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ON THE GROMOV HYPERBOLICITY OF
CONVEX DOMAINS IN C»

HERVE GAUSSIER AND HARISH SESHADRI

ABSTRACT. We give a necessary complex geometric condition for a bounded smooth convex
domain in C™, endowed with the Kobayashi distance, to be Gromov hyperbolic. More
precisely, we prove that if a C°>° smooth bounded convex domain in C" contains an analytic
disk in its boundary, then the domain is not Gromov hyperbolic for the Kobayashi distance.

We also provide examples of bounded smooth convex domains that are not strongly
pseudoconvex but are Gromov hyperbolic.

1. INTRODUCTION AND MAIN RESULT

The notion of Gromov hyperbolicity (or “ d-hyperbolicty”) of a metric space, introduced
by M.Gromov in [16], can be loosely described as “negative curvature at large scales”. The
prototype of a Gromov hyperbolic space is a simply connected complete Riemannian manifold
with sectional curvature bounded above by a negative constant. One of the reasons for
studying Gromov hyperbolic spaces is that such a space inherits many of the features of the
prototype, even though the underlying space may not be a smooth manifold and the distance
function may not arise from a Riemannian metric.

There are extensive studies of interesting classes of Gromov hyperbolic spaces in the lit-
erature, the class of word-hyperbolic discrete groups perhaps being the most studied. In a
different direction, domains in Euclidean spaces endowed with certain natural Finsler met-
rics have also been analyzed from this point of view. For instance, M.Bonk, J.Heinonen
and P.Koskela [10] studied the Gromov hyperbolicity of planar domains endowed with the
quasihyperbolic metric and P.Hésto, H.Lindén, A.Portilla, J.M.Rodriguez and E.Touris [17]
obtained the Gromov hyperbolicity of infinitely connected Denjoy domains, equipped either
with the hyperbolic metric or with the quasihyperbolic metric, from conditions on the Eu-
clidean size of the complement of the domain. In higher dimensions Z.Balogh and S.Buckley
4] give conditions equivalent to the Gromov hyperbolicity for domains contained in R" and
endowed with the inner spherical metric (or with the inner Euclidean metric if the domain
is bounded). Y.Benoist [6, 7] gave among other results a necessary and sufficient condi-
tion, called quasisymmetric convexity, for a bounded convex domain of R™ endowed with its
Hilbert metric to be Gromov hyperbolic.

In this paper we study domains in C" endowed with the Kobayashi metric. The Kobayashi
pseudodistance was introduced by S.Kobayashi as a tool to study geometric and dynamical
properties of complex manifolds. A systematic study of its main properties and applications
can be found in [18, 19, 20]. This pseudodistance describes in a very precise way whether a
complex manifold contains arbitrary large complex discs. The Kobayashi metric on domains
in complex manifolds has proved to be a powerful tool in different problems such as the
biholomorphic equivalence problem, or extension phenomena for proper holomorphic maps.

The class of strongly convex domains admits a particularly rich theory, by the work of

L.Lempert [21, 22, 23]. L.Lempert proved that such a marked domain (D,p) admits a
1
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singular foliation by complex geodesics discs, that these complex geodesics are the only
complex one-dimensional holomorphic retracts and that the associated Riemann map is
solution of a homogeneous complex Monge-Ampere equation. As an application he exhibited
a complete set of invariants for such marked strongly convex domains. See [9] for related
results.

The behaviour of real geodesics in a strongly convex domain endowed with the Kobayashi
distance is well understood since one can prove that every such real geodesic is contained
in a complex geodesic. The behaviour of real geodesics on a more general bounded domain
endowed with the Kobayashi distance is related to the Gromov hyperbocility of the given
domain. The first and essentially the only result in that field is due to Z.Balogh and M.Bonk
who proved in [3] that every strongly pseudoconvex bounded domain in C" endowed with
the Kobayashi distance is Gromov hyperbolic. They also proved that the polydisc, which is
complete Kobayashi hyperbolic, is not Gromov hyperbolic.

The Balogh-Bonk result naturally raises the question of Gromov hyperbolicity of weakly
pseudoconvex domains in C". As mentioned above (see also the remarks following Theorem
1.1) it is easy to prove that the polydisc is not Gromov hyperbolic. However its boundary is
not smooth. While it appears reasonable to expect that the same conclusion should hold for
smooth weakly pseudoconvex bounded domains, such a result was not known, to the best of
our knowledge. In this paper we prove that certain smooth bounded weakly pseudoconvex
(but not strongly pseudoconvex) domains are not Gromov hyperbolic and, perhaps more
surprisingly, some are.

More precisely, we investigate the Gromov hyperbolicity of smooth bounded convex do-
mains endowed with the Kobayashi metric. We prove that the existence of a non constant
analytic disc in the boundary of the domain is an obstruction to the Gromov hyperbolicity,
giving a general answer to a question raised by S.Buckley. We also provide examples of
Gromov hyperbolic convex domains of finite type, in the sense of D’Angelo, that are not
strongly pseudoconvex.

