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Explicit reconstruction of Riemann surface with given
boundary in complex projective spacﬂ

A. D. Agaltsof?] G. M. Henkinf

In this paper we propose a numerically realizable method for reconstruction
of a complex curve with known boundary and without compact compo-
nents in complex projective space.

Keywords: Riemann surface, reconstruction algorithm, Burgers equation,
Cauchy-type formulas

1 Introduction

Let CP? be the complex projective plane with homogeneous coordinates (wg : wy : wy).
Let X € CP? be a complex curve with rectifiable boundary v = 9X. Without loss of
generality, we suppose that the following conditions of general position hold:

(0:1:0)¢ X, woly #0.

Put C? = {w € CP?: wy # 0} with coordinates 2, = Wk, 2z = 2. For almost

all £ = (&,&) € C? the points of intersection of X with complex line C; = {z €
C?%: & + &121 + 29 = 0} form a finite set of points

(z?)(f),zéj)(f)) = (h;(&), =& — &hy(6)), €= (%,&), 7=1,...,N(¢).

By Darboux lemma [2] 4] functions {h;} satisfy the following equations

0h;(€) 0h;(§) .

061 ](f) 060 ; 5 (50751)7 J ) ) +(£)7 ( )
which are often called the shock-wave equations, the inviscid Burgers equations or the
Riemann-Burgers equations. In this interpretation &; is the time variable and & is the
space variable.
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The following Cauchy-type formula from [4] plays the essential role in the recon-
struction of X from ~:

Gm(g) def 1 / Zind(fo + 5121 + Z2

S ) B Ny (8) -
o 2 50 + flzl + 29 o ; hj (5) + Pm(g)a m > 1, (2)

vy
where Ny (§) = [X N C¢| and P,(&, &) is a polynomial of degree at most m with

respect to & at fixed &. In addition, Py(&y,&) = —N_, where N_ = |[X N CPL|,
CPL = {w e CP?%: wy = 0}, and

Py(§o,&1) = — Z

k=1

ar&o + by

1— akgl ) if hk(&)) 0) ~ ak§0 + bk: + 0(50_1) at 0o. (3)

In particular, it follows from that:

1 d(& + &1z + 22)
G = — =N — N_. 4
o(6) = 5 [ T ESAEE N (g (1
i
Let mp: C* — C be the projection onto the second coordinate: mo(z1,29) = —29.

We have that C\ moy = UZL: o$%, where ;> are connected and € is unbounded. From
the definition of Ny it follows that

N+(£0,0) = N_, &) < Qo. (5)

Assume that complex curve X does not contain compact components without
boundary, or equivalently, satisfies the following condition of minimality:

for any complex curve X C CP? such that 90X = §X = ¥
and for almost all € € C? we have | X N Cel > |1X NCy.

(%)

Condition of minimality (j) is a condition of general position and is fulfilled for X if,
for example, every irreducible component of X is a transcendental complex curve. Note
that from theorems of Chow [I] and Harvey-Shiffman [7] it follows that an arbitrary
complex curve X c Cp? satisfying 0X = 0X admits the unique representation X =
XUV, where X is a curve satisfying , and V' is a compact algebraic curve, possibly,
with multiple components.

The main result of [3] gives a solution to the important problem of J. King [9], when
a real curve v C CP? is the boundary of a complex curve X C CP?. Let v C C2
Then v = 90X for some open connected complex curve X in CP? if and only if in a



neighborhood W of some point £* € C? one can find mutually distinct holomorphic
functions Ay, ..., hy(e-) satisfying shock-wave equations and also the equation

8‘10 (G1(€0 1) Zh (60,60)) =0, €= (€,61) € We.

In this work in development of 3], 4] we propose a numerically realizable algorithm
for reconstruction of a complex curve X C CP? from the known boundary and sat-
isfying the condition of minimality. This algorithm permits, in particular, to make
applicable the result of [§] about principal possibility to reconstruct the topology and
the conformal structure of a two-dimensional bordered surface X in R? with constant
scalar conductivity from measurements on 90X of electric current densities, induced
by three potentials in general position.

Our algorithm depends on the number of points at infinity N_ of the complex curve
X. It was tested on many examples and admits a simple and complete justification
for N_ = 0, 1, 2. Despite a cumbersome description for N_ > 3, we show that, in
principle, there are no obstacles for the justification and numerical realization for any
N_ > 0. Moreover, in Theorem we propose a method for finding the parameter
N_ in terms of v. This makes the algorithm much more applicable.

2 Cauchy-type formulas and Riemann-Burgers equa-
tions

We begin by giving a new proof of the Cauchy type formulas from [4], which allows
to obtain explicit expressions for functions F,,.

Theorem 2.1. Let X C CP?\ (0:1:0) be a complex curve with rectifiable boundary
v C C? and satisfying (). Suppose that for almost all & € C* all the points of

intersection of X with (C% have multiplicity at most one. Then the following formulas
hold for almost all & = (&y,&;) € C?:

Gn(©) = 32 IO + Pale), mz 1, (6)

where Py, (&) is holomorphic in a neighborhood of almost all (&y,0), & € C\ma(7y), and
18 polynomial in & of degree at most m for any fixed &. Furthermore, the following



explicit formulas hold:

Pm(é-Oa 51) =

N m—1 dhw gy ﬁ:gqfnl (5) g

Z Z Z i (m—k—1)! dwgn_k In(&owo + & wi + wo)

s=1 k=0 i1+-+im=Fk
Ho i ;
d“wl d“”wl
- E E dw'™ (QS) U im (QS)v
wy dwy

s=141++im=m

qs

where X NCPL = {q1,...,qn_}. In particular, if N_ =0 then P,, =0, m > 1.

