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FRACTIONAL FOKKER-PLANCK EQUATION

ISABELLE TRISTANI

ABSTRACT. This paper deals with the long time behavior of solutions to a “fractional
Fokker-Planck” equation of the form 9; f = I[f]+div(zf) where the operator I stands for
a fractional Laplacian. We prove an exponential in time convergence towards equilibrium
in new spaces. Indeed, such a result was already obtained in a L? space with a weight
prescribed by the equilibrium in [6]. We improve this result obtaining the convergence
in a L' space with a polynomial weight. To do that, we take advantage of the recent
paper [7] in which an abstract theory of enlargement of the functional space of the
semigroup decay is developed.

Mathematics Subject Classication (2010): 47G20 Integro-differential operators;
35B40 Asymptotic behavior of solutions; 35Q84 Fokker-Planck equations.

Keywords: Fractional Laplacian; Fokker-Planck equation; spectral gap; exponential
rate of convergence; long-time asymptotic.
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2 ISABELLE TRISTANI

1. INTRODUCTION

1.1. Model and main result. For a € (0,2), we consider the following generalization
of the Fokker-Planck equation:

(1.1) O f = — (=A)? f +div(zf), inR?
with an initial data fy. In the sequel, we will use the shorthand notations
I[f] = = (=22 f and Lf = I[f] + div(zf).

The operator (—A)a/ 2 is a fractional Laplacian, we first define it on the space of Schwartz
functions S (Rd) and we then extend the definition to others functions. We refer to Sec-
tion 2] for the exact definition and for properties.

We also define here weighted LP spaces in the following way: for some given Borel
weight function m > 0 on R%, let us define L? (m), 1 < p < +o0, as the Lebesgue space
associated to the norm

12l o my = Ilhm]|Le.
Finally, we introduce the notation () := (1 + |z|>)'/2 for any z € R%.

Before going into the statement of our main result, we here mention that it is a known
fact that there exists a unique steady state of (LI) of mass 1 and we denote it p (see
Subsection 1] for more details).

Theorem 1.1. Let us consider k € (0,«). For any a € (—min(\, k),0) (where X > 0 will
be defined in Corollary[1.3) and for any initial data fo € L'((x)*), the solution f(t) of the
equation ([I1) satisfies the following decay:

vt >0, f(t) = plfo)llrr ey < Cae®™llfo — nlfodllzrayr)
where (fo) = [ga fo and for some constant Cq > 0.

1.2. Known results. The main references to mention here are the papers [4] and [6]. In
these two papers, “Lévy-Fokker-Planck equations” (the fractional Laplacian is replaced
by a Lévy operator) are studied using the entropy production method. There is a proof of
existence and uniqueness of a nonnegative steady state of mass 1 of the associated station-
ary equation. Then, in a weighted L? space with a weight prescribed by the equilibrium,
a convergence (with an exponential rate) of the solution of the full equation towards equi-
librium is obtained. Let us give more details about these results. We first introduce the
main tools used.

Consider a smooth convex function ® : Rt — R and v positive such that [pq v(z)dz =1
and define the ®-entropy: for any nonnegative function f,

Ent®(f) := /Rd@(f)yd:n—cb (/Rdfudx>.

Jensen’s inequality gives that Ent®(f) > 0. Let fy be an initial condition of a Lévy-
Fokker-Planck equation or of the classical Fokker-Planck equation:

(1.2) O f = Af 4+ div(zf), inR?

Then, let us introduce the quantity Fg¢(fo)(t) := En‘cﬁ> (%) (where p denote the unique

steady state of the equation considered of mass 1) which is well-defined for any ¢ > 0.
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In the case of the classical Fokker-Planck equation (I.2]), by using functional inequalities
as Poincaré, logarithmic Sobolev or ®-entropy inequalities, one obtains exponential decays
to zero of Eg(fo). Then, the solution f of (L2)) converges towards the steady state of
mass 1 in the sense of ®-entropy. Methods to prove such results are usually based on
entropy /entropy-production tools. See [3| [I, 2, [5] for different methods and applications.

In [], Biler and Karch study Lévy-Fokker-Planck equations where the Lévy operators
are Fourier multipliers associated to symbols a () satisfying for some real number 5 € (0, 2]

a(§) a(§) a(f)

0 <liminf —2% <limsup —2% < oo and 0 <inf—=.
£—0  [¢)P e |€]° €12

They prove that there exist C' > 0 and € > 0 such that
By po(fo)(t) < Ce™,

which means that the solution converges towards equilibrium at an exponential rate in
L?(u='/?). They deduce a similar result in L? and finally, under some more restrictive
regularity and decay assumptions on fj, they prove that the exponential convergence holds
in L.

