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Glassy phase and freezing of log-correlated Gaussian potentials

Thomas Madaule !, Rémi Rhodes 2, Vincent Vargas 3

Abstract

In this paper, we consider the Gibbs measure associated to a logarithmically correlated random potential
(including two dimensional free fields) at low temperature. We prove that the energy landscape freezes and
enters in the so-called glassy phase. The limiting Gibbs weights are integrated atomic random measures with
random intensity expressed in terms of the critical Gaussian multiplicative chaos constructed in [10, 11]. This
could be seen as a first rigorous step in the renormalization theory of super-critical Gaussian multiplicative
chaos.

Key words or phrases: Gaussian multiplicative chaos, supercritical, renormalization, freezing, glassy phase, derivative multiplica-
tive chaos.
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1 Introduction

Consider a log-correlated random distribution (X (x))zecre on (a subdomain of) R? and apply a cut-off regular-
ization procedure to get a field (X;(x)),ere with variance of order ¢, i.e. E[X;(x)?] ~ t as t — oo. One may for
instance think of the convolution of X with a mollifying sequence, the projection of X onto a finite dimensional
set of functions or a white noise decomposition of X. We will be interested in the study of the behaviour of the
random measure on the Borel sets of R?:

M, (dz) = 7X@ dg,

where v > 0 is a parameter that stands for the inverse temperature. The high temperature phase is well known
since the original work of Kahane [14] where it is proved that for 4% < 2d the renormalized measure

72
e T M (dx)

almost surely weakly converges towards a non-trivial measure M., (dz), which is diffuse. At the critical temperature
~% = 2d, the renormalized measure
Ve M, (dx)

weakly converges in probability towards a non-trivial diffuse measure M’(dx), which is called derivative multi-
plicative chaos [10, 11]. The purpose of this paper is to study the supercritical /low temperature phase v2 > 2d
and to prove that the renormalized measure

(1.1) 137 V=D L (1)

weakly converges in law towards a purely atomic stable random measure S, with (random intensity) M’, up to
a deterministic multiplicative constant, call it C'(7) (see section 2 for a rigorous statement).

This is a longstanding problem, which has received much attention by physicists. It was first raised in [19, 9] on
dyadic trees, and then followed by [8, 12, 13] for log-correlated Gaussian random fields. Following our notations,

these papers essentially derived the statistics of the size ordered atoms of the measure %, the so-called

Poisson-Dirichlet statistics characteristic of stable Levy processes. However, these papers did not investigate the
problem of the localization of these atoms.

A few years later, the mathematical community caught up on this problem. In the context of Branching
random walks, convergence of the measures (1.1) is investigated in [17, 25]. Built on these works, the limit is
identified in [5] and is expressed as a stable transform of the so-called derivative martingale. In the context of
log-correlated Gaussian potentials, the authors in [4] conjecture that results similar to Branching Random Walks
should hold. The first rigorous and important result for log-correlated Gaussian fields appeared in [2] where the
authors established the Poisson-Dirichlet statistics of the limiting measure in dimension 1 (renormalized by its
total mass) via spin glass techniques, hence confirming the prediction of [8] (these results were recently extended
by the same authors in [3] to cover the case of the discrete GFF in a bounded domain).

Roughly speaking, the terminology freezing comes from the linearization of the free energy of the measure M,
beyond the value 42 = 2d (see [9, 8, 12, 13] for further comments). The terminology glassy phase comes from
the fact that for 42 > 2d, the measure M,, is essentially dominated by a few points, the local extreme values
of the field X; (along with the neighborhood of these extreme values). Therefore, this paper possesses strong
connections with the study of the extreme values of the field X;. This was conjectured in [10] and important
advances on this topic have recently appeared in [6, 7] in the context of the discrete GFF and in [18] for a large
class of log-correlated fields. However, the description of the local maxima obtained in [6] is not sufficient to
obtain the so-called freezing theorems that will be established in this paper.



Finally, we would like to stress that we will only deal with the case of white noise cut-off of the Gaussian
distribution X, building on techniques developed in [18]. We will then extend our results to two dimensional free
fields. It is natural to wonder whether the nature of the cut-off may affect the structure of the limiting measure.
We will prove that the freezing theorem does not depend on the chosen cutoff family provided the cutoff is not
too far from a white noise decomposition. From a more general angle, we believe that the glassy phase does
not depend on the chosen cut-off, except at the level of the multiplicative constant C(v). For instance, given a
smooth mollifier # and setting 6, = 6%9(;), similar theorems should hold for measures built on approximations of
the form 6, x X: in this setting, one would obtain an analog of theorem 2.2 where the constant C(v) is replaced
by a constant C(#) depending on 6.

2 Setup and main results

2.1 Star scale invariant fields

We denote by Bp(R?) the Borel subsets of R?. Let us introduce a canonical family of log-correlated Gaussian
distributions, called star scale invariant, and their cut-off approximations, which we will work with in the first
part of the paper. Let us consider a continuous covariance kernel k& on R such that:

Assumption (A). The kernel k satisfies the following assumptions, for some constant C independent of x € R:
A1l. k is continuous, nonnegative and normalized by the condition k(0) = 1,

A2. k has compact support.

A3. |k(xz) — k(0)] < Clx| for some constant C := C}, independent of x € R?.

We set for t > 0 and z € R¢

(2.1) Ki(z) = /16 k(xu)du

We consider a family of centered Gaussian processes (X(x))zers >0 With covariance kernel given by:

(2.2) Vi, s >0, E[X(2)Xs(y)] = Kins(y — ),

where t A s := min(¢, s). The construction of such fields is possible via a white noise decomposition as explained
in [1]. We set:

Fr=o{Xyu(z);2 € RY, u < t}.
We stress that, for s > ¢, the field (Xs(z) — X¢())zere is independent from F;.
We introduce for ¢ > 0 and v > 0, the random measures M;(dx) and M, (dx)
72
(2.3)  MI(A) = / (VBRt — Xy ())eVPX @y M (A) = / Xt gn YA € By(RY),
A A

Recall that (see [10])

Theorem 2.1. For each bounded open set A C R, the martingale (M](A))i>0 converges almost surely towards
a positive random variable denoted by M'(A).

Furthermore, the family of random measures (M](dx))i>0 almost surely weakly converges towards a random
measure M'(dx), which is atom free and has full support.

In fact, one can reinforce the above statement to a convergence in the space of Radon measures.



2.2 Results for star scale invariant fields
The main purpose of this paper is to establish the following result which was conjectured in [10]:

Theorem 2.2. (Freezing theorem) For any v > v/2d, there exists a constant C(vy) > 0 such that for any
smooth nonnegative function f on [0,1]?

(2.4) Jim B (exp(—“me vV /[O " f(:v)M?(dw))> =E (exp(—c(v) f(w)@M’(d:v))> :

[0,1]¢
As a consequence, we deduce

3 2
Corollary 2.3. For any v > v/2d, the family of random measures (tTé_d TV M, (dx))i>0 weakly converges
in law towards a purely atomic random measure denoted by S.(dx). The law of Sy can be described as follows:
conditionally on M’, S is an independently scattered random measure such that

(2.5) E (exp(~05, (4))) = E (exp(~0"7 C(3)M'(4)))

for all 6 > 0.

Put in other words, S, is an integrated a-stable Poisson random measure of spatial intensity given by the
derivative martingale M’. Indeed, the law of S, may be described as follows. Conditionally on M’, consider a
Poisson random measure n, on R x Ry with intensity

M (dz) & —F

VA v
Then the law of S, is the same as the purely atomic measure (I stands for the function gamma)
e v2d i
Sy(A) = c/ / zny(dr,dz) with c¢= (0(7)7) v
aJo AT (1 — ¥4
From Theorem 2.1, we observe that M'(O) > 0 almost surely for any open set. By considering this together
with Corollary 2.3, it is plain to deduce

Corollary 2.4. For each bounded open set O, the family of random measures (%) converges in law in
t t

5 (dz)
the sense of weak convergence of measures towards 5(0) -

We point out that the size reordered atoms of the measure SS”((d(;)) form the Poisson-Dirichlet process studied
ol

in [2, 3]. The interesting point here is that we keep track of the spatial localization of the atoms whereas all this
information is lost in the Poisson-Dirichlet approach. Yet, we stress that the methods used in [2, 3] rely on spin
glass technics and remain thus quite interesting since far different from those used here.

Remark 2.5. We stress that Corollary 2.4 also holds for all the examples described below but we will refrain
from stating it anymore.

2.3 Massive Free Field

In this section, we extend our results (Theorem 2.2) to kernels with long range correlations, in particular, we will
be interested in the whole plane Massive Free Field (MFF).

The whole plane MFF is a centered Gaussian distribution with covariance kernel given by the Green function
of the operator 2m(m? — A)~! on R?, i.e. by:

_le—y? du
2u

oo 2
2.6 % R?,  Gp(z,y) = —Fu .
(26) Ry €R Guloy)= [ o -



The real m > 0 is called the mass. This kernel is of o-positive type in the sense of Kahane [14] since we integrate
a continuous function of positive type with respect to a positive measure. It is furthermore a star-scale invariant
kernel (see [1]): it can be rewritten as

+oo u(x —
(2.7) Golz,y) = /1 k(@ =9)) 4,

u

2
. . oo _mZ| 2 _ v . . .
for some continuous covariance kernel k,, = % fo e~ % 1*"=3 du. We consider a family of centered Gaussian
processes (X;(2))zere,t>0 With covariance kernel given by:

(2.8) Vt,s >0, E[Xi(2)X5(y)] = Gmins(y — 2),

One can construct the derivative martingale M’ associated to (X¢):>0 as prescribed in [10, 11]. Now we claim
that our result holds in the case of the MFF for any cut-off family of the MFF uniformly close to (G, t)s:

Definition 2.6. A cut-off family of the MFF is said uniformly close to (G 1) if it is a family of stochastically
continuous centered Gaussian processes (X, ())nen zcr2 with respective covariance kernels (K,), satisfying:

- we can find a subsequence (t,)n such that lim, . t, = 00,

- the family (K,, — Gyt,, )n uniformly converges towards 0 over the compact subsets of R?.

Then we claim:

Theorem 2.7. (Freezing theorem for MFF.) For any v > 2, there exists a constant C(vy) > 0 such
that for every cut-off family (X,)n of the MFF uniformly close to (Gmt)t, the family of random measures

3
(tn%et"(%fﬂ)QMg(dx))tzo, where
M (dx) = X (@)= BLXn (0] de,

weakly converges in law towards a purely atomic random measure denoted by S.. The law of S, can be described
as follows:

(29) B (exp(=5,(1)) =B (exp (~ C0) [ o) ar'ao) )

for all nonnegative continuous function f with compact support.

The above theorem is a bit flexible in the sense that there is some robustness with respect to the chosen cutoff
approximation: among the class of cut-off families of the MFF uniformly close to (G, )¢, the freezing phenomena
related to the MFF do not depend on the structure of the chosen cutoff.

2.4 Gaussian Free Field on planar bounded domains

Consider a bounded open domain D of R?. Formally, a GFF on D is a Gaussian distribution with covariance
kernel given by the Green function of the Laplacian on D with prescribed boundary conditions (see [24] for further
details). We describe here the case of Dirichlet boundary conditions. The Green function is then given by the
formula:

(2.10) Gp(z,y) = ﬂ'/ooopp(t,x,y)dt

where pp is the (sub-Markovian) semi-group of a Brownian motion B killed upon touching the boundary of D,
namely
pp(t,z,y) = P*(By € dy, Tp > t)/dy



with Tp = inf{t > 0, By € D}. Note the factor 7, which makes sure that Gp(z,y) takes on the form
Gp () = Iy —— +(z.y)
D\L,y) = My ———— T (T, Y
e —y]

where In; = max(In, 0) and for some continuous function g on D x D. The most direct way to construct a cutoff
family of the GFF on D is then to consider a white noise W distributed on D x R, and define:

X(z) = V7 e

,,y)W(dy, ds).
DXR+ 2

One can check that E[X (2)X ()] = 7 [, pp(s,2,3") ds = Gp(z,2’). The corresponding cut-off approximations
are given by:

Dx[e—2t,00[ 2

which has covariance kernel -

GD,t(:Euy) = T‘—/ 2 pD(ru‘ruy)dT'

€

We define the approximating measures
M?(dx) = 2 X1 (@)= 2E[X:(@)°] g and M](dz) = (2E[X(x)?] — Xt(:v))e2xf(m)_2E[Xf(w)2] dzx.
Let us stress that Theorem 2.1 holds for this family (X;); (see [11]).