Proof. Put g = &wo + & wy + wy and g = wio = & + &121 + 2. Consider differential
forms

def _ndg _ W' wo (E)Zw?d’g YT g, m = 0.1

Ty T wp g \we) wp g wpt
Then G,,,(§) = ﬁ j; wp,- Let us compute this integral explicitly. Denote by p;, 7 =1,
.., N4 (&) the points of intersection of X with CPSI, and by ¢5, s =1, ..., N_ the
points of intersection of X with infinity CPL. Denote by B5 the intersection of X
with the ball of radius ¢ in CP? centered at p; and by D? the intersection of X with
the ball of radius € centered at ¢;. The restriction of form w,, on X is meromorphic
with poles at points p; and gs. Thus the following equality is valid:

. No©) N
Gm = 5 m — P m o m
(©) 2m/ Z 27TZ/ ZQm/
y =1 bB: = bDs
If N_ = 0, then the second group of terms is absent. The integral be; Wy, can be
J

calculated as a residue at the first order pole:

dg / w / dg .
Wm = —_ ——d = - =2 h™ .
/ / b4 7 w6n+1 Wo 21 5 X Y (S)

bBJE- bB H bB H bBJE.

Let N_ > 0. Computation of integral fst wy will be done in two steps. Let us

calculate first fb D wwm—Tjrldwo. Consider the expansion of w;(wy) into power series in wy
in the neighborhood of point ¢,:

dw d*w
wy(wy) = wi(gs) + d—w(l)(%)wo + Wg(%)“’g T



Note further that

wi(we) =Y Y

k=0 i1+ +im=Fk

d" w1
i1
dw

dim w1
im
dwy

(QS)wlg'

(gs) -

The coefficient near w{' can be presented in the form

wi” .
/ i ——dwy = 271
Wy

bDs

Now we can calculate the integral fbDE Z—lmr.
s 0

2.

dilwl

11
dwy

dimwl

(%)"'W

(¢s)-

dgg Using relation dg = %dwo and

expansion of w; (wg) into power series in wy we obtain:

wi* dg 1 dw, 2w, , m dj 1
—m = s s o .. —d
Wi g /bDE oy (wl(q )+ 5— dw (q Jwo + ——5 du? (gs)wp + - wy =
bDs
dilwl dimwl . dﬁ 1
Z/ > d_if(qs)'“d—im( $)wg Jo=dwo =
DS iy potim=k PO Wo 0
Z/ Z d i1 (QS) e dw'™ (QS) y %:dwo =
DS iy b, Wo Wy 0
S Y B ) g ()
o \ds) - i gs) 11m o = .
= (m— k=1 it WO dwg™ wo—0 dwg* "t \ dwy g
From here, taking into account the relation dd—gl = 6215)‘057 we obtain, finally
i = T (as) G (0s) e
wm d . dw™l S dw?® dm
CLE _ oni >y 0 o _wlo) ) In(&owo + Ewy + wa) g,
bDs Yo 9 k=0 i1+-+im=k m . wo
It is a polynomial of degree at most m with respect to &. O

Remark 2.1. We excluded the case (0 :1:0) € X because the point (0 :1:0) can
lead to a non-polynomial contribution in &y in functions F,,.
Consider, for example, the projective curve X: w2 = wywy and the meromorphic

1-form Q¢ on it:
O, — z1dz2

50 22+£07
The form €, is holomorphic on X except the points

(0:1:0) and pg, = (=& : 1:&2).

where z; = :Z—(l), 2

Q1:(03031>7C]2=

2
wn

(=)

&)GC\O,



One can see that the residues of )¢, at ¢1, g2 are equal to 0 and 1/&y, respectively.
It follows that the residue at pg, is equal to —1/&.

Now, consider the part X of X obtained by cutting off some small neighborhood
of the point ¢;. Let v denote the boundary of X. Choose any £ = (&, 0) such that
X NC; #@. Then X NCy = {(—1/&, &)} and, as far as the residue of Qg, at ¢ is
zero, we have that

1 1
0= Gl(anO) = % /ng = _g + Pl(f()?o)a

so that Py(&,0) = 1/&.

We will also use the following result of [8], which gives an effective characterization
of functions h;>; of Theorem 2.1}

Theorem 2.2 (Remark 4 to Theorem 3a of []). Let X € CP?*\ (0 :1:0) be a
complex curve with rectifiable boundary v C C* and satisfying . Fiz any &£ € Qo
and let We« be a neighborhood of & = (&;,0) in C®. Let Gy>1, hj>1 be defined as in

(2) and @ Suppose that there exist functions hy, ..., hy, holomorphic in We- and
satisfying
%(Gl—ﬁl—---—ﬁp):o in Wes, (7)
%:ﬁk% ng,k:L...,p. (8)
Then p > N_. Furthermore, if p= N_:= |XNCPL|, then hy, ..., hx_ coincide with
hy, ..., hn_ in We (up to order).

3 Reconstruction algorithm

We now pass to the reconstruction algorithm for a complex curve X C CP? with given
boundary 0X and satisfying the condition of minimality . Let us consider the cases
N_=0,1,2.