In [6], taking advantage of the paper [4], Gentil and Imbert prove an exponential decay
of the ®-entropies for a class of convex functions ® and for a larger class of operators
which includes the fractional Laplacian.

In the present paper, we only consider the equation (II]) but we are able to enlarge the
space where we have a decay towards equilibrium with minimal assumptions on fy. If we
compare our result to the one obtained in [4] for others operators defined above, we have
to underline the fact that the result of convergence of the solution towards equilibrium
in L' from [4] requires additional assumptions on fy (fo must have finite moments of a
large order), it is not the case in our main result where fj is only supposed to belong to
LY((x)*) with k < a.

1.3. Method of proof and outline of the paper. The main outcome of the present
paper is a result of decay towards equilibrium with an exponential rate of convergence in
L'((x)*) (with k < ) for solutions of our equation (I)). To do that, we adopt the same
strategy as the one adopted in [7] by Gualdani, Mischler and Mouhot for the classical
Fokker-Planck equation. Let us explain in more details this strategy. It is based on the
theory of enlargement of the functional space of the semigroup decay developed in [7].
It enables to get a spectral gap in a larger space when we already have one in a smaller
space. It applies to operators £ which can be splitted into two parts, £L = A + B with A
bounded and B dissipative. Moreover, if we denote €8¢ the semigroup associated to the
operator B, the semigroup (.A eBt) is required to have some regularization properties. The
fact that we can use this theory for our operator is based on two facts:

e we know from [6] that our operator has a spectral gap in L? (,u_l/ 2) where we recall
that p is the only steady state of mass 1 of (L),

e we are able to get a splitting satisfying the previous properties using computations
based on properties of the fractional Laplacian.

In section 2] we recall some technical tools about the fractional Laplacian that are useful
in order to get a splitting of the operator. In section [, we state results from [6] which are
necessary to apply the abstract theorem of enlargement of spectral gap, which is reminded
in Section Bl Finally, in Section Bl we apply this theorem to obtain our main result on the
convergence towards equilibrium of the solution of (L)) in L'({z)*) with k < a.
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2. PRELIMINARIES ON THE FRACTIONAL LAPLACIAN

In this section, we recall some elementary properties of the fractional Laplacian that we
will need through this paper. The usual reference for this kind of operators is Landkof’s
book [9].

2.1. Definition on S(R?). Let us consider o € (0,2). The fractional Laplacian (—A)a/2
is an operator defined on S(Rd) by:

o' x) —
(2.1) Vf c S(Rd)v (—A) /2 f(;p) = Lj_’(_z) dy
Rt |z —y|
This definition has to be understood in the sense of principal value:
(—2)* f(x) = lim 1@ -1,

=0 Jjg—y|>e |z — Y

Due to the singularity of the kernel, the right hand-side of (2] is not well defined in
general. However, when « € (0, 1), the integral is not really singular near x. Indeed, since
fe S(Rd), both f and Vf are bounded. We hence deduce the following inequality:

dy dy

F@) — f(v)
<V f e / Yl / L
Be) o — y|tTo! ROB(z,1) |z — y|*T

R ’ T — y’d—i-oz
When a € (0,2), we can also write the fractional Laplacian with a non principal value
integral. For any f € S(Rd), we have

)

N 1 x x—y)—2f(x
2.2) Ve eRL (—A)2 f(z) = — & f( +y)+f(d+ay) f(z)

2 Jpa Y|

dy

and this integral is well defined.
We can extend the integral definition of the fractional Laplacian to the following set of

functions:
{f:}Rd—HR, / de<oo}
R

a1+ |3§'|d+a

In particular, we can define (—A)®/2(z)*¥ when k < a.

2.2. Fractional Laplacian and Fourier transform. Let us remind a well-known fact
about the Fourier transform of the fractional Laplacian of a Schwartz function.

Lemma 2.1. There exists C' > 0 such that for any f € S (]Rd), we have:

~

F(2)"£) (€ = Cle” fe).

If f is a Schwartz function, there is a singularity at 0 in the Fourier transform of
(—=A)*/2f. It implies a lack of decay at infinity for (—A)*/2f itself, (—A)*/2f is not a
Schwartz function. We can prove that (—A)®/2f decays at infinity as |z|~%.

We now mention a very useful property of the fractional Laplacian which can be seen
as a sort of integration by parts.
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Lemma 2.2. Let us consider f and g two Schwartz functions. Then, we have

| CArPs@ g de = [ @) (-8)Pg(a) de

If k < «, we can also prove that

L a1 @t de = [ @) (~8)"2a)* .

