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A STRICTLY STATIONARY p-MIXING PROCESS SATISFYING
THE CENTRAL LIMIT THEOREM BUT NOT THE WEAK
INVARIANCE PRINCIPLE

DAVIDE GIRAUDO AND DALIBOR VOLNY

ABSTRACT. In 1983, N. Herrndorf proved that for a ¢-mixing sequence satisfying

the central limit theorem and lim inf,,_ % > 0, the weak invariance principle
takes place. The question whether for strictly stationary sequences with finite
second moments and a weaker type («, 3, p) of mixing the central limit theorem
implies the weak invariance principle remained open.

We construct a strictly stationary S-mixing sequence with finite moments of
any order and linear variance for which the central limit theorem takes place
but not the weak invariance principle.

1. INTRODUCTION AND NOTATIONS

Let (2, F, p) be a probability space. If T: 8 — € is one-to-one, bi-measurable
and measure preserving (in sense that p(7T~'(A)) = u(A) for all A € F), then the
sequence ( fo Tk)k ez 18 strictly stationary for any measurable f: Q@ — R. Con-
versely, each strictly stationary sequence can be represented in this way.

n—1
For a zero mean square integrable f: Q@ — R, we define S,(f) := Zf 0T,
j=0

on(f) :=E(Sn(f)?) and S};(f,t) := Sppy (f) + (nt — |nt])foT™ where |z] is the
greatest integer which is smaller than .

We say that (f oT7);>1 satisfies the central limit theorem with normalization ay,
if the sequence (a,; 1S, (f))n>1 converges weakly to a strandard normal distribution.
Let C0, 1] denote the space of continuous functions on the unit interval endowed

with the norm ||g|| ., := sup |g(t)].
t€[0,1]

Let D[0,1] be the space of real valued functions which have left limits and are
continuous at each point of [0,1]. We endow it with Skorohod metric (cf. [2]). We
define S;*(f,t) := S|y (f), which gives a random element of D0, 1].

We shall say that the strictly stationary sequence ( foTi )j>0 satisfies the weak
invariance principle in C0,1] with normalization ay (respectively in DI[0,1]) if
the sequence of C[0,1] (of D[0,1]) valued random variables (a,,* S5 (f, -))n>1 (resp.
(a; LGx=(f, -))n>1) weakly converges to a Brownian motion process in the corre-
sponding space./

Let A and B be two sub-c-algebras of F, where (2, F, ) is a probability space.
We define the a-mixing coefficients as introduced by Rosenblatt in [12]:

a(A, B) = sup {|u(AN B) — u(A)u(B)|, A € A, B € B},
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B-mixing coefficients by

I J

BAB) = Jsup > S (AN By) — pu(Adu(By)],

i=1 j=1

where the supremum is taken over the finite partitions {A4;,1 < i < I} and {B;,1 < j < J}
of © of elements of A (respectively of B). They were introduced by Volkonskii and
Rozanov [14].

The p-mixing coefficients were introduced by Kolmogorov and Rozanov [10] and
are defined by

p(A, B) := sup {|Corr(f, )|, f € L*(A),g € L*(B), f # 0,9 # 0},

. E(f9)-E(f)E(g)
where Corr(f,g) :=  FT2lell2

Ibragimov [7] introduced for the first time ¢-mixing coefficients , which are given
by the formula

¢(A,B) := sup{|u(B | A) — u(B)|, A € A, B € B, u(4) > 0}.
The coefficients are related by the inequalities
(1) a(A,B) < 26(A,B) < 2¢0(A,B), a(A,B) < p(A,B) < ¢(A,B).

For a strictly stationary sequence (Xj),cz and n > 0 we define ax(n) = a(n) =
a(FO,, F) where FY is the o-algebra generated by X with v < k < v (if
u = —o00 or v = 00, the corresponding inequality is strict). In the same way we
define coefficients Gx(n), px(n), ¢x(n).

