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The quenched limiting distributions
of a charged-polymer model

Nadine Guillotin-Plantard*, Renato Soares dos Santos*

Université Lyon 1

Summary. The limit distributions of the charged-polymer Hamiltonian of
Kantor and Kardar [Bernoulli case] and Derrida, Griffiths and Higgs [Gaussian
case| are considered. Two sources of randomness enter in the definition: a
random field ¢ = (g;);>1 of i.i.d. random variables, which is called the random
charges, and a random walk S = (S,,)nen evolving in Z¢, independent of the
charges. The energy or Hamiltonian K = (K, ),>2 is then defined as

K, = Z ¢iqi1¢s,=5;1-
1<i<j<n
The law of K under the joint law of ¢ and S is called “annealed”, and the
conditional law given ¢ is called “quenched”. Recently, strong approximations
under the annealed law were proved for K. In this paper we consider the limit
distributions of K under the quenched law.

Keywords: Random walk, polymer model, self-intersection local time, limit
theorems, law of the iterated logarithm, martingale.
2011 Mathematics Subject Classification: 60G50, 60K35, 60F05.

1. INTRODUCTION

Let d > 1 and q¢ = (¢;)i>1 be a collection of i.i.d. real random variables, hereafter referred to as
charges, and S = (Sy,)n>0 be a random walk in 7% starting at 0, i.e., Sy = 0 and (S,, — 1) p>1
is a sequence of i.i.d. Z%valued random variables, independent of ¢q. We are interested in the
limit distributions of the sequence K := (K,,),>1 defined by setting K; := 0 and, for n > 2,

Kni= Y qgjlis—s,}- (1)
1<i<j<n

In the physics literature this sum is known as the Hamiltonian of the so-called charged polymer
model ; see Kantor and Kardar [21] in the case of Bernoulli random charges and Derrida, Griffiths
and Higgs [11] in the Gaussian case. This model has been largely studied by physicists since it is
believed that a protein molecule looks like a random walk with random charges attached at the
vertices of the walk; these charges are interacting through local interactions mimicking chemical
reactions [24].

Results were first established under the annealed measure, that is when one averages at the
same time over the charges and the random walk. Chen [7], Chen and Khoshnevisan [8] proved
that the one-dimensional limiting distributions are closely related to the model of Random walk
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in random scenery. Hu and Khoshnevisan [19] then established that in dimension one the limit
process of the (correctly renormalized) Hamiltonian K, is strongly approximated by a Brownian
motion, time-changed by the self-intersection local time process of an independent Brownian
motion. Especially, it differs from the so-called Kesten and Spitzer’s process [22| obtained as the
continuous limit process of the one-dimensional random walk in random scenery.

To our knowledge, distributional limit theorems for quenched charges (that is, conditionally
given the charges) are not known. Let us note that in the physicists’ usual setting the charges
are usually quenched: a typical realization of the charges is fixed, and the average is over the
walk. In the case of dimension one, we determine the quenched weak limits of K, by applying
Strassen’s [28] functional law of the iterated logarithm. As a consequence, conditionally on
the random charges, the Hamiltonian K, does not converge in law. In contrast with the one-
dimensional setting, we show that the quenched central limit theorem holds for random walks in
dimensions d > 2 with finite non-singular covariance matrix and centered, reduced charges. In
d > 3 we obtain convergence to Brownian motion under the standard scaling y/n, while in d = 2
we are only able to show convergence of the finite-dimensional distributions under the unusual
vnlogn-scaling and an additional condition on the charges, namely a moment of order strictly
larger than 2. We also provide in the appendix a proof of a functional central limit theorem under
the conditional law given the random walk. In particular, our results imply annealed functional
central limit theorems under weaker assumptions on the charges than the ones in [8, 19].

2. CASE OF DIMENSION ONE

2.1. Results. In this section we study the case of the dimension one, S = (Sk,k > 0) is the
simple one-dimensional random walk. Moreover we assume that

E(q1) =0, E(¢?) =1 and E(|q1]%) < oo.

We prove that under these assumptions, there is no quenched distributional limit theorem for K.
In the sequel, for 0 < b < oo, we will denote by AC([0,b] — R) the set of absolutely continuous
functions defined on the interval [0, b] with values in R. Recall that if f € AC([0,b] — R), then
the derivative of f (denoted by f ) exists almost everywhere and is Lebesgue integrable on [0, b].
Define

K* = {fGAC(R+—>R):f(O):O,/ (f(x))2dx§1}. (2)
0
Theorem 2.1. For P-a.e. q, under the quenched probability P (. | q), the process
. K,
K, = , > e,
(n3/2log logn)1/2 nee

does not converge in law. More precisely, for P-a.e. q, under the quenched probability P (. | q),
the limit points of the law of K, as n — 0o, under the topology of weak convergence of measures,
are equal to the set of the laws of random variables in ©p, with

Op = {f(V1) 1 f € /C*}, (3)

where Vi denotes the self-intersection local time at time 1 of a one-dimensional Brownian motion
B starting from 0.

The set Oy is closed for the topology of weak convergence of measures, and is a compact subset

of L*((Bt)iepo,1))-

Instead of Theorem 2.1, we shall prove that there is no quenched limit theorem for the contin-
uous analogue of K introduced by Hu and Khoshnevisan [19] and deduce Theorem 2.1 by using
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a strong approximation. Let us define this continuous analogue: Assume that B := (B(t))¢>0,
W := (W (t))¢>0 are two real Brownian motions starting from 0, defined on the same probability
space and independent of each other. We denote by Pp, Py the law of these processes. We will
also denote by (L¢(x))¢>0,zcr a continuous version with compact support of the local time of the
process B, and (V;):>0 its self-intersection local time up to time ¢, that is

V; = / Li(x)? de.
R
We define the continuous version of the sequence K, as
Zy =W (W), t > 0.
In dimension one, under the annealed measure, Hu and Khoshnevisan [19] proved that the process
(n=3/*K ([nt]))s>0 weakly converges in the space of continuous functions to the continuous process
Z = (2*1/ 2 Zt)i>0. They gave a stronger version of this result, more precisely, they proved that

there is a coupling of ¢, S, B and W such that (¢, W) is independent of (S, B) and for any
e € (0,1/24), almost surely,

K,=2"27,40(ni®), n— +oo. (4)
Theorem 2.1 will follow from this strong approximation and the following result.

Theorem 2.2. Py -almost surely, under the quenched probability P(-|W), the limit points of the
law of

Zy
(2t3/21og log t)1/2’
under the topology of weak convergence of measures, are equal to the set of the laws of random
variables in ©p defined in Theorem 2.1. Consequently, under P(-|W), as t — oo, Z; does not
converge in law.

