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SCATTERING IN TWISTED WAVEGUIDES

PHILIPPE BRIET, HYNEK KOVARIK, AND GEORGI RAIKOV

ABSTRACT. We consider a twisted quantum waveguide, i.e., a domain of the form Qg :=
rew X R where w C R? is a bounded domain, and rg = ro(z3) is a rotation by the angle 6(x3)
depending on the longitudinal variable x3. We investigate the nature of the essential spectrum
of the Dirichlet Laplacian Hg, self-adjoint in L?(2), and consider related scattering problems.
First, we show that if the derivative of the difference 61 — 02 decays fast enough as |z3| — oo,
then the wave operators for the operator pair (Mo, , Ho,) exist and are complete. Further, we
concentrate on appropriate perturbations of constant twisting, i.e. 8’ = 8 — ¢ with constant
B € R, and ¢ which decays fast enough at infinity together with its first derivative. In that
case the unperturbed operator corresponding to € is an analytically fibered Hamiltonian with
purely absolutely continuous spectrum. Obtaining Mourre estimates with a suitable conjugate
operator, we prove, in particular, that the singular continuous spectrum of Hy is empty.

AMS 2000 Mathematics Subject Classification: 35P05, 35P25, 47A10, 81Q10

Keywords: Twisted waveguides, wave operators, Mourre estimates

1. INTRODUCTION

Let w C R? be a bounded domain with boundary dw € C?. Denote by Q := w x R the
straight tube in R3. For a given # € C*(R,R) we define the twisted tube 4y by

Qo = {ro(zs)z € R* |z = (w1, 22,23) € R?, 2y 1= (21, 72) Ew},

where
cosf(x3) sinf(x3) 0O
ro(zs) = | —sinf(x3) cosf(zz) 0
0 0 1

We define the Dirichlet Laplacian Hy as the unique self-adjoint operator generated in L2(Qy)
by the closed quadratic form

0 ::/Q VulPdx,  weD(Qy) = Hi(Qy). (1.1)

In fact, we do not work directly with Hy, but rather with a unitarily equivalent operator Hy
acting in the straight tube €, see (2.4). The related unitary transformation is generated by
a change of variables which maps the twisted tube €y onto the straight tube €2, see equation
(2.3).

The goal of the present article is to study the nature of the essential spectrum of the
operator Hy under appropriate assumptions about the twisting angle . Although the spectral
properties of a twisted waveguide have been intensively studied in recent years, attention has
been paid mostly to the discrete spectrum of Hg, [5, 10, 14], or to the Hardy inequality for
Ho, [9].
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In this article we discuss the influence of twisting on the nature of the essential spectrum of
Hg. First, we show that if the difference 6] — 05 decays fast enough as |z3| — oo, then the
wave operators for the operator pair (ngl , H@é) exist and are complete, and in particular, the
absolutely continuous spectra of Hy, and Hg, coincide. Further, we observe that if ¢/ = 3
is constant, then the operator Hg is analytically fibered, cf. (2.9), and therefore its singular
continuous spectrum is empty, [11, 13]. Assuming that ¢’(x3) = B—e(z3) with e € C}(R, R), we
then show that if € decays fast enough at infinity, then Hy has no singular continuous spectrum,
see Theorem 2.7. The proof of Theorem 2.7 is based on the Mourre commutator method,
[19, 20, 1]. We construct a suitable conjugate operator A and show that the commutator
[Hy, 1 A] satisfies a Mourre estimate on sufficiently small intervals outside a discrete subset of
R, Theorem 8.2. The construction of the conjugate operator is based on a careful analysis of
the band functions E, (k) of the unperturbed operator Hg, k € R being the Fourier variable
dual to x3. A similar strategy was used in [12, 2, 6, 17], where the generator of dilations in
the longitudinal direction of the waveguide was used as a conjugate operator. However, in
the situations studied in these works the associated band functions have a non zero derivative
everywhere except for the origin. In our model, contrary to [12, 2, 6, 17], the band functions
FE, may have many stationary points. In addition, we have to take into account possible
crossing points between different band functions. The generator of dilations therefore cannot
be used as a conjugate operator in our case, and a different approach is needed. Our conjugate
operator acts in the fibered space as

(v(k) Ok + Ok v(k)) (1.2)

IR

where v € C3°(R;R) is a suitably chosen function, whose particular form depends on the
interval on which the Mourre estimate is established, see Theorem 7.2.

We would like to mention that a general theory of Mourre estimates for analytically fibered
operators and their appropriate perturbations was developed in [13]. The situation with the
twisted waveguide analyzed in the present article is much more specific than the general
abstract scheme studied in [13]. Hence, although the construction in (1.2) is influenced in some
extent by [13], our conjugate operator is essentially different from the one used in [13], and is
considerably more useful for our purposes. In particular, the construction of this quite explicit
conjugate operator allows us to handle the specific second-order differential perturbation which
arises in the context of the twisted waveguide, and to verify all the regularity conditions for
¢4 [Hy ,iA] and [[Hy,iA],iA] needed for the passage from the Mourre estimate to the absence
of the singular continuous spectrum, see Proposition 8.3. We have thus been able to apply
the Mourre theory to the perturbed operator Hy/, and to find simple and efficient sufficient
conditions on € under which the singular continuous spectrum of Hy/ is empty. We therefore
believe that our construction of the conjugate operator might be of independent interest.
The article is organized as follows. In Section 2 we state our main results. In Section 3
we prove Proposition 2.1 describing the domain of the operator Hy. In Section 4 we prove
Theorem 2.3 which entails the existence and the completeness of the wave operators for the
operator pair (Hg/l, H%) for appropriate 8] — 6, and hence the coincidence of UaC(H9’1 ) and
UaC(Hgé). In Section 5 we assume that the twisting is constant, i.e. ¢ = 3 and examine the
spectral and analytical properties of the fiber family hg(k), kK € R. In Section 6 we construct
the conjugate operator needed for the subsequent Mourre estimates. In Section 7 we obtain
Mourre estimates for the case of a constant twisting. Finally, in Section 8 we extend these
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estimates to the case of ' =  — ¢ where 8 € R, and ¢ decays fast enough together with its
first derivative.

2. MAIN RESULTS

2.1. Notation. Let us fix some notation. Given a measure space (M, A, u), we denote by
1y the identity operator in L?(M) = L?(M;du). Further, we will denote by (u, V)2 =
[3 @vdp the scalar product in L?(M) and by lulltp(ar), P € [1,00], the LP-norm of u. If there
is no risk of confusion we will drop the indication to the set M and write (u,v) and ||ul|,
instead in order to simplify the notation. Given a set M and two functions fi, fo : M — R,
we write fi(m) < fa(m), m € M, if there exists a constant ¢ € (0,00) such that for each
m € M we have
¢t film) < fa(m) < ¢ fi(m).

Given a separable Hilbert space X, we denote by L£(X) (resp., Se(X)) the class of bounded
(resp., compact) linear operators acting in X. Similarly, by S,(X), p € [1,00), we denote the
Schatten-von Neumann classes of compact operators acting in X; we recall that the norm in
Sp(X) is defined as ||T|s, := (Tr (T*T)p/2)1/p, T € Sp(X). In particular, S; is the trace class,
and Sy is the Hilbert-Schmidt class. Moreover, if T' is a self-adjoint operator acting in X, we
denote by D(T") the operator domain of 7'. Finally, for a € R define the function

Pa(s) = (145372 seR (2.1)

2.2. Domain issues. Our first result shows that if both #’ and 6" are continuous and bounded,
then the domain of the operator Hy coincides with H2(Qg) N H{(Qg).

Proposition 2.1. Assume that w C R? is a bounded domain with boundary Ow € C?, and
6 € C?(R) with 0',0" € L°(R). Then

D (Hy) = H*(Qp) N HY (). (2.2)
Proposition 2.1 could be considered a fairly standard result but since we have not been able
to find in the literature a version suitable for our purposes (most of the references available
treat bounded domains or the complements of compact sets), we include a detailed sketch of

the proof in Section 3.
Next, we introduce the operator Uy : L2(€y) — L2(f2) generated by the change of variables

Q> x—rg(xs)x € Q. (2.3)
Namely, for w € L?(€y) set
(Upw)(x) = w (ro(xs)x), x€Q.