2.3. Fractional Laplacian and fractional Sobolev spaces. Most of the time, frac-
tional Sobolev spaces H*® (Rd) are defined in the following way: H*® (Rd) = W2 (Rd) for

s/2 A
s > 0 is the set of functions f € L? (R?) such that [(1 + ||2> f] is also in L? (R?).
We remind here an equivalent definition which is going to be useful in what follows.
Lemma 2.3. Let us consider s € (0,1). We have:
e (B) = {f€L2 (me) V@S0 (Rded)}_
o —y[2*
We also have the following fact'

f (= y)I”
dy dx
L2(Rd) /Rd /Rd y‘d"'o‘

for some C' > 0.

3. THEOREM OF ENLARGEMENT OF THE FUNCTIONAL SPACE OF THE SEMIGROUP
DECAY

3.1. Notations. For a given real number a € R, we define the half complex plane
Ay :={z€C, Rez>a}.

For some given Banach spaces (E,| - ||g) and (€,] - ||¢) we denote by Z(E,E) the
space of bounded linear operators from E to & and we denote by || - ||z or || - [E—e
the associated norm operator. We write Z(E) = #A(E, E) when E = £. We denote by
¢ (F,E) the space of closed unbounded linear operators from E to £ with dense domain,
and € (FE) = € (E, E) in the case E = €.

For a Banach space X and A € %(X) we denote by e, t > 0, its semigroup, by D(A)
its domain, by N(A) its null space and by R(A) its range. We also denote by X(A) its
spectrum, so that for any z belonging to the resolvent set p(A) := C\X(A) the operator
A — z is invertible and the resolvent operator

Ra(z) = (A —2)7t

is well-defined, belongs to #(X) and has range equal to D(A). We recall that £ € X(A)
is said to be an eigenvalue if N(A — &) # {0}. Moreover, an eigenvalue { € X(A) is said to
be isolated if

YA)N{zeC, |z=¢ <r}={¢} for some r > 0.

In the case when ¢ is an isolated eigenvalue, we may define II5 ¢ € Z(X) the associated

spectral projector by

1
HAJ] =5

A—2)""d
2m ‘Z—SIZT’/( Z) i
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with 0 < r’ < r. Note that this definition is independent of the value of r’ as the application
C\2(A) —» B(X), z = Ra(z) is holomorphic. For any £ € ¥(A) isolated, it is well-known
(see [8] paragraph I11-6.19) that H?\@ =I5 ¢, so that IT, ¢ is indeed a projector.

When moreover the so-called “algebraic eigenspace” R(II, ¢) is finite dimensional we
say that ¢ is a discrete eigenvalue, written as £ € 3¥4(A). In that case, Rp is a meromorphic
function on a neighborhood of &, with non-removable finite-order pole &.

Finally for any a € R such that
EA)N A=A, &}
where &1, ..., & are distinct discrete eigenvalues, we define without any risk of ambiguity
Mp, :=1lpe, + ... Ipg,.

We shall also need the following definition on the convolution of semigroups. Consider
some Banach spaces X1, Xo and X3. For two given functions

Sie L' (R % (X1,X2)) and Sy € L' (RY;2(X2,X3)),
the convolution S * S; € L' (RT; % (X1, X3)) is defined by
VtzO, 52*51 /SQ Slt—s)
When S; = S5 and X; = Xy = X3, S®9 is defined recursively by SV = S and

SE0 = §CE=1) for any ¢ > 2.

Let us now introduce the notion of hypodissipative operators (we refer to [7, Subsec-

tion 2.3] for further details on this subject). If one consider a Banach space (X, || - | x)
and some operator A € €(X), (A — a) is said to be hypodissipative on X if there exists
some norm ||| - || x on X equivalent to the initial norm || - [|x such that
(3.1) VfeDA), FoeF(f) st Re(d,(A—a)f) <0,

where (-, -) is the duality bracket for the duality in X and X* and F(f) C X* is the dual
set of f defined by

F(f) = Fyy(f) = {o € X" (&, f) = IfII% = llollk-} -

We also mention that if A is a generator of a semigroup e, the fact that (A —a) is

hypodissipative on X is equivalent to the existence of a constant C' > 1 such that the

semigroup eM satisfies

(3.2) Vt>0, [leMgx) < Ce.
Moreover, when ||| - || x is an Hilbert norm on X, we have F(f) = {f} and (B writes

VfeD@), Re(f,(A-a)f)x <0

where ((+, -)) x is the scalar product associated to ||-|[|x. Finally, we notice that a dissipative
operator is nothing but an hypodissipative one satisfying the previous definition with
Il lllx =1 - |lx or, equivalently, satisfying the semigroup estimate (3.2)) with C' = 1.
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3.2. The abstract theorem. Let us now present an enlargement of the functional space
of a quantitative spectral mapping theorem (in the sense of semigroup decay estimate).
The aim is to enlarge the space where the decay estimate on the semigroup holds. The
version stated here comes from [7, Theorem 2.13] and [7, Lemma 2.17].