Theorem 2.8. (Freezing theorem for GFF on planar domains.) For any vy > 2 and every bounded planar
domain D C R?, there exists a constant C(v) > 0 such that for every cut-off family (X,), of the GFF uniformly

. 2 tn( 5V
close to (Gp )i, the family of random measures (t," e ™ V2 M7 (dz))i>0, where

72
M7 (dz) = eV Xn (@)= 5t gy

weakly converges in law towards a purely atomic random measure denoted by S,. The law of S, can be described
as follows:

(2.12) B (exp(-5,(1) = B (e (— €0 [ 7)o 0P 01 a) )

for all nonnegative continuous function f with compact support, where C(x, D) stands for the conformal radius
atx e D.

Remark 2.9. The derivative martingale construction of theorem 2.1 applies to other cut-offs of the GFF than
(2.11). For instance, one can consider the projection of the GFF on the triangular lattice with mesh going to 0
along powers of 2 (in this case, the law on the lattice points of this projection is nothing but the discrete GFF on
the triangular lattice). Then, the derivative martingale construction of theorem 2.1 holds in this context by the
methods of [10] since the approzimations correspond to adding independent functions: see [24]. Unfortunately,
the methods of this paper do not enable to prove an analog of theorem 2.8 in the context of the projection on
the triangular lattice. There are several difficulties to overcome in this context. First, it would be interesting to
prove that Seneta-Heyde renormalization of [11] yields the same limit as the derivative martingale in this setting
(this is not obvious from the techniques of [11]). By the universality results in [22], this would imply that the
approzimation (2.11) and the projection on the triangular lattice yield the same critical measure M’ (in law).
Proving an analog of theorem 2.8 for the the triangular lattice would then imply by the above discussion that the
renormalized supercritical measures with the triangular lattice cut-off converge in law to the S, defined in (2.12)
(up to some multiplicative constant).



2.5 Further generalization

Our strategy of proofs apply to a more general class of kernels, at least to some extent, in any dimension. There
are two main inputs to take care of.

First we discuss the case of long range correlated star scale invariant kernels. One has to adopt the same
strategy as we do for the MFF. Basically, what one really needs is assumptions [B.1]+[B.2]+[B.3] and the Seneta-
Heyde norming, whatever the dimension. However, further conditions on the kernel k£ are required in order to
make sure that the Seneta-Heyde norming holds (see [11, Remark 31]). One may for instance treat in this way
the case of covariance kernel given by the Green function of the operator (m? — A)%/2 in R? provided that m > 0.

One may then wish to treat the case of non translation invariant fields, for instance with correlations given by
the Green function of (—A)%/? in a bounded domain of R? with appropriate boundary conditions. Then one has
to adopt the strategy we use for the GFF on planar domains: just replace the conformal radius by the function

F(qu) = thm eE[Xt(i)z]—lnt'
— 00

3 Proofs for star scale invariant fields

In this section, we carry out the main arguments of the proof of Theorem 2.2. Throughout the proofs we will use
results that are gathered in a toolbox in Appendix A. Furthermore, from Assumption A2, the covariance kernel
k has compact support. Without loss of generality, we will assume that the support of k is contained in the ball
centered at 0 with radius 1.

3.1 Some further notations

We first introduce some further notations and gather some results that we will use and that can be found in the
literature.

Processes and measures

Before proceeding with the proof, we introduce some further notations. We define for all z € R, [ > 0, ¢t > 0, all
Borelian subset A of R9:

(3.1) Yi(x) := Xy(x) —v2dt  and  Ysu(z) := Yepe(z) — Yi(2).
We recall the following scaling property:

(law) s
(32) (Yv&t(x))te]RJr)meRd = (Y}((Ee ))teR*,wER‘U

which can be checked with a straightforward computation of covariances. This scaling property is related to the
notion of star scale invariance and the reader is referred to [1] for more on this.

3 2
The main purpose of Theorem 2.2 will be to establish the convergence of the renormalized measure tave el (5 V) M, (dx)
and it will thus be convenient to shortcut this expression as:

(3.3) M) (dz) := t%et(%_\/&)zM?(d:r).
We will denote by |A| the Lebesgue measure of a measurable set A C R9.

Regularity, spaces of functions

We denote by C(B,RP) the space of continuous functions from B (a subset of R?) into RP.
For any continuous function f € C([0, R]¢,R) and § > 0, we consider the two following modulus of regularity

of f
wy(d) = sup |f(z) = f(y)| and w}/3(5) — sup |f(z) — f(y)|

2,y€[0,RJ% [z —y| <6 eyel0, Rl Jo—yl<s [T —y[M/?



For any a,b,t, R > 0, we define

(3.4) Cgr(t,a,b) = {f ‘R = R; w}/3(t_1) <1, min f(y) >a, and max f(y) < b}.
y€[0,R]¢ y€[0,R]¢

Constants

We also set for z,t >0

(3.5) Kg = —— and a; ;= ———Int

3.2 A decomposition

Before proceeding with the proof of Theorem 2.2, we first explain a decomposition of the cube [0, et,]d with ¢ >0
that will be used throughout the proof of Theorem 2.2. We will divide this cube into several smaller cubes of size
R > 0, all of these smaller cube being at distance greater than 1 from each other. To understand more easily our
notations, the reader may keep in mind the picture of Figure 3.2. We assume that R,t’ are such that

e’ +1

= N*.
m (R+1) <

The integer m stands for the number of small squares of size R that one meets along an edge of the cube. The
basis of each small square will be indexed with a d-uplet

i=(i1,...,4q) € {1,...,m}%
The basis of the square A; is then located at
ai = (R+1) ((iy — 1), ..., (ia — 1)) € [0, "]
in such a way that
A= a; + [0, R]d.
One may observe on Figure 3.2 that all the squares (A; are separated from each other by a fishnet shaped buffer
zone (red), which is precisely
BZpy =[0,e'1°\  |J A
i€{l,...,m}¢
The terminology ”buffer zone” is used because this is the minimal area needed to make sure that the values
taken by the process Y; inside each (blue square) A; are independent of its values on all other A; for j # i.

3.3 Main frame of the proof of Theorem 2.2

This subsection is devoted to the proof of Theorem 2.2 up to admitting a few auxiliary results, which will be
proved later.

We fix e > 0and § > 0. For R > 0 and ¢’ > 0 such that 61;:’11 € N*, we define the set (recall the decomposition
in subsection 3.2)

1 Y ! _ g _ V24
Vro(t') = w;f?(,)(t_,e Yy <es, [y n0IMY23([0,1)%) + |M}, (e BZry)| < 075,

(3.6) Ve € [0,1]¢, —10v2dt’ < Yy (x) < —kqlnt'}.

Now we consider ¢, ¢ such that ¢ > e!’. We have

(3.7) E (eieM?([O’”d); yR,O(t/)) <E (6791\;[3([071](1)) <E (6*91‘;[3([0=1]d);y1%,9(t/)) +PVro(t')°).



[Points a; (yellof)]_\

width R

[Small squares A; (blue)j

Y width 1

[Buffer zone (red)]

m blue squares —»

Figure 1: Decomposition of the cube [0, e!']?

We estimate now the left-hand side of this relation. Because
M([0,1]%) = M (e ¥ BZp.y) + M (e7 U 4;),
we can use the relation uv > v+ v — 1 for u,v € [0, 1] to get

o= 0N ([0,1]%) _ e—GM;’(e’t/BZRYt/) 14 e—GM](e*’/uAi)'
We deduce from (3.7)
(3.8) B (M B _ 13y (1)) + B (e OA (1))
<E (e—ewao,ud))
<E (e_GMg(eit,UA‘); yR,G(t/)) +P(Vro(t)°).

Now we claim

Lemma 3.1. The following convergences hold:

(3.9) limsup E [1 — e‘eMg(eft/Bzth’); yR,g(t')} <,
t—o0
(3.10) tim sup B9 3 (1] < B expl(—(C() — 0T M (0,11%) + 26(C0) — )]

and lower bound similar to (3.10) with a liminf;_, . in the left-hand side.

By taking the limsup,_, ., in (3.8) and by using Lemma 3.1, we get

lim sup B [e—m?([o,llﬂ < E[exp(—(C’(’y) — OB M([0,1]%) + 2¢(C () — e))} +P(Vro(t)°).

t—o0



From Lemma A.2 we have limsup,,_,. P(Vro(t')¢) < e. We deduce

_ . o
limsup E [e*(’Mg([O’l] )} <E [exp(—(C(’y) - e)@TQM’([O, 1]%) + 2¢(C(y) — e))} +e
t—o0
We can proceed in the same way for the lower bound. Since € can be chosen arbitrarily close to 0, the proof of
Theorem 2.2 follows, provided that we prove the above lemma. o
To prove Lemma 3.1 we need the following proposition, which can actually be seen as the key tool of this
subsection. Its proof requires some additional material and is carried out in Section 5.

Proposition 3.2. Let v > v/2d. There exists a constant C(v) > 0 such that for all R > 1, 6 > 0 and € > 0, we

can find tg > 0 such that for all t' > ty satisfying e];_f_rll € N*, there exists T > 0, such that

(3.11) Elep (=0 [ eM@max@logs) 1]+ C()1(x.6,7)| < €I(x.6,7).

[0,R]¢

or any t > T and for any function x(-) € Cr(t', kqInt’',Int), where
Yy Y X

(3.12) I(x,0,7) = 9\/7_27 (X(:E) — M)e_‘/ﬁ"(””) dx.
[0,R]¢ Y

Proof of Lemma 3.1. We first prove the first relation (3.9). By the Markov property at time ¢’ and the scaling
property 3.2 applied on the set BZg 1+ we get that

E |:1_e—9]\~4?(eit BZR,H); yR,G (t/):|

;yR,e(t/)}

_E [E [1 —exp (-6 / Yoo <z>fatfx<z>1+dtdx)}
e~V BZy |x(@)=—Y, ()

x

|x(@) ==Y (-2

(3.13) =E [E [1 —exp(—0 eVVe—v (w)_“f_X(I)Hd(t_t/)dx)}

Vra(t)].

BZpg v

We can find a finite collection of points in [0, €], call it (y;)jet, such that
a+2
- for any distinct j1, ..., jato € J, kol(yjk +[0,1]%) =0,
- the closure BZ, . of BZp . is contained in UJ(yj + 10, 1]9).
£) ’ ]6

We do not detail the construction of these points but this is rather elementary: basically, you have to cover
the red area in Figure 3.2 with closed squares of side length 1 (which corresponds to the width of the red strips).
Of course, the squares that you choose may overlap but if this covering is made efficiently enough, they will not
overlap too much in such a way that any intersection of d + 2 such squares will be empty.

By using in turn the elementary inequality 1 —[[,c;u; <> 7,c ;1 —u; for (uy); € [0, 1]7 and then invariance
by translation, we get

E [1 — exp(—0 / ew[YHf<z>fatfx<z>]+d<t7t'>dx)}
B |x(@)=—Yy (e~ x)

ZR,t’
<E [1 — exp(—0 eV Yiv (w)_at_X(lU)]er(t—t/)dx)} ,
jl;I] yj"’_[oxl]d ‘X(CU):— tl(eft m)
3.14 < E[1 — exp _9/ Yoy (@) —ar—x(@)]+a(t—t") g, } '
( ! Z ( 0,1]¢ ) ‘X(m):* v (yj+e—t'x)

jeJ [
Moreover, on Yrg(t'), the function z € [0,1]* — —Yi (y; + e ") belongs to C1(t', kaInt’,Int) as soon as

Int > 104/2dt’. So, by Proposition 3.2, we can find ¢y such that for any ¢’ > ¢, satisfying el;jll € N* there exists
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T > 0 such that for any ¢ > T and on Vg ¢(t')

E {1 — exp(—0 evm,t/<z>fatfx<z>]+d<t7t'>d$)} /
[0,1]¢ x(x)==Yy (y;+e " z)
1 ’ —t!
<(C(v) +¢) / (——Ind — Yy (ve™® ))emw“(ze 5 00) gy
yj+0,1e Y

for any j € J. Plugging this estimate into (3.14) yields

E[1 - exp(—o/B

ev[YHf<z>fatfx<z>]+d<t7t'>dz)}
X(@)==Y, (e~*')

Zp
1 ’ —t/
(3.15) < Z(C(’y) + e)/ (—=1In6 — Yy (zve™* ))e\/ﬁ(Yt/(ze )+21n0) g,
jed yi+0,1¢ 7

Now we may assume that kg Int’ > %ln@ in such a way that, on Vg o(t') , we have (—% Inf — Yy (ze ")) > 0 for
’ d+2

x € [0,e"']4. Furthermore, the relation kol(yjk +[0,1]%) = @ (valid for all family of distinct indices) entails that

Zje] ]l{yjk+[071]d} < (d + 2)]1{—BZR,H}' Hence, on yR,G(t/)

E [1 — exp(—0 evmft/<w>—at—x<w>]+d<t—t/>d$)}

BZg v x(z)==Yy (e~ )

1 ’ —t/
<(d+2)(CH) +e) / (=76 = Yiwe™ ))eV 20 e )45 ) gy
BZRJ/

1 :
(3.16) <(@+2)(CH) +1) / (—=In6 — Yy (z))eV 22V @45 n0)+at" g
e VBZpy

The last inequality results from the change of variables et — 2. We recognize the expressions of the martingales

Mt\,/ﬁ and MJ, as in (2.3). By gathering (3.13) and the above relation, we deduce

E 1_6—9Mg(e*t’BZR’t/); yR e(tl):|
v2d -1 V2d, —t' 1=t /
(3.17) < (d+2)(C(7)+1)E[0 (=4 mOMY? (e BZpy) + My (e BZry)); Vaolt )].
By using the definition (3.6) of Yr(t'), we see that this latter quantity is less than e(d + 2)(C(v) + 1). By
choosing € as small as we please, we complete the proof of the first relation (3.9).

