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SPECTRAL APPROACH FOR KERNEL-BASED
INTERPOLATION

Bertrand GAUTHIER & Xavier BAY

Abstract. — We describe how the resolution of a kernel-based interpolation problem
can be associated with a spectral problem. An integral operator is defined from
the embedding of the considered Hilbert subspace into an auxiliary Hilbert space
of square-integrable functions. We finally obtain a spectral representation of the
interpolating elements which allows their approximation by spectral truncation. As
an illustration, we show how this approach can be used to enforce boundary conditions
in kernel-based interpolation models and in what it offers an interesting alternative
for dimension reduction.

Résumé (Approche spectrale pour ’interpolation a noyaux). — Nous décri-
vons comment la résolution d’un probléme d’interpolation a noyaux peut étre associée
a un probléme spectral. Un opérateur intégral est défini a partir d’'un plongement
du sous-espace hilbertien considéré dans un espace de Hilbert auxiliaire composé
de fonctions de carré intégrable. On obtient une représentation spectrale des élé-
ments interpolants permettant leur approximation par troncature du spectre. A titre
d’exemple, nous montrons comment cette approche peut étre utilisée afin d’intégrer
des informations de type conditions aux limites dans un modéle d’interpolation et en
quoi elle offre une alternative intéressante pour la réduction de dimension.
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1. Introduction

This work is devoted to the study of kernel-based interpolation methods (see for
instance and among others [Wah90, Ste99, BTA04, RW06]). In order to cover a
relatively wide class of problems, we consider the general framework of interpolation
in a separated topological real vector space E. We denote by E’ the topological dual
of E and by (-,-) BB the associated duality bracket. For a linear subspace M of E’
and e € E, we say that f € F is an interpolator of e for M (or on M) if

Ve' € M,(f,€)pp = (e;€¢) g p -

In this context, we focus on the two linked kernel-based methods that are optimal
interpolation in Hilbert subspaces of E (see e.g., [Att92]) and Gaussian process models
based on the conditioning of zero-mean Gaussian processes with sample paths in F.
We consider interpolation problems associated with general sets M, including more
particularly the case where M is infinite dimensional (infinite data set). Such a situ-
ation may for instance occur when one aims at enforcing boundary values conditions
in an interpolating functions problem.

We propose and analyze an overall process which associates the resolution of a
kernel-based interpolation problem with the spectral decomposition of an integral
operator. This leads to a spectral representation of the solutions of the considered
interpolation problem (Theorem 4.1). By applying spectral truncations, we obtain ap-
proximations of the interpolating elements which are optimal in a given sense (Propo-
sition 6.4).

From a theoretical point of view, the spectral properties used in this article are
well-known and related to extensions of the Mercer’s Theorem and Karhunen-Loéve’s
Theorem. From an applied point of view, the use of spectral methods in approxima-
tion and learning is not new either. We can for instance quote the article of F. Cucker
and S. Smale [CS02], where recalls and discussions concerning Mercer kernels and
their applications in learning theory can be found. One can also refer to the works
of E. Parzen [Par62] (also mentioned in [BTAO04, Section 2.4]), or among others, to
the articles [Wal67, Kue71, Raj72]. Also, remark that our approach is based on
the embedding of the considered Hilbert subspace into an auxiliary Hilbert space of
square-integrable real-valued functions. The various applications and structures we
consider can in this sense be compared with the ones appearing in the work of M.Z.
Nashed and G. Wahba [NW74]. The main objective of the present article is to give
a theoretical description, in the general context of topological vector spaces, of the
processes involved in the association of a kernel-based interpolation problem with a
spectral problem. We also aim at showing the potential interests of such an approach.
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The first part of this article (Section 2) is devoted to the description of optimal
interpolation in Hilbert subspaces. In Section 3, we define the notion of regular embed-
ding adapted to an interpolation problem. We also show how this embedding defines
an integral operator, which is referred to as problem-adapted. In Section 4, we use
the spectral decomposition of this operator in order to study the initial interpolation
problem and its approximation by spectral truncation.

In Section 5, we consider the case where M is finite-dimensional. Explicit calcu-
lations are carried out in order to illustrate the use of spectral considerations in this
particular case. Section 6 is next devoted to Gaussian process models. The spectral
representations considered in the previous sections are extended to the conditioning
problem. In particular, we show the IMSE-optimal character of the approximation
by truncation in this context.

We finally develop (Section 7) a theoretical example of application involving a
Hilbert subspace of continuously differentiable real-valued functions on R%. We con-
sider a particular class of kernels and show how to enforce Cauchy-type constraints on
a circle (conditions on both values and normal derivatives) in the associated interpola-
tion models. The difference between approximation by truncation and discretization
is illustrated.

2. Optimal interpolation in Hilbert subspaces

2.1. Hilbert subspace and RKHS. — The L. Schwartz theory of Hilbert sub-
spaces [Sch64] (or Hilbertian subspaces) is an equivalent formalism for the more
widespread theory of reproducing kernel Hilbert spaces (RKHS), introduced by N.
Aronszajn in [Aro50], this equivalence is for instance discussed in Remark 2.1. The
abstract formalism of L. Schwartz is adapted to the framework of topological vec-
tor spaces; it also draws interesting parallels with operator theory (see for instance
Proposition 3.7).

2.1.1. Hilbert subspace. — The general framework of the Hilbert subspaces of F
requires the (real) topological vector space E to be also locally convex and quasi-
complete (see for instance [Rud95, Sch64]), what we assume thereafter. Remark
that these properties are verified by most of the classical functions spaces and in
particular by all Fréchet and Banach spaces. We denote by E’ the topological dual
space of F.

A Hilbert subspace H of F is a linear subspace of E endowed with a Hilbert structure
such that the inclusion of the Hilbert space H into E is continuous. We use the
notation H € Hilb(E). We then denote by Ty the Hilbert kernel naturally associated
with H# € Hilb(E). We remind that Ty : B/ — H C F is a linear, symmetric and
positive application,

i.e. Ve and f' € E' (Tye', [ p = (Tuf' € g p and (Tye',e')p g > 0.
The kernel T3 is in particular characterized by the representation property,

(2.1) Vh e H,Ve' € B, (h,e) g g = (h|Tue')y,
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where (-|-),, is the inner product of H. If {h;:j € J} is an orthonormal basis of
‘H € Hilb(FE), the Hilbert kernel T3 can be written under the form

(2.2) Ty =Y hj@hy, ie. Ve' € B\ Tye' =Y (hj,€/)p o hj.
jel jel ’
2.1.2. Reproducing kernel Hilbert space. — A RKHS H of real-valued functions on
a set X is a Hilbert subspace of RY (space of real-valued functions on &X') endowed
with the topology of the pointwise convergence (see [Aro50, Sch64, BTA04]).
The reproducing kernel K(-,-) of H is then linked with the Hilbert kernel T3, by
the relation, for all z and y € X,

(2.3) K(x,y) = (Tnba: 0y) g g »

where 0, is the evaluation functional for z € X, that is (f,0,)p p = f(z) for all
f € E = R¥. This definition for a RKHS (as Hilbert subspace) is therefore exactly
equivalent to the more common definition, namely that H is a Hilbert space of real-
valued functions on X such that, for all z € X, the linear map L, : H — R, h — h(z),
is continuous.

Remark 2.1. — The RKHS theory can first appear to be a particular case of the
Hilbert subspaces one. In reality, this two theory are equivalent and only differ by
their formalism (see [Sch64, Gaull]). Indeed, one can for instance consider E as a
linear subspace of R’ (since E C E”) and then assimilate a Hilbert subspace of E
with a RKHS of real-valued functions on E’.

2.2. Optimal interpolation. — Let H € Hilb(E) and M be a linear subspace of
E’. For a given ¢ € H, the set of the elements of % which interpolate ¢ on M can be
easily described thanks to the Hilbert subspace structure of H. In what follows, we
resume some of the main results concerning such a study. Throughout this article,
we will frequently refer to the interpolation problem associated with H € Hilb(E) and
M, without necessarily mention the element of 7 which has to be interpolated.

Let us introduce the set

MO = {e €E:Ve €M, (e,€) 5 = 0} .

