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Abstract

We present a model of coupling between a point wise particle and a compressible inviscid fluid
following the Euler equations. The interaction between the fluid and the particle is achieved through
a drag force. It writes as the product of a discontinuous function and a Dirac measure. After defining
the solution, we solve the Riemann problem with a fixed particle for arbitrary initial data. We exhibit
a set of conditions on the drag force under which there exists a unique self-similar solution.

Key words and phrases: Fluid-particle interaction; Euler equations; Riemann problem; noncon-
servative product.

2010 Mathematics Subject Classification: primary 35L65, 7T6N10; secondary 35L67, 35R06.

Contents
(1 Introduction 1

2 Definiti f il lutiond 3
L1 Entropvinequalitd . . . . . . ... 3

i 5

0

Appendix A Proof of Proposition [3.13  when D also depends on the density 27
[Referenced 30

1 Introduction

In this paper we introduce and study a simple one-dimensional model of fluid-structure interaction.
We consider a compressible and inviscid fluid, which will be governed by the isothermal Euler
equations. At point x and time ¢, it has velocity u(¢, x) and density p(¢,x). The particle is assumed
to be pointwise, of mass m, and we denote by h(t), h'(t) and h”(t) its position, velocity and



acceleration at time ¢t . The interaction between the fluid and the particle is achieved through a
drag force D, reflecting the fact that both tend to share the same velocity. Our model writes

Op + Oz (pu) = 0, (1a)
By (pu) + 0 (pu® +p(p)) = —D(p, p(u — h' ()6 (), (1b)
mh'(t) = D(p(t, h(t)), p(t, h(t))[u(t, h(t)) — 1'(1)]), (1c)

(p(0,2),u(0,2)) = (po(x), uo(x)),

(h(0),1/(0)) = (0,v0),
where p is the pressure law. We suppose that D has the same sign as u — b’ (and therefore than
p(u — h')), which is natural for a drag force. As a result, Equation (Id) shows formally that the
particle accelerates (respectively decelerates) when the fluid’s velocity w(t, h(t)) at its position is
larger (respectively smaller) than its own velocity h'/(¢t). We choose the isothermal pressure law
p(p) = c?p to avoid vacuum related issues, but the results could probably be extended without
major difficulty in the adiabatic case p(p) = p?,1 < v < 3. This model is a generalization of the
one first introduced in [LSTO8|, and later deeply investigate in [AS12], [ALST10] and [ALST13], in
which the fluid followed a scalar Burgers equation.

In the past few years, the interaction between an incompressible and viscous fluid and rigid bodies
has been widely studied. Many papers deal with the existence of weak or strong solutions ([SMST02],
[GLS00], [Fei03b], [DE99| and [VZ03]). The matter of collision has also been extensively investigated
(IVZ06l, [Sta04], [Hil07], [HT09]). Some other works consider compressible fluid or elastic bodies
(IBST12|, [CDEGO05|, [DE00] and [Fei03al). The model we study strongly differs from those works
as the equation governing the fluid is inviscid. In this framework, the d’Alembert’s paradox states
that in an incompressible and inviscid fluid, with vanishing circulation, no drag force exerts on a
body moving at a constant speed. Birds should therefore not be able to fly. An answer to this
paradox is that, even at very high Reynolds number, the effect of viscosity cannot be neglected in a
thin layer around the body. In our model, this paradox is somehow ignored, as we directly impose
a drag force D between the fluid and the particle. According to Newton’s law, the particle follows
the ordinary differential equation (Id)

mh' (t) = D.

The action-reaction principle is taken into account in equation (B on the momentum of the Euler
equation: the particle applies the force —D on the fluid. We suppose that the interaction is local:
it applies only at point h(t). Equation (Ial) ensures that the fluid mass is conserved. This approach
proved to be successful in the toy model [LSTO08| with a Burgers’ fluid. In particular, it allows
collisions between two particles having different velocities, unlike in the viscous case [VZ06]. For
example, a particle trapped in a shock (case V' of Lemma 5.5 in [LSTO08]) will collide with a particle
placed in front of the first particle and sharing the velocity of the fluid. In [ALSTI10], the reader
can find numerical simulations of the drafting kissing tumbling phenomenon. This work is strongly
related to [BCG14], in which a coupling between a particle and the Euler equations is presented.
However, the modelization is quite different, the particle being taken into account through conser-
vation of mass and energy, while we enforce in the present work a drag force. Moreover, the nature
of the theoretical results are different and complementary. In [BCG14], a local in time existence to
the Cauchy problem for the fully coupled system is proved for small subsonic data. In the present
work, we consider the Riemann problem for a particle having constant velocity, without making any
assumption on the data.

We emphasize the fact that in model (), the particle and the fluid do not share the same velocity.
We do not impose any no slip condition as in works presented above. It can be justified by saying
that the particle is porous and allows some fluid to pass through. It constitutes the main difficulty
of this model. Indeed, as shocks develop in finite time in hyperbolic systems like (a)-({D), even
with D = 0, the velocity u and the density p of the fluid have no reason to be continuous along
the particle trajectory h. A first consequence is that the source term in (Ih]) is not well defined.
A second one is that the ODE (Id) the particle satisfies must be considered in a weak sense. This
paper focuses on the Riemann problem for the uncoupled problem

Orp + 0 (pu) = 0,
B (pu) + 0, (pu® + p(p)) = —D(p, p(u — h'(t)))dus,

p(07 .Z‘) = prlz<o+ prlz>o0,
U(O, :L') =urly<o +urlz>o,



where the particle has a constant speed v. The difficulties arising from the coupling between an
ODE and a PDE disappear, but the key point of the nonconservative source term remains. Another
main difficulty in the analysis of (2)) is that the Dirac measure in the source term corresponds to a
linearly degenerate field and our system is not hyperbolic. This may lead to resonance phenomena
when two families of waves interact. Near resonance, Riemann problems with such source terms have
been investigated in a conservative framework in [IT92] and later extended in the nonconservative
framework in [GLO4]. Away from resonance, the particle trajectory can be treated as a noncharac-
teristic boundary (see [BCG10], [BCGI12] and [BCGI4]). Our contribution is that, unlike in those
frameworks, we solve the Riemann problem for all choices of parameters (pr,ur), (pr,ur) and v,
without making any assumptions on their smallness or their resonant character.

Let us outline the organization of the paper and sketch the main results. The first section is
entirely devoted to the definition of the solutions of (Il). We exhibit an entropy condition that takes
into account the particle. Then we give a rigorous definition of the nonconservative product

D(p, p(u = 1'(t)))dn(r)

based on a thickening of the particle. Replacing the Dirac measure by one of its approximation,
it appears that the density and velocity of the fluid at the entry of the particle and at its exit are
always linked by the same relations. These relations are independent of the size and the shape
of the thickened particle. This allows us to see the particle as an interface, through which those
relations are imposed. They link the quantities u(t, h(t)*), p(t, h(t)*) and h'(t). A first relation
states that the quantity a := p(u — h’) is constant across the particle (this is why we express D
as a function of p and «). This is equivalent to the conservation of the fluid’s mass through the
particle. Another relation describes the influence of the particle on the flow and depends on D.
When the drag force is D(p,«) = « and the particle is motionless, it expresses that the loss of
charge pu? + c?p through the particle is proportional to the mass flow pu. The second section is
devoted to the solution of the Riemann problem (2] for a particle moving at constant speed v. In
Theorem BTl we exhibit a two conditions on the drag force D that imply that (2]) has a unique self-
similar entropy solution. The case of subsonic and supersonic initial datum are treated separately
in Propositions [3.11] and In Subsection [3.4] we describe the two natural asymptotics when the
drag force vanishes or becomes very large. Eventually in Section [4] we discuss the case where the
hypothesis of Theorem [B.1] are not fulfilled. We recover, in some particular cases, the existence of
up to three solutions, as shown in a general framework in [IT92] and [GL04], and well known for
fluid in a nozzle with discontinuous cross-section [LT07] and for the shallow water equation with
discontinuous decreasing topography [LT03].

Acknowledgments The author warmly thanks Frédéric Lagoutiére for his advice and support
during the achievement of this work.

2 Definition of the solutions

This section is devoted to the definition of the solution of the coupled system (). The isothermal
Euler equations are inviscid, so p and u can be discontinuous along the particle’s trajectory h and
the product D(p, p(h' —u))dp(z) does not make sense. Following [LST08], we consider two different
regularizations in Sections 2.1 and The first one consists in adding a vanishing viscosity to
the equation. Passing to the non-regularized limit we deduce an entropy inequality for (). The
second regularization is a thickening of the particle, which yields to an intrinsic definition of the
non-conservative source term as an interface.