The reconstruction algorithm is based on formulas @ The next theorem permits
to find the functions P,, of @ We will use the notation

XLl _’L 2129 22, ; ( )

Theorem 3.1. Let X C CP?, (0:1:0) € X, be a complex curve with rectifiable
boundary v C C? and satisfying . Let hj>1 and P,>y be the functions defined in
Theorem [2.1. Then the following statements are valid:

6



1. If N_ =0, then P,, = 0 for all m > 1. Besides, G = 0 in a neighborhood of
any & = (£,0) with & € Q.

2. If N_ =1, then P1(&,0) = c11 + c12€o, where constants 11 and cyo satisfy the
following identity in & = (&,0) € Qo x 0:

c 188?1 (&) + ez (foaG1 &)+ Gl(f)) = (f) (50, 0) — 8G1 (f) (10)

8. If N_ = 2, then Py(&,0) = c11 + c12€o, Pa(0,0) = ca1 + 2260 + 2365, where
constants c11, C1a, Co1, Caa, Caz Satisfy the following identity in & = (£o,0) € Qpx0:

ee10(CTy + C23) = %?12 2?9?11 (G1 — e — c12éo) + Gi(caz + 2¢2380)
oG
+_8§1 ((Gr = 11 = 1280)” — Gy + a1 + €08 + 2367 (11)
0

+(G7 — 2e11G1 — 2¢12G1& — Ga) - (—c12),
where all the functions are evaluated at point & = (&, 0).

Proof. 1. By Theorem if N_ =0 then P,, =0 for all m > 1. It also follows from
formula @ that G; = 0 in a neighborhood of any £* = (£f,0) with & € Q.

2. It follows from Theorem that Pi(&,&) = Ci1(&) + Cr2(&1)& in a neigh-
borhood of almost all £ = (£5,0) € € x 0, where Cy;, C12 are holomorphic in a
neighborhood of zero. We need to find constants ¢;; = C11(0) and c12 = C12(0).

We differentiate the equation @ with respect to & and restrict this equation and
its differentiated version to €2; x O:

h1(£0,0) = G1(&,0) — c11 — c12éo,

Oh oG . :
g, (60:0) = 55(60,0) = Cu(0) = Cra(0)é, (12)
821 (507 ) = 8?1 (507 ) C12,

where & € Q. By (I) there is the equality 2 8’“ L(£0,0) = hi(&o, )8’“ (£0,0). We
substitute h.l(éo, 0), 3’;11 (.fo, 0), g’g; (&,0) in this equatlon by their expressions (12)),
and we obtain the equation

T2 (60.0) = Cu(0) — Cial0)6o =

- (Gl(&], 0) — ¢y — clgfo) (a? (€0, 0) — >

(13)



This equation is valid, in particular, for § € €g. We divide it by §y and tend &, — oo.
As a result, we obtain the equality C15(0) = —c3,. Taking into account this equality,
we can rewrite equation in the form

%G1 (60,0) — €1 (0) =

&1
_ (Gl(fo, 0) — ¢y — clzfo) %C;Ol (&,0) — (Gl(éo, 0) — 611>012.

Taking into account that & g+ oG, 1(&0,0) — 0 as § — oo and passing § — oo in ([14)), we

(14)

obtain the equality C’ll( ) = —011012 Substituting ths explicit expression for C’ll(O)

into , we get .
3. By functions hq(€) and ho(§) satisfy the Riemann-Burgers equation in a
neighborhood of any &* = (£,0) € €y x 0, so that the following equalities are valid:

Ouhs) _, Oha | Oh O(hy + hs)
—h hy = hyhy 2T 12) 15
o6 Mag Tag T Mg (15)
I(h? + h3) ohy Ohy  _O(hy + ha)
— 22 = 2h,— + 2h =2 . 16
o 196 g, %, (16)

Note that hihy = %(hl + h2)2 — 5(]1% + h%) Therefore the system f is

equivalent to the system

O(hy +hg)*  O(hi+h3) > o oy ) OUu + hy)
R T ((hl +ha)” — (hi + h2)) e (17)
A2+ 12) Ol + ha)
a8, =2 7, ) (18)

We substitute the expressions of (6) for hf + h3 and hy + hy into (17), (18), using the

notations Pi (&, &) = Ci1(&1) + Cr2(61)&o, Pa(&o,61) = Ca1(&1) + Caa(&1)&0 + Cas(&1)E5-
Then, equation ([18)) restricted to €y x 0 takes the form

oG oG ) )
—2(£0,0) — €20 — 20236 = < (&, 0) — C11(0) — 012(0)50) (19)
9o 96

We divide this equation by &, and tend &y — oco. It leads to the equality 012(0) = C93.
Taking this equality into account and passing §, — oo in ([19)), we obtain the equality
011(0) = %622.

