N

N

A relative basis for mixed Tate motives over the
projective line minus three points

Ismaél Souderes

» To cite this version:

Ismagl Souderes. A relative basis for mixed Tate motives over the projective line minus three points.
Communications in Number Theory and Physics, 2016, 10 (1), pp.87-131. hal-00914982v3

HAL Id: hal-00914982
https://hal.science/hal-00914982v3
Submitted on 28 Dec 2014

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00914982v3
https://hal.archives-ouvertes.fr

A RELATIVE BASIS FOR MIXED TATE MOTIVES OVER THE
PROJECTIVE LINE MINUS THREE POINTS

ISMAEL SOUDERES

ABSTRACT. In a previous work, the author built two families of distinguished
algebraic cycles in Bloch-Kriz cubical cycle complex over the projective line
minus three points.

The goal of this paper is to show how these cycles induce well-defined ele-
ments in the HO of the bar construction of the cycle complex and thus generate
comodules over this H%, that is a mixed Tate motives over the projective line
minus three points.

In addition, it is shown that out of the two families only one is needed at
the bar construction level. As a consequence, the author obtains that one of
the family gives a basis of the tannakian Lie coalgebra of mixed Tate motives
over P1\ {0,1,00} relatively to the tannakian Lie coalgebra of mixed Tate
motives over Spec(Q). This in turns provides a new formula for Goncharov
motivic coproduct, which really should be thought as a coaction. This new
presentation is explicitly controlled by the structure coefficients of Thara action
by special derivation on the free Lie algebra on two generators.
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2 ISMAEL SOUDERES

1. INTRODUCTION

1.1. Multiple polylogarithms and mixed Tate motives. For a tuple (k1, ..., kn)
of integers, the multiple polylogarithm is defined by:

2"

Lig,.,... 5 (2) = Z I ho (z €C, |z| < 1).
n

ny>->nm, ny " Mm

This is one of the one variable version of multiple polylogarithms in many variables
defined by Goncharov in [Gon05].

When k; > 2, the series converges as z goes to 1 and one recovers the multiple
zeta values

C(kl, cee k/’m) = Lik17...,knL(1) = Z ﬁ

N> >Ny, g™ Nm

The case m = 1 recovers the classical polylogarithm and the value of Riemann zeta
function at ki: ((k1).

The values of multiple polylogarithms are important in geometric as they natu-
rally appear as periods, in the Hodge or motivic sense, of moduli spaces of curves
in genus 0 ([Bro09]); as periods of the fundamental groups of P! minus a finite
set of points ([DGO5]). In number theory, Zagier’s conjecture [Zag91] predicts that
regulators of number fields are linear combinations of polylogarithms at special
points.

Bloch and Kriz in [BK94] constructed algebraic avatars of classical polyloga-
rithms. However this was part of a larger work proposing in 1994 a tannakian
category MT M (F') of mixed Tate motives over a number field F. Their construc-
tion begins with the cubical complex computing higher Chow groups which in the
case of Spec(F) is commutative differential graded algebra N. The H? of the bar
construction B(NF) is a Hopf algebra and they defined MTM (F) as

MTM(F) = category of comodule over H°(Nr).

Spitzweck in [Spi| (as presented in [Lev05]) proved that this construction agrees
with Voevodsky definition of motives [Voe00] and Levine’s approach to mixed Tate
motive [Lev93]. More recently, M. Levine generalized this approach in [Lev1l] to
any quasi projective variety X over the spectrum of a field K such that

e the motive of X is mixed Tate in Cisinski and Déglise category DM (K),
e the motive of X satisfies Beilinson-Soulé vanishing property.

In order to do so, Levine used the complex N )q(f '* of quasi-finite cycles over
X (Definition BIT]) instead of the original Bloch-Kriz complex. This modification
has better functoriality property and allows a simpler definition of the product
structure. Working over Spec(Q), Levine’s work shows that for X = P* \ {0, 1, 00}:

Theorem 1.1 (|Levll][Section 6.6 and Corollary 6.6.2]). Let = be a Q-point of

P!\ {0,1,00}. Let Gpi\(0,1,00} and Gg denote the Spectrum of HO(B(NIE,?E\"{'O 1oo}))

and HO(B(Néf’ *)) respectively. Then there is a tannakian category of mived Tate
motives over P\ {0, 1, 00}:

MTM(P'\ {0,1,00}) = category of comodule over HO(./\/'IP?[\"{'O 1 Oo}).

Moreover there is a split exact sequence:

*

(1) 1 —— 7P\ {0,1, 00}, 2) —— Gp1\{0,1,00} 2, Gg—1
\_/

z*
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where p is the structural morphism p : P1\ {0,1,00} — Spec(Q). In the above
ezact sequence T (P1\ {0,1,00},2) denotes Deligne-Goncharov motivic funda-
mental group [DGO3|.

The exact sequence () is the motivic avatar of the short exact sequence for etale
fundamental groups. M. Levine however did not produce any specific motives. In
particular, he did not produce any specific element in HO(B(NIP?J\’{'O 1 OO})) ; anatural
motive being then the comodule cogenerated by such an element.

1.2. Distinguished algebraic cycles over P!\ {0,1,00}. In order to describe

explicitly some elements in HO(B(NIP(’Zlf\,{.O,l,oo}))7 a first possible step is to produce

a family of degree 1 elements in ngfc\’fa 1,00} which have a decomposable boundary
inside the family. More explicitly, the differential of such an element is a linear
combination of products of other elements inside the family.

In [Soul2] the author produces such a family. Together with two explicit degree
1 weight 1 algebraic cycles generating the Hl(/\fglf\’fml,oo}), the author obtains:

Theorem. For any Lyndon word W in the letters {0,1} of length p > 2, there
exists a cycle LY, in ]P’,]f\"{lo 1 Oo}(p); i.e. a cycle of codimension p in P\ {0, 1,00} x
A?P=1 x AP dominant and quasi-finite over P\ {0,1,00} x AZP~L,
LY, satisfies :
° E%V has a decomposable boundary,
o L% admits an equidimensional extension to A with empty fiber at 0.
A similar statement holds for 1 in place of 0.

The above result relies on
e The dual of the action of the free Lie algebra on two generators on itself by
Thara special derivations in order to “guess” the differential of cycles L.
e The pull-back by the multiplication A! x A! — A in order to build the
cycles LY, from their boundaries.
The free Lie algebra on two generators Lie(Xp, X1) is the Lie algebra associated
to w7 ot(PL\ {0,1, 00}, x) from the exact sequence () and hence appears naturally
in the construction. However its graded dual @ geom, which is more closely related
to HO(B(NSIJC\’EO,LOO})), is more natural in our context. It appears in the sequence
dual to () :
0— QQ — QIPI\{O,l,oo} — Qgeom —0
where Qp1\{0,1,00} and Qg denote respectively the set of indecomposable elements

of H'(BNER {0 1,0cy)) amd HOBINELS0)).

1.3. Main results. In this paper, using the unit of the adjunction between bar and
cobar construction in the commutative/coLie case, we lift the above algebraic cycle
to elements in Qp1\ (0,1,00} viewed as a subspace of HO(B(NIP?J\’{'O L OO})) by the mean
of Hain’s projector py (see [Hai86] or Section Z3.2). Let m : B(nglf\’fo 1 OO}) —

N )q(f '® the projection onto the tensor degree 1 part of the bar construction. We
obtain

Theorem (Theorem B.I6). For any Lyndon word W of length p > 2 there exist

elements E%, in the bar construction B(nglf\’{.o 1,00} satisfying:

e One has m (L5) = LY.
e [t is in the image of pw; that is in Qpi\{0,1,00};
o [t is of degree 0 and map to 0 under the bar differential; it induces a class

mn HO(BHM\{OJ,OO}) and mn HO(Qpl\{OJ,OO}).
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e lis cobracket in Qp1\{0,1,00} 1S given by the differential of LY.

A similar statement holds for cycles Ly, and constant cycles L9, (1) induced by the
fiber at 1 of LYy, (after extension to Al).

Then we show that the elements E%fv and E%,{,B are related:

Theorem (Theorem [I4). For any Lyndon word W of length p > 2 the following
relation holds in HY(Qx) = Quo(By)

(2) L —Ly? = Q).