Zt:: t — o0,

To prove Theorem 2.2, we shall apply Strassen [28|’s functional law of the iterated logarithm
applied to the Brownian motion W.

2.2. Proofs. For a one-dimensional Brownian motion (W (t),t > 0) starting from 0, let us define
for any \ > e,

W (At)
(2X\log log \)1/2’

W(t) == t>0.
Lemma 1. (i) Almost surely, for any r > 0 rational numbers, (Wy(t),0 <t < r) is relatively
compact in the uniform topology and the set of its limit points is Ko, with

Ko, = {f € AC([0,7] = R) : f(0) = O,/Or(f(x))de < 1}.

(ii) There exists some finite random variable Ay only depending on (W (z),z > 0) such that
for all X > €39,

W (t
sup MA@ = Ay < cc.

t>0 \/\t\ log log(|t]| + |—%‘ + 36)

The proof of this lemma can be found in [17].

Let us define for all A > e¢® and n > 1,

Hy :==Wy(W), H,(\n) = Wi(V1) Lpvi<n}s
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Lemma 2. There exist some positive constants cy,ca such that for any X > €3¢ and n > 1, we
have

Ep|Hy—H"| < e Ay, (5)
EB‘f(Vl)‘l{in} < e (6)

for any function f € KC*.

Proof: By Lemma 1 (ii), Eg[(Wx(V1))?] < A%, Ep[|Vi|loglog(|Vi| + ﬁ +36)] < c1.4%,, since
V1 has finite moments of any order. Then by Cauchy-Schwarz’ inequality, we have that

= Ep [WA(Vl)l(VlNL)}

\/EB [WA(Vl)z} \/]P’B <v1 > n)

2
—can
< ClAWe ? )

ﬂ«:B‘HA — g™

IN

by the fact that: Pp(V; > z) < cre=®” for any x> 0 (see Corollary 5.6 in [23]). Then we get

(5)-

For the other part of the lemma, let f € K*, observe that |f(z \/‘ fo )Qdy‘ < /|z|

for all x € R4.. Then by Cauchy-Schwarz’ inequality, we have that

p[lF 0] < (Ea[704] ﬁg(vl > n)
< Ep Vl \/IP’B Vi > n
S Cl e—an
Then (6) follows.
Lemma 3. Py -almost surely,
dLl(B)(HAa@B)_)O, (J,S)\—>OO,

where Op is defined in (3). Moreover, Py -almost surely, for any ¢ € Op,
liminde1(B)(H)\, C) =0.
A—00

Proof: Let € > 0. Choose a large n = n(e) such that ¢; e—c2n’ < &, where ¢y, co are the constants
defined in Lemma 2. By Lemma 1 (i), for all large A > A\g(W,e,n), there exists some function
9= grWen € Kon such that sup,ejg ) [Wa(z) — g(z)| < e. We get that

EB‘Hgn) —9(Vi)livi<ny| <€

We extend g to Ry by letting g(z) = g(n) if > n, then g € K£*. By the triangular inequality,
(5) and (6),
EB‘HA - Q(Vl)‘ < (2+Aw)e.

It follows that dpi(p)(Hx,©p) < (2 + Aw)e. Hence Py-a.s., limsupy_, . dripy(Hx,Op) <
(2 + Aw )e, showing the first part in the lemma.
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For the other part of the Lemma, let h € K* such that ¢ = h(V}). For any € > 0, we may use
(6) and choose an integer n = n(e) such that cre=" < ¢ and

dLl(B) (C’ Cn) <e,

where (, := h(V1)1{y,<pn). Applying Lemma 1 (i) to the restriction of i on [0, 7], we may find a
sequence \;j = \j(g, W,n) — oo such that sup, <, [Wy,(z) — h(z)| < e, then

dprp) (HY, Gu) < e

By (5) and the choice of n, dr1(p) (H;?),H,\j) < eAw for all large )\;, it follows from the
triangular inequality that
dpyp) (G Hyy) < (2+ Aw)e,
implying that Py-a.s., iminfy o dpi gy (Hx, () < 2+ Aw)e - 0ase — 0. O

We now are ready to give the proof of Theorems 2.2 and 2.1.

Proof of Theorem 2.2. Remark that Py -a.s.,

d
W) W) (7)
from the scaling property of the self-intersection local time of the Brownian motion B. The first
part of Theorem 2.2 directly follows from Lemma 3.

Proof of Theorem 2.1. We use the strong approximation of [19] : there exists on a suitably
enlarged probability space, a coupling of ¢, S, B and W such that (¢, W) is independent of (S, B)
and for any € € (0,1/24), almost surely,

K,=2"'%7,+ o(ngfs), n — 400.

From the independence of (¢,W) and (S,B), we deduce that for P-a.e. (g, W), under the
quenched probability P(.|g, W), the limit points of the laws of K, and Z, are the same ones.
Now, by adapting the proof of Theorem 2.2, we have that for P-a.e. (¢, W), under the quenched
probability P(.|g, W), the limit points of the laws of Z,, as n — oo, under the topology of weak
convergence of measures, are equal to the set of the laws of random variables in Op. It gives
that for P-a.e. (¢, W), under the quenched probability P(.|q, W), the limit points of the laws of
K,,, as n — oo, under the topology of weak convergence of measures, are equal to the set of the
laws of random variables in ® g and Theorem 2.1 follows.

Let (¢n)n be a sequence of random variables in ©p, each (, being associated to a function
fn € K*. The sequence of the (almost everywhere) derivatives of f, is then a bounded sequence
in the Hilbert space L?(R,), so we can extract a subsequence which weakly converges to a
limit whose integral is in K*. Using the definition of the weak convergence and the fact that
Cn = fR+ 1[07V1}(y)fn(y) dy, ((n)n converges almost surely. Since the sequence ((,), is bounded

in LP(B) for any p > 1, the convergence also holds in L?(B), and compactness follows. [J

3. CASE OF DIMENSION TWO

3.1. Assumptions and results. We will make the following two assumptions on the random
walk and on the random scenery:

(A1). The random walk increment S takes its values in Z? and has a centered law with a finite
and non-singular covariance matrix . We further suppose that the random walk is aperiodic
in the sense of Spitzer [27], which amounts to requiring that ¢(u) = 1 if and only if u € 27Z,
where ¢ is the characteristic function of Sy.