The precise statements of our results are as follows. Let (D, d) be a metric space. A curve
v : [a,b] = D is a geodesic if v is an isometry for the usual distance function on [a,b] C R,
Le., d(v(t1),vt2)) = [t1 — taf for all t1, ¢, € [a,b]. A geodesic triangle in D is a union of
images of three geodesics v; : [a;, ;] = D, i = 1,2,3, such that v;(b;) = v;11(a;11) where the
indices are taken modulo 3. The image of each ~; is called a side of the geodesic triangle.
(D,d) is Gromov hyperbolic or é-hyperbolic if there exists § > 0 such that for any geodesic
triangle in D the image of every side is contained in the d-neighbourhood of the other two
sides.

If D C C"is a bounded domain, we denote the Kobayashi metric on D by d5.

The main result of this paper is the following

Theorem 1.1. Let D be a bounded convex domain in C™ with a C*> boundary 0D. Assume
that OD contains an analytic disk. Then (D, d%) is not Gromouv hyperbolic.

The second result is an observation that certain weakly convex domains are Gromov
hyperbolic:

Theorem 1.2. For p > 1 the complex ellipsoid D, in C" given by
D, ={(7,2,) €C" ' x C| | + |2 < 1},
1s Gromov hyperbolic for the Kobayashi distance.
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In light of these results, an interesting problem consists in giving a precise complex geo-
metric characterization of bounded smooth convex domains that are Gromov hyperbolic. In
particular, we have the following question:

Is the Gromov hyperbolicity of a C*° smooth bounded convex domain D in C" equivalent
to the condition that D is of finite type in the sense of D’Angelo?

We make a few remarks about the proofs of these results briefly, beginning with Theorem
1.1. It is an easy observation that the product of two complete noncompact geodesic metric
spaces endowed with the maximum metric is not Gromov hyperbolic. We can see this for
the Kobayashi metric on the bidisc D = A? C C? as follows. Consider the origin O and the
points py, : (1 — L, =1+ L) ¢, : (=1 + L, —1+ +). Denote by s;, (resp. s2,) the unique
geodesic, for the Kobayashi distance on D, joining O to p,, (resp. to ¢, ). Denote by [, the
Kobayashi length of the unique geodesic joining p,, to ¢,,. Then the unique point z,, such
that dX.(pm, 2m) = %m is at a Kobayashi distance d,, from the two geodesics s! and s?,,
with lim,, 0 d,, = +00. Hence (A2, di%) is not Gromov hyperbolic. Our proof of the non
Gromov hyperbolicity of the domain D in Theorem 1.1 is inspired by that construction.

Of course, the main difficulty in dealing with a domain D which is not a product is
describing the geodesics (or quasi-geodesics). On the one hand, it is reasonable to expect
that the metric behaves (in terms of geodesics) like a product near the holomorphic disc
H C 0D. On the other, the smoothness of 0D forces strict convexity, at some points close
to OH, of 0D. One of the main technical points of this work is that the metric does behave
like a product and the the aspect mentioned in the second point above does not dominate.

For our second result, we use results of K. Azukawa - M. Suzuki and J. Bland stating that
the sectional curvatures of the Bergman and Kéahler-Einstein metrics on complex ellipsoids
are bounded above by negative constants. In particular, these metrics are Gromov hyper-
bolic. One can then use the Schwarz lemma in various forms to compare these metrics with
the Kobayashi metric and conclude that it is Gromov hyperbolic as well.

2. NOTATIONS AND DEFINITIONS
e For 1 <i<n, m:C"— C will denote the i-th projection.

efor1<i<n, Z;={2€C"|7(z)=0ifi#j}, X; =Z,NR" and ¥; = Z; N /—1R"™.
We will refer to these as the z; axis, etc.

o If z and 2’ are two points in C*¥ we will denote by disteuq(z, 2') the Euclidean distance
between z and 2’

Let E be a smooth bounded convex domain in C* and 2z € E.
e 0p(2) will denote the Euclidean distance from z to the boundary 0F of E.

e For v € CF\{0} we denote by dg(z,v) the Euclidean distance from 2 to the boundary
OF of E along the complex line L(z,v) := {z + \v, A € C}.

o If | C C" is a real line, dg(z,[) will denote the Euclidean distance from z to 0F along
z+ 1.

e For ¢ € OF let r, be the largest real number r such that there is a ball B of radius r
contained in F with 0B tangent to OF at q.
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We consider the complex Euclidean space C™ with coordinates (z1, ..., z,). For a positive

real number r we denote by A, the disk A, :={{ € C:|¢| < r}.

Definition 2.1. Let D be a domain in C".
(7) The Kobayashi infinitesimal pseudometric is defined on 7D = D x C" by :

V(p,v) € DxC", Kp(p,v) :=inf{a>0/3 f: A — D, fholomorphic, f(0) =p, f(0) =v/a}.
(i) The Kobayashi peudodistance d% is defined on D x D by :

Y(p.q) € D x D, d(p,q) = inf { / KDwa),fy'(t))dt}

where the infimum is taken over all C*-paths from [0, 1] to D satisfying v(0) = p, (1) = ¢.
(4ii) The domain D is Kobayashi hyperbolic if d% is a distance on D.
(iv) The domain D is complete hyperbolic if (D, d%) is a complete metric space.