The proof relies on the relation between the situation on P! \ {0,1, 00} and on Al
where the cohomology of Ng{c *® is given by constant cycle because of A! homotopy
invariance of higher Chow groups. As a corollary one obtains a description of the
cobracket of L',{?V in terms of the structure coefficients of Thara action by special
derivation. This makes explicit the relation between the dual of Thara action (or
bracket) and Goncharov motivic coproduct which here, as in Brown [Brol2], is in
fact a coaction. In a group setting, Goncharov coproduct is really the action of Gg
on (P \ {0, 1,00}, z) induced by the short exact sequence ().

We conclude the paper by showing at Theorem 8 that the family of elements
E%fv induces a basis of Qgeom; that is a basis of Qp1\(0,1,00) relatively to Qq.

Our methods are structural and geometric by opposition to Gangl Goncharov
and Levin approach [GGL09| toward lifting cycles to bar elements using the com-
binatorics of “rooted polygons”.

The paper is organized as follow

e In the next section, Section 2] we begin by a short review of differential
graded (dg) vector spaces and formalism. Then we present the bar cobar
adjunction in the case of associative algebras and coalgebras and in the case
of commutative algebras and Lie coalgebras.

e In Section[] we present the action of Lie(X(, X1 ) on itself by Thara’s special
derivations and the corresponding Lie coalgebra. From there we recall the
result from [Soul2| constructing the cycles £j,. We conclude this section
by lifting the cycle to elements in the bar construction.

e In section 1] we prove that bar elements E%fv and E‘l,{/B are equal up to
the constant (over P!\ {0, 1, 00}) bar element £E,(1). From there we make
explicit the relation with Ihara’s coaction and prove that the elements E%fv
provides a basis for Qgeom graded dual of the Lie algebra associated to
et (P {0, 1,00}, 2).

2. BAR AND COBAR ADJUNCTIONS

In this section we recall how the bar/cobar constructions gives a pair of adjoint
functors in the two following cases:

diff. gr. ass. diff. gr. coass.
B: = : Q
algebras coalgebras

B { diff. gr. com. } _ { diff. gr. colie. } Qo

and

ass. algebras coalgebras

As a differential graded commutative algebras A is also an associative algebra,
we will recall how the two constructions are related in this case.

The material developed here is well known and can be found in Ginzburg-
Kapranov [GK94]| work even if their use of graded duals replaces coalgebra struc-
tures by algebra structures. The presentation used here is closer to the Kozul duality
as developed by Jones and Getzler in [GJ94]. We follow here the signs conventions
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and the formalism presented by Loday and Vallette in [LV12]. The associative case
is directly taken from [LV12] Chap. 2| in a cohomological version. More about the
commutative/coLie adjunction can be found in [GJ94, [GK94, Mil12l [SW11a].

2.1. Notation and convention.

2.1.1. Koszul sign rule. The objects are all object of the category of (sign) graded
Q-vector spaces. The degree of an homogeneous element v in V' is denoted by |v]
or |v|y if we want to emphasis where v is. The symmetric structure is given by the
switching map

VW —-WeV, rtwew)=(-1)""yeoe.
For any maps f: V — V' and g : W — W' of graded spaces, the tensor product
fRg: VoW —V oW
is defined by
(f®@9)(v@w) = (=)l f(v) ® g(w).

A differential graded (dg) vector space is a graded vector space equipped with a
differential dy (or simply d) ; that is a degree 1 linear map satisfying d3, = 0. For
V and W two dg vector spaces the differential on V' ® W is defined by

dvew =idy @dw +dy @idw .

Definition 2.1. Let V =&, V"™ and W = @, W" be two graded vector spaces. A
morphism of degree r, say f :V — W is a collection of morphisms f, : V" —
Wntr | Let Hom(V, W), be the vector space of morphisms of degree r.

When V and W are dg vector spaces, the graded vector space Hom(V, W) =
@ Hom(V, W), turns into a a dg vector space with differential given by :

dHom(f) = dW o f - (71)70.]0 o dV

for any homogeneous element f of degree r. A dg morphism f:V — W is a
morphism satisfying dpom(f) = 0.

The dual of a graded vector space V = @, V" is defined by
V* =@, Homy(V™",Q) = Hom(V, N)

where the dg vector space N is defined by N = Q concentrated in degree 0 with 0
differential. One has an obvious notion of cohomology on dg vector space.

Definition 2.2 ((de)suspension). Let S = sQ be the 1 dimensional dg vector space
concentrated in degree 1 (that is dg = 0) generated by s.

The dual of S is a one dimensional dg vector space denoted by S~! and generated
by a degree —1 element s~! dual to s.

Let V,dy be a dg vector space. Its suspension (sV,dsy), is the dg vector space
S ® V. Its desuspension (s~ 1V,d,-1y) is ST @ V.

There is a canonical identification V=1 ~ (sV)" given by
is:V — sV vi— (~D)vs @,

under this identification dgy = —dy .
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2.1.2. Associative dg algebra. A differential graded associative algebra (A,d4) ab-
breviated into dga algebra is a dg vector space equipped with a unital associative
product pa of degree 0 commuting with the differential :

daopa=paodaga

and satisfying the usual commutative diagrams for an associative algebra, all the
maps involved being maps of dg vector spaces.

This last equality is nothing but Leibniz rule. The unit 14 belongs to A°. On
elements, one writes a -4 b or simply a - b instead of pa(a ® D).

Definition 2.3. The dga A is connected if A% =1,Q.

Definition 2.4 (Tensor algebra). The tensor algebra over a dg vector space V is

defined by
T(V)=Ever
n=>0
and equipped with the differential induced on each V" by dy and with the con-
catenation product given by
[a1| T |an] & [an+1| e 'an+m] — [a1| e |an|an+1| e 'aner]

where the “bar” notation [a1] - - - |a,] stands for a1 @ - -- ® a,, in V™,

Note that the degree of [ai]|--|an] is |a1|v + - |an|v and that T(V) admits

a natural augmentation given by &([a1]---|ay]) = 0 for n > 0 and the convention
V®0 = Q. The concatenation product is associative.

2.1.3. Commutative and anti commutative algebras. A commutative dga algebra
(A,da,pa) or cdga algebra is a dga algebra such that the multiplication commutes
with the switching map:

AA— s AR A

A

On homogeneous elements, this reads as
a-b=(=1llllp. g

Let V be a dg vector space and n > 1 an integer. The symmetric group S,
acts on V®" in two natural ways : the symmetric action ps and the antisymmetric
action pa (both graded).

For ¢ in {1,...n — 1}, let 7; be the permutation exchanging ¢ and ¢ + 1. It is
enough to define both actions for the 7;:

ps(ri) =id ®---id @7 ®id ®--- ® id
—_———
i—1 factors
and
pa(ri) =id ®---id @(—7) ®id ®--- ®id .
—_———
i—1 factors
where 7 is the usual switching map. Both action involved signs. The graded
signature €9"(0) € {£1} of a permutation o is defined by
ps(0)(v1 ® - @) = EgT(U)UG*I(l) Q@ Vs-1(n)-
Then, one has

pA(0) (11 ® -+ © va) = £(0)” (0)0g 1) @+ B U1
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where £(0) is the usual signature. Let pg , be the projector defined on V™ by

PSn = % <Z ps(U)) :
" \oeS,

Definition 2.5. The (graded) symmetric algebra S9"(V') over V is defined as the
quotient of T (V') by the two side ideal generated by (id —7)(a ® b).

One can write
SIT(V) =P ST(V)
n=0
where S97"(V) = VO is the quotient of V®" by the symmetric action of S,,.

One also has the isomorphism S9""(V) = pg,(V®™). S9"(V) is the free com-
mutative algebra over V. We may write simply V ® V for S9"2(V).

Definition 2.6. The (graded) antisymmetric algebra A9 (V) V is defined as the
quotient of T (V') by the two side ideal generated by (id +7)(a ® b).
One can write
AT(V) =@ Arm(v)
n=0
where A" (V) = VAT is the quotient of V& by the antisymmetric action of S,,.
We may write V AV for A92(V).

As in the symmetric case, A9 (V) is also the image of V®" by the projector
pan = 1/(n!) (>, pa(o)) and A(V) is the free antisymmetric algebra over V.

2.1.4. Associative coalgebra. A differential graded associative coalgebra (C,d¢) ab-
breviated into dga coalgebra is a dg vector space equipped with a counital associa-
tive coproduct A¢ of degree 0 commuting with the differential :

dC®C e} AC = AC o dc
and satisfying the usual commutative diagrams for an associative coalgebra, all the

maps involved being maps of dg vector spaces.
The iterated coproduct A" : ¢ — C®(+1) g

A"=(A®id®---®@id)A"! and  A''=A.