We say that the sequence (X)o7 is a-mizing if lirf ax(n) = 0, and similarily
n—-r+oo
we define 3, p and ¢-mixing sequences. Inequalities give a hierarchy between
theses classes of mixing sequences.
If (an)n>1 and (by)n>1 are two sequences of positive real numbers, we write
an = by if there exists a positive constant C such that for each N, C " lay < by <
Ca N-

The main results are

Theorem A. Let § be a positive real number. There exists a strictly stationary real

valued process Y = (Yk)k>0 = (f o Tk)k>0 satisfying the following conditions:

a) the central limit theorem with normalization \/n takes place;

b) the weak invariance principle with normalization \/n does not hold;
c¢) we have on(f)? < N;

d) we have for some positive C, By (N) < %;

e) Yo € LP for any p > 0.

Alternatively, we can construct the process in order to have a control of the
mixing coefficients on a subsequence.

Theorem A’. Let (¢j)j>0 be a decreasing sequence of positive numbers. Then there
exists a strictly stationary real valued process Y = (Yk),@o = (f o Tk)k>0 satisfying

conditions and:

d’) there is an increasing sequence (ng)k>1 of integers such that for each k,
By (nk) < cny,-



Remark 1. Herrndorf proved ([6], Theorem 2.13) that if (&) is a strictly stationary
¢-mixing sequence for which o, — o0, S, /0, converges in distribution to a stan-
dard normal distribution and o 1 maxi<i<n || — 0 in probability, then the weak
invariance principle takes place. So Herrndorf’s result does not extend to S-mixing
sequences.

Remark 2. Rio et al. proved in [I1I] that the condition fol a1 (u)Q?(u)du < oo
implies the weak invariance principle, where a~!(u) := inf {k, a(k) < u} and Q is
the right-continuous inverse of the quantile function ¢ — p{Xo > t}. If the process
is strictly stationary, with finite moments of order 2 4+ r, r > 0, the latter condition
is satisfied whenever > > (n + 1)%a(n) < oo (Ibragimov [8] found the condition
Sy a(n)l_% < 00). Since Yj € LP for all p < oo, we have that )y a(N)" = +oo
for any r < 1, hence in [A’] we can thus hardly get such a bound for the whole
sequence.

Also, the mixing rates in Theorem are at most 5, where (ex)n>1 is bounded.
Even if we had such a rate in Theorem [A] the result of Theorem [A’] couldn’t be
deduced from this. Indeed, taking c; := j 72, we would not be able to get Bx (nx) <
¢n, from the corresponding variant of @

Remark 3. Tbragimov proved that for a strictly stationary p-mixing sequence with
finite moments of order 249 for some positive 9, the weak invariance principle holds,
cf. [9]. In particular, this proves that our construction does not give a p-mixing
process. Shao also showed in [I3] that the condition ), p(2") < oo is sufficient in
order to guarantee the weak invariance principle in D|0, 1] for stationary sequences
having order two moments. So a potential p-mixing counter-example has to obey
to restrictions on the moments as well as on the mixing rates.

About the method of proof

In proving the result we will use properties of coboundaries h = g —goT (g is
called a transfer function). For a positive integer N and a measurable function v,

N-1

we denote Sy (v) := Z U’v. Because Sy,(g—goT) = g — goT™, for any sequence
7=0

an, — 00 we have ﬁSn(g — goT) — 0 in probability hence adding a coboundary

does not change validity of the central limit theorem. If, moreover, ¢ € L? then
ﬁ IS5(g —goT)|,, — 0 a.s. hence adding of such coboundary does not change

validity of the invariance principle (if norming by /n or ¢, with liminf, % > 0),
cf. [5]. On the other hand, if g ¢ .2, adding a coboundary can spoil tightness even
if g — goT is square integrable, cf. [I5]. A similar idea was used in [4]. In the proof
of Theorem [A] and [A”] we will find a coboundary g — g o T" which is (-mixing and
spoils tightness. The coboundary has all finite moments but the transfer function
is not integrable. We then add an m such that (m o T%);cz and (h o T%);cz are
independent (enlarging the probability space), and m o T is i.i.d. with moments of
any order (in particular, it satisfies the weak invariance principle).