Evidently, Up : L2(Qg) — L2(Q) is unitary since (2.3) defines a diffeomorphism whose Jacobian
is identically equal to one. Now assume g € C(R;R) N L*(R) and introduce the quadratic
form

Qlu] = /Q (IVoul? + 5u+ gOrul?) dz, u e D(Qy) = HY(9),

where V,, := (01,02)7, and 0, := 2102 — 220;. Denote by H, the self-adjoint operator
generated in L2(Q) by the closed quadratic form Q4. The transformation Uy also maps H(Q)
bijectively onto H}(€2). Hence, for g = ¢’ we get

Qlw] = Qu[Upw], w € Hy(Qp),
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which implies

Hy =UpgHo U, " (2.4)
Assume now that g € C*(R) with g,¢' € L®(R). Set G(xs) := [, g(s)ds, x5 € R. Then
Ug maps bijectively H?(Qg) onto H2(€2). Therefore, Proposition 2.1 and the unitarity Ug :
L2(Qg) — L%(Q) implies the following

Corollary 2.2. Assume that w C R? is a bounded domain with boundary 0w € C?, and g €
CHR) with g,g' € L®°(R). Then the domain of the operator H, coincides with H2(Q) NH}(Q).

Furthermore, if g € C*(R) with g, ¢’ € L>°(R) we have
Hyu= (=07 — 95 — (05 + g 0-)*)u, ueH*(Q)NHHRQ), (2.5)
since Hg o = —Ap, p € H2(Qa) NHY(Qg).

2.3. Existence and completeness of the wave operators. Next we show that under
appropriate assumptions on the difference g; — go, the wave operators for the operator pair
(Hg,, Hy,) exist and are complete, and hence the absolutely continuous spectra of the operators
H,, and Hg, coincide.

Theorem 2.3. Assume that w C R? is a bounded domain with C*-boundary. Let g; € C'(R;R)
with gj,g; € L*(R), j = 1,2. Suppose that there exists o > 1 such that

[¢—alg1 = g2)llLe(r) < 00, (2.6)
the function ¢, being defined in (2.1). Then we have
H,? — H.? € 51(L2(9)). 2.7)

Theorem 2.3 is proven in Section 4. By a classical result from the stationary scattering theory
(see the original work [4] or [22, Corollary 3, Section 3, Chapter XI], [27, Chapter 6, Section
2, Theorem 6]), this theorem implies the following

Corollary 2.4. Under the assumptions of Theorem 2.3 the wave operators

. itHg, —itH,
s — 1t_l}jtmooe ne o2 P, (Hg,)

for the operator pair (Hg,, Hg,) exist and are complete. Therefore, the absolutely continuous
parts of Hy, and Hgy, are unitarily equivalent, and, in particular,

UaC(Hgl) = Uac(Hgg)~ (2.8)
Corollary 2.4 admits an equivalent formulation in terms of the operator pair (Hy,, Hg, ):

Corollary 2.5. Assume that w C R? is a bounded domain with C?-boundary. Let 0; €
C?(R;R) with 05,05,07 € L(R), j = 1,2. Suppose that there exists o > 1 such that
[¢—a(0] = 03) || () < 00,

Then the wave operators

s— lim "M ge "M P, (Hy,), T = U, 'Up,,

t—+oo

for the operator pair (He,,He,) exist and are complete. Therefore, the absolutely continuous
parts of He, and Hg, are unitarily equivalent, and, in particular, oac(Hg,) = cac(Ho,)-
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2.4. Constant twisting. In our remaining results, we concentrate on the case of appropriate
perturbations of a constant twisting, i.e. the case where ¢’ is equal to a constant § € R. First,
we consider the unperturbed operator Hg We define the partial Fourier transform F, unitary
in L2(Q), by

(Fu)(zw, k) = (2m) "1/ / e~y (xy,, x3) das, keR, z,¢€w.
R

Then we have o
Hy=FH F* = / hs(k) dk, (2.9)
R
where, by (2.5) with g = 3, the operator hg(k) acts on its domain D (hg(k)) = H?(w) NH}(w)
as
hs(k) = —A, + (Bid; + k)2,
—A,, being the self-adjoint operator generated in L?(w) by the closed quadratic form

/’V’U’dew, v € Hy(w).

Note that for all k& € R the resolvent hg(k)~! is compact, and hg(k) has a purely discrete
spectrum. Let

0< Eqi(k) < Es(k)<---<Epk)<..., keR, (2.10)
be the non-decreasing sequence of the eigenvalues of hg(k). Denote by p,(k) the orthogonal
projection onto Ker(hg(k) — En(k)), k € R and n € N. By [5, 10] we have

0(Hy) = oae(Hp) = [E1(0), 20). (2.11)

A detailed discussion of the properties of E, (k) is given in Section 5. It turns out that the
functions E, (k) are piecewise analytic, and that for any given kg € R, the function E, (k) can
be analytically extended into an open neighborhood of k3. We denote such an extension by
By o (k). If ko is a point where E,(k) is analytic, then of course E, 4, (-) = E,(-). With this
notation at hand, we introduce the following subsets of R:

S :={E€R:3neN,Iky R : Ey(ko) = E A 9Ey, (ko) =0},
& = {EER ko€ R, An,m e N, n#m : E,(ko) = En(ko) = E A
A Ok Ep ko (ko) O B ko (ko) < 0}
We then define the set £ of critical levels as follows:
E=&U&. (2.12)

Lemma 2.6. The set £ is locally finite.
The proof of Lemma 2.6 is given in Section 5, immediately after Lemma 5.4.
2.5. Absence of singular continuous spectrum of Hg_,.
Theorem 2.7. Let 0/ (x3) = B — e(x3), where e € C*(R,R) is such that

lle p—2lloo + I’ P—2[l00 < 00, (2.13)
the function ¢, being defined in (2.1). Then:

(a) Any compact subinterval of R\ € contains at most finitely many eigenvalues of Hyr,
each having finite multiplicity;
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(b) The point spectrum of Hg has no accumulation points in R\ &;
(¢) The singular continuous spectrum of Hy is empty.
Theorem 2.7 is proven in Subsection 8.2.

Remark 2.8. If ¢ € C}(R,R) is such that ¢’ is bounded and || ¢_4]|cc < 00 for some o > 1,
then Corollary 2.4 and equation (2.11) imply

Oac(Hy') = 0ac(Hp) = [E1(0), 00).

Note that in order to prove the absence of singular continuous spectrum of Hy we need stronger
hypothesis on € and £, see equation (2.13).

By [22, Section XI.3], Corollary 2.4 and Theorem 2.7 part (c) imply
Corollary 2.9. Under the assumptions of Theorem 2.7 the wave operators for the operator

pair (Hg, Hy') exist and are asymptotically complete.

3. PROOF OF PROPOSITION 2.1
Denote by C5°(€g) the class of functions u € C*°(€y), compactly supported in Q. Set
C™(Q) == {u € C§°(Qp) | ujpa, =0} .

Lemma 3.1. Under the assumptions of Proposition 2.1 there exists a constant ¢ € (0,00)
such that

”UH%V Q) =€ (1Auf® + [ul?)da (3.1)
(“20) Q
0

for any u € C>®(Qy).

Proof. Our argument will follow closely the proof of [18, Chapter 3, Lemma 8.1]. We have

3
/(\Au!2+c()\u]2)da;—/ S (0;0kul? + colul? da:—|—2/ K
Qp Qg

jok=1 9%

2

Oul” s, ue C®(Qy),

ov

(3.2)
(see [18] or [25, Chapter 5, Section 5, Problem 6]) where ¢ € (0,00) is an arbitrary constant
which is to be specified later, K is the mean curvature, and v is the exterior normal unit vector
at 0. Our assumptions on dw and 6 imply that for any u € C*°(Qy) we have

5 / K ou
12,97}
with

2

— dSZ—cl/ |Vu|?dS. (3.3)
0Qy

c1:=2sup |[K(z)| <2 sup  {(10"(x3)] + 0 (23)*)|we| + (146 (23)%|20[*) | m(20)] }

ov
€0y (2w,r3)EOwXR

where r(z,,) is the curvature of dw at the point x, € Jw. Let us check that for any ¢ > 0
there exists a constant ca(e) such that for any v € C§°(€2g) we have

/ lv|?dS < / (e|Vuv]? + ea(e)|v]?) dz (3.4)
09

Qg
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where, as above, V,, := (91,92)7. In order to prove this, we note the inequality

/ [v|?dS < 03/ (/ |v|2ds> dxs (3.5)
0y R 8&)9(13)