Definition 2.2. Let D be a domain in a manifold M endowed with a continuous Finsler
metric K : TM — R. Let 7 : [a,b] — E be a path joining two points p and ¢ in E.

(i) If v is piecewise smooth, the length of v is the quantity

b
15 (y) = / K (4(8), 7/ ().

(ii) The distance between p and ¢ is given by
dp(p, q) = inf U5 (7)
where the infimum is taken over all piecewise smooth curves between p and q.

(i) v is a geodesic if v : [a,b] — D is an isometry for the usual distance function on
[a,b] C R, ie., d(y(t),yt2)) = |t1 — tof for all t1,t5 € [a, b].

(ii) Let A > 1 and B > 0. We say that v is a (A, B) quasi-geodesic if for every ¢y, 1y € [a, D]
we have

1
Z’tl —to] = B < d(y(t1),7(t2)) < Alty — to| + B.

(iii) A geodesic triangle in D is a union of images of three geodesics v; : [a;,b;] — D,
i =1,2,3, such that ~;(b;) = vi+1(a;+1) where the indices are taken modulo 3. The image of
each ; is called a side of the geodesic triangle. (D, d%) is Gromouv hyperbolic or §-hyperbolic
if there exists 6 > 0 such that for any geodesic triangle in D the image of every side is
contained in the d-neighbourhood of the other two sides.

3. PROOF OF THEOREM 1.1
The proof of Theorem 1.1 is a direct consequence of the following Proposition:

Proposition 3.1. If D satisfies the assumptions of Theorem 1.1 then there exists 0 < 1y
such that D satisfies the following conditions:

(1) 0 € 9D, the tangent space to D at 0 is given by To(D) = {z € C" : Re(z,) = 0} and

D C{z=(¢,2,) € C" 1 xC: Re(z,) > 0}. Moreover there is a convex set C C Ty(D)N D
containing 0 such that C' is an open subset of Z;.
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Assume that C N Xy = {te; | —a <t < a} for some a > 0. Let +A = (+q,0,...,0),
P = (—a,0,.0,0,7), ¢ = (a,0,....0,7).

(2) Let K= be the real line segments joining ¢" to A and p” to —A respectively. If0 <r < \/ro
we have

dpn(xa+z,)(2) = Re(zy)
for any z € K= .

(3) There exists o > 0 with the following property: Let E, be the two-dimensional convez set
E.=(Zy+(0,...,0,7)) N D and L, the real line segment joining p" to ¢". Then

6Er(z) Z a 6Er(z7 L"')

Jorall z € L, and 0 <r < \/rg.
(4) If 0 <11 <1y < \/rg and (#',71) € D for some z' € C"! then (#',r9) € D.

(5) Assume 0 < r < \/rg. There exist B > 0 and smooth functions f, h : [0,79] — [0,00)
such that

(va) BT H(r) < 0p,(p") < Bh(r) BT (r) < dp.(d") < Bf(r)
(vy) The functions h and f satisfy the following Condition, called Condition(**):

Condition(**) “f = g~! (resp. h = k™') where g (resp. k) is a strictly increasing convex
function of class C* defined on [0,¢] for some ¢ > 0 and such that ¢)(0) = 0 (resp.
kW(0) = 0) for every nonnegative integer .

Proof of Proposition 3.1: Suppose that p € 9D lies in the analytic disc S in the hypothesis
of Theorem 1.1.

Claim: S C T,DnND.

Choose a complex affine linear map 7' : C* — C" such that T(p) = (0,...,0,1) and
T(I,D) = {# € C" | Re(z,) = 1}. By considering —T" if necessary, we can assume that
T(D) C {z € C" | Re(z,) > 1}, since D is convex. Let ¢ : A — S C 9D be a holomorphic
map with image S with T'o¢ = ((T0¢)y, ..., (T0¢),). If the holomorphic map (To¢), : A — C
is not constant then it violates the maximum modulus principle since |(7 o ¢),(2)| > 1 for
all z € A and |(T 0 ¢),(0)| = 1. Since (7' 0 ¢),(0) =1 we get (T 0 ¢),(z) =1 for all z € A.
This proves the claim.

Let D; = T(D) — (0,...,0,1) where T is as above. Note that C' = Ty, Dy N Dy is a convex
subset of C™ containing S. We now invoke the easy fact that given a convex subset C' of
Euclidean space containing the origin there is a linear subspace V' containing C' as an open
(in V') subset. Take any point 0 in Sy, where S; is the holomorphic disc in D; corresponding
to S'in D. By the above fact, if L is the tangent space to S; at 0, then £ = LN C' is open in
L and convex. Since L is a complex line we can find a complex rotation R : C* — C" with
R(L) = Z; and R(eg,—1) = €9,—1. We still have 0 € R(D;), R(D;) C {z € C" | Re(z,) > 0}
and ToR(D;) = {z € C" | Re(z,) = 0}. Since C'is convex so is R(C'). This ensures Condition
(1) is satisfied.

We relabel R(D;) as D. We will need the following simple lemma, the proof of which we
will skip, for the other conditions:
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Lemma 3.2. Let E be a bounded convex domain with C* boundary in C and L an affine real
line in C.