In the proof it is used the fact that |u(A N B) — u(A)u(B)| < u(A). The method
does not seem to apply to processes which are p-mixing and for this kind of processes
the problem remains open.
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2. PROOF

2.1. Construction of h. Let us consider an increasing sequence of positive inte-
gers (ng) k>1, and for each integer k > 1 let A, A; be measurable sets such that

pAR) = ol = (A7),
We define random variables e by
1 if we Af,
(2) ep(w) =4 -1 ifweA,
0 otherwise,
such that U'e, = e o T? are mutually independent. We define Ay, := A,j UA, and

np—1 ng—1 +

(3) hio= Y Ulep—U™ Y Uley, hi= fhk.
1=0 1=0 k=1

Since p{hg # 0} < n—lk, the function h is almost everywhere well-defined (by
Borel-Cantelli’s lemma).
It will be useful to express, for N > ng, the sum Sy (hy) as a linear combination

ng—1
of UPej,. Denote s, := Z U e,. As N > ny, and hy, = sp, — U~ "kg,,, we have
=0
N—-1
SN(hk) = (Ujsk — Uj_nksk)
§=0
N-1 N—np—1
= Ujsk — Z UjSk
Jj=0 J=—ng
-1 —1
== > Uls+UY > Uls.
J=—ng J=—ng

We also have

-1 ng
S U= YUl
Jj=—ny Jj=1

’Vlk—l nk—l

=y! Z Z U (i+ie,

i=0 ;=0
-1 Nk ng—1
(4) SN Ulsy=U" [ jU0er+ > (g — j)U™ ey
J=—nk j=1 j=1
The previous equations yield
ng nE—1
(5) Sn(he) =D JUTTN e 4+ 3 " (ny, — U ey,
j=1 J=1
Nk ng—1
=D UM — Y (g — §)UT ey,
j=1 Jj=1

4



ng—1
Each hj is a coboundary, as if we define vy := Z U~ Jsy, then vy — Uty =
j=0
s — U ™ s, = hy, (so in this case the transfer function is —U_lfuk).
Since p{vg # 0} < n—Qk, Borel-Cantelli’s lemma shows that the function g :=
+oo
— Z U~ oy, is almost everywhere well defined provided that Y, n—lk is convergent.

k=1
Because h = g — Ug, h is a coboundary.

2.2. Mixing rates. We show that the process (U'f);cz is 3-mixing. In doing so
we use the following proposition (cf. [3]).

Proposition 4. Let (X )i, k =1,2,... be mutually independent strictly stationary
processes with respective mizing coefficients B(n), let X; = > 72 Xpi converge.
The process (X;); is strictly stationary with mizing coefficients B(n) < > pey Be(n).

This reduces the proof of B-mixing of (U’ f);cz to those of (U'h)cz.
In the following text we denote by fBi(n) the mixing coefficients of the process
(he o T")iez-

Lemma 5. For k > 1, we have the estimate (;(0) < nik

Proof. Let us estimate [ (0).

Denote F2° by F" and F" by F,,. The o-algebras Fy and F>" are independent.

Let P = {P; : i € I} be the partition generated by T A}, T—"A}, 0 < i < 2nj—1
(P has at most 32" elements). Any element B € F° can thus be represented as a
union

B=JPnB)
il

with B; € F?™ i ¢ I.

Because ,u(Aj,ﬁ), u(AZ)' < 1/(2n?), among the sets P; there is one, denoted Py =
Q\ U (T Al U T~ AY), the measure of which is greater than 1 — é

Notlce that

BAB, C P¢

and for any two measurable sets C, D it is |u(C) — u(D)| < u(CAD).
Let {B!,..., B"} be an F'-measurable partition of Q. For 1 < i < j < n we
have

(6) B =JrnB)), B =\JRnB).
lel lel

From B'N B’ = { it follows P, N B/ N Bl] = ); we have BlZ,B] € F? and
P, € Fopy—1 hence p(P,N BiN BJ) w(P)p(BiN B]) hence p(B;j N Bj) =0.