Theorem 3.1. Let E, £ be two Banach spaces such that E C £ with dense and continuous
embedding, and consider L € €(E), L € €(E) with Ly = L and a € R. We assume:

(1) L generates a semigroup e'* and
S(L)NA, = {fl, . ,fk} C Xq4(L)
(with & # & if k £ K and {&1,...,&} =0 if k =0) and L — a is dissipative on
R(Id -1l 4).
(2) There exist A, B € €(E) such that L = A+ B (with corresponding restrictions A
and B on E) and some constants o € N*, C > 1, b€ R and v € [0,1) so that
(i) B —a and B — a are hypodissipative respectively on E and &,
(ii) Ae A(E) and A € B(E),
(iii) Ty, == (A eBt)(*éo) satisfies
bt
Vi 0, |[Te®)llper < ¢
Then the following estimate on the semigroup holds:

k
Vd >a,Vt>0, |t — Z ekt 1y3 < Oy et
=1 B(E)

Remark 3.2. The assumption (2)-(iii) implies that for any o' > a, there exist some
constructive constants n € N, Cy > 1 such that

VE2 0, [ Ta(t) | aemy < Cor e

4. SEMIGROUP DECAY IN L?(;~/?) WHERE j IS THE STEADY STATE

4.1. Preliminaries on steady states. We recall results obtained in [6] about existence
of steady states. They prove such a theorem for a more general equation than ours:

of =T[fl+div(fVV) zeRYt>0
f0,2) = fo(z)  z R
where fy € Lt (Rd). The operator Z is a Lévy operator defined as:

Z[f](zx) = div(eVf)(z) = b Vf(z) + / (fx+2) = f(z) = V() - 2h(2)) v(dz)

R4
where o is a symmetric semi-definite d x d matrix, b € R%, v denotes a nonnegative singular
measure on R? that satisfies v ({0}) = 0, [, min <1, |z|2) v(dz) < oo and h is a truncature
function, h(z) = 1/(1 + |2]?) for example.
The fractional Laplacian corresponds to a particular Lévy operator. Indeed, with ¢ = 0,
b =0 and v(dz) = |2| 74" dz, we obtain the fractional Laplacian. In this particular case,

the proof of existence of steady states of (LI]) is easier, we hence give a sketch of a proof
of it (it is adapted from the proof of [6, Theorem 1]).
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We suppose that p is an equilibrium of the equation (LIJ). At least formally, we have:

(4.1) I [p] + div(zp) = 0.
We do the following computation in order to take the Fourier transform of (4.1)
d d
F(div(zp)) (€) = > F (95 (xjm) (§) = Y i &F (wju) (€)
j=1 j=1

d
== GO(E) = ¢ V(6.
j=1

We deduce that an equilibrium p satisfies

E17 7€) +&-Va(§) =0,
which implies that 7i(¢) = Ce¥I°/ for some constant C' > 0 and thus = C F~! (e_"‘a/a).

The constant C' can be chosen so that [pqp = 1.
As announced in the introduction, we denote u the only steady state of (II]) of mass 1.

Remark 4.1. Let us make some comments about this steady state .

e [t is a continuous positive distribution (cf [LT] and [12}, [10] for the positivity).

e Concerning the behavior at infinity, in the case of the classical Fokker-Planck equa-
tion (I3), the steady state is a Mazwellian, it is hence a Schwartz function. In our
case, the steady state is not anymore a Schwartz function because its Fourier transform
has a singularity at 0. If we denote x1 a smooth function which is nonnegative, supported
on x| <2 and such that x1(x) = 1 for |z| < 1, we can write the following decomposition
of ju: §

) = x1(6) 1+ ar [¢]* +az |6 +...) + (1= xa () e/,
We see that the second part of the right-hand side is a Scwhartz function and the first
one induces a singularity at 0. We can hence prove that

pw(z) = |z|~%  when |x| — oo.

4.2. Decay properties in L?(;~1/2). We again use results obtained in [6]. We just use
them in our particular case, the fractional Laplacian.

For @ a convex function, we introduce Dg on (R+)2 as:

Do(a,b) = ®(a) — (b) — '(b)(a — b),

which is nonnegative on (R+)?.

We will not prove the next two lemmas which are going to enable us to prove the decay
towards equilibrium in L?(x~'/?). The first one is [6, Proposition 1] and the second one
is [6, Theorem 2] and comes from [5].

Lemma 4.2. Consider fy a nonnegative initial data for the equation (I1) which satisfies

Entﬁ’ (%) < 00. Then, for any smooth convex function ® and for any t > 0, the solution

f(t) satisfies
GE () 0=~ [

Re JRE
where u(t,z) = f(t,x)/p(x).

