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Numerical methods for piecewise deterministic Markov processes
with boundary

Christiane Cocozza-Thivent, Robert Eymard, Ludovic Goudenege and Michel Roussignol*
December 11, 2013

Abstract

We study the approximation of the distribution of Piecewise Deterministic Markov Processes
jumping when the process reaches some boundary of the domain. We first introduce an equation to
which the marginal distributions of the process are solution, which generalizes Kolmogorov equations
in this case. We then prove the uniqueness of this solution, and propose a finite volume numerical
scheme for its approximation. This finite volume scheme enables the approximation of the asymptotic
steady problem. We then prove the convergence of this numerical scheme to the marginal distributions
of the process. We conclude this paper by some properties of the marginal distributions, directly
resulting from the generalized Kolmogorov equation with boundary.

KEYWORD Piecewise Deterministic Markov Process with Boundary, Approximation using Finite Volume
Method, Generalized Kolmogorov Equations

1 Introduction

Piecewise Deterministic Markov Processes (PDMP) appear in many areas, such as engineering, operations
research, biology, economics... One can find the definition and many properties of these processes in the
founding book of M.H.A. Davis [7]. Some relations between PDMP without boundary and point processes
are developed in the book of M. Jacobsen [13]. Recently, C. Cocozza-Thivent has investigated the relations
between PDMP and Markov renewal theory and extended PDMP’s definition [3]. In all application areas,
most of interest quantities depend on the distribution of the process at each time, which means that the
approximation of the marginal distributions is requested. For this purpose, Monte Carlo methods are
widely used (see for instance [8, 14, 17, 18]), but it has been shown in [2, 4, 6, 9, 10, 11, 15] that
Finite volume schemes could also provide an efficient approximation of these marginal distributions.
These methods consist in solving numerically equations which are fulfilled by the marginal distributions,
namely generalized Kolmogorov equations. The characterization of the marginal distributions by these
equations is studied in [5] for a PDMP without boundary. Some of these schemes deal with PDMP with
boundary from a practical point of view ([9, 15]) without a precise study of their properties. The aim
of this paper is to fill up this gap and to propose a more efficient numerical scheme, handling as well
transient and asymptotic steady situations.

One studies the following class of PDMP with boundary. The state space of the process is an open subset
F of R? and there exists a subset T of the topological boundary of F which will force the process to jump.
The PDMP (X;)¢>0 is a jump stochastic process on F' whose trajectories are deterministic between the
jump times. The deterministic trajectories are determined by a flow ¢(x,t): if between s and ¢ (s < t)
the process does not reach the boundary and does not jump, then X; = ¢(Xs,t — s). Of course the flow
has the "Markov property” ¢(¢(z,s),t) = ¢(x,s + t) as far as the boundary is not reached. In [7] the
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flow is supposed to be solution of the differential equation Oi¢(z,t) = v(¢p(x,t)) and ¢(z,0) = x with v
locally Lipschitz continuous. In [3] and [13] this assumption is relaxed.

Two kinds of jumps can occur. First there are stochastic jumps from a position z € F with a jump
rate A(z) and a jump distribution Q(z,dy). Second when the process reaches a point z of the boundary
T, it jumps inside F' with the distribution g(z,dy). These two kinds of jumps have different characters.
Roughly speaking, the first ones occur at random times with probability density functions while the
second ones occur at times with Dirac distributions.

Let us give a simple example related to the preventive maintenance of two components. The state of
two components is described by their virtual ages at each time. The system fails when one component
fails and then an immediate corrective maintenance occurs. The failure distribution of a component has
a probability density function. Il the failure occurs at virtual ages x = (x1,x2), after the corrective
maintenance the virtual ages are random variables with distribution Q(z,dy1dys) (the support of @ is
close to (0,0) and included in some square [0, Q1] x [0, Q1]). If the virtual age of a component reaches a
bound L at some state x = (L, z2) or © = (x1, L), an immediate preventive maintenance occurs. After the
preventive maintenance the virtual ages are random variables with distribution ¢(x, dy;dy2) (the support
of ¢ is also close to (0,0) and included in [0,@1] x [0,Q1]). Of course @1 < L. The random process
X describing the time evolution of the virtual ages is a PDMP in F' = (0,L) x (0, L) with boundary
I'=(0,L] x {L} U{L} x (0, L]. The flow is ¢((x1,x2),t) = (21 + t, 22 + 1).

We assume the following notations and hypotheses on the data, denoted by (H) in this paper.

1. d € N* and P(R?) is the set of probability measures on R? with borelian algebra, P(A) is the subset
of P(R?) with support in A for any measurable subset A C R%.

2. The flow ¢ : R% x Ry — R? is assumed to be such that:

(a) ¢ : RYx R, — R? is Lipschitz continuous with constant Ly,
(b) ¢(x,0) = x for all € R and

Ve e ROVE s eRy,  ¢(d(x,t),5) = ¢zt + 5)

(c) Let F C R? be a non empty open set and G = Rd\F the complementary of F' be a non-empty
closed set such that, for all z € R?, there exists t € R, such that ¢(z,t) € G . We then define
a : RY 5 Ry by
alz) =inf{t > 0: ¢(x,t) € G}.
Note that, for all x € G, a(x) = 0, and that, for all z € F, since ¢ is continuous and G is
closed, a(z) > 0. Note that the following property holds

Ve e F, Vt € (0,a(x)), a(p(x, 1)) = alx) — 1.

We assume that the function « is Lipschitz continuous with constant L.

(d) We then denote I' = {¢(z,a(z)) : 2 € F}. We have I' € F'\ F C G. We cannot state whether
T" is open or closed.

3. The transition rate A is such that A € Cy(F,Ry), where C,(F, R, ) denotes the set of continuous
and bounded functions from F' to R;. We denote by A > 0 a bound of A.

4. The transition probability @ : F — P(F) (we then denote by z — Q(x,dy) this application) is
such that

a) there exists a function : Ry — Ry such that
Q ¢ Ry +

Jolr) = sup / Qla, dy)
zeF J{yeF:|y|>|z|+r}



and
lim fo(r) =0.

r—00

(b) for all £ € Cy(F,R), the function x — /i(y)Q(x, dy) is continuous from F to R.

5. The transition probability ¢ : T — P(F) (we then denote by x + ¢(x, dy) this application) is such
that

(a) there exists a function f, : Ry — Ry such that

fo(r) = Sup/ q(z,dy)
zel J{yeF:|y|>|z|+r}
and
Tlggo fq(r) =0.

(b) for all £ € Cy(F,R), the function x — /f(y)q(x, dy) is continuous from T to R.

(c) denoting 0 = exp(—Boo) for all B > 0, we assume that there exists ag € (0,1) and By > 0
such that
sup/ e PooWy(z, dy) <1 — ay. (1)
zeT JF

6. We assume that piy; € P(F) is given.

Following [3], let us explain how the PDMP (X,);>0, with parameters ¢, A, Q, «, ¢ satisfying hypotheses
(H), is constructed.

Let (Ty,Yn)n>0 be a non-delayed Markov renewal process with state space F' and renewal kernel N
defined as follows :

N(z,dy,ds) = dF,(s) B(z, s;dy),

dF,(s) being the probability distribution of a random variable equals to the minimum of the constant a(x)
and of a random variable with values in [0, +00] and probability density function A(¢(zx, s)) e™ Jo Mewu) du.
namely

1]R+ (3) sz (S) = A(d)(xa 8)) e Jo Me(@u)) du 1{s<a(m)} ds + 1{a(w)<+oo} e fg"(":) A(zw)) du 6a(z) (dS)
where 14 € {0,1}, 14 = 1 if and only if A is true, and

o Qe(x,s),dy) if s < a(z),
B(-’E,Sydy) - { q(¢(m,a(m)),dy) if 5= Oé(l‘)

This means that (T,),>0 is an increasing sequence of random variables with values in [0, +00], (Yy,)n>0
is a sequence of random variables with values in U {A} (A ¢ R? is a cemetery point) and:

P(T, < +00,Y, € F) =P(T,, < +0),

]P)(TnJrl -1, < t,Yn+1 S A/Yo,Tl,Yl, LT, < +OO7Yn) = N(Yn,AX]O,t])

for any n > 0, ¢ > 0 and Borel subset A of F. Consequently, the conditional probability distribution of
Th+1 — T, given T, < 4+00,Y,, = x is dF,(s) and the conditional probability distribution of Y, given
Tn < +00,Y, =,Ty1 — T, = s is B(w, s;dy).