1/2
csi=  sup (146 (x3) ),
(2w,x3)E0wXR

where

and wy(,) is the cross-section of {2y with the plane {z3 = a}, a € R.
Next, since w is a bounded domain with sufficiently regular boundary, we find that for any
€ > 0 there exists a constant c4(¢) such that for any z3 € R and any w € C°°(Wy(,)) we have

/ lw|?ds < / (e|Vwl® + ca(e)|w]?) da, (3.6)
0o (ag) Wo(x3)

(see e.g. [18, Chapter 2, Eq. (2.25)]). Choosing w = v(-, z3) in (3.6), integrating with respect
to x3, and bearing in mind (3.5), we get

/ lv|?dS < / (c3e| Vv ]? + esea(e)|v]?) do
0y

97

which implies (3.4) with ca(¢) = c3ca(e/c3). Now the combination of (3.3) and (3.4) implies

u|? &
2/ K |24 ds > —cl/ € Z 0;0kul? + ca(e)|Vul? | d. (3.7)
o0, |0V 9 \ 421
Further, we have
1
|Vu|?dz = —Re Auvudx < / (|Aul* + ul?) dz. (3.8)
Qo Qo 2 Ja,

Combining (3.2), (3.7), and (3.8), we find that for any € > 0 we have

/Q (1 +c1e2()/2) |Aul® + co|u|2) dx >

3
/Q (=) S 1006l + (co — creale) 2) Jul? | da

Jik=1
which yields (3.1) under appropriate choice of ¢y, ¢ and e. O

Denote by H2(Qy) the Hilbert space {u € H}(Qy) | Au € L*(Qp)} with scalar product gener-
ated by the quadratic form fQ0(|Au\2 + |ul?)dz.

Lemma 3.2. Under the assumptions of Proposition 2.1 we have u € ﬁ2(99) if and only if
u € HQ(QQ) N H(l)(Qg)

Proof. By
18P+ fuPdo < 3lulfag,). e BS) (39)
0
and (3.1), we have
[ 18uP + e < ulfagayy, we C<(@), (3.10)
0
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Evidently, the class C®(€) is dense in H?(Qy) N Hj(Qp). Then (3.9) easily implies that
C> () is dense in H?(y) as well. Now the claim of the lemma follows from (3.10). O

Proof of Proposition 2.1. Let L be the operator —A with domain C§°(£y), and L* be the
adjoint of L in L2(€2g). If v € D(L*), then a standard argument from the theory of distributions
over C§°(Qy) shows that L*v = —Awv € L2(g). Since Hy is a restriction of L*, we find that
u € D(Hy) implies that Hou = —Au € L?(€). On the other hand, v € D (Hy) implies
u € D (Qp) = H§(Qy). By Lemma 3.2 we have u € H%(Qy) N H} (), i.e.

D (Hy) € H3(Qp) NHY (). (3.11)
If we now suppose that

D (Hg) # H?(29) N Hg(), (3.12)
then (3.11) and (3.12) would imply that the operator Hy has a proper symmetric extension,

namely the operator —A with domain H?(£y) NH}(Qg), which contradicts the self-adjointness
of Hg. Therefore, (2.2) holds true, and the proof of Proposition 2.1 is complete. O

4. PROOF OF THEOREM 2.3

For the proof of Theorem 2.3 we need an auxiliary result, Lemma 4.1, preceded by some
necessary notation.

Let {1 }jen be the the non-decreasing sequence of the eigenvalues of the operator —A,,. Since
Hy > p1lg, and py > 0, the operator Hy is invertible.

Lemma 4.1. Let g € CY(R;R) with g,¢' € L>=(R).
(i) Assume f € L2(R). Then we have

flzs)H, ' € S(L*()). (4.1)
(ii) Assume h € L*(R). Then we have
h(z3)0;H, ' € S4(L*(Q)), j=1,2,3. (4.2)

Proof. By Corollary 2.2 the operator HoH l'is bounded, so that it suffices to prove (4.1) —
(4.2) for g = 0. Evidently,

£ Ho N Ey ey = D 1 (=05 + 1) "M IEy a2y =
JEN
- 3 _ —3/2 d§
= (2n)7 ! /fs2ds/:271'1 - /fs2ds/. 4.3
o™ 52 [P [ e = om S [k [ et 49
Set N(A) := #{j € N|pu; < A}, A > 0. By the celebrated Weyl law, we have N'(\) =

%)\(1 +0(1)) as A\ — oo where |w]| is the area of w (see the original work [26] or [23, Theorem
XIIL.78]). Therefore, the series >,y uj_7 = f“of AN (N)dA is convergent if and only if

~v > 1. In particular,
ST < o, (4.4)
JjeN

so that the r.h.s. of (4.3) is finite which implies (4.1) with g = 0.

Let us now prove (4.2) with ¢ =0 and j = 1,2. We have

hosHy' = 0;((—Au) ® 1g) " 2h((—Ay) @ 1r)/?Hy .
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Since the operators 9;((—A,) ® 1g)~1/2, j = 1,2, are bounded, it suffices to show that
M(~A0) @ 12) 2 Hy ! € Si(LA(Q). (45)

Applying a standard interpolation result (see e.g. [24, Theorem 4.1] or [3, Section 4.4]), and
bearing in mind (4.4), we get

Ih((—Aw) @ 1e) P Hy [, a2y = D #510(=05 + 1) 1§, 02wy <
jeN

(27) 1Zu]/lh ’4d5/§2+uj (2m) IZ _3/2/|h 4d$/ §2f1)

JEN
which implies (4.5). Finally, we prove (4.2) with g = O and j = 3. To this end it suffices to
apply again [24, Theorem 4.1] and (4.4), and get

”ha3H0_1H§4(L2(Q)) = Z 1h8s (05 + Mj)_ng4(L2(R)) =

JEN
4 4
(27) 12/\h y4d/ _Lde - = (2m) ‘3/2/\h y4d/ Qdi < 0.
JEN Mj f + )
O
Proof of Theorem 2.3. For z € p(Hy,) N p(Hy,) we have
_ _ 0 _ _
(Hgl —2) 2 (ng —2) = &(Hgl —2) 1W(Hg2 — 2) b=

(Hg1 - Z)72W(Hg2 - Z)il + (H91 - Z)ilw(Hsh - Z)72 (4‘6)

with
W = 0:(g; — 93)0r + 93(g1 — 92)0r + Or (g1 — 92)0s.

Choosing z = 0, we obtain

H—2 - H—2 =
— (03040-H,2)" (91 — 92)0—ataya03Hy,' + (97 — 93)d—aba/u0r Hy') —
(¢3a/4a3 ) (91 — 92)¢—a¢a/48
(Ga/a0-Hy ') (91 — 92)d—atsasa03Hy,” + (97 — >¢ a¢3a/4a o) —

(¢aya0s g1) (g1 — )¢ a®3a/40- H

Since the multipliers by (g1 — g2)¢_o and (g2 — g2)p_q are bounded operators by (2.6) and
gj € L*(R), j = 1,2, while

¢a/4a€ E S4(L2(Q)) t=r13, j=1.2,
by Lemma 4.1 (ii), it suffices to show that
¢3a/48€H‘q_j2 € 54/3(L2(Q))’ l= 7, 37 j = 17 2. (47)

In what follows we write g instead of g;, j = 1,2. Commuting multipliers by functions ¢ which
depend only on z3 and belong to appropriate Hormander classes, with the resolvent H I and
bearing in mind that

(¢, H, 'l = —H;'(¢" +2¢(05 + g0-))H, !
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we obtain

$30/40rHy > = GoysOr Hy ' bojoHy ' = baaOrHy ' ¢t jgHy ? + 20640 Hy (6], 9) 60— ajoHy *—
2001407 Hy 0l 20—/ (9 + 907) Hy ' (G0 Hy " =2 (810 + 8o (05 + 907) ) Hy?) L (43)
$30/203Hy > = ¢o a0sH ' bo o Hy t — ¢a/483H;1¢2/2H;2 + 2¢a/4a3H;1(¢/a/2)2¢—a/2H;2
~200/403H 130 —aj2 (D5 + 907) Hy (0ayaHy " =2 (00 + 0l (05 + 90r) ) Hy?)