Do (u(t,x),u(t,z — 2)) \zf% p(x) dx
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Lemma 4.3. Let us suppose that ® is a smooth convex function such that
(4.2) (a,b) — Dg(a+b,b) is conver on {a+b>0,b>0}.
Then, for any smooth function v, we have:

Entf (v(t, ) < K/Rd y Dg(v(t,z),v(t,z + z))|z|d% p(x) dx

for some K > 0.

We can now state the main theorem ([0, Theorem 1]) of this section, its proof is a direct
consequence of the two previous lemmas and the Gronwall lemma.

Theorem 4.4. Consider ® a smooth convex function satisfying ([{-2) and a nonnegative
initial data fo such that Entﬁ’ <f—£> < 00. Then, the estimate on the solution f(t) holds:

Vt>0, Enty (%) < e K Ent? (%) .

Corollary 4.5. Consider a nonnegative initial data fo such that || fo — p (f0>HL2(“,1/2) is
finite. Then there exists A > 0 such that the solution f(t) satisfies
V20 A — U agerrey < € 1o — bl vy -

Proof. Theorem 4] applied with ®(s) = (s — (fy))? gives the result. O

Remark 4.6. Since || HLQ(M’I/Q) 18 an Hilbert norm, using the previous corollary, we have
for any f € L*(u='?),
[ e = utn (s = nipyu = [ e fut
Rd Rd
< =Af - N<f>”2Lz(Vl/2)'

In what follows, we denote fi(z) := (z)~%"®. We now give a corollary which gives a
decay property in the space L2(ﬁ_1/2) ie L? ((x>(d+°‘)/2).

Corollary 4.7. Consider a nonnegative initial data fo such that || fo — p <f0>HL2(;;71/2) is
finite. Then, there exists C' > 0 such that:

@) = 1l folll L2 (ir2y < Ce | fo—p Solll L2172y
where A is defined in Corollary .5

Proof. We use Remark [£.1] which implies that there exist two constants Cy, Co > 0 such
that Cy p < i < Co . As a consequence, we have the following series of inequalities:

1F2) = ol a-srzy < O A = ol arrs)
<Crle M| fo—p (f0>||L2(,,1/2)
< Co O e ™M fo — <fo>HLz(;;71/z) ,
which concludes the proof. (]



10 ISABELLE TRISTANI

5. SEMIGROUP DECAY IN L' ({z)F)

5.1. Splitting of the operator. We would like to get a splitting of our operator L
into two operators which satisfies hypothesis of Theorem Bl with £ = L?(z~'/?) and
& = L'({z)¥) with k < a. In what follows, we denote m(x) := (z)*, k < a.

Lemma 5.1. Consider a € (—min(k, \),0) where X > 0 is defined in Corollary[{.5 There
exist two operators A and B which satisfy the following conditions:
(i) L=A+B8,
(i) A€ B(L*(~'/?)) and A € B(L'(m)),
(iii) B — a is hypodissipative on L*>(i='/?) and L'(m).

Proof. We are going to estimate the integral [ £fsign(f)m with f a Schwartz function.
The inequality obtained will also hold for any f € L!(m) because of the density of S (Rd)
in L'(m). We split the integral into two parts:

crsien(fym = [ 1if)sien(pym+ | div(a)sign(s)m

R4
=:T1 + T5.
As far as Ty is concerned, we introduce the function ®(s) := |s| on R? which is convex
and its derivative is ®'(s) = sign(s). We also introduce the notation K (z) := |z|~%~. Let

us do the following computation:
[0 = @) Kl =) dy sign(f(a)
= [ () = F@)®'(F(@) + (@) ~ (1) K(a—3) dy
+ [ @)~ 2 @) K ) dy
< [ 07160 = 1f1@) K@ =) dy = 10£1o).

where the last inequality comes from the convexity of ®. We hence deduce that

ti< [ 1l [ it = [ (5im S

because of Lemma
Let us now deal with 75. Performing integrations by parts, we obtain:

ng/RddiV(xf)sign(f)m
:d/Rd|f|m+/Rd:n-stignfm

—a [ 1fime+ [ a-Vifim
—d [ Aflm=d [ 1flm= [ 1fle-Vm
—Aﬂﬂm”zm.
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We now introduce ¢, 1 := I[m]/m — - Vm/m. Let us study the behavior of ¢, 1
at infinity. First, = - Vm(x)/m(x) tends to k as |z| tends to infinity. Then, we prove
that I|m|(x)/m(x) tends to 0 as |z| tends to infinity. We use both representations (2.1])
and (2.2) to split I|m](x) into two parts:

