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Liouville Brownian motion at criticality

Rémi Rhodes * Vincent Vargas T

Abstract

In this paper, we construct the Brownian motion of Liouville Quantum gravity when the
underlying conformal field theory has a ¢ = 1 central charge. Liouville quantum gravity with
¢ =1 corresponds to two-dimensional string theory and is the conjectural scaling limit of large
planar maps weighted with a O(n = 2) loop model or a ) = 4-state Potts model embedded in
a two dimensional surface in a conformal manner.

Following [27], we start by constructing the critical LBM from one fixed point z € R? (or
x € S?), which amounts to changing the speed of a standard planar Brownian motion depending
on the local behaviour of the critical Liouville measure M'(dz) = —X ()e*X(®) dz (where X
is a Gaussian Free Field, say on S?). Extending this construction simultaneously to all points
in R? requires a fine analysis of the potential properties of the measure M’. This allows us
to construct a strong Markov process with continuous sample paths living on the support of
M’, namely a dense set of Hausdorff dimension 0. We finally construct the Liouville semigroup,
resolvent, Green function, heat kernel and Dirichlet form of (critical) Liouville quantum gravity
with a ¢ = 1 central charge.

In passing, we extend to quite a general setting the construction of the critical Gaussian
multiplicative chaos that was initiated in [20, 21].

Key words or phrases: Gaussian multiplicative chaos, critical Liouville quantum gravity, Brownian motion, heat
kernel, potential theory.
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1 Introduction

1.1 Physics motivations

Liouville field theory is a two dimensional conformal field theory which plays an important part
in two dimensional models of quantum gravity. Euclidean quantum gravity is an attempt to quan-
tize general relativity based on Feynman’s functional integral and on the Einstein-Hilbert action
principle. One integrates over all Riemannian metrics on a d-dimensional manifold 3.

General relativity is a reparametrization invariant theory which can be formulated with no
reference to coordinates at all and this diffeomorphism invariance is a central issue in the quantum
theory. The main motivation for considering 2d quantum gravity comes from the fact that the
Einstein-Hilbert action becomes trivial in 2d as it reduces to a topological term and the cosmological
constant coupled to the volume of space-time. This is the famous representation of the functional
integral over geometries as a Liouville field theory by Polyakov [52] (see also [52, 40, 15]).

More precisely, one couples a Conformal Field Theory (CFT) (or more generally a matter field
or quantum field theory) to gravity via any reparametrization invariant action for conformal matter
fields with central charge ¢ . A famous example is the coupling of ¢ free scalar matter fields to
gravity, which can also be interpreted as an embedding of 3 into a c-dimensional Euclidian space,
thus leading to an interpretation of such a specific theory of 2d-Liouville Quantum Gravity as a
bosonic string theory in ¢ dimensions [52].

It is shown in [52, 40, 15]) that the reparametrization invariant action of the CFT can be
factorized as a tensor product where the metric is independent of the CFT and roughly takes on
the form [52, 40, 15] (we consider an Euclidean background metric for simplicity):

g(z) = X @2, (1.1)

where the fluctuations of the field X are governed by the Liouville action and the parameter v is
related to the central charge of the CFT via the famous result in [40] (for ¢ < 1)

N = iG(\/25—c—\/1—c). (1.2)



Therefore v € [0,2]. When the cosmological constant in the Liouville action is set to 0, one talks
about critical 2d-Liouville Quantum Gravity and the Liouville action turns the field X in (1.1)
into a Free Field, with appropriate boundary conditions. The reader is referred to [14, 15, 22, 18,
19, 26, 29, 31, 38, 40, 48, 52] for more insights on 2d-Liouville quantum gravity. For these reasons
and though it may be an interesting field in its own right, Liouville field theory (governing the
metric in 2d-Liouville quantum gravity) is an important object in theoretical physics.

In the subcritical case v < 2,¢ < 1, the geometry of the metric tensor (1.1) is mathematically
investigated in [22, 27, 28, 55, 57] and the famous KPZ scaling relations [40] are rigorously proved
in [4, 22, 56] in a geometrical framework (see also [16] for a non rigorous heat kernel derivation).
This paper focuses on the coupling of a CFT with a ¢ = 1 central charge to gravity or equivalently
2d string theory, i.e. the coupling of one free scalar matter field to gravity: in this case, one has
v = 2 by relation (1.2). For an excellent review on 2d string theory, we refer to Klebanov’s lecture
notes [38]. As expressed by Klebanov in [38]: ”Two-dimensional string theory is the kind of toy
model which possesses a remarkably simple structure but at the same time incorporates some of
the physics of string theories embedded in higher dimensions”. Among the v < 2 theories, the case
~ = 2 probably possesses the richest structure, inherited from its specific status of phase transition.
For instance, the construction of the volume form, denoted by M’, associated to the metric tensor
(1.1) is investigated in [20, 21] where it is proved that it takes on the unusual form:

M'(dz) = =X (2)e*X @ dz, (1.3)

which also coincides with a proper renormalization of e2X(®)dz. Another specific point, the v = 2

theory possesses non trivial conformally invariant gravitationally dressed vertex operators, the so-
called tachyonic fields: the reader is referred for instance to [38] for more physics insights and to
[45] for their rigorous construction and a field derivation of the KPZ formula of these operators.
In this paper, we will complete this picture by constructing the Brownian motion (called critical
Liouville Brownian motion, critical LBM for short), semi-group, resolvent, Dirichlet form, Green
function and heat kernel of the metric tensor (1.1) with v = 2. The question of constructing the
associated distance is discussed below.

We further point out that Liouville quantum gravity is conjecturally related to discrete and
continuum random surfaces. Roughly speaking, when one takes a random two-dimensional manifold
and conformally maps it to a disk or the sphere, the image of the metric tensor of the manifold is
a metric tensor on the disk or sphere that should correspond to an exponential of a log-correlated
Gaussian random variable (some form of the GFF). The reader may consult [22, 60], which contain
an extensive overview of the physics literature for a ¢ < 1 central charge together with related
conjectures and [20] in the case ¢ = 1. Discrete critical statistical physical models having ¢ = 1
then include one-dimensional matrix models (also called “matrix quantum mechanics” (MQM))
[9, 29, 30, 32, 33, 37, 39, 50, 51, 61], the so-called O(n) loop model on a random planar lattice
for n = 2 [41, 42, 43, 44], and the @Q-state Potts model on a random lattice for @Q = 4 [8, 13, 24].
The critical LBM is therefore conjectured to be the scaling limit of random walks on large planar
maps weighted with a O(n = 2) loop model or a Q = 4-state Potts model, which are embedded
in a two dimensional surface in a conformal manner. For an introduction to the above mentioned
2d-statistical models, see, e.g., [49]. We further mention [12, 17] for recent advances on this topic
in the context of pure gravity, i.e. with no coupling with a CFT.

To complete this overview of physics literature, we point out that the notions of diffusions or
heat kernel are at the core of physics literature about Liouville quantum gravity (see [2, 3, 10, 11,
14, 16, 62] for instance): for more on this, see the subsection on the associated distance.



1.2 Strategy and results

Basically, our approach of the metric tensor €*X®) dz? (where X is a Free Field) relies on the
construction of the associated Brownian motion, called the critical LBM B. Standard results of 2d-
Riemannian geometry tell us that the law of this Brownian motion is a time change of a standard
planar Brownian motion B (starting from 0):

By :x+B<3x>t (1.4)

where the quadratic variations (%) are formally given by:
t
B, = Flo, )Y, Flat) = / (2X(@+Br) g (1.5)
0

Put in other words, we should integrate the weight e2¥(®) along the paths of the Brownian motion
x4+ B to construct a mapping t — F’(x,t). The inverse of this mapping corresponds to the quadratic
variations of B*. Of course, because of the irregularity of the field X, giving sense to (1.5) is not
straightforward and one has to apply a renormalization procedure: one has to apply a cutoff to
the field X (a procedure that smoothes up the field X) and pass to the limit as the cutoff is
removed. The procedure is rather standard in this context. Roughly speaking, one introduces an
approximating field X, where the parameter e stands for the extent to which one has regularized
the field X (we have X, — X as € goes to 0). One then defines

t
Fe(x,t):/ e?Xe@+Br) g (1.6)
0

and one looks for a suitable deterministic renormalization a(e) such that the family a(e)F“(x,t)
converges towards a non trivial object as ¢ — 0. In the subcritical case 7 < 2, the situation is
rather well understood as the family a(e) roughly corresponds to

2
ale) =~ exp(——L-E[X()?)

(the dependence of the point z is usually fictive and may easily get rid of) in such a way that
¢
a(e) / e Xel@tBr) gy (1.7)
0

converges towards a non trivial limit. We will call this renormalization procedure standard: it has
been successfully applied to construct random measures of the form e’X @) da [34, 58, 59] (the
reader may consult [55] for an overview on Gaussian multiplicative chaos theory). Though the
choice of the cutoff does not affect the nature of the limiting object, a proper choice of the cutoff
turns the expression (1.7) into a martingale. This is convenient to handle the convergence of this
object.

At criticality (v = 2), the situation is conceptually more involved. It is known [20] that the
standard renormalization procedure of the volume form yields a trivial object. Logarithmic cor-
rections in the choice of the family a(e) are necessary (see [20, 21]) and the limiting measure that
we get is the same as that corresponding to a metric tensor of the form —X (z)e?X®) . Observe
that it is not straightforward to see at first sight that such metric tensors coincide, or even are



positive. This subtlety is at the origin of some misunderstandings in the physics literature where
the two forms of the tachyon field €>X®) and —X ()e*X®) appear without making perfectly clear
that they coincide.

The case of the LBM at criticality obeys this rule too. We will prove that non standard loga-
rithmic corrections are necessary to make the change of time F¢ converge and they produce the
same limiting change of times as that corresponding to a metric tensor of the form — X (x)e?X (@)
This summarizes the almost sure convergence of F€¢ for one given fixed point x € R2. Yet, if one
wishes to define a proper Markov process, one has to go one step further and establish that, almost
surely, F¢(x,-) converges simultaneously for all possible starting points 2 € R?: the place of the
”almost sure” is important and gives rise to difficulties that are conceptually far different from the
construction from one given fixed point. In [27], it is noticed that this simultaneous convergence is
possible as soon as the volume form M, (dz) associated to the metric tensor (1.1) is regular enough

so as to make the mapping
1

x - Iny HMy(d:ﬂ)
continuous. When v < 2, multifractal analysis shows that the measure M, possesses a power law
decay of the size of balls and this is enough to ensure the continuity of this mapping. In the
critical case v = 2, the situation is more complicated because the measure M’ is rather wild: for
instance the Hausdorff dimension of its support is zero [5]. Furthermore, the decay of the size of
balls investigated in [5] shows that continuity and even finiteness of the mapping

T In, —— M'(dx 1.8
R? + |3§‘ — y| ( ) ( )

is unlikely to hold on the whole of R?. Yet we will show that we can have a rather satisfactory
control of the size of balls for all z belonging to a set of full M’-measure, call it S:

Vz e S, sup M'(B(z,7))(—Inr)P < +cc
r€]0,1]

for some p large enough. In particular this estimate shows that the expression (1.8) is finite for
every point x € S. Also, this estimate answers a question raised in [5] (a similar estimate was
proved by the same authors [6] in the related case of the discrete multiplicative cascades). We
will thus construct the change of time F’(x,-) simultaneously for all 2 € S. What happens on the
complement of S does not matter that much since it is a set with null M’ measure. Yet we will
extend the change of time F'(x,-) to the whole of R2.

Once F’ is constructed, potential theory [25] tells us that the LBM at criticality is a strong
Markov process, which preserves the critical measure M’. We will then define the semigroup,
resolvent, Green function and heat kernel associated to the LBM at criticality.

We stress that, once all the pieces of the puzzle are glued together, this LBM at criticality
appears as a rather weird mathematical object. It is a Markov process with continuous sample
paths living on a very thin set, which is dense in R? and has Hausdorff dimension 0. And in spite
of this rather wild structure, the LBM at criticality is regular enough to possess a (weak form of)
heat kernel. Beyond the possible applications in physics, we feel that the study of such an object
is a fundamental and challenging mathematical problem, which is far from being settled in this

paper.



1.3 Discussion about the associated distance

An important question related to this work is the existence of a distance associated to the metric
tensor (1.1) for v € [0, 2]. The physics literature contains several suggestions to handle this problem,
part of which are discussed along the forthcoming speculative lines. Also since we will base part
of our discussion on the results established in [57], we will focus on the non critical case v < 2
though a similar discussion should hold in the critical case. In this context, we denote F'(z,t) =
fg X (@+B5r) dr the associated additive functional along the Brownian paths. We know that for
all £ > 0 there exists a Liouville heat kernel p;*(z,y). Many papers in the physics literature have
argued that the Liouville heat kernel should have the following representation which is classical in
the context of Riemannian geometry

e_d(w7y)2/t

X
~  — 1.
Py (.’L’, y) d(x,y)—>0 t ( 9)

where d(z,y) is the associated distance, i.e. the ”Riemannian distance” defined by (1.1). From the
representation (1.9), physicists [2, 3, 62] have derived many fractal and geometrical properties of
Liouville quantum gravity. In particular, the paper [62] established a intriguing formula for the
dimension dy of Liouville quantum gravity which can be defined by the heuristic

M, ({y; d(z,y) < r}) ~rn

where M, is the associated volume form. Note that the meaning of the above definition is not
obvious since M, is a multifractal random measure.

Along the same lines, a recent physics paper [16] establishes an interesting heat kernel derivation
of the KPZ formula. The idea behind the paper is that, if relation (1.9) holds, then one can extract
the metric from the heat kernel by using the Mellin-Barnes transform given by

o0
/ 7 1py* (2, y)dt.
0

Indeed, a standard computation gives the following equivalent for s €]0, 1]

/Oo tHM i o~ (1.10)
0 t d(z,y)—0 d(x,y)21-s)
where C; is some positive constant. Equivalently, we would have
1
(5= =17 (@, )dt) T

Essentially, the authors of [16] prove the following Mellin-Barnes version of the KPZ formula. Let K
be some compact set such that the ¢-Hausdorff measure H4(K) is non trivial, i.e. 0 < H4(K) < oo.
Then the authors claim that one should roughly have

/ / (/oo t_qu((:n,y)dt) etﬁX(r)—(‘7})2E[X(r)Q}Hq(dx)etﬁX(y)—(qg)zE[X(yF]Hq(dy) <oo (1.11)
K JK \Jo

where

d(l’,y) ~

eﬁX(I)_ﬁE[X(x)Q]Hq(dx) = lim e‘ﬁXﬁ(x)_(qg)2
e—0

E[Xe(x)Q]HQ(dx)

6



and ¢ is related to ¢ by the KPZ relation (2 + l;)q - l;QQ = ¢. Thanks to the relation (1.10), the
authors claim that this yields a geometrical version of the KPZ equation which does not rely on
the Euclidean metric. Recall that the rigorous geometrical derivations of KPZ in [22, 56] rely on
the measure M, and imply working with Euclidean balls.