We define Ho = MY NH =Ty (M)L7 where Ty (M)l denotes the orthogonal, in H,
of Ty (M) = {Tye' : ¢/ € M}. Then, for a fixed ¢ € H,

o+ (M°NH)

is the set of all interpolators, in H, of ¢ for M.

p+ (M N 7—[) is a non-empty closed affine subspace of ‘H and is therefore also con-
vex. Thus ¢+ (M N ’H) admits a minimal norm element, which we denote hy, »; and
call minimal norm interpolator, or optimal interpolator. hy ar is then the orthogonal
projection of 0 onto ¢ + (M N ’H). Let us remark that this first characterization of
the optimal interpolator is essentially non-constructive, in the sense that it does not
allow the construction of A, ps from the only knowledge of the values of ¢ on M.
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By definition of the orthogonal projection, h, as — 0 is orthogonal to H,,
1

ice. ho € Hi = (Tw (M)") =T 0" = Hu,

with H s the closure, in H, of the linear space spanned by the Txe', for ¢/ € M. This
introduces the orthogonal decomposition H = Hy + Has and implies in particular
that hy as is the only interpolator, in H s, of ¢ for M.

Finally, let Py,, be the orthogonal projection of H onto Hpr. We know that
© — Py, |¢] is orthogonal to Hyy, thus ¢ — Py, [p] € Ho, i-e. Py, [¢] interpolates
o for M. We finally obtain

hon = Pry, [¢]
and this second characterization is suitable for the construction of A, 5s from the only
knowledge of (p,e’)  , for ¢’ € M.

»+Hy

S

hy 7
M Ho

H Hu

FicURE 1. Schematic representation of optimal interpolation in a Hilbert subspace.

The Hilbert kernel T, of the Hilbert subspace Has, (+|)y,, is linked with T% by
the relation
Tty = Py T
Hence, the knowledge of T3;,, defines the orthogonal projection Py;,, and reciprocally,

this result staying true for any closed linear subspace of 7. This implies in particular
that the Hilbert kernel Ty, of Ho, (-|)4, is given by Ty, = Ty — Ty,

3. Problem-adapted integral operators

Let H € Hilb(E) and let M be a linear subspace of E’. Throughout this section,
we consider the interpolation problem associated with H and M. We use the same
notations and definitions as Section 2. Let us in particular remind the orthogonal
decomposition H = Hg + H -

In what follows, we introduce the notion of regular embeddings associated with an
interpolation problem and study the integral operators they naturally define. This
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leads to the construction of specific orthonormal bases of #H s which are (in the sense
of equation (3.14)) suitable for the resolution of the considered interpolation problem.

The results of Sections 3 and 4 hold for any Hilbert subspace H of E, separable or
non-separable. However, if H is non-separable, the existence of a regular embedding
requires H s to be separable (see Remark 3.4). Let us mention that complementary
considerations concerning Section 3 can be found in [Gaull].

3.1. Regular embedding and parameterization. — Let (S,.4,v) be a general
measured set with v a o-finite measure. We denote by L?(S,v) the Hilbert space of
square-integrable real-valued functions on & with respect to v. Let us remind that
L?(S,v) is in fact a quotient space. Nevertheless, we make the widespread abuse
of notation which consists in assimilating elements of L?*(S,v) with functions on S
(instead of considering equivalence classes of v-almost everywhere equal functions).
We will sometime refer to L?(S,v) as the auziliary Hilbert space.

Let (:|-);2 and ||| ;> be respectively the inner product and the norm of L*(S,v).
We recall that

VfmmgeL%&VLUmnwjéfwmwMW@-

Let us consider an application v : S — E’. For all h € H, we then define the
function

(3.1) §h: S = R with Fh(s) = (h,ys)p g forall s € S.

We now introduce conditions concerning L?(S,v), v and H, namely:

C-i. for all A € H, the function §h : S — R is measurable,
C-ii. the function (s,t) € S x S = (T3V8,7t) g g = (Trys|Tut)y, is measurable,

Cuiii, 7 = / I Toevs||2, di(s) < +oo.
S
Proposition 3.1. — Under Conditions C-i, C-ii and C-iii, we have §h € L*(S,v)
for all h € H and
(3.2) I8hl7: < 7RI,
Hence, the linear application § : H — L?(S,v), h v Fh is continuous.

Proof. — Representation property (2.1), Cauchy-Schwarz inequality applied to (-|-),,
and finally Condition C-iii give

(33) s dots) = [ Tas vt < - Il
each integral being well-defined thanks to Conditions C-i and C-ii. O

We now consider the orthogonal decomposition H = Ho+H s and add the following
condition on the application § : H — L?(S,v),

C-iv. for all h € H, ||Fh|| ;2 = 0 if and only if h € H,.
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Definition 3.2. — We call regular embedding of Hs into L*(S,v) adapted to the
interpolation problem associated with H and M an application § : H — L*(S,v)

defined from a parameterization v : S — E’ via equation (3.1) and which verifies
Conditions C-i, C-ii, C-iii and C-iv.

Let § : H — L?(S,v) be a regular embedding of Hjs into L?(S,v). We consider
the linear subspace §(H) of L?(S,v) given by F(H) = {Fh : h € H} (the image of H
through §). From C-iv, §(Ho) = 0, hence §(H) = F(Har). We endow this space of
the following inner-product,

(3.4) Vh and g € Hay, (5h|3g)g(ﬂ) = (h|g)H'

Proposition 8.8. — Let § : H — L*(S,v) be a regular embedding of Hur into
L2(8,v), then §(Hu), (‘[')g(3) is @ Hilbert space. It is isometric to Har, (),
the isometry being the restriction to Hys of the reqular embedding §.

In addition, the inclusion of the Hilbert space F(Hnr), (+|')z(3) into L3(S,v) is
continuous. In other words, § (Har) € Hilb (L*(S,v)).

Proof. — The fact that F(Has) is a Hilbert space isometric to Hys directly follows
from its construction. Further, from Proposition 3.1, we have for all h € H,,,

I13RI2, < 7 1A, = 7 13010
thus § (Har) € Hilb (L*(S,v)). O

Remark 3.4. — One can for instance consult [For85| for a discussion about the
conditions appearing in Definition 3.2. The ones we use here are of similar type but
specially adapted to the study of the interpolation problem associated with H and
M. Indeed, let § be a regular embedding of Hj; into LZ(S, v) and consider

(3.5) /S £(5) (B 8) e () = (f13) 2

where f is a fixed element of L?(S,v) and h € H. From Condition C-iv, the value of
expression (3.5) does not vary if we replace h by h+ hg, with hg € Ho. This quantity
thus only depends of the values of h on M (i.e. of (h,€’) g for ¢ € M), which are
the only available informations when considering an interp(;lation problem associated
with M and an element h of H.

When S is a topological space (endowed with its Borel o-algebra) and Conditions
C-i, C-ii and C-iii are already verified, C-iv will for instance be realized if for all
h € H, the functions Fh are continuous and if M = span {y(supp(v))} (i-e. M is the
linear subspace of E’ spanned by ~(supp(v)), with supp(v) the support of v).

Finally, note that the existence of a regular embedding § associated with the
interpolation problem defined by H and M implies in particular that H s is separable,
see for instance Proposition 3.8.

Example 3.5. — Let us consider a RKHS H of continuous real-valued functions on
a topological space X and the problem consisting in the interpolation of an element
© of H at given points x1,--- , 2, of X (i.e. M =span{dy,, - ,0z,})-
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One can for instance define a regular embedding for this problem by introducing
the measure v = > 1" | w;d,, (with w; > 0) on & = X (endowed with its Borel o-
algebra) and the parameterization v : 2 — d, (another possible parameterization for
this problem is given in Section 5).

More generally, if we suppose that the values of ¢ are known on a closed subset
D of X (i.e. M =span{d,,x € D}) while keeping the same parameterization -, one
just has to consider a measure v on X whom support is D and such that Conditions
C-iii is also verified.

Note that in this particular example, if one identifies elements of L?(S,v) with
functions on § = &, then the application § is in fact the identity operator on H, with
Sh(xz) = h(z), for all h € H and x € X.