60,0 ayatly  (GaypHy " = (ol + 205 + 90r)) Hy?) (4.9)

Bearing in mind that S, C Sy if p < ¢, and that H 1'is a bounded operator, we find that
Lemma 4.1 implies that all the terms at the r.h.s. of (4.8) and (4.9) can be presented either
as a product of an operator in Sy and an operator in Sy, or as a product of three operators in
Sy, which yields (4.7), and the proof of Theorem 2.3 is complete. O

5. KATO THEORY FOR A CONSTANT TWISTING

In this section we assume that ¢’ = f is constant. Then by (2.9) the operator Hpg is unitarily
equivalent to fﬁe hg(k) dk with hg(k) = —Ay + (80, + k)%, k € R. The goal of the section is
to establish various properties of the fiber operator hg(k), which will be used later in Section 7
for the Mourre estimates involving the commutator [Hg, iA] with a suitable conjugate operator
A described in Section 6.

Lemma 5.1. The operators hg(k), k € R, with common domain H?(w) N H(w), form a
self-adjoint holomorphic family of type (A) in the sense of Kato.

Proof. Note that
hs(k) = hp(0) + 2Re B kO, + k?,
and that hg(0) is self-adjoint on H?(w) N H{(w). Let u € H{(w). Then for any £ > 0 we have
1830- ull3 < (u, hs(0) w2 < lull2 ha(0) ulla < €™ [lull3 + € [h5(0) ull3.

Hence fi0; is relatively bounded with respect to hg(0) with relative bound zero and the
assertion follows from [16, Theorem VII.2.6]. O

From Lemma 5.1 and the Rellich Theorem, [16, Theorem VII.3.9], it follows that all the
eigenvalues of hg(k) can be represented by a family of functions

{Me(k)}eec,  LCN, keR, (5.1)

which are analytic on R. Each eigenvalue A\¢(k) has a finite multiplicity which is constant in
k € R. Moreover, if £ # ¢’ then A\;(k) = A\p(k) may hold only on a discrete subset of R.

Lemma 5.2. Let \y(k) be one of the analytic eigenvalues (5.1). Let ko € R be given. Then
|V Ae(k) =/ Ae(ko) | < |k — kol k eR. (5.2)

Proof. By [16, Theorem VII.3.9] there exists an analytic normalized eigenvector )y (k) associ-
ated to \¢(k). From the Feynman-Hellmann formula, see e.g. [16, Section VII.3.4], we obtain

Ok Ae(R) [P = 4(((iB0r + k) ve(k), Ye(k))r2w)|® < 41180 + k) e(k)|F2 ()
< 4 (Pe(k), h(k) e(k))L2w) = 4 Ae(k), keR.
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Hence
‘ak)\g(k” < 24/ )\[(kj) k€ R. (5.3)
By integrating this differential inequality we arrive at (5.2). O

Remark 5.3. The eigenvalues E, (k) given in (2.10) might be degenerate. For example if
B = 0 and if the operator —A,, has a degenerate eigenvalue p, = p, = u, then E,(k) =
En(k) = u? + k2, Vk € R.

On the other hand, since every E, (k) coincides with one of the functions Ay(k) locally on
intervals between the crossing points of {A¢(k)}¢, its multiplicity on these intervals is constant.

Let us define the set
Ec={EecR:3JkeR, ILL L, L#L (k)= Nv(k)=FE}
U{FEeR :3keR, e L : N(k)=FE N ONe(k)=0}.

Lemma 5.4. Let R € R. Then the set (—oo, R] N &, is finite. Moreover, there exists an
Ngr € N such that for alln > N and all k € R we have E, (k) > R.

Proof. We know that
inf o(hg(k)) = B1(k) > E1(0) + ck?, keR, (5.4)
for some ¢ € (0,1), see [5, Theorem 3.1]. This means that there exists some kg > 0 such that
Ey(k) > R, k :|k| > kg. (5.5)
Let us denote Ir = [—kgr, kr|. Hence for any ¢ € £ we have A\y(k) > E1(k) > Ron R\ Ir. We
claim that the set
,C]:,g::{fe,c :dkelg : )\z(k)SR}

is finite. Indeed, if #Lr = oo, then, in view of (5.5), there is an infinite sequence {k;} C Ig
such that A\;j(k;) = R for all j € Lp. By inequalities (5.2) and (5.3) it follows that

sup max |[OpA\j(k)| < 4kg + 2V'R.
jelr k€lr
Let koo € IR be an accumulation point of the sequence {k;}. Hence, for any € > 0 there exists
an infinite set J. C Lg such that |\j(ke) — R| < € for all j € J.. This means that R is an
accumulation point of the spectrum of hg(ko) which contradicts the fact that o(hg(kso)) is
discrete. We thus conclude that the set Lg is finite.

Since A\g(k) — A\p (k) is an analytic function for any ¢, ¢’ € Lg, it has finitely many zeros in the
interval Ir. Next, by (5.4) it follows that none of the eigenvalues A\y(k), ¢ € L, is constant and
therefore, by analyticity, every dxA¢(k) has finitely many zeros in I. Hence the sets

Ue;éZ/’[’ﬁle‘cR{k elg: )\g(k‘) = Ag/(k‘)} and Urerr {ki e€lp : ak)\g(k‘) = 0}

are finite and therefore (—oo, R] N &, is finite too. As for the second statement of the Lemma,
note that, by (5.5), Fn(k) > R for all k & I and for all n € N. If we now set Ngp = #Lr + 1,
then Ny satisfies the claim. O

Proof of Lemma 2.6. Let —oo < a < b < 0o be given. By Lemma 5.4 we know that £ N (a,b)
is a finite set. Since the functions E, (k) are analytic away from the crossing points of the
functions (5.1), it follows that & C &.. Hence € N (a, b) is finite too. O
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Lemma 5.5. Let I C R be an open interval. Assume that E, (k) is analytic on I and let p, (k)
be the associated eigenprojection. Then

pn(k) akEn(k) = 2pn(k) (1/887' + k) pn(k)7 kel (5'6)

Proof. Since E, (k) is analytic on I, it coincides there with one of the analytic functions (5.1).
Hence by the Rellich Theorem, [16, Theorem VII.3.9], there exists a family of orthonormal
eigenvectors ¢, (k),7 = 1,...,q(n,I), analytic on I, associated with E, (k). Here q(n,I) de-

notes the multiplicity of E, (k) on I. Since (¢4 (k), ¢b, (k)12 = = 9;; for all k € I, where §; ;
is the Kronecker symbol, we have

(ha(k) ¢l (k), &% (k)12 = En(k)6i; k€L
By differentiating this identity with respect to k, we easily obtain
2 ((iBO; + k) ¢, (k), dh (k))12(0) = OkEn(k) 6ij  kER, (5.7)
Hence for any u € L?(w)

2pn(k) (1807 + k) pn(k)u = 2 Z O (k) (04, (k), (iBOr + k) &L (k)12 (0 (K), )12
4,j=1
q(nJ)
= O En( 3, (k WL (w) = OpEn (k) pn(k) u.
7j=1

O

For the next lemma we need the following definition. Let Z C R be an open interval. Fix
0 < n < |Z|/2 and define the interval

Z(n):={reZ : dist(r,R\Z)>n}. (5.8)
Let xz be a C*° smooth function such that
xz(r)=1 if reZ(n) and xz(r)=0 if r¢T. (5.9)

Lemma 5.6. Suppose that I C R is an open interval. Let \(k) and u(k) be two analytic
functions from the family (5.1) and assume that there is exactly one point ko € I such that
A(ko) = p(ko), and X(k) # (k) for ko # k € I. Let m\(k) and m,(k) be the eigenprojections
associated with (k) and (k). Then in the sense of quadratic forms on L?(w) we have
Xz(A(k)) ma(k) (180 + k) 7 (k) Xz (1(k)) < (5.10)

< b [A(R) = (k)] (G (K)) ma (k) + X2 (k) T (K))
for all k € I,k # ko, where by, > 0 is a constant which depends only on A\, u and I.
Proof. Let q(\) and g(u) denote the multiplicities of A(k) and u(k). Let o4 (k),i =1,...,q(\)
and ¥}, (k),i =1,...,¢(n) be sets of mutually orthonormal eigenvectors associated to A(k) and

wu(k). By the Rellich Theorem, [16, Theorem VII.3.9], these vectors can be chosen analytic in
k. Hence, by differentiating the equation