2.1 Entropy inequality

Let us first focus on the following classical regularization of problem (II), where we add a vanishing
viscosity to the Euler equation:

O¢p® + 05q° = €020,

rq + O ((Q) +c P) D(p%, « )5h(t + €0229°,
mh(t) = D(p(t, h()), o (t, h(t))), (3)
(p°(0,2), ¢%(0, 2)) = (p§ (), 45 (x)),

(7(0), 1(0)) = (ho, vo)-



Here, ¢ = pu denotes the momentum of the fluid, a denotes the quantity p(u — k') and we only
assume that the drag force D has the same sign than « (and hence than w — A’). In [LSTOS§|
and [Dom02] it is proven that the system

Ou + 0, WL = c0,,u" — Mus — W) (x)
mh(t) = Au® — 1),

u (0, 2) = u’(z)
(h( ) 1(0)) = (ho,vo)-

admits regular a solution when u° is regular. In order to derive an entropy inequality for our fluid
particle coupling (), we assume that if the initial data (p°,u°) are smooth and that the solutions
of its regularization (B]) are also smooth. Let E(p, q) and G(p, q) be a flux-entropy flux pair, with F
convex, such that 9,F is a function of u = % denoted by J.

Example 2.1. The usual entropy-entropy flux pair

2

= 4+ ?plog(p) and  G(p,q) =

2 (E(p.q) + c°p)

q
E(p,q) = -
P

fulfills this assumption: we have J(u) = u.

For the sake of simplicity we introduce
£ e & e s £ e c (q‘g)2 9 &
Ue = (p5,q5), U"=(p°,q°) and F(U")= ¢ ).

Let ® € C5°(R4+ x R) be a non-negative smooth function, and multiply the first equation of (8] by
®0,F and the second equation by ®J,F = ®.J. Let us add the two equations and integrate over
R4+ x R. We obtain

// OV (. E(UF) - 0,U* dt dx + // OV (. E(U?) - 0, F(U)dt dx
R4 xR R4 xR
—€ // OV (), E(U) - AU dt dx = —/ [D(p®, a®)DJ(u®)] (¢, h(t))dt.
R+ xR ]R+
We first treat the left hand side of (] by integrating by parts. The first term gives
// OV (), E(U?) - 0, U dt dx = // O, E(U*) dt dx
R+ xR R+ xR
_ // B(U9)0,® dt do — / (0, ) E(UE)d
Ry xR R

and the second term yields

// OV () E(U7) - 8F(U8)dtdz—// OV, E(U?) - [DF(U®)0,U*] dt dzx
R4 xR Ry xR

= // (I)V(pyq)G(UE) -0, U dt dx
]R+><]R

:// ®0,G(U?) dt da

Ry xR

—// G(U%)0,® dt da.
]R+><]R

Let us now tackle the third term. We have
Vi E(U®) - AU® = Z O, E(U
= Z L(DE(U=)0,US) — | Y 0 E(U%)0:US | 0.Uf
=1

i=1 j:l

4



thus we obtain

— // OV (. E(U?) - AU dt dw = — 5// DE(U%)Dyy® dt d:
Ry xR Ry xR
2 2

i E//]R+><]R ®Y D (0.U5)0:; E(U)(8:U5) dt d.

i=1 j=1

Remark that as @ is non-negative and F is convex, the last term is non-negative. We now focus on the
right hand side of ([3)). Let us multiply the ODE in the third equation of @) by J(h'(t))® (¢, h(t)).
We have

/]R+ —mh" () (W (£))®(¢, h(t)) + D(p°, a%)(t, h(t))J (W' (£)) (¢, h(t))dt =0,
which reads, with P an antiderivative of .J,
/]R+ —m[P(h'(t))]'®(¢, h(t)) + D(p%, a%)(t, h(t))J (W' (£)) (¢, h(t))dt = 0.
We can therefore replace the right hand side of (IF) by
mP (I (£)0,(D(t, h(t))dt + [ D(p%,0) (J(H'(t)) — J(u)) B(h)dt + mP(v)®(0, ho).

Ry Ry

The function J(u) = 0,E(1,u) is nondecreasing as the restriction of E to the line p = 1 is convex.
Moreover, D has the same sign as u® — h’. Thus the second term is non-positive. To conclude, we
add the different terms and drop the two non-positive ones to obtain

// E(U9)0, dt d + // GU)D,Ddtdr + | mP( ()0 (®(t, h(t))dt
Ry xR

Ry xR Ry

+/<I)(0,-)E(U§)dz+mP(v0)<I>(0,h0) > fs// SE(U®)D,,® dt da.
R Ry xR

Last, we formally pass to the limit as e — 0 and get the following entropy inequality for the coupled
problem (I):

// E(U)0y® dt dz + // G(U)0,® dt dz + mP (R (t))0p(®(t, h(t)))dt
Ry xR R4 xR Ry (5)
+/ (I)(O, )E(Uo) dx + mP(’Uo)(I)(O, ho) > 0.
R

Remark 2.2. When the test function ® is supported on {(¢,z), > h(¢)} or on {(¢,z), < h(t)}, the
inequality ([B) reduces to the classical entropy inequality for the isothermal Euler equation without
source term.

2.2 How to handle the nonconservative product

In this section we assume that the particle trajectory h is given, and more precisely that it moves at
constant speed v: h(t) = vt. We denote by H the Heaviside function H(z) = 1,~¢. Introducing the
momentum ¢ = pu and the new unknown w(t,z) = H(xz — vt) allows us to rewrite the system (Ial)-
(@B) in the framework of hyperbolic equation,

O¢p + 0rq = 0,
0¢q + Oz (% + ch) + D(p,)d,w =0, (6)
Orw + vo,w = 0.

Its quasilinear form is

p 0 1 0 p
gl +|2—v? 2u D(p,a)|d.|q]| =0 (7)
w 0 0 v w



The eigenvalues of the Jacobian matrix are u + ¢, w — ¢ and v. This system is strictly hyperbolic
whenever u # v 4 ¢. In the resonant case u &+ ¢ = v, the matrix cannot be put in a diagonal form.
Such resonant systems have been studied in [GL04| and [IT92]. However, with this source term, our
system does not fall neither in the framework of [IT92], because it is not conservative, neither in the
framework of [GLO04|, because one of the hypothesis on the source term (namely 1.7) is not satisfied
when the drag force depends only on «. Following [LSTO0S]|, [GL04], [IT92], [SV03] and [CLS04], we
use a thickening of the particle to define the nonconservative product. Let H¢ be an approximation
of the Heaviside function such that:

e He cCO(R)NCY((—¢/2,¢/2));

e H¢ is nondecreasing;

o Hi(z)=0ifx < —e/2and H*(zx) =1if x> /2.

We replace the Dirac measure by its regularization (H*)" to obtain the regularized system

Orp® + 02¢° =0; <
Ot + 0, (2 4 2t) = Do, 0 (HE (@ — ). ®

We are interesting in what is happening inside the particle. In the spirit of traveling waves, we
look for solution only depending on = — vt. With such a regularized source term, the values of the
solutions at the extremities of the particle depend neither on the size of the thickened particle ¢,
nor on the choice of the regularization H¢ (satisfying the three hypotheses above). This allows us
to define the source term D(p, )dj(y) as an interface condition.

In the sequel, for o # 0, we denote by F, the function

Eﬂml/;ﬁi%aﬂ<%i+g>dﬂ

Remark that F,, decreasing on (0, ‘%l) and increasing on (‘%l, +oo).

Lemma 2.3. Let (p°,¢%) be a piecewise C* solution of &) that only depends on & = x — vt and
defined for € in [—e/2,e/2]. Then, on every interval T where the solution is smooth, the quantity
af = ¢ —vp® remains constant. If o =0 on I, the density also remains constant, while if a® # 0,
the evolution of p° on I is given by

(Fas (p°(€)))" = —sign(a®)(H®)" 9)

If the solution is discontinuous at a point £° € (—¢/2,¢/2), then

055598(»>a5(§i):of(§°); (a5(€%)) (10)
a®(£%))? 2pE(e0Y)) — a®(£%))? 2oE(0)) = 10
( ) " '7(5_)> < ) '7(§+)) !

Proof. Let pf(z —vt) and ¢°(x — vt) be a piecewise C! solution of (&), only depending on ¢ =  — vt.
If the solution is smooth on the interval Z, it satisfies the following equations:

{MfY+@W ~o,

e+ (G ) =Dl ) (HY ) "

The first equation of (Il directly gives that a° remains constant on Z. Replacing ¢° by af 4+ vp® in
the second line of ([III) yields

(048)2 + 2a€UpE + ,U2(ps)2
pa

2o + +c%ﬁ'D@2wXHﬂﬂ

As af and v are constant, this expression simplifies in

(—$2§+3)0ﬂ’=—D@i&MHﬂG



which rewrites, by definition of F,

€ r_ 1 7(a8)2 02 €Y — —gion(af e/
Foc 0] = ey (e + € ) () = —sign(a) (1.