(A2). E[g1] = 0, E[¢?] = 1 and E[|¢1]7] < oo for some v > 2.
Our aim is to prove the following quenched central limit theorem.
Theorem 3.1. Assume (A1), (A2) and d = 2. Then, for any 0 < t; < ... <ty < o0,
( K Kinty )

vnlogn' 7 y/nlogn
where “=" denotes convergence in distribution as n — oo, and B is a Brownian motion with

variance o = (2mv/det X)L

> = (B,,...,Biy) under P(:|q) for P-a.e. g, (8)

Remark: The conclusion of this theorem still holds if, alternatively, the assumptions (A1) and
d = 2 are replaced by the following:

(A1%). The sequence S = (Sp)n>0 is an aperiodic random walk in Z starting from 0 such that
the sequence (ST”)” converges in distribution to a random variable with characteristic function
given by t  exp(—alt|) with @ > 0, in that case o2 is given by (27a)~!.

Indeed, the proof of Theorem 3.1 depends on .S through properties of the self-intersection local

time and of the intersection local time of the random walk S which are known to be the same
under assumptions (Al) in d =2 or (Al’) ind = 1.

Remark: Theorem 3.1 implies convergence of finite-dimensional distributions of K|,,;|/v/nlogn
under the quenched law in any countable set of times ¢. If additionally tightness in Skorohod
space can be established, this will imply functional convergence to Brownian motion.

An ingredient in the proof of Theorem 3.1 is the following functional central limit theorem
under P(-|S), which is of independent interest. Indeed, it implies the same result under the
annealed law, improving the previously known assumptions for such a theorem to hold (see [19]).

Let

SN

| nlogn if d=2,
_{n if d>3 ()
and

2 ::{ (2mv/det ¥) 7! if d=2, (10)

S P(S, =0) if d>3.

Theorem 3.2. Under conditions (A1)-(A2) and d > 2, or (A1’)-(A2), for a.e. realization of
S, the process

B™ = 5, K |y, t > 0, (11)
converges weakly under P(-|S) in the Skorohod topology as n — oo to a Brownian motion with
variance o>.

The proof of Theorem 3.2 is an application of the martingale CLT, and is given in Appendix A.

The proof of Theorem 3.1 will be given in two steps as follows. Define the subsequence
1 2
Tn = lexpn®], -V-—<a<l. (12)
2 v
Then the following two propositions directly imply Theorem 3.1. Both assume d = 2 and
(A1)-(A2).

Proposition 4. For any 0 <t; <--- <ty < 00,

Kir.t) Krat)
1 log 7, T log 7,

) = (By,,...,Biy) under P(:|q) for P-a.e. q. (13)



Proposition 5. Define i(n) € N by 7,y < n < Ty)11. Then, for any t >0,
Koy K
vnlogn /Ty 1og Tim)

converges in probability to 0 as n — oo under P(:|q) for P-a.e. q.

(14)

Propositions 4 and 5 are proved in Sections 3.3 and 3.4, respectively. First, we recall in
Section 3.2 some results about two-dimensional random walks.

3.2. Two-dimensional random walks. We gather here some useful facts concerning the local
times of two-dimensional random walks. In the following we always assume (Al) and d = 2.
Analogous results hold under the alternative assumption (A1’).

3.2.1. Mazimum local times. Let Ny(x) := > | 1{g,—z be the local times of the random walk
S up to time n and
N, := sup Ny(x) (15)
T€Z2
be the maximum among them.

Lemma 6. (i) For all k € N, there exists a K := K (k) > 0 such that

E [(N;;)ﬂ < K(logn)* Vn>2. (16)
(ii) There exists a K > 0 such that
P (N > K(logn)?) <n % ¥n > 1. (17)
Proof. The two statements follow from Lemma 18(b) in [14]. O

3.2.2. Self-intersection local times. For p € N, the p-fold self-intersection local time I,Lp] of S up
to time n is defined by

=3 Np(z)= Y Iys,—=s,) (18)
zeZd 1<in,0ip<n
When p = 2 we will omit the superscript and write 1,,.

Lemma 7. When d =2, for allp > 2 and k € N there exists a K > 0 such that
E [(I,Lpl)k] < KnF(logn) @D vn > 2. (19)

Proof. The statement can be found in [15] (Proposition 2.3). O

We will also need the following lemma about the self-intersection local times of higher-
dimensional random walks.

Lemma 8. Let S be a random walk with a finite, non-singular covariance matriz in dimension

d >3, and let ﬁ@p] denote its p-fold self-intersection local time up to time n. Then, for all p > 2
and k € N, there exists a K > 0 such that

E [(T,Lf])k] <Knf Vn>2. (20)

Proof. We can follow the proof of item (i) of Proposition 2.3 in [15], using the fact that, for all
k € N, sup, E [ﬁn(O)k} =E []VOO(O)’“} < 00 since Nuog(0) := Yooy 1,5, follows a geometric

law with parameter P(S,, 20V n > 1) > 0. O



3.3. Proof of Proposition 4.

3.3.1. Truncation. Fix 8 € (0,1/4). For n > 1, set b, := n?, define ¢ € RY" by

0" = a1 (g <n — B [ad g <nn) 121, (21)
and K™ by
KW= Y a1y, k>2. (22)
1<i<j<k

The following proposition shows that, in order to prove Proposition 4 for K, it is enough to
prove the same statement for Ky(Ln).

Proposition 9. (Comparison between K and K (™)

For any T > 0,
' K — K
nh_)n;O 2§k8§uLIT)nTJ e =0 P-a.s. (23)
Proof. Let
0" = 4l g6, — E a2 galob,)] (24)
and note that, since ¢ is centered,
ag; —a."d" = — 47" + 4 + 4 g (25)
Write
K — KM =—¢gm) p gl g glmd (26)
where
glgn’l) = Z qi(n)>qj(’n)>1{51=5j} (27)

1<i<j<k

and 5,&"’2), 5,&"’2) are defined analogously from the corresponding terms in (25). Let us focus
(n,1)

for the moment on £, "". Note that it is a martingale under IP. Therefore, by Doob’s maximal

inequality,

2
1 1
E [ sup [V <E |lef] 2] <E (167 P] B [ry] (28)
2<k<|nT|
Since
E (|¢!"7 2] < 2E [|¢:[*1 < < 29
0" P | < 2B [lanP L ar0,] < o2 (29)
n

by (27)—(29) and Lemma 7(i) we get

(n,1) 12
IE[ sup 16| ] < ¢ (30)

a<k<|nT| Mlogn | © n26(y—2)

which is summable along 7, since v > 2. Analogously, we can show a similar inequality for £(2)
and €3 with the bound Cn~?(=2) instead, which is also summable along 7,. The proof is
concluded by applying the Borel-Cantelli lemma. U
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3.3.2. Decomposition of quenched moments. From now on, we will work with the truncated and
recentered version K™ of the energy. In fact, for convenience we will work with