This definition is independent of the place of the A factor (here in first position)
because of the associativity of the coproduct. We Will use Sweedler’s notation:

A(:C) = Z Z(1) X T(2) (A ® id )A(:L') = Z:c(l) & T(2) X Z(3)
and
AMz) = ) @+ @ Bnta).

A coaugmentation on C'is a morphism of dga coalgebra u : Q — C. In this case,
C is canonically isomorphic to ker(e) @ Qu(1). Let C' = ker(¢) be the kernel of the
counit.

When C is coaugmented, the reduced coproduct is A = A —1®id —id ®1. It
is associative and there is an iterated reduced coproduct A™ for which we also use
Sweedler’s notation.

Definition 2.7. C is conilpotent when it is coaugmented and when, for any z in
C, one has A™(x) vanishes for n large enough.

A cofree associative dga coalgebra over the dg vector space is by definition
a conilpotent dga coalgebra F°(V) equipped with a linear map of degree 0 p :
F¢(V) — V commuting with the differential such that p(1) = 0. It factors any
morphism of dg vector space ¢ : C' — V where C is a conilpotent dga coalgebra
with ¢(1) = 0.
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Definition 2.8 (Tensor coalgebra). The tensor coalgebra over V is defined by
T°(V) =P ver
n=0

and equipped with the differential induced on each V®" by dy and with the decon-
catenation coproduct given by
n+1
lax] -+ Jan) — Y laa] -+ |ai] @ [aiga] - an).
i=0

The deconcatenation coproduct is associative. The natural projection 7y :
T¢(V) — Q = V®° onto the tensor degree 0 part is a counit for T¢(V) while
the inclusion Q = V& — T¢(V) gives the coaugmentation. The tensor coalgebra
T¢(V) is the cofree counital dga coalgebra over V.

2.1.5. dg Lie algebra. We review here the definition of Lie algebra and Lie coalgebra
in the dg formalism. For any dg vector space V, let £ be the cyclic permutation of
V®V ®V defined by

&= (id @) (r®id).
It corresponds to the cycle sending 1 to 3, 3 to 2 and 2 to 1.

Definition 2.9. A dg Lie algebra L is a dg vector space equipped with a degree 0
map of dg vector spaces ¢: L ® L — L (c stands for “crochet”) satisfying

coT=—¢ and co(c®id)o (id +&+£%) =0.
On elements, we will use a bracket notation [z, y] instead of c(z ® y).

In the above definition, the first relation is the usual antisymmetry of the bracket
which gives in the dg context:

The second relation is the Jacobi relation:
[z, ], 2] + (_1)|z|(|y|+\z\)[[y’ 2], x] + (_1)\2\(\y\+lzl)[[z, z],y] = 0.

One remarks that (¢ ® id) o £ = 70 (id ®c) and that (c®id) o0 &? = ((coT) ®
id)o(id ®7). Using this and the antisymmetry relation, one can rewrite the Jacobi
relation as a Leibniz relation:

co(c®id) =co(id ®c)+co(c®id) o (id ®7).
The definition of a dg Lie coalgebra is dual to the definition of a Lie algebra.

Definition 2.10. A dg Lie coalgebra L€ is a dg vector space equipped with a
degree 0 map of dg vector spaces § : L — L ® L satisfying

Tod=-4§ and (id +€ + %) o (§®id)od =0
The first condition shows that § induces a map (again denoted by §)
0: LY — LENLE.
Let 112 — £¢®3 be the permutation exchanging the two first factors. The
second condition show that the following diagram is commutative

. Le®3

0 ®id —id ®8

/£C®£C—>ﬁc®ﬁc®£c

re 1/6(id —712)(id +€ + £)

5
\Agr,2(£C)M>AgT’3(£C)
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and that the composition going through the bottom line is 0.
2.2. Bar/cobar adjunction: associative case.

2.2.1. Bar construction. In this subsection, we recall briefly the bar/cobar con-
struction and how they give a pair of adjoint functor in the associative case.

diff. gr. ass. diff. gr. coass.
B: = 1 Q
algebras coalgebras

Let (A,da,pua,c4) be an augmented dga algebra and A = ker(e4) its augmen-
tation ideal. The bar construction of A is obtained by twisting the differential of
the dga free coalgebra Tc(s_ljil). ~

The differential d4 makes A and thus 5_1/_1 into a dg vector vector space. Let
D; denote the induced differential on T¢(s~* A) which in tensor degree n is:

D id T @d g @id "
i=1
57! = 571Q admits an associative product-like map of degree +1 defined by:
IL:s'Q®s'Q — s7'Q Oy(s'@s ) =571

The map I, and the restriction u 4 of the multiplication 4 to A induce the fol-
lowing map:

Fis QAR s Qe A Me, —1gg - lQe A A 124, s-lg g A.

This map induces a degree 1 map Do : T¢(s71A) — T¢(s~1A) which satisfies
D2 = 0 because of the associativity of ya

One check that the degree 1 morphisms D; and D2 commute (in the graded
sense):

D10D2+D20D1 =0

The coproduct on T¢(s~!A) is given by the deconcatenation coproduct. From

these definitions, one obtains (see [LV12|[Section 2.2.1]) the following.

Lemma 2.11. The complex B(A) = (T°(s~'A),dg) with dg = Dy + Do and
endowed with the deconcatenation coproduct A is a conilpotent dga coalgebra.
We recall below the explicit formulas related to the bar construction B(A):
e An homogeneous element a of tensor degree n is denoted by

-1 -1

(s~ ar] -5~ "a]

or when the context is clear enough not to forget the shifting simply by
[a1]| -+ |an]. Its degree is given by:

n

degp(a) = 3 deg,14(s7 ") = 3 (dega(a) ~ 1)

i=1

e the coproduct is given by:

Aa) = Z[s_1a1| s sTra] @ [sT a5 an).

i=1
e Let n,(¢) or simply 7(i) denote the “partial degree” of a:

i

Na(i) =Y deg,-14(s7ax) =) (dega(ar) — 1).
k=1

k=1
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e The differential Dy and D5 are explicitly given by the formulas:

n

Di(a) = =Y (1" Vs ar| - s dalan)] -+ |57 an]

=1
and
Dy(a) = = S (~1)"[s  a] - |5 palai, aier)| - [s " an).
=1

The global minus sign in D; appears because the differential of the dg
vector space s 1A is given by d,-1 5(s7'a) = —s71d4(a). The other signs
are due to the Kozul sign rules taking care of the shifting.

Remark 2.12. This construction can be seen as a simplicial total complex associated
to the complex A (as in [BK94]). Here, the augmentation makes it possible to use
directly A without referring to the tensor coalgebra over A and without the need
of killing the degeneracies. However the simplicial presentation usually masks the
need of working with the shifted complex; in particular for sign issues.

The bar construction B(A) also admits a product m which shuffles the tensor
factors. However, this extra structure becomes more interesting when A is graded
commutative and we will present it in the next section.

The bar construction is a quasi-isomorphism invariant as shown in [LV12] (Propo-
sition 2.2.4) and the construction provides a functor:

B : {aug. dga algebra} — {coaug. dga coalgebra} .

2.2.2. Cobar construction. Analogously, one constructs the cobar functor. Let
(C,dc,Ac,ec) be a coaugmented dga coalgebra decomposed as C' = C @ Q. Con-
sider T'(sC’) the free algebra over sC' (with concatenation product). The differential
on C induces a differential d; on T'(sC). S = sQ comes with a coproduct-like degree
1 map dual to Il,:
Ag:sQ — sQ® sQ, Ag(s) = —5® s.

The map A, and the restriction of the reduced coproduct A, to C induce the
following map:

g:50 2B 09 sQe el 488, (e desQel.

It induces a degree 1 map ds on T'(sC) satisfying d3 = 0 because of the coassocia-
tivity of A.. The two degree 1 maps d; and dy commute (in the graded sense):

d10d2+d20d1:0.

Lemma 2.13. The complez Q(C) = (T(sC),dq) with d,, = di + dy and endowed
with the concatenation product is an augmented dga algebra called the cobar con-
struction of C.

Note that the cobar construction is not in general a quasi-isomorphisms invariant.
The reader may look at [LV12, Section 2.4] for more details.