If p € OFE N L and this intersection is transversal at p, then there is a neighbourhood U of
p wn E such that

dp(z) > cos(0) dp(z, L)

for all z € LNU, where 0 is the angle between L and the inward normal to 0D at p. If L is
perpendicular to OF at p, we can assume that 0g(z) = dp(z,L) for all z € LNU.
We can take U = B(p,€) N E where € depends only on 1, and 6.

We come to Condition (2): Let S be the two-dimensional convex set S = D N (Z, + A).
By the convexity of S and the fact that the tangent space to 9S at (a,0,...,0) is the axis
Im(z,), Lemma 3.2 gives a neighbourhood U of (a,0,...,0) in S on which

Opn(xA+z,)(2) = Re(zn)

for any z € U N K,;". A similar statement is true for p”. Hence there exists r; > 0 such that
Condition (2) is satisfied for r < r;.

To see the validity of Condition (3), the last part of Lemma 3.2 implies that there exists
0<ry<ry, a>0andy >0 such that

0p,(2) > a 6p,(2, L)

for all z € LF and all 0 < r < ry, where L are the real segments connecting (—a +
7,0,...,0,7) to p" and ¢" to (a — 7,0, ...,0,r) respectively. For the remaining parts of the L,
note that the function ¢ : [-A 4+, A+ 7] x [0, 3] — [0, 00) given by ¢(s,r) = %
is continuous, where z(s,r) = (s,0,...,0,7). Hence its infimum is attained and, in particular,

positive.
Condition (4) easily follows from the compactness of E.

For 0 <r <y let f(r) = dg.(¢", L,) and h(r) = 0g,.(p", L,). Condition (v,) now follows
from Condition (3). Note that there exists 0 < r3 < ro such that the plane curve 0D N {z €
C"|z=1(s50,..,0,7), a<s 0<r<rg} (resp. 0DN{ze€C"|z=(s0,..07), s <
—a, 0 < r < rs}) is a graph of a strictly increasing (resp. strictly decreasing)convex C'*
function. These functions are precisely x — g(x — a) and k(—x — a).

Finally we take ro = 3.
0.
We can now prove Theorem 1.1. Assume by contradiction that D is §-hyperbolic for some
§ > 0. First we note that (D, d) is a geodesic metric space, i.e. any two points in D are
connected by a geodesic. For a strongly convex domain this follows from a basic result of
L. Lempert [21] which asserts that, in fact, there is a complex geodesic containing any two
given points. A complex geodesic in D is an isometric map of (A, dX), the unit disc in C with
the Poincare distance, into (D, d%). For a weakly convex domain the existence of complex
geodesics containing any two points is due to H.L.Royden and B.Wong [24] and a proof can
be found in [1], Theorem 2.6.19 p.265.
Let A and B be two positive constants. It follows from [14] that there exists a con-
stant M > 0, depending only on the é and on the constants A, B, such that the Hausdorff
distance between any (A, B) quasi-geodesic in D and any geodesic between the endpoints
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of the quasi-geodesic is less than M. Hence in order to contradict our hypothesis of -
hyperbolicity it is sufficient to find two positive constants A and B and a family of (A, B)
quasi-triangles, namely unions of (A, B) quasi-geodesics joining three points, which violate
the d-hyperbolicity condition for any §. More precisely we prove in Proposition 6.1 that there
exists ry > 0, positive constants A, B and a point 2 € D such that for every 0 < r < 7 there
are points p” and ¢” in D for which the curves [*"#", {4 and """ are (A, B) quasi-geodesics.
Finally we prove that for every 0 < r < ro there is a point 2" on 4™ such that:

. / 0, r 0 ,r
IHI(I] diS (2" 1P Ul ) = oo
T

That condition violates the d-hyperbolicity condition as claimed.

4. THE KOBAYASHI METRIC ON CONVEX DOMAINS

4.1. Estimates for the Kobayashi metric. We start with some general facts concerning
convex domains in C". The following estimate of the Kobayashi infinitesimal pseudometric,
obtained by I.Graham [15] and S.Frankel [13] will be an essential tool in the paper. See [5]
for an elementary proof.

Proposition A. Let D C C" be a convex domain. If a € D and if v is a tangent vector,
then

il il
— <K < —
20p(a,v) ~ pla,v) < dp(a,v)
where é6p(a,v) denotes the Euclidean distance from a to L(a,v) N 0D. Here L(a,v) denotes
the complex line passing through a in the direction v.

We will also use the following Boxing Lemma:

Lemma 4.1. Let Ryp == {C € C: 0 < Re(¢) < a, —f < Im(¢) < B} and let Drog
be the domain in C" defined by Dpop := A% ' X Ry, where a, B, R > 0. Then for every
0<r<r <aandforeveryz” = (27,...,27), 2" = ((2',...,2") € Dpap with Re(2}) =,
Re(2]") = r'" we have:

log (r_) ‘ )
r

Proof of Lemma 4.1. Denote by m, the holomorphic projection from Dg, 5 to Rap.
Let v = (V1,---,7) @ [to,t1] = Dpgap be a curve with v(ty) = 2" and v(t;) = 2", Since
Yn = Tn(7y) we have from the Schwarz Lemma and from Proposition A:

L[ ()]
K K L
Dhas(V) 2 g, () 2 i/to mdt

1 Re(u ()
= 2/t0 Re((e)] ™

since for every t € [to,t1] we have dr, ,(7.(t)) < [Re(ya(t))] and [v,,(t)] > Re(va(t)) > 0.