Z qz(n)q'z('n)l{si:si} (31)
i£iE[k]
where [t] :={1,...,[t]}.
Fix p= (p1,...,pN) € (N*)N, and put p := |ply = p1 + ... + pn. Since the qi(n)
the quenched moments

mgﬁ) = Z Z H Hq :)q(g (ﬂ ﬂ{Szf = Szé?}> (32)

WA ih #ib €lnta] VA, A €lnty] k=10=1 k=1/¢=1

are bounded,

are all well defined and satisfy

N
(n)
m®) =R H 2KtntJ )P

q] P-a.s. (33)

We aim to prove that the m(m when properly normalized converge a.s. along 7, to the corre-
sponding moments of a Gaussian process. In order to do that, we will first show how they can
be decomposed into sums of terms that are easier to control.

ik

In the following we will use the notation 1 = (i’f, el

to mean that if # 7% for all k € [N] and £ € [py].

W, ~ € { -}, and we will write i # ¥

Let
Ty = {(k,l,~): k € [N],l € [p],~ € {-,~}}. (34)
Note that |Zz| = 2p. For Q C Zy, let
kg = inf{k € [N]: (k,¢,~) € Q for some ¢ € [p],~ € {-,--}} (35)
and, for a collection Q of subsets of Zj, let
DY = {b= (bg)gea: bq € [nty,] and by # bp ¥ Q # P € Q}. (36)

For a given pair i # 1, we define a graph structure on Zz as follows. We say that
(k1,01,~) # (k2, {2, —) € Iy are adjacent if and only if ig = ZJZQ (37)

Let P be the resulting partition of Z; into connected components according to the graph structure
given above. Then P belongs to

Py = {partitions Q of Zy: [{(k,¢,-),(k,¢,-)} NQ| <1V ke [N], L€ p]and Q € Q}. (38)
Define a = (ap)pep € D} by setting
ap = for any (k,0,~) € P. (39)

Using t; < --- < ty, it is straightforward to verify that the map (i,i) — (P, a) is a bijection.
Thus we obtain the decomposition

N pg
- 3 5 e () fiess =) w0

PePy acDF PEP k=1/¢=1
where in the above i,1 are seen as functions of P and a.

Next we define another graph structure, this time on P, as follows. We say that
Q # P € P are adjacent if and only if 3k € [N], 2 € [px]: {(k,¢,-),(k, ¢, )} CPUQ. (41)
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Let & denote the partition of P into connected components according to the graph structure

above. We call & the superpartition of i,1. Note that |S| > 2 for all S € 6.

We will now show that a consequence of the previous definitions is that

N pg
ﬂ ﬂ{sz‘; = S’z";} = ﬂ ﬂ {Sap = aQ}
k=1¢=1 SEG P,QES

-0 U Nisir =

Se6 ze72? PeS

To see this, first note that

N pg
ﬂ ﬂ{siif - Si?} - ﬂ ﬂ ﬂ {Sap = S’z";}

k=1¢=1 Se6 PeS k: (ki )eP
= ﬂ ﬂ ﬂ {Sap = aQ}-
SeG PeS Q adj. P
Thus (42) will follow once we show that, for all S € &,

Es:=() (] {Sap =50} C [ {Sap = Sao}-

PeSQ adj. P P,QeS

(42)

(43)

(44)

Indeed, for P,Q € S, there exist Qq,...,Q 7 € S such that Qg = P, Q5 = Q and Q,, is adjacent
to Q1 for all m € [J]. We will prove that FEs C {Sa, = Sag,, } for all m € [J] by induction on
m. Since Es C {Sq, = Sanﬂ} by definition, the case m = 1 is covered and, supposing that

Es C {San_1 = Sap}, We get Es C {Sau,, = San_l} N {San_1 = Sap} C {Suq,, =

proving the induction step. Hence (44) is verified, and (42) follows.

Thus we see that we may decompose m(m

P = Y mP(P)

Peﬁ”ﬁ

in the following manner:

where

mP(P):= > JTE@D"P | () [ {Sapr = Sag}

aceDP PP Se6 P,es

Next, using the identity

H0p+dp ZHCPHdPa

PeP ACPPeA  P¢A

we see that we may further decompose m¥ (P) as
mP(P) =Y mP(P,A),
ACP
where m/!! (73 A) =

S TLE[@)™] T {a@)” —=[@P e { ) () Ser = Suo}

acDP PeA P¢A Se6 P,QeS

Let
N :={PeP: |P|>1}

Sap}s

(49)

(50)
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Since m(m (P,A) =0if ANNC # () and m(m (P,P) = {mgﬁ)(P)} ;

mP(P)-EmPP)| = > mPP A (51)
ACN: Ac£Q
Moreover, when A€ 75 () we may write

TR S | R (T | T

ap: PEA PgA
where

W, ((ap)p¢A,P .A Z H E[ n) lpq (ﬂ ﬂ {Sap = aQ}) l{aeDP} (53)

ap: PEA PeA Se6 P,QeS

3.3.3. Analysis of the terms. We begin with the terms in which A¢ = (), i.e., the ones corre-
sponding to E[mslm (P)].
Proposition 10. For all 5 € (N*)V, there exists a constant K € (0,00) such that

B [mP ()

where p:=|pl1 = p1 + -+ + pN.

< K(nlogn)?? ¥n > 2, (54)

Proof. Integrating (46) we get
P
B[] = [TE| ()| S e[ N S0 =500) ). (55)
peP a€DF S€6 P,QeS
We may suppose that |P| > 2 for all P € P since otherwise E {mgﬁ) (73)} = 0. In particular,
|P| < p. Estimating
E |la”171] < 27 |11, 1<, 71| < 27 |la11 i <7123 | < 2PWF12 (56)

we see that the absolute value of the first term with the product in (55) is at most o217,

On the other hand, the second term is smaller than

_ S|
> EIII X I 1{sap—:r} =E [T > Ny @)
a€lnty]P Se6 xeZ? PeS Se6 xe72
_E [H 11 | < CnlSlogmyP-1e 57
Se6 i

where we used Holder’s inequality and Lemma 7(3i).
Combining (55)—(57) we obtain
E [m@(P)] | < Co21P0niS tog m) 1161, (58)
We now split into different cases. Note that |&| < |P|/2 < p/2. If |P| = p and |S| = p/2, then

(54) holds by (58). If [P| = p and |&| < p/2, then (58) divided by (nlogn)? goes to zero as
n — oo. Lastly, if |P| < p, then

(nlogn) 2

E [m®(P)]| < on 370719 (10 ) (59)

which goes to zero as n — oo since § < 1/4. O
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The rest of the analysis consists in showing that all other terms with A°¢ # () converge to zero
a.s. along 7, when normalized.