Now we prove (3.10). As previously, we first apply the Markov property at time ¢’ and the scaling property
(3.2).

E |:1_e—9Mg(e’f'UAi); yR,G (t/):|

(3.18) :E[E[l—exp(—ﬂ/

Y <m>farx<m>}+d<tft’>d$)}
UA;

s Vro(t' }

|x (@)=Y, (ze=) )

The important point here is to see that for any ¢t > 0, the process (Y;(x)),cgra is decorrelated at distance 1 (recall
that k has compact support in the ball B(0,1)). Therefore, the random variables ( [, eW[tht/(I)_“t_X(I)H‘d(t_t/)da:)
appearing in the latter expectation are independent since dist(A;, A;) > 1 for any i # j. We deduce that

i

E [1 _ e—GMZ(e*t’uA;); yR,G (t/):|

Vra(t)].

x(z)==Y (ze="

(3.19) =E[ H E[exp(_g/A ev[YH/(z)—at—x(w)]+d(t—t/>d$)}
ie{l,...,m}d i
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As previously, we can choose ¢ sufficiently large so that, on Vg ¢(t') and for any j € J, the function = € [0, R]* —
—Yt/(e’t, (x + a3)) belongs to Cgr(¥, Ka Int',Int). We can then apply Proposition 3.2 once again and get some

to > 0 such that for all ¢/ > ¢y (with elel € N*) there exists T' > 0 such that for all ¢ > T and all i,

, 1 1
‘E[exp(_QA i (@) —ar—x(@)]+a(t—t )da:} 14 C(M)La(x() — > n6)| < eIa(x(-) — > In6),

with y(z) = —Yy (e "' z). By plugging this estimate into (3.19) and by making a change of variables ze™* — z,

we obtain (once again by identifying ]\/[t‘,/ﬁ and M)

B o] <B[ [ (1 (€0 %[ 00 0] )],

ie{l,...,m}¢

On Yro(t'), Vi € {1,...,m}* we have |y~ 1111(9M‘ﬁ( VAN 4 M (et A)| < c(lf,fa < € for ' large enough.
Indeed, this is clear for Mt‘,/_ and, for M, (e‘t Ay;), it suffices to observe that:

u>kKg Int’

t//(eit,Ai) :/ —Yt/(x)emyv(z)ﬂt’ dr < R% Sup uef‘/ﬁ“.
e—t' A

Then, by using the inequality J[,.,(1 —u;) <e” 2ier % for u; € [0,1], we obtain
E[e= 0 A0y o(¢)] < E[exp (= (C7) = 90 7 M U A) =7 MY (e U A)]); Vrot)]-
Recall that, onn Vg ¢(t'),

M (e U A = ML([0,11%)] + 1y~ nOMY (e~ U A < |y~ In0MYZ(0,1]%)] + | M (e~ BZp)| < 67

so E (e—"M?(UAa);yR,@(t’)) <E (exp(—(C(W) — e)H@M'([O, 1]%) + 2¢(C(y) — e))) The lower bound of (2.4)
can be derived in the same way.

3.4 Proof of Corollary 2.3

Here we assume that Theorem 2.2 holds and we show that this implies convergence in law in the sense of weak
convergence of measures. For a > 0, let us denote by C, the cube [—a,a]®. Since for all bounded continuous
function f compactly supported in C'r, we have

o</ @) N (dz) < £} (Co)

and since the right-hand side is tight, this ensures that the family of random measures (]\7[;Y (da:)) , 1s tight for the
weak convergence of measures on C,. Since we can find a sequence (f,), of smooth strictly positive functions
on C, that is dense in the set of nonnegative continuous compactly supported functions in C, for the uniform
topology, uniqueness in law then results from Theorem 2.2. As it is rather a standard argument of functional
analysis, we let the reader check the details, if need be. O

4 Estimation on the tail of distribution of M, ([0, 1]%)

In this section, we will identify the path configuration ¢ — Y:(z) that really contribute to the behaviour of the
measure M, . We will show that, for these paths, Y;(z) typically goes faster than a; = —2%/% Int.
To quantify the above rough claim, we will establish

12



Proposition 4.1. Let R, € > 0. There exists a constant A > 0 such that for any t',T large enough we have

(@) Bli-ew (- /[0 - DO iy ayda) | < 6/[0 . X(@)e™ V2N d,

for anyt > T and x(-) € Cr(t',kaInt’,Int).

Then we focus on the shape of the tail distribution of M;. For instance, it is well known in Tauberian theory
that an estimate of the type

(4.2) Clue V2 <1 - E[efeiszf([O’R]d)] < Cxe™ V24
valid for 2 > 0 gives you a tail estimate for M, ([0, R]%) of the type
P(Mt([O, R]%) > ™) = ze V2

as ¢ — oo. Basically, the following proposition is a functional version of (4.2), meaning that we will replace the
variable x by some function x. Thus we claim

Proposition 4.2. There exist c1, ca, such that for any t' > 0 there exists T > 0 such that for any R € [1,Int']:
o foranyt>T and any x(-) € Cr(t', kalnt’,Int),

E[1 ~exp ( _/ ev[Yt(w)—an—x(w)HdtdIﬂ < C2/ (e VEXE) gy
[0, R]2 ~ Jo.Rp

o for any x(-) € Cr(t', kaInt’, +00)

1 / X(m)67¢ﬁX(z)dx < lim infE{l — exp ( - /
[0, RJ¢ oo [0,R]¢

ew[nu)fatfx(m)}wtdx)} '
4.1 Proof of Proposition 4.1

Fix € > 0. We consider ¢ > 0 et R > 1 such that e};jfll € N*. We have for ¢t > e’

E[1—exp (- /[0 y S aydo)]

<E[1—exp (- /[O » L VOB R SR 13 |

+ P( sup  sup  Yi(z) > X(w))-
z€[0,R]¢ s€[lnt’,00]

If x(1) € Cr(t',kalnt’,Int) (with ¢’ large enough so as to make kqInt’ > 10), we can estimate the probability in
the right-hand side with the help of Lemma A.3. If ¢’ is again large enough, we have

(In t/)% + X(x)% < —gglnt + X(x)% <ex(x)

€
2

in such a way that
(4.3) E [1 — exp ( - /[0 . e’Y[Yt(m)iat7X(m)]+dtﬂ{Yt(z)Sat+X(m)—A}dI):|
Yi(x)—ar—x(x
<E[l-ewp (- /[O o QWX (V)@ Y@ a4 )|

+ 6/ X(,T)e_mX(m)dLL'.
[0,R]¢
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So we need to bound the first term in the right-hand side of (4.3). To this purpose, we will use Lemma A.4.
We consider the constants cy, c5 of this lemma and we decompose the event {supyep, 4 Ys() < x(2), Yi(z) <
a; + x(z) — A} for some constant A > 0 as follows

Lsup,cpiner ) Yo (0)<x(2), YVe(@) Sartx(@)-A} = Lpy, @) T 1e2 @)+ 1ms, (0),

where the set E} ,(x), E} ,(z), B, ,(x) as follows. For any j > 1, we define a; := e77 (c5 is defined by Lemma
A.4). Then we set

By y(x) :={ sup Yi(z) < x(2), sup Yi(w) < ar+ x(z) + L, Yi(2) < ar + x(z) — A},

s€(lnt’ t] s€[$,t]
B (x):= |J { sup Yi(x) <x(x), sup Yi(z)—ar—x(z)€[jj+1],
j>L+1 s€(Int’,t] self t—ay]
sup  Yi(x) < ar + x(2) + 7, Yio(z) < ar + x(z) — A},
s€[t—aj,t]
B ()= |J { swp Yi(w)<x(z), sup Yi(@)<ar+x(@) +ji—1, sup (x)—ar—x(z)€jj+1])}
J>L+1 s€(Int’,t] s€[$,t—ay] s€[t—ay,t]

According to Lemma A.4, there exists T' > 0 such that for all ¢ > T and x(-) € Cr(t', 10, +c0)

P swp Loy =1)< 3 clitae ™ [ (Il +x(a)e Vs
z€[0,R]4 kK JSLt1 [0,R]¢

(4.4) Sce*%sL/ (VInt' + x(az))e*‘/ﬁX(z)daz.
[0,R)¢

If we further impose x(:) € Cr(t¥', kalnt’, +00) while choosing ¢’ large enough so as to make the term vIn#’ smaller
than exqInt’ (and therefore less than ex) as well as choosing L large enough to have ce™3 L < ¢, we deduce

(4.5) E [1 — exp ( — / e"[Yt(z)*at*X(z)Hdt]lEi t(z)daj)} < 26/ X(x)efmxo”)daj.
[0, R]* ’ [0, R]?

Now we focus on E} (). By partitioning the event {Y;(z) < a; + x(z) — A} as

{Yi(2) € @+ x(2) = A} = [ J{Vi(@) —as = x(2) + A € [-p— 1, —p]}

p=>0

and by using the relation 1 — e~ < u for w > 0, we obtain

[0,R]¢ - [0,R]? '

(4.6) <e 4 Z e Pedt /

P(El () Yi(e) — ar — x(@) + A € [-p—1,-p] ) dz.
p>0 [0,R]¢

By the Girsanov’s transform (with density e¥24Y+(2)+4%) e obtain for any z € [0, R]* and p > 0,

P(E},(2). Yi@) —a; = x(x) + A€ [-p—1,~p])

(4.7) < e‘m[“‘J“X(w)_A_p_l]_dtP,X(m)( sup B; <0, sup Bs<a;+L,Bi—ar—Ae[-p—1, —p]),

s€(lnt’,t] sl t]

where, under P_, (,, the process B is a standard Brownian motion starting from —x(x). At this step, we observe
that similar quantities have been treated in [18]. More precisely, a combination of (B.5) and (B.6) in [18] shows
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that, for some constant ¢ > 0 (which does not depend on relevant quantities)

(4.8) P_X(I)( sup By <0, sup Bi<ar+L,Bi—a— A€ [-p—1, —p])
s€(Int’,t] sE[%,t]

<t 3?¢(L+ A+ p)E {(X(ﬂﬁ) — By t')]l{x(m)—Blnt,ZO}} :

Finally by combining (4.6)+(4.7))+(4.8)) we get:

B[1 —exp (- / D ex@hg )]
[0,R]2 ot
<e~(1—V29)4 Z(L + A+ p)e_("y_m)p / X(:E)e_‘/ﬁ"(m)dx
p>0 [0, R]*

(4.9) <(L+ A)67(77M)Ac/ x(z)e™V2X@) gy
[0,R]¢

where we took for instance ¢ = 2¢V2¢ > psol(l + p)e=(1=V20p,
Finally we treat the contribution of the term E?, (x). First, we can follow the same argument as for E} , (x)
to get

(4.10) < Z e”’AZe*'ypedt/

P(EZ (2),Yi(w) = ar = x(2) + A € [-p—1,~p]) do.
F>L+1 p>0 (0.R)¢
By the Girsanov’s transform again (with density e¥24¥+(®)+d%) we can estimate the probability in (4.10) by
(4.11) P(EZ () Yilw) — a — x(2) + A € [-p—1,p])

S e*\/%[at‘i’X(CE)*Afpfl]7dtP_X(w)( sup BS S 0, sup Bs —a; € [j,] 4 1],
s€(lnt’,t] s€[t,t—ay]

sup By <a;+j, Bi—ar+ A€ [-p— 1,—29])-
s€ft—aj,t]

Once again, we use (B.3) in [18] to see that this latter quantity is smaller than
—1
(4.12) ce~dteV2U(A+PH1) o= V2ax(x) (1+7+A+pla; *x(x).

