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Vincent Bansaye* and Vladimir Vatutin!

December 11, 2013

Abstract

We consider random walks with finite second moment which drifts to
—oo and have heavy tail. We focus on the events when the minimum and
the final value of this walk belong to some compact set. We first specify
the associated probability. Then, conditionally on such an event, we finely
describe the trajectory of the random walk. It yields a decomposition the-
orem with respect to a random time giving a big jump whose distribution
can be described explicitly.

1 Introduction and main results

We consider a random walk S = (S, : n > 0) generated by a sequence (X, :
n > 1) of i.i.d. random variables distributed as a random variable X. Thus,

S, = EXZ-, (So = 0).

We assume that the random walk has a negative drift
E[X]=—a<0. (1)

and a heavy tail
A(x):P(X>x):l(—x) (2)
P’
where § > 2 and [(z) is a function slowly varying at infinity. Thus, the random
variable X under the measure P does not satisfy the Cramer condition and has
finite variance. We further suppose that, for any fixed A > 0,
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which is equivalent to

ABP(X > ) ABA(x)

P(X € (z,z+ A]) = (I4+0(1)) = (14+0(1)) (3)

as r — Q.

To formulate the results of the present paper we introduce two important
random variables

M, = max(S1,...,S,), L, = min(Sy,...,S,)

and two right-continuous functions U : R - Rp = {z >0} and V : R — Ry
given by

U) = 14 ) P(=Sp <a,M, <0) , x>0,
k=1

V(z) = 1+ZP(—Sk>x,LkZO) , x<0,
k=1

and 0 elsewhere. In particular U(0) = V(0) = 1. It is well-known that U(z) =
O(z) for © — oo. Moreover, V(—z) is uniformly bounded in z in view of
EX <0.

It will be convenient to write 1,, for the n—dimensional vector whose co-

ordinates are all equal to 1 and set S;, = (5,541, -+ ,5,) if j < n with
Sn = Son and S, 0 = (Sp,Sn—1, -+ ,S0). Similar notation will be used for
nonrandom vectors. Say, $p,0 = (Sn, Sn—1,- - ,S0). Let
. :ﬁP(X >cm)-
an

With this notation in hands, we first describe the asymptotic behavior of the
probability of the event that the random walk remains within the time interval
[0,n] above some level —x and ends up at time n below the level T

Theorem 1 For any x >0 and T > —x, as n — o0,
x+T
P (S, <T,L,> 1)~ an(x)/ V(—2)d ()
0
and for any x > 0 and T < x, as n — o0,
=T
P(S,>T, M, <x) ~ an(—x)/ U(z)dz . (5)
0
Our second goal is to demonstrate that if the event {S, < T, L, > —x} oc-
curs then the trajectory of the random walk on [0,n] has a big jump of the
order an + O (y/n), such a jump is unique and happens at the beginning of the

trajectory. Using this fact we also describe the full trajectory of the random
walk.



Theorem 2 For all > 0 and T € R there exists a sequence of numbers
m; = mi(z) > 0, Zj>0 m; = 1, such that for each j the following properties
hold:

(1) lim, 0o P (X; > an/2|L, > —z, S, <T) = 7;;

(ii) For each measurable and bounded function F : RJ — R and each family
of measurable uniformly bounded functions F,, : R"tt — R such that

lim sup | (sp + €lny1) — Fu(sn)| =0, (6)

=0 neN,s, eR?+1
we have as n — 00

E[F(Sj-1)Fa—j(Sjn)lLn > —z, Sp < T, X; > an/2]
—E[F(Sj-1)|Lj—1 > —2]E,, [F\—j(S],_,0)| L5 = —x] =0,

n—y,0

where S’ is a random walk with step —X and positive drift, L. is its global
minimum and p is a probability measure given by :

T
p(dy) = Lyeia ™ ' Py(LL, > —a)dy, 0 :/ dyPy(L, > —x).  (7)
—T

In words, this theorem yields the decomposition of the trajectory of (.5; :

i < n) conditioned by its minimum L,, and final value S,,. It says that condi-

tionally on L,, > —z and S,, = s, S jumps with probability 7; at some (finite)

time j. Before this time, S is simply conditioned to be larger than —xz. After

this time, reversing the trajectory yields a random walk S’ (with positive drift)

conditioned to be larger than —z. The size of the jump at time j links the

value Sj_1 to S),_; ; =s+a(n—j—1)++/nW,, where, thanks to the central

limit theorem, W,, converges in distribution, as n — oo to a Gaussian random

variable. Thus this big jumps is of order an + W,,\/n, as stated below. The
proof is differed to Section 5.