Proposition 11. For any fized choice of p and P, if A # () then

lim 777%" (P A)

n—00 (Tn ]og Tn)p/2

=0 P-a.s. (60)

Before we proceed to the proof, we need to introduce a decoupling inequality, due to de la
Pena and Montgomery-Smith, that will be important for us.

For fixed A # P, let (¢™1) pgA be |A°| independent copies of ¢ and put

g = > I {E@" =B @) Wal(ap)pga P A), (61)

ap: P¢A P¢A

i.e., analogously to (52) but with independent copies of ¢ for different P. Then the main theorem
in [26] implies that there exists a constant C' > 0 depending on |.A¢| only such that

(\m (P, A)| > u) <CP (\mﬁ?(p A > u/C) (62)

for all w > 0. In particular, we can bound the probability in the Lh.s. of (62) using Markov’s
inequality and the fact that

|a2@. ) =TT @™ -2 (@] S Wilerrea? 4. ©3)
P¢A

ap: P¢A

Proof of Proposition 11. We may suppose that A C N. Bounding the indicator function in (53)
by 1iscniy]Pys We may estimate using (63)

2., < T a7 -2 [ TLe [ ] sumty o0

P¢A

where

By(P,A) = > > ETT Y. T {Ser ==}
1<ap<|ntny|: P¢A  1<ap<|nty]: PEA SeB xe72 PeS
2

= > E|]] ZN“Z?;}' II ts=ar| - (65)

1<ap<|nty]|: P¢A Se6 zeZ? PeSnAc

We proceed to bound B, (P,.A). Denoting by ]/\\7 (z) the local times of an 1ndependent copy S
of S, and by N,(z,y) the local times of the 4-dimensional random walk S, = (S,, S,,), we can
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rewrite (65) as

N |SNA|
Z H Z( ntNJ N\_ntNJ(y)) H l{SaP:g;,:S'\aP:y}

1§ap§LntNJ : P¢.A SeB z,ycZ? PeSNAe
ISOA| ~15nae
=B | [T 3 (M) @ Ny @) N )
| SEG z,yeZ?
_ sl Flis] il ISNAL ~ 5 4¢|
=E®? HILntNJ [ntn] LntNJ H Z < ntNJ LntNJ(y)> NLntNJ (z,y)
SCA SCAe bSians z,yE€7?
®2 rlisi glish sl |SNA| FlISNA]
<E H it Lintw | e H (NLntNJNLntNJ) Toiel | (66)
| SCA SCAc S: DASNALS

i K]

where I,”, I;,” are the analogues of I,[L for the corresponding random walks, and ]V;; = sup, Nn(x)
Using Holder’s inequality, Lemmas 6(i), 7(i) and 8, and the fact that & is a partition, we see
that (66) is at most

CnlSIHIS: SCAY (10g ) 2(MIHEs. opsnass SIS SCAY) (67)

Now we note that |&| < [|P|/2], {S: S C A}| < ||A]/2] and 2|A| + |A°| < 2p. Therefore,
t:=p—[6]-|{S:SC A} >0 (68)
and there is equality if and only if

(1) |A| and |.A°| are even;
(2) |[Pl]=2YPeAand |[P|=1V P e A%
(3) IS|=2VSe6G;
(4) for any S € G, either S C Aor § C A°.
Thus by (65)—(67)
Bu(P,A) _ | Cllogn)~"2 ift=0, (69)
(nlogn)? = | Cn~t(logn)® ift > 0.

We will consider three cases separately:

Case 1: t > 1;
Case 2: t =0 and |A°| > 4;
Case 3: t =0 and |A°| = 2.

For each of these cases we will show that, for every ¢ > 0,

S P (|mg§3 (P, A)| > e/ log Tn) < o0, (70)

n=1
and the result will follow by (62). To prove (70), we will use Markov’s inequality together with
(64) and (69). In the third case, the variance estimate (64) is not good enough, but we will get
a better bound estimating a higher moment.

Case 1: (t > 1) For P € A, we have

2
B [((A ’)'P‘} < 92PIp2(1PI-2) (71)
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as in (56) and, for P ¢ A, we can estimate in a similar fashion

n n 2 2|P
@™ =[], < 227 [(@1 10 <00) "]
< 2?IVE [(q11{\q1\§bn})2(‘P|71) (Jﬂ
< 92Pl20P1-D), (72)
Using (64), (69) and |&| 4+ [{S: S C A}| < |A] + |A°]/2, we get

7@,

AN\t
2 7 s o ool A-141/2) t log ) < € (22 (log m)®
(nlogn)p n

= Cn~ =48 (log n)3P (73)
which is summable along 7, since 5 < 1/4.

Case 2: (t =0,|A°| > 4) As mentioned above, in this case |P| =2 for P € A and |P| =1 for
P ¢ A. Using E[\qgn)ﬁ] <E [|g1’] =1, we get from (64) and (69) that

|72,

(nlogn)? < C(logn)~2 (74)

which is summable along 7, since a > 1/2.

Case 3: (t = 0,|A°] = 2) In this case, (64) is not enough to prove (70). However, since
| A =2 and t = 0, by (52) and the discussion after (68) these terms are of the form

Z qap ( Pl QaZL:PQ Wn(apl’a’PQ) (75)

ap;,ap,

where P;, P, € P are such that {P;, P} € & and

Walap.ar) =E [@?] 7 3 P(ﬂ N (S = aQ}) Leopy (76)

ap: P#P1,Ps Se6 P,QeS
Rewrite
PP A = > q"E W) (77)
i#j€[ntn]

where ¢ is an independent copy of ¢. Since W, (i, j) is symmetric and
ke Y g Wi, g) (78)
i7#j €[k]

is a centered martingale, by Burkholder’s and Minkowski’s inequalities we have
2

[ntn |
poraf <o S|y 5t
i€ty \{s) §
2 Intw] 2
=CE[ld"P]" > | X a6 - (79)

=1 |liemtx I\ ,
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By the Marcinkiewicz-Zygmund and Minkowski inequalities, (79) is at most
C Y Wilij) < CBu(P,A) < CnP(logn)" ™, (80)
i#j€[ntyN]

where we used (65) and (69). Combining (79)—(80) we get

fosf

—— 1 < (1 T2 1

rTogmy < Cllogm) ™3 (s1)

which is summable along 7,, since o > 2/~. O

3.3.4. Conclusion. From the results of Section 3.3.3 we obtain the following two propositions.
Together with Proposition 9, they will allow us to finish the proof of Proposition 4.