All these physicist derivations are a bit puzzling. It seems that the first question that can
be settled mathematically is inequality (1.11). Indeed, by the results of [57], one has a very nice
representation of a ”natural version” of the Mellin -Barnes transform in terms of Brownian bridges;
more specifically, one has

_ly—ep?

/ 1 1pX (2, y)dt = / B[P (2, 1)~ By = o] dt.
0 0

27t
Note that we mention a "natural version” because it is not obvious to make sense of the measure
pi* (z,y)dt. If inequality (1.11) is true, it could be the case that, rather than (1.9), the heat kernel
has the following behaviour compatible with the KPZ relation derived in [56]

oMy (B(x.|y—x)))/t

X
, ~ 1.12
piey) ~ (1.12)

where B(z,|y — z|) is the Euclidean ball of center x and radius |y — z|. In all cases, we believe
that these questions are interesting and we hope that this informal discussion will trigger further
investigations among mathematicians.
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2  Setup

In this section, we draw up the framework to construct the Liouville Brownian motion at criticality
on the whole plane R?. Other geometries are possible and discussed at the end of the paper.

2.1 Notations

In what follows, we will consider Brownian motions B or B on R? (or other geometries) independent
of the underlying Free Field. We will denote by IEY or PY expectations and probability with respect
to a field Y. For instance, EX or PX (resp. E® or PP) stand for expectation and probability with
respect to the log-correlated field X (resp. the Brownian motion B). For d > 1, we consider the
space C(R4,R?) of continuous functions from R, into R? equipped with the topology of uniform
convergence over compact subsets of R..

2.2 Representation of a log-correlated field

In this section we introduce the log-correlated Gaussian fields X on R? that we will work with
throughout this paper. One may consider other geometries as well, like the sphere S? or the torus



T? (in which case an adaptation of the setup and proofs is straightforward). We will represent
them via a white noise decomposition.

We consider a family of centered Gaussian processes ((X¢(x)),cr2)e>0 With covariance structure
given, for 1 > € > € > 0, by:

Kil) = EX0) X)) = [ H5 (2.)

for some family (k(u,-,-))y, 1 of covariance kernels satisfying:
A.1 k is nonnegative, continuous.

A.2 k is locally Lipschitz on the diagonal, i.e. VR > 0, 3Cg > 0, V|z| < R, Yu > 1, Yy € R?

|k(u, 2, 2) = k(u, z,y)| < Crulz — y|

A.3 k satisfies the integrability condition: for each compact set S,

* Kk
sup / M du < +00.
r€SyeR2 J 2 u

lz—y]

1
A.4 the mapping H (z) = [ W du — ln% converges pointwise as ¢ — 0 and for all compact
set K,

He _HE
sup sup |He(2) W) < +o0.

z,yeK €€]0,1] "T - y‘

A.5 for each compact set K, there exists a constant Cx > 0 such that
k(uwz'vy) P k(uaxax)(l - CKul/z‘x - y‘1/2)+
forall z € K and y € R?. forallu > 1, x € K and y € R2.

Such a construction of Gaussian processes is carried out in [1, 54] in the translation invariant case.
Furthermore, [A.2] implies the following relation that we will use throughout the paper: for each
compact set S, there exists a constant cg > 0 (only depending on k) such that for all y € S,
e € (0,1] and w € B(y, €), we have

1 1
In— —cs < Ke(y,w) < In— +c¢g. (2.2)
€ €

We denote by F, the sigma algebra generated by {X,(z);e < u,z € R?}.

2.3 Examples

We explain first a Fourier white noise decomposition of log-correlated translation invariant fields
as this description appears rather naturally in physics. Consider a nonnegative even function ¢
defined on R? such that limy,|_ . [u|*¢(u) = 1. We consider the kernel

K(z,y) = /R2 T o (u) du. (2.3)

8



We consider the following cut-off approximations

Kewn) = 5= | o ) (2.4)

2
The kernel K can be seen as the prototype of kernels of log-type in dimension 2. It has obvious
counterparts in any dimension. The cut-off approximation is quite natural, rather usual in physics
(sometimes called the ultraviolet cut-off) and has well known analogues on compact manifolds (in
terms of series expansion along eigenvalues of the Laplacian for instance). If X has covariance
given by (2.3), then X has the following representation

X(x) = /R2 e u-e) Ve(u) (Wi (du) + iWs(du))

where Wi (du) and Wa(du) are independent Gaussian distributions. The distributions Wj(du) and
W (du) are functions of the field X (since they are the real and imaginary parts of the Fourier
transform of X'). The law of Wy (du) is W (du)+W (—du) where W is a standard white noise and the
law of Wy(du) is W(du) - W(—du) where W is also standard white noise. One can then consider
the following family with covariance (2.4) and which fits into our framework as it corresponds to
adding independent fields

X,(x) = / e102) /() (Wi (du) + iWa(du)
B(0,e—1)

Notice also that the approximations X, are functions of the original field X since Wi (du) and
W (du) are functions of the field X.

Notice that K. can be rewritten as (S stands for the unit sphere and ds for the uniform
probability measure on 5)

1

<k

K (z,y) = / k(r,z,y) dr,  with k(r,z,y) = 7‘2/ o(rs) cos(r{z —y,s))ds.
0 r s

Let us simplify a bit the discussion by assuming that ¢ is isotropic. In that case, it is plain to

check that assumptions [A.1-5] are satisfied (in the slightly extended context of integration over

[0, 1] instead of [1,1] but this is harmless as K7 (z,y) is here a very regular Gaussian kernel).

Example 1. Massive Free Field (MFF). The whole plane MFF is a centered Gaussian distri-
bution with covariance kernel given by the Green function of the operator 2m(m? — A)~! on R2,
i.e. by:

m2 u— \zfy\2 du
2u

R? m — - au
Va,y € R, Gp(z,y) /0 e 2 o

The real m > 0 is called the mass. This kernel is of o-positive type in the sense of Kahane [34]
since we integrate a continuous function of positive type with respect to a positive measure. It is
furthermore a star-scale invariant kernel (see [1, 5/]): it can be rewritten as

(2.5)

+oo L _
Gon(,y) :/ Mdu. (2.6)
1 u
m2 v
for some continuous covariance kernel ky,(z) = %fo e~ % 1#° =3 dv and therefore satisfies the

assumptions [A.1-5].



One may also choose the Fourier white noise (2.4) decomposition with ¢(u) = W or the
semigroup covariance structure
[e.e] m2
E[X (2)Xe(y)] = 7T/ p(u, z,y)e” 2 “du,
max(e,e’)?
which also satisfies assumptions [A.1-5] (modulo a change of variable v = 1/v? in the above

expression: see [21, section DJ).

Example 2. Gaussian Free Field (GFF). Consider a bounded open domain D of R?. Formally,
a GFF on D is a Gaussian distribution with covariance kernel given by the Green function of
the Laplacian on D with prescribed boundary conditions. We describe here the case of Dirichlet
boundary conditions. The Green function is then given by the formula:

Gp(x,y) = W/Ooopp(t,x,y)dt (2.7)

where pp is the (sub-Markovian) semi-group of a Brownian motion B killed upon touching the
boundary of D, namely for a Borel set A C D

/ pp(t,z,y)dy = P*(B, € A, Tp > t)
A

with Tp = inf{t > 0, By & D}. The most direct way to construct a cut-off family of the GFF on
D is then to consider a white noise W distributed on D x Ry and to define:

S
X(z)=rm pD(§,w,y)W(dy,d8)-
DXR+

One can check that B[X (z)X(2')] = m [ pp(s,x,2')ds = Gp(x,a’). The corresponding cut-off

approximations are given by:

X.(z) = /7 e

,x,y)W(dy, ds).
Dx[e2,00[ 2

They have the following covariance structure

E[X, (1) Xo (y)] = 7 / T pp(uny) du, (2.8)

max (e,e’)?

which also satisfies assumptions [A.1-5] (on every subdomain of D and modulo a change of variable
u = 1/v? in the above expression: see also [21, section D)).

For some technical reasons, we will sometimes also consider either of the following assumptions:
A.6 k(v,7,y) =0 for |z —y| > Dv=1(1 + 2Inv)® for some constants D, a > 0,

A.6 (k(v,z,y))y is the family of kernels presented in examples 1 or 2.

10



2.4 Regularized Riemannian geometry

We would like to consider a Riemannian metric tensor on R? (using conventional notations in
Riemannian geometry) of the type e?X¢ (@) dz?, where dz? stands for the standard Euclidean metric
on R2. Yet, as we will see, such an object has no suitable limit as € goes to 0. So, for future
renormalization purposes, we rather consider:

ge(2)dz? = V=Inee? X @) gy

2.4.1 Volume form

The Riemannian volume on the manifold (R?, g.) is given by:
M(dz) = V—Tnee? 2X<@ dg, (2.9)

where dz stands for the Lebesgue measure on R?, and will be called e-regularized critical measure.
The study of the limit of the random measures (M (dx)). is carried out in [20, 21] in a less general
context. It is based on the study of the limit of the family M/(dz) defined by:

M{(dz) := (2 mi_ X, (2))e2Xe@ -2l gy
€

We will extend the results in [20] and prove

Theorem 2.1. Almost surely, the (locally signed) random measures (M!(dz))eso converge as e — 0
towards a positive random measure M'(dx) in the sense of weak convergence of measures. This
limiting measure has full support and is atomless.

Concerning the Seneta-Heyde norming, we have

Theorem 2.2. Assume [A.1-5] and either [A.6] or [A.6°]. We have the convergence in probability
in the sense of weak convergence of measures:

2
M (dx) — \/jM’(da;), as € = 0.
T

The proof of Theorem 2.2 is carried out in [21, section D] (in fact, it is assumed in [21] that
the family of kernels (k(v,z,y)), is translation invariant but adapting the proof is straightforward
and thus left to the reader).

Beyond its conceptual importance, the Seneta-Heyde norming is crucial to establish, via Ka-
hane’s convexity inequalities [34], the study of moments carried out in [20, 21] and obtain

Proposition 2.3. Assume [A.1-5] and either [A.6] or [A.6°]. For each bounded Borel set A and
q €] — 00, 1], the random variable M'(A) possesses moments of order q. Furthermore, if A has non
trivial Lebesgue measure and x € R?:

E[M'(AA + )7 ~ C(q, ) \m' (@
where &y is the power law spectrum of M’ :

Vg <1, &wlq)=4q—24%
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Another important result about the modulus of continuity of the measure M’ is established
in [5]. We stress here that we pursue the discussion at a heuristic level since the result in [5] is
not general enough to apply in our context (to be precise, it is valid for a well chosen family of
kernels (k(v,z,y)), in dimension 1 in order to get nice scaling relations for the associated measure
M"). Anyway, we expect this result to be true in greater generality and we will not use it in this
paper: we are more interested in its conceptual significance. So, by analogy with [5], the measure
M’ is expected to possess the following modulus of continuity of ”square root of log” type: for all
v < 1/2, there exists a random variable C' almost surely finite such that

Vball B B(0,1), M'(B)<C(n(1+|BI™))™". (2.10)

Furthermore, the Hausdorff dimension of the carrier of M’ is 0. By analogy with the results that
one gets in the context of multiplicative cascades [6], one also expects that the above theorem 2.10
cannot be improved. In particular, the measure M’ does not possess a modulus of continuity better
than a log unlike the subcritical situation explored in [27], where this property turned out to be
crucial for the construction of the LBM as a whole Markov process. This remark is at the origin of
the further complications arising in our paper (the critical case) in comparison with [27, 28] (the
subcritical case).

2.4.2 Regularized Liouville Brownian motion

The main concern of this paper will be the Brownian motion associated with the metric tensor
ge: following standard formulas of Riemannian geometry, one can associate to the Riemannian
manifold (R?, g.) a Brownian motion B¢:

Definition 2.4 (e-regularized critical Liouville Brownian motion, LBM, for short). For any fized
€ > 0, we define the following diffusion on R?. For any x € R?,

¢
B =+ / (—Ine) Ve teXB) R, . (2.11)
0

where By is a standard two-dimensional Brownian motion.

We stress that the fact that there is no drift term in the definition of the Brownian motion is
typical from a scalar metric tensor in dimension 2. By using the Dambis-Schwarz Theorem, one
can define the law of the LBM, as

Definition 2.5. For any ¢ > 0 fived and x € R?,
Bgvx = —|— B<Bs,x>t 5 (212)

where (By)r > ¢ is a two-dimensional Brownian motion independent of the field X and the quadratic
variation (B") of BS" is defined as

(B9%)y :==1inf{s >0 : (—In 6)1/2 62/ e2Xe(@+Bu) gy > t}. (2.13)
0

It will thus be useful to define the following quantity on R? x R, :

F(z,s) = 62/ 2Xe(@+Bu) gy, (2.14)
0

12



in such a way that the process (B“*) is entirely characterized by:
(—Ine)Y2F(x, (BST),) = t. (2.15)

Several standard facts can be deduced from the smoothness of X,. For each fixed ¢ > 0, the
LBM, a.s. induces a Feller diffusion on R?, and thus a semi-group (Pf)t >0, which is symmetric
w.r.t the volume form M..

We will be mostly interested in establishing the convergence in law of the LBM, as ¢ — 0.
Basically, studying the convergence of the LBM, thus boils down to establishing the convergence
of its quadratic variations (B“7).

3 Critical LBM starting from one fixed point

The first section is devoted to the convergence of the e-regularized LBM when starting from one
fixed point, say € R2. As in the case of the convergence of measures [20, 21], the critical situation
here is technically more complicated than in the subcritical case [27], though conceptually similar.
The first crucial step of the construction consists in establishing the convergence towards 0 of the
family of functions (F¢(z,-)). and then in computing the first order expansion of the maximum of
the field X, along the Brownian path up to time ¢, and more precisely to prove that

max Xg(a:—FBs)—2ln1 — —00, ase—0. (3.1)
s€[0,t] €

This is mainly the content of subsection 3.2, after some preliminary lemmas in subsection 3.1.
Then our strategy will mainly be to adapt the ideas related to convergence of critical measures
[20, 21].

