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A STRICTLY STATIONARY p-MIXING PROCESS SATISFYING
THE CENTRAL LIMIT THEOREM BUT NOT THE WEAK
INVARIANCE PRINCIPLE

DAVIDE GIRAUDO AND DALIBOR VOLNY

ABSTRACT. In 1983, N. Herrndorf proved that for a ¢-mixing sequence satis-
fying the central limit theorem and liminf, . 02 /n > 0, the weak invariance
principle takes place. The question whether for strictly stationary sequences
with finite second moments and a weaker type (a, 3, p) of mixing the central
limit theorem implies the weak invariance principle remained open.

We construct a strictly stationary S-mixing sequence with finite moments of
any order and linear variance for which the central limit theorem takes place
but not the weak invariance principle.

1. INTRODUCTION AND NOTATIONS

Let (9, F,u) be a probability space. If T: Q — Q is one-to-one, bi-measurable
and measure preserving (in sense that pu(T~1(A)) = u(A) for all A € F), then the
sequence ( fo Tk)k ¢z, 1s strictly stationary for any measurable f: Q@ — R. Con-
versely, each strictly stationary sequence can be represented in this way.

n—1
For a zero mean square integrable f: Q — R, we define S,(f) := Zf o TV,
j=0

02(f) i= B(Su(f)2) and S3(f,) = Sipay () + (nt — [nt])f o TL"), where ] is the
greatest integer which is less than or equal to x.

We say that (f o T7);>1 satisfies the central limit theorem with normalization ay,
if the sequence (a;; 1S, (f))n>1 converges weakly to a strandard normal distribution.
Let C[0, 1] denote the space of continuous functions on the unit interval endowed

with the norm ||g|| ., := sup |g(t)].
te[0,1]
Let D[0,1] be the space of real valued functions which have left limits and are
continuous-from-the-right at each point of [0, 1). We endow it with Skorohod metric
(cf. [2]). We define S;*(f,t) := S|y (f), which gives a random element of D0, 1].

We shall say that the strictly stationary sequence ( foTi ) satisfies the weak

0
invariance principle in C|[0,1] with normalization a, (respe]ctively in DI0,1]) if
the sequence of C[0, 1] (of D[0,1]) valued random variables (a, 'S (f, -))n>1 (resp.
(an 'S5 (f, '))n>1) weakly converges to a Brownian motion process in the corre-
sponding space./

Let A and B be two sub-c-algebras of F, where (2, F, ) is a probability space.
We define the a-mixing coefficients as introduced by Rosenblatt in [14]:

a(A,B) :=sup{|u(ANB) — u(A)u(B)|,A e A B e B}.
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Define the S-mixing coefficients by

I J
BAB) = 5 sup >0 3 [u(Ai 0 By) — u(Adu(B))]

i=1 j=1

where the supremum is taken over the finite partitions {A4;,1 < i < I} and {Bj,1 <
of Q of elements of A (respectively of B). They were introduced by Volkonskii and
Rozanov [16].

The p-mixing coefficients were introduced by Hirschfeld [8] and are defined by

p(A, B) := sup {|Corr(f, g)|, f € L*(A),g € L*(B)},

where Corr(f, g) := [E(fg) — E(/)E(9)] [Ilf — E(f)r2 lg — E(g)llp2] "
Ibragimov [9] introduced for the first time ¢-mixing coefficients , which are given

by the formula
¢(A,B) :=sup {|u(B | A) — p(B)|, A€ A, B € B,u(A) > 0}.

The coefficients are related by the inequalities

(1) 2a(A,B) < B(A,B) < ¢(A,B), «a(A,B) < p(A,B) <2/¢(A,B).

p

For a strictly stationary sequence (Xj),cz and n > 0 we define ax(n) = a(n) =
a(FO,, F) where F?Y is the o-algebra generated by X with v < k < v (if
u = —o00 or v = 00, the corresponding inequality is strict). In the same way we
define coefficients Sx(n), px(n), ¢x(n).