On the other hand, if (p°,¢%) has a discontinuity at a point £° € (—¢/2,¢/2), it verifies the two
relations:

e(¢0\)2 e(¢0\)\2
(% +p( 3)) - (% + 02/)8(60)) =0(g*(€3) —a°(€2)),
and we obtain the result (I0) by introducing the conserved quantity a(£%) = ¢5(€2) — vp(€2) =
¢°(62) — vpt(€2). =

Remark 2.4. The relations (I0) are nothing but the Rankine-Hugoniot relations for a shock having
speed v in the isothermal Euler equations. The lemma below states that entropy shocks only link
supersonic states to subsonic states (from left to right if o > 0, from right to left if @ < 0).

Lemma 2.5. The shock corresponding to the Rankine-Hugoniot relations ([IQ) is an entropy satis-
fying shock in the Euler equations (without source term) for the entropy-entropy flux pair of Exam-

ple 20 if and only if a°(€°) > 0 and o (£%) > ¢p°(§2) or if af(£°) < 0 and o (€°) < —cp*(€9).

Proof. Suppose that a©(£Y) is positive. If ¢p®(£2) > af then p(€%) > p°(£9). If the shock was a
Lax shock, it should be a 2-shock. Therefore we should have

which rewrites
pe(£2) o

pe(EY) ()
and contradicts the fact that o > 0. On the other hand if ¢p®(¢°) < af, we have that p*(£%) <
p°(£2), and the discontinuity should be a 1-shock. We obtain

pe(E2) %

pe(E)  pe(El)’

which does not contradict the sign of a°. Similarly, we obtain that if « is negative, the jump is an
entropy satisfying shock if and only if ¢p®(£9) < |o|.
O

Definition 2.6. The germ at speed v is the set Gp(v) containing all the pairs ((p—,q-), (p+,9+))
of (R% x R)? verifying the two following relations.
1. First,
q— —Vp— = g4+ — VP
We denote by « this quantity.
2. Second,
e either « =0, p_ = p4 and q_ = ¢54;
eor0<a,(2—py)(%—p-)>0and

Fa(p-) = Falp+) = 1;
e or a <0, (prJr)(%fp,)ZOand

Fo(ps) = Fa(p-) = 1;



e orcp_ < a, pp > 2, and there exists p € (p—, %) and ¢ € [0, 1] such that

Fa(p—Q)_Fa(p) =0,
Fal(85) ~ Falps) = (1—0)
o

e ora< —cpy, p > ‘%l and there exists p € (p4, =) and 6 € [0, 1] such that

C

Fa(p-i;)_Foz(P) 0,
Fu(5) — Fulp_) =(1-0)

Theorem 2.7. Suppose that ((p—,q-), (p+,q+)) belongs to Gp(v). Then for all positive e and for all
reqularization H® fulfilling the hypothesis of (8)), there exists a piecewise C entropy solution of (8)
only depending on & = x — vt, such that (¢°(—¢/2),p°(—€/2)) = (g, p-) and (¢°(¢/2),p%(e/2)) =
(q+,p+). By entropy solution, we mean that each discontinuity in the solution corresponds to a
entropy satisfying shock in the Euler equations.

Conversly, if (p—,q-) and (p+,q+) are the values in —e/2 and £/2 of such a solution of (8,
then they verify the two relations stated above.

Proof. Let (pf,q%) be a solution of (8) which depends only on & = 2 —vt, is piecewise C! and whose
discontinuities are entropy shocks. A straightforward consequence of Lemma[2.3]is that the quantity
o (equals to p®(u® —wv)) is constant on the whole interval [—£/2,¢/2]. In the sequel we suppose that
af is positive. In that case the fluid’s velocity u® is everywhere larger than the particle’s velocity v
and the “entry” of the particle is on its right at £ = —¢/2. We fix a state (p—,q—) € R} x R at the
entry of the particle, and look for the (p4,qy) € RY xR at its exit. The reasoning is the same with
af < 0 (and trivial if o = 0), but the entry of the particle is on its right and it is more convenient
to fix the state (p+,q+).

There is only one solution which is smooth on the entire interval [—¢/2,¢/2]. We integrate (@)
on this interval to obtain

Fae(p-) = Fas(p4) = 1.

As depicted on Figure [T the function F,- decreases on (0, O‘—CE) and increases on (%,—i—oo). Its

minimum is reached for 0‘—; Moreover, the regularization H® of the Heaviside function is increasing.
As a consequence, & — F,-(p®(§)) decreases, and p® cannot cross continuously af/c. On its interval
of smoothness, a solution of (&) is always subsonic (i.e |u® —v| < ¢ or equivalently cp® > af)
or always supersonic (i.e |[u® — v| > ¢ or equivalently cp® < ). This explains the condition
(2 = p)(5 —p-) = 0in the second point of 2 in Definition

On the other hand by Lemma 5] a discontinuity at a point £V is entropy satisfying if and only
if a®(€%) > cp*(£2). Therefore a solution has no discontinuity if a— < cp_ and has at most one
discontinuity if a— > ¢p_. We focus on this last case. The solution is smooth on (—&/2,£%) and (@)
yields:

Fa(p-) = Fa(p(€2)) = H(€Y).

There is a shock in £°, and Rankine-Hugoniot relations (I0) imply that

(o)

p*(E2)p (1) =

C

In particular, ¢p®(£9) > a° and there is no shock after £°. We integrate (@) on (£°,¢/2) to get
Fa(p®(§2)) = Falp?) =1 — H*(£").

We obtain the third point with p = p(¢%) and 0 = H®(£°). The two types of solutions, continuous
everywhere or containing a single entropy shock, are described on Figure [1l



0
1
\ entropy shock
1-6
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c p c p

Figure 1: How to reach the density py (white circles) from the density p_ (black circles) when « is
positive. On the left is the supersonic case cp_ < a; on the right is the subsonic case o < ¢cp_.

O

In the following Corollary we extract properties of the germ Gp(v).
Corollary 2.8. If the pair ((p—,q-), (p+,q+)) belongs to the germ Gp(v), then we necessary have:
e a_=ay =
e ifa>0 and cp_ > «, then cp— > cpy > o
e if a <0 and cp4+ > |af, then cpy > cp_ > |al;
Proof. Suppose that « is positive. We already emphasized in the proof of Theorem 2.7 that if the
velocity at the entry of the particle is subsonic (i.e. ¢p— > «) then there is no discontinuity in the
solution and the solution remains subsonic: cp— > «. In that case, F,,(p—) — Fa(p4+) = 1, and as

F,, increases on («/c, +00) we obtain that p_ > p4.
O

Remark 2.9. When the drag force depends only on «,

for some real C', and F,, has the remarkable property of being compatible with shocks at speed v in
the Euler equations:
2
Q
Vo 7& 0, Vp > 0, Fa (T) = Fa(p)

cop
It follows that a shock corresponds to a horizontal jump on the graph of F,, which is not the case in
general. A consequence is that the right state (p4, ¢4 ) is the same whatever the value of 6 is. The
contrast between the two situations is depicted on Figure [2 below.



p = Fuo(p) p— Fu(p)

o | P jo_| o

C Cc

Figure 2: Densities p4 (white dots) accessible from p_ with 6 = 0 (light grey) 0 < # < 1 (medium grey)
and # = 1 (black). On the left, the drag force depends only on «, while on the right, it also depends on

p-

In that case, the germ Gp(v) can be described more concisely: the second point of Definition
becomes

(3—2 + ch_) - (% + 02/)+) = sign(a) D(p, av), (12)

and we still have the two inequalities of Corollary

Remark 2.10. System (8) may not have any solution continuous on the whole interval [—¢/2,¢/2] if
p— is too close from «/c when « > 0. In the case of the linear drag force D(p, @) = Aa, where A > 0
is a friction coefficient, an explicit computation shows that when « is positive there is no solution
p— belongs to

c 2c2 e 2c2

lg n Ao — av/de + N2 a n Ao+ avdel + N2

2.3 Definition of the solution

Let us now reformulate the ODE (Id). The source term in (L) is the exact opposite of the left hand
side in (Id), so the total impulsion is formally conserved through time:

% {/R p(t, 2)u(t, z)dz + mh'(t)} =0. (13)

We can use this additional property of the model to give a precise definition of the ODE (Id).

Proposition 2.11. Let (p,u) be a solution of ([{al)-{D) such that for almost every t > 0, the traces
around the particle exist and are such that

((p- (1), a- (1)), (p+(£), a1 (1)) € G (' (1))

Then, it satisfies the conservation of total impulsion [(I3) if and only if for almost every t > 0,

M (t) = (p_(t) — py(8) (1 () — h’(t))gm(t) - h’(t))) , (14)

C

where the subscripts &+ indicates the left and right traces around the particle: p+(t) = p(t, h(t)x).