2.2.3. Adjunction. The two functors bar and cobar induces an adjunction described
as follows:

Theorem 2.14 (|[LV12, Theorem 2.2.9 and Corollary 2.3.4]). For every augmented
dga algebra A and every conilpotent dga coalgebra C' there exist natural bijections

Homdga alg(Q(C); A) ~ TW(C, A) ~ Homdga Coalg(C, B(A))

The unit v : C — B o Q(C) and the counit € : Qo B(A) — A are quasi-
isomorphisms of dga coalgebras and algebras respectively.
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2.3. Bar/cobar adjunction: commutative algebras/Lie Coalgebras. In this
section we recall the bar/cobar adjunction in the commutative/coLie case giving a
pair of functors:

B | diff. gr. com. | | diff. gr. coLie. . Q
€M1 ass. algebras [ T coalgebras + reol

The cobar construction in the coliie case is a little more delicate. We will concen-
trate on this construction. The bar construction in the commutative case, will be
presented as the set of indecomposable elements of the associative bar construction.
A direct construction can be found in [SW1lal]. Other descriptions were given in
[GT94l [GK94].

2.3.1. Cobar construction for Lie coalgebras. The construction follows follows the
lines of the commutative dga coalgebra case. However the lack of associativity and
the use of the symmetric algebra need to be taken into account.

First we need a notion of conilpotency for a Lie coalgebra (L£¢,d,d). As § is
not associative, one can not directly use an iterated coproduct. One introduces
trivalent trees controlling this lack of associativity.

A rooted trivalent tree, or simply a tree, is a planar tree (at each internal vertex a
cyclic ordering of the incident edges is given) where vertices have valency 1 (external
vertices) or 3 (internal vertices) together with a distinguished external vertex (the
root); other external vertices are called leaves. The leaves are numbered from left
to right begin at 1. The trees are drawn with the root (with number 0) at the top.

Let (£, 6,d) be a dg Lie coalgebra. Recall that § is a dg morphism 6 : L —
LE® LC.

Definition 2.15. Let T be a tree with n as above and let {ey,...,e,} be the set
of its leaves (e; is the i-th leaf). T induces a morphism
Op : L& — L
as follows:
e if T has n =1 leaf, d7 = id fc;

e if T has n = 2 leaves, then T = i and i = §;
€1 ez
e if T'has n > 3 leaves, then there exists at least one leaf e; in a strict subtree
of the form

Ty =
e; €it+1

where v is an internal vertex of T. Let T” be the tree T \ Ty, where the
internal vertex v of T' is the i-th leaf (in 7"). The morphism dér is defined
by

o = (1d®0 D 26 @id®™ D) 0§

This definition does not depend on the choice of the subtree T;. By analogy with
the associative case, we define.

Definition 2.16. A Lie coalgebra (L€, 6,d) is conilpotent if for any = € L¢ there
exist n big enough such that for any tree T' with k leaves, k > n, ér(z) = 0.

We now fix a conilpotent dg Lie coalgebra (£, d,dc). Its cobar construction is
given by twisting the differential of the free commutative dga S9"(sL€).
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The differential dzc induces a differential dsze on s£¢ and thus on (s£¢)®" given
by

S 20D @ dyge ©1d B0 (L) s (5L5)5

i=1
This differential goes down to a differential on n-th symmetric power of s£¢:

Dy : SIP(SLE) — SITT(SLE).
Using the map A; and the cobracket dzc, one has a morphism:
gr: sL¢ 22 Q@ sQ® L6 ® £° 988 (0 L° @ sQ® LC.

which induces a degree 1 map 6% : s£L¢ — S%97(sL¢) because of the relation
7od = —94 and the sift in the degree.

The relation (id +£+&2?) o (®id)od = 0, combined with the shift in the degree
and Ay, shows that g;, induce a differential Dy on S97(sL€) given by the formula:
Da|sorniscey = Y _1d®0 N @g, @id .

i=1
This is the classical duality between Jacobi identity and D? = 0 for a classical Lie
coalgebra (that is with a dg structure concentrated in degree 0).
The differential D; and Dy commute (in the graded sens), that is

D10D2+D20D1 =0
and one obtains the following.

Lemma 2.17. The complex Qcor, (L) = (S97(sL),dq,cor) with the symmetric
concatenation product is an augmented commutative dga algebra called the cobar-
coLie construction of L€.

2.3.2. Bar construction for commutative dga algebras. Let (A,da,pa,e4) be an
augmented commutative dga algebra and A = ker(c4). One can consider its bar
construction B(A) as associative algebra. One defines on the coalgebra B(A) an
associative product m by the formula

(1] [zn] W [Znga |- [Tngm] = Z ps(@)([z1] - [nlnta] - - [Tntm])
oesh(n,m)
= Z EgT(U)([zU*1(1)| T |z0*1(n+m)])
o€sh(n,m)

where sh(n,m) denotes the subset S,i,, preserving the order of the ordered sets
{1,...,n} and {n+1,...,n+ m}. For grading reasons, and thus for signs issues,
it is important to note that, in the above formula, the z;’s are elements of s~ A.

A direct computation shows that m turns B(A) into an augmented commutative
dga Hopf algebra; that is it respects the expected diagrams for a Hopf algebra, all
the morphisms involved being dg-morphisms.

The augmentation of B(A) is the projection onto the tensor degree 0 part. Let
B(A) be the kernel of the augmentation of B(A) and

— 2
Qp(4) = B(4)/((B(4))

be the set of its indecomposable elements. Ree’s theorem [LVI2, Theorem 1.3.9]

(originally in [Ree58]) shows the following

Lemma 2.18. The differential dg induces a differential dg on Qp(A). The reduced
coproduct A" induces a cobracket 6g = 1/2(A — TA) on Qg(A) making it into a
conilpotent Lie dg coalgebra.
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The complex (Qp(A),dq) endowed with the cobracket é¢ is the commutative bar
construction of A and denoted Beom(A).

Working with the indecomposable elements as a quotient may be complicated.
In particular, some structure, say for example extra filtrations, may not behave
well by taking a quotient. For this purpose, R. Hain, dealing with Hodge structure
problems, gave in [Hai86] a splitting

iq : @p(A) — B(A)

of the projection pg : B(A) — Qp(A) commuting with the differential. The
projector of B(A) given by the composition py, = ig o pg can be express using the
following explicit formula given in [Hai86]:

pallar] - Jan)) = 3 T o B) 1 ([ )

; )
i=1

where the associative product m has been extend to B(A)®™ for all n > 2 and
where A =id.

2.3.3. Adjunction. As in the case of associative algebras and coalgebras, the func-
tors Qcor, and B,y are adjoint.

Theorem 2.19. For any augmented commutative dga algebra A and any conilpo-
tent dg Lie coalgebra L¢ there exist natural bijections

Homeom dga alg(QcoL (ﬁc)a A) ~ Homconil dg COLie(ECa Bcom(A))-

The unit v : LS — Beom ©Qeor, (L) and the counit € : Qeor, © Beom(A) — A are
quasi-isomorphisms of conilpotent dg co Lie algebras and commutative dga algebras
respectively.

Note that the following diagram of dg vector spaces is commutative:

Le Q(:OL(»CC) = (SgT(S»CC)de,COL)

v m]

Bcom(QcoL(['C)) = QB (Sgr(sﬁc)’ dQ,coL)

where 71 is the projection onto the tensor degree 1 part restricted to the set of
indecomposable elements; that is restricted to the image of py;.

2.4. An explicit map. We present here an explicit description for the unit v :
LE — Beom © Qeor (L6) with image in T¢(S97(sL¢)) using the projector py, onto
the indecomposable elements.

Definition 2.20. Let n be a positive integer.

e The Catalan number C'(n — 1) gives the number of rooted trivalent trees
with n leaves. ~
e Let T be such a rooted trivalent tree with n leaves. Define §1 by

~ 1
(ST == 2_716T

where the map 07 : £¢ — £¢®™ was introduced at Definition 215
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e The morphism O is up to a normalizing coeflicient the sums for all trees T’
with n leaves of the morphism Arp:

_ 1 _
A, =Y ——Arp.
; nC(n —1) T

where the sums runs through all trivalent tree with |T'| = n leaves.

Note that using the identification £° ~ s™' @ s ® L given by z — s7!' ® s ® z,
the morphism A,, induces a morphism

LS — (571 Rs® [,C)@n
again denoted by A,,.