Proposition 12. (Convergence of annealed moments)

For every pe (N*)V,

N fn) J Pk N
lim E T =k T B>, 82
nl—)ngo ]4;111 A/ N 10g n 19111 tk ( )

where B is a Brownian motion with variance 2.

Proof. First we note that, because of the annealed functional CLT for K (see Appendix A) and
Proposition 9, K™ satisfies a functional CLT with variance ¢ under P. Integrating (45) and
applying Proposition 10, we see that, for all p € (N*)V,

() 2 (]
[ty | - "
sup |E —_— =2"Pgup ———+- < 00, 83
nzg kll vnlogn nzg (nlogn)p/2 (83)
P

and hence Hévzl <K Ezzk | /v/nlog n) " s uniformly integrable for all p € (N*)V, O

Proposition 13. (Convergence of quenched moments)

For every pe (N*)V,
. Tntk _ Tntk _ B

nh_)ngoE H — q| — E H — 0 P-a.s. (84)

i \ VT log 7, i \ VT log 7,

Proof. Combining (45) and (51), we see that
o {E [ﬂ (ki )" q] ~E[(k() )] } =@ —E [m{7]

is a sum of terms mslm (P, A) with A C N, A® # (), so the result follows from Proposition 11. [J

Proof of Proposition 4. The conclusion is now straightforward: Propositions 12-13 give us (13)
with K™ in place of K by the Cramér-Wold device and the method of moments, and this is
passed to K by Proposition 9. U
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3.4. Proof of Proposition 5. Before we start, we note some properties of the subsequence 7,
that will be used in the sequel: there exist positive constants K, K5 such that

(pl) limy oo Tnt1/mTn = 1;
(p2) Kiexp (n®/2) < Tuy1 — o < Koty /n' ™ ¥V n € N¥; (85)
(p3) 7 < Ksexp (n®) Vn e N

Proof. For integers b > a > 2, let
Ka,b = Kb - Ka. (86)
Once we show that

K,
lim sup 7| L7nt) ’k|

M=00 | 1 4| <k<|ma1t] V Tn 108 Th

Proposition 5 will follow by noting that

=0 P-as, (87)

Ky — Bin | Eing = K|
vnlogn /Ty log i) | — vnlogn
Ti(n) 108 Ti(n) nlogn

Then, by (87) and since lim,_, n_lTi(n) = 1, the first term in the r.h.s. of (88) converges
a.s. to 0. Moreover, the second term converges for P-a.e. ¢ in P(:|q)-probability to 0 since, by
Proposition 4, K|, ;/v/7 log 7, is a.s. tight under P(-|g). Therefore, we only need to show (87).

By Proposition 9, it is enough to prove (87) for the sequence qZ(T"“),i > 1, ie.

1)
K
lim sup Ltk

n—oo \_TntJ<k< Tn+1tJ vV Tn log Tn

To this end, we will make use of a maximal inequality for demimartingales due to Newman and
Wright [25], as well as Bernstein’s inequality.

=0 P-as. (89)

The sequence (Ka(tnk)) k>a 18 @ zero-mean martingale under both P and P(-|S) with respect to
the filtration o((¢;)i<k,S). Indeed,

(n) (n) _ g-(n) (n)
Ka Kkl T Ka =K — = qk+1 Zqz Lis, =841}

and the r.v.’s q(n)

; , 1> 1 are independent and centered. Therefore,

b k—1 2
= [(9)"|o] = 3 & (4 Td0ss0) |5
=1

k=a+1
b k—1 b
SO Y Y Lsi=sy =C D Nieea(Sh)
k=a+1 i=1 k=a+1

<C Y Ny(@)Nap(x) < CVI/Toy (90)
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where Ngp(z) = ZZ:(IH Lis=aps Lap = D peze N2, (z) and for the last step we used the
Cauchy-Schwarz inequality. Integrating (90) and using Holder’s inequality we get

B |(K%)] < c8 [VivEa] < o EE L]

< C+/blogby/(b — a)log(b —a) < Cbloghb, (91)

where for the third inequality we used Lemma 7(i) and that I,; has the same law as Ij,_,.

Since Kénk? is in particular a demimartingale under P, by Corollary 6 in [25] we get

P ( sup |KL:”;Tk| > 2ev/ 7, log Tn>
|

Tnt|<k<[Tny1t]

R [(K(T"“)

2
LTntJ s LTn-HtJ > :| .
<\ —5 V(R )= evmorn)

ety log 1,

< C\/ (\ K02 ey/mlog Tn> (92)

by (91) and the properties of 7,.

Now note that KU%) can be rewritten as
3 <Ab(a:) - Aa(x))
xEZ2

where

M) = > ", Lu(2) = {1 <i<k: 8=z}
i<jeLy(x)

Given the random walk S, the random variables Ay(x) — A, (z), 2 € Z? are independent, centered
and uniformly bounded by (b, N;)?. Furthermore, by (90),

> El(As(@) — Aa(2))?]S] < O/ LapV/Ib). (93)

Thus we may use Bernstein’s inequality under P(:|S) to estimate the probability in the right
hand side of (92), obtaining that, for all u > 0,

1 2
<|K |>u‘5)<exp 4 .
IabIb—{—u(b Nb )2

Integrating with respect to the random walk, we get, for every € > 0,

P (|KE::t+Jl)Lrn+1tJ| > e/, log Tn)

T log 7,
<E |exp " . (94)
[ < VIt rasit) L mt) + V7 long(an+1N\_Tn+1tJ)2>]

Recall that, by Lemma 6(ii), there exists C' > 0 such that

P (N;>C(logk)®) <k Vk=>1. (95)



18

Now fix 0 < § < 2(a™! — 1) and an integer 6§ > 2/(ad). By Markov’s inequality and

Lemma 7(i), we have

E[1}] C
140 ~ k >
P <1k > k(log k) ) < [ liog )79 < Togiy® " k22 (96)

By (94)-(96), the subadditivity of /- and the fact that e=2*/(W+2) < =2/¥ 4 ¢=%/% for any
x,y,z > 0, we see that (92) is at most

Cr (i)~ + Colog(Tns1 — 70)) "2 + Cy(log )~ % + = Ctdn/en 4 o=Ctdn/fn - (g7)
where C1-C}y are positive constants and
dy = Tp log T,
en 1= \/Talrnet — 7a) 08 (rns — 72) log(r )+,
fr = /0108 T (Tns1)?? (log Tny1 ). (98)

Using the properties of 7,, we see that the first term of (97) is summable; by our choice of 6, so
are the second and the third. Furthermore,

1—a(1426)
2

dp/en > Cnl_Ta/(log m)l>Cn 2z | (99)

and so the fourth term is summable by our choice of . As for the last term, note that
dn/ fn > C(7) 274 (log 7,) 7/ (100)
so the fifth term is summable since 5 < 1/4. Thus, by the Borel-Cantelli lemma, (87) holds. O

4. CASE OF DIMENSIONS THREE AND HIGHER

4.1. Assumptions and results. In d > 3 we can relax the condition v > 2 used in Section 3.
Here we will only assume (A1) and
Elg] =0, E[¢]=1 (101)

However, we will need to recenter K,,, since its quenched expectation is not subdiffusive as can
be checked with a simple computation.