Let A € Fy, {B!,..., B"} be an F’-measurable partition of . We can estimate

> (AN BY) = u(AN B < u(AN (B'AB))) < p(AN Fy).
] i=1
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For an Fy-measurable partition {A! ... A™} of Q we thus get

n

DD AN BY) = w(A)u(BY <YLY |n(A N BY) — p(A N BY)|

=1 j=1 =1 j=1
+ Z Z |(A7 N Bé) - M(Aj)N(Bé)|

i=1 j=1
+ D03 (A u(BY) — p(AT)u(BY)|

i=1 j=1

By independence, the sum in the middle is zero and by the preceding calculation,

ZZW(AjﬂBi) p(A7 N By)| Z#AJ (F5)) < w(Fg)

i=1 j=1 j=1
and . .
0D A (BY) = (A0 (B < Y (A0 u(F) < ()
hence o Jln . "~
D03 A7 ) — (A B < 20F) <

0

Denoting by B(INV) the mixing coefficients of the sequence (h o T%);cz, Proposi-
tion 4} Lemma |5 and Sx(N) = 0 when N > 2ny yield

Corollary 6. For each integer k, we have
1
7) BN <N = S —
=1 j2n; =N 7

Now we can prove @ and Let i(N) denote the unique integer such that
nyny < N < niny41 and for sequences (un)nz1, (vn)nz1 of positive numbers,
uy S vy means that there is C' > 0 such that for each N, ay < C - by.

Proposition 7. Let § > 0. With the choice ny, := [16T9" | we have .
Proof. We deduce from

1 .
B(2nk) < Z — < Z 16_(2+5)k(2+5)3 < 16_(2+6)k.

n
jzk 7 §>0

Consequently,
1 1 1
Ti(N) 2 N 243
i(N)+1

Hence @ is fulfilled.

Proposition 8. Given (ck)k>1 as in Theorem. we can choose ny T oo such that

[A] holds.
6



Proof. We can, without loss of generality, suppose that the sequence (cn) is decreas-
ing. For hg = eg the process (hgoT") is a sequence of i.i.d. hence Gy(n) = 0 for all
n > 0.
Using Lemma [5| we find n; such that
1 Co

6(0)<n—1<5

Then, in the same way, we find no such that
1 c
Pa(n1) < — < =+

ng 4

and by induction we get a sequence of n; such that
c
5]@‘4’1(”]6) 2]::::17 k 2 O

k+1
Indeed, we choose ng11 > 2nk )

For each k > 1, we have f;(NN) = 0 as soon as N > 2nj_1 hence

®) M)SLAMN = 3 falm) = 3 gt <

k:N<ng k:N<ng,

where j = min{k : ny > N}. In particular we get 5(2ng) < ¢y, -

This proves [A7]
Remark 9. If u: R — R is an increasing function and if we choose at each step

Nky1 := Max {L u(nk)}, we have Ox(ng) < ¢, for each k.

2.3. Proof of non-tightness. For a positive integer m, we denote [m] := {1,...,m}.
If S is a finite subset of the set of integers, |S| denotes the number of elements of

S.
Lemma 10. There exists Ny such that
(9) 1 {%kéljavag;i_l |Sn (he)| = nk} >1/4
whenever ny > Ny.
Proof. For 2n, < N < ni, thanks to (b)), we have
{1Sn (hi)| = ni} D {JUN e | =1} 0 () {U7er =0} 0 () {U7e =0},
Jjel JjE€JIN

where I = [1-2ny, —1]NZ and Jy = ([N —2ni+1, N—1—ni]JU[N+1—ng, N—1])NZ.
We define

—1—ny -1
By = {|[UN e =110 [ {U"Yep=0}n () {07Nep =0}
j=1-2ng j=1—ny
= {JUNmer| =1} 0 () {U7er =0}
Jje€JIN

7



We have [Sn (hx)| = ny on (;¢; {Uie, =0} N By and the sets Njer {UJe;, =0},

2
U?};an By 1. belong to independent o-algebras. Therefore

2
1 2ny o
(10) ,U,{ max ’SN(hk)’ = nk} 2 (1 — 2) )% U BN,k

Ne[n?—1] ng N=2n,

Recall Bonferroni’s inequality, which states that for any integer n and any events
A;, j € [n], we have