Corollary 3 Let »x = inf{j > 1 : X; > an/2}. Under P, conditionally on
L, > —x and S, < T, s converges in distribution to a proper random variable
whose distribution (mj : j > 1) is specified by
__ Pl zx)

2 kzo P(Lk 2 )

T = m;(z)

and
X, —an

N

converges in distribution to a centered Gaussian law with variance o = Var(X).

Proof. The expression of 7; can be found in STEP 4 of the proof of Theorem 2,
see (23). The second part of the corollary is an application of the second part
of the mentioned theorem with

F(sg, -+ ,85) =1, Fo (81,00 8n41) = g((s1 — an)/v/n)



for g uniformly continuous and bounded if one takes into account the positivity
of the drift of S’ allowing to neglect the condition L/ > —x and to use the
central limit theorem. m

We note that random walks with negative (or positive) drift satisfying con-
ditions (1) and (2) (and even weaker assumptions) have been investigated by
many authors (see, for instance, [6, 11, 14, 15] and monograph [9] with refer-
ences therein. Article [11] is the most close to the subject of the present paper.
Durrett has obtained there scaled limit results for the random walk meeting con-
ditions (1) and (2) but conditionally on the minimum value only. He has shown
that, for each M > a the size of the big jump may exceed the value Mn with
a positive probability. The additional condition on the final value we impose in
Theorem 1 modifies the size of the big jump by forcing it to be concentrated
in a vicinity of point an with deviation of order y/n and allows us to provide
in Theorem 2 a non scaled decomposition of the asymptotic conditional path.
We stress that when the increments of the random walk are in the domain of
attraction of a Gaussian law with zero mean, such problems have been investi-
gated. See, in particular, [16] for the convergence of the scaled random walk to
the Brownian excursion.

The initial motivations to get the results of the present paper come from
branching processes in random environment (BPRE). The survival probability
of such processes are deeply linked to the behavior of the random walk associated
with the successive log mean offspring [13, 3, 4, 1, 2, 8, 17], namely logm. The
fine results given here are required to get the asymptotic survival probability of
the subcritical class of BPRE such that this logm has density

p () = &) e ®)

T opBtl ’

where lp(z) is a function slowly varying at infinity, 5 > 2, p € (0,1). We refer
to [5] for precise statements and proofs.

2 Preliminaries : Some classical results on ran-
dom walks

Our arguments essentially use a number of statements from the theory of ran-
dom walks, that are included into this section.
In the sequel we shall meet the situations in which the random walk starts from

any point € R. In such cases we write for probabilities as usual P, (). We
use for brevity P instead of Py.

We define

T =min{0 <k <n:S;,=min(0,L,)}, 7=min{k>0: S <0}



and let
P (S, >0).

wl*—‘

k=
Now we list some known statements for the convenience of references. The first
lemma is directly taken from [9], Theorems 8.2.4, page 376 and 8.2.18, page 389.

Lemma 4 Under conditions (1) and (2), as n — oo
P(L,>0)=P(r >n) ~ePP (X > an) 9)
and for any fized x > 0

P (L, > —x)
lim ——— =U(z). 10
The next statement is an easy corollary of Theorem 4.7.1, page 218 of mono-

graph [9].

Lemma 5 Let X be a non-lattice random variable with E [X] = —a < 0 whose
distribution satisfies condition (3). If S, = X1+ -+ X, + an, then for any
A > 0 uniformly in x > n?/3,

ABnA(x)

(s e[:u:c—i—A)) (14 o(1)).

In the sequel we use several times the following lemma, in which i) does not
require a proof and ii) is a special case of Theorem 1 in [10].

Lemma 6 Let (r,) be a regularly varying sequence with .~ o < 00.

i) If 6, ~ dry, n, ~ ery, then Z?:o 0iMn—i ~ Cry with ¢ = dZZ’;O e +
€Y heo 0k as n — oo.

i) If Sope ot = exp (Y5 rat®) for |t| < 1, then ay ~ cry with ¢ =
> oo G as 1 — 00.