Finally: , / /
I, T o (5]

/ 1
K ror
dpp.,(2"2") = 5

" Re(i(0) |
\ Re<%<t>>‘”’ -
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4.2. Quasi-geodesics in convex domains. The following proposition provides very simple
examples of quasi-geodesics, for the Kobayashi metric, in any bounded convex domain of class

C! in C™.

Proposition 4.2. Let D be a bounded convex domain in C" of class C* and let x € D. Then
every real segment 1, parametrized with respect to Kobayashi arc-length, joining x to g € 0D
is a (A, B) quasi-geodesic where A, B depend only on x, the angle between | and the inward
normal to D at g and D.

Proof of Proposition 4.2. For ¢ € 9D let 7, be as in Section 2. By the continuity of the
map ¢ — 7, and the compactness of 9D, if o = inf,cop 7, then a > 0. Let U = By(§).

Let I(ty) € 0By(%) and By = I55(l]jo4)) = to. Note that By is bounded above by a
constant depending only on x and D. It is enough to prove that [|;, . is a quasi-geodesic
as in Proposition 4.2 with constants (A, By). To see this let 0 < ¢; <ty < t3. Then

diy (L(t1), 1(t2)) < di(I(to), U(t2)) + By < Altg — to| + Bi + By < Alty — to| + B
where B = By + B,. Also
dS(1(t), U(t2)) > di(I(to), l(ta)) > A7ty — to| — By > A7ty — ta| — B.

The other cases (t; < ty < to and tg < t; < t2) can be seen similarly.

The rest of the proof is devoted to showing that |y, ) is a quasi-geodesic. By modifying
D by a complex affine linear map if necessary, we may assume that ¢ = 0 and that the
tangent space T,(9D) is given by T,(0D) = {(2/, 2,) € C* ! x C: Re(z,) = 0}. Denote the
inward pointing normal vector to 9D at ¢ by v and let [, = R*v. Note that v = eq,_;.

Let p = (p/,pn) € INU. There exists p, € [, with Re((p,),) = Re(pn). Let v : [0,1] —
U C C" be the straight line joining p to p,. We note the following elementary fact, the proof
of which we skip: There exists C' > 0 depending only on a and 6 such that

6D(7<t)77/<t)) Z 05D<p1/)
. Hence we have

' )] L[t @)l 1lp—py
lK’yS/LdtS—/ dt = =1
P ) 5n@ " =T o)™ T C o)
Now, since [ makes an angle § with v we have |p — p,| = tan(0)dp(p,)

Finally:
tan ()

(11) ) < =2

In light of Equation (4.1) it is sufficient to prove the following lemma to complete the
proof of Proposition 4.2.

Lemma 4.3. The real line 1, NU is a (1,log2) quasigeodesic for the Kobayashi distance on
D.

Proof of Lemma 4.3. We continue with our assumption that ¢ = 0. There exists & > 0
such that D C P = A% x H where H := {¢ € C: Re(¢) > 0}.

Let p', p? be two points in [, N U. As before, write (2, z,) € C"! x C the coordinates
corresponding to the decomposition of the product P, and denote p' = ((p'),pl), p* =
((p?)',p2). We suppose that |pl| > |p2|. We have :

dp (p' %) > dp (0, 1) = Ay (@', 7).
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The first inequality comes from the decreasing property of the Kobayashi distance and the
second inequality comes from the fact that the Kobayashi distance on a product domain is
the maximum of the Kobayashi distances on each factor.
On the other hand
iy (P’ P?) = iy a2 P7) — log2.

However since {(p')'} x A(pl, [pl]) C D we have by the decreasing of the Kobayashi distance :
iy xa@h ) (P 07) = dp (P 7).
If v :[0,1] — H is the straight line segment joining p' and p?, then
K _ K 1,2
Loy amhiohh (n) = deryyxaehpn (P P7)-
Hence

di5(p', p%) +log2 > 155 () = diy (p", p?)
this proves Lemma 4.3 and Proposition 4.2. 0

5. QUASI-GEODESICS IN “FLAT” CONVEX DOMAINS

In this section we focus on some special convex domains in C" for which we construct
specific quasi-geodesics for the Kobayashi metric. We assume that there exists 0 < ryp < 1
such that the domain D satisfies the following five conditions:

(1) 0 € 9D, the tangent space to D at 0 is given by Ty(D) = {z € C" : Re(z,) = 0} and
D cC{z=(7,2,) € C"' x C: Re(z,) > 0}. Moreover there is a convex set C' C Ty(D) N D
containing 0 such that C' is an open subset of Z;.

Assume that C N Xy = {te; | —a <t < a} for some a > 0. Let £A4 = (+q,0,...,0),
p" = (—a,0,..,0,7), ¢ = (a,0,...,0,7).