Proof. It ((p—(t),q-(1)), (p+(t),q+(t))) belongs to Gp(h'(t)), then q_(t) — h'(t)p—(t) is equal to
q+(t) — W' (t)p+(t). As usual, we denote by a(t) this quantity, and replace ¢ = pu by a + h'p. We

10



have

mh' (t) = —at/Rp(t,x)u(t,x)dx

h(t) 400
= —8,5/ p(t, x)u(t, x)dx — 8,5/ p(t, x)u(t, x)dx

—0o0 h(t)

=W (pyuy —p_u_) + (p-u> + p_) — (pyuf + py)

2 2
=h2%(py —p_) +p_ (a—Q ton' X 4 h’z) —py <a—2 ton X 4 h’2> +(p- — py)

e p- P P+
=h%(ps —p-) +a? (pi_ - %) +h2(p- = ps) +Ep- — ps)
o)
ot (e :

Remark 2.12. The ODE (I4) does not seem to depend on the drag force: this dependence is hidden
in the assumption

((p— (), a- (1)), (p+(t), ¢+ (1)) € G (W' (1))
because the germ does depend on the drag force.

Remark 2.13. When the drag force depends only on «, which is conserved through the particle, the
initial ODE (Id) makes sense. In that case, it is not difficult to use the more concise description of
the germ (I2)) to prove that (Id) and (I4)) are equivalent.

Thanks to the previous reformulation of the ODE and on the entropy inequality (&), we define
the entropy solutions of the coupled problem (I):

Definition 2.14. Assume that (pg,qo) € L®(R)? and vo € R. A triplet (p,q,h) € L®°(R4 x R) x
L>*(R; x R) x I/VZQOCoo (R4 ) is called an entropy solution of the problem (I if:

o (p,q) is a weak solution of the isothermal Euler equations on the sets {(t,z) € R} xR :z >
h(t)} and {(t,z) € RTL x R:z < h(t)}.

e For any entropy-entropy flux pair (E,G) such that E is convex and 0,E(p,q) = J <g), for
p

any non-negative test function ® € C§°(R4 x R), we have

/ / E(U)0,® dt da + / / GU)DDdtdr + | mP( ()0 (®(E h(t))dt
R+><]R ]R+><]R R+ (15)
+/<I)(0,~)E(U0)dz+mP(v0)<I>(0,v0) >0
R

where P is a given antiderivative of J;

e For almost every ¢t > 0, the traces around the particle exist and belong to the germ at speed
R (t):
((p(ta h(t)—)a q(ta h(t)—))a (p(ta h(t)-i-)a q(ta h(t)-i-))) € gD(h/(t))y

e For almost every t > 0, the particle is driven by the ODE:

(u—(t) = h'(t))(ut () — h’(t))) _

c2

(6 = -0 = pi(0) (1~

Remark 2.15. The entropy inequality (I3]) implies that the solution is an entropy solution of
the Euler equations on the sets {z < h(t)} and {« > h(t)}. Moreover, when the test function
® tends to a Dirac measure at (¢, h(t)) for which the traces exist, (IH]) yields that

W((EU-) - E(UL)) - (G(U-) — GUL)) + mh" ()P (h(t)) < 0 (16)
where we denote by Uy the left and right traces around the particle:

U- = (p(t, h(t)-), q(t, h(t)-))-

11



In other words, the total energy is dissipated through the particle. This property is consistent
with the Definition of the germ and the ODE (I[d)). Indeed, if we introduce « and replace
h" by its expression in (I4]), Equation (I6) becomes

P — P2+
2 2
oo 257 2 + c“(In(py) —In(p-))| <O0.

This holds true if (U2, UY) belongs to Gp(h'(t?)). This can be checked by treating sperately
the subsonic case and the supersonic case. In the latter case, we have to use that p; < %
which is easily deduced from Definition

Remark 2.16. In the case of the scalar conservation law, it is not necessary to require the
existence of the traces. Indeed, as the solution is a classic solution on {x < h'}, strong traces
exist (see [Pan07] and [Vas01]). However, such a result is much harder to obtain in the system
case.

3 Riemann problem for a particle with a constant fixed veloc-
ity

In this section we focus on the uncoupled problem where the particle has a constant speed equal
to some given v in R. Moreover, we consider a class of very specific initial datum, which consists
in piecewise constant functions for the density p and for the momentum ¢ = pu, with a single

discontinuity falling exactly on the initial position of the particle. The problem under study in this
section is the Riemann problem:

Op + O0rq =0,
2
0rq + Oy (% + c2p) = —D(p, )by, (17)
p(0, ) = prls<co+ prls>0,
q(0,x) = qrly<o + qrlz>o0,

where (pr,qr) and (pr,qr) belong to R x R. We recall once for all that o denotes the quantity
q — vp. As the particle’s trajectory is a straight line, we look for self-similar solutions of (), i.e.
solutions that only depend on x/t. This section is devoted to the proof of the following theorem.

Theorem 3.1. Consider a drag force

D: RExR — R
(p,a) = D(p,a)

having the same sign as o, vanishing in o = 0 and C'. Suppose that D is an increasing function of
a and that |D| is a decreasing function of p. Then for all states (pr,qr) and (pr,qr) in RY x R
and for every particle velocity v in R, the Riemann problem ([0) has a unique self-similar solution.

Example 3.2. All frictions of the form
F(p,u,h’) — pn|u _ h/|m71(u _ h/) — pn7m|a|mfla

with n >0, m > 1 and m > n, verify the two conditions of Theorem [3.11

Let (p,q) be a self-similar solution of (I7) and denote by (p_,q_) (respectively (p+,q+)) the
traces of the density and the momentum on the left (respectively on the right) of the particle, i.e.
on the line (¢, (vt)_) (respectively on the line (¢, (vt)+)). Then

(p,q) onz < vt (p+.q+) onz <t
, = and , =
(plz,glz) {(p,q) on x > vt (Pl dlr) (p,q) on x > vt

are self-similar solution of the classical isothermal Euler equations (without source term) for the
initial datum

(p(0,2),q(0,2)) = (prle<co + p=1o>0,qr1ac0 + ¢—12>0)

12



and
(p(0,2),q(0,2)) = (p+1e<o + PR12>0, ¢+ 1z<0 + qr1e>0)-

Therefore, on {(t,z),z < vt}, a solution of ([IT), is just the restriction on this set of a Riemann
problem for the Euler equations. The same holds true on {(¢,x),2 > vt}, for a different Riemann
problem.

In Section [B1] we describe the set U_(pr,qr,v) of all the values that a Riemann solution for
the classical Euler equations between (pr,qr) and a state (p,q) € Ry X R can take on the line
z = vt and the set Uy (pr,qr,v) of all the values that a Riemann solution for the classical Euler
equations between (p,q) € Ry x R and (pg, qr) can take on the line 2 = vt. The traces (p_,q_)
and (p4,q+) around the particle should be respectively chosen in those sets. The existence and
uniqueness to the Riemann problem (7)) boils down to prove that there is a unique way to pick
(p—»q-) in U_(pr,qz,v) and (p4+,q4+) in Uy (pRr, qr,v) such that ((p—,q-), (p+,q+)) belongs to the
germ Gp(v). In Section B2 we prove that if u;, — v < ¢ and ug — v > —¢, any potential traces
(p+, q+) around the particle inherits the property |uy — v| < ¢ and conclude in that case. It will be
referred to as the subsonic case. The other case, referred to as the supersonic case and studied in
Section [3.3] is more complicated because different types of solutions arise.

Remark 3.3. In all the sequel, the terms subsonic and supersonic are used in the framework of the
particle. For example we say that a solution is subsonic if the difference between the velocity of the
particle and the fluid’s velocity on both side of the particle is smaller than the speed of sound c.

3.1 Accessible states around the particle

Let us start with some very classical results on the isothermal Euler equations without source term
that will be useful to determine the solution of (7).

Lemma 3.4. The isothermal Euler equations without source term

atp + azq = 0’
2
0rq +0:(% +c%p) =0,
is a strictly hyperbolic system. The eigenvalues of its Jacobian matriz are

Ni(p,q) =+ (=1

and the corresponding normalized eigenvectors are

(=1’
ri(p,q) = (,1)%'2 +p .

They define two genuinely nonlinear fields. The i-th rarefaction waves express

PL ifsgsL:Z—i—i—(—l)ic,
p(s) =3 pre=l=sw) if sp < s < sg,

(=n*

) .
pr=pre = R ifsp <,

and '
a | if s < sp =L+ (<1)e,

q(s) =19 lar +pr(s —sL)] 6%(57”)_

qr = [qz + pr(sr — 5L)] eSS snms) yfsp < s,

The speed of the i-shock is

if sp <5< sg,

o; = a (-1 PR
PL PL

and shocks are entropy satisfying if and only if ur, > ug.