Then the PDMP (X})¢>0 is defined by
X =Y, t —T,) U T, <t < Tpy1.

The condition E(Z 1{T,L<t}) < 400 which is assumed in the PDMP theory is satisfied thanks to
n>0

Hypotheses (H.3) and (H.7) (see [3]).

Let (P;);>0 be the semi-group of the Markov process (X;);>0, namely P,f(z) = E(f(X;)|Xo = z) for
any bounded real-valued Borel function f on F'. The well-known forward Kolmogorov equations can be
written P, f = P,Lf for f € D(L), (D(L), L) being the extended generator of the PDMP, i.e.

vrenn), [ f@nin) = [ 1@+ [ [ L1 ds

p: being the probability distribution of X;. These equations can be brought into the following more
general form:

[ ownntn = [ geom@n s [ [ Dt [ [ 1w aaas

for functions g which are differentiable with respect to their second variable and such that g; € D(L)
where gs(z) = g(z, s).

When the flow ¢ is generated by a differential equation, M.H.A. Davis proved in [7] that D(L) is the set
of measurable real-valued functions f on F satisfying the following conditions:

(D1) for all z € F, the function t € [0, a(z)[— f(¢(z,t)) is absolutely continuous. Let dyf be such that
¢
for all z € F,t < a(x), f(d(x,1)) — f(x) = / 9 f((z,5))ds,
0
(D2) for all z € F such that a(z) < +oo, lin(l )f(¢(x, t)) exists,
t—a(x

(D3) integrability conditions which are satisfied as soon as f and 0y f are bounded,

(D4) for all x €T, f(x /f q(z,dy).

Then we get:
Vi eD(L), Li(r)=0sf+ /F (F(0) — F@)A() Q. dy).

Because of Condition (D4), the domain D(L) is not large enough to allow efficient numerical analysis of
forward Kolmogorov equations. In [3] these equations are generalized in order to overcome this difficulty.
The test functions which are used are real-valued measurable functions g defined on F' x R, such that
for all (z,a) € F x Ry, the functions ¢ € [0, a(z)[— g(¢(x,t),a + t) are absolutely continuous. In this
paper we restrict a little the test function space to the following.

Definition 1 Let us define, for all T > 0, the space
Gy = {9 € G(R? x Ry), ¥(z,t) € R? x [T, +o00], g(z, ) = 0}, (2)

and let us denote by C5(RY x Ry) = U cr.
T>0
We denote by T the set of all functions g such that there exists I, J € C,f(Rd x Ry) with

a(x)
V(z,t) € REx Ry, g(x,t) = J(d(x,a(x)),t + afz)) — /0 I(p(x,s),t+ s)ds. (3)

We then denote g = T(I,.J). We get T C C5(R? x R).



If g="T(,J) €T, it is easy to check that g = J on G x R} and
t
V(.)€ FxRoVt <alo), g(dlatha+t) =gl = [ 106 s)atsds (@)
0

Hence for z € F and a € Ry, t € [0,a(x)[— g(¢(z,t),a + t) is absolutely continuous and I = 9 4g on
F x R4 where

Oupg(,t) = lim 9(¢(x, 1/n), tJnl/n) —g(,1)

The operator 0; 4 is called the derivation along the flow.
Conversely if g satisfies (4) with I € C5(R? x R.), letting ¢ tends to a(z) we get

a(z)
g(z,a) = g(d(x, a(z)),a + a(x)) — /0 I(p(x,s),a+ s)ds.

Moreover, for given I,J,1,J € C{(RY x R, ), such that g = T(I,J) = T(f, J), weget I =1 onF xR,.
We also have J =J =gon G x Ry.
Let us define the measure o on I' x R, as follows:
g(Ax[0,4]) => P(X1, € AT, <t,Tp — T = (V1))
n>1

for any Borel subset A C ' and t > 0. The measure o is the intensity of the marked point process
(T, X1, — )n>1 restricted to the jump times T,, which occur when the process reaches the boundary. It
describes the average number of times that the trajectories reach some parts of the boundary.

It is then shown in [3] that the PDMP distributions satisfy the following equation:
¢
[ ste.tyudo) = [ gw,0) @)+ [ [ 0usgta,) pu(doras 6
F F 0o JF
¢
[ @) [ (0 - 9605 Qo dy) () ds
0o JF F
+ / /(g(y,S) —9(x,5)) q(x,dy) o(dz,ds), VgeT.
rxJ]o,t] JF

Moreover it is shown that Hypotheses (H) imply p;(R?\ F) = 0.

This paper is focused on the numerical approximation of these generalized Kolmogorov equations. We
propose a numerical scheme which approximates measures 7 on F' x Ry and & on I' x R satisfying the
equation

0= /Fg(:c, 0) pini (dz) + /f . Or,p9(x,t) fi(de,dt) (©)
i /m Ae) (/F 9(y,1)Q(x,dy) — g(z, t)) a(dz, dt)

f . ( / g(y,wq(z,dy)g(x,t)) sdn.dt),  VeeT.

Since the measures p(dz, dt) = py(dz)dt and o(dz, dt), resulting from the above probabilistic construction,
are such that equation 5 holds, they are therefore solutions to equation 6. The uniqueness of the solution
(1, @) to equation 6 will prove that y =7 and 0 =7.

So in Section 2, we show this uniqueness, thanks to the resolution of the adjoint problem. In Section
3 a finite volume approximation is defined and its convergence is proved. Finally a few conclusions are
proposed. In an appendix we show, without using the probabilistic results, that the measure f(dz,dt)
solution of equation (6) can be decomposed in p;(dz)dt and that the support of 7 is included in F' x R.



Remark 1 The results obtained in this paper can be extended to the following cases:

n n
1. R can be replaced by U{z} x R%, and then F by U{z} x F;; then ¢ is assumed to be stable and
i=1 1=1
Lipschitz continuous on each F;, « is assumes to be Lipschitz continuous or infinite on each Fj,
and suitable hypotheses are made on q and Q,

2. Hypothesis (H.5(c)) can be generalized by assuming that there exist B > 0, m € N*, a € [0,1) such
that

sup / e~ Blatmttalrm) (g2, a(w)), dzr) - ¢(d(Tm—1, (Tm-1)),d2m) <a.  (7)
ToE P

3. Hypothesis (H.2(c)) can be relazed: we can have a(x) = 400 for some x € F.

These extended hypotheses cover a large number of interesting test cases (see [3]). We preferred focus
here on the mathematical difficulties arising in the continuous model and in the convergence analysis,
directly connected with the existence of a boundary.

2 Uniqueness

For simplicity, let us denote (p, o) solutions of equation (6) instead of (&, 7).

Theorem 1 (Uniqueness) Under hypotheses (H), there exists at most a unique couple (u, o) which is
solution of equation (6).

Proof. Suppose there exist two solutions (u1,01) and (pe,02) to equation (6). Denote (fi,d) the
measures such that it = p; — pe and 6 = o1 — 2. Then for all g = T (I,J) € T, we have

0= /7 I(z,t)p(de, dt)

FXR+

+ /Mh 3@ ([ . 0Q(e.a) ~ glo.0)) atan,an

+/FX]R+ (/Fg(ar,t)q(z,dx) — g(z,t)) 7(dz, dt).

Let 1,7 € C{(R? x Ry). Using lemma 1, we can find I, .J € Cg(R? x R.) such that g = T(I,J) verifies

Vo, t) € R x Ry Ta,t) = 100 4 A@) ([ a0 0Q0000) = 960 )

and

(s, t) € RE X Ry, T(z,t) = /Fg(x,t)q(z,dx) ~J(=1).

Thus the measures i and & verify

L T(w, t)i(de, dt) + / T(2,1)5(dz, dt) = 0.