We further stress that, in the case of measures (see [20]), the content of subsection 3.2 is
established thanks to comparison with multiplicative cascades measures and Kahane’s convexity
inequalities. In our context, no equivalent result has been established in the context of multiplicative
cascades in such a way that we have to carry out a direct proof.

3.1 Preliminary results about properties of Brownian paths

Let us consider a standard Brownian motion B on the plane R? starting at some given point
x € R2. Let us consider the occupation measure ; of the Brownian motion up to time ¢t > 0 and
let us define the function

1 1
Ve €]0,1], h(e) =In—Inlnln—. (3.2)
€ €
The following result is proved in [46]

Theorem 3.1. There exists a deterministic constant ¢ > 0 such that PP -almost surely, the set

_ 2 m(B(z,€)
E={zeR ,hnenj(l)lp i) c}

has full ps-measure.

We will need an extra elementary result about the structure of Brownian paths:

13



Lemma 3.2. For every p > 2, we have almost surely:

1
dz)pe(dy) < +o00.
/IR?xR2 |:13—y|21n(‘x y‘ +2)p/‘t( )1 (dy)

Proof of Lemma 3.2. We have:

1 1
EP / d dy)| = EB /
[ o2 |x—y|2ln(|m - +2)p#t( ) e ( y)] [ 0.2 B, _BS|2IH(\BTiBS|

1
= EB ‘
/[o,tP [!T—SHBlPln(% +2)p] drds

[r—s|'/2|B1]

drds]

+2)?

1
1
alB1[21n (173 5 +2)

Let us compute for a < ¢ the quantity EB[ p}. By using the density of the

Gaussian law, we get:

EB[ 1 } 1 / 1 e du < /oo ! 7 d
—— e U X € r
a|B1 2 In (al/+\81| _|_2)7’ 27 Jr2 alul?In (m +2)p 0 arln(al}zr +2)"

1 [ 1 2
ALt
ajo uln (E+2)

1/4

1 [ 1 u2 1/t 1 u? 1 [ 1 .2
< - — e Edu+ - / 76_%du+—/ ————=p€¢ 2du
a/O Uln(%+2)p al/4 uln(1+2)p a J uln(%+2)
1 al/4 1 1t 1 5 p
- 7du+—/ ———¢€ 57 du + w——5¢e 2
a/o u lnP (%) a Jo uln (%4—2)17 2P 2°
4p C __1_ 2 2

— 2q1/2
a(p—1)InP~11 L T w2t

N

Therefore

B[/W/R? I:c— |21n(1 - +2)””t<d$)’”(dy)]

[z— yl

1 2
1 e 2ir—s/% e_—2\:7s\) drds
|7‘—s|lnp ! Tl ]r—s\ '

As this latter quantity is obviously finite, the proof is complete. O

3.2 First order expansion of the maximum of the field along Brownian paths
To begin with, we claim:

Proposition 3.3. For all x € R?, almost surely in X, the family of random mapping t — F€(x,t)
converges to 0 in the space C(Ry,R;) as e — 0.

Proof. Fix x € R2. Observe first that

t t
Fe(z,t) = 62/ 2Xc(@+By) g :/ o9e(@+By) 22X (24 B,) ~2BX [X (24 B,)?] .
0 0
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where

1

o) = 2B, o L = [ HR ) 21
1

u

du.

€

By assumption [A.4], the function g. converges uniformly over the compact subsets of R?. Fur-
thermore, for each ¢t > 0, the set {z + By;s € [0,t]} is a compact set and g. converges uniformly
over this compact set. So, even if it means considering fg 2Xe(@+Br)—2B¥ [Xe(2+8:)°] g instead of
F¢(z,t), we may assume that EX[X,(z 4+ B,)?] =In i, in which case F(z,t) is a martingale with
respect to the filtration F, = 0{X,(z);e < r,z € R?}. As this martingale is nonnegative, it con-
verges almost surely. We just have to prove that the limit is 0. To this purpose, we use a lemma

in [23]. Translated into our context, it reads:

Lemma 3.4. The almost sure convergence of the family (F¢(x,t)). towards 0 as e — 0 is equivalent
to the fact that limsup,_,q F'“(x,t) = +o00 under the probability measure defined by:

QF. =t 'F(x,t) P,

The main idea of what follows is to prove that, under @, F€(x,t) is stochastically bounded
from below by the exponential of a Brownian motion so that limsup,_,, F(z,t) = +o0o and we
apply Lemma 3.4 to conclude .

To carry out this argument, let us define a new probability measure O, on B(R?) ® F. by

OuE2)nr, =t XX W2 PX (du)uy (dy), (3.3)

where p; stands for the occupation measure of the Brownian motion B* starting from x. We denote
by Ee, the corresponding expectation. In fact, since the above definition defines a pre-measure
on the ring B(R?) ® |J_Fe, one can define a measure © on B(R?) ® F by using Caratheodory’s
extension theorem. We recover the relation © 5497, = ©c. Similarly, we construct the probability
measure ) on F = 0( U. ]:6) by setting:

Q. =t 'F(x,t) dP¥,
which is nothing but the marginal law of (w,y) — w with respect to ©.. We state a few elementary
properties below. The conditional law of y given F; is given by:
e2Xe(y)—21In 1

Oc(dy|Fe) = TFwt)

pe(dy).

If Y is a B(R?) ® F.-measurable random variable then it has the following conditional expectation

given F:
e2Xe(y)—21In 1

Bo. V17 = [ (o) s ().

Now we turn to the proof of Proposition 3.3 while keeping in mind this preliminary background.
Let us observe that it is enough to prove that the set

{limsup F(z,t) = 400}

e—0

has probability 1 conditionally to y under © to deduce that it satisfies

Q({limsup F(z,t) = +oo}) -1

e—0
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So we have to compute the law of F(z,t) under O(-|y). Recall the definition of h in (3.2). We
have:

ol (w)—21n L
F(z,1) =/R2 X (=20 Cyy (du) > /R2 X2 iy e (du).

Let us now write
XE(U) = )\E(u7 y)XE(y) + Ze(u7 y)

where A¢(u,y) = Kf—r(luli) and Z(u,y) = Xc(u)—Ae(u, y) Xc(y). Observe that the process (Zc(u, y)),cr?

€

is independent of X,(y). Therefore
Fe(l‘,t) > / 62Xe(u)—21n%]lB(y’e)Mt(du)

RQ

_ 2Xe(y)-2In ! /]R AR DX ()

_ 2Xc(y)—4In L+Inh(e) inf  e2(\e(wy)=1)Xc(y) 1 / 2Zc(uy)q duw).
c % uEan(y,e)e % e2h(e) Rze Blye k()

Let us define
as(y) :/ ]]-B(y,e)ﬂt(du)‘
R2
With the help of the Jensen inequality, we deduce

F(a,t) > 2Xe@-4lnitinh( e 62<As<u7y>—1>xe<y>_y)exp<aEy) / ( )ZZE(u,y),ut(du)>.
€ B(y,e

ac(
u€B(y,€) 62h(6)

Let us set
Vo= an)™ [ 220 g )

Finally, for all R > 0, we use the independence of Y, and X,(y) to get

@({lim sup Fé(z,t) = —i—oo}\y) (3.4)
e—0
> o1 2Xc(y)—41n L +Inh(e) inf 2O (wy)—1)Xe(y) ae(y) “R) =+
<{ 1r§1_§(1]1pe X ue%n(y’e) e X Zh(e) x exp(—R) oo}|y)
<OV, > — Rly). (35)

Now we analyze the behaviour of each term in the above expression.
First, notice that ©(Y, > — R|y) = PX(Y. > — R) and that Y, is a centered Gaussian random
variable under PX with variance

ae(y)_z/ EX [(XE(U) — A, y) Xe(y))(Xe(u') — )\e(u/,y)Xe(y))]ut(du),ut(du/).
B(y,e)xB(y;e)

This quantity may be easily evaluated with assumption [A.2] and proved to be less than some
constant C', which does not depend on € and y € {x + Bs; s € [0,t]}. Therefore

O(Ye> —Rly) 21— p(R) (3.6)
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for some nonnegative function p that goes to 0 as R — oo.
Second, from Theorem 3.1, there exists a constant ¢ such that PB-almost surely, the set

_ 2.3 ac(z) _
E={z€eR ,lll'ilj(l]lp hie) c}

has full g;-measure. Since E has full u; measure, even if it means extracting a random subsequence
(only depending on B), we may assume that

. ae(y) _
2 e2h(e) “ (8.7)

Third, under ©(-|y), the process X.(y) —2In < is a Brownian motion, call it B, in logarithmic
time, i.e.

1
nl = Xe(y) —2In =

B

We further stress that B is independent from B, and thus from the random sequence (ac(y))e.
From the law of the iterated logarithm, we deduce that O(-|y)-almost surely

lim sup e2X<®)—4In Al — 4o, (3.8)
e—0

Fourth, using assumption [A.2], it is readily seen that there exists some constant C' such that
for all € € (0,1), y € {x + Bs,s € [0,t]} and all u € B(y,¢)

2 A(u,y) — 1] < C(—1Ine)™".
Since the process X¢(y) —21In % is a Brownian motion in logarithmic time under ©(-|y), we deduce

liminf inf XAy =DX@) > 1 (3.9)
e—=0 wueB(y,e) -

By gathering (3.7)+(3.8)4(3.9), we deduce that, under ©(-|y):

lim su ezxé(y)_ﬂnéﬂnh(e) x inf e2Ae(wy)=DXe(y) o ac(y) x exp(—R) = +o0. 3.10
P u€B(y.e) e2h(e) p(~R) (3.10)

By plugging (3.6)+(3.10) into (3.5), we get for all R > 0:

@({lim sup Fé(z,t) = —i—oo}\y) >1—p(R).
0

€E—

By choosing R arbitrarily large, we complete the proof of Proposition 3.3 with the help of Lemma
3.4. O

Proposition 3.5. Almost surely in X, for all x € R?, PB* almost surely, for all t > 0 we have:

1 1
sup sup X¢(By) —2In—+alnln - < 400 (3.11)
>0 s€[0,t] € €

for all a €]0, 1[.
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Proof. Assume that the kernel k(u,z,y) in (2.1) is given by k(u(z — y)) for some continuous
covariance kernel k with k(0) = 1. It is then proved in [20] that, for each fixed a €]0, [, there
exists a sequence (Cy,),, of PX-almost surely finite random variables such that,

1 1
sup sup Xe(r)—2In-+alnln- <. (3.12)
€>0 zeB(0,n) € €

Now for each fixed =, the Brownian motion B* has P®-almost surely continuous sample paths.
Therefore, P*-almost surely, for any ¢ > 0, we can find n such that Vs € [0,t], B¥ € B(0,n). Thus
the claim follows from (3.12) in this specific case.

One must make some extra effort to extend this result to the more general situation of as-
sumption [A]. It will be convenient to set t = In1 for € €]0,1]. For each 2 € R?, we consider the
mapping )

e
Eis on(t) = BIX, (2)2] = / W du.
1
It is continuous and strictly increasing and we denote by ¢, !(¢) the inverse mapping. Let us then
consider the mapping ¢t — T,(t) defined by ¢, (T,(t)) = t. We consider the Gaussian process
Yi(z) = X, 1. (x), which has constant variance t. We have

E[Yi(a)Yi(0)] = | Mu:9) gy > /

1 u

eTx (t) ATy (t) eTz(t)

U k(ew;l(lnv),x,x) v

k(u,2,y) / k(e (2) 2, y) dv
1

By assumption [A.5], for each compact set K, we can find a constant C'x such that

> (1 - Cru' e —y['/?)4

for all z € K and y € R?. We deduce, for all z € K

* dv.

et _ 0z (nv)/2),. _ ,11/2
O e
1

-1 1 v .

By assumption [A.4], one can check that the mapping = — etz Inv) converges uniformly on K
towards a bounded strictly positive function. So even if it means changing the constant Cg, we
have

E[Y; (2)Yi(y)] > / "UCeleoylBy (3.13)

1 v

for all z € K and y € R2 From [20], this latter covariance kernel satisfies the estimate (3.11).
From [34], the above comparison between covariance kernels (3.13) with equal variance entails that
the result also holds for the process Y;. It is then plain to conclude by noticing that the function
T T”T(t) converges uniformly as ¢ — oo over the compact sets towards a strictly positive limit
(this results from [A.4]). O
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3.3 Limit of the derivative PCAF

Inspired by the construction of measures at criticality [20, 21], it seems reasonable to think that
the change of times F¢, when suitable renormalized, should converge towards a random change of
times that coincides with the limit of the following process

t
/ 1
F(x,t) = /0 (2In P Xe(z + Bu))ezxé(wﬂgu)_zln% du.

Establishing the convergence of the above martingale is the main purpose of this section. Observe
that, P¥ almost surely, the family (F¢(x,t)). is almost martingale for each ¢ > 0 (it is when you
replace In % by EX[X.(x)?]). Nevertheless, it is not nonnegative and not uniformly integrable. It is
therefore not obvious that such a family almost surely converges towards a (non trivial) positive
limiting random variable. The following theorem is the main result of this section:

Theorem 3.6. Assume [A.1-5] and fix x € R2. For each t > 0, the family (F'(x,t))c converges
almost surely in X and in B as € — 0 towards a positive random variable denoted by F'(x,t), such
that F'(x,t) > 0 almost surely. Furthermore, almost surely in X and in B, the (non necessarily
positive) random mapping t +— F/’E(a;,t) converges as € — 0 in the space C(Ry,R;) towards a
strictly increasing continuous random mapping t — F'(x,t).

Throughout this section, we will assume that assumptions [A.1-5] are in force. The observa-
tion made in the beginning of the proof of Proposition 3.3 remains valid here and, without loss
of generality, we may assume that In1 = EX[X.(z)?]. In this way, the family (F'¢(z,1))c is a
martingale. Actually, Proposition 3.5 tells us that it is a positive martingale for ¢ large enough.
Therefore it converges almost surely towards a limit F”(z,t). But it is not uniformly integrable so
that there are several complications involved in establishing non-triviality of the limit. We have
to introduce some further tools to study the convergence. We will introduce a family of auxiliary
”truncated” martingales, called below F ‘é’ﬁ(x, t), which are reasonably close to F¢(z, ) while being
square integrable. This will be enough to get the non triviality of F'(z,t).