We recall below a well-known result on the structure of the Riemann solution.
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Proposition 3.5. For all (pa,qa) and (py, qp) in R X R, there exists a unique self-similar entropy
solution of the Riemann problem

Orp+ Oxq =0,
2
0¢q + Ox (gp— + ch) =0,
p(0, ) = palz<o+ pplaso,
q(Ov :C) = QG11<0 + qb1m>0'

It consists of the succession of a 1-wave (rarefaction or shock) linking (pr,qr) to an intermediate
state (ps, q«) followed by a 2-wave (rarefaction or shock) linking (p«,q«) to (pr,qr). We denote by

W (@/t; (Pas 4a); (po: @b))
this unique solution.
Proof. The proof of those two results are classical and can be found for example in [GRI6]. O

Those tools allow us to describe the set of the accessible states from (pr,qr) on the left of a
particle moving at speed v

U_(pr,qr,v) = {W(v_;(pr,qr), (p:0); (p:@) € R} x R}.

and the set of the accessible states from (pg,gr) on the right of a particle moving at speed v

U+(pRa (ZR,U) = {W(U-l-; (ﬁa Q)a (pRa qR))’ (ﬁa Q) S Rj— X R}

in which the left and right traces around the particle must be chosen. According to Definition 2.6,
the quantity ¢ — vp must be conserved through the particle, so it is more convenient to reason with
the variables (p, ¢ — vp) rather than with the initial unknowns (p, ¢). We introduce the sets

V_(pr,ar,v) ={(p-,q- —vp-) : (p-,q-) € U-(pr,ar +vpr,v)} (18)
and
Vilpr: ar,v) = {(p+,q+ —vp4) : (p+.q+) € Ur(pr, ar + vpr,v)}. (19)

Proving that there exists a unique solution to the Riemann problem (I7)) is equivalent to prove that

gD (U) N (U— (pL7 qL, U) X U"r(pRa 4qR, U))
consists in a unique pair of states ((p—,q—), (p+,q+)). We now give a precise description of the sets
V_(pr,ar,v) and Vi (pgr, ar,v).
Lemma 3.6. Let (pr,ar) € R xR and v € R. Then

vV (pLa L, U) = {(PL; aL)} U Fs—ub U Qs_up,

where T5% is the graph of a decreasing function f*“* : [pp, ez, +00] — R for some pr.e. > 0,
included in {(p,a) : —cp < a < cp}, and QP is the strict hypograph of a decreasing function
F2 2 (0,400) = R, included in {(p, ) : @ < —cp}.

Lemma 3.7. Let (pr,ar) € R} xR and v € R. Then

Vi(pr,ar,v) = {(pr,ar)} UTT* UQYP

where Fi_“b is the graph of a increasing function f_i“b PRz, +0] = R for some pres > 0,
included in {(p,e) : —cp < o < cp}, and QP is the strict epigraph of a increasing function
TP (0,400) = R, included in {(p, @) : @ > cp}.
Those sets are respectively depicted on the left and on the right of Figure Bl The subscript ex
refers to the extremity of I'*"** and Fﬁ_“b.
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Figure 3: On the left, the set V_(pr, ap,v) when —cpr, < ap < cpr. On the right, the set Vi (pgr, ag,v)
when ar < cpg.

Remark 3.8. By definition of o we have

{(p,0) i —ep <a<cp} ={(pu) —c<u—v<ch,

so I'*** and T'$"? contain only subsonic states (in the framework of the particle), while Q"7 and
Q3" contain only supersonic states (in the framework of the particle).

Proof (Lemmal34). We fix the particle velocity v and a left state (pr,ar). The element of (p, @)
of the set V_(pr,ar,v) is the value on the line z = vt of a Riemann problem with (pr,ayr) on its
left. Thus it is linked with (pr, «y) by a succession of two waves, both traveling slower than v. Let
us first exhibit all the states (p., ¢.) that can be linked to (pr, qr) with a 1-wave traveling at speed
smaller than v. According to Lemma (B]), with a 1-rarefaction wave we can reach all the states
(p,q) in the set

_(s=(up—c))

(s—(up—e)
{(pLe_ 3 Jar + pr(s — (ur —¢))]e c ),uL—cgsgfu}.

This set is empty if uy, — ¢ > v. Parametrized by p it rewrites

{<p, [UL —cln <£)] p) et < p< pL} :
oL

v—(up—c)

Let us denote in this case pr s = pre” ¢ . The states (p«,qs) accessible through a 1-shock
traveling slower than v satisfy

L _ L
or — O\ <V and p. > pr,

G ZQL+(Z—E'I—C,/£—Z> (p*—pL).

We easily pass to the (p,«) variable: with a 1-wave traveling slower than v, we can reach all the
states (p,a) with a = f_(p), where

f-(p) e —em ()]0 HpLew S p 5 PLs
B ap + (?— —¢y/57) (p—pr) if max(pres, pr) <p,
and vos
ps = pLe__cL if s, =up —c<w,
o (“L—C_“)Qp,; ifup, —c>w.

If ur, — v < ¢, this graph regroups all the 1-shocks and the 1-rarefaction waves leading to a density
v—(up —c)

higher than pp . = pre” , while if uy, — v > ¢, this graphs contains only the 1-shocks

2
leading to a density higher than pr, ., = pr. <uL - v) = gL . We check that f_ is concave and
¢ c*pL
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decreasing. Moreover, if up, — ¢ < v, f_(pL.ex) = ¢pL.ex and f' (pr.ez) = 0, while if up — ¢ > v,
f=(pL.ex) = ar. In particular, f_(p) < cp for any p > pr, ., as shown on Figure ().

o o _ cf
o
_cP
_
o .. \
z P PL.ex p
@ - @ -
o o

Figure 4: Accessible states via a 1-wave starting from (pr, ¢z )(black dot) in the (p, a)-plane. Left, the
case ur, — v < ¢ and right, the case ur, —v > c¢. In gray are the 1-rarefaction waves and in black are the
1-shocks.

Let us now stop at any state (ps, ¢.) belonging to the graph of f_, and continue with a 2-wave
traveling at speed smaller than v. The set of all the states (p_, ¢_) that can be joined from (p., g«)
with a 2-wave traveling at speed smaller than v is

(s—(ux+c)) (s—(uxtc))
{(p*e S et pnls —s)le T ),u*+c§s§v}-

This set is empty if u, + ¢ > v, and can be parametrized by p by

p v—(ux+c)
ps |us +cln K Px S p S pie e :

With a 2-shock slower than v, we can reach all the states (p—, ¢_) such that

Z—i+c,/’;—:<v and p_ < ps,
q- =g« + (Z—j+c\/’;—j) (p— = ps).

Therefore the 2-waves traveling at speed smaller than v, starting from (px, g«), are:
o If u, —v < —¢, all the 2-shocks and the 2-rarefaction waves leading to a density smaller than

v=(ux+tc)
px€ ;

o If —¢ < u, —v <0, only the 2-shock leading to a density smaller than

2 2

U — Us oz
Pxex = Px =5
c c2p.

e If u, — v > 0, there are no such 2-waves.

The Figure (@) resumes the first two cases.

a o P
Y ¢
=

Px.ex = Px Px.ex Px

o

@ ¥

NS
\\ ~

% o

Figure 5: Accessible states from (pr,, qr,) (black dot) via a 1-wave stopped in (px, ¢,) (white dots) followed
by a 2-wave in the (p, «)-plane. Left, the case where u, — v < —c¢ and right, the case —c¢ < ur. —v < 0.
In gray are the 2-rarefaction waves and in black are the 2-shocks.

16



We now prove that, as emphasized in Figure [}l all the states reached from (p.,qs) through a
2-wave traveling at speed smaller than v are such that o < —cp. This is easy to check for the
2-rarefaction waves and for the 2-shock when u, — v < —c. When —c¢ < u, — v < 0, the reachable

2
*

< px. We want to prove that

a:p(%—l—q/ﬁ—c,/&) < —cp.
P P p

2
This is true because the function p — % +c, /f —c, /% is increasing, and is equal to l—g%, which

is smaller than —c.

To conclude, the set of the states reached from (pr,, 1) through a 1-wave slower than the particle
is the graph of f_. The set of the stated reached from (pr, ) through a 1-wave followed by a 2-
wave, both of them traveling at speed smaller than v, is a family of curves, entirely included in
{(p, ), < —cp}. Those curves are portions of Lax curves, which fill the half plane R% x R and do
not cross each other. For a fixes v < 0 such that f_(p) > —cp, it is not possible to reach densities
f=(p)?

c2p

densities are smaller than =,
»

higher than the density obtain thanks to a shock at speed v, which is . We can separate those

states in two categories, as depicted on the left of Figure Bt

e the subsonic ones (i.e the ones such that —cp < o < ¢p), which constitute the graph of the
function

fiub(p) _ {f— (P) lf PL,exP < P—c
—cp  ifp<p
where p_. is the only density such that f_(p_.) = —cp. We regroup those states in I'*“?;

e the supersonic ones, and more precisely the states such that a < —cp, which formed the
hypograph of the function