(11) p (U4 =) - Y waina).
j=1 j=1

1<i<j<n

It can be proved by induction. Notice that

1 1\>™2 1 2
=4 -2 (0-2)
ng ni, ni, n

and for i # j
. . 1
p(Bitan,—1, 0 Bjon,—14) < p{JUT™ ey = 1} p {[U7 T ey =1} = ey
k
hence
i, (ng—1)?
0 U Byi | =n U BN ion, -1,k
N=2'I’Lk N=1

2
1 2
= Z ?Tz (1 - le) - Z (Bitong—1.k N Bjyon,—1,k)

1<i<j<(ng—1)2

which together with implies that

1
(12) 1% max ‘SN(hk)‘ = Ng > -,
Ne[nifl] 4

whenever n; > Ny, where Ny is such that (1 — %)3 > % for n > Njg. O

Lemma 11. Assume that the sequence (nk)k>1 satisfies the following two conditions
of lacunarity:

k
(13) for each k, 16Zn? < Nga1;
j=1
(14) for eachk, nji1 = k*ny.

Then we have for k large enough

(15) M{l max |Sx(h)] > 1/2} >1/8.

ng Ne[ni—l]
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Proof. Fix an integer k. For each j < k and 2ny < N < n% — 1, we have

1
(”J + 1)
1

T
AN
E‘

1 2
— > Sn(hj)| < —
ng 1 ng j

(16)

I
[\D\H

.
Il

Indeed, using (5)), we can give an upper bound of Sn(h;) (as N > 2ny, > 2n;) as

n;—1

|Sn(h 22l+22l 2(nj +1)*

and we conclude by .
N—nj —1

N—-1
Now fix j > k. Writing Sy (h;) = Z Uisj— Z Uisj7 where s; := an_l Uu— ej,
1=0

i=—n;

nk—l nk—nj—l
we can see that the support of Sy (h;) is contained in U T'A;U U T'A; =
=0 i=—n;

nifl
U T_iAj, hence using ([14)

i=—n;

2
+n; 2 _
(17) " U {(Sn(hy) #0} | < E219 < 20 o952
N=2n, " "

n?2—1
Let By, == Unopn, Ujski1 198 (Ry) # 0}. By (L7), we have

(18) w(Ep) < Y 2i72 < 2/k.

k41

y (16),

1 1 1
— max ‘SN(h)| 2 — max SN E hj - =,
N 2n, KN<n? N 20, KN<n2 e 2

=

hence

1 1 1
,u{ max ]SN(h)\2}>u — max _|Sn Zhj >1

ng angNgni ng 2nk§N§n% >k

[\]

i max |Sy Zh)

My 20 SN =

}mEk
1
:M<{ max _|Sy (hy)] l}ﬁ >
nk?nngénk

1
>u<{ max |Sy (hg)| =1 ) w(E
ng angNgnk

The result follows from Lemma and .
9



The previous lemma yields together with Theorems 8.1 and 15.1 of [2] and the
convergence to 0 of the finite dimensional distributions of (N~'/28% (h))n>1 and
(N~Y28%(h))ny>1 the following corollary.

Corollary 12. If (ng)r>1 satisfies and (L4), then the sequences (N=Y28%(h, ) N1
and (N~Y28%#(h,-))N>1 are not tight in their respective spaces.

Let 6 > 0. Then the choice ny := L16(2+5)kJ satisfies the conditions and (14).
Indeed, the inequalities Nkl = ni'“s —-1= nin,‘i —1 and ni > 16k for each k give

and ([14]) is satisfied because n};”s > k2 Henceis satisfied. By Remark @we
can construct in Proposition (] I the sequence (ny)r>1 in order to satisfy (13| and

. this shows in Theorern .