Next, we substitute the expressions of () for 2} + h3 and hy + hs into and
restrict the obtained formula to 29 x 0. It leads to the equality

8G1 aC7Y2

2(G1—c11—c12&)) (a_fl_cll( )— CY12(0)50) _8_51+021( ) +Co2(0)&0+Ca3(0)&5 =
0G

= ((Gl —Ci1 — 01250)2 — Ga+ e+ b+ 023§g> (a_fo - 012)- (20)



We divide this equation by &2 and tend & — oo. This leads to the equality

2012012( 0) + 023( ) = (012 + 023)012

Taking this equality into account, dividing by &y and passing &y — 0o, we obtain
the equality

2011012(0) + 2012011(0) + ng(O) = —(2011012 + 022)612.
Using the obtained equalities, one can rewrite in the form

(?Gl aGQ

2(G1—en — 01250)8_51 = 2G1(C1(0) + C1z(0)¢0) + 261 C1a (0) - 06 +Cu(0) =
_ ((Gl — ¢ — 01250)2 — G2 + Co1 + 02250 + 02363) aa_i()l+

+ ((G1 — 611)2 — 2G1012£0 — Gz + 621) (—012). (21)

We pass £y — oo and note that the following relations are valid

aGl 21 le 1
lim &=t — =— [ z1dn =0
§ol—r>noo 50 851 §o—>oo£ 271'2 fo + 29 211 s ’
Y Y
. 1 21 dZQ 1 d
= = — 21029 = &
Eo—o0 go—oo 2T &) + 29 27T’l 1= 10

Y Y
. 8G1 . 1 Z1 dZQ 1
1 I — ] 2—/—:——/ dzy = —&e1g.
Sogrctofo 8&) 5052050 27Ti (fo—f-Zg)Q 27Ti F1d% ®10

v v

As a result, we obtain
—2e19C12(0) + 2¢11C11(0) + Ca1(0) = _(C%Q + 023)8810 - (031 — 2c198010 + 021)012.

Due to the obtained relations, we can express constants C‘ij(O) as functions of ¢;;:

C'11(0) —0227

C12(0) =

Cy3(0) = =35 — 3c1acas, (22)
Ca(0) = —2(c11¢ty + Cracan + Cr10a3),

C21(0) = @10(cFy + c23) — C1a(cFy + c21) — cr1020.

Substituting these constants to (21f), we obtain the third statement of Theorem . ]

9



Complement 3.1. The statement of Theorem admits a development for the case
N_ > 3. In this case

Pi(&0,61) = Cra (&) + Cra(&1)60 + -+ - + Ck,k+1<51)5§> k=1,...,N_.

Denote Cy;(0) = %(Zj (0) and ¢;; = Cyj(0) fori=1, ..., N_and j=1, ..., i+ 1.
Let us indicate the following general procedure for finding of constants c¢;;. Due
to the Riemann-Burgers equations the following identities in & € €2y hold for

k=1,...,N_—1:
0G|,

~ g, (£0,0) + C1(0) 4 Cha(0)& + - - - + Ok,k+1(0)f§
1
k oG
=i < g“ (£0,0) + Cry12 + 2¢p41380 + -+ (k + 1)Ck+1,k+2€§) :

Taking into account that BGI“ £(£,0) — 0 and G’““ (&0,0) — 0 as & — 400 we obtain
the equalities

km

Chtimtl, k=1,...,00—1, m=1...k+1

Due to the Riemann-Burgers equations the following identity in &, € {2y holds:

de,, B op1
agl (507 O) - 6#0(507 )850 (507 )7 (23)
where functions e;, are given by the following formulas:
k—1
ker(&o,61) = (_1)”1%4(50751)]%'(50751) + (‘Ukﬂpk(fo,fl); (24)
i=1
Pr(€o, &1) = Gr(&0, &) — Cra(&1) — Cra(61)é0 — - -+ — Craa (§0)E0,
where k=1, ..., up.

Equality (23) allows to represent constants {C,,,.;(0)} as functions of constants
{ci;}. Finally, substltutmg the obtained expressions for constants {Cy;(0)} via con-
stants {c;;} into equation we obtain the identity in & € )y for computation of
constants {c;;}.

For example, in the case N_ = 3 the identity in & € () for finding of constants
cij takes the form

. . . . oG
C31(0) 4+ C32(0)&o + Cs3(0)E8 + Ca4(0)E5 = 853
1
3, 9 Ipa Ops 1 op1
+Z(p1 2>8_§0 p1a—€0 5 — (P} — 3pip2 + 2]93) 9"

10



where all functions are evaluated at point (&, 0), the functions py, are defined in formula
and the constants C31(0), C32(0), C33(0), C34(0) are given by formulas

. 1
C31(0) = 5210 (3117, + 3ciacn + 3e11023 + 2c33)

1 3 1
3 2
— =11 (012 + 3c1aCo3 + 2034) - = z129dzq <012 + 623)
2 22m .
1, 3 3,
- 5011012 - 5011012021 - 1011022 - 1021022 — C12C31 — C11C32,
C3(0) = f+3 2 S22 3
32( ) = &10 (012 + 3C12Co3 + 634) — 5011012 — 5612021 — 9C11C12C29
3 5 3 5 3 5 5
— —Cyp — =C11C23 — £C21C23 — 4C12C32 — 2(11C33,
4 2 2
. 3 9 9 9
3 2
Cs3(0) = —= 116y — —Cl9Ca2 — S C11C12C23 — —C22Ca3 — 3C12C33 — 3C11C34
2 4 2 4
. 3
4 2 2
034(0) = _5012 — 3C19Co3 — 5623 — 4dcipcsa,

where @9 and &1, are defined in formula @D
The next theorem permits to find N_ = |X NCPL| from v = 0X.

Theorem 3.2. Let X C CP?\ (0:1:0) be a complex curve with rectifiable boundary
v C C? and satisfying . Let G,,>1 be the functions defined in and let N_ =
| XNCPL|. Fiz any & € Qo and let We« be a neighborhood of £ = (&,0) in C*. Then
the following statements are valid:

1. If Gy = 0 in Wes, then either N_ = 0, or v bounds a complex curve in C?
where v denotes v with the opposite orientation.