Proposition 8.6. — Let § : H — L*(S,v) be a regular embedding of Hr into
L?(8,v) and consider its adjoint operator '§ : L*(S,v) — H defined by equation
(3.7) hereafter. Then, for all f € L*(S,v), 'Ff € Hy and we have the following

integral representation,

(36) VF € IS5 = [ s ivs)

this expression having to be understood in the sense of equation (3.8).
Proof. — We remind that '§ : L?(S,v) — H is defined by

(3.7) Vhe HYf € L*(S,v), (h'Sf), = (hIf)L- -

From C-iv, we directly deduce that ‘§f € Has for all f € L?(S,v). Next, by applying
the preceding equation to h = Ty e’ with ¢’ € E’, we obtain

(3. = [ 506) (T 150 )
S

(55) = [ 1) (T o),
which corresponds to equation (3.6) (one can refer to [Bou59| for details concerning
the notion of vectorial integral). O

3.2. Integral operator defined by a regular embedding. — We still consider
the same interpolation problem associated with H and M. Thanks to Proposition 3.3,
we know that a regular embedding § of Hys into L?(S,v) defines a Hilbert subspace
S(Har), (1)ze of L?(S,v). Hence, from the Hilbert subspaces theory, it admits a
unique associated Hilbert kernel. If we identify the continuous dual of L?(S,v) with
itself (Riesz-Fréchet representation Theorem), the Hilbert kernel of §(H ) relatively
to L?(S,v) is the unique linear application

Ly (L3S, v) = L3(S,v) = § (Har) € L*(S,v)
which verifies the representation property, for all h € H and f € L*(S,v),
(3.9) (§h1S) 2 = FHIL Mg
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Proposition 3.7. — Let § : H — L*(S,v) be a regular embedding of Hys into
L*(S,v) and let L., be the kernel of the Hilbert subspace § (M) of L*(S,v), then
L, =35, ie. forallt €S and f € L*(S,v),

(3.10) Lo lf(0) = /5 (Trys|Trvt)y, £(s)di(s).

Proof. — By combining equations (3.9), (3.7) and (3.4), we obtain that, for h € H
and f € L*(S,v),

(301 )2 = (M'FF) = (BHIT'TS) 030 = FHIL [ 5000

We finally deduce equation (3.10) from the integral expression of !§ given in Propo-
sition 3.6 (more precisely, equation (3.6)) by applying the preceding relation to
h =Tyt € H, witht € S. O

Let us remark that the Hilbert subspace § (Hs) of L?(S,v) can be assimilated to
the RKHS of real-valued functions on S associated with the reproducing kernel

(3.11) V(s t) € S x S, K (s,t) = (Ty~t|Trys)y -

Hence, £, can be seen as a classic integral operator on L?(S,v) defined by the
symmetric and positive kernel K(-,:) on S x S (see for instance [Sch79, §10] and
[For85])

We deduce from the theory of integral operators that £, , is a Hilbert-Schmidt
operator and therefore a compact operator. So L., : L*(S,v) — L*(S,v) is diagonal-
izable and its eigenvalues are positive. We denote by \; those eigenvalues (repeated

according to their algebraic multiplicity) and by ai € L?(S,v) the associated eigen-
functions, with ¢ € I (and where I is a general index set). We remind that {51 11 € H}

forms a orthonormal basis of L?(S,v) and that the set of all strictly positive eigen-
values is at most countable.

Proposition 3.8. — Let § : H — L*(S,v) be a regular embedding of Hys into
L?(S,v) and consider its associated integral operator

L, =F'F:L*S,v) = T (Hu) C L*(S,v).

Denote by {\, : n € 1.} the at most countable set (i.e. Iy C N) of its strictly positive
eigenvalues (repeated according to their multiplicity) and let ¢,, € L?(S,v) be their
associated eigenfunctions. For alln € 1, we define

1, ~ 1 ~
(312 on = 3" Fon = 1 [ Gul)Trys du(s) € Har.

n n JS
Then {\/)\nqbn in e ]I+} is an orthonormal basis of the Hilbert space Hys endowed
with the inner product (-|-),.

Proof. — First remark that from Proposition 3.6, the elements ¢, of H,; are well-
defined. By definition, we have that, for all n € I and for all h € H,

(3.13) (én|h),, = Yln (tsan h)H - i (a}n gh)

2’
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Asfor allm € I, §o,n, = &Fm, the preceding equation (3.13) applied to h = ¢, gives
that {\/A,¢n : n € [} is an orthonormal system of Hy.

From Proposition 3.7 and the properties of Hilbert kernels, we know that the linear
subspace spanned by the L. ,[f], f € L*(S,v), is dense in § (Hu), ([)g(3) (and in

particular {\/ )\ngn tn € H+} is one of its orthonormal bases). Hence, by isometry

between § (Har), ()g3) and Har, (+[+)3, the linear space span {(VAndyn inely}is
dense in §(#H), which concludes the proof. O

In our context of interpolation, the main interest of the elements ¢,, of H, n € I,
appearing in Proposition 3.8 is that (see equation (3.13)),

(3.14) b € e (0l = 5 [ 00l (1275) ).

So, as for equation (3.5) of Remark 3.4, the evaluation of the inner product (¢,|h),,
can be directly obtained from the only knowledge of the values of h on M.

We are now able to formulate our representation Theorem 4.1, which simply con-
sists in the use of this particular orthonormal basis and of equation (3.14) in order to
describe the orthogonal projection of H onto Ha;.

Before this, we conclude this section by some additional remarks concerning the
structures and applications we have introduced. This will be useful for the rest of our
study.

3.3. Some important remarks. — The definition of a regular embedding § of
Har into L?(S,v) allows the construction of various applications and structures in
addition to the ones studied until now. This section aims at introducing a few of
them. Let us mention the article NW74], where a similar framework is studied.

3.8.1. Operator on H defined by a reqular embedding. — In the same way as an
embedding § : H — L*(S,v) defines an integral operator £, , = §'F on L?(S,v) (see
Proposition 3.7), it also defines an operator on H.

Proposition 8.9. — Let § : H — L*(S,v) be a regular embedding of Hus into
L?(S,v) and consider the framework of Proposition 3.8. We define the following
linear operator on H,

(3.15) Vh € H,L.,,[h] ="'§Fh = / (hyv8) g Trys dv(s).
s

L., is a continuous symmetric and positive Hilbert-Schmidt operator on the Hilbert
space H, (-|-),,- It is diagonalizable, the eigenspace associated with the null eigenvalues
is Ho and \/Andn, n € Iy, are the eigenvectors (with ||/ An¢n||,, = 1) associated with
the eigenvalues \,, n € 1.

[

Proof. — The properties of symmetry and positivity of L, , are obvious. Let us give
a direct proof of the fact that it is a Hilbert-Schmidt operator. Let {h; : j € J} be an
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orthonormal basis of . Using equation (2.2) and Fubini’s Theorem, we obtain,
2
(3.16) SOl = / / (Trys| Tryt)2, du(s)du(t) < 72,
, sJs
J€J
the last inequality being a consequence of the Cauchy-Schwarz inequality applied to

the inner product of H and of Condition C-iii.
For all hg € Ho, we obviously have 'FFho = 0. In addition, for h € H and n € I,

1, ~

h) = (An6n|h)s, -
H

This equation combined with Proposition 3.8 completes the spectral decomposition
of L., and also proves its continuity. O

2

3.3.2. Two additional Hilbert structures. — We introduce two Hilbert spaces §(#)
and Hyar '~ which naturally appear when considering a regular embedding § of H ;.
Note that these two structures will be useful to us for the application of our approach

to Gaussian processes conditioning in Section 6.2.
2

L
F(H) " is the closure in L?(S,v) of the linear subspace §(#). Let us notice that

{EE,L, n e I[+} is obviously one of its orthonormal bases for the inner product (-|-) ..

Let us now define 7, . We start by introducing the following symmetric and
positive bilinear form on #, for all h and g € H,

(3.18) (hlg),., = (Fh|39) . = /S o 8) 1 03 75) 1 A (5):

We also set ||h|\3u = (h|h),, . Condition C-iv implies that the nullspace of (-|-), , is

Ho (i.e. for h € H, ||h[|,, = 0if and only if h € Ho) and Has endowed with (-[-), , is

Yo
hence a pre-Hilbert space. We then denote by Hy; '~ the completed of H s for [

Remark that the operator L., , (considered as an operator on H ;) can be naturally
N2

extended to Has by continuity. L., is then a Hilbert-Schmidt operator on H o ,
-|-), . Tt is symmetric and positive definite, its eigenvalues are \,, n € I, and each
vV +

)

one is associated with the eigenvector ¢,, (and [|¢y][, , = 1).

8.8.3. Isometries. — We are finally in presence of four isometric Hilbert spaces,

2

Hor, §(H),3H) and Har "

As we have seen in Proposition 3.3, the isometry between Hys, (-|), and F(H),

1) 3(H) is the restriction of § to Hj;. The continuous extension of this first isometry
L2

defines the isometry between Hy ", (1), and F(H) , () e

2

The isometry between F(H) , (-'),. and F(H), (-[-)z¢) is given by

vn €Ly, dn — V Andn.