(ha(k) W5 (k), U (k))ew) =0 kel k#ko

with respect to k we arrive at

2((k+iB, 0r) ¥3.(k), Ui (k))12(w) = (k) — (k) (Okv; (), (k))i2w) k€ 1, k # ko. (5.11)
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Note that for all k # ko, k € I we have

q(p)

aN) ‘ ' '
(k) = D WA (k) (WA (R), iz mulk) =D (k) (W (k) )L2w)-
J=1 i=1

Let u € L?(w) and let

At (k), v (k =: by . 5.12
1<5<a(u) 151 %0(0) ilé]})‘( RUAR), VB2l = bas (512)

From (5.11) we obtain
(u, xz(A(k)) mA(k) (iB0r + k) mu(k) xz(p(k)) u)r2(w) =

qa(N) q(p) ) )
= % >N xzAR)) xz (k) (u, 3 (k) (9, (k), w) (A(k) — (k) (Op3, (K), ¥, (K))

j=1 i=1
R q(N) q(p) ‘ ’

< bag [AE) = p(B)] DD OGAE) (w3 (k)7 + xF (k) [ (1, (%), u)[?)

j=1 i=1
< bau IAR) = p(B)| (XZA(R)) (u, ma (k) w) + xF(p(k)) (u, 70 (k) u)),
for all k # ko, k € I, where by , = by, max{q()\), q(u)}. O

6. THE CONJUGATE OPERATOR

This section is devoted to the construction of the conjugate operator A occurring in the Mourre
estimates obtained in the subsequent two sections.

Pick v € C§°(R; R), and introduce the operator

A 7

Ag = 5(78k +0k7y), D(4p) =S[R), (6.1)
with S(R) being the Schwartz class on R.

Proposition 6.1. Let v € C3°(R;R). Then the operator Ao defined in (6.1) is essentially
self-adjoint in L2(R).

Proof. Without loss of generality we may assume that there exist a < b such that v(a) =
v(b) = 0 and y(k) > 0 for k € (a,b). Consider solutions ut to the equations

(A u)(k) = 2 (Y(K)Dy + Oy (R)) (k) = i (k). (6:2)
A direct calculation gives
k —~(r
us (k) = exp (/k W dr), k€ (a,b) (6.3)

for some ko € (a,b). The positivity of v in (a,b) implies that 7'(a) > 0 and +/(b) < 0. Hence
by the Taylor expansion there exists an € > 0 and positive constants dg, dy such that

v(r) <d,(r—a) for re(a,a+e), v(r) <dy(b—r) for re(b—egb).
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This, combined with (6.3), yields
v(ko)\ /2 /k dr Y (ko) 1/2 /k dr
k)= > o
=) e () 3m) 2 Gw) o o ao-n)

0

Se(b—k) 2 h, ke (b—eb),
for some c. > 0. Hence u; ¢ L2(R). The same argument shows that
u(k)> e (k—a) 2 %, Vke(aate), & >0,
which implies u_ ¢ L2(R). We thus conclude that Ag has deficiency indices (0,0) and therefore
is essentially self-adjoint. O

We define the self-adjoint operator A as the closure of Ay in L2(R).

~

Further, we describe explicitly the action of the unitary group generated by A.
Given a k € R and a function v € C§°(R), we consider the initial value problem

&gt k) = (el ), p(0.k) = k. (6.4)
Proposition 6.2. The mapping
(W(t).f) (k) = [0k (t, k)2 f(o(t, k) (6.5)

defines a strongly continuous one-parameter unitary group on L2(R). Moreover, A is the
generator of W (t).

Proof. Since + is globally Lipschitz, the Cauchy problem (6.4) has a unique global solution.
By the regularity of v and [15, Corollary V.4.1], it follows that ¢ € C*°(R?). Moreover,

t
Aot k) = exp ( - / (5, k) ds) Vt>0, VEkeR, (6.6)
0
[15, Corollary V.3.1]. Hence Oxp(t, k) > 0. Since p(t +t', k) = p(t, ¢(t', k)), we have
W) W) = Wt + 1),

Next, from (6.4) and (6.6) we deduce that for k ¢€supp~y we have ¢(t,k) =k for all ¢ > 0. In
order to verify that W (t) is strongly continuous on L2(R), let that f € L2(R). We then have

IW S — FIRaqmy < 21000t k) 2(F 0 0t k) — ) aqgy + 2 | Orep(t, )2 = 1) FIais
(6.7)
<o / (ot k) — FR)P + Do, k)2 — 12 [ (k) 2) d.
supp Yy

From (6.6) and from the fact that 7/ € L°°(R) it is easily seen that ¢(t, k) — k and Opp(t, k) —
1 as t — 0 uniformly in k& on compact subsets of R. Since supp+y is compact, (6.7) implies that

IWE)f = fllew — O, t—0.
Moreover, using (6.4), a direct calculation gives
d 1

WD)y = —5 7 WV R) — 1K) R) = GANR), [ € S(R).
Hence by [21, Theorem VIII.10] it follows that A generates the unitary group W(t). O
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Let v be as in Theorem 7.2. By Proposition 6.1 and [21, Theorem VIII.33] it follows that the
operator 1, ® A is essentially self-adjoint on C§°(w) ® S(R). The same is true for the operator
F (1, ® A) F*. We define the conjugate operator A in L2(f2) as its closure:

A=Ay,  Ay=F(1,2A)F*, D(A) = CF(w) @ S(R). (6.8)
Let T be the operator in L2(R) acting as

(T ) () = (2m) /2 / Aas— o) dt, 4= Fry, (6.9)

R

where F; denotes the Fourier transform from L?(R) onto L?(R):

(F1 (k) = (2m) V2 / e f(s)ds,  feL3(R).

R

A direct calculation then shows that

1
Ap = —5 1,® (Tzs+23T).

7. MOURRE ESTIMATES FOR A CONSTANT TWISTING

In this section we establish a Mourre estimate for the commutator [Hg,iA] with S constant
and A defined in (6.8).

In the sequel, we use the following notation. Given a self-adjoint positive operator S, invertible
in L2(Q2), we denote by D(S¥)*, v > 0, the completion of L2({2) with respect to the norm
157" ullL2(q)-

Lemma 7.1. The commutator [Hg, i(1,® A)] defined as a quadratic form on C§°(2) extends
to a bounded operator from D(Hg) into D(Hg)*. Moreover,

[Hg, i(1, ® A)] = 2y(k)(k + Bid,). (7.1)
Proof. Let u € C3°(€2). A simple calculation then gives
(Hpu, i(1y ® A)u)2(q) — (i(Ly © A) u, Hg u)pa0) = 2(u,7y (k+iB0;) u)2(q).
Hence (7.1) follows. Moreover, from the above equation we easily obtain
([, i(1e ® D], whio)] < C (1Hs ulZaoy + [ullaqy)- (7.2)

So [f[g, i(1,® A)] is a bounded operator from D(f[g) into L2(€2), and hence it is also bounded
from D(ﬁﬁ) into D(Hg)*. O

Theorem 7.2. Let E € R\ £. Then there exist 6 > 0, a function v € C§°(R) and a positive
constant ¢ = ¢(E, §) such that in the form sense on L2() we have

xz(Hpg) [Hp,i(1, @ A)] xz(Hg) > cx7(Hp), (7.3)

where T = (E—6, E+6), xz is given by (5.9) and the commutator [f]g, i(1,®A)] is understood
as a bounded operator from D(ﬁﬁ) into D(ﬁ@)*.
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Proof. First of all we chose § small enough such that
dist(E, (. \ E)) > 4, (7.4)
which is possible in view of Lemma 5.4. Recall that £ C &.. Next we define
K(n,E)={keR : E,(k) = E}.

Note that by Lemma 5.4 K(n, E) is finite for every n and K(n, E) = () for all n > Ng;s. In
the rest of the proof we use the notation N = Np,s. Let

K(E) = Uyl K(n, B) = UL, K(n, E),

and define

Ko(E) = {k € R : there exists a unique n such that F,(k) = E},

Ki(E) = K(E) \ Ko(E).
Now we introduce the sets

Bn,E)={keR : E,(k) e (E—-6§FE+9)}.

By Lemma 5.4 we have B(n, E) = () for all n > N. From (7.4) it follows that each B(n, E) is
given by a union of finitely many non-degenerate disjoint open intervals:

B(n,E) =S QG,n),  QU,n)NQGn) =0 if i#j.