I[ml(z) = % / _ e 2) e =)~ 2m(a) K(2)d:

s [ ) - mia) Ko - y)dy
lz—y|=1

=: Ii{m](x) + I2[m](z).
Concerning I1[m], using a Taylor expansion, we obtain:

[m(x + z) +m(x — z) — 2m(z)| < ‘81‘113 ID*m(z + 2)||oo |2/
z|<1

< C(x)* 2P,

from which we deduce that
dz

(5.1) Ii[m](z) < C<$>k_2/ a2

51<1 12

Concerning I5[m], let us introduce the function ¢ (s) := s*/2 on R*. Using the fact that
1 is k/2-Holder continuous on RT because k/2 < 1, we obtain for any z, y € R

(1 + [22) — (1 + [y]?)] < C [l = |y*]*"?

for some C' > 0. We deduce the following inequalities:
m(x) — m(y)| < C | — [y||** (=] + [y)*/?
< Oz —y["2(|z| + [ — y| + )"
< C (Jo =yl + o — yt).

Finally, we obtain the following estimate on Ia[m]:

dz dz
5.2 Liml(z) <C :Ek/2/ 7—1-/ —,
(52) 2lm] (@) <| | |2[>1 ’Z‘d+a—k/2 1>1 ‘Z’d-i-a—k

where we notice that the integrals are convergent because k < a.
Gathering (5.)) and (5.2), we deduce that I[m]/m tends to 0 at infinity. Finally, we
obtain:

/ ﬁfsignfmg/ lflmim with  lim )y, (z) = —k < 0.
Rd Rd \

|z|—o0

We introduce the smooth function xgz (R > 0) which is nonnegative, supported on
|z| < 2R and such that xyr(z) =1 for |x| < R. For any a > —min(\, k), we may find M
and R large enough so that

(5.3) Vo eRY mi(z) — Mxg(z) < a.

Indeed, if we choose R large enough such that for any |z| > R, ¢m1(z) < a and
M := max|y;|<g Pm,1(x) — a, we have (B.3)).
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We then introduce A := M xr and B := L — Mxgr. We finally obtain:

/(B—a)fsignfm:/ (L—Mxg—a) fsignfm
Rd

]Rd

< / (Yt — Mxs —a) |f|m
]Rd

<0,

which implies that B — a is dissipative on L!(m).
Let us now check that B — a is hypodissipative on L?(;i~/?), using Remark E6, we

obtain:
-1 _ -1 2 1
/RdBffu —/Rdﬁffu M/Rdef p
(5.4) < MIF = 1 B =M [ xn

= (v = (02) =M [ xn s

Using Cauchy-Schwarz inequality, we have:

e [ Fat,

for some constant Cyp > 0. We now use Remark L]l On the one hand, possibly increasing
the value of R, we can suppose that

o + A
> R :> d+— < a —1
ol 2 R (o) < 2,
which implies that
(5.5) Ao [ P@tis@in [ put
|z|>R |z|>R
On the other hand, up to increase the value of M, we can suppose that
o M
2| < R= (2)¥2 < )\—C’o’u_l’
we deduce that
(5.6) A Co / A a)tre <M 2t
|z|<R |z|<R
Gathering (5.5) and (5.6), we can conclude that
NP @ N [ et er [
R¢ |z|<R

Going back to (5.4), we finally obtain
-1 2
L BEF <l e

B—a is thus hypodissipative on L?(i~'/2) because the norms ||-|| 2 G172y and || [[ 2,172y
are equivalent.

We can now conclude. This splitting £ = A + B fulfills conditions (i), (ii) and (iii) of
Lemma Bl Indeed, it is immediate to check assumption (ii) because A is a truncation
operator. O
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(¥n)

5.2. Regularization properties of (.A eBt) . We are now going to show that there

exists n € N such that (.A eBt)(*n) has a regularizing effect. In order to get such a result,
we are going to use the negative term in the computations done to get the dissipativity
of B. Let us state a result which is going to be useful to get an estimate on this negative
term.

Lemma 5.2 (Fractional Nash inequality). Consider a € (0,2). There exists a constant
C > 0 such that for any g € L*(RY) N HY?(R?), we have:

Proof. We use the Plancherel formula to get the following equality for any R > 0:

—~ 2 ~ 2
/“|g 2 4p=C </ZSR'9“"‘M‘%/QZR'9“” d£>.

The first part of the integral can be bounded as follows:
[ 6@ de < RUglE - < B gl
l§I<R

As far as the second part is concerned, we use Lemma, 23]

oy 2 L o~ )2
/EZR B & =< R /Rd €119 (O de = /Rd /Rd |z — d+a dy dz.