2. If there exist complex constants ci1, c1o such that

%(Gl_Pl) :(G1_P1)%(G1—P1) m Wg*, (25)
where P1(€O7£1> = Cifgl—:cm7 th@n N, S 1 Furth@rmOT@, C11, Ci12 are the same

constants as in Theorem .

3. If there exist complex constants ay, as, by, by, c1, co such that ¢y + co = &y,
Z((Cy — )2~ Gy — )
:<<G1—P1)2—G2—P2)%(G1—Pl) m Wg*,

Pi(&,61) = —?EZTQ o 111253;;02’ (26)
2
o a;j&o+b;\ 2 2a;c;
PZ(anfl) - Z[( lj—gj&j) + 1—;j21]’
Jj=1



then N_ < 2. Furthermore, these constants are related to the constants of The-
orem [3.1] by the equations:

ap +as = —cia, by +by = —cyy,
al + a3 = —co3, aib + asby = —1ca, (27)
b% + bg + 2@101 + 2@202 = —Co1, C1 + Cco = &®qp-

Proof. 1. The equality G; = 0 in W~ implies that G; = 0 for all { € €y x C. In turn,
it implies, according to [4], the moment condition

/Zl 222 dZQ = 0 k’l,k’g Z 0.
Y

Then, according to [13] and [6], for an appropriate choice of orientation, 7 is the
boundary of a complex curve in C2.
2. Set h = G, — P, in a neighborhood We- of £*. Then h satisfies

(Gl ) =0 in Wg*,

Oh ah .
e h in We-.

It follows from Theorem that N_ < 1. Note also that equation ([10]) is the restric-
tion of to We- N (2o x 0).

3. Consider the following quadratic equation in variable ¢:

852

—(G1 = P)t+i(G1— P)> =Gy — P) =0. (28)

Suppose that the discriminant is non-zero at £*. Then, without loss of generality, it
is non-zero in We« (we can always choose a smaller nelghborhood) We denote two

different roots of this equation as h1 = hl(ﬁ), h2 = hg(g). Clearly, h1 and h2 are
holomorphic in We-. Furthermore, by the Vi’te formulas we have
ﬁ1+%2:gllzG1—P1 iIle*
ﬁlﬁg = gg =3 ((Gl ) G2 ) in Wg*

Note that by definition 22t = 1922 Note also that by Lemma 3.3.1 of [4] we have

o e 0&1 2 9¢o
Tll = ij. It leads to the equation

de; 10
— = —2 in We-. 29
S = 3ag @ - 2) K (29)
Furthermore, equation can be rewritten in the form
dey  _ dey
— = €y —
o6 o

12



Now denote by /f\Ll, EQ the shock-wave extensions of 711( 0) and 7L1( O) to Wg*
which_exist and are unique by the Cauchy-Kowalevski theorem. Set e = h1 + hg,
€y = h1h2 Due to the shock-wave equations for h1 and hg, the functions e; and €,

satisfy . s
€1 =2 ox

o6, 206,

des __Oey .

— = — Wes.
og, ~ “og, U

Thus, €1, é; and €7, e; are holomorphic solutions to the same system with the same
restrictions at §; = 0. By the Cauchy-Kowalevski theoreln, ;\evl = ¢, and €5 = €y. It
follows from the Vi?te formulas that hy, hy coincide with hq, he (up to order). Hence,
ﬁl, Do satisfy the shock-wave equations.

Applying Theorem we obtain that N_ < 2.

It remains to consider the case when the determinant of equation (28) vanishes
in We+. Otherwise, it vanishes on (at most) a dimension one analytic set and in any
neighborhood of £* there are balls where it does not vanish.

The zero discriminant condition reads

(Gl —P1)2 IQ(GQ—P1> n Wg*

We set h =
we get

%(Gl Py). Then by definition of P; and from the discriminant condition

852 (Gl — Qh) =0 in Wg*,

gg h ah in We-.
By Theorem it implies N_ < 2. Note also that if N_ = 2, then all intersections of
X with C, £ € W, are double.

Finally, note that equation (|11)) is the restriction of to the set We- N (Qp X
0). ]

Complement 3.2. The statement of Theorem can be generalized to the case
N_ > 3 in the spirit of cases N_ < 2. Such a generalization will be developed in a
separate paper together with a statement of Theorem for N_ > 3, indicated in
Complement [3.1]

We pass to the description of the algorithm of reconstruction of a complex curve
X C CP? satisfying the minimality condition () from the known boundary v = X C
C2.

Let {8} |, €& € C be an arbitrary grid in C, & # fg, i # j, and & ¢ Ty,
k=1,..., N. The complex curve X intersects complex line {25 = —&;} at points
(hs(EE,0),—€5), 1 < s < N(&F,0). We are going to present the formulas for finding
these points.
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The algorithm takes as input the points {£5}Y | and the curve v (for example, rep-
resented as a finite number of points belonging to 7). On the output of the algorithm
we obtain the set of points (h(&F,0), —&5), 1 <k < N; 1 <s < N, (&,0).