FxRy TxRy

Since this equality is verified for all I,.J € CS(R? x R), it proves that the measures fi and & vanish. [J



Lemma 1 (Operator’s inversion) Under hypotheses (H), let T,J € C{(R? x R.). Then there exists
I,J € Cf(RY x Ry) such that, setting g = T(I,.J), we have

Want) € RYx R, Tovt) = a.0)+ M) [ 0000w - g0 ®)
and
W(e,t) € RE X Ry, T(2t) = /F o@Dz dz) — J(2,8). (9)

Proof. Let T > 0, and let us define @(z) = min(a(x), T) for all z € R%. Then we get, from Definition 1,
a(x)

Y(I,J) € (1) V(x,t) e Rx Ry, T(I,J)(x,t) = J(¢(x,a(x)),t+a(x))—/0 I(¢p(z, s),t+s)ds, (10)

and T(I,J) € Cif . We define the following norm on C} by

VgeCy, lgllas:=  sup  exp(Ba(z) + At) |g(=,t), (11)
(,)ERI % [0,T]

for given A, B > 0 chosen later. Since the norm defined by (11) on ¢/ is equivalent to the L norm,
the space (C{,|| - ||4.5) is then a Banach space. We define a sequence of functions (1", J™),en such that
I°=J% =0 and for all n € N

Vi, t) € R x Ry, I (2, ) = T(a 1) — Ala) ( [ B 00t )~ T J")(w,w) ,

W(st) € RE x Ry, J™H(z,1) = /F’]I‘(I", T (2, )q(z dz) — T2, 8).

We thus obtain a sequence (T(I",J"))nen of elements of ¢} (the continuity can be proved straightfor-
wardly using Hypotheses (H) (see [12] for instance) where T(I"** J"t) = W(T(I",J"). Let us prove
that this sequence converges. By fixed point theorem, it is sufficient to prove that there exists k € (0,1)
such that for all (I,.J) € (C})? and (I’,J') € (C})? we have

W(T(1,J)) = ®(T(I", J)|as < KT, J) = T(I', J)|| 4,5

Then, using the definition of (I"™!, J"™!) and the Lebesgue’s dominated convergence theorem, we get
that the sequence (I, J"),¢n is convergent as well and that the limit satisfies (8) and (9).

Let us set f=T(I —I',J —.J'), let (z,t) € R? x [0,T]. We have
(T(I,.J)) — U(T(I', J)(z,t) = Ty — Ts + T3,

with
a(z)
T = /O A(@(z,5)) /Ff(y,t+s)62<¢>(rcas)7dy>dsv

a(z)
T, = / N6(z, ) f (6l 5), £ + s)ds,

and

T, = /F Ft + a(@))a(o(z, a(x)), dy).



We then have

a(e)
T < | [ emlcA+ )G )
< [ explA(t+9) exp(=Bal) exp(Baw) .+ 5)Q0(a, ), dy)ds
a(x)
< [ e A+ NG [ exp(-Baw)IasQ(e. ). dy)ds
0 F

IN

a(x)

T / exp(—A(t + 5))A(6(z, 5))ds.
0

Therefore we get

a(x)
IIfIIA,B/0 exp(—As)[A(¢(z, s))| exp(Ba(z))ds

[ f]la,8A exp(BT)
- A

exp(At + Ba(x))| 13|

IN

In the same way, assuming A > B and using a(¢(x, s)) = a(x) — s which leads to a(é(z, s)) > a(z) — s,

a(z)
exp(AHBa(x))‘Tg‘ - exp(BéZ(a:))‘ /0 exp(—As — Ba(s(z, )\ o(z, 5))

exp(Ba(6(z, 5)) + At + 5)) f(d(, 5), ¢ + 5)ds

a(z)
< op(Ba@)|flan [ e(-As - B@() = )G 9)lds
a(z)
< Alflas [ exn((B - A)ds
< Alflasgegs (12

Finally, for A > B, we have

exp(At + B@(m))‘Tg,‘

IN

exp(—Ad(x) + Ba()) /F exp(—Ba(y))
exp(A(t + a(x)) + BaW)) £, t + a(2))la(d(z. a(x)), dy)
exp(—(A — B)a()) /F exp(—Ba(y))| flla.9(6(c, &), dy)

IA

IN

1/lla5 /F exp(—Ba(y))q(¢(x, a(x)), dy)

IN

1f1la,B (/F exp(—Ba(y))q(¢(z, o)), dy) + exp(—BT)> :

Finally we need to choose sufficiently large constants A and B with A > B such that

o (A /_\ B AGX%BT) +/Fexp(—Ba(y))q(aﬁ(I,a(x))vdy) + eXp(—BT)> <k<l

Thanks to Hypothesis (H.5(c)), setting first large B and next large A, we obtain the result. O



Since the unique solution is equal to the measures p(dx,dt) = p;(dz)dt and o(dz, dt) in Equation (5), it
has the properties of these measures : u(R?\ F x R} ) = o(R*\ T x R} ) = 0.

It is possible to prove directly with analysis tools that a solution of equation (6) has necessarily the
properties p(dz,dt) = pi(dz)dt and u(R?\ F x R,) = 0 without the probabilistic results explained in
the introduction. This is done in the appendix.

3 A finite volume scheme

3.1 Definition of the scheme

We now come to the presentation of the finite volume scheme, which has been used in [9] for the approx-
imation of a benchmark problem. Such schemes are not classically used in the framework of probabilistic
studies, since they have mainly be developed by engineers, in order to approximate the solutions of balance
equations. We then consider that (6) can be viewed as balance equations describing the conservation of
probability. We then introduce the finite volume discretization by the following notations and definitions.

1. We define a reference measure, denoted by dz or dy, on F', with respect to all borelian sets of R?
restricted to F.

2. An admissible mesh M of F' is a countable partition of F', therefore such that Ugxcp K = F and
V(K,L)e M* K#L=KnNL={.

3. VK € M, |K\::/dx>0.
K

4. sup diam(K) < 4+o0o where diam(K) = sup |z —y|.
KeM {(=.w)eK?}
We then set h := sup diam(K).
KeM

5. 7> 0 and & > 0 are given values, and we denote by D = (M, &, 7).

The above notations and definitions are called in the following Hypotheses (HD). The value 7 > 0, aimed
to tend to 0, is used for the definition, for all K € M and L € M, of the flux of probability mass from
K to L by

1
VKL = ;|{x € K:a(x)>r7and ¢(z,7) € L}|, VK € M,VL € M. (13)
We denote by

1
ax = [z € K : alz) < 7}

(14)
1
qKL = —/ / q(é(z, a(x)),dy)dz, VK € M,VL € M.
T J{zeK:a(z)<7} JL
Referring to Hypothesis (H.4), we define
Mo = [ @) [ Qdyds, VK L) € Mx M.
- (15)

Ak :/()\(a?)dx: Z Akr, VK € M.

K LEM



We may now define a family (p;K )> of real values thanks to the following finite volume scheme,
neN,K¢e
which is time implicit.
(K) (K)

P p
|K|% —+ Z (UKLng_)l — ULKP;+)1>
LeM

+ (Mg + QK)pn+1 Z pn+1 ALk +qrr) =0,
Lem

VK € M, ¥n €N, (16)

with the initial condition
K| pl) = / pini(dz), VK € M, (17)
K

Let us remark that the following property holds:

T(Z UKL+QK> = |K|, VK € M. (18)

LeM

Therefore, scheme (16) may be rewritten

a
((1 + T) | K|+ 515)\1() pn+1 o Z P ok + Ak +ark) = K|,
LeM

VK € M, Vn € N. (19)

We then define the approximation Pp(dx,dt) (resp. op(dz,dt)) of the measure p(dz,dt) on F x Ry
(resp. o(dz,dt) on I' x Ry) by

/R i, fla,t)Pp(dz,dt) = > & Y ) /K f (2, ndt)dz, (20)

neN KeM

for all bounded continuous function f € Cy, and

1
/]RdeJr f(x,t)op(de,dt) Z& Z nlj-)l /{xeK o) f(o(z,a(x)),ndt)dx, (21)

neN  KeM

for all bounded continuous function f € Cy. We also define the approximation Pp(t)dx of p; (defined by
(39)) by
/ §(z)Pp(t)dz = pNtH/ £(z)dz, VE € Cy(RY), (22)
Kem
with N; given by Ni& <t < (N; + 1)é&.
The specifications of this scheme, depending on the mesh and two parameters, 7 and &, are resulting
from the following observations:

1. An explicit version of the scheme could be defined, following the ideas of [6]. But the main draw-
back of an explicit scheme is that it cannot provide, in the general case, an approximation of the
asymptotic marginal distributions at large times, with an acceptable computing cost.

2. An implicit scheme has been provided in [10]. But in this scheme the considered flow is much more
regular (it is assumed to be the solution of an EDO).

3. An explicit scheme is introduced in [2] for Lipschitz flows. The present scheme uses the value 7 > 0
in the same way as the time step is used in [2] (where the convergence of the scheme is proved for
general Lipschitz flow ¢ in the case & — 0 and h/& — 0).
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4. In [9], the asymptotic states at large times have been obtained letting & — oo in an implicit scheme.
Hence it is interesting to use the parameters h and 7 which can tend to 0 independently of .