We introduce two functions

Ki(\) = %exp{z %E [e)‘S”;Sn < 0]}

n=1

- i(uZE[eASn;Mﬁo}) | e v@an

n=1

Ky (\) =

> =

exp {i %E [e—/\sn; S, > 0]}
- e—/\Sn, _ > e—)\z —2)dz
<1+ZE[ ,ano}> /O V(-2)dz, (12)

n=1

> =



being well defined for A > 0.

Note that the intermediate equalities in (11) and (12) are simply versions of
the Baxter identities (see, for instance, Chapter XVIIL.3 in [12] or Chapter 8.9
in [7]).

3 Asymptotic behavior of the distribution of (5, L,,)
Basing on the three previous lemmas, we prove the following statement.

Lemma 7 Assume that E[X] < 0 and that A(x) meets condition (3). Then,
for any A >0 as n — oo

B[S 7, =] = B[540, <0] ~ K1 ()b, 1)

and
E e r>n] = E[e M Ly > 0] ~ K2 (A) by (14)

Proof. We prove (14) only. Statement (13) (proved in [17] under a bit stronger
conditions) may be checked in a similar way. First we evaluate the quantity

E e85, > 0] = E[e%:0< S, < A7 (8 +2)logn] +0 (n~"72). (15)
Clearly, for any A >0

3 e AEDAP (KA 4 an < S, < (k+1)A + an)
0<k<(B+2)A"1A-1llogn

<E [e_’\S"';O <SG, <A7! (B+ 2)10gn]

< Z e AAP (kA +an < S, < (k+1)A+ an) .
0<k<(B+2)A"1A-1llogn

Recall that by Lemma 5 in the range of £ under consideration

P (kA+an <S8, < (k+ 1)A+an) = %A(l@m@ (14 0(1))

27 A fam) (1 4 0(1),

where o(1) is uniform in 0 < k < (8+2)A"'A~llogn. Now passing to the
limit as n — co we get

A i e_k(k'f‘l)A < lim lnf aE [ei)\sn;o S Sn < )\71 (ﬂ —+ 2) 10g n}

P - n—00 BA (an)
< 1 aE [e_/\sn;() <S, <A1 (B+2) 1ogn}
imsu
<

oo
A § €7AkA
k=0



Letting A — 0+, we see that

- aE [0 < 8, < A7 (B +2)logn] N

n—oo BA (an)

Combining this with (15) we conclude that, as n — oo
—ASn. p B
E[e 3 Sp > 0] ~ —)\A (an) (14 0o(1)) ~ —)\P(X > an). (16)
a a

We know by the Baxter identity (see, for instance, Chapter 8.9 in [7]) that for
A>0andt€|0,1]

o e "
1 t"E [e L, > 0] = —E[e "8, >0] .
+ 7;1 [e > ] exp 7;1 ” [e = }
From (16) and point i) of Lemma 6 with r, = b,, we get for n — oo,

P(X
E [e—/\Sn,;Ln > 0} ~ Ky (A) M7
an
where K (\) is specified by (12). This gives statement (14) of the lemma. =

Lemma 8 Forx > 0,\ >0 we have asn — o0 :

E_,[e*"; M, <0] ~ an(—x)/ e U (2) dz, (17)
0

E.[e % L, >0] ~ an(z)/ e MV (—2)dz. (18)
0

Proof. This proof follows the line for proving Proposition 2.1 in [1]. By the
continuity theorem for Laplace transforms Lemmas 6 and 7 give for any = €
[0,00) and A >0

b E[eM M, <0, S, > —z] — / e MU(2) dz, (19)
0
b,'E[e™ "L, >0,8, <z] — / e MV (—2)dz. (20)
0
Further, using duality we have
n—1
E[e)\S";Mn < .T] = ZE[@AS";SO,...,Si <S;<z,S; > Si-l—l;---;sn]
i=0
+ E[e*":S0,...,8, <8, <z
n—1
= Y E[*L; >0,5; <a]-B[e* 1 M,_; < 0]

1=0
+ E[e*"; L, >0,8, < zl.