By recalling that a; = e 77 and by combining (4.10)+(4.11)+(4.12), we get:
E [1 _exp (_ / @) —a @y dw)}
[0, R]2 ¥t

<ce~(7V2D)A Z e~ T Z(l +j+A —i—p)e_(”_m)p/ e V2@ y (z)d

Jj2L+1 p=>0 [0, R]*
(4.13) Scef%sLAef('V*m)A/ eiﬂX(z)x(I)daz.
[0,R)

Now recall that our purpose is to estimate the right-hand side in (4.3). The expectation in this right-hand is
estimated by combining (4.5)+(4.9)+(4.13) in such a way that

Bl1—ex (- /[0 Rjs QPO (3 o)y ) |

(4.14) < c(e_h_‘/ﬁ]A[(L +A) +e TLA 4 2¢) / e_‘/ﬁX(w)x(x)dx.
[0,R]¢
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So it suffices to choose A large enough such that ce_h_m]A[(L + A) + e FLA] < e to conclude the proof of
Proposition 4.1. O

4.2 Proof of Proposition 4.2

The first relation of Proposition 4.2 is an easy consequence of Lemma A.5 and (4.14). Indeed by using the relation
1—e () < (1 —e ™) + (1 —e?) for u,v > 0 and by applying (4.14) with € = 1, we obtain

E {1— exp ( - /[Oﬁ]d e”[Yt(m)_“‘_X(”]*dtd:c)}

<E[1 - exp (- /[0 » e )]
+E [1 —exp ( - /[0 » e'Y[Yt(ac)—an—X(m)]-i-dt]l{Yt(I)Sat_i_x(w)_l}dx)}

§P(3:1: € [0, R4, Yi(x) > as + x(z) — 1) F (e V2AANL 4 A) 4 e~ FEA +2) /[0 . x(z)e V2@ gy

(4.15) §c// X(a:)e*m’((m)dx,
[0, R

with ¢ := ¢o + ¢((L + 1) + e~ %L 4 2) where ¢, is the constant appearing in Lemma A.5.

Now we prove the second inequality. Let us define the event
E(R,t,x) = {30 € [0, R]*, Y (w0) > ar + x(0)}-

From Lemma A.5, there exists co > 0 such that for any ¢’ > 2, there exists T > 0 such that for any R € [1,Int']
and t > T

(4.16) P(E(R,t,x)) =P (3r0 € [0, R, Vi) > a0 + x(20)) = 2 /[O y X(@)e V2@ g

for any function x € Cr(t', kqInt’,Int). Then we observe that

B[1 - exp (- /H o) x a1 gy |

ZE |:(1 — exp ( _ / e’Y[Yt(w)_at_X(w)]ertdx))]lE(R,t,X)j|
[0,R]¢

ZE[(l—exp(—/B(

Now we use the Jensen inequality to get for some fixed constant ¢ (which is precisely the Lebesgue volume of the
unit ball in such a way that |B(z,e™")| = ce®)

B[1 - exp - /H o) x4t g |

>E |:(1 —exp ( . 066718“ fB(m(%eft) ’Y[Yt(z)iatixw)]dz))ﬂE(R,t,x)}

SE [(1 — exp ( - CeianoE[o,R]d Ht(IO)))]lE(R,t,X)} ,

eW[Yt(I)—an—x(w)Hdtdx) ) ]lE(R,t,X)] '

zg,e"t)

where we have set

Hifa) = e | oy 1) = XiCan) (&) + a0
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Let us consider M > 0. We have

E[l — exp (—/ e’Y[Yf(z)*at*X(z)]+dtd$):|
[0,R]¢

2E Kl —exp (= CG_M))ﬂE(R,t,xﬂl{inf,Oem,md Ht<mo>>fM}}

2(1 — exp ( — ceiM)) (P(E(R,t,x)) — P(zoeif(lJf,R]dHt(xo) < —M))

. . -M —V2dx(z) 7., _ i —
(4.17) 2(1 exp (— ce ))(02/[01]%](1)((3:)6 dx P(zoelng]dHt(:zro)S M))

In the last equality, we have used (A.7). Now we claim

Lemma 4.3. For each fired R, we have
liminf P inf Hy(zg) < —M) =0.

t—o00 z0€[0,R]¢
Taking the liminf;, in (4.17) then completes the proof of Proposition 4.2. O

Proof of Lemma 4.5. Since x(-) € Cr(t', kaInt’, +00), we have

Ix(z) = x(y)] < |z —y['/?

for x,y € [0, R]* such that |z — y| < 1/¢. If ¢ is large enough so as to become larger than Int¢’ then the above
relation is valid for o,y € [0, R]® such that |z — y| < e~*. Thus we have

—t

c_ledt/ [x(x) — x(z0)|dx Sc_ledt/ |z — xo|Y3dx = edt/ p/3Ha=l gy < e t3,
B(zg,e™t) B(zg,e™t) 0

This proves that the process zg — ¢~ le fB(xo e,t)(x(:v) — x(z0))dx converges uniformly over [0, R]¢ towards 0.
It remains to treat the (Gaussian) process

o) = [ (O6) — Kl

We will use the Kolmogorov criterion to prove the uniform convergence of this process towards 0. Let us first
compute the variance

Bl = e [ o /| )~ X)) (X))

et N _ _ o
g [ [ [ Ml ) kol o) Kl =D EL g
B(wo,e™t) v B(yo,e~t) /1

u

in such a way that we get by using assumption [A.3] (for some irrelevant constant C' that may change along lines)
and the relation |z — 2| < |z’ — zo| + |z — x0]

E[I;(x0)%] < Ce2dt/ / / ulz = 2ol du dxdz’ = Cedt/ / |z — 20| dx
B(zg,e~t) J B(zg,e™t) J1 u B(zg,e~t) J1

< Ce™t.

Following similar computations, one can also establish that E[(;(z0) — I+ (y0))?] < Clzo — yo|. This entails, as
the process is Gaussian, that for ¢ > 2

E[(I(w0) — It(y0))") < CE[(It(w0) — Ie(0))*]/* < Claro — yo|*'”

where C'is a constant that does not depend on ¢t. The Kolmogorov criterion then ensures that the family (I;(-)):
is tight in the space of continuous functions on [0, R]¢ equipped with the topology of uniform convergence. As
E[l;(70)?] — 0 as t — oo, we deduce the convergence in law of this family in the same space towards 0. The
statement of the lemma is then a straightforward consequence. O
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5 Proof of Proposition 3.2

Our aim is to study for ¢, t' large and x(-) € Cr(t’, kqInt’,Int),
(5.1) E [exp ( — / eV[Yt(i)_at_X(LE)]Jthdx)} _
[0,R]¢

According to the Proposition 4.1, for A large enough, we can restrain our study to the expectation of

(5.2) BN (x(),1) = exp - /[ e XD @z ayda).

Throughout this section, keep in mind that the function ®)(x(-),#) is bounded by 1. We fix R, A, ¢ > 0. We
stick to the notations introduced in [18] and we define

(5.3) My = es[g%]d(Yt(y) -x¥)), Oy ={y € [0,R]*, Yi(y) = ar + x(y) — 1},
(5.4) My (x,b) == EBS(upH)(Yt(y) - x()), iy (2,0) :={y € B(z,e"™"), Yi(y) > ar + x(y) — 1},
(5.5) R, :=[e"*/2 R — e~t/?)4.

Observe that on the set {M;,_a < a;}, 1 — @A (x(-),t) = 0. Moreover for any t > 0, because of the
continuity of the function = — Y;(x) — x(z), the random variables |O; | and |O; y—a(z, b)| are strictly positive
respectively on {M; 4 > a;} and {M; y—a(z,b) > a;} (recall that |B| stands for the Lebesgue measure of the
set B C R?). Therefore for any L > 1,

BJ1- e (- /[0 R @ xDH y ys - ayda )]
=B[1 = 6 (X)) Min-a > a]

ﬂ{mED x—A}]]‘{M x—A>U« }
t, t, 20t} 11 _ 4(A) Y, H)]dm| =E .
[/[o,R]d |Dt,X—A| [ ¢ (x () )] } (5.6)

(5.6)

I
=

Now we want to exclude the particles m € Oy, such that their paths Y.(m) are unlikely. We set

(5.7) O .= {(f5)5>0, sup f(s)<a, sup f(s)<ar+a+L, fi>ai+a—A-— 1} , VL, a,t>0.
s€l0,4] s€[,t]

Lemma 5.1. For any A, € > 0 there exists L > 0 such that for any t', T > 0 large enough we have for anyt > T,

X € Cr(t',kaInt’|Int),

(5.8) P (am € D1y aN[0, R, Y.(m) € D}“”)’A’L) <eli(x), P (Eme(0,R /s, me Dy a) < ela(x).

In [18] the inequalities of (5.8) are proved for A = 0 (via Proposition 4.4 [18] and the arguments of [18] to
obtain (5.11)) but it doesn’t make any difficulties to extend for any fixed A > 0, thus we do not detail the proof
of Lemma 5.1.

Going back to (5.6), from Lemma 5.1, we deduce that, for any A, there exist L > 0, ¢ty > 0 such that for any
t' > to there exists T > 0 such that Vt > T, x(-) € Cr(t',kalnt’,Int),

1 (m),A,04 1 S

mED¢ x—a,Y.(m)ely {Mi x—azai}

(59 [E] / (D <|>gt " L 1= 6 (x(), O)dm| — Eg5 6| < elalx).
t X

Now the constant L is also fixed.
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For any ¢ > b > 0, let us introduce:
(5.10) Ex-ai(bym) = {3y € [0, R, |y —m| > ", Vi(y) > ar + x(y) — A - 1}.
On the complement of =, _ 4 +(b,m), we have (just observe that everything happens inside the ball B(m,e*~*))

Linte o azay _ Lot atmp)>any
D1yl D1 x—a(m, )|

Also, still on the complement of Z,_ 4 ;(b, m), the function [1 — ¢4 (x(-),#)] is equal to

(5.11) 1—exp ( - /B( - ev[Yt(m)fatfx(m)]+dt11{Yt(m)_at_X(I)Z_A}dx) =1 — pAD) (x,t,m).

Therefore for any b > 1, m € Ry we can write,

Lipgy o a>aed Loty o —a>an)
1— @ -,thl— (A (o (), )] A=) (g - ey + L= m
[1 =" (x(),1)] D1l (1= (x(), 1)] Dl Lz aemey iz aimy)

1 M y—a(m,b)>ay 1 My aA>ay
= (1= 9000 t;m)) Tgt;—j(m)gﬂ Mz asbmyey + (L= 8 (x(), ]2 Z0d g oy

1 _a(m,b)>as) Liag, —a(mib)>as)
— (1 — A t,m {Mix—a(mb)>ar} 1— plAD t,m txza(mb)za}t g .
( ¢ (X )) |Dt,X7A(m7 b)| ( ¢ (X )) |Dt,X7A(m7 b)| {HXfA,t(bﬁ )}

Loty o —a>an)
+[1 = ¢ (x(), t)]ﬁﬂ{aw,xbvm)}-

Following this decomposition, the first expectation in (5.9) is equal to the sum of

]l x(m),A,L ﬂ >
_ {Y.(m)el; } o AM s a(mb)zad 4
G12) (W = B[ ot [1— 94D (), 1, m)dim)]
1 1
Y. (m)ex(m) ALy I{M; x—a2a:}
519) @ = B[ [ 1o G (), i)
t sX—
1 x(m) ALy L, 4 (mb)>ar}
(Y. (m)ed> y LM a(mob)>a
(5'14) (3)17 = _E[~/]R ]lEx—A,t(b,m) |Dt A(m b)| [1_¢(A7b)(X(')atum)]dm]
t X 9

Lemma 5.2. For any A, L,e > 0, there exists by, ty large enough such that for any t' > to, b > by, 3T > 0 such
that for any t > T, x € Cr(t', kaInt’,Int) we have

(5.15) [(2)s] +1(3)s] < €ela(x)-

We do not detail the proof of Lemma 5.2 but, recalling that |1 — ¢4 (x(-),t,m)| and |1 — ¢ (x(-),t)| are
bounded by 1, we just remark that the amounts (2), and (3), are very similar to (2)p; and (3)r, defined in
(5.15) and (5.16) of [18]. Then Lemma 5.2 is a minor adaptation of the proofs of Lemmas 5.1 and 5.2 in [18] (in
[18] A = 0, whereas here A is a fixed positive constant).