(2) Let K be the real line segments joining ¢" to A and p” to — A respectively. If 0 < r < \/rg
we have

Opr(+atz,)(2) = Re(zn)
for any z € K .

(3) There exists a > 0 with the following property: Let E, be the two-dimensional convex
set B, = (Z1+(0,...,0,7)) N D and L, the real line segment joining p” to ¢". Then

0p,(2) > a dg, (2, L,)
for all z € L, and 0 <7 < /rq.
(4) If 0 <1y <19 < /g and (2/,71) € D for some 2z’ € C"! then (2/,12) € D.

(5) Assume 0 < r < /rg. There exist f > 0 and smooth functions f, h : [0,79] — [0, 00)
such that

(va) B7h(r) < 0p,(p") < Bh(r)  B7'f(r) < g, (¢") < Bf(r)
(vp) The functions h and f satisfy the following Condition, called Condition(**):
Condition(**) “f = ¢g~! (resp. h = k™!') where g (resp. k) is a strictly increasing (resp.

decreasing) convex function of class C* defined on [0, ] (resp. [—¢,0]) for some € > 0 and
such that g (0) = 0 (resp. k(0) = 0) for every nonnegative integer 1”.
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We have:

Lemma 5.1. For every 0 < r < rg, for every p € D, and for every v € C" we have
Kp,. (p,v) < 2Kp(p,v) where D, := DN{z € C": Re(z,) <r}.

Proof of Lemma 5.1. Assume that dp(p,v) > dp,,.(p,v). Since 0Dy, = (0D N {z € C":
Re(z,) <2r})U(DnN{z € C": Re(z,) = 2r} then thereis p € D,, v € C" and A € C such
that

dp(p,v) > disteya(p,p + Av)
with Re(p, + Av,,) = 2r (meaning dp(p,v) > 0p,, (p,v)).
Since Re(py,) < r then Re(Av,) > r and so

Re(p, — \v,) < 0.

In particular there is 0 < |N'| < |A| such that Re(p, + A'v,) = 0, meaning that the point
p+ Nv & D. Hence dp(p,v) = dp,, (p,v) which is a contradiction. Hence

5D(p7 U) = 5D27‘(p’ U)‘
It follows now from Proposition A that

loll vl

K 2r 7U S -
P (p ) 6D2r<pav> 5D(pav)

S 2[(D (pv U)'
For 0 < r < ry we denote by:

e " : [to,t1] = D a geodesic satisfying " (to) = p", 7" (t1) = ¢",

o 1’ i= supsepy, ) Re(y;, (1)) where 47 (47, ..,

o 1 C" — Eyv = C x {(0,...,0,2r")} denote the holomorphic projection onto the first

factor,
o Il (vesp. I..) the real line joining p" (resp. ¢") to p* = @ (p") (resp. ¢*" = 7" (")),
contained in the real 2-plane spang(e', "),

e 0° the geodesic in (Eyy, df ) joining 73" (p7) to 71" (¢").

llv

P Re(z,) a

EW/T )
B~ % Af= =/ D
E, /V’ \ q/ Z

O T
Im(z,) Y
Then we have:
Proposition 5.2. For 0 < r < ry the real curve o™ := lér No?' N l})r 1S a quasi-geodesic

connecting p" to q". Moreover, if A, and B, denote the corresponding constants given by
Definition 2.2 then there is a positive constant ¢ such that A, > ¢ and B, > c.
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Before proving Proposition 5.2 we need to check that 7" (DN{z € C" : Re(z,) <7'}) C D
for 0 < r < ry. By Condition (4) this will be true if 2r" < /r¢. This is a consequence of the
following lemma:

Lemma 5.3. There exists d > % such that for every 0 < r < ro and for every t € [ty, 1] we
have:

Re(v,,(t)) < r°.
Hence we have: r' < /7 < \/rq.

Proof of Lemma 5.3. Assume to get a contradiction that there exists a sequence of points
t” € [to,t1] and a sequence of numbers d, satisfying lim, ., d, = % and Re(y (")) > ri.
Then according to the Boxing Lemma (Lemma 4.1) we have :

1 rdv 1—-d,
(5.1) Vv >0, I5(y([te, t*]) > 5 log ( . )’ - log(r).

Consider now the real line L” : [0,1] — E, C D given by L"(t) = (1 — t)p" + t¢". The
Kobayashi length of L™ can be estimated by :

K orm o [T

£ [ 5
o[ dt

=2 / 55, (L7 (D), L)

! dt

=2 “/0 min{a+ f(r) — Li(t), L7(t) +a+ h(r)}
-1 ! dt -1 ! dt

=2 / ar ) - L / (0 + a+ h(r)

where the second inequality is just Condition (3). The first integral above is:

L d L d » F(r
/0 a+f(r)t— i) :/0 2a+f(;)—2at:_(2a) log<2a+(f)(r)>

The second integral involving h can be calculated in the same manner. Since f and h are
increasing, we get

lg(LT’) < —a tog(f(r)) — atlog(h(r)) + B
where B = —a~tog(2a + f(rg)) — a tlog(2a + h(rg)).
Hence,if 0 < r < 1y,
(5.2) dp(p',q") < dg, (0", ") < 15 (L") < C(|log(f ()] + [log(h(r))]) + B.