This formula together with (13), (20), the left continuity of V(—z) for z > 0
implying V(0) = V(0—) = 1, and the equations

1+ ZE[eASk;Lk > 0,8 < 1]
k=1

= 1+/ M dV(—z) = e’\zV(f:c)—)\/ MV (—2)dz ,
(0,z) 0

1+ZE[6>‘S’“;Mk<O] = )\/ e MU(2) dz
k=1 0

yield by Lemma 6 i) that for A > 0 and 2 > 0
b E[M M, < x] — V(—x)e)‘””/ e MU (2) dz,
0

which gives (17) by multiplying by exp(—Az). Using similar arguments one can
get (18). m

The continuity theorem for Laplace transforms and (17) and (18) yield the
asymptotic distribution of (S, L,) on compacts sets.

Proof of Theorem 1. By (18) and the continuity theorem for Laplace
transforms for any = > 0 and y > = we have

y
E,le % S, <y,L,>0] ~ an(z)/ e MV (—2)dz
0

giving
Y
P,(Shn<y,L,>0)~ an(ac)/ V(-z)dz
0
or

y
P(S,<y—uz,L,>—x)~ an(x)/ V(-2)dz
0

justifying (4).
The asymptotic representation (5) may be checked by the same arguments.
]

4 Conditional description of the random walk

In this and subsequent sections we agree to denote by C,C4,Cs, ... positive
constants which may be different in different formulas or even within one and
the same complicated expression.

Our first result shows that the random walk may stay over a fixed level for
a long time only if it has at least one big jump. Let

Bi(y)={X;+a<y},  B™(y) =075 (y).



Lemma 9 If E[X]| = —a < 0 and condition (3) is valid then there exists dg €
(0,1/4) such that for all 6 € (0,00), k € Z, and an/2 —u > M,

Pu(lrga<x X, <édan, S, > k)< EM(kz)n_ﬂ_l, where e (k) damr—oo 0.
<jsn

Proof. Set Y, = (S, +an) /o where 0> = Var(X) and Sy = 0. It follows
from Theorem 4.1.2 and Corollary 4.1.3 (i) in [9] (see also estimate (4.7.7) in
the mentioned book) that if 7 > 2 and § > 0 are fixed then for z > n?/® and all
sufficiently large n

P(B(n) (1'0'7"_1) aYn Z 1') S [nP(X +a Z er—l)}T_é :

Since I(x) in (2) is slowly varying, 2~*/4l(z) — 0 as # — co. Hence we get for
all sufficiently large n and 8 > 2

- s nl ZC) r—a n r—s 1 r—a
PO az e 0 () S0 ()T <o (m)

We fix now r > 2,89 < 1/4 with rdp = 1/2 so that (r —4§) /6 > 5+ 1 for all
0 € (0,00). As a result we obtain that there exists v > 0 such that

PU(B(”) (zoril) , Sp>wo—an+u) < Cn=B-1=7
for all > n?/3 where now Sy = u. Setting xo = rdpan we get
P.(B™ (8an), S, > —an/2+u) < Cn=P~177,
Therefore, for every k € Z

P,( max X; < dpan; S, > k) < Cn=A-1=7 (21)
1<j<n
for all an/2 —u > M — oo. Since the left-hand side is decreasing when dg | 0
the desired statement follows. m

We know by (4) that for any fixed N and [ > —N

N+I1+1
P(Ly>—N, Sy €ll,i+1)~ an(N)/ V(—2)dz, n — oo
N+1

Hence, applying Lemma 9 with © = 0 we conclude that, as n — oo
P(L,>-N, Sy e[l,l+1)~P (Ln > N, S, [l,l+1);B™ (50an)) ,

meaning that for the event {L,, > —N, S,, € [I,l 4+ 1)} to occur it is necessary
to have at least one jump exceeding dpan. The next statement shows that, in
fact, there is exactly one such big jump on the interval [0,n] that gives the
contribution of order b, to (4) and the jump occurs at the beginning of the
interval.