Given t > 0, z,2 € R? and 3 > 0, we introduce the random variables

1 2)—2InL
FAE) =202 = Xe(2) + B gy 720 (3.14)

/¢ t 1 - t

~

t
€ _ 1 x 2X(B%)—2In1
Fg(,1) _/0 (21nE —XG(BU))]I{Tg5<E}e < du,

where, for each u € [0, ], 7 is the (Fe)e-stopping time defined by
1
9 =sup{r <1,X,(2) —2In = > B}.
r
In what follows, we will first investigate the convergence of (F; é’e(:zt, t))ecjo,1) to deduce first the
convergence of (F;e(:n, t))ecjo,1) and then the convergence of (F ¢ (x, t))ecjo,1]- We claim:

Proposition 3.7. We fizx x € R? and t > 0. Almost surely in B, the process (Fé’e(x,t))ge]o,l]
s a continuous positive Fe-martingale and thus converges almost surely in X and B towards a

nonnegative random variable denoted by Fj(z,t).
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This proposition is a direct consequence of the stopping time theorem and the martingale
convergence theorem. Details are thus left to the reader. What is more involved is the study of the
uniform integrability of this martingale:

/

Proposition 3.8. We fiz x € R? and t > 0. Almost surely in B, the martingale (Fy (z,1))es0 18
uniformly integrable.

Proof. Let us first state the following lemma, which will serve in the forthcoming computations.

Lemma 3.9. Let us denote pi; the occupation measure of the Brownian motion BF. PP -almost
surely, for all § > 0, there are a compact set K and some constant L such that ps(K€) < 6 and for

ally e K
:u't(B(y7T))

. 1 3
<L =In(-+2)".
r<1 ng(r) with g(r) " (7" * )

Proof. 1t is a direct consequence of Lemma 3.2. O

According to this lemma, for each fixed § > 0, we are given a compact K = Kj satisfying the
above conditions. We denote by u~ the measure ulf (dy) = 1x(y) pe(dy) and

t
Fﬁ, (JZ‘ t) /0 (2111%—X5( )—l—ﬂ) {T <€} 2X5() 2ln€]lK( ),Uft(dy)

To prove Proposition 3.8, it suffices to prove that the family ( % (x,1))c is uniformly integrable.
Indeed, if true, we have for each R > 0 (K¢ is the complement of K in R?)

PY(F(x, )1 < PY(2F % (x,t

X ,€
’ )1{2F/'€ (:c,t))R})—i—IP (2FB ke ()

{F;‘(x,t»R}) ok ety > 1Y)

/J‘Kc

< ]PX(QFﬁ’,EK(ZE )1 ) + 2EX [Fﬁ’eKc( t)].

{2F % (x.,0) > R}

We deduce

lim sup PX (F;¢ (z, 1)1

R—o0

X e _

By choosing § arbitrarily small, we prove the uniform integrability of (F é (x,1))e>0-
"€

So, we just have to focus on the uniform integrability of the family (F 5 x(7,1))e>0. We introduce
the annulus C'(y,€,1) = B(y,1) \ B(y,¢) for e € (0,1). We get:

EX[F % (=, /R2 /R2 EX[£2(y) £2 (w)] i (dy) i (dw)
- / / BX (£ () £ ()] i (dy) il (dw)
R2 J B(y,e)
XreB ﬁw K €T K w
+ /R 2 /C o EX U282 )] g )
/ / () £2 (w)] il (dy) il (cw)
R2 JB(y,1)

I 2 41, (3.15)

It is not difficult to see that II2 < Ct? for some constant C independent of e. The main terms are
I} and TI2. We begin with II..
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Remark 3.10. Before going further into details, let us just heuristically explain how to complete
the proof. On the ball B(y,¢€), the process X¢(w) is very close to Xc(y). Therefore, with a good
approzimation, we can replace Xc(w) by X(y) and get:

I < C/[R2 /B( EX [(1+(X5(y))2)e2Xe( DB — X)L (s xs(y><a})] i (dy) i (dw).
Y,€

Let us define a new probability measure on F. by
P2(A) = B¥ [14(8 — XeW) W fsup, oy Xul) < 5]

and recall that, under PP, the process (8 — Xs)e < s <1 has the law of (B, 1)e < s <1 where (By)y is
a 3-dimensional Bessel process starting from (5. Hence

1 38 2 —2Blnl+2ln% K K
' < c E [(H(ﬁln;) Je e e (B(y,€)py (dy)
R2 J B(y,e) ‘

1. _ 1 1
~C [ (1+In-)e Viet2ng

R ¢ 1t (Bly, €))us (dy)

and this latter quantity goes to 0 as € — 0 since pf (B(y, €)) < Le?g(e). Similar ideas will allow us
to treat TI2. Nevertheless, details are a bit more tedious.

Let us now try to make rigorous the above remark. Observe that necessarily K(y,w) < In %
Let us define the functions hy, hy and h by:

b (s) = ln%  Ku(yw) = ha(s), h(s) = Ks(y,w). (3.16)

By considering 3 independent Brownian motions B!, B2, B, we further define
Psy’w = Bflzl(s)7 Psw’y = B22(8)7 ZS = BF_L(S) (317)

Observe that the process (Xs(y), Xs(w))o < s < 1 has the same law as the process (PY™" + Z, Ps"Y +
Zs)o < s < 1. Now we compute IT! and then use a Girsanov transform:

1 1
Pwvy Z€—21 _]]. w, _Py,w_ZE_zl -
/Rz /B(% (B - n-) {sup,efeq) PV +2Zr—2In L < 5}(/3 € n E) X

2PYY 447 4+2PM Y —41
{SUPre[s,l] PPy Z.—2In 1 < By€ gt e ] My (dy):ut (dw)

_ X _ pwy » _ pyw
B /]Rz /B(y, G Ze)]l{supre[s,l] P4z < 5}(5 P Ze) X

2Z.—2In L 4+4K (y— K K
Laupy oy PV 42, < gy €02 eI (dy) f (dw).
Let us set:
BV =5 — min PY".
s€le,1]

Because of assumption [A.2], we have

sup sup sup hi(s)+ ha(s) <c
€€(0,1] weB(y,e€) s€le,1]
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for some constant ¢ > 0 only depending on k. Therefore we have:
I < C/R2 /B( B[ (14 (Z0)2) X2 L (B0 — Z) Mg 2, < gy | S (Al (du).

Let us define a new (random) probability measure on F, by

POYY(A) = [La(BEY = Z(y)) Lisup e o) Zatw) < g2y 18]

with associated expectation denoted by E¥™. Recall that, under P#%¥, the process (3¢ —
Zs)e < s <1 has the law of (Bk, (y,w))e < s <1 Where (8y)y is a 3-dimensional Bessel process starting
from Y. Hence:

mec [ [ B[ (L B om0 |l dyuf o).
R2 JB(y,e)
Let us compute the quantity
ELyw [(1 + (ﬁKE(y’w))2>6_25KE(y,w):| .
To this purpose, we use the fact that the law of a 3d-Bessel process starting from 82" is given

by (B} — B2 + (B?)2 + (B})? where B, B2, B are three independent Brownian motions.
Therefore, by using (2.2) when necessary, we get

P41+ (B ) et
u? 0% pw? dudvdw

— 1+ (u— BY)2 42 4 22V =B 2+ .= SRy
/Rg( (=B o7+ w)e ‘ CrK (w7

w _ w dudvdw
C(1 + (BY™)2)e28 / 14 u? + v 2V R
(14 (BY")*)e R3( + u? + 0% + w?)e v 2rK.(y, w))

2

Jw o0 —-_r 2d
C(l + (53710)2)6253 / (1 + T2)e—2re m rear
0

(ln )3/2’

for some constant C' > 0, which may have changed along lines. Let us set

o) -2 2
Ya>0, Ha)= / (1+7r2)e e rgdr.
0 a3/?

It is plain to check that
H(a) < C(max(1,a))”/?

for some positive constant C'. Hence

w 1
EBvw |:(1 + (BKE(y,w))2>e_2BK€(y’w)} < C(l + (/Bé/,w)2)e2ﬁg H(ln E)

We deduce:

I <C’ln )=3/2 /RQ/ ﬁy’ 1+(6§”“’)2)62ﬁg’w] pif (dy) s (dw)
yE

< CH (1n€) 2/ pt (Bly,e)) pt* (dy).
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Here we have used the fact EX [C’BE 1+ (ﬁé”w)2)e2ﬁg’w] is finite and does not depend on ¥y, w

because hq(s) is bounded on R independently of s, y, w. Because of Lemma 3.9, this latter quantity
goes to 0 as € — 0 PB"-almost surely, and so does II..

Now we treat I12. We will follow similar arguments as for II!, though different behaviors are
involved. Indeed, in this case, we have to face the possible long range correlations of the kernel k.
So we adapt the decomposition of the couple (X;(y), Xs(w))sejo,1) into Wiener integrals as follows.
Let us consider a smooth function ¢ with compact support in the ball B(0, 1), such that 0 < ¢ <1
and ¢ = 1 over a neighborhood of 0. Let us define the functions hy, ho, h and h by:

a(s) =t~ — K, (g,w) = has), h(s) = /1 < kg w)eluly —w)

h(s) :/18 k(u, y, w) (1 — o(uly — w))) du.

u

9

By considering 4 independent Brownian motions B!, B, B, B , we further define
Psy’w = BflLl(S)7 Psw’y = B22(8)7 Zs = BE(S)’ ZS = Bﬁ(s) (318)

An elementary computation of covariance shows that the process (Xs(y), Xs(w))o < s <1 has the
same law as the process (PY" + Z, + ZS,P DY Zo+ Z Jo<s<1- The process Zs encodes the
short-scale correlations of the two Brownian motions (X(y))s and (Xs(w))s, and is the process
that will rule the behaviour of the expectation EX[f?(y)fZ(w)]. The remaining terms are just
negligible perturbations that we will have to get rid of in the forthcoming computations.

We make first a few elementary remarks. Observe that h(s) = h(ly — w]|) for all s > |y — w| in
such a way that Zc = Z},_,, for € < |y — w|. We also set

D = sup{h(s); s €]0,1];y,w € R?} < +o0.
We will often use the elementary relation:
\V/CL 0 Vo € R (5 —a— $)]l{:c < B-a} < (ﬁ - $)]l{:c < B} (319)

Now we begin the computations related to IT12. So we consider w € C(y,¢,1) and we have by
the Girsanov transform and (3.19):

EX[fF (w)£2 (y)]

—EX| (3 = pyw 2PV 422427 —21n L
= |:(B PE Z Z +2In- ) {supueslle +Zu+Zu—21n <ﬁ}

_ pwy 2P V422422 —21n L
X (/8 Pe Z Z +2In— ) {supue[6 1 Py +Zu+Zu—2ln < B}

8D X by 2P +2Z—21n ¢
< e R [(ﬁ PYY — 7, — Z+2ln ){Supue[eup +Zu+Zu—21n—<5}

X (B—PYY 7.~ 7. +2In- ) 2P3“'”+2Ze—21n%}

{supuek 1 P Y4 Zu+Zu—21n 1< 5}

8D X <> 2PW~”+2Z —2Ini
< e E [ — min Z, - P¥% — Z.+2In - N B € c ...
= (ﬁ s€]0,1] s € + ) {suPyele,1 Py +Zu—2ln + S B—mingeo,q Zs}
w,y 1
- X (8 — min Z PYY — Z.+2In— 5 2P T H2Ze=2In ¢
(ﬁ €]0,1] + ) {suPyele,1] Py +Zu—2ln + S f—mingego,q Zs}
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The point is now to see that the above expectation reduces to the same expectation with e replaced
by |y —w|. First observe that Z. = Z,_,, for € < [y — w|. Second, from assumption [A.3], we have

© Ek(u,y,w
sup / M du = Cg < +00.
yeK weR? J A u

Therefore we can deduce

Yy —w
wsly—ul, (2 ) ally - wl)| <

for some constant ¢ independent of everything that matters. This means that the quadratic varia-
tions of the martingale (P’ P| i ‘)u < |y—w| can be identified with In =l up to some constant
¢ independent of y,w,e. We further stress that both martingales P¥" and PYY are independent.
Therefore, by conditioning with respect to Fj,_,, the integrand in the above expectation essen-

tially reduces to the product of two independent martingales (recall that, if X; = fo r)dB, is a

2X; —2E[X 2]

Wiener integral, then (8 + 2E[X?] — Xt)ﬂ{sul’se[o § Xs—2E[X?] < §}€ is a martlngale). y

applying the stopping time theorem and by setting B = f — min,gg g 28 + ¢, we get

~ 1
2 X Y _ _
e < C/]R2 /(J(y7s,1 B =By = Zym — 20 !y—w\)]l{s‘lpreuyfw\,u PV 4Zp—2In L < B}
(5 Py w| Z|y—w‘ —2In |y _ w| )]l{supr.e”y,w‘ 1 Py'w+Zr—2ln% < B}
Y
R A PR A ) G (dy ().

Recall that sup,, e k. se)ly—w|,1] EI(PY™)? + (Ps"¥)?] < ¢ and some constant ¢/ > 0 only depending
on k by assumption [A.2]. Indeed, for s € [|y — w|, 1], we have:

h1(8):ln1—/1$Mdu:/ls 1—/<3(U(y—w))du

S u u

1
g/éwdmc}ﬁ
1

u

where C is the Lipschitz constant given by assumption [A.2]. So, if we use the Girsanov transform
and even if it means changing the value of 5 by adding C'x, we get

2 YW
C/R2 /C(yel ByZu) = D)1 {supre(jy—wl,1 P +2r <A B =By = Ziy-w))

27w —2In L 4K (y— K K
Yup ey PPz < BYE el P U)K () (du).

Let us then define
pYY = — min v
selly—wl,) V!