We say that the sequence (X),.cy is a-mizing if lirJrrl ax(n) =0, and similarily
n—-+0o0o

we define 3, p and ¢-mixing sequences.

a, B and ¢-mixing sequences were considered in the mentioned references, while
p-mixing sequences first appeared in [12].

Inequalities give a hierarchy between theses classes of mixing sequences.

If (any)n>1 and (by)n>1 are two sequences of positive real numbers, we write
ay = by if there exists a positive constant C such that for each N, C~lay < by <
Cap.

The main results are

Theorem A. Let § be a positive real number. There exists a strictly stationary real
valued process Y = (Yk),@() = (f o Tk) satisfying the following conditions:

a) the central limit theorem with normalization \/n takes place;

b) the weak invariance principle with normalization \/n does not hold;
c¢) we have on(f)? < N;

d) we have for some positive C, By (N) < C/N'/?=9;

e) Yo € LP for any p > 0.

k>0

Alternatively, we can construct the process in order to have a control of the
mixing coefficients on a subsequence.

Theorem A’. Let (¢;)j=0 be a decreasing sequence of positive numbers. Then there
exists a strictly stationary real valued process Y = (Yk)k>0 = (f o Tk)k>0 satisfying

conditions in Theorem and:

d’) there is an increasing sequence (my)k>1 of integers such that for each k,
By (my) < cmy,-

J<J}



Remark 1. Herrndorf proved ([7], Theorem 2.13) that if (&) is a strictly stationary
¢-mixing sequence for which o, — 00, S, /0, converges in distribution to a stan-
dard normal distribution and o, ! maxj<;<, |§;] — 0 in probability, then the weak
invariance principle takes place. So Herrndorf’s result does not extend to S-mixing
sequences.

Remark 2. Rio et al. proved in [I3] that the condition fol a Y (uw)Q*(u)du < oo
implies the weak invariance principle, where a~!(u) := inf {k,a(k) < u} and Q
is the right-continuous inverse of the quantile function ¢ — p{Xo >t}. If the
process is strictly stationary, with finite moments of order 2 + r, r > 0, the latter
condition is satisfied whenever 3.°° (n + 1)?"a(n) < oo (Ibragimov [10] found
the condition S°°°  a(n)!"2/" < 00). Since Yy € LP for all p < oo, we have that
Y N a(N)" =400 for any r < 1, hence in Theorem [A’| we can thus hardly get such
a bound as in d’) for the whole sequence.

Remark 3. Ibragimov proved that for a strictly stationary p-mixing sequence with
finite moments of order 2446 for some positive §, the weak invariance principle holds,
cf. [II]. In particular, this proves that our construction does not give a p-mixing
process. Shao also showed in [15] that the condition ) p(2") < oo is sufficient in
order to guarantee the weak invariance principle in DJ0, 1] for stationary sequences
having order two moments. So a potential p-mixing counter-example has to adhere
to restrictions on the moments as well as on the mixing rates.

About the method of proof

In proving the result we will use properties of coboundaries h = g —goT (g is

called a transfer function). For a positive integer N and a measurable function v, we
N—-1
denote Sy (v) := Z U’v (Here and below, UJv := voT7.). Because S,,(g—goT) =
§=0
g—goT™, for any sequence a,, — oo we have (a,) 1S,(g—goT) — 0 in probability
hence adding a coboundary does not change validity of the central limit theorem.
If, moreover, g € L2 then n='/2||S%(g — go T)|, — 0 a.s. hence adding of such
coboundary does not change validity of the invariance principle (if norming by /n or
by o, with liminf, 02 /n > 0), cf. [6], pages 140-141. On the other hand, if g & L%
adding a coboundary can spoil tightness even if ¢ — g o T is square integrable, cf.
[17]. A similar idea was used in [5]. In the proof of Theorem |[A|and [A’| we will find
a coboundary g — g o T" which is S-mixing and spoils tightness. The coboundary
has all finite moments but the transfer function is not integrable. We then add an
m such that (moT%);cz and (hoT"%);cz are independent (enlarging the probability
space), and moT" is i.i.d. with moments of any order (in particular, it satisfies the
weak invariance principle).
The proof uses the fact that |[u(AN B) — u(A)u(B)| < u(A). The method does
not seem to apply to processes which are p-mixing and for this kind of processes
the problem remains open.