Since (16) is an infinite linear system, the existence and uniqueness of a positive solution must be first
addressed.

Lemma 2 (Existence of solution) Under Hypotheses (H) and (HD), there exists one and only one
solution (p)) e momen to Scheme (13), (14), (15), (16), (17) which satisfies:

n

p) >0, VK e M, ¥n €N, (23)
> IK[p) =1, vneN. (24)
KeM

Proof. Let us first show the existence of a solution to the scheme. We consider the values pgf)) defined,
for given n € N and (p{/9)) ke such that (23)-(24), by:

Eg)—pn VK € M,

o
((1 + T> K| + &AK) Pty =& Y bl (ke + Ak + qure) + [K|pl)

Lem
VK e M, Vk € N. (25)
Denoting, for k € N* and K € M, p k+1) pgfjl) —pgg), we have
ot
<<1+7’> K|+5t>\K>]/5g§)= o Z pn ULK+/\LK+C]LK)
LeM

( |K+5t)\K> ) VK € M,

&
<<1 + > | K| + 5t)\K> ’(ﬁ)l) = a Z p(k) (ULK + ALk + LK),
T LeM
VK € M, Vk € N*.
We notice that, thanks to (18) and (24), we have
&
3 ((1 + ) K| +6t)\K> by <2 ( +A6t) .
Kem T
and

& & .
Z ((1+T> |K|+<5t/\K) |p(k+1)| < Z <T|L| +<5t/\L> |p(k)| Vk € N*.

KeM LeM

&
Then, by induction, we get that the value u; = Z (|L + (St)\L) |f5§£))\ is positive and nonincreasing
T
LeM
with respect to k € N*. We then deduce that the sequence (uy)ren+ is convergent. Writing

Z |K||]/5§kKJZ1)| < Uk — Up41,
KeM

we deduce that 1325-31) is the general term of an absolutely convergent series. Therefore the sequence

(péﬁl))keN satisfying

( K ~(K)
(k+1) =P + Zp(erl

11



it converges to a value denoted by pffi)l Passing to the limit in (25), we obtain that these values are

solution to the scheme. Moreover, they satisfy that
Z|K|p <l4+u —ur <14 up.
KeM
Therefore we can sum (16) on K € M, obtaining by induction that (24) holds for n + 1.

Let us now turn to the uniqueness of this solution. Denoting by ﬁK ) the difference between two solutions
of (19), and using that the two solutions satisfy (23)-(24), one may write

o
(<1+ ) K] +5t>\K) POl < a Y PP N(ork + Ark +ark), VK € M,
T LeM
which provides, summing on K € M,

o
5 (<1+ )|K+&AK> POI< Y (TIKH&AK) ],

KeMm KeM

and therefore Z |K||p'%)| = 0. Hence the uniqueness proof. []
KeM
3.2 Finitness and tightness
The next lemma concerns the finitness of op on the set I x [0, 7], for all T' € R...

Lemma 3 [Finitness] Under Hypotheses (H) and (HD), let (0\5)) ke pmmen be the solution to Scheme

n

(13), (14), (15), (16), (17) which satisfies (23)-(24). Then, for T > 0, h < 7 and & < T, there exists
Cs > 0, only depending on T, ag, By, «, such that

/ op(dz,dt) = Z o Z QKP%K) < C,. (26)
I'x[0,T7] neNn&<T KeM

Proof. Thanks to Hypothesis (H.5(c)), we choose ag € (0,1) and By > 0 given by (1), and we define
9\%) = ¢=Boax  denoting by

ag =inf{a(z) eR:x € K}, VK € M.

Denoting by N € N such that (N — 1)& < T < N&, we then multiply (16) by &0 sum on n =
0,...,N—1and K € M. We get

N-1
SIEIGY = pe 00 + 37 ST PR E > vk + Akr + axn) (09 = 00) =0,
KeM n=0 KeM LeM

which leads to

N-1
Z & 3 P (0= 3 a0 ®) < 30 K000+ 30 ST pI0a ST v (6461

n=0 KeM LeM KeM n=0 KeM LeM
D IR IS SRV CNNED
n=0 KeM LeM

The first term of the right hand side of (27) is lower than 1. Let us find a bound for the second term of
the right hand side of (27). Thanks to a first order expansion, we have

|9(K) — g(L)| < 9K Bo Iax—aLIBO|aK —ag.
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For vir, # 0, there exists 29 € K such that ¢(xg,7) € L. Since
la(zo) — ak| < Layh,

and
la(¢(x0, 7)) — ar| < Lah.

Since a(p(xo, 7)) = axg) — T, we get
‘OzK — OLL| < 2L h+T.

This implies that

&
&Y v (0 = 09) < Z|K|BoeoBlert) (2L b+ 7).
T
LeM

The third term of the right hand side of (27) may be bounded thanks to
&Y At < &A|K].
LeM

Let us now turn to a lower bound of the left hand side of (27). We have
St > dtqre P07,

since, if gx > 0 then ax < 7. We now have
&

o g = */
Z T J{zeK:a(z)

LeM

/ e_BOO‘Lq(cﬁ(x, a(x)),dy)dz.
L

<7} Lem
Let us observe that, for y € L,

e*BoaL _ 67300((?4) S efBoa(y)BOLaheBoLah'

This leads to

&y g™
LeM

< é(l +BOLaheB°Lah)/
T {zeK:a(x)<T}

/ e~ Boalv) g4z, a(x)), dy)dz.
F

Applying (1), we then get

o Z qKLg(L) S (1 — ao)(]. + BoLaheBoL“h)&qK.
Lem

Hence we obtain

(St(qKH(K) — Z qKLG(L)) Z (e_BOT — (1 — ao)(l + B()LaheBoL"‘h))&qK.
LeM

We now choose 7 such that, for s < 7, we have ByLgsePle® < qg/4 and e B > 1 — ay/4. This leads,
for h <7 <1, to

ap Qo ap
&(qr ") — L;/l arx ™) > (1 1 (1—ao) — Z) dgr = - olqx.
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Therefore we get, from (27),

= Z & 3" Pk <1+ (T +&)(A + BoneP1?Lat (2L, + 1))
n=0 KeM

1
If 7 > 1, then g < —|K| and we have
n

Z a3 pha < - Z &y pl K| = <T+6t>

n=0 KeM = KeMm
This concludes the proof of (26). O

We now turn to the tightness proof of the family of measures Pp(dzx,dt).

Lemma 4 (Tightness of Pp) Under hypotheses (H) and (HD), let T > &. Let (pif)),enxem be the
solution of Scheme (13), (14), (15), (16), (17) which satisfies (23)-(24).
Then, for all € > 0, there exists R > 0 only depending on T, ¢, a, such that

/ Pp(dz,dt) <&, (28)
(F\B(0,R))x[0,T]

which implies the tightness of the family of probability measures, defined for the family F of all dis-
cretizations D in the sense of Hypotheses (HD), such that T < 1 and h/7 < 1, by (Pp(dx,dt))pe 7 on
F x [0, 7).

Proof. Let e > 0 be given. We assume that 7 < 1 and h/7 < 1. We first choose Ry > 1 such that

/ po(da) < ¢
F\B(0,Ro—1)

Thanks to Hypotheses (H.4(a)) and (H.5(a)), we also denote R, > 2 + L, a value such that we have

fo(r) <eand fu(r) <e, ¥r > R, —2 — L,. (29)
Let again N € N be such that (N — 1)& < T' < N&. Denoting by st = max(s,0) for all s € R, we define
foralln =0,...,N and K € M, 1) = (T —nd&)" (1 —exp(—A(Rx — Ro)")), using a value A > 0 which
will be determined later as function of € and of the data, and where Ry is defined by

R =inf{|z|eR:z € K}, VK € M.