1. No points at infinity

1. Computation of N,. According to formula , for every domain €2;>¢, the
number 1y = N, (&,0), & € €, is equal to the winding number of the curve myy
with respect to a point & € €:

1 dz 1 dz
H = N+(£0,0) —/ 2= 50 S Ql-

" omi 20+& 2m ) z—§&
v 2y

2. Computation of power sums. If N_ = 0 then, according to Theorem [3.1] for
every point & € Q>0 we have that P,,(&;,0) = 0. Using formula (6) we obtain
the following formulas for the power sums of the functions to be determined:

1 2t dz
€)= PR 0) -+ 0) = 5 [ D <

Y

3. Computation of symmetric functions. For every point & € Qs;, the Newton
identities

k

kop(€6) = Y (=D lori(€)si(€5), 1<k < N (&5,0).

i=1
allow to reconstruct the elementary symmetric functions:

Ul(g(])C) = hl(g(l)cao) +ot hul(g§,0)7

U,ul(g(l)ﬁ) = h1(§§70) X X hm(fg,()).

4. Desymmetrisation. For every point & € €, using Vi?te formulas, one can
find the complex numbers hy(¢5,0), ..., h,,(£5,0) (up to order). The points
(hs(&6,0), =&5), 1 <'s < N4(&,0), 1 < k < N, are the required points of the
complex curve X.

2. One or two points at infinity

These cases can be reduced to the case N_ = 0 in the following way. Since myy C C is
a compact real curve, there exists such R > 0, that the set B5(0) = {z € C| |z| > R}

14



in contained in Q. Without loss of generality, one can suppose that |£| < R for all
k=1,..., N.

Consider an auxiliary complex curve Xg = {(z1, 22) € X | |22 < R}. Its boundary
~r consists of two disjoint parts (possibly, multiconnected): the first part is v and the
second part 75 is obtained by lifting the circle S = {z € C | |2| = R} to X via the
projection my: X — C.

The complex curve Xg does not intersect infinity. Moreover, points of the form
(a, —56‘“), k=1, ..., N belong to X if and only if they belong to Xg.

Therefore, in order to reconstruct X it is sufficient to reconstruct v, and then to
reconstruct Xg, using the algorithm for the case when N_ = (0. The algorithm can be
formulated as follows:

1. New boundary. Choose a sufficiently large R > 0, so that B C Qg and all &}
belong to Bg. In the case of N_ = 1, by virtue of formulas @, we have that

1 21 dZQ
h/ - — P =
1(§0a O) omi / % + 50 1(§0a 0)7 |€0| R7

Y

where P; can be found using Theorem . This formula allows to recover 75
and, as a corollary, yg = vy U~ = 0Xg.

In the case of N_ = 2 we have two equalities:

1 d
h1(80,0) + ha(&o,0) = %/221+Z€20 — P1(6,0), || =R,
Y
1 2d
h3(&,0) + h3(&,0) = %/ZzleZgo — P(&,0), [&| =R,
Y

where P, and P, can be found using Theorem [3.1] Applying Newton identities
and Vi?te formulas, we find hy(&p,0) and he(&o,0). Thus, we have recovered vy
and, as a corollary, yg = v U~ = 0Xg.

2. Reduction. In order to find the complex curve Xz with boundary 0 Xz = vr we
apply the algorithm of reconstruction for the case of N_ = 0.

4 Visualization

To our knowledge, there are, at least, two known algorithms for automatic visualisation
of complex curves. The first one was proposed by Trott [12] and requires the knowledge
of an analytic expression for the curve. The second algorithm was proposed by Nieser-
Poelke-Polthier [II] and requires the knowledge of the branching points and their

15



indices for some fixed projection to C. Our algorithm requires the knowledge of the
unordered set of points of intersections of the curve with complex lines Cé.

Let us describe in few words the algorithm of visualisation of complex curves that
we use in our examples. Denote by m;: C* — C the projection into the first factor:
m1(21,22) = z1. Suppose that X is a complex curve in C? such that the covering
m: X \ {ramification points} — C has multiplicity L. Consider, for simplicity, a
rectangular grid A in C:

A= {zij: Rez = i, Im 27 = J

N N7Z.7j:O7"'7N}7

where N is a natural number. Suppose now that we are given the set X, = m; '(A)NX
and we need to visualize the part of X lying above the rectangle 0 < Rez; < 1,
0<Imz <1.

Let us introduce some terminology. We define a pathin A asamapy: {1,..., M} —
A such that |y(k+1) —~(k)| = + for all admissable k, where M is some natural num-
ber.

Let v: {1,...,M} — A be a path in A and let i: {1,..., M} — [1, M] be the
inclusion map. Define the function i,y: [1, M] — C such that i.y(k) = ~(k) for
integer k and 4,7|p k+1) is linear for all admissable k. It is clear that i, is a continuous
function and hence it can be lifted to X by the map ;.

We define a path in X as amap I': {1,..., M} — X, such that y =m ol is a
path in A and I" = ¢*L(i,7y), where i* is the pullback map with respect to i and L(i.7)
is some lift of i,y to X by mp, 1. e. L(i.) is a continuous map from [1, M] to X such
that m o L(7,7) = i,y. We also say that I' is obtained by lifting of .

We will call subsets of A and X, path-connected if every two points of these sets
can be connected by a path in A and X, respectively.

Let us describe the practical way to lift paths in A to paths in X,. Suppose
that N is sufficiently large. Let : {1,..., M} — A be a path in A and let I'(1) €
7~ 1(y(1)) N X be an arbitrary point. We select T'(k) € 7~ *(y(k)) N X in such a way
that

IT(k) —T(k—1)| =min{|z —T(k—1)|: zer ' (v(k)NX}, k=2,... M.