12 B. GAUTHIER & X. BAY

— 12
It is in fact the restriction of the square-root of £, to §(H) , with

Yo - Tawie,

i€l i€l

1
i,

where » . a;d; € L2(S,v). We obviously have Ly, = E%,V o £%7V.

8.8.4. Pseudoinverse of a regular embedding. — Let us consider the framework of
Proposition 3.8. We can define the pseudoinverse (or generalized inverse) §' of § by

(3.19) vnely, o, = ¢, = Aitgin

and, for i € I\I;. (i.e. A\; =0), Fd; = 0. Then, F' is well-defined from L2(S,v) onto

Y
Hy ' and

(3.20) VfeLA(Sv),5 =Y (f

nely

On)  on € Far""

2

— L —

The restriction of F to §(H)  defines the inverse of the isometry between Hj;
— 1?2

and F(H) . In the same way, its restriction to H s gives the inverse of the isometry

between Hps and F(H). We have in particular
(3.21) Py, =513,

which is in fact an equivalent formulation of Theorem 4.1.

v

4. Representation and approximation of the optimal interpolator

For H € Hilb(E), we consider the optimal interpolation problem in H defined by
© € H and a linear subspace M of E’. In order to apply Section 3 results, we suppose
M such that Hp; is separable (thus, M can be an arbitrary linear subspace of E’ if
H is itself separable).

4.1. Spectral representation for optimal interpolation. — Once an orthonor-
mal basis of Hj; known, one can easily express the orthogonal projection of H onto
Hps. Then, in order to compute the optimal interpolator of ¢ € H for M (see Sec-
tion 2), we need to be able to evaluate the inner-product in H between ¢ and each
elements of the considered basis of Hjs, and this from the only knowledge of the
values of ¢ on M (which are, in our context of interpolation, the only available infor-
mations concerning ). This is precisely the property of the orthonormal basis of H s
associated with a regular embedding §, its elements indeed verify equation (3.14).

Remark that in order to be applied to a given interpolation problem (associated
with H and M), our approach requires the preliminary choice of a measurable space
(S, A,v) and of a parameterization v : S — E’ allowing the definition of a regular
embedding § of H s into the auxiliary space L?(S, v). Some considerations concerning
this choice are discussed in Section 4.3.
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Theorem 4.1. — Let § be a regular embedding of Har into L?(S,v) and consider
the orthonormal basis {\//\ngi)n 'n & ]I+} of Har associated with §. Then, for ¢ € H,
we have

(4.1) Puy el = 3 én / (G VS) .1 (02 75) 5 A (5).

nely S

Proof. — We just have to consider Proposition 3.8 and equation (3.13),

PHM [‘P] = Z V /\n(bn (\/ /\n¢n SO)?—L = Z )‘n¢n (¢n 390)&_(?_0
nely nely
= Z Pn <($n 3<P>L2 .
nely
See also equation (3.21) for an equivalent formulation of this result. O

Let us remark that the sum appearing in equation (4.1) converges by construction
in H. Since H € Hilb(FE), it also converges for the initial topology of F and for its
weak topology o(E, E’). Then, in particular, for all ¢’ € E’,

Prosy 16,y = 3 (6n ) / G ¥S) .50 (01 75) 5.1 A (5).

nely

. . . . . A7)V .
Finally, because of the continuous inclusion of Hus, (+|-),, into Has ™, the considered
sum also converges for |||, .

4.2. Truncated approach and approximation. — In practice, even if the spec-
tral decomposition of the operator £, = §'§ is known, it is not always possible,
for instance for numerical reasons, to consider all the terms appearing in the Mercer
decomposition of Ty,,,

Ve' e ElvT’HMel = z An <¢na 6I>E,E’ Pn.-

nely

A classic alternative simply consists in not considering all the terms that appear in
the previous sum. In this case, one currently speaks about spectral truncation and
these are usually the largest eigenvalues which are conserved. The following section
aims at illustrating the use of this alternative in our context. Note that additional
considerations concerning the optimal character of the approximation by truncation
based on the largest eigenvalues are developed in Section 6.4.

Remark that we have to keep in mind that, in the most part of applications, the
true analytical spectral decomposition of £, , would be unknown. So, the study of
the behavior of the proposed approach when dealing with approximated eigenpairs is
of importance in regards of such applications.
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4.2.1. Spectral truncation. — Assume that we dispose of an approximated kernel
defined from a subset I;,.. of I, that is, for all ¢’ € E’,

Tf;_tigc@/ = Z An <¢TL7 €/>E7E’ ¢TL
n€lre

For ¢ € H, we then obtain an approximation of the optimal interpolator Py, [¢] that
we denote by Py [p]. We have
!
(¢l wee’),,

Ve € E, <PH3\2C [©] ,e’>E,El
S () /S Fn(5) (0, 95) o v (5),

n€l¢re

(4.2)

where HY® is the closure in H of the subspace spanned by the ¢,,, for n € L.

Theorem 4.2. — Consider the general framework of Section 4.2 and introduce the
set Lepr = Iy \Lipe, then

@3) v e B (P el - Page o) <ol 0 hnlomm
n€lerr
2
(4.4) and |~ Brgge ]| <ol 3 M
n€lerr

Proof. — By definition, we have for all ¢’ € E’,

(5 (Bl Puge @), = (o] 20 Anbnehimen),

n€lerr

To obtain expression (4.3), we just have to remark that the Cauchy-Schwarz inequality
applied to equation (4.5) gives

(Pro [~ Prg [ ')

A DRy

n€lerr

E,E’

and that, from Proposition 3.8,

| 32 rtonetmmon = 5 Mowehn

n€lery, n€lerr

Next, from equation (4.3) and the definition of H||7V (see section 3.3.2), we have,
(B el =B el ovs) vl < Dl 0 A [ (0 v vl
B.E n€lerr
Since ||¢n||ffy =1 for all n € I}, we obtain

2
[Brc el =P ]| <l o A

n€lerr

which concludes the proof. O
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Let us remark that, by definition of ||-||,W7

2
(4.6) Yo e H,

2
P lel ~ By (o] | = [0~ oy o]

vV

We call Zneﬂwr An the spectral error term. It will be in practice evaluated by

considering
Z An = Z >\n* Z An
n€lerr, n€ely n€lire
2
(@7 AL TIOED SR

n€ly e

A good indicator (see also Section 6.4) of the overall quality of the obtained approxi-
mation can classically be found in the ratios

M =1— M
Y oner, An > oner, Mn
4.3. About the choice of the parameterization. — In this section, we men-

tion some general considerations concerning the choice of the parameterization. By
parameterization, we mean here the overall process leading to the construction of a
regular embedding of H,; into an auxiliary Hilbert space.

4.8.1. Computational aspects. — 1In the interpolation context of Theorem 4.1, the
parameterization can just appear as a tool allowing to obtain the representation for-
mula (4.1). No matter its choice from the moment it allows the definition of a regular
embedding § of H ;.

Nevertheless, if one envisages the computation of the elements constituting the
orthonormal basis of Hp; associated with the considered embedding (Proposition
3.8), this choice takes importance. Indeed, it in part determines the operator which
has to be diagonalized. It then appears reasonable to try to make a choice that defines
a simplest as possible spectral problem. One will for instance try to be in a position
allowing an analytical resolution, or the use of a particular numerical method.

In such a context, an illustration of what appears to us as relatively judicious
choices of parameterizations can be found in [Gaull, Section 3.3]. In this particu-
lar example, appropriate choices allow to obtain analytical expressions for many of
the involved quantities and prediction formulae concerning the conditioning of a two
parameters Brownian sheet are, in so doing, obtained in an original way.

4.8.2. The approzximation case. — In addition of this first consideration, the
parametrization choice has a direct influence on the behavior of the optimal inter-
polator approximation obtained by spectral truncation in equation (4.2). Indeed,
different choices of parameterization for a same problem lead to different approxima-
tions of the optimal interpolator, and this even if the spectral ratios of the considered
truncations are equal.

The parameterization directly influences the way Py, ere [¢] approximates Py, [¢]
on M. So, it offers a way to modulate the accuracy of the approximation in function
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of the elements of M. This characteristic of tunable precision could offer interesting
possibilities in regards of applications.

5. Finite Case

5.1. Context and notations. — We suppose that M is of finite dimension, i.e.
M =span{p1, -, pn}, with n € N*. Let us define the matrix T € R™*" by,

(51) for 1 g Z,j < ’I’L,Timj = (TH:LL1|THM7)H .