Claim. The composition

¢EC = Pm © ZANn

n>1

gives a morphism
¢£c L — Bcom o QCOL(,CC) = QB (Sgr(sﬁc))
which is equal to the unit of the adjunction:

¢Lc = V.

In the above identification Qeor, (L) = Qp (S97(sL?)), the differential on (S (sLE))
is the bar differential do cor)-

The idea for this formula comes from mimicking the associative case where the
unit morphism being a coalgebra morphisms has to be compatible with the iterated
reduced coproduct.This formula can be derived as a consequence of the work of
Getzler and Jones [GJ94] or of the work of Sinha and Walter [SWIIb].

3. FAMILIES OF BAR ELEMENTS

In [Soul?2], the author defined a family of algebraic cycles £§,, indexed by couple
(W, &) where W is a Lyndon word and ¢ is in {0, 1}. Note that, all words considered
in this work are words in the two letters 0 and 1.

One of the idea underling the construction of the cycles was to follow explicitly
a l-minimal model construction described in [DGMS75] with the hope to use the
relation between 1-minimal model and bar construction in order to obtain motives
over P\ {0,1, 00} in the sense of Bloch and Kriz [BK94].

The construction of the family of cycles provides in fact a differential system for
these cycles related to the action of the free Lie algebra Lie(Xy, X1) on itself by
Thara’s special derivations. In this subsection we will associated bar elements to
the previously defined algebraic cycles using the unit of the bar/cobar adjunction
in the commutative algebra/Lie coalgebra case.

Before dealing with the algebraic cycles situations, we need to recall the combi-
natorial situation from [Soul2] and its relation with Thara action. This is need to
the related the Lie coalgebra situation (dual to Thara action) with the differential
system for algebraic cycles.
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3.1. Lie algebra, special derivations and Lyndon words. We present here
the Lyndon brackets basis for the free Lie algebra Lie(Xp, X1) and its action on
itself by special derivations. The Lie bracket of Lie(Xp, X1) is denoted by [, | as
usual.

A Lyndon word in 0 and 1 is a word in 0 and 1 strictly smaller than any of
its nonempty proper right factors for the lexicographic order with 0 < 1 (for more
details, see [Reu93]).

The standard factorization [W] of a Lyndon word W is defined inductively by
[0] = Xo, [1] = X3 and otherwise by [W] = [[U],[V]] with W = UV, U and V

nontrivial and such that V' is minimal.

Example 3.1. Lyndon words in letters 0 < 1 in lexicographic order are up to
weight 4:
0 <0001 <001 <0011 <01 <011 <0111<1

Their standard factorization is given in weight 1 2 and 3 by
0] = Xo, [1]=X1, [01]=[Xo,X1], [001] = [Xo,[Xo, X1]]and[[Xo, X1], X1].
In weight 4, one has
[0001] = [Xo, [Xo, [Xo, X1]]], and  [0111] = [[Xo, X1], X1], X1]
and

[0011] = [Xo, [[Xo, X1], X1]]

The sets of Lyndon brackets {[W]}, that is Lyndon words in standard factoriza-
tion, form a basis of Lie(Xp, X1) (JReu93, Theorem 5.1]). This basis can then be
used to write the Lie bracket:

Definition 3.2. For any Lyndon word W, the coefficients ozlv}fv (with U < V
Lyndon words) are defined by:

WL.vVil= > alvIwl

with U < V Lyndon words. The «’s are the structure coefficients of Lie(Xg, X7).

A derivation of Lie(Xy, X7) is a linear endomorphism satisfying

D([f.g]) = [D(f), 9] +[f, D(g)]  Vf,g € Lie(Xo, X1).
Definition 3.3 (Special derivation, [Tha90, Tha92]). For any f in Lie(Xy, X1) we
define a derivation Dy by:
Dy(Xo) =0, Dy(X1) = [Xu, f].
Thara bracket on Lie(Xy, X1) is given by

{fi9}=1f, 9]+ Ds(g9) — Dy(f).

Thara bracket is simply the bracket of derivation
[D1, D2]per = D1 o Dy — Dy o Dy
restricted to special derivations :
[Df, Dglper = Dh, with h = {f,g}.

Let L; and L, be two copies of the vector space Lie(Xg, X7). The subscript «
denotes a formal variable but it can be think as a point « in Al. L, is endowed
with the free bracket [, ] of Lie[Xo, X1] while L; is endowed with Thara bracket
{, }. The Lie algebra L; acts on L, by special derivations ; which act on X; hence
the subscript. If f is an element of Lie(Xy, X1), we write f(1) its image in L; and
f(x) its image in L.
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Definition 3.4 (JGOV97|). The semi-direct sum Lj.; of L, by L; is as a vector
spaces the direct sum

Ll;x = L:n 2 Ll
with bracket {, }1,, given by [, ] on L, by {, } on Ly and by

{9(D), f(@) e = —{f (), 9(V)} 12 = Dy(f)(x)  Vf, g € Lie(Xo, X1)

on cross-terms.

The union of {[W](z),[W](1)} for all Lyndon words gives a basis of L., while
a basis of L1,z A Ly, is given by the union of the following families
[U](z) A [V](z) for any Lyndon word U < V/
[U](z) A [V](1) for any Lyndon word U # V
[U](1) A [V](1) for any Lyndon word U < V.

Definition 3.5. The structure coefficients ozlv}fv, ﬂlv}fv and ,YE,/V of Ly, are given
for any Lyndon words W by the family of relations

{[UN(=), [V](x) }1,2 = Z oy [W](z). for any Lyndon word U < V
WeLyn

3) {lU1(2), [VI(D)}1,2 = Z ByvIW](z)  for any Lyndon word U # V
WeLyn

{011, VI } e = Z 'y(V]‘,/V[W](l) for any Lyndon word U < V.
WeLyn

All coefficients above are integers.

Because {, }1., restricted to L, is the usual cobracket on Lie(Xo, X1), the O‘Efv
are the a’s of Definition ; Similarly the «’s are the structure coefficients of Thara
bracket.

Special derivations acts on X; and Dx, is simply bracketing with Xy. This and
the above remark show:

Lemma 3.6 ([Soul2, Lemma 4.18]). Let W be a Lyndon word of length greater
than or equal to 2. Then the following holds for any Lyndon words U,V :

L4 ﬂgf/v = 0;
o B\V/‘,/o = O‘g[,/V
L4 /BU,l = 0;

° ﬂK/U = oz‘{}fl.
In particular, 50% = BYVJ = 0. We also have
a?J,V = BIEJ,V = 7(6],V =0
for e € {0,1}.
3.2. The dual setting : a coaction and a Lie coalgebra. The Lie algebra
Lie(Xy, X7) is graded by the number of letters appearing inside a bracket. Hence

there is an induced grading on L;.,. Taking the graded dual of the L;,,, we obtain
a Lie coalgebra T2

Definition 3.7. The elements of the dual basis of the Lyndon bracket basis [W](x)
of L, are denoted by Tw~(x). Similarly, Ty~ (1) denotes, for a Lyndon Word W
the corresponding element in the basis dual to the basis of Ly given by the [W](1)’s.
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For a in {1, z}, the elements Ty« (a) can be represented by a linear combination
of rooted trivalent tree with leaves decorated by 0 and 1 and root decorated by a
(cf. [Soul2 Section 4.3]). This remark explains the notation which is the same as
in [Soul2].

A basis of TC"L A ’TCOL is given by the union of the following families:

Ty« (x) A Ty« () for any Lyndon word U < V
Ty« (z) ATy~ (1) for any Lyndon word U # V
Ty« (1) ATy=(1) for any Lyndon word U < V.

By duality between L., and ’ngL one has the following:

Proposition 3.8. The bracket {, }1., on L1 5 induces a cobracket on ’TCOL

dey : TEOF — ok A TS,

In terms of the above basis one gets

(ED-T)  dey(Tw(2) = Y afyTu-() ATy« () + Y _ By Tu-(x) ATy-(1)
Uu<v
and
(4) dey(Tw+(1)) = > Ay Tu-(1) ATy-(1)
Uu<v

where U and V' are Lyndon words. The coefficients oegfv, ﬂ(‘?,/v and 'Yg,/v are those
defined in Equation (3.

Note that one has
dey(To+ (x)) = dey(To+(1)) =0 and dey(T1+(z)) = dey(Th-(1)) = 0.
In weight 2 one has
dey(To1(x)) = Tox (x) ATy (z) + T+ (x) A To-(1).