Theorem 4.1. In d > 3, under assumptions (A1) and (101), for P-a.e. q, the process

Knt) — B [K|ntlq]
\/ﬁ b

converges under P(:|q) in the Skorohod topology to a Brownian motion with variance

t>0, (102)

o = iP(Si = 0)P(S; # 0). (103)

Remark: The result above remains true for any transient random walk on Z%, d > 1, as long as

Zp_" ZP(SZ- =0) < o0

n=1 k=1 1i=k

(e

p

for some p > 1.
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Proof. The idea is to approximate K,, — E[K,|q] by an additive functional of a Markov chain
and then apply known results in this setting. Let

(X(k),q(k)), keZ, (104)

be an i.i.d. sequence with each term distributed as (S1, ¢1), and denote its law by P. For a time
[ € N, define the sequences A} and ¢; by

ak) = ql+k), keZ,
P\Zfz(k) = X(k+1), k<0, (105)

and put
&= (q, X). (106)

Then & is a Markov chain on the state space R” x (R%)%-. Moreover, the process & is stationary
and ergodic under P.

For X € (R")%- and i < k < 0, define

YHX) = XG4 1) + -+ X(K). (107)
Then, writing
n k—1
Kn=) q(k) Z a(k — )1z (x)=0) (108)
k=2 i=1
we see that
Ko — E[Klq] = ZHI &) (109)
where
-1
Hy(q, X) : Zq {1{20 v)—0y — P(Si = 0)} . (110)
Since d > 3, Y2, P(S; = 0) < o0 and we may define
H(q,X) := (0) Y a(~1) {1z )0y — P(Si =0)} (111)
i=1
Lemma 14. For each T > 0,
1 k
lim — sup H - H =0 P-a.s. 112
BT ; 1(&) — H(&) (112)
Proof. To start, note that
k k o)
STHEG) -H(&) = ql)> ql—1) (1{292.(&):0} —P(S; = 0)) (113)
1=2 =2 i=l
is a martingale under P. By Doob’s maximal inequality,
1 k 2 1 n oo
E|— su H —H <= Var
oS ; (&) —HEG)| | < n;; ( (20,(%) })

< Cn712, (114)
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The last step follows from the bound P(S, = 0) < Cn~%? (see e.g. [20], Lemma 1). Therefore,
by the Borel-Cantelli lemma, (112) holds with the sequence 2" in place of nT. The result is
passed to the original sequence by considering, for each n, k, such that 28»=1 < nT < 2k». [

Because of Lemma 14, the theorem will follow once we show the same statement for the
additive functional

Hy o= H(&). (115)
1=2
Lemma 15.
supE [E [HL, & ]2} < . (116)
n>2
Proof. We have
E[H(&) | &l = a(0 Z(ﬂ { (X)) | (Xj)j<0) —P(S; =0) } (117)
Since P (X2,(X)) | (X;)j<0) =P (S; =0) if i <[, we have
E[E[H, &7 =Y D7 Var (P(S2(a) | (X;);20))
1=2 i=l+1
<3 EP(ELA) | (X)) ]
1=2 i=l+1
Yy (s = s — s, (118)
1=2 k=0

where SU)| j =1,2,3 are independent copies of S with joint law P®3. This last line is equal to

Z 3 IP®2< =5 = )E[Noo(— ) < ZP®2< 5(2)) <o (119)

=2 zc74

since the last sum is the total local time at 0 of the d-dimensional random walk Sl(l) — 51(2). |

Now the theorem readily follows from Lemmas 14-15 together with e.g. the main theorem in
[12] and a straightforward calculation of the variance of H,. O

APPENDIX A. FUNCTIONAL CLT UNDER THE CONDITIONAL LAW GIVEN S

In this appendix we prove Theorem 3.2.

Proof. We will apply the martingale functional CLT in the Lindeberg-Feller formulation as in
e.g. [13], Theorem 7.3 on page 411. We will tacitly use the laws of large numbers for I,[ip], p >0,
proven in [6] for d = 2 and [1] for d > 3. Note that the result in [6] is also valid under (A1’).
Let us define K7 := 0 and
k—1

An,k = S;l(Kk — kal) = S;quk qu‘l{SFSk}? k> 2. (120)
=1
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Then A,, ,, is a martingale difference array under P(-|S) w.r.t. the filtration 7, := o(g;,7 < m).
The corresponding quadratic variations are given by

According to [13], the proof will be finished once we show that, for all € > 0,

Qnum = E[AL, ]S, Fra].
k=1

. 2
JLH;OZE {An,kl{mn,kbﬁ} ‘ S} =0 P-as.
k=2

and that, for all ¢ > 0,

lim Q) = ot in probability under P(-|S) for P-a.e. S.
n—>00 ’

(121)

(122)

(123)

In fact, the theorem in [13| concludes convergence for ¢ € [0, 1], but it this then easy to extend
the result to t € [0,7] with 7" € N and thus to t € [0, c0).

We proceed to verify (122)—(123), starting with the first. Write

S E[A2ilga, s | ] SCYENALT S
k=2 k=2

k—1

> il{s—s,)
i=1

n k—1 v/2
<Cs," Y <Z 1{sisk}>
k=2 =1

=Cs,” iE
k=2

n

= ;7 3N 15 N2 ()

zeZd k=2
< Cs 1,

(124)

where for the third step we used the Marcienkiewicz-Zygmund and Minkowski inequalities. Since

IT[L1+7/2

}/s% goes to 0 a.s. as n — oo, (122) follows.

Let us now verify (123). Write

where

Qum = 5,,” <Im‘m +R&>+R£2>>,

2
m k—1
RO =" "(q7 — Ds,—sy)
k=2 i=1
m—1
- (%2 - 1)Ni,m(Sz)
=1

RO :=2>" > qigjlis,—s,—s,}

=2 > qigils,—s,—a}Njm(@).

rezd 1<i<j<m—1

(125)

(126)

(127)
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Since (I|,,;) — |nt])/2s; — ot a.s., we only need to show that the remaining terms in (125)

converge to 0. Note that in dimension d > 3, ¢ can be written as

o0

1 .
2 _ -~ 22 _ j—l_
ot =3 Eljx(l X) 1
j:

where x :=P (S, #0Vn>1).