Lemma 10 Under conditions E [X] = —a < 0 and (3) for any fizedl and § > 0

lim limsup b, 'P (Ln > —N, max X, > dan, S, € [[,I + 1)) =0

J—=00 pnaoco J<j<n
and, for any fixed J
0B (0L X0 B, X, 2 ) =0
Proof. Write for brevity S, € [I) if S, € [I,/+ 1). Then
P (L, > —N,X; > éan, S, € [I))

< / P (ijl S dS,Lj,1 > 7N) X
_N

/ P(XjGdt)P(Sn_jE[l—t—s),Ln_jZ—t—S—N)
5

an

S/ P(Sj_ledS,Lj_lz—N)/ P(XjEdﬁ)P(Sn_jE[l—t—S)).
—-N dan
By condition (3),
P(X >t
P(X;e[t) < C%, t>0.

This estimate and its monotonicity in ¢ gives

/OOP(ijl GdS;Lj,1 Z*N)/OOP(X] Edt)P(Snfj S [lftfs))

-N dan

> o >
CIP(X_5an)/ P(ijledS;L];lZ*N)/ P(S,—;e[l—t—ys))dt.

n _N dan

Now

/;OP(Sn]-E[lts))dt < /_O:Odt

an

I—t—s+1
P (Snfj € dw)
l—t—s

00 l—s—w+1
:/ P(Sn,jedw)/ dt = 1.
—o00 l—s—w

P(L, > —N,X; > éan, S, €[l))

Thus

3

P(X i
< Cw/ P (Sj_l c dS,Lj_l > —N)

n -N

P (X
_ P s N = P (L > —N).
n

By (10) the series » ., P (L;—1 > —N) converges meaning that a big jump may
occur at the beginning only. Moreover, it is unique on account of the estimate

P (X; > dan, X; > dan) = O (*(n)n"2") = 0 (by,)

10



for all i # j with max (i,j) < Jand > 2. ®

The next lemma gives an additional information about the properties of the
random walk in the presence of a big jump. Let

Rs (M, K) = {6an < X1 < an— My/n, |S,| < K}

and
R(MaK): {Xl ZanJrM\/ﬁ, |Sn| SK}

Lemma 11 Under conditions E[X] = —a < 0 and (3) for any § € (0,1) and
each fized K,

im limsupb, 'P (Rs (M,K)UR (M, K)) =0.

1
M—oo nooo

Proof. Similarly to the previous lemma we have

an—M+/n
P(Rs (M,K)) = /5 P(Sp_1 € [-K —a, K — 2]) P (X, € da)

an

IN

C P(Sn—1€[2K —x,2K — z])dz

P (X > dan) /anMﬁ
dan s

P(X 5 an—M+/n 2K —x
= CM/ dw/ P (S,—1 € dv)
dan dan —2K-—z
2K —dan
4KCP (X > dan) /
dan —2K—an+M+/n

4KCP(X > dan)

IN

P (Snfl S d’U)

IN

P (Sn—1 > —2K —an+ M+/n)

dan

and

P (R (M, K

~—
~—
I

/ P (Sn—l S [—K —x, K — x])P (X1 S dac)

an+M+/n

< CM/ P (Sn_1 € [-2K — 2,2K — z])dz
an an+M+/n

X >an)

< 4KCP( P(Sn_1§2K—an—M\/ﬁ).

an

Since limsup,, . P (|Sn—1 + an| > M+/n) decreases to 0 as M — oo by the
central limit theorem, the desired statement follows. m

5 Proof of Theorem 2

We start by the following important statement.

11



Lemma 12 Let F,, be a bounded family of uniformly equicontinuous functions
as defined in Theorem 2 by (6). Then the family of functions

n(s) = VB, [Fu(Sp)i Ly > —2,8, <T], n=1,2,..,
is uniformly equicontinuous and uniformly bounded in s € R.

Proof. First, the fact that the family of functions F;, is bounded by C' combined
with the Stone local limit theorem for iid random variables having finite variance
(see, for instance, [7], Section 8.4) allows us to bound g, by

CvnPs(S, € [—x,T]) = Cv/nP(S, € [-x — s,T — s]) < O < <.
Second,

lgn(s +€) — gn(s)]
= Vn|Es [F(Sy + €lyt1); L + € > —2, S, + € < T]
—E; [F.(S,); Ly, > —x, S, <T]|
< Vn|Es [F(Sy + €lpi1) — Fu(Sn); Ly + € > —2, S, + € < T
+Vn|Eg [Fn(Spn); Ln +€> —2,S, + € < T]
—E [F.(Sn); Lp > —2,5, <T]|
<HC+\VnPy(L,+e>—-2,8,4+e<T)—Py(L, > —x,5, <T)|,

where H. — 0 as € — 0 again by the assumptions on F,, and the Stone local
limit theorem. Let us prove now that the last term is small. Indeed,