Because of geometric constraints, one can not use directly the combinatorics of
the cobracket d., in this basis to defined a family of algebraic cycle over P! \ {0, 1, 00}
One defines for any Lyndon word W

Ty = Tw+(x)  and Ty = Tw-(x) — Ty~ (1).

The definition of T, can be thought as the difference T3 = Tw+(z) — Tw+(0)
where the element Ty« (0) is equal to 0. The elements T, and T}, form a basis
of TCOL when W runs through the set of Lyndon words.

Lemma 3.9 ([Soul2, Lemma 4.32]). In this basis the cobracket d., is given by

(ED-T9) dey(Tiy) = Y apyTh- ATy + Zb Tt NTO.,
Uu<v

and

(ED-T") dey(Th-) = 3 /Uy T AT + > V[T ATY.
Uu<v UV

where the coefficients a’s, b’s a’’s and b’ ’s are given by

%) aEVV:aEfV—i—BEYV—B&/U forU <V
bEVV = B&/U for any U, V
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and
algfv — fagfv forU <V,
bﬂl/}fv — a}/}fv + bgfv for U <V,
(6) b/T‘//‘TU _ ,a}}fv + b‘(XU for U <V,
b/EfU — bng for any U.

From the explicit description of the coaction, Lemma gives explicitly some
of the coefficients a’s and f’s. This translates as

Lemma 3.10 ([Soul2, Lemma 4.33]).
o If W is the Lyndon word 0 or 1, then :

0 _ 30 _ 0 _3/0 _ 1 g1 o1 g1 _
aU,V—bU,V—aU,V—bU,V—Oa aU,V—bU,V—aU,V—bU,V—O

for any Lyndon words U and V.
e For any Lyndon word W, U and V' of length at least 2, one has

w o _ W W W

agy =agy =0, bye=0ye=0
and

w o o_ W woo_gW

ayp = 0y1 = 0, b1,v =b 1L,V = 0.
Moreover for W a Lyndon word,
w o _ W W W
agy =byy =ayy =0yy =0

as soon as the length of U plus the length of V' is not equal to the length of W.
From the definition of a‘gfv and Lemma [3.0] one sees that aE{V = 7,‘}/ v- This and

Equations (ED-77) and (ED-T")) shows that

(7) dcy(TW*(l)) = dcy(TIS)V* - TI}V*) = Z ag‘fv (TS* - Té*) N (T\(}* - Té*)
Uu<v

(®) = ally(TH-(1) A (TP- (1))

Uu<v

3.3. A differential system for cycles. In this subsection we review the cubical
complex of quasi-finite cycles over X computing higher Chow groups of X. This
complex has a natural cdga structure. M. Levine, in [LevII], proved that the HC of
its bar construction is the tannakian Hopf algebra of mixed Tate motive over X.

The ground field is Spec(Q). The projective line minus three points P! \ {0,1, 00}
will be simply denoted by X. A generic smooth quasi-projective variety will be
denoted by Y.

We define (! to be (0! = P\ {1} and (" to be ((J})". The standard projective
coordinates on 0" is [U; : V;] on the i-th factor; and u; = U;/V; is the corresponding

affine coordinate. A face F' of codimension p of 0" is given by u;, = e for
k=1,...,pand g in {0,00}. Such a face is isomorphic to 00" P. For ¢ = 0,00
and ¢ in {1,...,n}, let s denote the insertion morphism of a codimension 1 face

ss:O" "t —0On
given by the identification
On~ e O x {e} xO0

Definition 3.11 (|Lev1il Example 4.1.6]). Let Y be an irreducible smooth variety.
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o Let Zg . (Y, n) denote the free abelian group generated by irreducible closed
subvarieties

Z CY xO" x (PH\ {1})?
such that the restriction of the projection on Y x (™,
p:Z — Y xO",

is dominant and quasi finite (that is of pure relative dimension 0).
e We say that elements of Zf;_fv(Y, n) are quasi-finite.

Intersection with codimension 1 faces give morphisms

o; = (st)* : Z(Z;,f.(ya n) - Zg.f.(yan - 1)

3

The symmetric group &, acts on Zf; 7. (Y,n) by permutation of the factors of
(P1\ {1})P. Let Symgl\{l} denotes the projector corresponding to the symmetric
representation.

The symmetric group &,, acts on Zf;f_ (Y,n) by permutation of the factor (1%,
and (Z/2Z)" acts on Z7 ; (Y,n) by u; — 1/u; on the O!. The sign representation
of &,, extends to a sign representation

G, =(Z2/)2Z2)" ©x &, — {1,-1}.
Let Alt,, € Q[G,] be the corresponding projector.

Definition 3.12. Let N%"*(p) denote
N;if’ k(p) - Symﬁ,l\{l} o Alto,—r (Zg_f_ (Y,2p— k) ® (@) )

e The intersection with codimension 1 faces of 0% ~% induces a differential
2p—k
Oy = > (=170 - )
i=1
of degree 1.
e The complex of quasi finite cycles is defined by

NFP® = Qe DAY ().
p=1
e Concatenation of factors (0" and of factors P! \ {1} followed by the pull-
back by the diagonal gives a product structure to N- )q(f »®. This product is
graded commutative and N)q(f’ ® is a cdga (JLevIll Section 4.2]).

Thanks to [VSF00, Chapter IV and VI|, the cohomology of N )q(f '® agrees with
higher Chow groups of Y tensored with Q (one can also see [Lev1lll Lemma 4.2.1]).

In [Soul2], the author defined two weight 1 degree 1 cycles £9 and £} in N )q(f !
as the image under Sym%,,l\ (13 © Alt; of the irreducible varieties defined respectively
by:

Zoc X xO'x (P'\{1}): (U~ V)A-B)(U —2V)+2(1-2)UVB =0
and
Z1:(U=V)A-B)(U-(1-2)V)+2(1—-2)UVB=0.

Starting with these two cycles, the author built in [Soul2] two families of degree
1 elements in N )q(f '* whose differential are given by the cobracket in 753"

Let j be the inclusion P!\ {0,1,00} = X < Al. The differential on N'%"* is
simply denoted by 0.

Theorem 3.13 ([Soul2|). For any Lyndon word of length p > 2, there exist two
cycles LY, and L3y in ./V')q(f’ Y(p) such that:



20 ISMAEL SOUDERES

e There exist cycles @, E m Ng{’ 1(p) such that
Ly =j"(Ly)  and Ly =j"(Liy).

e The restriction of@ (resp. L1) to the fiber t =0 (resp. t = 1) is empty.
o The cycle LY, and LY, satisfy the following differential equations in /\/}q(f’ ®:

(ED-£) LYy) =~ | D alyLyLy +> by LyLYy
Uu<v Uv
and
w w
(ED-L') (Lyy) = — Z a/U,Vﬁlljﬁ%/ + Zb/U,V[’llJ‘C?/
U<v u,v

where coefficients a’s, b’s, a’’s and b'’s are the ones of equations m and

One will write generically a cycle in the above families as £§, with ¢ in {0,1}
when working over X = P!\ {0,1, 00} and £5;, when working over Al

The above equations differ from the cobracket in 759" given at equations (ED-1)
and (m by a global minus sign. This is due to a shift in the degree. Hence
the above cycles L§,, differ from the ones defined in [Soul2|] by a global minus sign.

Remark 3.14. The extension L5, of the cycles to N, g{ *® satisfy the same differential
equations as Ly, by considering the Zariski closure of the product in the R.H.S. of
(ED-£Y% and (ED-£Y). However, this Zariski closure is not decomposable: terms
of the form £{LY, are not product in Nglf’ ® because L} is not in Nglf’ L. it is not
quasi-finite over 0 (cf proof of Proposition 6.3 in [Soul2]).

Despite the above remark, Theorem[B.I3and the proof of Theorem 5.8 in [Soul2]
give two other but related families of cycles with decomposable boundary in N, g{ 1
Their are described below. _

Let W be a Lyndon word of length greater than 2. We define E%;l to be the
difference o

E%;l =LY — L.

The geometric situation relates P!\ {0,1, 00}, A and the point {1} as follows:

Al

sz‘l

{1}

X =P\ {0,1,00}

where j is the open inclusion, p; is the projection onto {1} and i; the closed

inclusion (or the 1-section). We define the constant cycle £9,(1) as
Ly (1) = pi o i1 (Lyy) = pi (LY |==1)

where @H:l denotes the fiber at 1 of the cycle @. Its restriction to X is denote
by L3 (1).