Thus combining Lemma 5.2 and (5.9), we deduce that there exist b and o > 0, such that for any ¢ > to there
exists T > 0 such that V¢ > T, x(-) € Cr(¥', kaInt’,Int),

(5.16) ‘E(5.G) — (1)17‘ < 26/ X(x)e*\/ﬁx(z)dx'
[0,R]¢

Therefore we can restrain our study to (1), (with A, L, b fixed). The Markov property at time ¢, =t — b and
the invariance by translation of (Y;(2))s>0, zere give:

1 (m),A,L Tias, o a(mib)>a
{Y.(m)edy ,m€Dy —a} (Mix—a(mb)>ar} (A,b)
1 = E[/ t X 1-— ' S, t,m dm}
(s 5 D a(m D) [1 =7 (x (), t,m)]
b
(5.17) = /R E{]l{supse[o,tb] Y (m)Sx(m), sup, ez o) Ys<m>5at+x<m>+L}Dm,t}dm,
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where

1
(8P, (0,4, Y (0)4220, Y, 4(0)>~L—A~1,3y€B(0,e-1), V') (y) 42>~ L—A—g (1)}

Do = E[ @)
|B0,e*t)N{y: Y, (y) +z2>—-L—-A—-1—-g(y)}|
_ _ [V, (y)+2+g(y)+ L] +at
(1 expf Bt ]l{Yb““<y>zfAfog<y>}dy})} ’
with
9(y) =Y, (m +y) — Yy, (m) — (x(m +y) — x(m)), z =Y, (m)—a, —x(m)— L.

In the following we will denote

(5.18) Vm € Ry, xm(.) == x(m

+

) = x(m).

According to the scaling property (Ys(tb)(y)) (0.1 @ (Ys(yet ™)) i< yeB(0,ev-t), thus we can rewrite
s<b,yeB(0,eb—t =7 ’

=

b
Dy, . as

Lfsup, o) Ya(0)<0, ¥5(0)>~L—A-1} L {3ye B(0,1), Vi (y)> — L— A—g(yet 1)}
|B(0,1)N{y: Ys(y) > —L — A—1—g(ye**)}|

b—t
(1 T ( - / e HL]]1{Yb<y>zfA+g<yebft>}dy))} ’
B(0,1)

edtb Eg |:

where we have used the convention: for any z € R, (Ys(2))s>0,zere under P, has the law (2 + Y (2))s>0, zere
under P. Then Lemma A.1 and the Girsanov transformation lead to

—V/2dYy, (m)—dty dty Dfn t} dm

— V2dYy, (m)+dt
L)y = /RE[e () "Lsup,cpo,e,) Yo lm)Sx(m), sup, ¢ g 4, ) Ya(m) Sartx(m)+L}E

_ e_‘/ﬁX(m)t%E,X

Xm
& (m) []l{suPse[o,tb] BSSO,supse[%’tb] Bsga,ﬁLL}F(Btb — Q¢ — L7 Qst,b ):| dm,
t

where B a standard Brownian motion and, for g € C(B(0,1),R), z € R,

Lfsup, o) Ve (0)<0, ¥5(0)>~L—A-13 L {3ye B(0,1), Vi (9)> L A—g(ye?)}
|B(0,1)N{y: Yy(y) > —L — A—1—g(ye®)}|

(5.19) F(z,g) = e VECHDE, [

)

b
(1 exp (- /B(O 1y DI s a1 ey dy))

and for any ¥ € Cr(B(0,¢e%),R),
ty
(5.20) Qﬁf)’b : B(0, eb) Sy —/ (1 —k(e*'y))dBs — Ci(ye™ ") + Z?b (ye ") + U(ye ™).
0

For ¥ = 0 we denote Qﬁg)b = 6. In passing we take the opportunity to define for any o € [0, 3],

ty
(5.21) Sb0: B(0,€") 3y~ — (1= k(" "y)) (" "y)dBs — Gi(ye ™) + Zp, (ye ™)

tb—(T

and the processes (, Z are defined in Lemma A.1. Note that Z,?b(-) is a centered Gaussian process, independent
of B, which has the covariances as in [18, equation (2.6)]. Furthermore by [18, Proposition 2.4] for any b > 0, the
Gaussian process B(0,¢e%) 3 y — Z2 , (ye™!), converges in law to B(0,e’) 3 y — Z(y) when ¢ goes to infinity.
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Finally with our new notations, we have to study for any m € Ry,
Xm
E_ m (ﬂ{supse[o,tb] Bo<0,5up, ¢t ) Bo<as+L}F (Btb —a;— L, Qit)b )) .

Recalling Theorem 3.2, our goal is to prove that this quantity is equivalent to a constant times tfgx(m), when
t goes to infinity. We will prove this by the renewal theorem below. To state our result we need the following
definition.

Definition 5.3. A continuous function F : R x C(B(0,¢e%),R) — R* is b regular” if there exists two functions
h:R — Ry and F* :C(B(0,e%) — R satisfying
(1)

(5.22) sup h(z) < 400, and h(z) = o(e¥).

zEeR @——00

(i) There exists ¢ > 0 such that for any & € (0,1), g € C(B(0,¢e®),R) with Wy(.evy(0) < I
(5.23) F*(g) <es 0.

(i4) For any z € R, g € C(B(0,¢e®),R), F(z,9) < h(2)F*(g).

(iv) There exists ¢ > 0 such that for any z € R, g1,g2 € C(B(0,€"),R) with ||g1 — g2|oc < 3.
(5:24) [F(2,9:) = F(z.2)| < collg1 = gal| h(2)F* (g0):

We will prove the following two results at the end of the section.
Lemma 5.4 (Control of F). F is b regular.

For any M > 0 and F' a function b regular, we define

)= M),

(5.25) FOD(z,g) := (F(x,g) AM)1zs_py,  and B
and

Theorem 5.5. Let b > 0 and F : R x C(B(0,€"),R) — R* be a function b regular. For any e > 0, there exists
M, o, T >0 such that for anyt > T, x(-) € Cr(t', kqgInt’,Int), z € [1,Int)3",

(5.26)
[, (Lsuprcipny Bezo.sup, sy Bz F (B +2,8%5) ) da = OM,U(F)Id(X)‘ < ela(x).
with
M u
CrralF)i=C [ [TE(POD (=g Ze™) = cloe™)
T No o
(5.27) —/ (1 — k(e >ye™*))dB, — / (1- k(esye—b))dRS_u))dydU.
0 T _No

Now we are in position to complete the proof Theorem 3.2. Indeed by combining Proposition 4.1, inequalities
(5.9), (5.16), Lemma 5.4 and Theorem 5.5 we deduce that: Ve > 0 there exist A, L, b, M, o > 0 such that for
t',T > 0 large enough we have : for any t > T, x(-) € Cr(t’, kaInt’, Int),

(5.28)

’E{l—exp(—/ eV[Yt(ﬂﬂ)—at—X(w)H—dtdI)} _CMJ(F)/
[0, ]2

X(a:)e_mxw)d:z:’ < e/ X(x)e_mxw)d:r.
[0, R]*

[0,R]¢
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In addition by Proposition 4.2: there exist ca > 0 and ¢',T > 0 large enough such that for any ¢ > T and
(1) € Cr(t', kalnt' Int),

(5.29) E{l —exp(— / eﬂyﬁ(z)f‘lt*p(m)]ﬂ’fdaj)] < 02/ X(x)eme(m)d:r.
[0, R]* [0, R

For any n > 0, let (Ly, by, My, 0y) such that (5.28) is true with e = L. Clearly C, := Cuy, 0, (F) € [0,2c] for
any n € N (notice that F' depends on L,,, A,, b, though it does not appear through the notations). Let ¢ : N - N
strictly increasing such that Cy ) — C* € [0,2c2] as n — oo.

Now we fix € > 0. Let Ny > 0 such that for any n > Ny, |Cy(,) — C(7)| < €. Then we choose N1 > Ny such
that n > N; implies ﬁ < e. Finally there exist (according to Proposition 4.2) t/(= ¢'(Ny)) and T(= T'(Ny)) > 0
such that for any ¢t > T, x(-) € Cr(¥', kaInt’,Int),

‘E{l — exp ( _ / eV[Yt(m)—at—X(w)H‘dtdw)} _ C(’}/)/
[0,R]*

x(:c)e_m"(m)d:v‘ < e/ x(a)e V2X@) gy
[0,R]¢

[0,R]¢

To complete the proof of Theorem 3.2 it remains to prove that C'(y) > 0. It is a consequence of Proposition 4.2.
Indeed let ¢’ > 0 large and x € Cr(t', kqlnt’, +00) such that for any ¢t > T,

o= [ ] o |

X(@)e V@] < 2 / x(@)e V@) gy,
[0,R]¢

[0,R]¢
with ¢; the constant defined in Proposition 4.2. From Proposition 4.2, we have

liging[l —exp(—/

e’Y[Yt(z)—an—X(w)]-i-dtdx)} > o / (@) VEX@) gy
[0.R]¢

[0,R]¢

then it is plain to deduce C(y) > 9 > 0, which completes the proof of Theorem 3.2. O
5.1 Proof of Lemma 5.4
Recall the convention: for any z € R, (Y5(2))s>0,4ere under P, has the law (z 4+ Y5(2))s>0, zers under P.

Proofs of Lemma 5.4 Fix L,b > 1, recall (5.19) for the definition of F'. We shall prove that F' is b regular with

1

(5.30) h=hpp(z) = e VEEHDIP . (Y;,(o) > o) ?,
1 b 1
« " {3yeB(0,1), Vs (y)>—g(ye)} 4
5.31 F*=F(g) := supE, .
(5:31) +(9) 2€R [IB(O, 1) n{y, Yo(y) = —g(ye®) — %}IS}

Check (i) is an elementary computation whereas (iii) stems from the Cauchy-Schwartz inequality. Let us start
by showing that F; satisfies (5.23). Let g € C(B(0, €”),R) such that wg..)(6) < 3. We define

1
A= |B(07 1) n {:%%(y) > _g(yeb) - §}|
On the set {Jy € B(0,1), Y3(y) > —g(ye®)}, we introduce
1
r = sup {s; Jzs with B(xs,s) C B(0,1), 3z € B(ws,s) with Yy(2s) > g(2se”), Vy € B(xs,s), i (y) > —g(yeb)—§}.

Observe that

ﬂ - e
Fb*(g)4 = SupEz[ {EyEB(Ovl)ng(y)Z gy b)}}
z€R A

< (/)% + (k+1)88161§Ew []l{ayeBw,l),Yb<y>z—g<yeb>}1{ﬁszxs%} :
k=eb/§ r
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Clearly, A < (£)® implies r < ¢, moreover {r < ¢ < 0} implies { sup [Vy(z) — Y3(y)| > § — wy(er)(6)}. It

R z,y€B(0,1)
\w*y\S%
follows that
1 1
P(r<—-<d) < P( sup |Yi(z) —Yi(y)| > = —wg(veb)(6)>

k 2,y€B(0,1) 2

lz—y|< 4

1 1
< P( sup |Yi(z) — Yi(y)| > 1), (recall that wgy(.cr)(d) < Z)
2,yEB(0,1)
lo—yl<

From in [18, equation (3.10)] (with h = %, m =2k, p=2,t =band r = ce”’k), we have

1 1 1
supP.( sup [%(@) =iy = 1) =Po( sup [Vy(a) = Vily)| = ) < e E,
z€R z,y€B(0,1) z,y€B(0,1)
le—y|< le—y|<

Finally Fj(g)* <€/ + > (k+ 1)806_%671% < ¢(b)§8, which proves (5.23).
k=1+¢€®/§
Now it remains to prove (5.24). Let g1, g2 two continuous functions from B(0, e®) — R such that ||g1 — g2||co =
§ < £. Let us define (uniquely for this proof) Vg € C(B(0,¢"),R) and vy > 0:

M(g) := eggl)(%(yHg(yeb))a Ag(y) =1B(0,1) N {y, Yaly) > —g(ye®) + 7}.