where C' and B do not depend on 7.
Moreover we have:

Lemma 5.4. Let f and h satisfy Condition (**). Then we have:

log f(r) log h(r) 0
logr logr

lim

r—0

r—0
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Proof of Lemma 5.4. We prove this for f. Let a(r) = r/. Then a?(0) > 1 and so there
exists 0 < &; < e such that g (r) < aW(r) for every 0 < r < ¢;. By integrating I-times that

inequality we obtain:

VO <1 <egp, g(r) <!

and so
VO <1 <e, 1> f(r)>rth

Hence for every positive integer I, |log(f(r))| < 7|logr| for every 0 < r < . This implies
the desired statement. O

Now the statement of Lemma 5.3 follows from (5.1), (5.2), Lemma 5.4 and the inequality
d(p",q") = 15(v") = I (v ([t ]). O
Proof of Proposition 5.2. To get the result we need to compare the Kobayashi lengths of
the geodesic 4" joining p" to ¢" and of o”"".

We first observe that according to Lemma 5.1 we have:

T 1 T
I507) = 15, 00),

Hence, since 73" (Dy,) C Es, by Condition 4 on D and since o
it follows from the Schwarz Lemma (Decreasing property of the Kobayashi metric) that

5™ <lp (0™) <1f (77" (v") <15, (¥) < 2A5(7").

Moreover since by definition the curve l;r is contained in the convex set D] = D N
({(1,0,...,0)} x C) where (p7,0,...,0) € C*~" then I5(I;) < Ij5 (I,-). However since

by Condition 2 on D we have dp(z) > @ for every z € [, then

2 /
lfg;(lj,r) < 2 |log (TT) :

. .
2" is a geodesic for (Eq,, dﬁ )
T

In a similar way we have:

2 /
5. (1) < 2|log (%) .

Finally it follows from Condition 1 on D that there exist «, 3, R > 0 such that D C
Dprap = A% ' X Ryp where Ryg :={( € C:0 < Re(¢) < a, =8 < Im(¢) < 8}. Then
according to the Boxing Lemma (Lemma 4.1) we have:

2/
log(—r)'+D
r

where C' and D are two positive constants independent of r and /.
Hence we proved that there is a positive constant C” such that 5 (o™"") < C'I5 (47). This
gives the desired statement. U

I5(y)>C

6. ESTIMATES ON QUASI-TRIANGLES
The aim of this section is to prove the following:

Proposition 6.1. Assume that D satisfies all the properties of Section 5. Let 2°
(29,...,2Y) € D with 2 € R and let for 0 < r < 1o, p" and ¢" be as in Section 5. Let

»rn

o™ be the quasi-geodesic joining p" to ¢" and defined in Proposition 5.2. Let 2% (resp.
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lzo’qr) be the segments joining 2° to p" (resp. to q"). Then there is a point 2 e o™ such
that

. / 0 ,r o r
111% dS (2" 1P UlP) = doo.
T

Proof of Proposition 6.1. Since D is bounded, smooth and convex, then there exists
ap > 0 such that every real line through 2° intersects 9D with some angle o > ag. Hence it
follows from Proposition 4.2 that all such lines are quasi-geodesics with constants A and B,
given by Definition 2.2, depending only on z° and D. It also follows from Proposition 5.2
that we choose A and B and ry > 0 such that o™ is a (A, B) quasi-geodesic for every
0 <7 <ry (we recall that " < /r).

Moreover we have:

ZU r ! ! r!
OD g NI = (p¥2" = (Y, p)*")}
Withp}/WG]Rand
ZOr ! ! !
OD g NI = {7 = (/™. q*)}

with qf/w € R.
Define the real hyperplanes

H o i={2€C": Re(z1) < Y}

and
H o ={2 € C": Re(z1) > q/*"

Re(z,)
0,7

lz Ny ZO lz07qr

Im(z,)

We first, point out that by construction every point z € """ satisfies Re(z1) < —2r'. Hence
it follows from Lemma 4.1 that

dg(z,lzovp”" NDss) > % log (g) ‘ :
Since 1’ < 4/r according to Lemma 5.3, we have:
(6.1) liny inf Ay (2,177 N D) = +00
where D¢ denotes D\D .



14 HERVE GAUSSIER AND HARISH SESHADRI

Let 2" be any point on o”" N . satisfying Re(z{’rl) = 0. Such a point exists since by
construction o™ = I¥" U ¢? U1? and 0 joins the two points 72 (p") and 72" (¢") with
p] < 0 and ¢] > 0.

According to (6.1), to prove Proposition 6.1 we must prove that lim,_,od% (2" 17" 0
Vor!
1

D /5,7) = 400. Since every point x € 7 N D /5,7 satisfies Re(z1) < p " we just need the

following condition:

(6.2) lim dfs (2", H 5:7) = +o00.

r—0

It follows from Lemma 5.3 that any point z on a geodesic 5" in (D, d¥) joining 27" to
H /o will satisfy Re(z,) > —(2r")Y/4. Hence according to Lemma 5.1 we have:

’ ]. ’ 1 NL/4 !
K(xrr K ~7r,T K 2(2r") rr
™) = 2lD2<2r,>1/4 ") = 2lE2(2rf)1/4 (7 3""),

the last inequality coming from the Schwarz Lemma.