We denote
v)*
a=|g|? etb—C’/ /
g R Iw yl‘”a

and the aim is to minimize the function ¢(R) := = aR*+ bR to get an optimal inequality.
We compute

1 ab\ 4+
/ = d—1 — = = —_
¢ (R) =0 <= adR oszoH_1 0<—R <ad>

1
& <<O‘_b> d+a> — (jad%bd%,
ad

which concludes the proof. O

and

Let us now prove the following lemma which is the cornerstone of the proof of the
regularizing effect of (.A eBt)(*n). We introduce the following measure:

mo(x) = (2)*  with ko < min(k, a/2).

Let us notice that this assumption on kg allows us to define I[m}] for any p € [1,2] and
that my satisfies L?(~/2) C L9(myg) for any ¢ € [1,2].

Lemma 5.3. There are b,C' > 0 such that for any p and q, 1 < p < q¢ < 2, we have:

a1 Crbt
20 [ sy < 7y Wi
ta\r
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Proof. For p € [1,2], we denote

Iimb) +dp—l _x-V(mg)
pmg p pmg

7/}7710717 =

and we introduce b € R such that supge(y 2] ¥mg,qg < b
Let us prove that for any p € [1,2], we have:

(5.7) Vt>0, (€% flome) < €1 1o (mo)-

We now do same kind of computations as in the proof of Lemma [5.Tt

/ CFIfIP signf mt = / T1A) 1P~ signf m? + / div(zf) |f|P~ signf m?
Rd Rd Rd
=: Tl + Tg.

As far as T} is concerned, we introduce the function ®(x) := |2[P/p on RY which is convex
and its derivative is ®(z) = |z|[P~! sign(z). Let us do the following computation:

|00 = 1) K =) dy 577 @) sien (o)
= [ () = F@) (@) + 2 @) = (F ) Ko=)y
+ [ @) -2 @) K=y dy
Loep Py T — _1 Pl(y
< /Rd ) (I 1P(y) = [f1P(2)) K(z —y)dy pf[lfl J(z),
where the last inequality comes from the convexity of ®. We hence deduce that

Tos [ 0Pl = o [ oy aiml) = [\ ]

Concerning TQ, using an integration by part, we obtain:

T2:/Rd |:dp;1_:17-v<;n8):| ’f’pmp

pmy

Finally, the previous estimates imply that

/ Bf P signf m? < / (Ymap — MxR) |fIPmE < b / P
R4 R4 R4

using the definition of b. This implies the estimate (5.7]).

In order to establish the gain of integrability estimate, we have to use the nonpositive
term in a sharper way, i.e. not merely the fact that it is nonpositive. It is enough to do
that in the simplest case when p = 2.

Let us consider a solution f; of the equation

Ofr=Bfi, fo=fe€L*(mp).
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The previous computation involving the function ®(z) is simpler in the case p = 2 and
becomes:

1 () = fW)?
| srimi=—5 [ [ Wdym%@)cm/f?m% ($mo2 — M)

1 \f(x)—f(y)\2 2 2,2
Q/Rd/|:c—y|<1 —|$_y|d+a dymo(x)d:n+b/f mg

Let us deal with the negative part of the last inequality.

\ft fily)? )
/Rd /lw y|<1 y|d+a dy my(x) d

_ / / rft mo<>—ft<y>nro<y>+ft<y><mo<y>—mo<x>>\2 dy de
Rd J]|z—y|<1

T — y|d+a

| fi(x) mo(z) — fzt(y)mo(y)’2
/Rd /x yl<1 |z y|d+a e

\mo mo(y)\
-/ W 4y 2(y) ay
R J|z—y|<1 ?J‘

|frlz mo — fily) mo(y)”
/]Rd /]Rd y‘d+oc dy dz

|ft )mo(x) — fily) mo(y)|?
dy d
/Rd /Ir y[>1 |z ?J\dw .

m y
L ey, g g
R? J]z—y|<1 -yl

We treat the first term using Lemma with g = fimg:

il fily) mo(y)[? a 2
/Rd /Rd t mo y|dt+z U dydx 2 c¢ </le |ft|2m(2)> (/ |ft|m0> .