With two notations and twice the Cauchy-Schwartz inequality we obtain

B Lipgn>1y Lymg)>1y
F - F < e VAGHLOE 1 ‘ Mlo2 _ O ’
| (2791) (2792)| € +L+1 [ (1(0)20} Agl (O) Agz (O) } -

(5.32) hrpp(2)Fy (91)Ezyp41 [(A(QL 92))8]

with

Yo (W) +91 (we?)—114 Yo () +92(we?)—1]q

o +az1-g1 e W _ o~ Jr0) (V) +AZ1—g5 (yeb)} WY

(5.33) A(g1,92):=€ Ts0.1)

Let us treat the first term of (5.32). From [21, Theorem 3.1], as Var(Y,(y)) =b > 1, Yy € B(0, 1), we can affirm
that there exists ¢ > 0 such that for any 6 € (0,1), g € C(B(0,¢"),R),

(5.34) supP(M(g) €Elz—0,z+ 5]) < cd.
z€R

Thus the first term in (5.32) is smaller than

Ly, (0)>0, M(g1) 15,143} Ag, (=0) — Ay, ()
<E.irn { - Aglg(l()) } +E.11 []I{Yb(O)ZO, M(g2)>1} qj\gl (0)A,, (qa) }

= (A) + (B).

By applying twice the Cauchy-Schwartz inequality to (A) we get that

g

Linr(g)>1-6}

Ay (0)4 F X Pyt (M(gl) e[l-46,1 +5]) '

(4) < PHLH(n(mzo)%xEHLH[
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Now by applying (5.34) to the last term we obtain

1 ‘ﬂ 1
cP.irt1 (Yb(O) > 0) C X E.pr4s {M} Kk

IN

IN

1 1
cllgr = g2llsohr b(2)Fy (91),  (asd—1<—2).
Similarly, observing that min(Ag, (0), Ag,(0)) > Ay, (1), we deduce that

Lty (0)>0, M(g2)>1}
B B / Ez L+l (o) — 1 T zeb)e[— dx
(B) B(0,1) e { Ay, (0)A,,(0) {Yy(2)+g1(zeb)€] 5,5]}}

Linr(g)>1-6} i/ 1
Ez —x /Lvs PZ xTe Y E _5,6 d
e [Ag, (7)]° | oy o (Yi(o) € [-3.8]) "do
1 b 1
{3yeB(0,1), Yy (y)>—g1(ye®)+1} |1 1
Ez+L+1+6[ [Ag1(i ) } 071

N

<P.irt1 (YE)(O) > 0)

1
2

<cP.iri1 (Yb(o) > 0)

1
< c||lgr — g2||&hLb(2)EFy (g1)-

So we are done with the study of the first term of (5.32). Now we treat the second term. By the triangular
inequality, |A(g1,g2)| is smaller than (1) + (2) with

b —

(5.35) (1) i=|exp (- / DTN ) asr gy ey dy )
B(0,1)
by _
TP ( B / e 1]1{Yb(y)+A21—gl(yeb)}dy) ’
B(0,1)

by_

(5-36) (2):= } P ( - /B(O 1) ety 1]ﬂ{Yb<y>+Azl—gl<yeb>}dy)

by _
~exp ( _ / I Yo(w) +aa(ve’) ﬂ1{Yb(y)+A21792(y8b)}dy) ‘
B(0,1)

Recalling that [|g1 — ¢92/lcc = sup |g1(x) — g2(x)| := 9, in (5.35) by forcing the factorization by exp(—Usx) :=
z€B(0,eb)

exp ( — fB(O,l) e’y[Yb(y)+gl(yeb)71]ﬂ{Yb(y)-‘rAZl—gl(yeb)}dy)7 we have

(5.37) (1) <e V" (e(ew_eﬂé)U* —1) < —e

Similarly by some elementary computations we get,
eb - |
(2) < [1 —exp ( - /B o T F D ”]1{min<—gl<yeb>,—gz<yeb>>zyb<y>+As1—g1<y>}dy)_

e)— T
+[1 — exp ( - /B o T F D ”]1{min<fg1<yeb>,fgz<yeb>>sz<y>+Ag1791<y>}d9)_

< 2[1 —exp ( - /B o) e_W(A_‘;)]l{minml<yeb>,792<yeb>>zn<y>+As1fg1<y>+6}dy)_
< /B o )]1{min<fg1<yeb>,fgz<yeb>>§Yb<y>+A+1§min<fg1<yeb>,fgz<yeb>>+6}dy, (for 6 < 1)

By the Jensen inequality and recalling that sup supP (Yb (y) € [z, z+5]) < \%, we deduce that the expectation
y€B(0,1)z€R

of [(1) + (2)]® is smaller than ¢§. Combining this inequality with (5.37) yields

(5.38) SpB- 11 [|A(01,92) | < ellgr — gl
z€E
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Finally the condition (iv) follows with

1
2

(5.39) h=hiae) = e VEEIP L (v(0) 2 0)

N[

1 —olye
(5.40) F*=1F(g9) = swkE. (PuePOD. ilzse)) |
sk U (10, %) = —glye?) - 1118

5.2 Proof of Theorem 5.5.

Now we proceed with the proof of Theorem 5.5, which is a slight extension of [18, Proposition 5.4 ]. We divide it
in two lemmas. The first one is

Lemma 5.6. Let b > 0 and F : R x C(B(0,e?),R) — Rt be a function b regular. For any ¢ > 0, there exists
t', T > 0 such that for any t > T, x(-) € Cr(t', kaInt’,Int), z < (Int)3°,
(5.41)

/R VOB ) [Laup, iy, Boz0.5p, g 0y ooy (F(Buyt2, 835)—F(By,+2,61,) ) |do| < e / x(@)e V@) g,

20! [0, )¢

Proof of Lemma 5.6. For t > Int' + b, as x(-) € Cr(¥, kaInt’,Int),

t—b

1655 — Beplloo < sup  [x(z+ye ") = x(@) = wy(y (") < e T
TERy, y€B(0,eb)

Recalling (5.24), the quantity in (5.41) is smaller than:

e_mX(m)t%E

_t=b *
—x(z) |:]l{supse[0’tb] B,<0, SUP 1L 4,1 B.,<—z}Co€ 12 h(Btb + Z)F (Qﬁt)b)} dx.
R¢ ’

with A and F* two functions associated to the b regular function F. Finally Lemma 5.6 follows provided that
we prove: there exists a constant ¢(F) > 0 (possibly depending on F') such that, for some 7' > 0 and for any
a € [1,Int], o € [0,1],

(5.42) E_. []l{supsem,tb] B,<0, sup B.<—ayh(Bi, +2) F*(@tbﬂ)} < e(F)at—*.

se[%,tb]

Let us prove (5.42). From (C.23) in [18] we can affirm that for any ¢ > b > 0 large enough, a € [1,Int],
k,j, > 1 and o € [0,p],

o .
= g—c2a(b)
(5.43) E_, |:]l{sups€[0,tb] Bo<0,sup, ¢y ) Bsgfz,Btb+z€[7(k+1),k]}ﬂ{wét,b’a(l)(%)zi}} <cos(l+ L+ k)t% e—c24(b)j
According to (5.22), there exists ¢1(F') > 0 such that
B¢, +z 3
et if By, +z < —c1(F)
< b ’
h(Btb+Z) - { Cl(F) if Btb—l—ZZ —Cl(F).
From (5.23) we get that
E_, [ﬂ{supse[oytb] By<0,5up, ¢t ) B.<—z}M( By, +2)F* (G4 p0)
00 c1(F)
<a(F)Y (5 + 1)10( > Ep []l{supse[o,tb] B.<0,sup, (1 o) BSS*Z,Btb+Z€[*(k+1)»k]}]l{w.5t,b’a(,)(jfl)Zi}}
j=1 k=1

00
—k
+ Z e EP []l{suPse[o,tb] B <0, supse[%,tb] Bs<-—z, Btb+z€[7(k+l)’k]}1{w®t,b,g(')(j71)2i}:|)'
k:cl(F)
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Finally by (5.43) we have for any t > 0 large enough, « € [1,1nt], k, j, > 1 and o € [0, t],

N co = (5 4 1)1 = (1+k
E_, ]l{supse[o,tb] B, <0, sup Wl Bsgfz}h(Btb +2z)F (®t,b,0)} < —= (]7) [cl(F)2 + Z ( )}

se[t,t 3 c24(b)j k
elt ts =~ ec24(b)j S e
F
(5.44) < dB)a
t2
which ends the proof of Lemma 5.6. O

Remark 5.7. As a by product we have also shown the following affirmation. Fiz F a function b regular. For
any € > 0 there exists M, T > 0 such that for any t > T, a € [1,Int], z < (Int)3° and o € [0,t,] we have

. ex
(5.45) E-a(Lisup,cp0, Bo<0sup, gy, Bemsth(Br, +2)F (8100) Ve, , o2 )) < T
and

* €
(5.46) E_, (]l{supse[o’tb] Bo<0,sup, ¢y ) B.<—z}h(By, +2)F (Qﬁt,b,a)]]-{Bthrzng}) < Y

Indeed for (5.45) as well as for (5.46), it suffices to choose M large enough in the inequality (5.44).

For any M > 0, recall the definition (5.25).
Lemma 5.8. (i) Let b> 0 and F : R x C(B(0,e"),R) — R* be a function b regular. For any § > 0, there exist

M, o, T > 0 such that for any t > T, a € [1,Int], z < (Int)3°,

3
t2
(5.47) "™ ‘Efa []l{supsemb] Bs<0,sup, ¢y ) Bs<—z} (F(M) (Bi, +2,61,0) — F(By, + 2, 6t,b))} ‘ <4é.

(i) Let b > 0 and F : R x C(B(0,e%),R) — R* be a function b regular. Fiz M,oc > 0. There exists
Cu.o(F) > 0 such that for any § > 0, there exists T > 0 such that for any t > T, o € [1,Int], z < (Int)3°,

3
2
(548) ‘EE—O[ |:]1{SUPse[0,tb] B, <0, sup o] BSS*Z}F(M) (Btb + z, ®t,b,a):| - CM,O’(F)‘ < d.

se[%,t
Proof of (5.47). Let b, § > 0 and F' b regular. We have to study the expectation under E_,, of

]l{supse[oytb] B.<0,sup, ¢ , ) Bs<—z} F(M)(Btb +2,8.40) — F(By, + 2, ®t,b)‘.

Thanks to (5.45) and (5.46) we can choose M; large enough to restrain our study to the expectation of
M
(5.49) ]l{wﬁt,b,g(')(%ll)gi’ Bth_Z_Ml}]l{Supse[O,tb] Bs<0, Supse[%,tb] Bsgfz} F( )(Btb + z, ®t7b)g—) - F(Btb + z, ®t)b) 5
with M > My, t > b. On {wﬂit,b,a(-)(z\/%) < %, By, +z > —M}, by (i) of Lemma 5.4, (5.23) and (5.22)
(5.50) F(By, +2,81p0) < h(Bi, +2)F* (B p0) < cM{®:= M.

Then (5.49) is equal to

(5.51) Lwe, , oy ()<t By > —z—m} Lsup,c o0, B.<0.sup, ¢y ) Be<—2) F(By,+2z,6,0)— F (B, +z, th,b)‘/\2M-

We denote [|[ABy||leo := sup |&p(y) — Gjtyb,g(y)’, by Lemma 5.4 (via the property (5.24)) then (5.50) we
y€B(0,e)
deduce that (5.51) is smaller than

(5.52) Lip, >—z- M} L{sup, (o 1) B<0, sup ]Bss—z}QM(ﬂ{HAwmzw + ]1{||Aesa||ms&4}5)-

sE[%,tb
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Taking the expectation the proof of (5.47) stems directly from the following two assertions:
-For any L, b,8, My, € > 0 there exists T > 0 such that for any ¢t > T, o € [1,Int], z < (In#)3° we have

(553) Pfa( sup BS S O, sup BS S —2Z, Btb +z Z —Ml) S 61233(1 + Ml)z,
s€[0,tp] sE[L ] tz

and

-For any L, b,d, My, € > 0 there exists o, T > 0 such that for any t > T, a € [1,Int], z < (Int)3° we have

(5.54) P_, (||AQ§U||OO >0, sup B; <0, sup Bs < —z, By, +z> —Ml) < c%(l + M,)? exp(—c—;gé%%).

s€l0.] selg.to]

The assertion (5.53) comes from [18, equation (B.7)], whereas (5.54) is a consequence of [18, equation (5.55)].
By choosing § small enough and applying (5.53), then by choosing o > 0 large enough and applying (5.54), we
obtain (5.47). O

Now we tackle the proof of (5.48). Let us introduce some notations from [18]:
- Let (Rs)s>0 be a three dimensional Bessel process starting from 0.
- Let (Bs)s>0 be real Brownian motion and for any o > 0 we denote (Bga))szo := (Bsto — Bo)s>0-

- Let g, h be two processes, for any ty € RT the process X.(to, g, h) is defined by

if s <t
5.55 Xst, 7h:{955 1 = L0,
( ) ( 0 g ) gto —|— h/tftg; lf S Z to.
- Let 0 > 0 for any process (gs)s<o We set
<o
(5.56) (9s )s<o = (Go—s — 9o )s<o-
- We set $,,, » the set of continuous function F : R x C([0,0],R) — R* with sup F(u,g) < m. For

u€R, geC([0,0],R))
g € C'(R% R) we denote by V,(g) the gradient of g at y € R%. Finally, we denote by (-,-) the inner product in
R4,

We will derive (5.48) from the following Proposition, which is proven in [18] (cf Proposition 5.5 in [18]).