For convenience we set s := 2(2r” )1/ 4 and we assume that ’y”"/ :[0,1] — D. Finally we set
v :=7(3""). Then Re(v:(0)) =0 and Re(y:(1))) = p}/27/ where v = (71, .., Yn)-

Finally 0z, (v(t)) <1 — Re(y1(t)). So

1 /
R t
R
0

5 > 1/01—|Re<%(t))| i > L

2Jo 1= Re(n(t) — 2 1 — Re(m(1))
—log(1 — pV*”
> g( 5 20 o 00,
This gives:
lim 15 (3"") = +00
r—0
or equivalently
lim dpy (2" H a0 D) = 400,
This proves Condition (6.2). In a similar way we obtain:
lim dpy (2" H vz N DSf5) = 400,
This gives the desired result. U

7. GROMOV-HYPERBOLICITY OF COMPLEX ELLIPSOIDS
Consider the following complez ellipsoid in C™:
Dy ={(2',22) €C" | || + [z < 1},

where p > 1.

Theorem 7.1. For p > 1 the complex ellipsoid D, is Gromov hyperbolic for the Kobayashi
distance.

The proof of Theorem 7.1 will be a consequence of the following facts.
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Lemma 7.2. Let D C C" be a bounded domain.
(1) Let g be a Kdhler metric on D with uniformly negative holomorphic sectional curvature.
Then there exists C1 > 0 such that

9(v,v) < C1Kp(p,v)

forallpe D, veC".
(2) Let g be a complete Kdhler metric on D whose Ricci curvature is uniformly bounded
from below. Then there exists Cy > 0 such that

CoCp(p,v) < Vg(v,v)
forallpe D, veCr.

Proof: These are immediate consequences of the Yau-Schwarz Lemma [25]: Let (M, g)
and (N, h) be Kéhler manifolds. Assume that (M,g) is complete and that there exists
positive constants A, B such that Ric, > —A and H; < —B, where Ric, and Hj, denote the
Ricci curvature and holomorphic sectional curvatures of g and h respectively. If f: M — N
is any holomorphic map then

A
f*h < B9
To see (1) let p € D,v € C",w € C and f: A — D with f(0) = p and dfy(w) = v. By the
Yau-Schwarz Lemma (here we consider A endowed with the Poincare metric and note that
the Poincaré metric on A coincides with the Euclidean metric at the origin), we have

\/g(dfo(w),dfo(w)) < Cifw]
where —C < 0 is a lower bound on the holomorphic sectional curvatures of (M, g). Since
this inequality holds for all w satisfying dfy(w) = v we get (1).
For (2), consider a holomorphic map f : D — A with f(p) = 0 and let df,(v) = w where
v € C". Again, endowing A with the Poincare metric and applying the Yau-Schwarz Lemma

we get
|dfp(v)] < AV/g(v, v)

where A is a lower bound for the Ricci curvature of (D, g). As earlier this gives (2) with
Cz = AL 0J

Remark: It follows from the work of K. Azukawa and M. Suzuki [2] that the holomor-
phic sectional curvatures of the Bergman metric on D are bounded between two negative
constants. Hence, by Lemma 7.2, it follows that the Bergman metric is bi-Lipschitz to the
Kobayashi metric as well.

Recall that two Finsler metrics I} and F5 on a domain D are said to be bi-Lipschitz if
there exists a positive constant A such that

AilFl(pr) S FQ(p7v) S AFl(p7U)

for all (p,v) € D x C™. Similarly two distance functions d; and dy on D are bi-Lipschitz if
there exists a positive constant A such that

A7 (p.q) < da(p.q) < Adi(p,q)

for all p,q in D. Of course, if the distance functions arise from Finsler metrics then the
bi-Lipschitz equivalence of the metrics implies that of the distance functions.

Lemma 7.3. The Kobayashi and the Kahler-Einstein metrics are bi-Lipschitz on D.
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Proof: Since D is convex, it follows by the work of L. Lempert [21] that Cp = Kp.
The result of Bland that the sectional curvatures of the Kahler-Einstein metric are bounded
between two negative constants and Lemma 7.2 then complete the proof. 0

Proof of Theorem 7.1. One knows, by the Toponogov Comparison Theorem in Riemann-
ian geometry [12], that a simply-connected complete Riemannian manifold with sectional
curvature bounded from above by a negative constant is Gromov-hyperbolic. Also, by com-
putations due to J. Bland [8], the Ké&hler-Einstein metric on D has sectional curvatures
bounded between two negative constants. Since D is simply-connected then D is Gromov-
hyperbolic for the distance function arising from the Kahler-Einstein metric. By Lemma
7.3 this distance is bi-Lipschitz to the Kobayashi distance. Since Gromov-hyperbolicity is
preserved by the notion of bi-Lipschitz equivalence (in fact, it is preserved under the weaker
condition of quasi-isometric equivalence) the theorem follows. O
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