We deduce:
1
C/ / (1 (o)) 70 T (G0 = 2 ) 5
R2 C’(y,s,l

e ]l{suPre[\yfwm] Zr < ﬁy,w}} Nf(dy)uf(dw)
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Let us define a new (random) probability measure on F,_,, by

]PB?va(A) = IBy—wEZ[]]‘A(IBy . Zly_w‘(y))]l{supse[\yfw\,l] Zs(y) < By’w})‘5y7w]

and recall that, under P?¥%  the process (BYY —Zs) |y—w| < s < 1 has the law of (Bx, (y—w))jy—w| < s < 1
where (8,), is a 3-dimensional Bessel process starting from §%%. Hence

wee [ [ B[ (B, o)) ] W )l ).
R2 JC(y,e,1 v

From (2.2), we have

1 1

n —Cg < Kjy_y(y—w) < In— + Ck.
[y —ul v [y —ul
If we proceed along the same lines as we did previously, we get:
w -28 —w
EPv: [(1 + (ﬂK‘y,w\(y—w)F)e Kly—w| )]
00 — r? 2d
<O+ (Bm)2)e" / (1+r2)ee e T
0 (In \y_w|)3/2
w 1
C(1+ (8%™)?)e"" H(In ). (3.20)
ly — wl
Therefore, thanks to Lemma 3.9 (or Lemma 3.2),
w )
sup 12 < C’/ / 2wl 2‘ K(dw)pul (dy) < +oo.
€€]0,1] R2 JB(y,1) ]y—w\
The proof of Proposition 3.8 is complete. O

Before proceeding with the proof of Theorem 3.6, let us first state a few corollaries of the
previous computations. For 5 > 0 and € €)0, 1], define the random measure

MP (dz) = f2(z) dz

Following [20], the family (MEB )ecjo,1] almost surely converges as ¢ — 0 in the sense of weak
convergence of measure towards a limiting non trivial measure M?(dz) and MP?(dx) = M'(dx)
on compact sets for  (random) large enough. The following corollary proves Theorem 2.1 and
therefore considerably generalizes the results in [20].

Corollary 3.11. Assume [A.1-5]. Consider the random measure
M (d) = f£() du
Then forp < 1/2:

EX [ / / P — A8 (dy) MP (dw)| < +o0.
B(0,1) 0,1 ly — wl

Therefore, the measure MP (and consequently M') is diffuse.
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Proof. If we just replace the occupation measure of the Brownian motion by the Lebesgue measure
along the lines of the proof of Proposition 3.8, we get:

]EX[ / / P — A (dy) MP (dw)
B(0,1) J B(0,1) ly — wl

1 1 1
< C/ / 5 In” H(Iln )dyduw.
B(0,1) JB(0,1) ly — wl ly — wl ly — wl

This latter quantity is finite for p < 1/2. The finiteness of such an integral implies that, almost
surely, the measure M#? cannot give mass to singletons. O

This result is closely related, though weaker, than (2.10). Yet, the setup of our proof is quite
general whereas (2.10) has been proved in [5] for a specific one-dimensional measure that exhibits
nice scaling relations. Nonetheless, (2.10) is expected to hold in greater generality but we do not
know to which extent the proofs in [5] extend to more general situations. In the same spirit, we
claim:

Corollary 3.12. Fiz t > 0 and p < 1/2. For each § > 0, there is a compact set K such that
ue(K€) <9 and

t
1
X[/ / Inf. ﬁ]lK(Bf)]lK(Bf)Fé(:n,dr)Fé(:E,ds)] < 400.
0 JO ’BT’ - Bs ‘
In particular, almost surely in X and in B*, the random mapping r — Fé(x,r) does not possess
discontinuity point on [0,t].

Proof. For each § > 0, we use once again Lemma 3.9 to find a compact set K and some constant
L such that py(K€) < § and for all y € K

He(Bly, 7)) <L, with g(r)=In(2+ 1)3

0 ; (3.21)

We denote by € the measure
£ (dy) = Li(y) p(dy).

Once again, the computations made in proposition 3.8 show that
X b 1 , /
E / / lnﬂ)_ WHK(Bf)ﬂK(Bg)FB(%dr)FB($ad3)]
{IBf—Bz| <1} x x

<C In? H( e Ve (B) U c(BE)drd

// By — Bﬂc|2 B — e\ g — gy ) L (B L (B )drds
1

C 1gpe_pe Inf, ——— 1 x (B g (BY)drd

+ /O/O {Br=pz| > 0 % TH R K (BY )1k (BY)drds

t t]l B 1 1
{lu—v| <1} K K
<C In? H(1 d dv).
/0 /0 u—o> " Ju—o] <n|u—v|)ﬂt (du)pi:(dv)

Because of (3.21), the above integrals are finite for p < 1/2.
It is plain to deduce the continuity property of the mapping s +— F’ é (z, 0, s]) since the Brownian
motion has continuous sample paths. Indeed, the discontinuity points of this mapping corresponds
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to the set A of atoms of the measure F; é(az,ds), which are countable. For each n € N* let us
denote by A, the set of atoms in [0,¢] of this measure that are of size strictly greater than
fg]le/7l(B§)Fé(a;,dr). For s € A,, we necessarily have ]le/n(BQ = 0. Also, we necessarily

have 1k, , (BY) = 0 otherwise the integral fg fg In? \BTlBﬂﬂKl/n(Bf)]lKl/n (BS)Fg(x, dr)Fg(z, ds)
would be infinite. We deduce that A,, is empty for all n € N*, meaning that there is no atom of

size greater than fg ﬂKf/n(B;”)Fé(x, dr) for all n. Since

t
E* [/0 ]le/n(B;”)Fé(x,dr)] = (Kyi),) <1/n—=0 asn— oo,

we deduce that the quantity fg 1 Kf/n(B;”)F é(m,dr) converges to 0 in probability as n — co. We

complete the proof. O
We are now in position to handle the proof of Theorem 3.6.
Proof of Theorem 3.6. We first observe that the martingale (F’ B’E(x, t))e>0 possesses almost surely

the same limit as the process (Fé’e(x, t))e=o because

~ t .
|Fﬁ’€($,t) _ FB’E(l‘,t” — 5/ 1{T§x<ﬁ}e2Xe(Bu)—21n%du < ﬁFe(l‘,t) (322)
0 u

and the last quantity converges almost surely towards 0 (see Proposition 3.3). Using Corollary 3.5,
we have almost surely in X and in B:

1
sup max X (BY) —2In - < 400,
e>0 s€[0,t] €

which obviously implies
Ve >0, F(tz) = F;(x,1)

for 3 (random) large enough. We deduce that, almost surely in X and in B, the family (F"¢(z,t))es0
converges towards a positive random variable.

It is plain to deduce the random measures (F é’g(x,dt))6 converges in the sense of weak con-
vergence of measures towards a random measure F°(z,dt). To prove convergence in C'(R,R,),
we just have to prove that the mapping t — F?(t,z) is continuous. This property is proved in
Corollary 3.12. From (3.22) and Proposition 3.3 again, we deduce that the family of random map-
pings (t — F¢(x,t)). almost surely converges as e — 0 in C'(Ry,Ry) towards a nonnegative
nondecreasing mapping ¢t — F’(x,t).

Let us prove that, almost surely in X and in B, the mapping t — F’(x,t) is strictly increasing.
We first write the relation, for ¢ < e,

F[’;E’ (x,dr) =(2In % — X (By) + B)]I{TB o2Xo (BE)=2In 5 4. (3.23)

B2 <e'}

€ /(BF)—2In
+ (2In e X (BY) + X (BY) + 5)1{T§$<6,}32X6 (Bf)—2In 4.

By using the same arguments as throughout this section, we pass to the limit in this relation as
¢ — 0 and then 3 — oo to get

F'(z,dr) —2Xe(BF)=2In ¢ F!(z,dr) (3.24)

27



where F!(z,dr) is almost surely defined as

F!(z,dr) = lim lim Fé’gl(x,dr)

B—00 e’—=0 €
and F é’;l(:n, dr) is given by

2(Xy—X)(BE)-2In G 4.

(2In 65 — Xo(BE) + X(BE) + )5 e

€,

B2 <e'}

where ] ]
70, = sup{u < 1; Xye(2) — Xe(2) — 2In — > = Xe(2) +2In -},

Let us stress that we have used the fact that the measure

1 x
(2In= — X(BY) + B)1 s 2X,(Bf)-2ImY g
€

e
B <e'}

goes to 0 (it is absolutely continuous w.r.t. to F¢ (z,dr)) when passing to the limit in (3.23) as
¢ — 0. From (3.24), it is plain to deduce that, almost surely in B, the event {F'(x,[s,t]) = 0}
(with s < t) belongs to the asymptotic sigma-algebra generated by the field {(X((z)),;€ > 0}.
Therefore it has probability 0 or 1 by the 0 — 1 law of Kolmogorov. Since we have already proved
that it is not 0, this proves that almost surely in B, PX(F'(z,[s,t]) = 0) = 0 for any s < t.
By considering a countable family of intervals [s,,, t,] generating the Borel sigma field on R, we
deduce that, almost surely in X and in B, the mapping t — F’(x,t) is strictly increasing. O

3.4 Renormalization of the change of times

Here we explain the Seneta-Heyde norming for the change of times F'¢. Some technical constraints
prevents us from claiming that it holds under the only assumptions [A.1-5]. So it is important to
stress here that the Seneta-Heyde renormalization is not necessary to construct the critical LBM.
It just illustrates that the derivative construction of the change of times F'(z,t) also corresponds
to a proper renormalization of F*€.

Theorem 3.13. Assume [A.1-5] and either [A.6] or [A.6°]. Then the conclusions of Theorem 2.2
hold and almost surely in B, we have the following convergence in PX -probability as € — 0

\/EFE(:M) e \/gF’(:p,t).

Proof. The proof is a rather elementary adaptation of the proof in [21, section D]. Just reproduce
the proof in [21, section D] while replacing the Lebesgue measure by the occupation measure of
the Brownian motion and use Lemma 3.9 when necessary. Details are left to the reader. O

Remark 3.14. In the case of example (2), it is necessary to consider the occupation measure of
the Brownian motion killed upon touching the boundary of the domain D.

Remark 3.15. One may wish to extend the Seneta-Heyde renormalization of the change of times

for other long-range correlated kernels. Then one has to follow [21, Remark 31]. Basically, this cor-
responds to the situation when the correlation kernels satisfy |k(v, z /v, y/v)|+|0sk(v, z /v, y/v)| < Ce~12l”
for some 5 €]0, 1].
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3.5 The LBM does not get stuck

In this subsection, we make sure that the LBM does not get stuck in some area of the state space
R2. Typically, this situation may happen over areas where the field X takes large values, therefore
having as consequence to slow down the LBM. Mathematically, this can be formulated as follows:
check that the mapping ¢ — F’(x,t) tends to co as t — oo.

Theorem 3.16. Assume [A.1-5] and fix x € R%. Almost surely in X and in B,

. / o
tll>noloF (x,t) = +o0. (3.25)
Proof. Tt suffices to reproduce the techniques of [27, subsection 2.5]. O

Remark 3.17. Of course, this statement does mot hold in the case of a bounded planar domain
when one considers a Brownian motion killed upon touching the boundary of D. In this case, the
Liouville Brownian motion (see below) will run until touching the boundary of D.

3.6 Defining the critical LBM when starting from a given fixed point

We are now in position to define the critical LBM when starting from one fixed point. Indeed, once
the change of times F’ has been constructed, the strategy is the same as in [27, subsection 2.10].

Definition 3.18. Assume [A.1-5]. The critical Liouville Brownian motion is defined by:
Vt >0, Bf =B, and Vt=0, /2/mF(x,(B"))=t. (3.26)
As such, the mapping t — (B*); is defined on Ry, continuous and strictly increasing.

Theorem 3.19. Assume [A.1-5] and either [A.6] or [A.6°]. Fizx x € R%. Almost surely in B and
in PX -probability, the family (B, (B%%), BS%). converges in the space C(R,R?) x C(R;,R,) x
C(Ry,R?) equipped with the supremum norm on compact sets towards thetriple (B, (B%), B®).

Remark 3.20. One may wonder whether the process introduced in Definition 2.11 also converges
in probability. Actually, the argument carried out in [27, section 2.12] remains true here: almost
surely in X, the couple of processes (B, B). in Definition 2.11 converges in law towards a couple
(B, B) where B and B are independent. Since B¢ is measurable w.r.t. B, this shows that the process
B¢ does not converge in probability. This justifies our approach of studying the convergence via
the Dambis-Schwarz representation theorem: it leads to studying a process (definition 2.5) that
converges in probability.

4 Critical LBM as a Markov process

Remark 4.1. In this whole section, we assume that assumptions [A.1-5] are in force. Sometimes,
we make a statement to relate our results to the metric tensor g.. For such a connection to be
made, the Seneta-Heyde norming is needed and thus assumption [A.6] or [A.6°] are required. To
avoid confusion, this will be explicitly mentioned.
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In this section, we will investigate the critical LBM as a Markov process, meaning that we aim
at constructing almost surely in X the critical LBM starting from every point. In the previous
section, the guiding line was similar to [27] besides technical difficulties. From now on, the difference
will be conceptual too: in the subcritical situation, the issue of constructing the LBM starting from
every point is possible because the mapping

T — Iny, —— M, (dy
R2 +|:1:—y| ()

is a continuous function of x, where M, stands for the subcritical measure with parameter v < 2.
This idea is somewhat underlying the theory of traces of Dirichlet forms developed in [25] for
instance. At criticality, the main obstacle is pointed out in (2.10): the best modulus of continuity
that one may hope for M’ is of the type

1

M'(B(z,r)) < Cm

and cannot be improved as proved in [6] in the context of multiplicative cascades. The mapping

x Iny M’ (dy) (4.1)

R2 |z —yl
is thus certainly not continuous and may even take infinite values. The ideas of [27] need be renewed
to face the issues of criticality.

On the other hand, the theory of Dirichlet forms [25, 53] (or potential theory) tells us that
one can construct a Positive Continuous Additive Functional (PCAF for short) associated to M’
provided that the mapping (4.1) does not take too many infinite values. More precisely, M’ is
required not to give mass to polar sets of the Brownian motion. The problem of the theory of
Dirichlet forms is that one can guarantee the existence of the PCAF but it cannot be identified
and all the information that we get by explicitly constructing the PCAF F” is lost in this approach.
Also, while being extremely powerful in the description of the Dirichlet form of the LBM, the theory
of Dirichlet forms gives much weaker results than the coupling approach developed in [27, 28]
concerning the qualitative/quantitative properties of F’. We thus definitely need to gather both of
these approaches.

Our strategy will be to identify a large set of points of finiteness of the mapping (4.1) in order
to construct a perfectly identified PCAF on the whole space via coupling arguments. Then we will
prove that M’ does not charge polar sets in order to identify our PCAF with that of the theory of
Dirichlet forms in the sense of the Revuz correspondence. Once this gap is bridged, we can apply
the full machinery of [25] to get a lot of further information about F: mainly, a full description of
the Dirichlet form associated to the critical LBM.