“ Fo () fo<p<p.
2% (p) = { , _
—cp if p_. <p.
We regroup those states in Q°7. O

Proof (Lemmal37). We do not prove this lemma which is exactly similar to Lemma The
curve of the states accessible by a 2-wave traveling faster than v and ending in (pg,qr), can be
parametrized by

or L i
filp) = [pR+cln(pR)}p if prex < p < pr,
ap+ (58 e/ ) (p—pr) if max(pr.ee,pr) < p,

where o)
_Jpre < ifup+c>v,

Phee {(%)Qplz ifugp +c<w.
If ug — v > —c it is possible to follow all the 2-shocks and some 2-rarefaction waves. In this case
J+(pR.ex) belongs to the line o« = —cp and f! (pr.ex) = 0. On the contrary if ur — v < —c, we can
only follow 2-shocks, and the state (pg,es; @R e) With the highest density we can reach verifies

2
QR ex = OR and PR,ex = SR .
C"PR
We easily check that that f; is convex, increasing and crosses the line o = ¢p for a unique density
that we denote by p..
After similar computations for the 1-wave ending on a state (p«, ¢« = f+(p«)) we obtain

sub(p) _ f+(p) if PR,ex < p < pe,
" cp if Pe < p,

and

oup _ ) I+ (f*cg’,?Q) if0<p<pe,
! cp if pc < p.
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3.2 Resolution of the Riemann problem in the subsonic case

We are now in position to solve the Riemann problem (7)) for a particle moving at speed v. In the
sequel, we denote by (p4,q+) the trace on the left of the particle, i.e. on the line = (vt)_ and by
(p—,q—) the trace on its right, i.e. on the line 2z = (vt),. In this section, we treat a special case
implying that (pr, orz) does not belong to Q5" and (pr, ar) does not belong to Q™. A consequence
is that the left trace belongs to I'**? and the right trace belong to Fi“b.

Lemma 3.9. If (pr,qr) and (pr,qr) verify
ur,—v<c and —c<urp-—v
then (p—,q-) and (p+,qy+) are necessary subsonic, i.e,
—c<u_—v<c and —c<ur—v<e

Proof. This is a straightforward consequence of the form of V_(pr, oy, v) and Vi (pgr, ar,v) exhib-
ited in Lemmas[B.6land B.7land resumed on Figure[3l Definition 2.6limplies that ¢_ —vp_ = qy —vp4.
We denote by « this quantity. If & = 0 there is nothing to prove. Suppose a > 0. Lemma [3.6] shows
that V_(pr,ar,v) contains only states such that u — v < ¢. As a consequence, we necessary have
that cp— > a. The velocity at the entry of the particle is subsonic, thus it is also subsonic at its
exit: py > < (see Corollary 28). If a < 0, Lemma[3.6]shows that V. (pr, ar,v) contains only states
verifying u — v > —c. Using Corollary 2.8 again, we obtain that both p, and p_ are larger than
lel O

c

We are now looking for (p_,a_) in I'*** and (p,,ay) in Fﬁ_“b. The quantity o = ¢ — vp being
conserved through the particle, it is more convenient to parametrize the accessible sets I'*** and
Fsub by « rather than by p. For this purpose, we introduce ¢*“* and gi“b, the inverses of f5"* and
f3 “‘b They exist because these two functions are strictly monotone. We now have

I ={(p,a),p = g>*(a), a < f***(pr.cs)}

and
D3 ={(p,0),p = 95" (), & = 1" (pr.ea)}

Lemma 3.10. If D has the same sign as a an is a nondecreasing function of a, the function

A(a) = Fu(g°"(a)) — Fa(g5"" ()

is strictly decreasing on any interval included in (0,400) where ¢5¥® > ¢5** and on any interval
Y g Y , g g1 Y
included in (—o00,0) where g=** < g5u°;

Proof. We compute the derivative of A:

[Fulg™(@) ~ Falg* (@) =L @)™ (@) + | 3| (67a)
- B @)@ (@) - | 5o 2(@)

On the one hand, a + ¢*“*(a) decreases, a gs“b( ) increases. We recall that for all « in there
interval of definition, cgi“*(a) > |a|. If ¢p is larger than |a],

and it follows that
F (g2 () (92*) (@) = Fi (g3 () (95*) (@) < 0.
On the other hand, by definition of F,, we have

o=l = [, 5 (=)«

- [ [P (- ) - e
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If ¢p; and cps are both larger than «, the term c? — ‘i‘—z is nonnegative. Moreover D(r, &) and « have

the same sign and D is an non-decreasing function of . Thus the integral has the opposite sign as
a(pa — p1). In particular, on any interval where « is positive and g** > gi“b and on any interval
where « is negative and ¢g5** < gi“b,

9 b 9 b
- sU N su <
5t @ (@) - | 5] (a3 <0,
which proves the lemma. O

We are now in position to state the result in the subsonic case.
Proposition 3.11. Let v € R, (pr,ar) € R X R and (pr,ar) € RY x R such that
—c<urp—v<c¢c and —c<urp-—v<ec
Then the set
Gp(v) N (V-(pr,ar,v) x Vi(pr, ar,v))

is reduced to a unique element. Moreover, both traces belong to the subsonic triangle

{(pa CY), —Ccp <a< Cp} = {(pau)a —c<u—v< C}'
In other words, the Riemann problem () admits a unique solution, which is entirely subsonic.

Proof. Step 1: Properties of the traces.
Suppose that

((p,, O‘*)v (erv O“r)) € gD(v) N (Vf(va ava) X VJr(pRa AR, ’U))
then a— = 4. We denote by « this quantity. In Lemma [3.9 we proved that
—c<u_—v<c¢c and —c<uy—v<e

Thus we can use Corollary 2.8 to obtain that
o If @ =0 then p_ = p; and q_ = ¢q4;
o If « >0, then p_ > py;
e If <0, then p_ < p4.

Step 2: It exists a unique ag such that g***(cp) = g3 (ap).
As cpr, > «, the upper extremity of g*“* is the point (pr s, cpr.ex) (see the left of Figure H

pL.ex has been defined in Lemma B.6). Similarly as cpgr > |al, the lower extremity of g5 is the
point (pRr.ex, —CPRex). If (PL,ex,CPL ex) belongs to Fi“b, as depicted on the left of Figure [6] we
directly obtain the existence of oy = ¢pr . Similarly if (pr ex, —CpR.ex) belong to Fi“b we have

g = —CPR,ex-

6% 5 «
(po, o) s [sub

4@70{0)

(PR, OR)

(pL, aL’j (PL, OéL)

Fsub

sub

Figure 6: In black, the graph of g°“, in grey the graph of g5“*. The intersection point (py = g5“*(cv), cvo)
is either on the sonic line o = ¢p or somewhere inside the triangle.

sub
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If we are not on one of these cases, as in the right of Figure [6] we have

gs_ub(ch ez) < giUb(ch em) and gf}-Ub( CpR,em) < giUb(_ch,ez);
and o exists continuity of ¢** gi“b.

Step 3: Conclusion. Let us suppose that ag > 0. According to the first step, the solution lies in
the set 0 < a < ag (we check on Figure [f] that the relative positions of g*“*(«) and g5“*(«) are only
correct in that zone). Moreover A(ag) = 0 and

R Sub (o) 1 , o2
- - (-2 e
(a) /5“1’(&) |D(aa p)| <C 7 > " aﬁ* oo

because D(p,0) = 0 and g5“*(0) # ¢°“*(0). By Lemma B0, the function A is monotonous, thus
there exists a unique « in [0, ag] such that g5**(a) — g5**(0) = 1. Therefore, (p—,a_) = (¢°**(a), )

and (p4,ay) = (95*°(0), @) verify Definition and give a solution. O

3.3 Resolution of the Riemann problem in the supersonic case

In this Section we prove Theorem [3.1l when ap > cpp or ag < —cpr. Without loss of generality, let
us assume that ag > cpr; the case agr < —cpr may be treated in a symmetrical way. Lemma 2.8
does not hold anymore. We must study in detail the case where (pr, ay) belongs to Vi (pgr, ar,v),
which was excluded in the subsonic case. For this purpose, we introduce some notation, summarized
on Figure [7 which also recall the notation introduced in Lemmas and B In the sequel we
denote by:

2
e for any subscript ¢ and for any point (p;, «;), we denote by (p; := CZY—;_, «;) the state reached

with a shock at speed v. Remark that p; = p;;
® pr.cr the extremity of the curve g%, Lemma [3.6] shows that when u;, —v > ¢, PL.ex = PL
and that

Va <0, (¢2(a),a) = (¢°**(a), @) and Va >0, (97" (e), @) = (93*(a), a).

o pp = g7""(ar) the intersection of the line v = oz, with I'}**. Note that pp = gsub(aL).

® (PRex, R ex) the extremlty of the curve g“‘b We recall that, by Lemma [37 if ag < —cpg,
QRex = QR and PR e = c2p ; and that if ag > —cpRr, pPr.ex < pr a0d AR cx = —CPR,cx-

Su p(

o pr = 97" (ap,eq) the intersection of the line v = o e, with T, Note that pp = g7 "(aR.ex)-

R sub

e g

QswP \ g i;L;\/ N\

Figure 7: Notation for the supersonic case oy, > cpr. Vi(v, pr,ar) is the union of the open set QSUb
above the graph of g7*7 and of the graph of gS“b V_(v, pr,r) is the union of the open set 54 below
the graph of ¢°"? and of the graph of g°“b.