\/ﬁlps(l’n + € Z _:Casn + € S T) - Ps(Ln Z _:C;Sn S T)|
< Vn[Ps(S, € [T —¢T))+Ps(Ly € [-x — ¢, —x[, S, <T)]

and only the second term raises a difficulty. By the total probability formula
with respect to the (first) time & of the minimum we have

Py(L, € [—x—¢,—a[,S, <T)
=P(L,+s+x€[—¢0,S,<T—5)

= P(S1> Sk,-++,Sko1 > Sk, Sk + s+ € [—€,0),
k=0
SkJrl ZS]C;"' 7Sn ZSkHSn STﬁS)
nf[\/ﬁ]fl
< P(Sy +s+x €[—€0)P(Sky1 > Sk, ,Sn > Sk)

k=0
n

+ > P(S1> Sk, Sk > Sk, Sk + s+ € [—€,0)
k=n—[v7]
XP(Sk+1 > Sk, s Sn > Sk).

12



Now we use the representation
P(Ski1> Sk, 380 > Sk) =P(Lp_ >0)~C(n—k+1)77

and the Stone local limit theorem according to which

202n

V2rnP(Sy + s+ x € [—¢,0]) = eexp{w} + n,

where d,, — 0 as n — oo uniformly in k € [n —y/n,n] and s + 2 € R. Hence we
conclude that

VnPs(L, € [-x —¢,—x[,S, <T)
nf[\/ﬁ]fl n
<(+6)C >, m—k+) P+ Y (n—k+1)7F
h=0 k=n—[vn]
< Oy (e+ 6, +vVn(vn)™?) < Cs (e +dy),

for n large enough, since 8 > 1. We end up the proof by noting that all these
bounds are uniform with respect to s. m

Proof of Theorem 2. We know by Lemmas 9, 10 and 11 that conditionally on
the event {L,, > —x, S, < T}, thereis a (single) big jump, that its size is of order
an with a deviation of ordery/n and that the jump happens at the beginning.
Taking this into account and setting A} = {X; —an € [-M+/n, M\/n]} we get

J
E[F(S;_1)Fn(Sjm); Ln > —2, 80 < T| = cyppnbn + »_ AN,
j=0

where
lim suplejpnl =0
J,M—o00 | - ”|

and
AM =B [F(Sj-1)Fu—j(Sjn); Ln > —2,AM S, < T].

By the Markov property we have
AN =E[F(S;m0)lz, >} H]5(85-1)]
where
Hw(s) =E[LguEgx [Foej(Sn_j); Ln_j > —2,8,—; < T]]

and AM = {X —an € [-M+/n, M\/n]}.

13



STEP 1. We are proceeding by bounded convergence and show first the
simple convergence. Thus, we consider

. M+/n+an L
b, Hjy(s) = / b, P(X € dy)Esyy [Fr—j(Sn—j); Ln—j = —2, Sn—;j
—M+y/n+an
M+/n+an
= gjn(s + y)pn(dy),
\/_/Mf-i-an o
where
pn(dy) = b, "P(X € dy), gjn(s) = VnEs [Fo j(Sn—j); Ln—j > —2,8,—; < TJ.

We want to prove that

M+/n+an M+/n+an
Gim(s +y)pn(dy) — / gim(s+y)dy — 0
\/_/I\/[\/_Jran ] \/_ M+/n+an !

as n — oo by using the local converges of u, to the Lebesgue measure (with
uniformity in y € [an — M+/n,an + M+/n| thanks to (2) and (3)) and the uni-
form equicontinuity of g; , (compare with Lemma 12). Let us give the details.
First, by Lemma 12 for any € > 0 there exists 7 > 0 such that for all n > ny =
no(e,n) we have
sup sup |gjn(y) — gjn(y +u)| < e
Y u€l0,n]

Let, further, s;(= s?) be a division of [an— M /n, an+M \/n—1] into subintervals
with step 7. Then, for sufficiently large n > ny,

_ 1
ban%L(s) - \/ﬁ Zgg,n(sz),un [Sia S’i+1) < 3Me.