Let us denote by 0%, the variance of Sy (h), that is, E[Sy(h)?.
Proposition 13. Under the conditions and , we have 0% < N.
Proof. From and , we deduce that

(19) ZESN an\ niny S N.

Recall that hy = (I — U~ ")sy with sy := Z”’“ L U~te).. Therefore, when nj > N,
we have by a similar computation as for ,

N—-1 ’l’lk—l

Sn(he) = (I=U™) [ Y (07N umti=dye, | +N(I-U™) [ > U/ Ve
j=1 j

The first term has a variance of order £ While those of the second one is W

We thus that for n, > N, E[Sy(h)? ] S np» hence by (14 (14),

(20) > ESnm)S Y N N w? Y o ow

. s : ng : J2n; ~
>i(N)+1 k>i(N)+1 j2i(N)+1
Combining (19)) and (20)), and using for a fixed N the independence of the sequence
(Sn(h ))J>1, we conclude the result. O

When we add an independent sequence (moT");cz with moments of any order, the
variance of ((m+h)oT");>; is bounded above and below by a quantity proportional
to IV, hence [c)|is satisfied in Theorems |A| and

2.4. Moments of the coboundary and the transfer function. One can won-

der to which IL? space can g and g — g o T belong.

Proposition 14. Under the conditions and , we have g € LP for0 < p <1
and g—goT €LP for each p > 0.

np—1 nE—1

Proof. Let g, := U~ vy, where v, = Z U7s, and s = Z U~ Je. Recall that
=0 J=0

g=—3 peq 9k For 0 <p<1andany two non-negative real numbers a and b, we

10



have (a 4 b)P < aP + bP. This gives, using ,

ng ne—1
Elgel” < [ D PE|U e + Y (g — §)PE[U ey
j=1 j=1
1 ng—1
= |k +2 > P
k j=1
1
P p+1
< n—% (n,C + 2ny, )
< 3n£_1.

By (14), we have ny > k!-n; hence the series > k1 Elgrl” is convergent. This
proves that g € LP for 0 < p < 1.

Corollary 2.4. in [I] states the following: given positive integers ¢t and p, X7, ..., X;
independent random variables such that ;{0 < X; <1} =1 for each j € [t], then

(21) E(X)" < By - max {E(X), (E(X))"},

where B, is the p-th Bell’s number (defined by the recursion relation Bpi; =
Sh_o()By and By = B; = 1) and X := Z§:1 X;.

We shall show that the series >+, [|hgll, is convergent for any integer p. Fix
k>1, and let t := 2ny, X; := ‘Uj_%kek‘. Applying , we get

|7l < By - max {n;l,n;p} =B, -n; !,
k2
hence ||Agl], < B;/ P.27% One could also use Rosenthal’s inequality. O

Since the added process has moments of any order, Proposition [14] proves fe)| in
Theorems [Al and [A]

Proposition 15. The transfer function g does not belong to L.

Proof. Fix an integer k, and define for 1 < j < ng:

Ej={[U7 e =1}n () {U e =0}n(){a=0}.
iel2n-1\{} 2k

Since these sets are pairwise disjoint and g = —U ™! Zk>1 Z?ial U~Jsy, with sp, 1=

Z?i 81 U~ ey, we have after having rearranged Z?i 81 U~7s;, and used the fact that
11



gi(w) =0if I #k and w € 3£, Ej:

ng ng
_ T T—1—2n
loxgee, i, = | Do xe, (Yo 2mwe
j=1 i=1 L
N N
=35 s [S e
j=1 i=1 1
n
= jn(E;)
j=1
ny, ) —2 2n;—1
1 1 k 1
=2 m(“m) {172
j=1 k k j#k J
Z3 ( - 2) — 3
2 ny i1 n;
—1 2n;—1
As <1 — n—IQ) — 1 as kK — —+oo and Hj>1 (1 — n12> is positive, we get
k = j

lgxF,ll; = ¢ >0, where Fj, := U?il E;. Since gxr, = gkXF,, we get that [|gx||; > ¢
for a ¢ independent of k. Therefore, the series of independent random variables
>_k>1 9k cannot be convergent in L. O
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