Moreover, every (Q(j,n) contains exactly one element of K(n, F). We will label the intervals
Q(n, E) as follows:

Qo(j,n) == Q@,n) if Q(j,n)NK(n, E) C Ko(E)
Q1(j,n) == Q@ n) if Q(j,n)NK(n, E) C Ki(E).
By the hypothesis on E we can take § small enough so that
Qo(j,n)on(],m):(b n#mv

and at the same time

Q1(j,n) NK1(E) # Q1(i,m) N K1 (E)

implies

Q1(j,n) N Q1(i,m) = 0.
Hence, for ¢ sufficiently small, we can construct intervals Jo; with [ = 1,..., L(F), and Ji,
with p=1,..., P(E), such that

JogNJoy =0 1#U, JipNdiy=0 p#p, JyyNJip=0 VI p, (7.5)

and such that
L(E)

N
U (U; Qo(j,n ) = U Jog, Mi(E):=
n=1 =1

C=

<U] Ql J,n ) U Jl,p

E) and each Ji, contains exactly

1

3
Il

—~

Moreover, each Jy; contains exactly one element kg ; of Ko
one element ki, of K1(E). By construction, we have

M(E) := My(E) UM, (E) =UN_ B(n, E), Mo(E)N M (E) = 0.
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With these preliminaries we can proceed with the estimation of the commutator. From Lemma
7.1 we find that

XI(ﬁB) [ﬁﬁv i(]lw b2y A)] XI(ﬁB) = (7‘6)

=2, /R 2B () () + 80 Xz (Eon (K)o (k)

n,m=1

=23 [ Bk + 50, (B () ()

#2350 [ g (Balk)pa R (4) (4 380, (B (B)pn()

To estimate the first term on the right hand side of (7.6) we note that by construction of
My(E), for each | = 1,..., L(F) there exists exactly one n(l) < N such that

N @
S /J N B () (6)(K) ( + 180:) X2 (v (k) (k) b =

n,m=1

(&)
- /J Nz (Bt () puy (B3 (B) ( + 180 xz (gt (k) Dy (k) .

0,1

Moreover, since E,,)(k) does not cross any other eigenvalue of hg(k) on Jo, it is analytic on
Jo,;. Hence by Lemma 5.5 we obtain

52}

0,l

D
- /J 3By () Dy (k) 7 (k) O By .

0,1
In view of (7.5) we can choose the function v such that
’y(k) 8kEn(l)(k) = lﬁkEn(l)(k)] Vke JO,l , VYi=1,... ,L(E). (77)
Note that [0k Ey, () (k)| is strictly positive on Jo;. Therefore we have

= i inf E .
do L 1Ok Ey (k)| >0

Hence,

N
S B 1) 20k +80,) (B ) > (73)

n,m=1 o(E)

N o) )
>3 /MO(E) N2 (En())pn (K) d:
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Let us now estimate the second term on the right hand side of (7.6). On every interval J;
we have

3 /J Nz (B (6))p (k)3 () + §607) X2 (Eon (K) ) () s =

D> B0 8 405 3800 1) e
Jip r,r'€R(p
for some R(p) C {1,...,N}. Moreover, from the construction of the intervals J; , it follows

that there exists a family of analytic eigenfunctions As(k),s € S(p), with S(p) being a finite
subset of N, such that each E, (k) coincides with some As(k) on Jy, N (—o00, k1 p) and with
some Ay (k) on Ji, N (k1,p, 00), where kq p is the only element of K;(E) contained in Ji ;. Let
7s(k) be the eigenprojection associated with As(k). With the help of Lemma 5.6 we obtain

/J Z XI (k/‘)’}/(k‘)(k/‘ =+ iﬁaT)XI(ET’(k))pr/(k‘) dk =

69
- /J S ) T () () (k + 180, xz o (8) () dt =

F[T OB m Bk + 80O () e (R k. (79)

Since the intervals J; , are mutually disjoint and also disjoint from the set M (E), see (7.5),
and since the functions Oy \s(k) are either all strictly negative or all strictly positive on every
interval Ji ,, by the construction of J; ,, we can choose v such that, in addition to (7.7), it
holds

(k) Opds (k) = |OpAs(k)|  VE € Jip,, Vs S(p), Vp=1,...,P(E). (7.10)

Moreover,

di:= min  min inf |[OxAs(k)| > 0.
1<p<P(E) s€S(p) k€J1,p

Now, to control the last term in (7.9) assume that s # s" and let by, » , be the constant given
in Lemma 5.6 with I = J; 5. Note that |J; ;| decreases as 6 — 0. From the explicit expression
for by, ., see (5.12), it is then easily seen that there exists b, > 0, independent of §, such that

max ba., < bp.
s,8'€S(p),s#s’
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Hence, (7.9), in combination with Lemmata 5.5 and 5.6, yields
[ 3 B ne )k + 0B ()i h) i =
J1p rr'€R(p)
dl—cpba/ Z 2(As(k)) s (k) dk =
Jip seS(p
= (dy — ¢y b, 0) Z X2(E,(k)) pr(k) dk,
Jip reR(p)

where ¢, > 0 depends only on p. Therefore we obtain

5 / £)) pu (k) 3 (k) (k + 805) Xz (B (K)o (R) dle > (7.11)

n,m=1
> (dy — Cipb) Z / K))pa(k) dk,
1(E)

with Cp = max,<,<p(g) cp bp. Taking into account (7.8), we thus conclude that for § small
enough there exists some ¢ > 0 such that

Zl o X 810+ 450, B 10
@ ~
ZCZl /M(E)M 83 = 3 [ E ) = ex3 1)

In view of (7.6) this proves the theorem.

Corollary 7.3. Let E€ R\ € and T = (E — 6, E + 6) be given as in Theorem 7.2. Then

xz(Hg) [Hg,iA] xz(Hg) > cx7(Hp), (7.12)

where [Hg, 1A] is understood as a bounded operator from D(Hpg) into D(Hpg)*, and the conjugate
operator is defined by (6.1) and (6.8).

Proof. This follows from (2.9), (6.8) and Theorem 7.2. O

8. PERTURBATION OF THE CONSTANT TWISTING
8.1. Mourre estimate for [Hy/,iA]. In the sequel we will suppose that
9’(3;3) = —e(z3).

In this section we will prove a Mourre estimate for the commutator [Hy, i A], see below Theorem
8.2. Notice that Hy acts as

Hy = Hg+W, W = (2e8—¢%)0%+2£0,05++¢ 0, (8.1)
on H}(Q) N H2(Q), cf. Corollary 2.2. Together with (8.1) we will also use the decomposition
Hy = Hy+U, U=W — 20> —-2430,03. (8.2)
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Lemma 8.1. Let xz € CP(R) be given by (5.9). Then the operator xz(He') — xz(Hg) is
compact in L2(Q).
Proof. The Helffer-Sjostrand formula, [7, 8], gives
1 ox _ _
Xr(Ho) = xz(Hg) = == | ZX(Hy — 2) "W (Hs — 2) "} da dy, (8.3)
™ JRr2 0z

where z = z +1iy, and ¥ is a compactly supported quasi-analytic extension of yzI in R? which
satisfies

o+
sup ‘—i((x + zy)‘ < consty* | ly| < 1. (8.4)
zeR 0z

Since (Hg — 2)'W(Hy — 2z)~! is compact whenever y # 0, see [5], it follows that %(ng —
z)"'W(Hg — z)~1 is compact for all (z,y) € R? with y # 0. Moreover, by the resolvent
equation the norm of (Hy — z)"'W(Hy — z)~! is bounded by a constant times y~2. In view
of (8.4) the integrand on the right hand side of (8.3) is then uniformly norm-bounded in R?
and hence xz(Hy') — xz(Hp) is compact. O

Theorem 8.2. Let E € R\ € and let € satisfy (2.13). Choose § > 0 and v € C°(R) as in
Theorem 7.2. Then there exists a positive constant ¢ and a compact operator K in L2(Q) such
that

Pr(ps) [Ho,iAl Prps) > ¢ Pigs + Pres) K Pres), (8.5)
where Prg ) is the spectral projection for the interval
I(E,$):=(E—-4§/2,E+§/2),
associated to Hy .

Proof. Let T = (E — 0, E 4+ §). We proceed in several steps. First we show that there exists
¢ > 0 and a compact operator Kj in L%() such that

\z(Ho)[Hay Al (Hyr) = ex3(Hg) + Ki. (3.6)
We write
xz(Hy)[Hp,iAlxz(He') = xz(Hpg)[Hpg,iAlxz(Hpg) + xz(Hp)[Hp, iAl(xz(Hy') — xz(Hp))
+ (xz(He') — xz(Hp))[Hp, iA]xz(Hp).
By Corollary 7.3 there exist ¢ > 0 such that
xz(Hpg)[Hg,iAlxz(Hg) > ex7(Hp).