Lemma 3.15. For any Lyndon word of length p > 2 the cycle E%;l satisfies

) o -T) -~ ( X (@) (@)

o<U<V<1
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The differential of LY, (1) is given by

(9) a(ﬁ%m)( > aEV,V»coUu)LOvm)

o<U<V <1

The above equation also holds for LY,(1) and z*{(ﬁ—o)

Proof. The combinatoric being the same as in ’Tlch , the first part follows from

Equation (7). The second part is a consequence of Lemma [B.I0 because product of
the form L}, LY, have empty fiber at 1. O

The rest of this section shows that each family of “differential system” gives rise
to a family of elements in the corresponding bar constructions.

Let Bx, By and Byyy denote the bar construction over ./\/')q(f ¢ qu ¢
./\/'quec(Q respectively. Let Qx, Q1 and Q13 be the corresponding set of inde-
composable elements. By an abuse of notation, we will write dg, A, m and é¢g the
natural operation in the corresponding spaces. When required by the context, we
will precise the “base” space by the subscript X, A! and {1} respectively.

Note that the geometric relation between X = P!\ {0,1,00}, A and {1} gives
rise to morphisms of cdga between the corresponding cycles algebras:

N)Q(ﬁ . qu,
qf,
NSpeC(Q)

which then induce morphisms between bar construction and sets of indecomposable
elements. These morphisms are also denoted j*, pj and 7.

Theorem 3.16 (bar elements). For any Lyndon word W of length p there exist an
element LE,, in the bar construction Bx satisfying:
e [ts image under the projection onto the tensor degree 1 part wy : Bx —
N is (LB = L9,
e [ts is in the image of the projector py; hence it is in Qx.
o [t is of bar degree 0 and its image under dg is 0. Thus it induced a class
in H(Bx) and in HY(Qx) = Quo(Bx)-
e Its image under d¢ is given by the differential equations m without
the minus sign
So(Ly) =" ally LyLY +Zb VLLLY .
Uu<v

A similar statement holds for L., L9 ! and E%,(l) with replace Equation (ED-LY)
by equation [ED-LY), (ED-L£9-1) and @).

Proof. The main point is the relation between TC"L and the above family of alge-
braic cycles and to use the unit of the adjunctlon cobar/bar.

As in Section 23] Qeor (T155) = S97(sT59") denotes the cobar construction
over the Lie coalgebra T‘OL concentrated purely in degree 0 (hence with 0 as dif-
ferential). Let

i Qeor(TES") — NE*
be the morphism of cdga induced by

sTyre — L3y, sThr . — Liy
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for any Lyndon word W of length p > 2 together with
Y(sTy) = LY, P(sTY) = L5 and ¢(sTo) = ¥ (sTi) =0
where the prefix s denotes the suspension.
The morphism 1 is compatible with the differential because of equations (m
and(ED-LT)) and Lemma3I0 The minus sign difference between equations (ED-L7))
and (m (and similarly for Equation (m)) makes it possible to define ¢

without sign (cf Section 237
It induces a morphism on the bar construction (for the associative case)

U5t B(Qeor (TESE)) — Bx = BIWE*)

compatible with projection on tensor degree n part (for any n) and with the pro-
jector py onto the indecomposable elements.
Hence we obtain the following commutative diagram (of vector space)

coL (TCOL) 4 Ng(fx o
coL ¥5
B(QCOL (T )) BX
coL v c ¥
T Bcom(QcoL (‘C )) QX

where the morphisms in the bottom line are morphisms of dg Lie algebras and
where v is the unit of the bar/cobar adjunction.
The bar element L',{?V is then defined by

W =g ov(Ty.).
Similarly we define K%/{,B and 5%71’3.
In order to defined L3, (1), one consider only the sub Lie coalgebra T;°°" of T<oF
and the morphism

Y 8Ty« (1) — LY (1)
when W has length p > 2 and sending sTp- (1) and sT3+(1) to zero. O

Over Al a similar statement holds:

Proposition 3.17. For any Lyndon word W of length p > 2, there exists an
[0-1B

element in the bar construction By satisfying

m(ey ) = L3t = £, ~ Ly
It is in the image of the projector py; hence in Q1.
It is of bar degree 0 and their image under dp is 0; hence it give a class in
H°(Bx) and in H°(Qx).
Its image under é¢g is given by Equation without the minus sign.
i) = o - Lyl

A similar statement holds for L3 (1) and i (LY,) = i1 (LY (1)) with (ED-£=1)
replace by @). The corresponding bar elements are denoted

Eﬁ/(l) and Kg/,le

respectively. We have the appropriate compatibilities with p] and j*.
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Proof. The proof goes as in Theorem B.16] above but using only the sub Lie coalge-
bra 7% and equations and ([@)). The coefficients aE‘fV appearing in the
differential equation for the cycle are equal to coefficients 7&/ v giving the cobracket
of the element Ty« (1) (cf. Lemma B.6).

The relations between bar elements over {1}, A! and X = P!\ {0, 1,0} follow
because i], pj and j* are morphisms of cdga algebra.

Lemma 3.18. In By the following relation holds :
i Ly 7) = G1(LF (1) = L e

Proof. Tt follows from equations (7] and (8) which holds for the cycle on Al and
because in the cycle setting one has in Néf '

i (Ly ") = i1(L% (1) = L ]e=1

for any Lyndon word W. (|

4. A RELATIVE BASIS FOR MIXED TATE MOTIVE OVER P!\ {0, 1,00}

4.1. Relations between bar elements. A motivation for introducing cycles L},
in [Soul2| was the idea of a correspondence

Ly — Ly (1) & Ly

In this section, we prove that this relation is an equality in the H® of the bar
construction modulo shuffle products; that is

Ly — L) =Ly € H(@Qx).

A key point in order to build cycles £, and L}, in [Soul2] was a pull-back
by the multiplication. More precisely, the usual multiplication Al x A? — Al
composed with the isomorphism Al x O ~ Al x Al gives a multiplication

mo: Al x O — A!
sending (¢, u) to ﬁ Twisting mg by 6 : t — 1 —t gives a “twisted multiplication”
my = (GXid)omOOG:Al x O — AL

Proposition 4.1 ([Soul2|). For e = 0,1 the morphism m. induces a linear mor-
phism
mi NP — N
giving a homotopy
Opromi+mZody =id —ploil
where p. : AY — {e} is the projection onto the point {e} and i. its inclusion is
Al

From this homotopy property, one derives the following relation between m{ and

%
mj.

Lemma 4.2. One has:
(10)  mi=m{ —pjoijom’— Iy om]omi+mjomiody +mjop]oi]

and a similar expression for mj.
In particular, when b € Nglf’ * satisfies Opi (b) =0 and ig(b) = 0, one has:

my(b) = mg(b) — py © i1 (1mg(b)) + Iur (mg 0 m7 (b))
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Proof. Let bbein N, g{ * We treat only Equation[I0l Using the homotopy property
for mg, one writes
b = Jy1 omg(b) + mf 0 Op1 + pg o ig(b).
Computing mj(b), the homotopy property
m3 0 O (mo(b)) = mi(b) — pi 0 35 (mo (b)) — Dax 0 i (mis (b))
gives the desired formula. (I

_ Writing Ay the Al-extension of the right hand side of Equation (ED-LY), cycles
LY, are obtained in [Soul?| as
LY =mg(Aw)

and similarly for £i.
An explicit computation in low weight [Soul2l [Soul3| shows that

L3, =m{(L§LY) and LY = mi(L]LY).
Using Lemma 2] one gets
(11) Ll = L3 — L (1) + a1 (m] o m (L3 LY)).
Note that as a parametrized cycle,
my o mg(L§ L) = mi(LF,)
can be written (omitting the projector Alt) as

- —t
mi omg (LY LY) = t;%,lf%,x,lfz c Al xO%

This expression coincides, up to reparametrization, with the expression of Cy; given
in [Soul3, Example 5.5] relating £3, and £};.