For simplicity and without loss of generality, we assume that the yu; € E’ are such
that the symmetric and positive matrix T is invertible. For convenience, we introduce
the following matrix notations,

T
H = (Mh T 7/1/71) and T = (THH|THNT)H = <THN7 IJ’T> = <IJ’7T'HHT>a
where Ty pp = (T pa, - - ,Tgun)T is a column vector. Hence, for ¢ € H, the optimal
interpolator of ¢ for M can be written under the form

(5.2) hoovt = T T (p, ),

T
with (u, ) = ((gp,m}E g (0 n) g E,) . Remark for instance that with our

notations, (p, )" = (¢,u”) and, fore € Eand ¢’ € E', (e,€)p g = (e.€') = (€,e).
So, we will write, for ¢’ € E', (hpnr.€') g g = (e, Typ™) T~ (u,¢).

The aim of this section is to prove, by explicit calculations, that the expression of
the minimal norm interpolator given in equation (5.2) is equal to the one given in
equation (4.1) of Theorem 4.1.

5.2. Parameterization. — We first introduce a trivial parameterization of this
problem. Let S = {1,--- ,n} and consider the measure v on S which assigns a weight
w; > 0toeachi € S ={1,---,n}. The auxiliary space L?(S,v) can then be identified
to the space R" endowed with the inner-product (x|y)w = x? Wy, where x and y
are two column vectors of R™ and where W is the matrix

W = diag (w1, -+ ,wy,) .

Notice that we identify a vector of R” with the column vector of its coefficients in the
canonical basis of R".

We next consider the application v : & — E’, given by ~vi = p;, for all i €
{1,--- ,n}. The associated application § is trivially a regular embedding associated
with our problem. It verifies, for all h € H, §h = (u, h) € R" (and §h(i) = (b, i) g 1,
for alli € {1,---,n} = 8). If we identify L?(S,v) with R", then for a € R™,

(5.3) o =Tup" Wa € Hyy.
We finally obtain that £, = §'F is given by
(5.4) F'fa=TWa.
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In the same way, we have (see Proposition 3.9),

Whe WLyl = '§8h= [ (1,75)p g Tursdo(s)
S

(5.5) = Y wi () g g Trupts = Tt "W (g, 1)

i=1
The symmetric and positive bilinear form (-[-), , on H, associated with § via equation
(3.18), is given by, for h and g € H,

(hlg),, Zm (hs i) g (95 1) g = (ho ™) W (2, g) -
1=1
5.3. Spectral decomposition. — Let A\; > 0,--- ;A\, > 0 be the eigenvalues of

TW and let vi,---,v, be their associated eigenvectors, i.e. TW = PAP~! with
A =diag (A, -, \p) and P = (vq|---|vy).

Note that {vy,---,v,} forms an orthonormal basis of R™, (:|-)w, i.e.
(5.6) PTWP =1d, ,,, where Id, «,, is the n x n identity matrix.
For k € {1,--- ,n}, we define

1
(57) O = t%vk = TTHM Wvi € Hur

k

Proposition 5.1. — Under the assumptions of Section 5, we have, for all ¢ € H,
TyptT ! Z¢k/ (Br;v8) BB (¢, ’YS>E w dv(s).

Proof. — We have

Tup" T (p,0) = Tup" WW T ()

= Tup" WPAT'P ™ (1, 0).
Let us study the terms appearing in this last expression. First, from equation (5.7),
Tup" WPA™ = (61, ,¢n).

Next, using equation (5.6), we find

_ -1

P! () = (PTWP)  PTW (i, 0) = PTW (1, 0).
To conclude, we remark that, for k € {1,--- ,n}, the term
0019050 0115) 5 5) = Yo et B
i=1

is the k-th component of the vector PTW (u, ). O
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6. Application to Gaussian process models

Optimal interpolation in Hilbert subspaces and Gaussian process models are in-
trinsically linked. In this section, we recall some of the main properties concerning
the conditioning of Gaussian processes in the framework of topological vector spaces.
We also apply the spectral approach developed in Sections 3 and 4 to the conditioning
problem. The IMSE-optimal character of the approximation by truncation is finally
addressed in Section 6.4.

6.1. Notations an recalls. — Let H be a separable Hilbert subspace of F.
Throughout Section 6, we assume that #H is the Cameron-Martin space of a centered
Gaussian process Y defined on a probability space (2, F,P). We denote by H the
Gaussian Hilbert space associated with Y (see [Jan97]). We remind that H is a
closed linear subspace of the Hilbert space L? (Q2, F,P) of second order real random
variables (r.v.) on (Q,F,P) (we identify random variables that are equal P-almost
surely).

For the sake of simplicity, we assume that E is a Banach space (see [DFLCT71,
Tal83| for more general frameworks). We also consider that Y takes its values in F

with P-probability 1 (i.e. the triplet (j,H,ﬁE) is an abstract Wiener space, where

ﬂE is the completed of H in E and where j is the continuous inclusion of H into ﬂE7
see [Gro67]).
We denote by Z : H — H the isometry between H and H, it verifies

E (ZhZg) = (hlg)4 »

where E (ZhZg) represents the inner-product in L? (Q, F,P) between the two centered
random variables Zh and Zg € H. Let us also add, for ¢’ € E’,
notation
<K e/>E,E’ ( = ) Ye/ =7 (Tyel) .

One can consult, among others, [Bax76, TV07, Gaull| for more details about the
previous notions.

For a linear subspace M of E’, Py, denotes the orthogonal projection of H onto
Hyr. We then introduce the orthogonal projection Pg,, of H onto Hyy = Z (Hu).
We have the commutative diagram

(6.1) H—L sH

iPHM lPHM

The application T%,, = Py,, Ty is the Hilbert kernel of H s, hence, by isometry,

notation

(6.2) Ve' € E'\T (Ty,,€) = Pa,, [Ye] ( = ) E Yo |Yy, [ e M).
For all ¢’ € E’, the r.v. Pu,, [Ye/] is called the conditional mean of Y., knowing Yy
for f' € M and Ty, is the associated conditional covariance kernel. The notion of
conditional law of the process Y is addressed in Section 6.3.
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6.2. Spectral approach for conditioning. — We now consider the general frame-
work of Section 3.

Proposition 6.1. — Let us consider the centered Gaussian process (Yys), g Under
the assumptions of Theorem 4.1, the sample paths of (Y,s), g are in L2(S,v) with

P-probability 1. In addition,

E[/S(szfdu(s)} =Y M(=1).

nely

Proof. — For s € S, we remind that Y,, = Z(Ty7vs). Let {h;:j € J} be an or-
thonormal basis of H. As in equation (2.2), (Y;s),.g admits the Karhunen-Loéve
expansion

(6.3) Vs €8, Yo =Y (hj,8)p g T (hy),
Jjel

where the Z (h;) = (j, j € J, form by isometry an orthonormal basis of H (such
independent A/(0,1) r.v. are sometime called orthogaussian, see [Dud10]). We then
deduce from Condition C-i that the sample paths of (Y,s),. g are measurable (as
real-valued functions on §) with P-probability 1.

One can obviously choose the orthonormal basis {h; : j € J} of H such that it
coincides on H s with the orthonormal basis {v/A,¢, : n € I} } associated with the
considered regular embedding § (Proposition 3.8). Then, from C-iii and C-iv,

> [Elenea)r]aw = S,

Jj€J
~ 12
= 2 [ Vada| = D < #ox
nely nely

Thus, the sum - ; thjcj’”i?@@?) is convergent, which, form Tonelli’s Theorem,
implies the convergence in L?(v ® P) of

(s,w) > Zghj(s)gj(w), with s € S and w € Q

Jjel
and finally completes the proof. O
Theorem 6.2. — Let Y be a centered Gaussian process with values in E and co-

variance kernel Ty. Let M be a linear subspace of E'. Under the assumptions of
Theorem 4.1, we have, for all e’ € F’,

(6.4) BYYpnf €M)= X 60 [ Galo)¥sudils)
nely S

In addition, the centered Gaussian process with covariance kernel Ty,, (that is the
process corresponding to E (Yo Yy, f' € M), with ¢’ € E') takes its values in Has "
with P-probability 1.
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Proof. — We have to verify that the right member of equation (6.4) is well-defined.
From Proposition 3.8, we know that, for all ¢/ € E’,

THMG/ = Z A1’7, <¢n7el>E’E' ¢na

nely

this series being convergent in #, so, by isometry,

(6.5) T (Trpi€) = Y A6 €) g oo T (D) -

nel

For n € I, we have, thanks to equation (3.12),

60 = 5 [ n(Turs (o)
Now, Proposition 6.1 assures that the expression
1 ~
66)  Tn)=1 /S Gu(3)T (Tuys) dis / G ()Y, i (s)

keeps sense under our working hypotheses. At last, from expansion (6.4), Proposi-
2

L
tion 6.1 and the isometry between F(H) and Hp; ', we deduce that the process

E (Yo |Yyr, f' € M) takes its values in H s " with P-probability 1. O
6.3. A note on regular conditional probabilities. — We now study the con-

ditional laws of the process Y relatively to the knowledge of the values take by its
sample paths on M. Because, in our study, Hjs can be infinite dimensional, the con-
struction of a regular conditional probability requires some precautions. We consider
a case where such a conditional probability exists (see for instance [TV07], this is for
instance always true if Hj; is finite dimensional). We finally introduce an additional
assumption which assures the existence of a spectral representation for the mean of
the conditional laws, this representation corresponding to a natural extension of the
one obtained in equation (4.1).
Let us assume that

(6.7) H =Ty eH
which means that ﬁE = mE + 7'ToE with TME N HioE = {0}.