It can be verified by a simple calculation that the operator I' defined in (6.9) commutes with
Hpg. Hence

xz(Hg)[Hpg, iA](xz(Hy') — xz(Hp)) = 2x2(Hp)(i03 + Bi0; )L (xz(Her) — xz(Hp)).
We know that I'(xz(Hy) — xz(Hpg)) is compact (see e.g. Lemma 8.1). The operators (Hy +
1)~1(i05 + Bid;) and x7(Hy )(Hg + 1) are bounded so xz(Hp)(id5 + 3id;) is bounded too and
K1 = xz(Hg)(i03 + Bi0;)['(xz(Hy') — xz(Hp)) is compact. The same arguments show that
Kg := (xz(Hy) — xz(Hp))[Hpg, iA]xz(Her) := 2(xz(Hy) — xz(Hp))T'(i03 — i0r)x7(He)

is compact. Putting K1 = K71 + K72 concludes the first step of the proof.
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Next we consider xz(Hg )[W,iA]xz(Hy ). For the sake of simplicity we now write s instead
of x3. Defining

n(s) = 2¢(s)B — e(s)”
we get
(W,iA] = [n,iA) 02 + [¢ Ds,iA] O + [Os ¢, i A] Oy (8.7)

We first deal with the term [ 92,iA4] = i[n, A]0?> = —%[n,'s + sI'| 92. For an appropriate test
function ¢ we obtain

%m<mrw+fwx@=:awxw=n@yéaw—ywbwﬁwﬂ+mgéfws—§mw@w'
—/wwwmm%wwwya/w@—ﬂMﬁwﬂwﬁ
R R

Hence T is an integral operator on L2(R) with the kernel

T(s,s") =n(s)¥(s = &')s" +n(s)s3(s = ') = A(s = ' )n(s")s" = s5(s — ")n(s").

To control the s-dependence we rewrite the kernel as

T(s, ) = n(s)3(s — 5)(s' — 5) + 20(s) s (s — ) (.8)
245~ $)n(s)) o' — (s — 8Vl — s n(s').
Next we recall that if f € LY(R), g € LP(R), ¢ € [2,00), 1/¢+ 1/p = 1, then the Hausdorff—
11

Young inequality [|g|lram) < (27)2 7||gllLer) and the interpolation result which we already
used in the proof of Lemma 4.1 (see [24, Theorem 4.1] or [3, Section 4.4]), imply that the
integral operator with a kernel of the form f(s) g(s—s'), s, s’ € R, belongs to the class S, and
hence is compact on L?(R). By (2.13), both functions 7(s) and sn(s) are in LI(R) for q large
enough. Since v € C§°(R), its Fourier transform # is in the Schwartz class on R and therefore
in any LP(R) with p > 1. Therefore, the operator [, I's + sI'] is compact on L2(R). In order to
ensure the compactness of xz(Hg) T 02 xz(Hy) on L2(9), we note that by Corollary 2.2 and
the closed graph theorem the operators H 5 Y Hy and Hy, g g are bounded on L%(Q). Since
Hy x7(Hy/) is bounded too, it suffices to prove that

Hy'To2Hy' (8.9)

is compact on L%(2). To this end we point out that Hz > 1, ® (—A,,) and that the operators
02 (=A,)7! and (—A,)"! are respectively bounded and compact on L%(w). Hence (1, ®
(—A)) 1T 0% (1, ® (—A,))"! is a product of a bounded and a compact operator and hence
is compact on L?(Q). This yields the compactness of the operator (8.9).

In the same way we deal with the remaining terms on the right hand side of (8.7). As for
the the operator

[0,¢0,, iA] = —% 9, [£05,T's + 5T,
with the help of the integration by parts we find that
([£0s, T's + sT)9)(s) = (2m) /2 (R1 ¢)(s) + (2m) " /*(Ra 6) (s)

= (2m)7Y/2 /R Ri(s,s") ¢(s") ds' + (2m) /2 /R Ry(s,s') ¢(s') ds’,
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where the integral kernels R;(s,s’) and Ra(s,s’) of the operators Ry and Rg are given by
Ri(s,s)=e(s) (¥ (s =) —s)+A(s = &) + 255/ (s — &) (8.10)
Ro(s,s") =e(s") (-4 (s = &) + A(s = s') = sA(s = &) + /(') (A(s = &')s' + s5(s — §')) ,

and 4’ denotes the derivative of 4. As above we need to write also the kernel Th(s, s') as a
sum of the terms of the form f(s) g(s — s') and f(s') g(s — §'):

Ro(s,s") = e(s") (=24 (s = s")s' + (s = &') — (s — ') f(s — &)
+&'(s) (29(s = &)s' + (s — §')j(s = &) . (8.11)

Using the assumptions of Theorem 2.7 and the fact that 4’ is the Schwartz class on R, we

conclude as before that R; and Ry are compact on L?(R) and therefore
xz(Hy) 07 [€0s,T's + sT'] xz(Hyr)
is compact on L2(€). The compactness of
xz(Ho) [0s € Or,iA] xz(Hyr)

follows in a completely analogous way. Hence we obtain

xz(Ho)[Hyr,iA] xz(Hp') > e X3 (Hy) + K (8.12)
where 7 = (E — 9, E+ ) and K is compact. Now we fix n = §/2 in (5.9). The statement then
follows by multiplying the last inequality from the left and from the right by Prg ). (|

8.2. Proof of Theorem 2.7. In order to prove Theorem 2.7, we will need, in addition to the
Mourre estimate established in Theorem 8.2, a couple of technical results. We introduce the
norm

1/2
lulls20 = (1Ho w2y + llulZae) /% w e HA(Q) N H(Q),
and recall that if € satisfies (2.13), then in view of Corollary 2.2
lull42,0 =< llull+20 < [Jullm2q), u € H*(Q) N Hj(Q). (8.13)

Proposition 8.3. Let ¢ satisfy the assumptions of Theorem 2.7. Then

(a) The unitary group e*4 leaves D(Hg) invariant. Moreover, for each u € D(Hy),
Supj¢ <1 e ul| 42,9 < oo.

(b) The operator By = [Hy,iA] defined as a quadratic form on D(A) N D(Hy) is bounded
on L2(9).
(¢) The operator B = [Hy,1A] defined as a quadratic form on D(A) N D(Hy) is bounded
from D(Hy) into D(H;/Q)*.
(d) There is a common core C for A and Hy so that A maps C into H}(Q2).
Proof. Note that Hy = —A and that D(Hy) = D(Hy) = H}(Q) N H3(Q), in view of Corollary
2.2. To prove assertion (a), pick f € D(Hy) and denote g = F*f. By Lemma 6.2,
(€™ f)(x) = F[(Ohp(t, k)" g(@w, ot k)] (8.14)
Hence,

1A (€ N)F2(q) = 1€ (Awf) + (" FIIF20 (8.15)
< | AwflF2(0) + 1K (Drp(t, ) g(aw, ot k) 720
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where we have used the fact that ¢4 : L2(Q) — L*(Q) and F : L2(2) — L2(Q) are unitary.
Assume that suppy C [—ke, kc| for some k. > 0. Then ¢(t,k) = k and Oxp(t, k) =1 for all k
with |k| > k. and all ¢ > 0, see the proof of Lemma 6.2. We thus obtain

152 Orep(t, k) g, ot )72 () < k‘?/ » k]ﬁw(tvk) |9(w, @(t, k))[* dk da,
WX|[—FKc,Re

+/k4 9(20, k)| dk dz, < kf/ |g(xw,z)|2dzdxw+/l~c4 \g(z0, k)|? dk dz,,
Q Q Q

= k21 F12 0y + 103 1122 )

where in the first integral on right hand side we have used the change of variables z = (¢, k)
taking into account that Oxp(t, k) > 0, see (6.6). In view of (8.13) and (8.15) we have

™4 20 = 1A (") [E2) + 1 f 20y < comst | ey

This implies that supj <, €4 f|l 120 < 00, see (8.13). Moreover, since e f = 0 on 99, see

(8.14), we find that "4 f € D(Hy/). This proves (a). Next we note that by Lemma 7.1
[Ho,iA] = 1, ® F1(27(k) k) F7

which is a bounded operator on L2(Q2). This proves (b).

