekind scheme S with
field of functions K, any smooth connected K-algebraic group Gi of
dimension one admits a Néron lft-model over S if and only if Gk is not
isomorphic to G, k. In other words, the Conjecture I of 10.3 [I] holds
when dim(Gg) = 1. When the unipotent group scheme G in Corol-
lary [7.8 admits a regular compactification of genus > 1, or equivalently
when uni(Gg) = 0, Corollary is a special case of [I] 10.3/5. So
the new case provided here is when uni(Gg) > 0, or equivalently when
Gk admits a smooth compactification of genus 0. The latter happens
only when char(K') = 2 (see last paragraph of [I] 10.3, p. 316). In this
case, G is the subgroup of G ;- = Spec(K[X,Y]) defined by equation
X? =Y +aY? for some a € K\ K%, which, as a scheme, is isomorphic
to Proj(K[T,T']) \ V.(T? — aT").

7.4. Néron Ift-models for affine curves. We are now in the position
to prove the existence of Néron Ift-models for affine curves.

Theorem 7.10. Let S be an excellent Dedekind scheme with field of
functions K. Let Ux be an affine smooth connected curve over K.
Then Uy admits a Néron Ilft-model over S if Ux ¥ AL for any finite
extension L/ K.

Proof. By Lemma [2.6] we can suppose Uk is geometrically connected.
If the regular compactification of U has positive genus, then Uy has a
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Néron Ift-model by Proposition Otherwise, Uk is an affine open
subset of a smooth projective conic over K, not isomorphic to Ak.. So
Uk admits a Néron Ift-model over S by Proposition [7.7] 0

Next we examine when the Néron Ift-model is of finite type.

Proposition 7.11. Let S be an excellent Dedekind scheme with field of

functions K. Let Ug be an affine smooth geometrically connected curve

of K, not isomorphic to Ak, and let Cy be its reqular compactification.

Denote by Ag := Cx \Ug. Let C be a relatively minimal reqular model

of Ck over S and let A be the reduced Zariski closure of Ak in C. Let

U be the Néron Ift-model of Ux over S. Then the following properties

are true.

(1) The scheme U/S is of finite type if and only if A (K") = 0 for
all closed points s € S and if Ag N Cyy s(k(5)*P) = 0 for almost all
ses.

(2) Assume S is infinite. For each closed point s € S, set U(s) =
U xg Spec(Ogs), the local Néron Ift-model of Uk over Spec(Og ).
Let K*°%P denote a separable closure of K.

(1) Ag(K*P) =0 if and only if all the local Néron Ift-models U(s)
are of finite type.

(i) If Ag(K*P) £ 0, the local Néron Ift-models U(s) are not of
finite type for all but finitely many closed points s € S. In
particular, if K has characteristic 0, then U is never of finite

type.

Proof. (1) The S-scheme U is of finite type if and only if

(a) for all closed point s € S, U(s) is of finite type over Og; and if
(b) U is of finite type over some open dense subset of S, or equiv-
alently, U is connected for all but finitely many s (Proposi-
tion .
Therefore we only need to show that the conditions of (1) are equivalent
to the conditions (a) and (b) above.

First assume that C is of genus > 0. Then Uy C X := sm(Ck/K).
Let X be the Néron model of X over S, equal to the smooth locus Cg,,
of C/S (Theorem [4.1)). The minimal regular model C' commutes with
strict henselization and completion ([8], 9.3.28), so by Theorem , for
any closed point s € S, U(s) is of finite type over Og if and only if
Ak (K:") = 0. Now consider the connectedness at a closed point s € S.
Shrinking S if necessary, we can suppose X;= Cgp s is connected. If
Ag N Cams(k(s)%P) = (), then Uy = X, \ A (Proposition (3)) is
connected. Conversely, suppose U, is connected. By separatedness,
Us — X, is an open immersion. Then over Og,, U — X is an open
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immersion, as X \ U contains Ak, hence U C X \ A. By , we have
U= X\A (over Og,,), thus AN Cyp, s(k(s)*P) = 0 (Theorem [5.1] (3)).

Now suppose Ck is a smooth conic. Let s € S be a closed point. If
Ag(K:") =0, then U(s) is of finite type over Qg by Proposition .
Conversely, suppose Ag (K:") # . Tt is enough to show U(s) is not
of finite type over (’)g};. Thus we can suppose K strictly henselian
and Ag(K) # 0. If there are two rational points in Ak, then Uy is
isomorphic to an open subscheme of G, k, hence U(s) is not of finite
type by Theorem [5.1] (1). Otherwise, there exists a non-rational point
Jo € Ag. We apply again Theorem (1) to Ux C Ck \ {go} to
conclude that U(s) is not of finite type. So again U(s) is of finite type
if and only if Ag(K:") = 0.

To see the equivalence between Condition (b) above and the second
condition of (1), we are allowed to shrink S and suppose that C'/S is
smooth with connected fibers. The condition Ay N Cyy 5(k(5)*P) = 0
then implies that C'\ A is the Néron model of Uk over Og (see Claim
in the proof of Proposition . Thus U = C'\ A is of finite type with
connected fibers over S. Conversely, suppose U/S is of finite type (up
to replace S by some open dense subset). Shrinking S if necessary, the
isomorphism Ux — (C'\ A)k extends to an isomorphism U = C'\ A.
If there exists © € AgN Cyp s (k(s)*P), then there exists y € Ug (K:") =
(C'\ A)g(K:") which does not specializes to U,. Contradiction with
the Néron mapping property of U.

(2) As S is infinite, A (K*P) # 0 if and only if Ag(K:") # () for
some (hence for almost all) s € S. Thereby (2) follows directly from
(1). O

Remark 7.12 In general it is not true that if Ag(K*P) = () then
U is of finite type. One can construct examples similar to that of
Oesterlé ([1], 10.1/11), showing that the existence of local Néron models
does not imply the existence of global Néron model. Let S be an
excellent Dedekind scheme of characteristic p > 0 with infinitely many
closed points, such that each closed point of S has perfect residue field
(for example, take S a smooth algebraic curve over a perfect field of
characteristic p). Let g, € Pk be a purely inseparable closed point
of degree > 1. Let Ux = Pk \ {¢so} and let U be its S-Néron model.
Then U xg Spec(QOg,s) is of finite type. But as Uy has two connected
components for almost all s € S, U is not of finite type over S by

Proposition 2.8 (3).
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