Besides, g;»(y) is bounded by C with respect to the pair n,y by Lemma 12.
Recalling that by (3)

sup lnly,y +m] —nl < en
yEs+an+[—M+/n,M/n]

for n large enough, we get

_ 1 1
ban%(s) I zi:gjm(si)n <3Me+ QCMGUE.

Using again the uniform continuity of g;,, yields for n large enough

M+/n+an

% Z Gjm(si)n — NG / Gjm(s +y)dy

< 3eM

)

M+/n+an

14
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resulting in

1 I\/[ M+/n+an

—M+/n+an

for n large enough.

Clearly, b, HM ,n = j+1.j+2,...is a bounded sequence since both g;
(see Lemma 12) and tn(lan — My/n,an + M+/n])/+/n are bounded. This and
the dominated convergence theorem lead to

Y M+/n+an .
br_z A'nf S;_1)1 1 >—z / 9jn Si—1+y)dy = o0.
7, (J){L>}\/— M\/ﬁ+an](j )
(22)
STEP 2. We can now complete the proof by reversing the random walk after
time j. To this aim set s = (s, -+, sx) and S,0 = (S, - , So) and recall that

(see, for instance, Lemma 9 in [14])
dsoP s, (Sy € dsy) = ds, P, (S}, o € dsn ).
Hence, letting

B (sk) = {|so —an — s| < M+/n, s € [~x,T), mlgk& > —x}
we get by integration
/18 (Sn— J)Fn J(Sn J)dSOPso(Sn—j € dsn—j)

:/1Bn(sn7j)Fn—j(sn—j)dsn —iPs J(SI —j0 Edsn_j70).

It follows that

M+/n+an
gn5+yd
vl im0

M+/n+an

:/ Ey [Fa-j(Sh_jo); Ln_; = —u;]S;,_; —an — s| < M+/n] ds,.
s(E[—x,T)

om/Mep{ yQ}dy

for every s € R and S’ has a positive drift, we conclude that

Since, as n — oo

P(‘S;l —an—s| < My/n) —

M+/n+an
KM(s) = limsup ‘ / gin(s+y)dy
n— 00 \/_ M+/n+an

—/ Ey [F0—j(S,_j0); L, > —x] dsj,
€

s, E[—z,T)
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goes to 0 as M becomes large. Further, by the bounded convergence and taking
into account the boundness of g, ., we get (recall (7))

M+/n+an

(SJ 1)1{L 1> I}\/_/Mf gj,n(s_j—l +y)dy
n—+an

lim sup ‘E

n— oo

B[P 0)101,- a0 [Py (S )T > —a] ]
SE[F(Sj-1)lr; 15—y KM (S)-1)]
where the right-hand side goes to 0 as M — co. Using (7) once again we set
Djn=E[F(8;-1)|Lj-1 > —2]By [Faj(S),_;)| L5 = —1]
and deduce from (22) that the function

R]\/I = thU.p ‘b;lAj\,Jn — P(Lj_l Z —x)ODj,n‘

n—oo

goes to zero as M — oco. Writing

Cj,n =E [F(ijl)anj(Sj,n);Ln Z —XI; Sn S T, Xj 2 an/2]

we have
lim sup ‘b;leﬁn — P(Lj,1 2 7$)9Dj7n‘
n—oo
<limsupb, 'P(X; >an/2,|X; —an| > My/n, S, <T)+ RM.
n—oo

Combining the last limit and Lemma 11 ensures that the right-hand side of this
inequality goes to 0 as M — oo. We conclude
lim (b;leﬂn - P(Lj,1 Z 7$)9Dj7n) =0.

n—roo

STEP 4. We apply the limit above to the family of functions F' =1, F,,_; =1
and get

b'P (L, > —x, Sy < T, X;>an/2) =3 P(L;j_; > —x)f. (23)
Recalling (4) ensures that there exists m;(z) > 0 such that

P(X;>an/2 | L, > —z, S, <T)"=5 7;(z).

Using Lemmas 9, 10 and 11 shows that there is only one big jump at the begin-
ning, and it has to be greater than an/2. Thus, > ;5 7;(z) = 1. Finally, the
proof of the Theorem can be completed by using again the conclusion of STEP 3.
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