We first exhibit a link between the position of (pr,ar) and the position of (pr, ar).
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Lemma 3.12. Let (pr,ar) € R} xR and (pr,ar) € RY xR such that ar > cpr and ar < —cpg.
It is not possible to have

(pr,ar) € QP and  (pr,agr) € Q7.

Proof. The hypothesis ap < —cpg implies that pg s = pr. Sup}gose that b(pL, ar) belongs to Q3.
Su Su

Then p;, < pg, and we have pr < pr. The monotonicity of g7** and ¢g*“* gives pr = pRr.ex < pF.
Thus pr > pr, which means that (pgr,ar) does not belong to Q7F. O

It allows us to exclude the case (pgr,ar) € Q™" of our study. Indeed, if (pr,ar) € Q™" then
ar < —cp and (pr,ar) does not belong to Q°*? and we treat that case by symmetry. We now state
the result in the supersonic case.

Proposition 3.13. Let (pr,ar) € RY X R and (pr,ar) € RL x R such that ar, > cpr and
(pr,ar) & QP Then the set

Go(A) N (V-(pr,ar,v) X Vi(pr, ar,v))
is reduced to a unique element ((p—,a_), (p+,ay)).

Proof. We prove the result for a drag force only depend on «, in which case we simply denote it
by D(a). Because of the compatibility between the germ Gp(v) and the shocks at speed v, the
germ is smaller and easier to describe. Instead of Definition ([26]), we can use the three relations of
Corollary 2.8 and (I2). Even though it simplifies the proof, all the key ingredients are present in
that case. The proof of Theorem Bl in the general case is given in Appendix [Al

The proof relies on the relative positions of py, and pg, and on the fact that the transformation
(p,a) — (ﬁ = %,a) reverses the positions of points around the point (a/c, @), as depicted on
Figure [

Case 1: pr, < pg, or equivalently (pr,ar) € Qj_"p.

In that case, we can chose (p—,a_) = (pr,ar) if and only if

a? a?
(—L + chL) — (—L + chE) > D(ap).
PL PE

2
Assume that this inequality is fulfilled. Then, as fo, : p — QTL + ¢?p decreases on (0, %), there
exists a unique p4 € (pr, pr) such that

a? a?
<—L + c2pL) — <—L + 02p+> = D(ay).
PL P+

Therefore we obtain the solution

((vaaL)v (erﬂO‘L)) € gD(v) n (V,(pL,OzL,’U) X VJr(pRﬂO‘Rv’U))'

In that case we have

aj 2 ~ af 2 ~

— +cpr | — | =t pE >D(04L),

PL PE
so A(ar) > 1. The function g*“b — gi“b decreases, so it remain positive on (0, ). Therefore,
Lemma shows that there is no other solution. Suppose now that

a? a?
(—L + chL) — (—L + chE) < D(ap).
PL PE

Thus we have that A(ar) < 1 and A(0) = +o0 and we conclude for the existence and the uniqueness
as in Proposition B.11}

Case 2: pr, > pg, or equivalently (pr,ar) ¢ Q7.

It implies that pg > gr,. Moreover, (pr,ar) does not belong to Q°*?. The fact that pr < pg
implies that pr > pr.cs and that A(ar) < 0. We conclude exactly as in the subsonic case, see the
proof of Proposition B.111 O
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3.4 Asymptotics

Depending on the intensity of the drag force D, the model (I]) exhibit a whole range of behavior,
from the lack of particle to the presence of a solid wall.

Proposition 3.14. Suppose that the drag force writes D(a) = ADg(«), with Dy a fized drag force.
When X tends to infinity, the solution of () tends to the solution of the Riemann problem with
the same initial data for the Euler equation with a solid wall along x = vt. When X\ vanishes, the
solution of () tends to the solution of the Riemann problem with the same initial data for the
Fuler equation without particle.

~ |— lambda=0.1 i

L lambda = 0.5 \

lambda = 1 | . ) ) ) ‘

s lambda = 10 0z o1 o 01 02 03 04 o5

lambda = 50

25— — lambda = 100 ; ,

---nopartce | /===
solid wall

velocity

Figure 8: Exact solutions of the same Riemann problem for different friction coefficients A

Proof. Let us begin by the case A\ —> +o00. Then in the supersonic case, it becomes impossible to
chose (p_,a_) = (pr,ar) because the inequality

a% 2 a% 2
= 4+ cpr | — | = +cpr ) > ADo(ar)
PL PE

will always fail. This is illustrated by Figure [@ where the drag force is D(«) = Aa: this property
holds for A = 1, while it is lost for A = 20. In the subsonic case, as ¢*“* and gi“b take value in

density

T --- lambda = 1
, - lambda = 20
s T * particle N
s i
> i i
- e EErC R T E R E EET RPN B
< oL -
A i
o % s A e -
o | | | | | |
ER o1 o o1 0z 03 os o5
XIT

Figure 9: Two types of solutions when oy > cpr, for the drag force D(a) = Aa. For small enough A
there is no wave on the left of the particle. As A becomes greater, we recover the subsonic solution.

a bounded interval, for all non null o, A(«) tends to 0 as A tends to infinity. Therefore, (p_, a_)

tends to (g*“*(0),0) while (p4, ay) tends to (g3

(0),0). This is exactly the solution for the Riemann

problem with a solid wall. When A tends to zero, remark that in the subsonic case (or the supersonic
case when (pr,ar) is not in Q3*”) the solution of A(«) = 0 tends to the crossing point cp. In the
supersonic case when (pr,ar) € Q3*7, the inequality

OzQL 9 Qg 9
—=+cpr | — (= +cpr | > ADo(ar)
PL PE

2
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is verified for small enough A, and (p—, ) is (pr, ) while (p4, ) tends to (pr,ar). It corre-
sponds to the value of the solution of the Euler equation without particle on the line x = vt. Those
two asymptotics behaviors are depicted, in the subsonic case, on Figure 8l O

4 Existence of up to three solutions when |D| is not a decreas-
ing function of p

When |D| is not a decreasing function of p, Condition ([22)) may not hold and we can lose uniqueness
and obtain up to three solutions. This is not surprising: the choice D(p,u—v) = p is, up to a change
of variable and pressure law, similar to the problem of the shallow water with a discontinuous
topography, where these three solutions arise. In a more general framework, hyperbolic systems
with resonant source term like ours have been investigate in [IT92] and [GLO04], where the possible
coexistence of three solutions is proved.

Suppose that this condition is reversed in

(e - ~
Vo V1 < p2 < 12 Fuon) — Falpa) 2 Fulf) — Fulfi). (20)

Fix a, > 0 and p, < 2&. For 0 < 6 < 62 < 1, consider p; and pa such that

FaL (pL) - FOzL (Pi) = 91';

and p1 and ps such that
Fop (pi) = Fap (pi) =1 = 0i.

We recall that p; = 025_ . Then we have

FozL (ﬁl) - FOzL (ﬁQ) = (FozL (ﬁl) - FaL (ﬁl)) + (FOéL (ﬁl) - FaL (ﬁQ)) + (FOéL (ﬁQ) - FCVL (52))
< —(1=01) 4 (Fa,(p1) = Far(p2)) + (1 —62) with (&0
<0.

It makes possible the coexistence of three facts that exclude each other under Hypothesis ([22)).

e First, there exists (po,ar) € Q7" such that:

FOLL (PL) - FOLL (p0> =1

Thus (p—,a-) = (pr,ar) and (p4,ay) = (po,ar) gives a solution that has no wave on the
left of the particle, and two supersonic waves on its right, as depicted in Figure [0

e Second,
FaL ([fL) - FOLL (pNE) < L.