Condition (6.7) assures the existence of the linear continuous projection 3 of H”
onto %E parallel to 7-TOE (i.e. Pho =0 for all hy € 7-TOE)

We then consider the family of Gaussian measures on #H” with mean P[] € mE,
for ¥ € H" and covariance kernel T3,- From [TVO07, Theorem 3.11], such a family

defines a regular conditional probability over ﬁE relative to the knowledge of Y on
M. In such case, the following notation is often used:

(6.8) P = E(Ye |Vy = (U F) o [ € M),

Note that if we denote by py the Gaussian measure on ﬁE associated with Y, the
preceding regular conditional probability corresponds to the disintegration of py re-
latively to ‘.
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5—F . c. . a7
Now, let us also suppose that Hjy; can be continuously injected into H o V, what
we write

(6.9) T

We next consider the extension § of § to ﬁE defines by Sho = 0, for all hg € ’HioE
and, on ’HM , by the continuous extension of the restrlctlon of § to HM From
—1?
Section 3.3.3 and condition (6.9), § is well-defined from #H” onto F(H)
Then, as for Py,, = 5%, we have B = &TS (remark that this last expression is

well-defined in regards of the definition of F' given in Section 3.3.4). We finally obtain
the spectral representation formula,

(6.10) VU e H P[] = > (bn€)pp / On(8) (Y, 78) g v dv(s).

nely
Remark 6.3. — We have the well-known equality, for ¢ € H and €’ € E’,
(6'11) <PHM [4,0] ’e/>E,E’ = E(Y@'|Yf/ = <907 f/>E,E’ af/ € M)

6.4. Optimal approximation. — The results and considerations of Section 4.2
can also be extended to the Gaussian processes case. In this section, we discuss the
optimal character of the approximation by truncation.

Let Y be a centered Gaussian process with values in E and covariance T3. Under
the assumptions of Theorem 6.2, we consider a subset I;.. of I, composed of the
largest eigenvalues of £, ,, in the sense that,

(6.12) if i € Iepr = 11 \Ige and n € Ty, then Ny < Ap.

Proposition 6.4. — Let Hy" be any closed linear subspace of Hy and denote by
TH‘;;P the associated Hilbert kernel. For €/ € E’, we introduce the two approzimations

OfZe’:IE( e’ :<<p7f/>E7E'7f/€M)7
(6.13) Zt5¢ =T (Tygee') and 22" =T (Tygpoe’)
IfHEE and HYEY have the same finite dimension N € N*, then under equation (6.12),
(6.14) E([|y —z7|? ) <E(|)Y — 2772 ,).
Proof. — From Theorem 4.2 and Proposition 6.1, we have
(HZt'rcH V) —-F (/ (Zt'rc ) / HTHtrcvsH dv(s Z An
n€lyre
(6.15) and E([|Y = 2|0 ) =E(IYI5,) - E(|127[,)-
Let fi,---, fn be an orthonormal basis of #}7” and consider its decomposition in the

orthonormal basis associated with the con51dered regular embedding, that is

Vie{l,- N}, fi= cisy/Autr, with a; x € R

kel
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and where, for i and j € {1,--- N}, 37, airoye = 6;,; (Kronecker delta). Thus,
we easily obtain that

N
E([Z27)5,) =D > ik
i=1 kel

Next, using for instance convex combinations arguments, we remark that

N
(6.16) ST =Dl

n€lre =1 kel

We finally conclude thanks to equation (6.15). O

In the same way as in equation (4.6), one can remark that
a 2 a 2
(6.17) E(|Y -2Z p”||%u) =E(||1Z-2Z M’HWJ).

Thus, in regards of |||, (i.e. in the sense of equation (6.14)), for all e’ € E, Z[*
is the best approximation, based on N elements of Hps, of the conditional mean
E(Ye/ Yy = <<p,f’>E’E, € M) One can hence speak about a certain IMSE-
optimality (Integrated Mean Square Error) of the approximation by truncation. This
point is illustrated in Section 7.5.3.

7. Example of application

7.1. The problem. — Let X = R? and H be the RKHS of real-valued functions
on X (see Section 2.1.2) associated with the kernel (squared exponential or Gaussian
kernel, see for instance [RWO06]), for z and y € X,

2
lz—yll

K(xz,y)=e ~ +2 , with 0 > 0 and || - || the euclidean norm.

For m € N, let £™ C R? be the subspace of functions of class C™ endowed with
the topology of the uniform convergence on the compact subsets of X for all the
derivatives of order < m (of general order if m = +00). From [Sch64, Proposition
25], for all m € N (and also for m = 400), H is a Hilbert subspace of £™. In what
follows, we will consider H as a Hilbert subspace of E = £*.

Let © = (z1,22) € X, we will use polar coordinates, i.e. © = (5 CO8 Qy, Ty SIN vy
with r, € Ry and a, € [0,27). For x € X, we define §, € E' and 7, € E’ by

Y € B0 g = F@) and {fma) g0 = 5 (7).

0, is the Dirac measure centered on = and 7, corresponds to the evaluation of the
radial derivative at z.

Let C C R? be the circle of center 0 and radius R > 0. We consider the linear
subspaces of E’

Mp = span{d;,t € C} and My = span {n;,t € C}
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and Mo = Mp + My (D and N stand for Dirichlet and Neumann conditions, C
for Cauchy). The aim of this example is to approximate the kernel Ky (-, ) of the
subspace Ho. of functions h € H such that,

Vit S C, <h, 5t>E,E/ =0 and <h, nt>E,E’ =0.

Nevertheless, let us remark that what follows contains all the necessary informations
to tackle the general interpolation problem associated with H, an element ¢ € H and
Me (see [Gaull]).

We present a two steps methodology. The first step (Section 7.2) consists in con-
sidering independently the interpolation problems in H associated with My and Mp.
Thanks to the study of a third operator (Section 7.3), we finally combine our re-
sults in Section 7.4 and obtain a model in which both values and radial derivatives
are controlled on the circle (Cauchy condition). Numerical computations are finally
presented in Section 7.5.

7.2. The two independent problems. — Let us introduce the linear subspaces
of H naturally associated with Mp and My,

Hurp = ”HOlD =span{K(t,-),t € C}H and
H

K
Hury = ’HéN = Span{a(t,-),t € C}
a’f’t

We denote by T3, and K, (+,-) the Hilbert kernel and the reproducing kernel of
Har, respectively. We use similar notations for the kernels associated with My.

7.2.1. Parameterization. — Let S = [0, 27) endowed with its natural Lebesgue mea-
sure (up to the multiplicative constant R) and consider the Hilbert space L?([0,27))
of square-integrable real-valued functions (with respect to the Lebesgue measure) on
[0,27), endowed with the norm

2
vf € L2(10,2m)), Ifllz2 = | F(6)*Rde,
L?([0,27)) plays the role of the auxiliary Hilbert space defined in Section 3.
We pose sgg = (Rcosf, Rsinf) € C and introduce
vp :[0,27) = Mp, 0+ 05y, and Yy : [0,27) = My, 0 = 15y,

We easily verify that vp and vy define two regular embeddings §p and §n of Harp,
and H s, into L2([0,27)) (see also Remark 7.2) and which are given by, for h € H
and 6 € [0, 27),

§h(0) = (h,100) 5 g and Fnh(0) = (b, YN 0) g o -
The associated integral operators Lp = §p !'§p and Ly = Fn T are defined on
L3([0,27)) and

2m

(7.1) Lplf](a) = ; K (R0, Sre) f(0)RdE,



24 B. GAUTHIER & X. BAY

T RPK
0 a'rsa’f'm

where xg o = (Rcosa, Rsina) € C, a € [0,27) and f € L% ([0,2m)).