4.1 Background on positive continuous additive functionals and Revuz mea-
sures

To facilitate the reading of our results, we summarize here some basic notions of potential theory
applied to the standard Brownian (2, (By): > 0, (F¢)t > 0, (P%)zcr2) in R? seen as a Markov process,
which is of course reversible for the canonical volume form dax of R?. These notions can be found
with further details in [25, 53]. One may then consider the classical notion of capacity associated
to the Brownian motion. In this context, we have the following definition:
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Definition 4.2 (Capacity and polar set). The capacity of an open set O C R? is defined by

Cap(0) = inf{/ \f (@) dx +/ \Vf(2)|?de; f € H'(R?, dz), f>1 over O}.
D D
The capacity of a Borel measurable set K is then defined as:

Cap(K) - Oopeir?fl.(COcap(O)'

The set K is said polar when Cap(K) = 0.

Definition 4.3 (Revuz measure). A Revuz measure u is a Radon measure on R? which does not
charge the polar sets.

Then we introduce the notion of PCAF that we will use in the following (see [25, 53]):

Definition 4.4 (PCAF). A Positive Continuous Additive Functional (A(z,t,B)); > 0 zer2/N Of
the Brownian motion (with By = 0) on R? is defined by:

-a polar set N (for the standard Brownian motion),

- for each x € R2/N and t > 0, A(x,t, B) is Fi-adapted and continuous, with values in [0, 00] and
A(z,0) =0,

- almost surely,

A(x,t+s,B) — A(z,t,B) = A(x + By, s, Bi+. — By), s,t > 0.

In particular, a PCAF is defined for all starting points € R? except possibly on a polar set
for the standard Brownian motion. One can also work with a PCAF starting from all points, that
is when the set NV in the above definition can be chosen to be empty. In that case, the PCAF is
said in the strict sense.

Finally, we conclude with the following definition on the support of a PCAF:

Definition 4.5 (support of a PCAF). Let (A(x,t, B)); > 0 zer2/n be a PCAF with associated polar
set N. The support of (A(x,t, B)); > 0zer?/n 5 defined by:

?:{xeRQ\N: ]P(R(x)zo)zl},

where R(x) = inf{t > 0: A(x,t,B) > 0}.

From section 5 in [25], there is a one to one correspondence between Revuz measures p and
PCAFs (A(z,t, B)); > 0,zer2/n under the Revuz correspondence: for any ¢ > 0 and any nonnegative
Borel functions f, h:

Bl [ 180a4] = [ [ r0)pit) utan) i (42)

where (P,), > o stands for the semigroup associated to the planar Brownian motion on R2.
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4.2 Capacity properties of the critical measure

The purpose of this section is to establish some preliminary results in order to apply the theory
of Dirichlet forms. In particular, we will establish that the critical measure does not charge polar
sets. To this purpose, we will need some fine pathwise properties of Bessel processes. So we first
recall a result from [47]:

Theorem 4.6. Let X be a 3d-Bessel process on Ry starting from x > 0 with respect to the law
P,.

1. Suppose that ¢ 1 oo such that floo @e_%‘z’(tﬁ dt < 400. Then

P, (Xt > Vtp(t) d.0. ast? —i—oo) = 0.

2. Suppose that ¥ | 0 such that f YO dt < +0o. Then

P, (Xt < Vt)(t) d.o0. ast? —i—oo) = 0.

Recall that we denote by Mg the measure Mg(dx) = lime_q f8(x) dz. The main purpose of
this subsection is to prove the following result:

Theorem 4.7. e Let us consider two functions ¢, as in the above theorem and define

Yi(z) = 21n% ~ X.(2).

We introduce the set

Y, Ye
E={zr¢ R2;limsup¢ <1 and 1iminf¢ > 1}

=0 /Inlgp(nl) 0 /In Lep(in 1y
Then MP gives full mass to E, i.e. MP(E¢) = 0.
e Furthermore, for each ball B, for each 6 > 0, there is a compact set K C B such that Mg(B N
K°¢) <0 and for all p > 0

/K/B <ln ﬁ)pMﬁ(dx)Mﬁ(dy) < +o0.

Proof. Let us consider a non empty ball B. We introduce the Peyriere probability measure Qf on
Q x B:

B _ X B

/f:z:wdQ ME /f:EwM(d:E)]

Let us consider the random process t — X; = X,—:. The main idea is that under Q?, the process

(B— X;+2t); > o has the law very close to a 3d-Bessel process (3;); starting from 3. The first claim

then follows from Theorem 4.6. We just have to precise the notion of ”very close”: some negligible

terms appear because of the difference between ¢ and X [X;(x)?] and we have to quantify them.
We consider the measure (convergence is established the same way as for Mp)

M (d) = lm (2EX (X (2)%] = Xe() + B (a0, Ku 2B [Kue < pyO o O da

e—0
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and we set D = sup, s oSupgep |[EX[Xi(2)?] — t| < +oo. We set H(z) = limy_oo EX[Xy(2)?] — ¢
(see assumption [A.4]). Observe that

Mg(dz) < '@ My, op(dz).

Let us set B = B+ 2D. Therefore, we consider the probability measure QB on {2 x B:

1
5|B|

/ flr,w)dQP = 1 BX| /B £, 0) WP (d)]

and QP is absolutely continuous with respect to Q°. Under Q° (following arguments already seen),
the process (B—XH—ZEX [X¢(7)?])¢ > o has the law of (Besst, (z))t where (Bess;); a 3d-Bessel process
starting from 3 and Ty(z) = K.—(x,2). The first claim then follows from Theorem 4.6, the fact
that sup,cp ;> o [Ke—t (7, 7) — t| < +00 and the absolute continuity of Q° wrt. Q°.

Now we prove the second statement, which is more technical. To simplify things a bit, we
assume that E[X;(z)?] = . If this not the case, we can apply the same strategy as above, namely
considering Mg op instead of Ms. We consider now a couple of functions ¢(t) = (1 + ¢)X and
Y(t) = (1 +t)~X for some small positive parameter y close to 0. They satisfy the assumptions of
Theorem 4.6. Then we consider the random compact sets for R > 0 and t € [0, +o0],

< R} K%E,t ={z € B; inf f = Xula) + 2u

B— Xu(x)+2u 1
Kp, ={x € B; > —
Rt {x ; sup = (1 + u)1/2_x R}

weo,] (14 u)l/2+x

Kry=Kp,NKp,.

We will write K for Kg o. From Theorem 4.6, we have limpg_, QP (KRr) = 1. Therefore, we have
limp_y0o MP (KgNB)=0 PX almost surely.

Let us denote E? expectation with respect to the probability measure Q°. Without loss of
generality, we assume that §|B| = 1: this avoids to repeatedly write the renormalization constant
appearing in the definition of Q®. To prove the result, we compute

E°[L g, (2)MP(B(x,e™"))] = lim E[/B g (2)Ma(B(x,e™")) Mg(d)]

e—0

= lim X Bw w T
=t B[ [ L2 ) duty ()

e—0

e—0

<t [ Bl @F @) @) duda.
B J B(z,e7?t) '
Now we can argue as in the proof of Proposition 3.8 (treatment of I1?) to see that for € < |z — w|

ElLity 0 (@) () 2(@)] < CE[Lky o @) F0_ )fD @)

for some irrelevant constant C' and 3 = f—min, 5, 1 ‘ Z., where the process 7 is independent

0 =g
of the sigma algebra Fj,_,, and Z; = Bﬁ(s) — B; for some Brownian motion B and

N j h(—1n|z—w])
h(S) :foe k(u,z,w)(1—p(u(xz—w))) du.

u
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Remark 4.8. The above technical part is due to the presence of possible long range correlations.
Though they do not affect qualitatively our final estimates, getting rid of them may appear technical.
The reader who wishes to skip this technical part may instead consider the compact case: k(u,z,v) =
0 if ulx —w| > 1. In that case, we just have

E[HKRﬁm\sz\ (‘/E)feﬁ(w)feﬁ($)] = E[HKRﬁm\sz\ (x)f‘i_w‘(w)f‘i_x‘(x)]

because of the stopping time theorem and the fact that both martingales (ff(w) —f@_w|(11)))6 < Jo—w|
and (f8(z) — flg,_wl(:v))6 < |z—w| are independent.

We are thus left with computing E[Lx, _, . ., (a:)f@_w' (w)f‘fu_w‘ (x)]. To this purpose, we need
the following lemma, the proof of which is straightforward as a simple computation of covariance.
Thus, details are left to the reader.

Lemma 4.9. We consider w # x such that |z — w| < 1. The law of the couple (X¢(w), X¢(x))¢ >0
can be decomposed as:

(Xi(w), X¢(2)e >0 = (Z" + PPV, PP + D) > 0

where the process Z%%W, PY% D%Y are independent centered Gaussian and, for some independent
Brownian motions B, B? independent of X :

t t t
P = [ afu@). 207 = [0 = du@? a8l D = [ (1 g ()2 B

With gy w(u) = fleu w dy. Moreover

sup  E[(Z7)* + (D)) < C, (4.3)

t < In —1

[z —w]

for some constant C independent of x,w such that |z —w| < 1.

1
lz—wl[?

Setting so = In we use this lemma to get

E[]IKR,— In |z —w| (‘T)fﬁv—.ﬂ (w)f‘fu—w‘ (.Z')]
<E []1 Ky (@) (B — PEY — Z20 — 250) 2P T 25707250 (5 — prwv — DT — 950), x ..

2(PS+D5Y)—2s
]l{supue[o,sm PEU4DEY—2u< B} 7 ’ '

We get rid of the process Z®" by using first the Girsanov transform with the corresponding
exponential term, and then by estimating the remaining terms containing Z*" with the help of
(4.3). We get for some constant C' that may vary along lines but does not depend on z, w:

E[Lic g, () foy () f oy (@)
< CE |1y, (@)(1+ B)(1 + |P5™ = 2B[(P5)?][)e* " 2EPG" )5 — P — DE® — 250)4 x ...

L 2P+ D) =250
X H{SUpue[o,sO] P57w+Di’w—2u < ﬁ}e 0 0 .
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2(Psg*+D53")—21n

We use the Girsanov transform again to make the term e = disappear:

E[Ln. (2) fhy gy (@) Sy (@)
< OB Ly, @)L+ B)(1+ [Py )" 2R — P — D)L oy o gy

Now we write Ps," = Py + D5 — D5 and use (4.3) to see that we can replace E[(Ps")?] by
so even if it means modifying the constant C' (which still does not depend on z, w):
Bl i, (0) () Sy @)
KRiso lw—z| lw—z|
< CB |1y (2)(1+ B) (1 + [P35 + D| + | D3y )2 P D5 200 =2D5"

A W T,W «
(5 - Pso DS() )+]l{supu€[oyso] PyY+Dy" < B}

Now we use the fact that for x € Kg 4:

B _ P’g:vw _ Divw ) B _ ngyw _ Di7w 1
< >
Graipx SEad o W TATre X Z R

sup
u < —In|z—w|

to get
Ellx,., ()0, )l _, ()]
K50\ ) ju—) (W) Ty
<CE []IKR,SO () (14 B) (1 + R(1+ 50) /2% 4 | Do) em 2 (oo B 200 22D o

(5 - sz)’w Dx w)+ {SupuG[O s0] P +Dz i < 5}:|

C _op-14/27x 1/2+x
< _ 0 1+ R X
|$—ZU|2 ( + SO )
-xE[(1+5)(1+|D§(;w )e™ 2Pz (ﬁ—P;";;W—ugggd D)+ W sup, .0y PE™ < B-miniue o,00) DE™ }]
O _ap-1sl/rx 1/2+x A —2D%Y (3 :
< —— "1+ R El(1 14| Do (B - D“”].
P— (L4 Rsg' )E|(1+ 8)(1 + | Je (B oo Dy )

Because of (4.3), the last expectation is finite and bounded independently of x,w. Indeed, B,
(Dy")u < s, are independent Wiener integrals with bounded variance (independently of z,w).

Therefore we can find o > 0 such that supj,_,, <1 E[e(mitu < s Duy? 4 eaBZ] < 4o00. With these
estimates, it is plain to see that the above expectation is finite. To sum up, we have proved

E°[L g, () M7 (B(z,e7"))]
< / _C ey R(in o= w]

(z,et) |z —w[? x — w

)1/2+x) dw

_ 1
—C/ ple 2R~ (In 1)1/2~ X(1+R(ln;)1/2+x)dp

—C’/ 2R~ Lyl/2- X(1+Ry1/2+x)dy
t
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Finally we have

B [ () Vst ()]
. []IKR(:E)/B <ln leopMB(dy)]

o0

S ZEQ [HKR(ﬂf)/B
n=1

<D (n+1PmP2E? [1KR(:U)MB(B($, 2‘”))]

n{2—n-l<jz—y| < 27} <1H ﬁ)pMB(dQ)}

nln2

n=1
<C> (n+1) / e 2B I (1 4 Ryl 20X gy,
n=1

This last series is easily seen to be finite. The proof of Theorem 4.7 is complete. O

It is then a routine trick to deduce
Corollary 4.10. For each ball B, for all § > 0, there is a compact set K5 C B such that
Mg(BNK§) <06
and for all p > 0, for all x € K

sup Mp(0)( — Indiam(0))” < +o0.
€O open CB,
diam(0) <1

Corollary 4.11. 1. For each ball B, for each § > 0, there is a compact set K C B such that
M'(BNK€) < 6§ and for all p >0

/K/B (1 E - y|)pM/(dx)M'(dy) < +o0.

2. For each ball B, for all § > 0, there is a compact set K5 C B such that M'(BNK§) < 0 and
for all p > 0, for all x € K

sup M'(0)( — Indiam(0))” < 4oc.
€O open CB,
diam(0) <1

3. Almost surely in X, the Liouville measure M’ does not charge the polar sets of the (standard)
Brownian motion.

Proof. Both statements results from the fact that Mg coincides with M’ over bounded sets for 3
(random) large enough. O

Remark 4.12. Observe that the question of the capacity properties of the measure M’, i.e. Corol-
lary 4.11, was initially raised in [5] (see at the end of the first section).
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4.3 Defining F’ on the whole of R?

In this subsection, we have two main objectives: to construct the PCAF F'(z,-) on the whole
of R? and prove the convergence of (FB’E(:U, ))e towards F'(z,-). The main difficulty here is the

following: in section 3.3 we have proved the almost sure convergence of (F; ‘é’e(az, -))e towards F’
when the starting point z is fixed. Of course, we can deduce that almost surely, for a countable
collection of given starting points, this convergence holds. The main difficulty is to prove that
this convergence holds for all possible starting points and this definitely requires some further
arguments.