Proposition 5.9 ([18]). Let B be a Brownian motion and let R be a three dimensional Bessel process starting
from 0 independent of B. Let m, o > 0 be two constants. For any € > 0 there exists T'(m,o,€) > 0 such that for
anyt>T,1<a,z< (Int)* and F € Him o

3
(5.57) ‘EEO‘ [ﬂ{infse[o,t] B.>0, inf BSZZ,Btfsz}F(Bt -z, (Bgt_a))sgaﬂ -

¢ " [Ter (K@ Bt <

se[%,t]

where C = “LE[e /2] = \/g and T, :==inf{s > 0, B, = v}, v € R.

-

Proof of (5.
law

(BS)SZO =

=

8). Fix b, M, o > 0 and F a function b regular. Let us explicit the expectation in (5.48). As

—~

—B;)s>0 we have,
E(5'48) = E_, []l{suPse[o,tb] Bs<0, SUPseL 1) BSS?Z}F(M) (Btb t2 615,17,0)}

M
= E, []1{infs€[0,t] B.>0,inf,_ s , B.>z, By, —ng}F( )(— (B, — 2],

4.4

v [0 ke aB, — Gl + 2 )],
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Moreover by integration by parts, the second argument of the function in F™) can be rewritten as:

ty
— (1 - k(eiby)) [Btb - Btb*U} + / [BS - Btb*ff] <Vye**‘*‘k ' y657t>d5 - Ctb (yeit) + Zi?b (yeit

ty—o

and we recall that the processes B and Z are independent. So E(5.48) is equal to

t—o
E. []l{infsew] B.>0,inf ¢y B.>z, By, —z<M} Pt (B, — 2, (B 5<0)],

with @;, : R x C([0,0],R) — R | a continuous function, bounded by M and defined by

ty
(u, h) = E[F(M)(—va = (1= k(e ™"y))[he — ho] + / (hs—(ty—o) — P0)(V yes—tk.ye®")ds

ty—o

— Glye ) + Ztob (ye™*

Now we can apply Proposition 5.9, with ¢t <+ t, > 0, @ <> a, z <> z < (Int)*°, 0 <> 0, m <> M and F > ®y,.

Then for any € > 0 there exists T > 0 such that for any ¢t > T, 1 < a < (Int)3¢

(5.58) {|— C/ / @tb U(T_V,B,R))SSU)>d7du‘ <e

Moreover, we observe that for any u > 0,7 < u,

B (@, (u, X o(T- B, R))szo)| = B[FOD (= u,y = 24, (ye™) = G (ye ™)

_ /OTW (1~ k(e *ye™®))dB, — / U - ke "ye )Rz )|

Finally as (Z, (ye™") — ¢t (ye™"))yeB(0,et) is independent of (B, R) and converges in law, when ¢ goes to infinity,
(see (2.6) in [18]) to (Z(ye™®) — (ye™))yeB(0,et)s by combining with (5.58) we deduce that: for any € > 0 there

exists T' > 0 such that for any t > T, 1 < a < (In t)

1
(5.59) ‘ﬁE_a |:]l{supse[0ytb] Bo<0,sup, ¢ (g ) Bsgfz}F(M) (Btb + z, @t,b,a):| — CM,U(F)‘ <,
with
Caro(F) : / / B[FOO (—wy e Z(e™) — e ™)
T Ao
(5.60) —/ (1= k(e *ye ?))dB, — / (1= k(e e_b))dRs_Tﬂﬂdde.
0 T Ao

This completes the proof of (5.48)
Theorem 5.5 is a combination of (5.41), (5.47) and (5.48).

6 Proofs for two dimensional Free Fields

6.1 Proof of Theorem 2.7.

Before proceeding with the proof let us make a few observations. First we stress that the kernel k,, satisfies:

B.1 k,, is nonnegative, continuous and k(0) = 1.
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B.2 k,, is Lipschitz at 0, i.e. |k, (0) — kp(x)| < Clz| for all z € R?

km (ue)

B.3 ky, satisfies the integrability condition sup).—; floo == du < +00.

We stick to the notations of Section 2 so that we set for t > 0 and « € R¢

(6.1) G i(z) = /16 Mdu.

u

In [11], it is proved that

2
Theorem 6.1. We set M] (dz) = ?X+(@ =T EX:@) g The family (\/Eth)t weakly converges in probability
as t — oo towards a non trivial limit, which turns out to be the same, up to a multiplicative constant, as the limait
of the derivative martingale. More precisely, we have

/34 2
VMY (dx) — \/jM’(d:v), in probability as t — oo.
7T

Now we begin the proof and we first theat the case when the cut-off family of the MFF is (X};);. We will see
thereafter that the general case (i.e. any other cut-off uniformly close to (G, ¢):) is a straightforward consequence.
The problem to face is that the covariance kernel of the family (X;); does not possess a compact support so that
Theorem 2.2 does not apply as it is. We split the proof into two levels: a main level along which we explain the
main steps of the proof relying on a few lemmas and a second level in which we prove these auxiliary lemmas.

Main level: Let us consider any nonnegative smooth function p : R> — R such that: fR2 PAy)dy =1, pis
isotrop and has compact support. We set

p(z) = /R2 p(y +z)p(y) dy.

Under the above assumptions on p, it is plain to see that ¢ is nonnegative, smooth, positive definite, with compact
support, ¢(0) = 1 and isotrop. For each € > 0, let us define the function

Vo €R, p.(n) = plex).

It is straightforward to check that the family (¢.)c uniformly converges towards 1 over the compact subsets of R?
as € — 0. For € < 0, we further define

t

ke(2) = b (z)pe(z), Kf(z) = /1 ke(uz)

u

du.

Observe that k. satisfies Assumption (A) (it is positive definite because it is the Fourier transform of the convo-
lution of the spectrum of k,, and that of ¢.). For each ¢ > 0, we follow Section 2 to introduce all the objects
related to the kernel k. and add an extra superscript € in the notation to indicate the relation to k. (i.e. we

introduce (X£(z))e.0, M, M), M),
Now we claim:

Lemma 6.2. For each § > 0, there exists eg > 0 such that for all 0 < € < g and all z € R? and all t > 0:
(6.2) K@) = 6 < Gy () < Ki(2) + 0.

This lemma will help us to see the family (Xf); as a rather good approximation of the family (X;); as € — 0.
Because k. satisfies Assumption (A), Theorem 2.2 holds for the family (Xf); for any v > 2. The conclusion of
this theorem involves some constant C¢(7y), which may depend on e. Fortunately, we claim:

Lemma 6.3. For each fized v > 2, the family (Cc(7))e converges as ¢ — 0 towards some constant denoted by
cO)-
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Then we use Lemmas 6.2 and 6.3 to prove

Lemma 6.4. For any v > 2 and for any continuous nonnegative function f with compact support, we have

e—0t—o00

tlim E {exp(—t%et(\%_ﬂ)QMg(f))} = lim lim E [exp( C(v) f(:v)%M/e(d:v))] .
— 00 R2

It thus remains to compute the above double limit:

Lemma 6.5. For any v > 2 and for any continuous nonnegative function f with compact support, we have
. 2 /e 2 ’
imE|exp(~C(y) [ @) M (da))| = B[ exp(~C(9) | flw)? M (da))].
e—0 ]R2 ]R2

We are now done with the proof of Theorem 2.7. It just remains to prove the four above lemmas. O

Proofs of auxiliary lemmas. Most of the forthcoming proofs will heavily rely on Kahane’s convexity
inequalities (KCI for short) so that the reader is referred to Kahane’s original paper [14] (or [22] for an english
statement).

Proof of Lemma 6.2. Let us fix § > 0. In what follows and when considering an isotrop function f, we will
identify, with a slight abuse of notations, the function f : R? — R with the function f : R, — R through the
relation f(y) = f(|y|) for y € R%. Observe that:

KE(e) - Gonala)] =] / o) b)) [ ool el g, ¢ [ i) el

v

We prove now that we can get the above quantities arbitrarily close to 0. We fix R > 1 such that f ‘km Wl gy <
d/4. Since v(y) < ¢c(0) =1 (by positive definiteness), we also have

= k)l [Fm (0)]
[ gy ¢ [ g,

On [1, R], we use the fact that the family (¢¢). uniformly converges towards 1 over compact sets to deduce that

for some ¢y and all € < €y, we have
/R k() = k@)l 4, < 574,
1

v

It remains to treat the interval [0,1]. Since ¢ is smooth, it is locally Lipschitz at 0, meaning that we can find a
constant C' such that |1 — ¢(z)| < C|z| for all x belonging to some ball centered at 0, say B(0,1). Furthermore
[km (V)] < ki (0) = 1. We deduce:

Em(v) = k()] [ km(0)[]1 = @(ev)] ;
/0 dv—/o d

v v

< Ce.

For e small enough, this quantity can be made less than §/4. O

Proof of Lemma 6.5. Let us fix § > 0. From Lemma 6.2, we have for € small enough and all ¢ and z the inequality
Ki(z) < Gmi(x) < Kf(x) + d (the § has been omitted from the left-hand side because this inequality is obvious
and results from ¢ < 1). By applying KCI to the convex function = — e~® combined with the inequalities
Ki(z) < Gm(z) < Kf(x) + 0, we get for all § > 0 and some standard Gaussian random variable A" independent
from everything:

Blop(~0vE | f(@)T MF(d))] <E|exp(-0vE [ ()7 M7 ()]
E|exp(— 9\f @ ) M2(d))| <E[exp(~e’ N-Wex/i S(2)* ME(da)) .

R2
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By taking the limit as ¢ — oo and by using Theorem 6.1, we obtain for all 8 > 0:
E[exp(—0M"“(f7))] <E[exp(-0M'(£%))] < B exp(-6eV™N=0/201" (7))
It is then straightforward to deduce that:
. e p2 1rp2
lim B |exp(—0M"“(£%))] = B exp(-0M"(£%))] |
e—0
which concludes the proof of the Lemma. O

Proof of Lemmas 6.3 and 6./. First recall that the family (1%377 et(%_ﬁfMt%e(f))t is tight and every possible
converging limit (in law) is non trivial [10, section 4.3] provided that f is non trivial.
Then, for any € > 0, we have from Theorem 2.2

Jin B exp(—t % FE D a0 = B exp(-Ca0) [ 1) 30" <(a)|.
—00
Furthermore, for each 6 > 0 and e small enough, we have at our disposal the inequality Kf(z) < Gp(x) <

K{(z) + ¢ and a convex function = + e~ *. So, denoting by N a standard Gaussian random variable, we can
apply KCI to get for all § > 0, ¢ large enough and all § > 0:

(6.3) B[ exp(—0t % !5 01 p))] gE[exp(_ot%et<%*ﬂ>2M7(f))}
(64) E[exp(_ot?’%et(%_\/ﬁPM:(f))} SE|:€XP( Oe VN — 5/2t3'y t( -V2)? M’Y E(f)):|

Consider a possible limit Z of some subsequence of the family (1%377 et(%fﬂ)zMﬂ ( f)) .- By taking the limit as
t — oo along the proper subsequence in (6.3)4(6.4), we get for all 6 > 0:

(6.5) E|exp(—0C.(7) | f(2)* M“(dn)] < E|exp(-02))]
R2
and for n > 0:
B[exp(~602)] <B[exp(-0e 9200 [ @) ()]
(6.6) <E| exp(~0(1 = )Ce() 5 F(@)s M “(dw))] + P (/N2 <1 ),

By taking the limsup,_,, and liminf._,; and then lims_,o, we deduce that for all 8 > 0 and n > 0:

(6.7) 1ir?jélpE[eXP(—905(7) g f(w)%M/’e(dw))} SE[eXP(—9Z)}
(6.8) liirgigle[exp(—HCe(v) . f(x)% 6(dgc))} E[exp( 9(1—77)_12)].