Then I is a path in X obtained by lifting of «v. All possible lifts of ¥ may be obtained
by varying I'(1). Note that if 7 is closed, i. e. (1) = y(M), T" need not to be closed.

Finding of ramification points and making branch cuts. The first step in
visualization procedure consists in finding of ramification points of X with respect
to projection 7. Since we have only a finite number of points on X we can find
ramification points only approximately. More precisely, we will localize them in small
circles.

16



Without restriction of generality we suppose that all ramification points are pro-
jected by 71 into interior points of A. Take any interior point z; € A and select a small
closed path ~v: {1,..., M} — A around z; so that there is at most one ramification
point inside the polygon (1) ...~v(M). For example, one can take as v the following

path:

SIS N A SISl
21 N 21 N 21 N 21 N 21 N’

where 7 is the imaginary unit.

Now consider different lifts of v to X . If at least one lift is not closed, mark z; as
a possible ramification point (meaning that it is situated near the projection of some
ramification point of X). Now vary z; and mark all possible ramification points. The
resulting set will consist of several path-connected components each of which localizes
the position of one ramification point of X with respect to m;.

Next, we need to cut the grid A with branching points removed into simply con-
nected domains. The natural choice is the shortest cut graph, which can be computed
by the algorithm proposed in [I0], which, in turn, generalizes the algorithm for closed
surfaces of [5].

Denote the cut graph by A.. An important observation is that every closed path
in A\ A, always lifts to a closed path in X since it doesn’t contain m-projections of
ramification points inside.

Visualization. Now denote A\ A, = US_|A,, where A, are different path-connected
components. Take any z{ € A, and z5 € 7, () N X. Now take other z; € A, and
connect z§ with z; by some path . Then ~ lifts to a path I" with I'(1) = (2§, 25) and
['(2) = (21, 22) for some 2z, € 77! (21) N X and 2, doesn’t depend on . Varying z; we
thus obtain the map (2§, z5): Ay — X which allows us to visualize the part of X.

Varying z5 € 7 '(2) N X (the latter is the finite set, namely, it consists of L
elements) we obtain the other maps (2§, z5) which allow us to visualize other parts
of X. Clearly, the set of obtained maps doesn’t depend on the choice of z{ € A;. Hence
we can denote the obtained maps by XL, I =1, ..., L. It is clear that UL S (A,) =
7 1(As) N X. Now vary s to visualize

Ule Ulel Ei(AS> = 7T—1<USS=1A5) NX = Xx \ W_I(AC)-

The part 771(A.) N X, consists of cuts and preimages of possible ramification points.
The cuts can be visualized as the already visualized part of the surface. The only
problem is the visualization of 7;-preimages of possible ramification points. But the
latter take a little part of the surface when N is large and one can just forget about
their visualization. On the other hand, in our examples they were visualized using
low-level graphics approach.
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real 2,

0

real z,

imag z, realz, imag z,

Figure 1: Rieman surfaces of functions f(z) = /sin(z), |z| < 2 (left) and f(z) =
Vz4 41, |z| < 2 (right) obtained by the visualization algorithm.

Examples of application of this algorithm are given at Fig. [I] and in Section
The visualization algorithm can be easily generalized to the case of general grids. For
instance, in our examples we have used a modification with periodic grid.

5 Examples
1. No points at infinity. We consider the complex curve given by the equation
Xi={(21,2) €C*: 20+ 1 = (2} — exp("jf))Q, 20| < 1.9}, (31)

The boundary v, = 0X; of this curve is the disjoint union of two real curves 7] and
v{, see Fig. . We are going to recover X; from ~;.

First, note that the real curve |z;| = 1.9 in C divides C into two parts Qo = {|za] >
1.9} and 5 = {|z2] < 1.9}. We check numerically that G1(€) is zero in a neighborhood
We« of some £* = (&5,0), & € Qp, and thus N_ = 0 by Theorem

Next, we compute the value

1 = 00(&o) = L/

2mi
7

d22
20+ &

for some & € € (it will be the same for any & € €y). It turns out that u; = 4
and thus my: X7 — 2 is a (ramified) covering with 4 sheets. Denote X; N Cé =

{<hj(§)7 _§0> ?:17 §= (50,0), |§0| < 1.9.
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Re(zw]

Im(z.) Re(z,) | 1 2

Im( zz)

Figure 2: The given boundary 73 = 77 U~{ (red and green) and the reconstructed
complex curve X; C C2. The color indicates Im(z1).

Next, we compute the values of the power sum functions s:

Fdz
th £0,0) 2#@/221-1—;0’ 6] < 1.9, 1 < k<4

71

Using Newton identities, we determine the values of symmetric functions oy:

o1 =81, 0Og= %(sf — S9),
1

o3 = £(s] — 3s152 + 2s3),
04 = 214< 68182 + 382 + 88183 — 684)
Finally, taking into account Vi?te formulas, we find hq(&p,0), ..., ha(&o, 0) as the roots

of the following polynomial in ¢:
tNV+o) _ &) (go)tf\ﬁ-(ﬁo)—l et (_1)N+(€0)UN+(§070) (&) = 0.