For q = (q1, ¢2) € Z*, we denote by Cyq the cube [g1,¢1 + 1] X [g2, g2 + 1]. We fix p > 1 and for
each q € Z? and 6 > 0, we denote by KgL the compact set

Kip=Ksn{z€Cq sup  M3(0)(~Indiam(0))" < L}, (4:4)
) z€O open ,
digm(or; <1

where Kj is the compact set given by Corollary 4.10 applied with B = Cq. Then we set

K= |J K}, Kor=|J K], and §= U k& (4.5)
L>0 q€Z? §>0,q€72,L>0

From Corollary 4.10, we have Mg((K3)°NCq) < 4. Therefore, Mz((Usso K5)° N Cq) = 0 for each
q € Z? and thus
Mp(S°) =0. (4.6)
We consider a Brownian motion B starting from 0 and define a Brownian motion starting from
x by B® = x + B for each point € R?. Following Section 3, we may assume that (Fé’e(x, ))e
converges almost surely in X and B in C(Ry;R;) towards Fj(z, -) for each rational points x € Q2.
For each 6, L > 0 and = € Q2, we define the adapted continuous random mapping

t
M () = /0 1k, , (BY)Fj(x, dr). (4.7)

Proposition 4.13. Almost surely in X, for each §,L > 0 and x € R?, there exists a B*-adapted
continuous random mapping, still denoted by Fﬁ’é’L(a:, -) such that for all sequence of rational points

(Tp)n converging towards x, the sequence (FA’J’L(a:n, N)n converges in PE-probability in C(Ry,R.)

towards F‘é’é’L(x, ).

Proof. Let us fix x € R%. We consider a sequence (x,), of rational points converging towards
x. We first establish the convergence in law under P? of the sequence (B*",F ;’J’L(:En,-))n in
C(Ry,R?) x C(R,Ry). To this purpose, the main idea is an adaptation of [27, section 2.9] with
minor modifications. Yet, we outline the proof because we will play with this argument throughout
this section. For all 0 < s < t, we write F‘é’é’L(x,]s, t]) for F‘é’é’L(x, t)— Fé’é’L(x, s). The proof relies

on two arguments: a coupling argument and the estimate:

sup EB[Fé’é’L(y, )] —0, ast—0. (4.8)
y€B(0,R)NQ?2
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We begin with explaining (4.8). For all y € Q?, we have:

¢
/767
BP0t = [ [ o) drtie, ()M ().
Furthermore we have for each p > 1

sup sup (—Inr)PMg(B(z,r) N Ks ) < 2PL. (4.9)
r€]0,1/2] zeR2

Indeed, observe first that sup,ej,1/2) SUPsex; , (— )P Mp(B(z,r) N Ks 1) < L by definition. To
extend this formula to * ¢ Ksp, take 7 < 1/2 and observe that we have two options: either
B(z,r) N K5, is empty in which case Mg(B(z,r) N Ks51) = 0 or we can find y € B(z,r) N K 1,
and then Mg(B(z,7) N Ks51) < Mg(B(y,2r) N K1) < L(—1In2r)™? < 2PL(—1nr)"P.

We deduce that for all R > 0,

t
sup / / pr(y,z)drilg, , (2)Mg(dz) — 0, ast— 0. (4.10)
yeB(0,R) JR2 Jo '

Indeed, the decay of the size of balls induced by (4.9), used with p > 2, is enough to overcome
the In-singularity produced by the heat kernel integral: fg pr(y, z) dr (to be exhaustive, one should
adapt the argument in [27, section 2.7] but this is harmless). Hence (4.8).

Let us now prove that the family (F é’é’L(mn, -))n is tight in C'(R4; R4 ). This consists in checking
that for all T,n > 0:

lim limsup PP sup |F£3’5’L($n,]8,t])| > 1) = 0. (4.11)
0—=0 n—oo 0<st<T
[t—s| <&

The control of this supremum uses two arguments: a control of the involved quantities when s,
are closed to 0 via (4.8) and a control of this supremum via a coupling argument when s,t are

far enough from 0. To quantify the proximity to 0, we introduce a parameter # > 0. We have for
0 < 0:

")
IPB( sup | Fy ’L(xm]sat])|>77)

0<s,t<T
[t—s| <6
<PP(F; (00,20) > n/4) + PP sup  |F3% (wn,]5,1])] > n/2). (4.12)
0<st<T
[t—s| <0

To establish (4.11), it is thus enough to prove that the lim supy_,q lim sups_,o limsup,,_, ., of each
term in the right-hand side of the above expression vanishes. The first term is easily treated with
the help of the Markov inequality and (4.8) so that we now focus on the second term. To this
purpose, we recall the following coupling lemma:

Lemma 4.14. Fiz z € R? and let us start a Brownian motion B* from x. Let us consider another
independent Brownian motion B’ starting from 0 and denote by BY, for a rational y € Q2, the
Brownian motion BY =y + B’. Let us denote by 71"Y the first time at which the first components
of B* and BY coincide:

Y = inf{u > 0; B};“’C = B;’y}
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and by 75Y the first time at which the second components coincide after 71" :

7yY = inf{u > 7"Y; BXr — B2y}
The random process B" " defined by

(By".B;") if t<”
T
By =< (BY,B}") if mY<t<y?
(B}Y,BFY) if Y <t
is a new Brownian motion on R? starting from x, and coincides with BY for all times t > .
Furthermore, if y — x — 0, we have for all n > 0:

P(ryY >n) — 0.

We choose y € Q2. We can consider the couple (Fé’é’L’m”(y, ), Fé"g’L(xn, -)) where Fé"S’L(xn, )) is

the same as that considered throughout this section and F; B’é’L’x"(

y,+) is constructed as Fé’é’L(y, )
but we have used the Brownian motion BY*" of Lemma 4.14 instead of the Brownian motion BY.
The important point to understand is that this couple does not have the same law as the couple

!

(F‘é’é’L(% ), F‘é’é’L(azn, -)) but it has the same 1-marginal. Furthermore we have Fﬁ’é’L’x"(y, |s,t]) =

FgévL(anS,t]) for 73" < s < t. We deduce:

'6,L
PP( sup  [Fg™(wn,]s,1])] > n/2)
0<st<T
[t—s| <O

<PP( sup [y, )5, 6)| > 0/2) + P(rY" > 0).
0<st<T
[t—s| <&

It is then obvious to get:

limsup limsup PP ( sup |Fé’5’L(xn,]S,t])| >n/2) <P(r3* > 0). (4.13)
5—0 n— oo 0<st<T

[t—s| <0
Since the choice of y was arbitrary, we can now choose y arbitrarily close to z to make this latter
term as close to 0 as we please for a fixed 6. Hence (4.11) and the family (FB’J’L(azn, ))n is tight in
CR4,Ry).
We can also use the coupling argument to prove that there is only one possible limit in law
for all subsequences (), such that x,, — x as n — oo, thus showing the convergence in law in
C(R4,R4) of the family (F' B’J’L(:En, -))n- Here we have only dealt with the convergence of the family

(Fé’é’L(xn, -))n but it is straightforward to adapt the argument to the family (B*", Fé’é’L(:nn, Nn-

Now, we come to the convergence in PZ-probability of (F é’é’L(azn, )n- We fix t > 0, we consider
the mapping
(#,9) € @ x Q@ = BE[(F"" (2,1) = Fy " (3,1))°].

We can expand the square and, following the ideas in [27, section 2.7], use (4.9) to control the
In-singularities to see that the above mapping extends to a continuous function on R? x R?, which
vanishes on the diagonal {(z, z); x € R?}. Therefore, if (z,,), is a sequence in Q? converging towards
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x, the sequence (FL;"S’L(xn,t))n converges in L? under P®. We can thus extract a subsequence

(Tg(n))n such that for all £ € Q MRy, the sequence (F‘é"S’L(x(b(n), t))n converges PB-almost surely.
Also, we have seen that this subsequence converges in law in C(Ry,R;) towards a continuous

random mapping. The Dini theorem implies that (F é’é’L(:%(n), ))n converges PP-almost surely in
C(R4,R;) towards a limit denoted by Fé’é’L(:E, ). O
We are now in position to construct F’ é on the whole of R2.

Theorem 4.15. Almost surely in X, for all x € R?, the random measure Fé"S’L(:E, dt) converges

PB-almost surely as & — 0 and L — oo in the sense of weak convergence of measures towards a
random measure denoted by Fé($, dt). Furthermore:

1. for x € Q?, Fé(:n, \) coincides with the limit of the family (Fé’e(x,-))E as € — 0 defined in
subsection 3.3.

2. for x € SUQ?, convergence of the mapping t — FL;’(;’L(a:,t) towards t Fé(a:,t) holds
PB-almost surely in C(R_,R;) as § — 0, L — oco.

3. for x & S, for all s > 0, convergence of the mapping t FA’J’L(ZE,]S,t]) towards t
Fé(:p,]s,t]) holds PP -almost surely in C([s, +oo[,Ry).
Proof. Observe that Ks 1, C Ky 1/ if & < § and L' > L. Therefore, for all z € R? and for all ¢ > 0,
FL/;’6’L(x, t) < FL;"S,’L/ (x,t) if 0’ < §. We can thus define the almost sure limit:

/700 — 1 /767L
Fy ($’t)_5_>(%{£n_>ooFB (z,t).

Actually, this also implies the weak convergence as § — 0 and L — oo of the measure F ;’J’L(:E, dt)
towards a random measure, still denoted by F; ‘é’oo(:n, dt).

For z € Q?, let us identify Fé’oo(x, dt) with the limit FL;($, -) of the family (FL;’E(x, ))e as € — 0.
By construction we have:

t
/ 6 ’ /
FiPh(a,t) = /0 L, , (BY)F) (. dr) < Fy(z,1),
in such a way that F L;’oo(x, t) < F, l;(a:, t). Second, by the dominated convergence theorem we get

t
EP[|Fg(x,t) — F3>(z,1)|] = lim EB[/O e, (BY)Fs(x,dr)]

6—0,L—0c0

t
= lim /1@2/0 pr(x,y) drige  (y)Mg(dy)

§—0,L—00

_ / / pr(z,y) drise(y) Mg (dy)
R2 J0O
=0

because Mg(S¢) = 0. Now that we have identified FL;($, -) with FL;’OO(:E, ) on z € Q?, we skip the

distinction made with the superscript co and write F é for the limit of F ;’5’L.
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For z € Q?, the continuity of the mapping ¢ — F é(az, t) together with the Dini theorem implies

the PB-almost sure convergence of F ‘é’é’L(x, -) towards F, ‘é (z,-) in C(R4,R4). Let us now complete
the proof of items 2 and 3. We fix s > 0. The coupling argument established in the proof of
Proposition 4.13 shows that the mapping ¢ — Fé(m,]s,t]) is continuous on [s,4o0[ (it coincides

in law with ¢ — F‘é(y,]s,t]) with y € Q? as soon as B* and BY are coupled before time s, which
happens with probability arbitrarily close to 1 provided that y is close enough to z). The Dini
theorem again implies item 3. Let us stress that it is not clear that we can take s = 0 because we
need to control the decay of balls at z € S¢ and this decay may happen to be very bad on S°.

To prove item 2, we also use the Dini theorem but we further need to prove that the mapping
t— Fé(x, t) is continuous at t = 0 with Fé(x, 0) = 0. This can be done by computing

E” [F5(x,t)] :/RQ/O pr(x,y) dris(y)Mp(dy).

Following [27], we observe that the mapping y fot pr(z,y) dr possesses a logarithmic singularity
at y = x. Furthermore, for z € S, we have

sup M'(0)( - Indiam(0))” < 4oc.
€O open CB,
diam(0) < 1
Therefore

1
/ / pr(z,y) drls(y)Ma(dy) < +oo
R2 Jo

in such a way that the dominated convergence theorem implies

EB [Fé(:p,t)] = /R2/0 pr(x,y)dris(y)Ms(dy) =0, ast—0.

To sum up, we have proved that the mapping ¢ — FL;($, t) is continuous at ¢t = 0 with Fl;(:r, 0)=0
for x € S. We complete the proof of item 2 with the help of the Dini theorem. O

Remark 4.16. It is important here to stress that the above Proposition shows that for all x, we
have defined a mapping F‘é(x,-), which is PP-almost surely continuous with continuous sample
paths and satisfies a variant of the additivity property of a PCAF, i.e. for all s,t > 0 we have
almost surely

Fg(z,t+s) = Fg(a,t) + Fg(z, s),
where, conditionally to F, the variable F"é(az, s) is distributed as Fé(a:—i—Bt, s) under P*+5Bt (measure
of a Brownian motion starting from x + By). Also, we have not so far proved that Fé is a PCAF

because it is defined for all x PB-almost surely whereas we need to define it PB-almost surely for
all x. Yet, we will see that this problem for the construction of a proper PCAF is not too serious.

We claim:

Theorem 4.17. Almost surely in X, we define

F/a,t) = Jim Fj(z,)0.)
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where convergence holds PB-almost surely in C(Ry,R.). F' is some form of PCAF in the strict
sense in R2: it is defined for all starting points and satisfies the following variant of the additivity
property -

Fy(z,t+s) = Fg(z,t) + Fg(z,s), s,t=0 (4.14)
where, conditionally to Fy, the variable F"é(az, s) is distributed as Fé(a:—i—Bt, s) under P*+5Bt (measure

of a Brownian motion starting from x + By).
Furthermore,

1. for all x € R%, I’ is continuous, strictly increasing and goes to 0o as t — oo.

2. F' coincides outside a set of zero capacity with a PCAF of Revuz measure M’'.

Proof. For each = € R2, for each ¢t > 0, the mapping 3 Fé(:n,]O,t]) is increasing. We can thus
define F'(z,t) = limg_, 0 Fg(x,]0,#]). Furthermore, for each ball B containing z, F"(z,t) coincides
with Fg(z,]0,t]) for t < 7p(z) = inf{u > 0; B ¢ B} and 8 (random) large enough (more precisely
for B large enough to make sup,ep SUpecjo,1] Xe(z) — 2In 1 < B, see Proposition 3.5). It is obvious
to check that F’ satisfies the additivity (4.14).

Now we prove item 1. This results from the coupling argument detailed in Proposition 4.13 as
F'(x,-) is strictly increasing and goes to oo as t — oo for 2 € Q2 (see also [27, Proposition 2.24]).