Let us first deal with R{Y. Note that, under P(:|S), the summands in the r.h.s. of (127) are
independent and centered for different x to write

E [(Rg))Q ‘ S] =4 Z Z l{Si:Sj:x}szm(x)
rezd 1<i<j<m—1 7
<C Y Ni(x)=cCIll (128)
z€Z

and conclude that R(Li)t | /s2 goes to 0 in probability under P(:|S). To control R,Q,IL), we split into
two cases. If v > 4, then reasoning as before we get

E [(R,%))Q ‘ S} < I

and we conclude as for R\, If v < 4, we use Theorem 1(c) in [18]. Note that

m—1 m—1
=1

zeZd i=1
< 37 NLR() = 1, (129)
€L
and also
P(l¢* — 1| >u) < Cu? Yu>0. (130)
Letting ,
) . <
T L e »
we obtain from the aforementioned theorem that, for some constant C' > 0,
P (IR, | >es2 | ) <1, (132)
which goes to 0 as n — oo. U

REFERENCES

[1] Becker, M. and Konig, W. (2009) Moments and distribution of the local times of a transient random walk
on Z%, J. Theor. Probab. 22, 365 - -374.

[2] Ben Arous, G. and Cerny, J. (2007) Scaling limit for trap models on Z?, Ann. Probab. 35 (6), 2356 — 2384.

[3] Bolthausen, E. (1989) A central limit theorem for two-dimensional random walks in random sceneries, Ann.
Probab. 17, 108 —115.

[4] Borodin, A.N. (1979) A limit theorem for sums of independent random variables defined on a recurrent
random walk, Dokl. Akad. nauk SSSR 246 (4), 786 — 787.

[5] Borodin, A.N. (1979) Limit theorems for sums of independent random variables defined in a transient random
walk, in Investigations in the Theory of Probability Distributions, IV, Zap, Nauchn. Sem. Leningrad. Otdel.
Mat. Inst. Steklov. (LOMI) 85, 17-29, 237 — 244.

[6] Cerny, J. (2007) Moments and distribution of the local time of a two-dimensional random walk, Stochastic
Process. Appl. 117 (2), 262 — 270.

[7] Chen, X. (2008) Limit laws for the energy of a charged polymer, Ann. Inst. Henri Poincaré Probab. Stat. 44,
638 — 672.



18]

19]
[10]

1]
[12]

[13]
[14]

[15]

[16]

[17]
[18]
[19]
[20]
[21]
22]
23]
24]
[25]
[26]
27]
28]

[29]

23

Chen, X. and Khoshnevisan, D. (2009) From charged polymers to random walk in random scenery. IMS
Lecture Notes. Optimality: The 3rd E.L. Lehmann Symposium, Vol. 57.

Cséki, E. (1989) An integral test for the supremum of Wiener local time. Probab. Th. Rel. Fields 83, 207-217.
Csaki, E., Konig, W. and Shi, Z. (1999) An embedding for the Kesten-Spitzer random walk in random
scenery, Stochastic Process. Appl. 82 (2), 283 — 292.

Derrida, B., Griffiths, B. and Higgs, P.G. (1992) A Model of Directed Walks with Random Self-Interactions.
Europhys. Lett., 18 (4), 361 — 366.

Derriennic, Y. and Lin, M. (2003), The central limit theorem for markov chains started at a point. Probab.
Theory Related Fields 125(1), 73-76.

Durrett, R. (2005) Probability: theory and examples, Third edition. Thomson, Brooks Cole.

Fleischmann, K., Morters, P. and Wachtel, V. (2008) Moderate deviations for random walk in random scenery.
Stochastic Process. Appl., 118, 1768 — 1802.

Guillotin-Plantard, N. and Poisat, J. (2013) Quenched central limit theorems for random walks in random
scenery, Stochastic Process. Appl. 123 (4), 1348 — 1367.

Guillotin-Plantard, N., Poisat, J. and Dos Santos, R.S. (2013) A quenched functional central limit theorem for
planar random walks in random sceneries, to appear in Electronic Communications in Probability. Available
at arXiv:1306.3635.

Guillotin-Plantard, N., Hu, Y. and Schapira, B. (2013) The quenched limiting distributions of a one-
dimensional random walk in random scenery. Electronic Communications in Probability 18 (85), 1 — 7.
Hanson, D.L. and Wright, F.T. (1971) Some Convergence Results for Weighted Sums of Independent Random
Variables, Z. Wahrsch. Verw. Geb. 19, 81 — 89 .

Hu, Y. and Khoshnevisan, D. (2010) Strong approximations in a charged-polymer model. Periodica Mathe-
matica Hungarica, 61 (1-2), 213 — 224.

Jain, N.C. and Pruitt, W.E. (1971), The range of transient random walk. J. Anal. Math. 24, 369-393.
Kantor, Y. , Kardar, M. (1991) Polymers with Random Self-Interactions. Furophys. Lett. 14 (5), 421 — 426.
Kesten, H. and Spitzer, F. (1979) A limit theorem related to a new class of self-similar processes, Z. Wahrsch.
Verw. Gebiete 50 (1), 5 — 25.

Khoshnevisan, D. and Lewis, T.M. (1998) A law of the iterated logarithm for stable processes in random
scenery, Stochastic Process. Appl. 74 (1), 89 — 121.

Martinez, S. and Pétritis, D. (1996) Thermodynamics of a Brownian bridge polymer model in a random
environment. J. Phys. A 29, 1267 — 1279.

Newman, C.M. and Wright, A.L. (1982) Associated random variables and martingale inequalities, Z. Wahrsch.
Verw. Gebiete 59, 361 — 371.

de la Pena, V.H. and Montgomery-Smith, S.J. (1995), Decoupling inequalities for the tail probabilities of
multivariate U-statistics, Ann. Probab. 23 806-816.

Spitzer, F. (1976) Principles of Random Walks, second ed., in: Graduate Texts in Mathematics, vol. 34,
Springer-Verlag, New-York.

Strassen, V. (1964) An invariance principle for the law of the iterated logarithm. Z. Wahrsch. Verw. Geb. 3
(3), 211 — 226.

Zhang, L. (2001) The strong approximation for the Kesten-Spitzer random walk. Statistics & Probability
Letters 53, 21 — 26.