Reconstructed surface is represented at Fig. [2]

2. One point at infinity. Consider the the complex curve X, which is the part of
the curve

Xy = {(wo wy : wy) € CP%: w? = w3 —|—w0}
bounded by the real curve
Yo = {(21(t), 22(t)) € C*: t € [0, 27]},

2(t) =1.9¢", 2 (t) =+/23(t) +1, 2(0) >0,



intersecting infinity at (0 : 1:1). We suppose that the number of points at infinity is
apriori unknown. We are going to reconstruct Xs p = Xo N {22 < R}, where R = 3,
from ~s.

Note that the curve moys = {]z2| = 1.9} divides C into two connected components
QO = {ZQ > 19} and Ql = {22 < ]_9}

According to the algorithm, the first step is to determine the number of points
at infinity. We choose some £* = (£5,0) with & € Qo and check that in some small
neighborhood W« of £* we have G4 # 0 and thus N_ > 1 by Theorem

Next, we fix two generic &}, €2 € ) and determine ¢y, ¢;2 from the linear system

611%—%(5570) + 012(5(%%(5(1)7()) + G1<€(1),O>) = Gl(f(l),())%(&l),()) - 8&)_%(5(2)7())7
011%—%(5370) + 612(53%(5370) + G1<€§,O>) - G1(§g70)%(€§70) - %_%(53’())

This system is uniquely solvable and gives c;; &~ 1, ¢15 = 0.
Next, we check numerically that in the neighborhood W« of £* the following iden-
tity holds:

(32)

i(G'(l — P1> — (Gl _Pl)a%)(Gl — Pl),

&1
+
where P (&, &) = Cingz?

Theorem together with the estimate N_ > 1 imply that N_ = 1.

Next, according to the algorithm, in order to reduce the problem to the case of no
points at infinity, we need to recover the auxilary curve vy p = Xy N {22 = R}. Note
that 75 r = {(h1(£0,0), =&0): || = R}, where h;(£o,0) can be found from the explicit
formula

(33)

hi(&0,0) = G1(&,0) — c11éo — 12,  [&o| = R.

Next, we set o g = 7275 50 that 90Xy g = Y., Xo rN{|22] < R} = XoN{]z2| < R}
and X, p does not intersect CPL. Thus, it remains to recover X, p from the known
boundary ;2 r using the algorithm for the case of no points at infinity, see the previous
example. The reconstructed curve is depicted at Fig. [3

3. Two points at infinity. Consider the complex curve X3, which is the part of
the algebraic curve

X, = {(wo: wi: ws) € CP?: wi = (ws — iwp)(wa + two) (ws — wo) },
bounded by the real curve

v3 = {(zl(t),z2(t)): t e [O,27T]},
2o(t) = 1.9¢", 2 () = ¥/ (20(t) — 1)(22(t) + i) (22(t) — 1), 21(0) > 0.

271 27

The curve X3 has two points at infinity, namely, ¢ = (0:1:e73 ), g =(0:1:¢e 73 ).
We suppose that the number of points at infinity is a priori unknown. We are going
to reconstruct X3 from 3.
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Re(zw)

Re(zz)

2 Re(z,)

Figure 3: The real curve 2 (red) and the reconstructed complex curve X, with one
point at infinity. The color indicates Im(z;).

As in the previous examples, the real curve w7y, divides C into two parts Qy =
{|z2| > 1.3} and Q; = {|22] < 1.9}.
The first step is to determine the number of points at infinity. Choose a generic

& =(&,0), & € Qp, and some neighborhood We- of £*.
1. We check that G # 0 in We- so that N_ > 1 by Theorem [3.2}

2. We choose two generic 5(1), fg € )y and solve for c11, c12. It turns out that
system ([32]) is uniquely solvable. However, identity does not hold in We-.
Using Theorem [3.2] we obtain that N_ > 2.

3. We consider as an identity in a neighborhood of £;. We find numerically

that
c11 ~ 09974, c¢15 = —0.3335,

Co1 = 1.0133, 99 = —0.6699, co3 ~ 0.5567.

We check that holds in a neighborhood of Wg« with constants a;, as, b1,
bs, c1, co given by equations . If follows from Theorem and from the
inequality N_ > 2 that N_ = 2.

Suppose that we want to recover X5 = X3 N {|z2|] < R}, R = 3. According to
the algorithm, we need to find the auxilary boundary 5 = X3 M {|22| = R}. Denote
Vi = 1(h;(&,0),=&): %] = R,j = 1,2}. We compute the values of symmetric
functions 01(&§) = h1(£o,0) + ha(&o,0), 02(&0) = hi1(&o, 0)h2(&o,0) using the explicit
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Figure 4: The real curve -3 (red) and the reconstructed complex curve X3 with two
points at infinity. The color indicates Im(z1).

formulas
01 =51, O09= %(s% — S9),
1 z1dz
81(50) = h1(§0;0) + h2(§0,0) = 2_7rz / 221+ go —C11 — 012507 |fo| =R,
v
N N 1 22dzy )
52(&0) := hi(&,0) + h3(&,0) = i) e co1 — €226 — 2385, |&o| = R.
v

Next, taking into account the Vi?te formulas, we find the values hq (&, 0), ha(&o,0),
|€0| = R, as the roots of the following polynomial in ¢:

= o1(&)t + 02(&) = 0.

Then we put 3 r = 73 L 73  and recover X3 g from 73 z using the algorithm for the
case of no points at infinity. The result of reconstruction is depicted at Fig. [4]
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