Finally, we prove item 2, more precisely we establish the relation (4.2) for M’ and F’. The
construction of I entails that, for any 0 < s <t

[ [ s ) = [ 1wt @

Therefore, for any nonnegative Borel functions f, h (P, stands for the semigroup associated to the
planar Brownian motion):

/}R2 h(z)E”" {/: f(BF) F'(az,dr)} dx :/: /R2 y F)pr(x,y) M (dy)h(z) da dr
= / t /R L fWEh(y) M'(dy) dr.

It suffices to let s — 0 to conclude.

Now, we use [25, Theorem 5.1.3] to prove that there exists a PCAF A associated to M’ because
M’ is a smooth measure in the sense of [25] thanks to Corollary 4.11. Now we have at our disposal
a PCAF A with Revuz measure M’ and an ”"almost” PCAF F’. The reader may check that the
uniqueness part of [25, Theorem 5.1.4] can be reproduced to prove that F’ and A coincide for x
outside a set of capacity 0 (just observe that this proof does not use the fact that the set where
the PCAF is defined does not depend on z). O

4.4 Definition and properties of the critical LBM

Definition 4.18. (critical Liouville Brownian motion). Almost surely in X, for all x € R?,
the law of the LBM at criticality, starting from x, is defined by:

BZE =x+ B(B“ﬂ
where (B*) is defined by
2/ F (z,(B%)) = t.
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We stress that B is a local martingale.
Proposition 4.19. The critical LBM is a strong Markov process with continuous sample paths.

Proof. Strong Markov property results from [25, sect. 6]. Continuity of sample paths results from
the fact that F’ is strictly increasing. O

Theorem 4.20. Assume further [A.6] or [A.6°]. Almost surely in X, for allxz € S, the e-reqularized
Brownian motion (B9%). defined by Definition 2.5 converges in law in the space C(R, R?) equipped
with the supremum norm on compact sets towards B*.

Proof. This is just a consequence of Theorems 4.15 and 4.17 as explained in [27]. O
From [25, Th. 6.2.1], we claim:

Theorem 4.21. (Dirichlet form). The critical Liouville Dirichlet form (3,F) takes on the

following explicit form on L?(R?* M'):

S(f.9) =5 [, V@) Vo(o)do (1.15)

with domain
F={f e ® M) N HL(R? do); V f € IA(R?, da) |

Furthermore, it is strongly local and regular.
Let us denote by P;X (for ¢ > 0) the mapping
f € Cy(R?) — (z € R? = P f(z) = EP[£(BY)]). (4.16)

Similarly we define P¢ as the semigroup generated by the Markov process B¢. From [25, sect. 6],
we claim:

Theorem 4.22. (Semigroup). The linear operator P;X, restricted to C.(R?), extends to a linear
contraction on LP(R?, M') for all 1 < p < oo, still denoted P;<. Furthermore:

e (PX); >0 is a Markovian strongly continuous semigroup on LP(R% M') for 1 < p < co.

o Assume further [A.6] or [A.6°]. Almost surely in X, the e-reqularized semigroup (P€). con-
verges pointwise for x € S towards the critical Liouville semigroup. More precisely, for all
bounded continuous function f, we have:

¥ €S, >0, lim Pif(z) = PXf(x).
€E—

o PX is self-adjoint in L?>(R? M').
e the measure M’ is invariant for P;X.

The critical Liouville Laplacian Ax is defined as the generator of the critical Liouville semi-
group times the usual extra factor 2. The critical Liouville Laplacian corresponds to an operator
which can formally be written as

Ax = X Yaz)e2X@A
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and can be thought of as the Laplace-Beltrami operator of 2d-Liouville quantum gravity at criti-
cality (of course when X is a free field).

One may also consider the resolvent family (R{))~o associated to the semigroup (P{X)¢. In a
standard way, the resolvent operator reads:

Vf € Cy(R?),Vz € R?, R f(x) = /OO e MPX f(x)dt. (4.17)
0

Furthermore, the resolvent family (RY)y o extends to LP(R?, M’) for 1 < p < +o0, is strongly
continuous for 1 < p < +oo and is self-adjoint in L?(R2, M’). This results from the properties of
the semi-group. As a consequence of Theorem 4.22, it is straightforward to see that:

Proposition 4.23. Assume further [A.6] or [A.6°]. Almost surely in X, the e-reqularized resolvent
family (RS)x converges towards the critical Liouville resolvent (Rff))\ in the sense that for all
function f € Cy(R?):

vr €S, lim R} f(x) = RY f(x).

Also and similarly to [25, 28], it is possible to get an explicit expression for the resolvent
operator:

Proposition 4.24. Almost surely in X, the resolvent operator takes on the following form for all
measurable bounded function f on R2:

o
Ve eR?, RYf(z) = /2/7E"] / e VERE @) §(BE) B (x, dt)).
0
The main purpose of this section is to prove the following structure result on the resolvent
family:

Theorem 4.25. (massive Liouville Green kernels at criticality). For every x € R2, the
resolvent family (Ri( Jas0 s absolutely continuous with respect to the critical Liouville measure.
Therefore there exists a family (rf\( (-,-))x, called the family of massive critical Liouville Green
kernels, of jointly measurable functions such that:

Vo e R%Vf € By(R?), RY f(z)= v2/7r/ Fy)es (z,y) M'(dy)
R2
and such that:
1) (strict-positivity) for all A > 0 and xz € R?, M'(dy) a.s., vy (z,y) > 0,

2) (symmetry) for all A > 0 and x,y € R%: v (z,y) = v (y, z),
3) (resolvent identity) for all A, > 0, for all z,y € R?,

) =¥ ) = A= VT [ e e () M),

4) (M-excessive) for every y: e MPX(ra(-,y))(z) < ra(z,y) for M'-almost every x and for all
t>0.

Proof. We have to show absolute continuity of the resolvent for z € R?. Though inspired by [27, 28],
we have to adapt the proof because we do not have ”uniform convergence” of the PCAF towards
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0 as t — 0. In particular, it is not clear that the resolvent be strong Feller. For § > 0, we define
for f € By(R?)

RYsf () = /27" / VR @I f(BE) F(x, b)),

where F'(z,dr) stands for the random measure associated to the increasing function ¢t — F'(z,t).
Once again, the coupling argument of Proposition 4.13, it is plain to see that the mapping

reR?— Rif(;f(x)
is continuous. Now we claim

Lemma 4.26. For every z € R, § > 0 and all nonnegative bounded Borelian function f, we have
Ry f(x) = 0= Ry;sf(x) =0
Lemma 4.27. For every x € R? and all nonnegative bounded Borelian function f, we have
V6 >0, Ry;f(z)=0= R} f(zx)=

We postpone the proofs of the above two lemmas. If A is a measurable set such that M'(A) = 0
then by invariance of M’ for the resolvent family, we deduce that Ry\1 4(x) = 0 for M’-almost every
x € R2. Since S has full M’-measure and because M’ has full support, we deduce that RAX flx) =
for « belonging to a dense subset of R?. From Lemma 4.26, Rf\féf(a:) = 0 for = belonging to a
dense subset of R?. Continuity of RAX’ s entails that this function identically vanishes on R? for
every 6 > 0. With the help of Lemma 4.27, we deduce that Ry14(z) = 0 for z € R?. Therefore, for
all z € R?, Ryl 4(z) = 0, thus showing that the measure A — R 14(z) is absolutely continuous
with respect to M’. d

Proof of Lemmas /.26 and 4.27. For x € R? and all bounded nonnegative Borelian function f, we
have (see Proposition 4.24)

RY (@) =/2TRER [ [ e AR £(p) F o )]

=\/2/7E5" | / L V) F(BY) F'(z, dt)]
0
+ /2/TEB" [ () / e WVRRE @IS £(BEY F (z, dt)). (4.18)

)

Therefore

B () 2 ATREY [o P00 [ AT 0 1) )]
é

For z € R2, we have e M"(@9) > 0 PB”_almost surely. The proof of Lemma 4.26 follows.
Furthermore, for z € R?, we have

4
\/2/—7715)3”[/ e_>‘ 2/7rFf(ac,t)f(Bgc) F/(:E,dt)]
0
>‘_1HfHooEBx [1 — e_)‘\/2/_7rF'(x,6)] )
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Since F'(x,d) converges in law towards 0 as § — 0, we deduce that
0
lim V2/7EP | / e MWV2TE @ £(BEY FY (2, dt)] = 0.
- 0

From (4.18), we deduce:

4
RY f(2) < BYsf (x) + /2] 7B | /0 eV @D (B F (v, dt)].

The proof of Lemma 4.27 follows. U
As prescribed in [25, section 1.5], let us define the Green function for f € L'(D, M') by

t—o0

Gf(z) = lim t PX f(x)dr.
0

We further denote g the standard Green kernel on R2. Following [25], we say that the semi-group
(P);, which is symmetric w.r.t. the measure M’, is irreducible if any P -invariant set B satisfies
M'(B) = 0 or M'(B®) = 0. We say that (P/X) is recurrent if, for any f € L% (D, M’), we have
Gf(z) =0 or Gf(x) = +oo M'-almost surely.

Theorem 4.28. (Liouville Green function at criticality). The critical Liouville semi-group
is irreducible and recurrent. The critical Liouville Green function, denoted by G, is given for every
zesS by

GX fa) =27 [ I () M)
e oy

for all functions f € L'(R%, M") such that
fy) M'(dy) = 0.
R2

Proof. Irreducibility is a straightforward consequence of Theorem 4.25 and the remaining part of
the statement is a straightforward adaptation of [27, 28] for = € S. O

We investigate now the existence of probability densities of the critical Liouville semi-group
with respect to the critical Liouville measure.

Theorem 4.29. (Critical Liouville heat kernel).The critical Liouville semigroup (P;<)¢>0
1s absolutely continuous with respect to the critical Liouville measure. There exists a family of
nonnegative functions (py (-,-))¢ = 0, which we call the critical Liowville heat kernel, such that:

Vo € R dtas.Vf € BB, PF(@) =37 [ e () M'(dy).

Proof. From Theorems 4.25 and [25, Theorems 4.1.2 and 4.2.4], the Liouville semi-group is abso-
lutely continuous with respect to the Liouville measure. O

Remark 4.30. Though we call the family (pi*(-,-)): >0 heat kernel, we are not in position to
establish most of the reqularity properties expected from a heat kernel because we do not know how
to construct a measurable version. For instance, in the subcritical situation [28, 57], it can be given
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sense to a measurable version by considering it as a measure p(t,x,y)dt: since the massive Green
kernel is completely monotone it is the Laplace transform of some measure denoted by p(t,x,y) dt.
In that case, it is proved in [57] that this measure is continuous with respect to x,y in the sense of
weak convergence of measures and this allows us to make sense of the heat kernel on the diagonal
p(t,z,x)dt. A weak form of the notion of spectral dimension is then obtained in [57], which is 2

We do not know how to adapt the argument in the critical case as we cannot prove the continuity
of the mapping (x,y) — p(t,z,y)dt.

Let us consider the set E defined in Theorem 4.7. Recall that M’(E¢) = 0. As a consequence
of Theorem 4.25, we obtain the following result where A is the Lebesgue measure:

Corollary 4.31. Almost surely in X, for all starting points x € R?, the critical LBM spends
Lebesgue-almost all the time in the set E:

a.s. in X,Vr € R?, a.s. under PP*, Mt > 0; Bf € E°} =0.

If one applies Theorem 4.29 instead, one obtains the similar but different result:

Corollary 4.32. Almost surely in X, for allt >0

PP a5, BY cE.

4.5 Remarks about associated Feynman path integrals

Remind that the standard Wiener measure gives a rigorous interpretation of the heuristic path

integral on R?
1

70 C([0,T];R?)

(o) exp ( — %/OT o’ (s)]? ds) Do (4.19)

where Z appears as a normalization constant and f : C([0,7],R?) — R is a bounded continuous
function. The construction of the critical LBM allows us to make sense of several other Feynman
path integrals, which we discuss below. The ”Wiener measure” associated to the critical LBM has
the following equivalent path integral interpretations:

EP[f(Bo<i<1)]

1 1T x
=— flo)exp ——/ — X (04)e?X (7)o |2 dS)DO‘
21 Je(oTir)

1
=— flo exp / —X(o 2X(°5) ol 2ds) Do,
Z1 Jo(o,mr?) @) Vo o] )

where Z1, Z{ are normalization constants, valid for all bounded continuous function f : C([0, 7], R?) —
R.

5 Further remarks and GFF on other domains

So far, we constructed in detail the LBM on (subdomains of) R?. This construction may be
adapted to other geometries like the sphere S? or torus T? (equipped with a standard Gaussian
Free Field (GFF) with vanishing average for instance). Actually, our techniques can be adapted to
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other 2-dimensional Riemannian manifolds with a scalar metric tensor. The main reason is that

a Riemannian manifold is locally isometric to R%2. We will not detail the proofs since the whole

machinery works essentially the same as in the plane: it suffices to have at our disposal a white noise

decomposition of the underlying Gaussian distribution and to adapt properly our assumptions.
We rather give here further details in the case of the GFF on planar domains as the associated

Brownian motion possesses important conformal invariance properties. We consider a bounded

planar domain D. The Liouville Brownian motion on D is defined as follows:

e consider a white noise cut-off approximation (X¢). of the GFF on D with Dirichlet boundary

conditions: see equation (2.8).

o first define the time change as the limit

t
F'(z,t) = lim € / (2E[X (z 4+ B,)?] — X(x + By))e*X<@+Ba) gy
0

e—0

for all t < 7P where B is a standard planar Brownian motion and 7.? its first exit time out of D.
This limit turns out to be the same as

t
/ C(£E+Bu,D)2(2E[X(QS‘ +Bu)2] _X(:E+Bu))62X(w+Bu)—2E[X(:B+Bu)2] du
0

where C(z, D) is the conformal radius at x in the domain D (see [45] or [22] in a different context).
e extend this construction to all possible starting points as in section 4. Define the exit time of
this LBM out of D by 7P = \/2/7F'(x,7P) and then define the Liouville Brownian motion as in
Definition 4.18 for all time ¢ < 72,

e Observe that this Liouville Brownian motion is invariant under conformal reparametrization. This
means that for all conformal map 1 : D' — D the process ¥~1(B%) has the law of the Liouville
Brownian motion on D’ where in the construction of F’ we use the standard reparametrization
rule of Liouville field theory X — X o1 + Q1In |[¢)'| where Q = % + 3 for a subdomain of C (or

Q= % for a GFF on the sphere or the torus with vanishing mean).
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