We crudely bound the second term from above:

|fe(@) mo(@) — fily) mo(y)]® 9
/Rd /I:v yl>1 | y|d+a dy mg(z) dx

5.9 \ft !ft mo(y)|?
o <C</Rd /lx yl21 y!d+“ d der/Rd /I:c yl>1 y\d+“ ey

<c / F[2m2.
Rd




16 ISABELLE TRISTANI

Finally, the third term is bounded using the fact that supp, |Vm0|2 < Cmi(y):

m —mo(y
[ el g g
™5

[z — y|*supp(, 1) [Vimol®
<0/L/ WD IYROL 4 f2(y) dy
Re J|z—y|<1 -y

x

go// — 1 P miw)d
et Sy [ fe(y) mi(y) dy

<C / Fimg.
Rd
Gathering (5.8), (5.9) et (5.10), we obtain:

fi(z
/Rd /x y<1| t y|dJ(ra)| dy mi(x) dz

2«
e -
o[ nemd) ([ rim) T o ([ snd).
Rd Rd Rd
for some constants C, C’ > 0. We introduce the following notations:
X(0) = il Togmey and Y(&) = |l fill 11 e -

On the one hand, if Xy < (2C’/C)d/a YZ, because of estimate (G.7), we have:
Vi >0, X(t)? < Cethol/z. We hence obtain

Vi>0, X(@)V2<cCey,.

On the other hand, we treat the case Xy > (2C’/C)d/°‘ Y#. By the previous step (5.11)),
we end up with the differential inequality

(5.10)

th( )< —CY(t) TXt)TT +C X(t)

We also have from estimate (5.7): Y (t) < C e Y (0) for any ¢ > 0. So, we obtain for any
€ 10,1], Y(t) < CY(0) changing the value of C. Putting this together with (5.12]), we
obtain:

(5.12)

_2a o
(5.13) Vit e [0,1], %X(t) <-CYy, * X(t)'Ta + 0" X ().

Let us introduce 7 := sup {t €[0,1] : X(s)> (2C’/C)d/a YE, Vs e [O,t]}. For any
€10, 7], we have —1/2C X (t)1+e/d y;2*/4 < _C'X (). Then, using (5I3), we obtain:

vte (0,7), %X() 5OV X0
which finally implies
d
_2a Ta
(5.14) Vte (0,7), X(t)< (%%YO g t>

Moreover, because of estimate ([B.7)), we get:

d
20" 2«
(5.15) Wehwm%4mwﬂsoﬂﬁﬂmﬂmgogwﬂ<g>2%.
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Therefore, gathering inequalities (5.14]) an (5.I5]), we obtain:
VE>0, X(t)<Ct el
As a conclusion, we have
V>0, e gy < CE 5 | Fllpigmy)

Bt

which means that the operator ! is continuous from L!(mq) into L?(my).

Let us now consider p and ¢, 1 < p < ¢ < 2, €P is continuous from LP(my) into
L%(mg) using Riesz-Thorin interpolation theorem. Moreover, if we denote Cy; the norm of
Bt L% (mg) — LP(myg), we get the following estimate:

2-2 2/q—1 ~2/p—2
Cpq SC'22 v C(11/(1 C(12/10 i

and
0222—2/p 0121/‘1—1 0122/1’—2/‘1 — (0 Pt(2=2/p) bt(2/q—1) obt(2/p—2/q) 4—d/(20) (2/p—2/q)
C ebt
HES)
which yields the result. O

Using the same method as in [7], we can deduce the following corollary:

Corollary 5.4. There exists a constant C' such that for any p and ¢, 1 < p < q < 2, we

have:
tfo—l Cbt
Vt>0, |To@)fllagme <C @ £ 1 2o (mo)
ta

p q

where bg = F [g (% — %)} + 1.

5.3. Proof of the main result. As a conclusion, we can now apply Theorem B with
E = L*(i'/?) and £ = L'(m). Hypothesis (1) comes from Corollary Bl Hypothesis
(2)-(i) and (2)-(ii) come from Lemma [5.J1 We can also prove that assumption (2)-(iii) is
satisfied.

Indeed, we can check by an immediate computation that we have the following estimate
for any function f: [[Af||ra(m) < Cl|Af|lLa(my)- Moreover, we have that LP(m) C LP(mg)
with continuous embedding (because ky < k). Using these two last facts and Corollary [5.4],
we can deduce that for any p and ¢, 1 < p < ¢ < 2, we have:

Hlo—1 bt
(5.16) Vt>0, [Ty #)fllam) <C m I £1l e (m) -

to\r «
Moreover, we can show that ||Af|| 25172y < C[Af|z2(n). Finally, using this last es-

timate combined with (5I6) with p = 1, ¢ = 2 and denoting v := % - FE (%), we

obtain:

ebt

Tl -5y < € -
with v € [0, 1), which implies that (2)-(iii) is fulfilled.
We can conclude that Theorem [I.1] holds.
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Remark 5.5. To obtain a similar result as Theorem [0 in LP({z)*) with p € (1,2], we
need a very restrictive assumption: d (1 —1/p) < k < a.. Indeed, it implies that the limit
at infinity of Y p is negative, which allows us to get the dissipativity of B —a in LP({z)*)
for any a > d (1 —1/p) — k. The rest of the proof can be done in the same way.
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