We then multiply (16) by &HﬁlK), sum on n € N and K € M. We get, remarking that OEVK) =0,

K K
Z > PRI - o)

n=0 KeM

= Z Z pnli o Z vk + Axr + qrn) (05 — 05) + Z K |pg 05"
n=0 KeM LeM KeM

Thanks to the choice of Ry, we get that
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Thanks to a first order Taylor expansion, we get that
05 — 05| < TA (R, — Ri) < TA(ly — x| + 2h), Yy € L, Va € K. (30)

We then first get that

> okn( =0 = %

LeM LG./V]l- 1
<art / (16, 7) — 2| + 2h)de < AT~ (L7 + 20) K],
T JK T

/ (041 — 0419)
{zeK:¢(x,7)EL}

leading, using N& < T + &, to

N—-1

h
Sy & S ven (08 — 09) < (T + &) AT (L +2-).
n=0 KeM Lem T

Turning to the terms in A, we split M in three subsets: M; = {L € M : R, > Rk + R.}, My =
{LeM: Ry < Rg}and Mg ={L € M: Rg <Ry < Rk + R.}. We first have, using (29) and
o) — 6 <,

> Akn(0 -0 < T/ )\(x)/ Q(z,dy)dz < TA|K|e.
LeM;y K {yeF:|y|>|z|+R:—2}

For L € My, we have () < (%) and therefore

> Akn(0P — 0 <o.
LeMo

We then use that 0 < R;, — Rg < R, for L € M3 and therefore Q%L) — G%K) < TAR., which leads to

> Akn(0 —0)) < TA|K|AR..
LeMsg

We then get that

N-1
ST pE ST AL (0 - 09) < (T + &)AT (e + AR.).
n=0 KeM LeM

Similarly, using the same splitting for the study of the term Z qK L(G,(LL) — 9£LK )), we remark that, for
LeM

any € K such that a(z) < 7, we get that |¢(x, a(x))| < || + Lo7 and therefore, for any y € L such

that R, > Rk + R., we have |y| > |z| + R. — 2h > |¢(z, a(x))| + R. — 2h — Lo 7. Therefore

1
> @ o) = 3 L [ aemat). dnelt) o
rzeK:a(x)<T

LeM; Lelj\/ll
<7l /

T J{zeK:a(z)<r} J{yeF:|y|>|é(z,a(z))|+R.—2—La}

< Tgke.

q9(¢(z, a(x)), dy)dz

We again have

> axn (0 -0 <o,
LeEMo
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and
> arn(0 - 0)) < g TAR..
LeMs

It gives
N—1
SN DT axn (0P - 05)) < C,T(e + AR.).
n=0 KeM LeM

We may now choose A = ¢/R. < ¢, which gives the conclusion of the proof of (28), up to a rescaling of
e. O
Let us now turn to the tightness proof of o.

Lemma 5 (Tightness of op) Under Hypotheses (H) and (HD), let (p{f)) ke mnen be the solution to
to Scheme (13), (14), (15), (16), (17) which satisfies (23)-(24). Then, for all € > 0, there exists R only
depending on T, a, such that

/ op(de,dt) < e, (31)
(T\B(0,R)) x[0,T]

which implies the tightness of the family of probability measures, defined for the family F of all discretiza-
tions D such that 7 <1 and h/T < 1, by (UD(x,t)dmdt)DE}. on T' x [0,T].

Proof.

Thanks to Hypothesis (H.5(c)), we choose ag € (0,1) and By > 0 given by (1).
Let € > 0 be given.

Thanks to Hypothesis (H.4(a)), we let Rg > 0 be such that we have

fQ(?“) <e, Vr> RQ — 2. (32)

We then choose 7, such that

/ poldz) < e,
F\B(0,R,—1)

Yoo > KR <e (33)

neN,nt<T KeM
KNB(0,Rp—1)=0

and, using Lemma 4,

We let Ry = R, + Rqg.
Thanks to Hypothesis (H.5(a)), we denote R, > 2 + L, a value such that we have

fq(r) <e, Vr>R.—2—1L,. (34)

Let us define A =¢/R,.
We now define 9 = ¢=Boox g5 with ) = 1 — exp(—A(Rk — Ro)*), denoting by

ag =inf{la(z) eR:x € K}, VK € M.

We then multiply (16) by &g(K), sumonn=20,...,N —1and K € M. We get

N-—-1
STEIGR = pSa%0 + 37 3T pU0& > vk + Arr + axr) (@) -9 = 0.
KeM n=0 KeM LeM
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This gives

Z > phad® Y axn (B0 -90) <

n=0 KeM LeM

Z \K|p 0O + Z Z Psﬁ & Z (vkr + Axp) (O —U0),

KeM n=0 KeM LeM

1
Let us define R; = Ry + 1 log(8/ap), and let us write

N-1
ST e ST a0 - 00) = T3 + 1,

n=0 KeM LeM
with
N-1
=30 YL AE Y a0 -0,
n=0 KeM,Rx >R, LeM
and

N-1
T; = Z Z pn+1& Z qKL (K) (L)>

n=0 KEM,Rx <Ry LeM

1
For any K € M such that exp(—A(Rg — Ro)) < ao/8 (meaning that Rx > Ry := Ry + Zlog(S/ao)),

we have

~ ~ Q,
> a8 = g8 > qree 7 (1~ exp(=A(Rx — Ro))) > (1= Paxe” ™7,
LeM

since, if g > 0 then ax < 7. We now have

&S qicrdt 3 / e~ B0 g((, (), dy)da.

LeM o \/{:L’EK a(z)<T} LeM
Let us observe that, for y € L,
e~ Boar _ g=Boaly) < ¢=BocW) B I, hexp(ByLah).

This leads to

Z QKLé\(L)

LeM

1
< -1+ BOLaheBOLah)/
T {zeK:a(z)<T}

[ P g(ote ala). dy)d.
F
We then get, using (1),

> qrrf™ < (1 - ag)(1 + BoLohePole) g
LeM

Hence we obtain, for all K € M such that Rx > Ry,

N-1
a — T
Tz Y 3 e ((1- ) e Pt — (1 a0) (1+ BoLahe™" ")) gic.
n=0 KeEM,Rxk>R1
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Let us now turn to the study of a lower bound of T3. We have, since qx, # 0 implies ax < T,

N-1
T2 Z Z pffﬂ& Z qr (e PoTgU) _ o= Boarg(l))
n=0 KEM,Rx <Ry LEM

which leads to T3 > T31 + T35 with

N-1 N-1
e DD D B B S e e D DI DR e L7

n=0 KeEM,Rg <R LeM n=0 KeEM,Rg <R

and N1
Tso = Z Z pgﬁ)l& Z grre Boor (H(K) — H(L)).
n=0 KeEM,Rg<R; LeM

For any K € M such that Rx < Ry, following the proof of Lemma 4, we again split M in three subsets:
Mli{LEM:RLZRK+R5},M2:{L€M2RL<RK}andM3:{L€M2RK§RL<
Ry + R.}. We get

1
—BoaL (K) _ (L) — _BOaLi
E qK L€ (0 6'")) E e = /

/L o(é(, o)), dy)(0F) — 61))da

LEM; LEM; {zeK:a(z)<T}
>_1 / 4(9(x, (), dy)da
T JeeKa(@)<r} J{yeF:ly|>|¢(z,a(0)|+R.-~2—Lao}
> —gKE.

We again have
Z qrre” Boor (Q(K) _ Q(L)) >0,

LeM:
and
Z qrre Poor () — 9y > _gr AR..
LeMs
It gives

T30 > —Cy(e+ AR.) = —2C,¢,

thanks to the choice of A.
Turning to T31, we easily get
T31 Z CU(GiBOT — 1)

For any « € K and y € L such that there exists o € K with ¢(xg,7) € L, we have

|x —y| <2h+ LoT.

Since a Lipschitz constant of the function z +— e~ Boa(®) g equal to BgL, and that of the function

x 1 —exp(—A(|z|— Ry)™) is A and denoting by Y (s,) the function such that Y (s,7) = 1 if s > r and
0if s <7, we get
0D —0U) < (ByLo+A)(2h+La7)Y (Ri —(2h+LaT), Ry) < (BoLa+A)(2h+LeT)Y (Rk —(2+La), Ro).

This implies that

> wgr (0 —9U5) < |K|(BoLa + A) (2:‘ + Lq>) Y(Ry — (2+ La), Ro),
LeM
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which leads, using (33), to
1

i

> P8 Y orn (@ 59) < <(BoLa + A)(2 + La).

n=0 KeM LeM

We now observe that

N-1
Z o Z pgﬂ Z A (B — U0y < Z o Z Pg—a Z Aer0P) < Ty + T,
n=0

= KeM LeM = KeM LeM
with

Z &y i > A8,

n=0 KeM LGM,RLZRK+RQ
Ay oy e
n=0 KeM L€M7RL<RK+RQ

Considering Ty, we have, bounding #®) by 1, using (32) and |y| — || > Ry — Rix — 2h for y € L and
x € K, we get for h < 1,

Z A0 =/ A(CC)/ Q(x,dy) < A|K|e
LEM,R;,>Ri+Ro K {yeF:ly|>|z|+Ro -2}

which implies
T1 S TAe.