(7.2) Ly[fl(a) = (TR,as sR,0) f(0)RdD,

Remark 7.1. — Let © = (1, cosay, Ty sinay,) and y = (ry cosay, rysinay,) be two
points of X', we have

1
K(z,y) = exp {—02 (ri + r; — 2rgry cos(ay — ay))} ,

0K 2
a—”(m,y) = —;(m — 1y cos(ay — ozy))K(x,y) and
02K
Ory0ry

(,9) = 5 cos{aag — ) K (2,)

4
+ ;(Tm — 1y cos(ay — ozy)) (ry — 1y cos(ay — ay))K(az, Y).

7.2.2. Spectral decomposition. — Using parity arguments, we obtain that the eigen-
values of Lp are, for n > 0,
D _2R2 T aR2 0
Ay, = Re™ o7 e’ “®%cos(nd)de.
0

The ones of Ly are, for n > 0,

n

2m 2
Ay = / [Acost + B(1+cos? 0)] e~ = 1= cos(nf) Rdd,
0

. 2 2
with A = 2 — 88 and B = 4£°,
o o o

The two operators Lp and Ly admit the same eigenfunctions. )\OD and /\év are of
multiplicity 1 and associated with

do: [0,21) — R
1

(7.3)
a — V2mR

For n > 1, AP and AY are of multiplicity 2 and associated with, for « € [0, 27),

(7.4) oc(a) = ! cosna and ¢ (a) = 1 sin na.

VTR VTR

2 2
Remark 7.2. — The two spaces §p(H) and SN(’H)L are the same and corre-
spond to the linear subspace of 2m-periodic functions of L7 (R) (restricted to [0, 27)).
As the set of all eigenfunctions of each operator £Lp and L coincides with the classical
discrete Fourier basis, Lp and Ly do not admit other non-null eigenvalue.
Concerning the operator £p, one can for instance consult [MNY 06| where similar
spectral problems are studied (see also Remark 7.5).
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We are now able to express the orthonormal bases of Hys, and Haz, , associated
with §p and Fn respectively (see Proposition 3.8). For §p, we introduce the elements
P, ¢cP and ¢:P € Hay,, n > 1, with for instance

1 [ sin(nd)
7.5 Vn > 1,Vz e X, 0P (z) = — K(spo,x Rdf.
( ) (rb 3 ( ) Ar? 0 ( R,0 ) \/@
For §n, we introduce ¢, ¢ and ¢V € Hasy, n > 1, with
1 [*" K 9
(7.6) Vn>1,Vz € X, 6N (z) = (sm2) ) g,

_W o Ors

VTR

Examples of numerical computations are presented in Section 7.5. We are now going
to study the behavior on the circle C of this two families of functions.

7.3. An interesting operator. — For zr, € C, let us consider the values

<¢>{)V,5_TR,Q>E)E, , <¢ZN75mR,a>E7E/ and <¢;N,51Rya>E7E, for n > 1,

<¢57an,a>E’E/ N fLD,anya>E,E, and <¢fLD,anya>E,E, forn > 1.

It appears that those ones are all linked with an operator J, given by,

27
(7.7) Ve L2 ([0,2m)), J,[f](a) = ) gTK(xR,a,sR,g)f(o)Rde.

Indeed, we have for instance, for n > 1,

1 [?" 0K cos(nh)

cN
Oz , = — — yTR.o Rd0,
<¢n ’ R,Q>E7E /\71;[ 0 67"5 (SR,G TR, ) \/ﬁ
1 [*" 0K cos(nf)
cD
N L= — —_— ,TR.a Rd6
<¢n 7 R,a>E7E XD [, or, (SR,O TR, ) ViR
K 0K . o ,
and 87(51%,97363,@ = T(SR,e,fER,a)- The operator J, is self-adjoint but not posi-
r 7

S fe
tive. For, n > 0, its eigenvalues are

™ _9R _2B2(1_cos )
Pn = / = (1 — cosB)e™ ar (1759 co5(nb) RdH.
0

We remark in particular that pg < 0. The eigenvalue pg is of multiplicity 1 and is
associated with the same eigenfunction ¢y than A and AYY. For n > 1, the p,, are of
multiplicity 2 and are also associated with the same eigenfunctions (Efl and (Eﬁl than
AP and AN, The same argument than the one used in Remark 7.2 assures that .J,,
does not admit other non-null eigenvalue.

The spectrum of the operator J, has a particular behavior since the number of
its negative eigenvalues depends of the ratio between R and o2. The values of p,,
0 <n <30, for R =3 and 0% = 2 are presented in Figure 2.
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Concerning the orthonormal basis of H s, associated with §y, we finally obtain,
for zg.o = (Rcosa, Rsina) € C,

<¢év,5nya>E = ﬂ&)(a) and, for all n > 1,
(85 B g = Lo and (85, 8un ) = Srdna).

For the one of H s, associated Wlth Fn, we find

(7.8)

<¢(€)a77xR,a>E,E, = 5702,50(04) and, for all n > 1,
(79) < cD _ pi~c d sD _ pin"'s
n 7"71R,a>E7E/ - \D ¢n(0é) an <¢n ’an’”>E,E’ = /\D¢’ﬂ(a)
7.4. Double Constraint. — We combine the results of the two preceding sections

in order to obtain a model that both takes account of the values of the function and of
its radial derivative on C. We present an original way to express the kernel K (:,")
of the subspace Hg, of functions h € H such that,

Vt 6 C, <h777t>E,E/ = 0 and <h, 5t>E,E/ = 0.

We use Section 7.2 in order to describe the kernels Ty, = of Ho, and Ty, of Ho,.
We next consider the interpolation problem associated with T3, —and Mp (arbitrary
choice, we could equivalently consider the problem associated with T3, ~and My,
see Remark 7.4).

Remark 7.3. — This two approaches consist in considering the two decompositions
PHOC = PHOD PHON or PHOC = PHON PH0D7 where PHOC, PHOD and PHON are the
orthogonal projections of H onto Ho,, Ho, and Ho, respectively.

We consider the kernel Ky, (-, ) of Hg, , the subspace of functions h € H such that
Oh (1) =, for all t € C. We recall that

or
Koy (x,y) = K(x,y) - KMN(Jf,y) with
Ky (2,9) = )00 ()80 () + > AN [0 (2)05N () + o3 ()63 ()] -

n>1
Thanks to the parameterization vp and the kernel Ky, (+,-), we define a regular
embedding of Hasy, N Ho, into L2([0,27)). We finally obtain the integral operator
L1 defined by, for f € L*([0,27)) and « € [0, 27),

2m

Lealfl(a) = ; Koy (ZR.a,sr,0) [(0)Rd6.

From the study of the operator J, (see Section 7.3), we obtain that the eigenvalues
X n €N, of Lo are given by
2
(7.10) A1 :)\f—)\—]’z,.
The eigenvalue A\§! is associated with the eigenfunction gbo of equation (7.3). For
> 1, A\¢! is of multiplicity 2 and associated with (b‘ and (b“’ (equation (7.4)).
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We finally introduce the elements (i)g L ¢eCl and ¢3¢, n > 1, which are associated
with £&1 via Proposition 3.8. Straightforward calculations give

6= )\Cl (/\(])D% — Py ) and, for n > 1,

(7.11)
¢cCl ACl ()\D¢CD _ pnd)CN) and ¢sC’1 Aol ()\D¢SD _ pnd)SN)
Remark 7.4. — Instead of first considering My and next Mp, one can operate in
an inverse way. This leads to the study of the operator
27 02
0Ky
L = 2 o 0)Rdo,
c2[f1(@) . oror. (TR, 5R,0) [(0)

which is associated with Ko, (-,-) and My via the parameterization yy. Using the
results of Section 7.3, we find that the eigenvalues A\S2, n € N, of Lo are

2
Pn
n

A§? is of multiplicity 1 and is associated with 50. In a same way AC2, for n > 1, is of
multiplicity 2 and is associated with ¢¢ and ¢;. We finally obtain

6% = a3 (A0 — pogy’) and for n > 1,
(7.13) . ;\ N X - )
01 = o (oY = pud?) and 61 = S (War = puoi).
Remark 7.5. — If one conserves the same parameterizations vp and yy and the

same auxiliary space L2([0,27)), one can in fact obtain similar results for any sta-
tionary covariance kernel with required regularity (in the sense that it defines a Hilbert
subspace of E = £') and of the type

K(z,y) :/Re—iﬁ\lﬁ—y”dﬁ(g),

with ||| the euclidean norm of R? (and i?> = —1) and where & is a finite symmetric
positive measure on R (see the Bochner’s Theorem, for instance in [CS02]). In
particular, from the same arguments of parity than the ones leading to the spectral
decomposition of the operators Lp, Ly and J, of Sections 7.2 and 7.3, we deduce
that the eigenfunctions of the integral operators associated with such a kernel K(,-)
are still the same functions ¢g, ¢¢ and ¢F, for n > 1, of equations (7.3) and (7.4)
(discrete Fourier basis). Only the eigenvalues change.