If D is still an increasing function of «, we can apply the proof of Proposition B.I1] to obtain
the existence of a pair of subsonic traces. This solution has a 1-wave on the left of the particle,
and a 2-wave on its right, as depicted in Figure 1T}

e Finally, the state reached on the right of the particle by jumping immediately (£ = —e/2
or § = 0 in Theorem [27) is smaller than pg, while the state reached by jumping in the end
(€0 =¢/2 or 0 = 1) is larger than pr. Then (p_,a_) = (pr,ar) and (p4, ) = (pE,ar) are
admissible traces around the particle. The corresponding solution has no wave on its left, and
just a 2-wave on its right, as depicted in Figure
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density at time 1

6 T T
4+
2 B J
0 | | |
-2 -1 0 1 2
momentum at time 1
10 T \
8 -
6 -
|
4 | | |
-2 -1 0 1 2
velocity at time 1
6 T T
4+
of |
0 | | |
-2 -1 0 1 2
Figure 10: Solution with two supersonic traces
density at time 1
8 T T
6 -
4+
2 -
0 | | |
-2 -1 0 1 2
momentum at time 1
10 T \
4+
2 | | |
-2 -1 0 1 2
velocity at time 1
4+
2 -
0 | | |
-2 -1 0 1 2

Figure 11: Solution with two subsonic traces

24




density at time 1
6 T T

0 | | | | |
-2 -1 0 1 2 3 4 5

momentum at time 1
10 ‘ ‘

4 | | | | |
-2 -1 0 1 2 3 4 5

velocity at time 1
6 T T

Figure 12: Solution with one supersonic trace (on the left) and one subsonic trace (on the right)

Figures 10 12 and [T represent the three exact solutions at time 7' = 1 that are obtained for the
Riemann problem

Otp + 0:q = 0,
< ) 09,2
Ovq + Oy ( L+ 4p 0.9p*udo, (21)
p(O,ZE) =11;c0+5 Liso,
Q(Oax) =9 1m<0 +9 1z>0-
In that case we have F,(p) = 557 + g log(p). The traces have been numerically computed thanks

to the previous analysis. Another way to see that we can lose uniqueness, and obtain up to three
solutions, is depicted on Figure[I3 Following [GL04], we introduce a merged 1-wave, which regroups
all the state (pr, ay) that can be reached from (pr,ay) through three successive steps:

e From (pr,ar) we reach a state (p—,a_) on the left of the particle, by following a 1-wave and
a 2-wave, both traveling at a speed smaller than the particle’s velocity v:

(p-,a-) € V- (pr, a1, v);
e From (p_,«_) we reach, through the particle, a state (p4,ay):

((p*a O‘*)a (era O“r)) € gD(v);

e From (py,a) we reach (pr, ) with a 1-wave traveling faster than v.

The solutions of the Riemann problem (I7) are the intersections between this merged 1-wave and
the usual curve of 2-waves arriving in (pr,ar). In the case of a supersonic left state the merged
1-wave contains three different types of state:

e Those obtained by taking (p—,a_) = (pr, ar), then by decreasing continuously the quantity
F,, of 1 inside the particle. In that case (p4, ) is supersonic, and we can carry on with any
1-rarefaction wave and some 1-shocks to reach (pr,«y). This is part 1 of the black curve on
Figures [[3] and [I4

e Those obtained by taking (p—,a_) = (pr, ar), then by decreasing continuously the quantity
F,, of 0 for some 6 € [0,1], making a shock inside the particle, and finally continuously
decreasing of (1 — ) along F,,. In that case (p4,qy) is subsonic and there exists no 1-wave
faster than v starting from (p4,qy). This is part 2 of the black curve on Figures [[3 and T4l
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e Those obtained by starting from (pr,, a,) with a 1-shock slower than the particle. There exists
no such 1l-rarefaction wave and we reach a subsonic state (p_,a_), which lies on the dashed
gray line on Figure The state (p4, @4 ) is necessarily obtained by decreasing continuously
of 1 along the graph of F,,_. Therefore, (p4, ) is subsonic and there exists no 1-wave faster
than v starting from (p4, ¢4 ). This is part 3 of the black curve on Figures [I3] and [[4

As we can see on Figures[[3land [I4] the shape of the merged 1-wave depends on the relative positions
of the densities pg + and p; 4. The Hypothesis (22) ensures that pg + < p1 4, and the merged 1-wave
curve can be parametrized by p as in Figure[Idl If this hypothesis does not hold, it becomes possible
that pg,+ > p1,4, in which case the merged 1-wave curve has a Z-shape and can intersect the 2-waves
curve up to three times as in Figure

Remark 4.1. When D depends only on «, po,+ = p1,+ and the segment disappears.

momentum q

density rho

Figure 13: Example of non uniqueness with the friction D(p,q, k') = p*(u — h’) = pa. The gray line is
the usual curve of 2-wave arriving in (pg,ar) (gray star). The black line is the merged 1-curve from
(pr,ar) (black star).
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momentum q

density rho

Figure 14: Example of uniqueness with the friction I'(p,q,h') = u—h' = 2. The gray line is the usual
curve of 2-wave arriving in (pg,ar) (gray star). The black line is the merged 1-curve from (pr,ar)
(black star).

Appendix A Proof of Proposition [3.13] when D also depends
on the density

When D also depends on p, the germ is much larger than when it depends only of «. For (p_, ) is
fixed, with @ > 0 and cp_ < «, it contains one supersonic state (pg, @), and a whole set of subsonic
states (p,a) with p taking values in some interval [po4,p1+]. When D depends only on «, this
interval reduces to a single point po+ = p1+ = po. In that case we only had to worry about the
relative positions of pg, pr and pr, on the one hand, and of py, pr and gz, on the other hand (see
Figure [7 for the notation). Those relative positions were easy to deduce from one another. In the
general case, we have to study the relative positions of pg, pg and pr on the one hand, and of the
whole interval [poy, p1+] with pg and gz, on the other hand. The following property insures that
those relative are linked to each other nicely.

Proposition A.1. if |D| is a decreasing function of p, then for every a € R, for all states (p1, @)

R, (a_p) | (22)

Proof. To prove (22)) it is sufficient to prove that the function

and (p2, ) in R x R* with p; < pg < ‘%l we have

Fo(p1) — Falp2) < Fa ( o )

c2py

«

p Fo(p) — Fo (—2)

c2p
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increases on (0, =). We compute its derivative:
0 a? a? a?
AR p)—Fa [ S| = F R A
dp { ®) <02p>} o)+ c?p? @ <02p>

:;(Cz_aj%@ PR
Dl(e.) "~ 72) " IDI(55,0) Er

C2p7 c4p

- l|D|<1p,a> B |D|<01‘2 a>] <i_>

2p?

]
c

On (0, l%“), this quantity has same sign as

0[2
Dl(pr) =10 (5500 )

which is positive if |D| is a decreasing function of p, because p < % on (0, LZ‘) O

In the sequel we use the notation of Section B3] summarized on Figure[ll We recall in particular

that for any (p, @), the state denoting by (g, ) is reached with a shock at speed v: p = %. Let us
first describe the form of the germ imposed by Hypothesis (22]).

Lemma A.2. Suppose that the drag force D wverifies the Hypothesis (22)). Fiz (p—,q—) such that
a_ = q_ —vp_ is positive and that p_ < “=. Then:

o Ifit exists pg < O‘T’ such that Fo, (p—)—Fu_(po) = 1, there exists a unique density p1,+ greater
than “=, such that F,_(p_) — Fo_(p1,+) = 1. Then solutions of @) in & = ¢/2 can take the
values (p4,q+) with

p+ € [po+,p14] and gy =a- +uvpy,
where we denote by po.+ = po;

o If po does not exist but p1 + does, the solutions of (8) in & =¢/2 can take the values (p4,q+)
with
a_
P+ € {?ap17+i| and g4 = o +vpy,

and we denote by pg 4 = “=

~
o If neither po nor p1 4 exist, system (8) does not admit any solution on the whole interval

(—e/2,e/2).

Those three cases are illustrated in Figure [I3] below.

Po,+

o p

Figure 15: The three cases of Lemma [A.2] from left to right. The bold arrows are entropy shocks at
speed v.
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Proof (LemmalA.d). We first suppose that, as in top of Figure [T6]

FaL (pL) - FOzL (pE) > 1.

Then, there exists pg € [pL, pr] such that

FozL (pL) - FOzL (PO) =1,

and the state (po, crr) belongs to Q3" and provides an admissible state on the right of the particle.
Let us prove that it is the unique solution. As py < pg, Hypothesis [22)) yields po + > pr. We also
proved in Lemma [A2] that p1 + > po 4. Therefore, the interval [po 4+, p1,4+] does not intersect I'§“?.
Eventually, Hypothesis [22]) gives that F,(p1) — Fo(pr) > 1. Thus we cannot choose any subsonic
traces by Lemma B.10 We now suppose that

FaL (PL) - FOLL (PE) <1

(6% sup
Qy
aL——opL fo K ' | p~L
J—»///‘———////——_ p~E/ £0,+ 1+
p
ORe on / |
= - - PRex "’
qup
(6% sup
Qy
PL
arLt——o
QR
PF
QSUP
(6% sup
ay
PL
Ao
AORe
PF
qup

Figure 16: Relative positions of pg 4+ and pq 4.

If Fo(pr)— Fo(pr) < 1 (Figure[ld in the middle), which rewrites A(ay,) < 0, LemmaBI0implies
that there exists a unique solution inside the subsonic triangle |a| < ¢. Moreover, Hypothesis (22))
yield Fo(pr) — Folpe) < 1, and [po,+, p1,4] is included in [#L, o], so there is no solution with
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(pr,ar) for the left trace. Eventually, if F,(pr) — Fa(pr) > 1 (at the bottom of Figure [I6]), there is
no solution in the subsonic triangle. But in that case, p; 4 exists and is greater than pg, while pg 4

is smaller than pr (and might be equal to “). Therefore we can take (pr,ar) for the left trace
and (pg, ar) for the right trace. O
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