Turning to 75, we have, for L such that By, < Rx + Rq,
9" < (1 —exp(—A(RL — Ro)1)) < (1 — exp(—A(Rxk + Rg — Ro)¥)) = (1 — exp(—A(Rkx — R,)™))

and therefore, since Z Axr < Ax < A|K],
LGM,RL<RK+RQ

T, < Z & > pULAIK|(1 — exp(—A(Rx — R,)™)) < Ae,
n=0 KeM

thanks to (33).
Gathering the above results, we get

N—-1
> Y ke ((1- %) e PR — (1—a0)(1+ BoLahe® o)) < Co(1—e™507) 4202
n=0 Ke M,Rxk >R,

+ (1 +e(BoLa + A) <2h + L¢> + AT+ 1)) .

Choosing 7 such that, for s < 7, we have ByL,seBokes < 1 0 and e~ Boles >1— 80 we get, for h <7 <,

N—-1
% S0y s < Co(1— e P) 4 £(2C, + 1+ (BoLa + A)(2 + La) + AT +1)).
n=0 KeEM,Rgk >R,

For a sequence of discretizations (D, )men such that 7, tends to zero, we split the sequence in two parts:
1. the first one is such that 1 — e Bo™m < ¢
2. the second one is finite, and therefore tight.

It now suffices to take a radius greater than R; such that the tightness of the measures op,, is also
controlled by ¢ for concluding the proof. O
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3.3 Convergence analysis

In the proof of convergence of the numerical scheme, we need test functions which are more regular than
the elements of 7. So we define a new test space 7, C T which is shown to approximate the elements of
T in Lemma 6 and such that its elements have some regularity properties (see Lemma 7).

Definition 2 Let C’go,b(]Rd x Ry) be the set of infinitely differentiable bounded functions with bounded
derivatives and compact support in time.
We denote by T, the set of all functions g = T(I,J) such that I and J belong to Cgoﬁb(Rd x Ry).

Lemma 6 Letv € Cb(]Rd x R_) be a non negative infinitely differentiable function with compact support

and such that
/ v(z,t)dxdt = 1.
RdxR_

For any f € CS(RY x Ry) and all n € N*, let us denote by R, f € Cf(R? x R.) the function defined by

Rof(e.) =0 [ fys)ulntz =9).n(t = s)dyds.

Then

1. If I(z,t) = J(z,t) = 0 for all (z,t) € R x [T, 400, then T(I,J)(x,t) = 0 for all (z,t) € R? x
[T, +oo[ and ||T (1, J)[|ec < [[]loc + T|/I|oc-

2. If I,J € C{(R? x Ry) are Lipschitz continuous, then T(I,J) is Lipschitz continuous.

3. For all f € CERY xRy, ||Rnflloo < ||flloos Ruf is infinitely differentiable, its partial derivatives
are bounded and for all (z,t) € R x Ry, R, f(z,t) converges to f(x,t) as n — 400.

4. If I,J € C§(RY x Ry) then T(R, I, R,J)(x,t) converges to T(I, J)(x,t) as n — 400.

Proof. Assertion 1 is straightforward.
For assertion 2, we denote by L; and L; Lipschitz constants of I and J respectively and T such that
I(x,t) = J(z,t) = 0 for x € R% ¢t > T. We get:

T (1, J)(z2,t2) = T(L, J) (21, t1)] < [J (922, a22)), t + a(z2)) — J (P21, 1), T + v(21))]
a(zz)
/ I(p(x1,8),t1 + s)ds

a(z1)
S LJL¢(1 + La)|x2 — £U1| + LJ|1'2 — 1’1| + TL[L¢|{L‘2 — il?1| + L['tz — t1| + ||Ioo||La|$2 — (El‘.

(z2)
+/ (92, 8), b2+ 5) — 1(d(ar, ), 01 + 5| ds +
0

Assertion 3 is a standard consequence of the regularization by convolution.
Assertion 4 is a consequence of Assertion 3 and of the Lebesgue dominated convergence theorem. [

Lemma 7 Let g € T, be given. Then
1. g is Lipschitz continuous on R? x Ry,
2. 0,9 is Lipschitz continuous on R x R, (we then denote L., a Lipschitz constant for O.g),

3. the function dgg defined on F xRy by 0sg9 = 0,49 — Org is Lipschitz continuous and_bounded on
F x Ry and there exists Ly 4, only depending on g and ¢, such that, for all (z,t) € F x RT and
T € (0, ()], then
1
7(g(¢(xa7—)7t)_g(xat)) _6¢g($7t) STL¢,9' (35)

T
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Proof. Item 1 is a consequence of Lemma 6. Let I,J € Cgo’b(Rd x Ry) be such that g = T(1,J).
Item 2 results from

a(z)
Org(x,t) = 0y J (P(z, ), t + a(x)) — /0 NI (P (z,8),t+ s)ds,

which shows that d:g = T(0I,0;J). Since 01 and 9;J belong to C’goyb(Rd x R;) as well, we get that
0ig € T, and is therefore Lipschitz continuous and bounded.

Turning to Item 3, we get that 04g is the difference between two bounded Lipschitz continuous functions.
We now write, for (z,t) € F x Rt and 7 € [0, a(x)],

g((b(l’/l’),t) - g(xvt) = g(QS(va)vt + T) - g(xat) - (g((;S({,Cﬂ'),t + T) - g(¢($77)7t))7

which leads to
g(p(z,7),t) — gz, t) = / Or,09(d(x,s),t+ s)ds — / Org(d(xz,7),t + s)ds.
0 0

We thus obtain
g(¢($, 7-)7 t) - g(m, t) - 78¢g(x, t)

= /07(6,5,(;59@(:107 s),t+s) — O pg(x,t))ds — /OT(Z?tg(¢(:E,T),t + 5) — Org(x,t))ds.

Since the functions ¢, 0; 49 and 0;g are Lipschitz continuous, there exists Ly 4, only depending on g and
¢, such that

1
|0¢,69(d(x, 8),t 4+ 8) — Orpg(x,t)| < §L¢’g7',

and 1
009(8(, 7). 1+ 5) = Ougl, )] < 5Ly

which completes the proof of (35). O
We now state a first convergence result

Theorem 2 Under hypotheses (H) and (HD), let T > &. Let (p,(lK))ieE7neN7K€M be the solution of
Scheme (13), (14), (15), (16), (17) which satisfies (23)-(24).

Then, assuming & — 0, 7 — 0, and h/7 — 0, Pp(dx,dt) (resp. op(dx,dt)) tends to u (resp. o) unique
solution of equation (6) for the weak topology of the measures.

Proof. Thanks to Lemma 3, we may assume that, up to the definition of a sequence (D,)men that,
Pp,, (dx,dt) (resp. op,, (dz,dt)) tend to some bounded measure p (resp. o) for the weak topology of the
measures. We assume that 7 < 1, h/7 < 1 and & < 1. Thanks to Lemma 6, it suffices to prove that (6)
holds for u, o and g € T,..

Let Ly be a global Lipschitz constant for g and a bound of Jyg, let T' be such that g(z,t) = 0 for all

t>T and let N € N be such that (N —1)& < T < N&. We multiply (16) by & ¢\, with
() _ L
9 g(x,nd)dz, VK € M, ¥n € N. (36)
1K1 Jx

We sum on K € M and n € N. We get T7" + 15" + 15" + T," + 15" = 0, with

-3 KPS g,
KeM
(K) "
—- % Y K - == 3 o [ [ dtend + s,
neN KeM neN KeM K70
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I3" = Z& Z Z (”KLP;H ULKp(i)) (K

neN KeM LeM

“Ya Y S Ak (g0 - g,

neN KeMLeM

=30 > Y gk (9 - o).

neN KeM LeM
Study of the limit of 77".

Since g is Lipschitz continuous, we get
\Z/ (2,0)pini (dz) +T1m|—|z/ (z,0) — ¢S pini (dz)| < Lyh,
KeM KeM

which implies

lim T = — /F 9(, 0) prni ().

m— o0
Study of the limit of T3".
Let us define T¢" by
—Zét Z |K|p££)1/ Og(x,not)dx = —[ Og(z, t)Pp(daz, dt).
neN Rem K FxRy

Since Pp is tight and 0;g is continuous and bounded, we obtain that

lim Tg" = _/F . Org(z, t)p(de, dt).
X IR

m— 00

Thanks to Lemma 7, for all s € [0, &], we have |0,g(z, ndt+s) — 0,g(z, nét)| < Ly 4. Therefore we deduce
that lim |T9" — T¢"| = 0, which implies
m— 00

m— o0

lim Ty = f/f . Org(z, t)p(de, dt).
Xy

Study of the limit of 73".