5. Numerical application. — In this last section, we compute some of the
involved quantities for R = 3 and ¢? = 2. All computations have been performed
with the free software R [R DO08|. In particular, the implied integrals have been
evaluated by quadrature (rectangle method).
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7.5.1. Spectral computations. — We first compute the eigenvalues A2, AN and p,, of

the operators Lp, Ly and J,,, for 0 < n < 30. Using equations (7.10) and (7.12), we
then directly obtain the values of A¢* and A$2. The results are listed in Figure 2 (we
do not represent the eigenvalues \S?).

eigenvalues \? eigenvalues \Y

2.5
o

2.0

1.0

0.5
0.

0.0
1

0 5 10 15 20 25 30 0 5 10 15 20 25 30
eigenvalues p, eigenvalues \¢'
a 2
S O ~ e,
= L -
<= ° S 1 e
= ®ecccccccscccccccccee

1.5

<
g | e - L
— o [}
f=1
S .
S =} LY
e -
T T T T T T T S T T T T T T
0 5 10 15 20 25 30 0 5 10 15 20 25 30

FI1cURE 2. Eigenvalues A2, AN, p, and A$Y, for 0 < n < 30, R =3 and
2
o =2.

The second step consists in the computation, thanks to expressions (7.5) and (7.6),
of the orthonormal bases of Hps,, and Har, associated with §p and §n respectively.
From equation (7.11) and (7.13), we then directly obtain the elements associated
with the operators Lo and Loz Examples are given in Figure 3. As expected, ¢5¢2

vanishes on the circle C and the radial derivative of ¢S¢* also vanishes on C.

7.5.2. Approzimations by truncation. — We now consider approximation by trun-
cation of the different involved kernels. In each case, we conserve the terms which
are associated with the most important eigenvalues. We use the same notations and
numberings that in Sections 7.2 and 7.4. For | € N*, we introduce the following
truncated kernels (associated with Mp and My),

Kégc(x>y) = K(z,y) - Kﬁ};(:c,y), where
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FiGURE 3. Graphs of ¢ (top-left), ¢5~ (top-right), ¢;°?% (bottom-left)

and ¢t (bottom-right) on [—5,5]?, for R =3 and o2 = 2.
d

l
Ki (x,y) = ATS6 ()08 (9) + Y AL [05° ()82 () + 63 (2)63° ()] an

n=1

Kéivc(x y) = K(z,y) — K}f\}f\, (x,y), where

l
Kip (x,y) = A 0 (@) () + Y A [0 (@) (y) + 03N (2) 03 ()]

Such a kernel K}/¢ (-,-) is hence the approximation by truncation of Kpsy (-, -) based
one the Ny.. = 21 + 1 largest eigenvalues of the operator £Ly. Remark that for each

n=1
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eigenvalue (of multiplicity 2) AV, 1 < n < [, we have chosen to consider the both
associated eigenvectors ¢¢V and ¢sV.
We finally define the approximated kernel K{¢ (-,-) given by,

O0c1

Vo and y € X, Ki'¢ (z,y) = Ki(x,y) — 2§ 65 (2)0§ (v)

Oc1 On

l
= AT [ ()95 (y) + 657 ()5 ()] -

We fix [ = 15 and compute the kernel K§'¢ (-,-). This approximated kernel is hence
based on the Ny.. = 31 largest eigenvalues of the operators Ly and Lo. Figure 4
shows the sample path of a centered Gaussian process with covariance K(t)rcc1 (,+) and
the graph of the function z — K¢ (z, ).

O0c1

x> K (2, x)

il
0 .‘“\\:‘.‘a
~."";;‘ S

7/

DAL

FIGURE 4. Sample path of a centered Gaussian process with covariance
Kérccl (+,+) (left) and Graphical representation of z — Kégcl (,x) on [—4, 4]

(right), for R =3, ¢* = 2 and Ny,.. = 31.

The kernel Ko (+,-) = Ko, (+,) vanishes on C (in particular Ky, (t,t) = 0 for all
t € C). Concerning its approximation K{.¢ (-,-), we deduce from Sections 7.3 and 7.4
that, for all ¢ € C, the value of K{'¢ (¢,t) is constant and

l
rc rc rc 1
K(t)(/q (t7t) = (t)D (t7t) = K(t)N (t7t) - ﬁ <)\001 + 2 Z Agl>
n=0

l
1
-5z </\§+QZA£>.
n=1

For [ = 15, we obtain K¢ (t,t) ~ 1.402309e-06, for all t € C. Additional consider-

Oc1
ations concerning this approximation are given in Section 7.5.3.
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For the radial derivative, we also find a constant value, i.e. for all t € C,

Olic gy = i
OrgOry 77|y OrgOry 77|y
2 1 (N N
= Z-37 (A +2nzlx )

2 g-tre

1}
For | = 15, we obtain 752+ (x, y)L:U:t ~ 1.483913e-05.

7.5.8. Comparison with discretization. — In this last section, we focus on the inter-
polation problem associated with H and Mp and compare the approximations obtain
by truncation and discretization.

Hence, we consider a set of Ny;s € N* points xp g, = (Rcosfy, Rsinfy) € C for
ke{o,--- — 1} uniformly distributed on C, that is 6, = 2”’“ . We then introduce
the linear subspace of '

Md“ = span {(59512,%,]6 € {0, , Najs — 1}}

We approximate the interpolation problem associated with Mp by replacing it by
Mf%is (let us signalize that it is, up to a rotation, the optimal way to discretize this
problem in regards of |||, ). This finally leads to the orthogonal decomposition
H = ’Hd” + Hd“ and solutions of this new discretized problem can be computed by
the classmal approach of Section 5.1. We denote by K, ‘“5( -) the reproducing kernel
of the subspace ’Hd”

In order to compare the overall quality of the approximations obtained by trunca-
tion and discretization, we consider the terms

27 2
Err{i® = KOD (5R.0,5R.0) RdO and Err’}® = Ké’;f (sr.0,5R,0) RdO.
0 0

We remind that this kind of terms naturally arises when one aims at studying, for
instance in the discretization case, quantities of the type (see Theorem 4.2 and Propo-
sition 6.4)

2
Vv

Because of the optimality of K“"C( +,+) in regards of [|-||, , (see Section 6.4), for

Ngis = Ny, we always have Errtrc < Err‘li)iS (note that these two terms tend to zero
as Ng;s and Ny, tend to +oo, see also Figure 5). For instance, for R = 3, 02 =2 and
Ngis = Nye = 31, we obtain

Erry® ~ 4.438046e-05 and Err’)® ~ 2.64329e-05.

Although the gain in considering truncation instead of discretization could in this
case appear numerically negligible, one has to remark that the behavior on C of this
two kinds of approximation is totally different (see Figure 5). It can hence be said
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o discretization points " dis
o R I

--- 0 K{ (spo, sra) \

0 K¢ (spe, s
0 (SR0, SR0) 2

in function of Ny

—o Errg" in function of Ny,

2e-06 3e-06 4e-06 5e-06 6e-06 Te-06
1

0e+00
1
°
o
0.0
|

0.4 0.5 0.6 0.7 0.8 0.9 1.0 10 12 14 16 18 20 22 24

Ndz's = ANN»C =31 ;‘\“Ydl‘s and N(,»C

FIGURE 5. Graphs of 0 — K{'¢ (sr,0, sr,0) and 0 — K¢ (sr.e,Sr,0) (With

6 € [0,27)) for Nire = Nais = 31 (left) and values of the terms Errs® and

Err}° for 10 < Nais, Nire < 24 (right) with R = 3 and o2 =2.

that truncation leads to a global approximation on C (with respect to [|-||., ,) whereas
discretization leads to a local approximation (localized at the discretization points).
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