As for assertion (c), note that B = [Hpg,iA] + [W,iA]. By inequality (7.2) we know that
(Hg + 1)71[Hg,iA] is bounded on L%(2). On the other hand, from the proof of Theorem 8.2
it follows that the same is true for the operator (Hg + 1)"*[W,iA]. Since (Hg+ 1)(Hy + 1)}
is bounded, by Corollary 2.2, we conclude that (Hg + 1)7'B is bounded on L%(2) and (c)
follows. To prove (d) we define C' := D(—A,) ® S(R). By definition of A, C is a core for

fAl. On the other hand, C' is also a core for Hy. Since F : C' — C is a bijection and since
A:8 — S, it follows that A: C — C C H} (). O

Lemma 8.4. Let ¢ satisfy assumptions of Theorem 2.7. Then (Hy + 1)"1[B, A] (Hy + 1)~}
is bounded as an operator on L2().

Proof. Recall that B = [Hy,iA]. We write
B=DBy+ By, where B;= [[Hﬁ,iA],iA], By = HVV, iA], ZA}

As for the term Bj, a direct calculation gives
By = F[[Hg,i(l, ® A)],i(1y ® A)] F* = F (v(k)? +v(k)Y (k)(k —iB9;)) F*.  (8.16)
Let u € L%(Q). Similarly as in (7.2) we find out that
|(u, (k= iB0r) u)e)] < (u, (Hp + 1) u)r20)-
Since v and 7/ are bounded, the last inequality implies that also (Hg + 1)"'B1(Hg + 1)~ is
bounded. From Proposition 2.1 it then follows that
(Ho + 1) By (Hy + 1)1

is bounded too. As for the remaining part of the double commutator, we first note that in
view of (8.7) and of the fact that the operators 9, (Hy + 1)~! and 92(Hg +1)~! are bounded,
it suffices to show that

[, FAF+ [, FAF + 0, AAF), FAF| (8.17)
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is a bounded operator on L2(R). Let u € L?(R) and recall that

(FLAFfu)(s) = —2\}% (/R’y(s —s")s u(s") ds" + S/Rﬁ(s —su(s) ds').

It will be useful to introduce the shorthands

35(r) =17 4(r).
Note that 4; € S(R) for all j € N. We have

—2V2n [, FLAF Ju = 2n(s) /R*y(s — s")s'u(s") ds’ + n(s) /R’yl(s —su(s')ds (8.18)

- / A(s — o)s'n(s yu(s') ds' — s / A(s — (s yu(s') ds'
R R
4
=: Z T] U.
j=1

Accordingly,

—V2r [T, F1A Fjlu = n(s)/ / A(s — 5') s4(s" — ") u(s") ds"ds’
R JR
+ n(s) / / (s — 8")s' 8" 4(s" — s")u(s") ds"ds’
R JR
o / / ’3/(8 o S/) n(sl) ’A)/(S/ o 8//) S/ S// ’LL(S”) dS”dS/
R JR
- s/ / (s — ) n(s)A(s" — ") u(s") ds"ds’
R JR

4
= Z Tl,j u.
7j=1
Note that
5/2 ,3/(5 o S/)’?(S/ o S//) _ 82 ,3/(5 - S/)’S/(S/ - S//) + ’3/2(8 . S/)’A}/(S/ . S//) o 28’3/1(8 o S/)’A}/(Sl . S//),
which implies
T11u(s) = s*n(s) 4 * (3 %) +n0(s) A2 * (3 % uw) — 2sn(s) 4 * (51 % ).

Hence, by a repeated use of the Young inequality

1 1 1
h < h T - - = 1 g 1
lg * hllp < Cllgllq [l et (8.19)

with p=q¢=2and r =1, we get
T ull2 < Cra (150l 1311 + Inllool1311 192011 + I nlloo 131l A1) flullz,

for some C7,; < co. Moreover, since

! M~

§5"3(s — 5)As' — ") = 523(s — )35 — 8") — 545 — V(s — ") + An(s — )5’ — "),
with the help of (8.19) we obtain

1Ty 2 ullz < | Traull + Crz (IllsclF1lT + s nlle 1511 191111) Nlull2.



SCATTERING IN TWISTED WAVEGUIDES 25

As for T1 3, we note that
Tizu= 4% (sn(n +u)) — 7 (s*n(5 * ),
which, in combination with (8.19), implies
T35 ull2 < Cua (IsnlloclFnll 11l + s nlloo 15111 17111) llell2-
Next, for T7 4 u we find
Tiau=—31% (31 % w) + 51 % (sn(F *w) — 4 (sn(F1 * w) + 5 * (s*n(F * u)).
By using again (8.19) we get
IT1aull2 < Cra (Inlloo 52 l1T + 2llsnlloo 15111311 + s*nlloc1F113) Ilul2.
This implies that
4
P 1
17y, FrAFiull2 = 5 z; ITh,5 ulla < Cv [lull2,
]:
for some Cy < co. As for the term [Ty, F1 A F#]u, we find out that
~2V27 [Ty, FLAFJu= =i+ (G x w) = 2092 % (7 < u) + 25091 % (5 5 w)
— 29 (sn(F1 * ) —H1 * (n(h1 * w)).
Hence by (8.19)
[T, FrAFTull2 < Co (Inllso (152l + 15202 1511) + lsmlloe 5111 0311) llelle.
Next we consider the last term on the right hand side of (8.18). A direct calculation gives
—2V2m [Ty, FLAFF|u = 241 % (s (5 % w)) — 241 % (n (31 * u))
+29 % (0 (F %)) = 4 (sn (1 % w)).
By the Young inequality,
I1Ta, FLAFTullz < Cx (I3l 131 Isnlloe + 1311F 1nllee + 1313 s*nlloc ) llull2,

with some Cy < co. The same argument applies to [T 5, F1A Fi]. We thus conclude that the
first term in (8.17) defines a bounded operator in L?(R). The same arguments apply to the
second term in (8.17) replacing n by &’. As for the last term in (8.17), integration by parts
shows that

— V21 [ed,, F1A Filu = 5(3)/

R‘y (s —s")s'u(s)ds" + 5(3)/ A(s — s )u(s")ds

R
+ E(S)S/R’A}//(S —su(s")ds' + /]R [A(s — ") (e(s") + €' (') — & (s — §')s'e(s) ]| u(s')ds’

+ S/R [’Ay(s -8 () =4 (s — 8')5(5’)]u(5')d5'.

Note that each term on the right hand side of the above equation is of the same type as one
of the terms that we have already treated above, with 4 replaced by 4" when necessary. Since
74" € S(R) for all j € N, by following the same line of arguments as above we obtain

I[le 05, 71 AFT, FLAF ully < O (lle (14 8% oo + €71+ 5)lloo) [[ull2-

for some constant C' < oo. This together with the previous estimates implies that (8.17)
defines a bounded operator in L2(R). O
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With these prerequisites, we can finally state the result about the nature of the essential
spectrum of Hy::

Corollary 8.5. Let ¢ satisfy the assumptions of Theorem 2.7. Let E € R\ & be given and
define the interval Z(E,0) = (E — /2, E+6/2) as in Theorem 8.2. Then:
(a) Z(E,9) contains at most finitely many eigenvalues of Hyr, each having finite multiplic-
1y,
(b) The point spectrum of Hg has no accumulation point in Z(E,0);
(¢) Hyg has no singular continuous spectrum in Z(E,J).

Proof. Since A is self-adjoint, the statement follows from Proposition 8.3, Lemma 8.4, Theorem
8.2 and [20, Theorem 1.2]. O

Proof of Theorem 2.7. Let J C R\ € be a compact interval. For each E € J choose Z(FE,0)
as in Theorem 8.2. Then J C UgesZ(F,d) and since J is compact, there exists a finite
subcovering:

JCcUN_ | T(E,,b,). (8.20)
By Corollary 8.5(a), each interval Z(E,,, d,,) contains at most finitely many eigenvalues of Hy,
each of them having finite multiplicity. This proves assertion (a). Part (b) follows immediately
from (a). To prove (c) assume that ogs.(Hgp) N (R\ &) # 0. Since the set £ is locally finite, see
Lemma 2.6, it follows that there exists a compact interval J C R\ € such that os.(Hyg)NJ # 0.
This is in contradiction with (8.20) and Corollary 8.5(c). Hence, os.(Hy) N (R\ €) = . Since
& is discrete, this implies that os.(Hy) = 0. O
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