Defining T by

ZUKL (O — gff))a
LeM

TP =38 3 Tt

neN  KeM

we have

Let us compute TéK) - T7(K) with TéK) defined by

TS(K) = —/ 0s9(x,ndt)dx
{zeK,a(z)>1}

Defining Tg(K) by
1
Tg(K) — / 7(9(.1‘,7’1/&') _g(¢(x?7—)vn&))dx’
{zeK,a(

z)>7t} T
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we have

TQ(K) =— Z / l(g(a:,nét) —g(¢(x,7),ndt))dx.

Lem Y {zeK a(z)>T and &(z,r)eL} T

Introducing the Lipschitz constant L, of g, we get
L,h
T3 - 1) < 2|2
-

Applying Lemma 7, we can write
(K) _

K
T — TS| < Ly 7K,

which finally gives

Lyh
i -1 < L,, T|K\+2\K|

=Y 8 ¥ AT

neN  KeM

Hence, defining 77j by

we get

L,h
T3 — T3] < 2722 + Logn)(T + &),

We now remark that, defining Tl({( ) by

Tl(f{) —/ 0pg(x,ndt)dz,
{z€K a(z)<r}

and 7175 by

Ty = Z& Z pn+1 7

neN  KeM
we have

ITi3| < 7Lg Z o Z QKpgj-)r
= KeM

This shows, thanks to (26), that
lim 77 = 0.

m— o0

Now

™ T = /F  Dagla)Po(da ).
XKt

Thanks to the tightness of Pp, we have
lim (T} + TJ3) = / Dog(a, )p(da, dt).
m—0o0 FxRy
Therefore, we conclude that

lim 73" = /F . 0p9(x, t)p(de, dt).
XIR4

m—0o0

Study of the limit of T;".
We compare this term with 775 defined by

Su Y [ 2@ (o) - [ ot dn)) o ol

neN  KeM

/Mh A(z) (g(m) —/Fg(y,t)Q(ﬂc,dy)> Pp(dz, dt),

m
T13
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which satisfies, thanks to the tightness of Pp(dz,dt),

Jim 7= [ ) (o0~ [ o000 ) war.an,

We have
-1 =Y 8 Y [ 2@)((and) =) = 3 [ tatnd) - o0 dn)de 515
neN KeM LeM
This shows that
N—-1
T~ T < Leh > & Y Agpllh < Loh(T + &) A
n=0 KeM

showing that
lim |T7% — T, =0,
m—0o0

hence proving that

i 1 = [ A (st0)~ [ oty 000e.1) ) . ).

m—o0

Study of the limit of T3".
We use the measure op(dz,dt), defined by (21). We define Ty} by

- [ . (g(x,w / g(y,wq(a:,dy)) op(dr, di),

which satisfies, since the sequence of measures op(dx,dt) is tight,

i 713 = [ (afwn) - [ glntate.an)) otanan,
m—oo xR F
We have

1
=Y a3 2 / (gw(m,a(w)),n&) / g(y,nmqw(x,a(m),dy)) dz.

neN  KeM {zeK:a(z)<T} F
Therefore, we get

— 17 = Z& Z pn+1

neN  KeM

1
7/ (gé ) — g(¢(x, a(x)),ndt) — > / —9(y,nd))q (¢(Iya(x)),dy)> dz.
T {zeK:a(x)<T} LeM
Remarking that

Vr,y € K, |¢(x,ax)) —y| < h+ Ly,

this leads to

T2 — T3] < (2h+ Lom)Ly > & > qrpl),
neN  KeM

and therefore
lim |T3" —1T74] = 0.
m—r00

We thus get that

Jim 7= [ (o0 [ ot ate ) o(ar,an)
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Theorem 3 Under Hypotheses (H) and (HD), let (pf))nen.xem be the solution of Scheme (13), (14),
(15), (16), (17) which satisfies (23)-(24).

Then, assuming & — 0, 7 — 0, and h/T — 0, Pp(t)dx (defined by (22)) tends to p:, unique solution of
(5) (or (41)), for the weak topology of the measures, for almost every t > 0.

Proof. Thanks to Theorem 2, we may assume that, up to the definition of a sequence (D, )men that,
Pp,, (dx,dt) (resp. op,, (dz,dt)) tend to measure p (resp. o) for the weak topology of the measures, with
hm/Tm < 1; hm < 13 Tm < 17 &m < 1.

Step 1

Let g € Gy (Rd) be a Lipschitz continuous function, such that L, is both a bound of g and a Lipschitz con-

stant for g, and let 7' > 0 be given. We consider the function f;* : (0,T) = R, f;"(t) = / g(x)Pp(t)dx.
Rd

We prolong this function by 0 outside of (0,7). Let Ny € N be such that Np& < T < (Nr + 1)é&. Since
this function is defined by (22) as a piecewise constant function on all |n&, (n+1)&], its BV ((0,T))-norm
is such that

Nt
I sviory < DL S0 KB - p0)g™] (37)
n=0 | KeM
where
g = / z)dz, VK € M. 38
& (38)

Note that, if we m ultiply (16) by & g%’ we get that

Z

K
ST KR — pF0) g )
KeM

<T3+ 1T+ 137,

with
Nt
m K
T =8 Y P Y vkrlg™ — g,

n=0 KeM Lem

Nt
" = Z& Z Z )\KLPSLTHQ(K) — g,

n=0 KeMLeM

Nt ni
=3 &Y 3 awen1g" — gb).

n=0n=no+1 KeM LeM

Since g is Lipschitz continuous, we have

1
;|g(K) g <L, (2h+L¢T)<L(2+L¢)

we get
T < Ly(2 + Ly) / Po(dz, dt).
Fx[0,T]
We also have
Nt
T <2Ly > 0 Y Axpll) < 24L, / Pp(da, dt).
n=0 KeM Fx[0,7]

Finally, we may write

T < 2L Z(St Z Z qKLpn_|r1 2L /FX[OT]JD(dx,dt).

n=0 KeMLeM

25



Gathering the above results and applying Lemma 3 , we get that there exists C7, which does not depend
on the discretization data, such that

5" | Bv (0,7 < Ch-
Applying Helly’s theorem of relative compactness of bounded sets in L N BV, this proves that, up to a

subsequence, f;" converges in L' to some function. This fu nction can only be ?g 2 (0,T) =R, fu(t) =

/ g(x)p:(dzx): indeed, thanks to Theorem 2 and to decomposition result Lemma 8, we get that, for all
Rd
T T
continuous function 1), the limit of / Y(t)f," (t)dt, easily approximated by / Y(t)g(x)Pp(dx,ds),
0 0 Rd

T T
is equal to / Y(t)g(x)pe(da)dt = / Y(t) f,(t)dt. Therefore the whole sequence f;" converges in
R4 0 ’

0_
L'((0,T)) to f,.
Step 2
By density of the set of Lipschitz continuous functions in Cy(RY), we get that for all ¢ € Cy(R?),

& (0,T) — R, fI'(t) = /Rd ¢(x)Pp(t)dz converges in L*((0,T)) to fe : (0,T) — R, fe(t) =

/ &(x)pe(de). Indeed, it suffices to consider a sequence lipschitz ¢ ontinuou s functions uniformly
Rd

converging to &.

Step 3

We consider a dense countable family &, in the set Co(R?) (functions which tend to 0 at infinity). For
n = 1, we extract a subsequence samely denoted, and a set A; C (0,7) whose complementary in (0,T)
has a zero measure, such that for all t € A; and n € N, f{(t) converges to fg ,(t). From this sequence, we
consider n = 2, and we extract a subsequence samely denoted, and a set Ay C A; whose complementary in
(0,T) has a zero measure, such that for all t € Ay and n € N, f(t) converges to f,(t). Letting A = m

neN
(whose complementary in (0,7") has a zero measure), the sequence such constructed by a diagonal process

is such that, for allt € A and n € N, f{"(t) converges to ?Sn (t). By density, this achieves the proof of the
convergence, for a.e. t € (0,t) and & € Cy(R?), of f¢"(t) converges to fg (t) and the proof of the theorem.
O

4 Conclusion

Most of the practical cases require hypotheses more general than those made in this paper. In this way
it is possible to rewrite the proofs in the case where F' is an hybrid space and where « is infinite on some
subsets (see Remark 1). Furthermore the actual form of Hypothesis (H.5(c)) is in fact restrictive since
we expect that the process will be far away the boundary only after one jump at the boundary. It is
possible to rewrite the proofs with a more general hypothesis including several jumps (see Remark 1).
We have chosen these hypotheses in order to focus on the main ideas in the proofs, but the numerical
scheme seems effective in practical cases. The case where jumps on the boundary are allowed, which is
useful in some applications (see [3]) is still open.