Thus, £, — £, (1) and £}, differs only by a boundary. The differential of £, (1)
is zero and one can compute explicitly the corresponding bar elements:

Lot =[5 — (Lo, L) = [£5.(1)].
Lemma 4.3. In B(Nz{’ *), one has the following relation
(12) Loy "P = £6,(1) = di([mi (£3)):
Thus in H*(Ba1) as in H*(Qa1) one has the equality between
Lo = £61(1) = 0.
Taking the restriction to P*\ {0,1,00}, one obtains in H*(Qx)
(13) Loy — Loi” = 3" (Lor ) = LE(D)-

For W a Lyndon word of length p > 2, the explicit comparison between EVBV and
E‘l,{/B is in general much more complicated as

On (LY — L) =— > aly (LY — LL)(LY — L) #0.
o<U<V<1

However, working at the bar construction level in H(Q,1) allows to use an
induction argument.
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Theorem 4.4. For any Lyndon word W of length p > 2 the following relation
holds

(14) Lyt P =Lk in H(Qu) = Quos,.)-
Taking the restriction to X = P\ {0,1,00}, one obtains in H*(Qx) = Quo(By)
(15) Ll — Ly’ =" (Lw ") = L (1),

Proof. From Lemma (4.3 above it is true for p = 2 as there is then only one Lyndon
word to consider W = 01.

Now we assume that the theorem is true for all Lyndon words of length k with
2<k<p—1. Let W be a Lyndon word of length p.

From Proposition BI7 one has in Q41 and in particular in HO(QA1):

do(Ly )= D agv(Ly M)Ay
0<U<V<1

and

(L ()= > apy(LEM) A LED).

o<U<V<1

Using the induction hypothesis, one has in H° (Qu1)

So(Ly "%y =" D ally (L) A(LP(1)

o<U<V<1

and thus

~—

b (L7 —LEM) =0 i HQu).
Let Cyw be the class of £y, " — £B (1) in H(Qa1) and sCyy its image in

Qeor(H(Qa1)) = 897 (sQ @ HY(Q41)).
As 6g(Cw) =0, do,cor.(sCw) = 0 and sCw gives a class in

H (Qeor(H(Qa1))) = H' VI *);

where the above isomorphism is given by Bloch and Kriz in [BK94, Corollary 2.31]
after a choice of a 1-minimal model in the sens of Sullivan. Using the comparison
between Hl(/\f glf ’*) and the higher Chow groups, this class can be represented by
pi(C) in N! with C a cycle in Néf’ '

The cycle pj(C) satisfies a1 (p7(C)) = 0 and [p;(C)] gives a degree 0 bar element
CPB in B,: whose bar differential and reduced coproduct are equal to 0.

From this, one gets a class Cw = Cw — CE in HO(QAl). Its image sCw in
Qeor,(H°(Q 1)) also gives a class in

HY (Qeor (H(Qa1)))

which is 0 by construction.

As, on the degree 0 part of Q.. (HO(QA1>>, the differential dg cor is zero, one
obtains that sCyy = 0 in sQRH’(Q 41) and thus Cyy is zero in H*(Q 41) = Quo(B,,)-
The above discussion shows that:

0=Cw =Cw —CF = Cw — [pi(C)]
So far one has obtained that in Bya:
(16) L9 — LB (1) — [pi(0)] = dp(b) modulo m products
with b in the degree —1 part of By = B(NY*).
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Because taking the fiber at 1 commutes with products and differential, one gets
modulo shuffles

i (L ) — i1 (LF (1)) = [O] = dp(if (1))
Lemma 31§ insures that if(ﬁ?/v LBy _ 5 (L5 (1)) = 0. Thus one has
—[C] = dp(ij (b)) + shuffle products

)
which shows that [p*(C)] is zero in H’(B41) modulo shuffles. Hence Equation (I8
can be written has

BT TR0 i Qi — K0

Finally, taking the restriction to P! \ {0, 1,00}, one has L&, fﬁ‘l,{/B = j*([,g;l’B).
O

The main consequence of Equation ([Z]) in the previous theorem is that in
Quo(py) one can replace the bar avatar of the geometric differential system (m
by a bar avatar of the differential system (ED-T]) coming from Thara action by spe-
cial derivations.

Corollary 4.5. In Quo(py), the set of indecomposable elements of HY (BN *)),
the following holds for any (non-empty) Lyndon word W :

(ED-Qx) do(Liy) = D atlv Ly ALY Y BUvLE ALY ().

U<v U,v
Proof. Let W be a Lyndon word. The statement holds when W has length equal 1
and one can assume that W has length greater or equal to 2. One begins with the
formula giving dg(£5,) from Theorem

So(Li) =" aUVEB/\EBZb VLE A LGP

Uu<v

Then using the relations given by Equation (I]E), one has

Uu<v

Expanding terms as £§ (55 — 55(1)) and we conclude the proof using the expres-
sion of coefficients a’s and b’ in terms of a’s and 3’s given at Lemma B.9l O

4.2. A Basis for the geometric Lie coalgebra. This section shows that the
image of the family of bar elements £F, in Deligne-Goncharov motivic fundamental
Lie coalgebra is a basis of this coLie coalgebra. Hence the family E%fv induced a
basis of the tannakian coLie coalgebra of mixed Tate motives over P!\ {0, 1,00}
relative to the one for mixed Tate motives over Q.

We recall that for X = P!\ {0,1,00}, M. Levine in [Levli][Theorem 5.3.2 and
beginning of the section 6.6] shows, one can identify the Tannakian group associated
with MTM(X) with the spectrum of H(Bx):

GMTM(X) ~ Spec(HO(BX))

Then, he uses a relative bar-construction in order to relate G MTM( x) to the

motivic fundamental group of X of Goncharov and Deligne, 77! (X, z) (see [Del89]
and [DGO5]).

Theorem 4.6 ([Levli][Corollary 6.6.2]). Let z be a Q-point of X =P\ {0, 1, 00}.

Then there is a split exact sequence:
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*

1 —— 7ot (X, 2) —— Spec(H*(B(Nx))) —— Spec(H*(B(Ng))) —— 1

\/

*

€T

where p is the structural morphism p : P\ {0,1,00} — Spec(Q).

Theorem can be reformulate in terms of Lie coalgebras, looking at indecom-
posable elements of the respective Hopf algebras.

Proposition 4.7. There is a split exact sequence of Lie coalgebras:

P ¢

0 ——— Quosy) —— Quoy) —— Qgeom ——— 0

where Qgeom s the set of indecomposable elements of O(m"* X, z) and is isomor-
phic as Lie coalgebra to the graded dual of the Lie algebra associated to w1t (X, z).
Hence, Qgecom 15 isomorphic as Lie coalgebra to the graded dual of the free Lie
algebra on two generators Lie(Xo, X1).

Considering the family of bar elements £E, for all Lyndon words W in this short
exact sequence of Lie coalgebra, ones gets

Theorem 4.8. The family ¢(LE,) for any Lyndon words W is a basis of the Lie
coalgebra Qgeom. Hence the family E‘l,gv is a basis of Quo(py) relatively to Qpo(py)-

Proof. The above short exact sequence being a sequence of Lie coalgebra, one has

PAP PN
0— QHO(BQ) A QHO(BQ) —— QHO(BX) A QHO(BX) — Qgeom A Qgeom — 0

JaX) 3q,x Sgeom
p [

Q 9(Bx geom
04’QHO(B)—>QH(3)4’Q —0

As 0g x (L8) = 6¢ x(LP) = 0, weight reasons show that ¢(LF) and ¢(LP) are
dual to the weight 1 generators of Lie(Xy, X7).

In order to show that the family ¢(L%,) is a basis of Q geom, it is enough to show
that the elements ¢(LE,) satisfy:

5geom(¢(£€|/)) = Z O‘gv(ﬁ(ﬁg) A Q/)(‘C\B;)
U<v
because dgeom is dual to the bracket [, ] of Lie(Xy, X1).
As ¢ commutes with the cobracket, it is enough to compute (¢ A ¢) o dx (LE,) :

Ggeom (S(Liy)) =(6 N ) 0 x (L)

=) | D alvLE ALY BUVLE ALE(1)

Uu<v UV

= > avo(LE) NO(LE)Y By e(LE) A d(LF (1))

Uu<v U,v

By construction ¢(LE(1)) is zero. Thus one obtains the expected formula for
Ggeom (S(L))- O
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Note that dx gives the coaction of Qgo(py) on Qgeom described in [Brol2] in rela-
tion with Goncharov motivic coproduct A™°t. In this context, Equation (ED-Qx)

S(Li) =D alvLENLE Y BUVLE NLT (1)
U<v u,v

is nothing but another expression for Goncharov motivic cobracket 1/2(A™ —
7A™), This new expression has the advantage that it is stable under the gener-
ating family £F..
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