Now we can take the limit as n — 0 and get:

/

(6.9) gg%E[exm—ecm F(@)? M (dz))| = B exp(~02)].

Therefore the family ( fR2 d:zc))€ converges in law towards Z. As a by-product, this shows that the

law of Z does not depend on the chosen subsequence along which the family (1€3T7 et(x/l?_ﬁPMﬂ (f )) , converges

in law. Thus the whole family converges in law towards a non trivial random variable Z. Furthermore, Lemma
2 ’ 2 ’
6.5 shows that the family ( [p. f(2)> M ’E(d:v))e converges in law as e — 0 towards [, f(x)7 M (dx) which is
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almost surely strictly positive because f is not trivial. This comes the fact that M’ has full support [10]. It is
then straightforward to deduce that the family (C. (”y))6 converges as € — 0. O

General case: Now, we consider a general cut-off family (X,,),, of the MFF uniformly close to (Gy,¢):- By
assumption, this family satisfies Lemma 6.2 with K,, instead of K and Gy, ., instead of Gy, ;. We can then
control the kernel K, in terms of Gy, ,. Furthermore we now that the freezing theorem holds for the family
(Gm.t,, )n with some fixed constant C(7): this was the difficult part that we have handled above. Now we can
use the same strategy of using KCI to transfer the freezing theorem to the family (X,,),. Details are obvious and
thus left to the reader. O

6.2 Proof of Theorem 2.8.
In what follows, (X¢); is the family defined by (2.11) and and

M (dx) = X g M'(dx) = lim 2E[X,(z)%] — X, (z))e2X+ (@) —2B[X:(2)] gy
For ty > 0, we will also consider
M}, oo(dz) = lim (2E[(X; ~ X1)(2)2] = Xi(2) + X, (2))e2 Kt Xe0) ()= 2BI(Xe=X10) (@)°] gy
For each tg > 0, we consider the MFF like field

S
XM () =vr p(=, 2, y)W(dy, ds)

R2 x [e—2t,e=2t0 [ 2
with covariance kernel

e—2to

Gto,t(xay) :/ p(S,-I,y) ds.
e—2t
We further introduce the corresponding measures for v > 2

MFF 2 MFF
Mt'Yv]tWFF(dI) — e'YXtO,t (z)*%E[Xto,t (I)Q] dx
05

and the derivative multiplicative chaos

M ) = i (2 — 20— XL (@) XTI BIOT 0 g,

The strategy that we followed for the MFF works for this process as well and Theorem 2.7 works for some constant

3

(6.10) Jim B exp(— AT A ()| = Bl esp(=Cu () [ 7)* My (d)]

It is clear that the constant Cy,(7y) is likely to depend depend on ty. Indeed, observe that the covariance kernel
of Xt]\f) MFE g the same as XMM¥ up to a multiplicative change of spatial coordinates so that this variation in the
covariance structure should affect Cy, (7). Actually we can even explicitly calculate this dependence

Lemma 6.6. Let us set C(y) = Co(7y). The constant Cy,(y) satisfies:
(6.11) Cyo(7)e~20F510 = C(v), Vit > 0.

Proof. It suffices to apply (6.10) at two different scales tp and to+s. Then in the relation corresponding to tg + s,

N 2 MFF 2 MFF . .
we replace the function f by (VD X s (=% E[X*0~fo+s(m)2]f(:1:), which remains a compactly supported
MFF

continuous function. It is random but independent of the measure M,";"" " (dz). By identification of both limits,
we get the relation Ct0+5(7)ef2s+%s = Ci, (7). O
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Equipped with this relation, we can now try to apply the freezing theorem to a process that we call switch
process. Equipped with this relation, we can now try to apply the freezing theorem to a process that we call
switch process. Basically the switch process is a Gaussian interpolation between the MFF and the GFF. We will
plug this switch process in (6.10) in order transfer by interpolation the property (6.10) to the GFF. For tq < ¢,
the switch process is defined by

Sto,t(w) = X () + X{TT ()

and we also consider the associated measure

- Y
M%’immh(d:r) = "5t (@)=t g

To evaluate to which extent the switch process is a good interpolation between the MFF and the GFF, we
need to evaluate how the covariance kernel of the switch process evolves with ty. To this purpose, we set

Yo,y € D, Gpytoi(2:y) = Gpi(2,y) = Gpi (2, 9)-
Consider a domain D’ C D such that dist(D’, D¢) > 0. We have

(6.12) lim  sup |Gpiyt(z,y) — Giye(x,y)| =0.

to<t—o0 z,yeD’
This comes from the following lemma, the proof of which is postponed to the end of this subsection

Lemma 6.7. For all subset D’ of D such that dist(D’, D) > 0, the following convergence holds uniformly on
D' xD':
}L{%p[)(u "y ) = p(t7 "y )

where p(t,z,y) stands for the transition densities of the whole planar Brownian motion (i.e. mot killed on the
boundary of D).

Let us now begin with the interpolation procedure. By independence of X;, and X%fF, we can apply (6.10)

to the function 2 2
fe10)(x) = f(x)et“(%*ﬂ) Xt (2)— G to

and get after a straightforward calculation involving (6.11)
tliﬁrgoE[exp(—t%et(%f\ﬁ)2 . f(a:)M{(’)’;MtCh(da:))}
(6.13) = E[exp(~C(9) /R )t eXe 2o NI (dr)) .
Let € > 0 be fixed. From (6.12), we can choose T such that for all T < t; < t,

(6.14) sup |Gp to,i(7,y) — Gy e(w,y)] < e
z,yeD’

2 2 2
Let us set g¢, () = e (Bl(Xt(2) =Xt (@)*]=(t=t0)) | From (6.14), we have e T < Gto.t(z) < e forall T <ty <t.
We will use this relation in the forthcoming lines. By Kahane’s convexity inequalities and (6.14), we have for all
T<ty<t
Blep(—t %G [ )M ()]
R2

<E [exp(_t?’%et(%—\/5)2661/2Z—e/2 / f(I)gto,t(fE)M%:Stw“Ch (dI))}
R2

Y e/ 72 3
<E [exp(—t%et( Ve \/5)2661/2Z_6/26_76 - f(I)M%7,§WltCh(d$))}
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for some standard Gaussian random variable Z independent of everything. We just explain some subtlety: observe
that the definition of M, does not involve a renormalization by the variance E[X;(x)?] but ¢ instead. To apply
KCI, one needs to compare measure involving a renormalization by the variance. So the function ¢, () appearing
in the first inequality just results from the switching of variance required to apply KCI.

By taking the limsup as ¢ — oo in the above relation and by using (6.13), we deduce:

limsupE[exp(—lfSTvet(%_\/i)2 f(UC)MtV(d‘T))}
R2

t—o00

t—o0

i e S ~? ;
< limsupE[exp(—t%et(ﬁ V2 etz —e/2= e . f(:v)M;)’;wmh(dx))}
= Bl exp(-C)et AN |yt M )|

Now we want to apply once again KCI to the derivative martingale to replace the M;OAgOFF part by M ;;f”. Recall

that this is possible because we know that the Seneta-Heyde norming [11] holds for both these measures. The
control of covariance kernels is provided by (6.12) (notice that the uniform control w.r.t. ¢ is necessary to apply
KCI for t = 00) We get

lim supE[exp(—t%et(%fﬁ)Q . f(I)Mt’Y(dI))]
R

t—o0

(6.15) < E[eXp(_0(7)6251/2Z/’Y*E/’Y*'VEJrel/zZ’76/2 f(x)%62Xto(z)*2toMt/0)OO(d$))} )
R2

for some other standard Gaussian random variable Z’ independent of everything. By using the relation e2Xto (*)=2E[X] M, o (dx)
M’ (dzx), we see that (6.15) can be reformulated as

limsupE[exp(—t%et(V%_\/i)2 f(I)Mt’Y(d‘T))}
R2

t—o0

(616) <E [exp(—c(”y) 6261/2Z/’Y+61/2Z/—6(1V+V+1/2) f(x)%e2E[Xto]—2toM/(dI)> )
R2

By using the uniform convergence on D’ of (E[X;(7)?] —t); as t — oo towards the conformal radius In C(z, D)
(see [15, Lemma 6.1]), we deduce

lim supE[exp(—t%et(%_\ﬁ)2 . f(fE)Mt’Y(dx))]
R

t—o0

<E [exp(_C(,y)e2el/2Z/v+51/2Z/_e(1V+V+1/2) ] f(x)%C(x, D)QMI(d.”L'))} )
R

Since € can be chosen arbitrarily small, the upper bound for the limit in Theorem 2.8 when the cut off family
(Xt)+ has covariance Gp ¢+ is proved. The lower bound follows from a similar argument. Then we can use the same
arguments as in the case of the MFF to extend the convergence to cut-off families uniformly close to (Gp ). O

Proof of Lemma 6.7. Recall the standard formula [20, section 3.3]

1Bf.q —ul?
1 o ___
A(s,,y) == p(s,2,y) — pp(s,2,y) = E {HT;S}W_TB)‘? e
where B} is a standard Brownian motion starting from = and T3 = inf{t > 0, Bf ¢ D}. If we denote
§ = dist(D’, D°), we deduce O
Als,a,y) < B 1 ! 72(55—21)}
s, s € B)|.
DY) = {T5= }QW(S—TJ%)
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Now observe that the mapping u — ue™* is decreasing for u > 1. Therefore for s > §%/2, we have

Afs,7,5) S —me
S, T & s
) 7y — ﬂ'528 3

which obviously completes the proof of the lemma. O

A Toolbox of technical results

In this subsection, we gather some results in [10, 11, 18] in order to have a paper self contained, at least as much
as possible.
We first recall a Lemma that can be found in [10]

Lemma A.1l. For any fized u # x, the process (Yy(u))i>0 can be decomposed as:
Yi(u) = Pf(u) + 2 (u) = ¢ (u),  VE>0,

where, fort >0
- (P (u) == /2dt — \/ﬁfot k(e®(x —u))ds,
- P¥(u) == fot k(e®(z — u))dYs(x) is measurable with respect to the o-algebra generated by (Yi(z))e>o,
-(ZF(u))t>0 is a centered Gaussian process independent of (Yi(x))i>0 with covariance kernel:

(A1) E(Z}(u)Z;(v)) == /0 [k(e®(u—v)) — k(e’(x — u))k(e’(x — v))] ds, vV, uve R

The following lemma can be found in [18] (we refer to the Lemmas 3.1, 3.2 and 3.3)

Lemma A.2. For any 6 € R and e >0

(A.2) lim P (w—l 16| MY(e=t[0, 1)) > 69*@) 4P (Mt’(e_lBZRt) > 69*@) <e
t,R—00, CRtill EN*
1 . Yi(%) -Yi(%
(A.3) lim P w;,/3_ (e >e3) = lim P sup M >1] =0,
t—oo <) t t—o0 z,y€l0,et]d, |z—y|< 3 |J7 - y|1/3

(A4)  lm P (vx € [0,1]¢, —10v2dt < Yi(z) < —ka 1nt) ~ 1

In this section we will use the following two lemmas from [18]:

Lemma A.3. We can find a constant cz > 0 such that for any t' > 2 and R > 1 such that e;fll e N*

(A5) P( sup  sup nwzxmns%/ (Int)¥ + x(2))e V> dg
z€[0,R]4 s€[Int’,00) [0,R]d

for any x(-) € Cr(¥, 10, +00).
Lemma A.4. We can find two constants c4, c5 > 0 such that for any t' > 2, there exists T'(t') > 0 such that for
any L >0, R>1, x(-) € Cr(t',10,400), t > t' and a < %,

P(Ex €[0,R]Y, sup Yi(x)<x(z), sup Yi(x)<ar+x(x)+L—-1, sup Ys(x) € a;+ x(x) + L+ [0, 1])
s€[lnt’, L] s€[t,t—a] [t—a,t]

(A.6) <esa(1+ a)e*CSL/ (VInt' + x(z))e™ V2@ gy,
[0,R]¢
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Remark: Lemma A.4 is not explicitly stated in [18] but stems easily from (4.26) in [18].

Here we reproduce [18, Proposition 4.1]

Lemma A.5. There exist two constants c1,co > 0 such that for any t' > 2, there exists T > 0 such that for any
Rel,lnt'] andt>T

(A7) P(HCCO € [0, R)*, Yi(wo) > ar + X(»’CO)) > 02/ x(z)e™ V2@ gy

[0,R]*

for any function x € Cr(t', kqaInt’,Int).
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