It now remains to test the numerical method developed here for Piecewise Deterministic Markovian
Processes on various practical and theoretical cases with boundaries, in comparison with the classical
Monte-Carlo approach (in someway, this has already been done in [9]). Let us emphasize here the
advantage of this method, which is robust with respect to large values of &, and which therefore permits
to approximate the asymptotic stationary states of a PDMP.
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Appendix

In this appendix some properties of the solution of equation (6) are proved thanks to analysis tools,
without using the probabilistic results provided in the introduction of this paper.

Lemma 8 (Decomposition) Let i and o be a solution of equation (6). Under Hypotheses (H), for any
T > 0, let pr be the finite measure defined by

/ f(JC)pT(da:) = / g(d’(z?T))pini(dl')
R4 P
+/FX[O . A(z) (/Fﬁ((?(%T—t))Q(:c,dy) _g(¢($7T_t))> u(dz, dt)
! /[ 7 ([ €667 = 0)ate. ) - 0o~ 1)) o, o), e € CofE, (39)
Then pr € P(RY) and, for all f € Cy(R? x Ry, R), we have
/FXR+ [z, t)p(de, dt) = /]R+ /Ff(x,T)pT(dx)dT. (40)

Moreover, we have, for all g € T with g =T(I,J),

Lg(~,T)PT(dx)_/Fg(%o),oini(dx)+/FX[0)T) I(z, t)pu(dz, dt)
v f R ([ ot 01@w.0) = g0.1)) )

[ ([ st tatedn — oto.)) otz o, (a)
Tx[0,T7) \JF
Proof.
Let us first show that pr € P(RY). Let » € C°(R,R,) such that /go(x)dx =1 and ¢(x) = 0 for all
R
x < —1 and z > 0. Next, define the family (¢, )nen+ such that
+o0o +oo
Y (t) = n/ o(n(z—T))dz = / o(v)dv
t n(t=T)

So 1, is decreasing such that ¥,(t) = 1 for all t < T — % and ¥, (t) = 0 for all ¢ > T. Moreover
U (t) = —np(n(t = T)).

We then have that, for all £ € Cy(R?), the function &,(z,t) = ¥, (t)(p(z, (T — t)1)) is such that
& =TI, Jy), with L,(z,t) = ¥, ()¢(o(z, (T —)7)) and J,, = &,. By dominated convergence, we get
pr(&) = lim pn7(E)

with
puir(©) = [ Ga08(0 T))pii(d0)

i it (/ ED(y, T — 1)@, dy) — 5<¢<x,T—t>>)u<dx,dt>

FxJo, T)

' / o (/5 (0.7 = O)a(o. )~ (62, T — 1) ) o),
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that, using (6) with g = &,
pr(§) = — lim U (0E(B(x, (T — 1)) p(d, dt).

This proves that ps is positive. Moreover its support is included in F.

Remarking that, for any g = T(I,J), we have ¢,g = T(},g + ¥nI,¥nJ), we get from (6) that

—L Uy, (t)g(x, t)p(de, dt) =/g(x,0)pini(dx)+ﬁ Y () (2, t) p(dz, dt)
FxRy F FxRy

+~/F><[O,T) Ax)n (t) (/Fg(y,t)Q(x,dy) — g(:at)) p(dz, dt)
e ooty ([ ot 0t —o(0.0)) o, ) 42)

Using the regularity g = T(I,.J) of g, for s = T —t, we have g(¢(z, (T —t)"),T) — g(z,t) = g(®(z, s), t +
S
s)—g(z,t) = | I($(x,u),t+ u)du. So we have by dominated convergence
0

i [ wOlaele (7 - 0).T) - gl 0)a(dn, a0
) 1 S
= —nll}n;o . ns (1 —ns) (5/0 I(p(z,u),t + u)du) p(dz, dt) =

This shows that the left-hand side of (42) is

lim &, (g, Dpu(de,dt) = lim L (0g(d(x, (T — ), T)u(de, dt) = pr(g(-, T)),

n—00 FxR, n— 00 FxRy

and concludes the proof of (41).
For all f € Cy, let us define the function g by

ole.t) = / " (@l T — 1), T)T

a(x) t+a(z)
/ f(o(z,s),t+ s)ds = / f(o(z, T —1t), T)dT,
0 t

Thanks to the properties

and
9(8(x, a(@)), t + alz)) = / T (6l a@), T — t - ae)), T)T = / T e, T - 0),T)T,
+a(z) +a(x)

we get that g = T(—f, g). Therefore, integrating (39) for £ = f(-,T) on T € R, we get

/R . /F f(z,T)pr(dz)dT = /R ) /F F(d(z, T), T)pini (dz)dT
/}R+ /FX Az) (/ f(¢(y,Tt),T)Q($7dZ/)f(éf’(m,Tt),T)) p(dz, dt)dT

/R+/rx[0T (/f (y, T —1), )Q(x>dy)—f(¢(x,T—t),T)> o(dx, dt)dT.
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Then, using Fubini’s theorem, we apply for some measures v the equality

t

/]R+ »/l;dX[O’T) f(¢(x7T t)’T)V( z t) T /]Rd><R+ / f(¢(I7T t)aT) TV( xZ, t)?
which leads to

/ﬂ§+/p‘f(x7T)pT(dI)dT:/Fg(‘rvg)pini(dﬂf)

"‘/FX]R+ (/Fg(yat)CI(l“,dy) — g(%t)) o(dw,dt).

Since p is solution of (6), and that g = T(—f, g), we get

- e ( [ stz - g(x,t>) u(d, de)

0= [ st 0pustan) ~ [ (.

FX]R+

+/FX]R+ A() (/Fg(y,t)Q(iE,dy) — g(x,t)) p(dx, dt)

+/er+ (/Fg(y,t)q(x,dy) —g(a:,t)) o(dx,dt),

which achieves the proof of (40). O
Lemma 9 Under Hypotheses (H), the support of the measure p solution of (6) is included in F x R,.

Proof. LetT >0and ¢ € CbT be given. Let 0 < k < 1, A and B be provided by the proof of Lemma 1
for the space Cg. Now for all C' > 0 consider the function fo € 7 defined by

fe :RExR, — R
(x,t) — exp(—Ca(z))y(x,t).

Then, by Lemma 1 with I = fo and J = 0, there exists a function go = T(I,J) € T such that (6) leads

to 7/Fgc(l‘,0)l)ini(dx) _ L fo(x, t)u(de, dt) :/

FxRy FxRy

exp(—Ca(x))y(z, t)p(de, dt).

By the Lebesgue dominated convergence theorem, we get that the right hand side of the above equation
converges to / P(z, t)p(de, dt) as C — +oo. Let us now prove that the left hand side vanishes
(F\F)xR4
as C' — 4oo. Thanks to the construction of U’s fixed point, we can prove the following property by
induction
(107 JO) = (07 0)7
T, g™ = w(T(I™, J™)) for all n € N,

1
n n < - )
T, J")||a,B < ||¥]la,B Ca—h foralln € N
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Indeed

exp(Ba(x) + At)| T, J ) (2, 1)
exp(Ba(z) + At)|T(I" T — 1, gt — JY) (2, t)| + exp(Ba(z) + At)|T(I, T (xz, 1))

<
a(z)
< K[TU™ = 1%,0" = J%)||aB + / exp(Ba(z) + At)|¢(t + s)| exp(—Ca(d(z, 5)))ds
0

1 a(x)
< kWHA,Bm + /0 ]| 4,8 exp(—Ca(x) + Cs — As)ds

1 1
< - il
< Hlolas g+l

1

< _
< Wlangr—p

So the bound is verified by the fixed point g¢, and since || - ||oo < || - ||4,5, We have

o) pinj(F) = 0

1
hmlonf/Fgc(w,O)pml(dx) < lim inf [lgollocpini (F) < inf [¢]]a,5 ca—n

This proves that

/ (o, t) pl(da, dt) =0,
(F\F)xR4

which concludes the proof. [
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