2. PROOF

2.1. Construction of h. Let us consider an increasing sequence of positive integers
(nk) >y such that

1
n1 =2 and Zn—k<oo,
k=1
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and for each integer k > 1, let A, , Az be disjoint measurable sets such that (A, ) =
1/(2n2) = p(A7 ).
Let the random variables e, be defined by
1 if we A,
(2) ep(w) =49 -1 ifweAd,,
0 otherwise.

We can choose the dynamical system (€2, F,u,T) and the sets A;,A,; in such a
way that the family (e o Ti);@uez is independent. We define A, := AZ UA, and

nkfl N — 1

(3) hyo= Y U e —U™ Z U e, h _th
=0

Since p{hr # 0} < 2/ng, the function h is almost everywhere well-defined (by
the Borel-Cantelli lemma).

It will be useful to express, for N > ng, the sum Sy (hy) as a linear combination

ng—1
of UPej,. Denote s;, := Z Ue,. As N > ny, and hy, = sp, — U~"kg,,, we have
§=0
N-1
Sn(hi) = Y (Usy — UT"sy)
§=0
N-1 N-—-np—1
U]sk — Z Ulsy,
j= j=—ng
-1 —1
== ) Ulsp+UY Y Ulsy
J=—ng J=—ng

We also have

-1 ng
> U= 3ou
j=—ng J=1

nk—l 'I”Lk—l

— U1 Z Z U—(+ie,

i=0 ;=0
—1 ng—1
4) > Usu=U""" Z]U]ek + Z U
Jj=—ng
The previous equations yield
"k np—1
(5) SN(hk) = ZjUj-i—N—anek + Z (nk _ j)U]-i-N—nkek
j=1 j=1
Nk ng—1
_ ZjUJ—anek _ Z (ng — J)UT ey,
Jj=1 j=1

4



ng—1

Each hj is a coboundary, as if we define vy := Z U~Jsy, then vy — Uty =
Jj=0

sk — U™ s, = hy, (so in this case the transfer function is —U " 1uy).

Since p{vr # 0} < 2/nyg, Borel-Cantelli’s lemma shows that the function g :=
+oo

— Z U~ vy, is almost everywhere well defined under our assumption that Yopl/ng
k=1

is convergent. Because h = g — Ug, h is a coboundary.

2.2. Mixing rates. We show that the process (U'f);cz is S-mixing. In doing so

we use the following proposition (cf. [4], Theorem 6.2).

Proposition 4. Let (X} ;);, k = 1,2,... be mutually independent strictly stationary
processes with respective mizing coefficients Bi(n), let X; = > 32 Xi; converge.
The process (X;); is strictly stationary with mizing coefficients B(n) < > pey Be(n).
This reduces the proof of S-mixing of (U f)iez (in Theorems |A] and [A’) to that
of (U'h);ez and thereby to that of (U'hg);ez for k > 1.
In the following text we denote by fBi(n) the mixing coefficients of the process
(hi o T")icz.
Lemma 5. For k > 1, we have the estimate B (0) < 4/ng.

Proof. Suppose k is a positive integer. For —oo < j <1 < o0, let Hé denote the o-
field generated by Uthy,j < i <, (i € Z), and let gjl. denote the o-field generated
by Uley, j < i < I, (i € Z). Define the o-fields By := g:i?k, By = gQanH
and By = G°. Now HY_ C By V By and HS® C By V Bs. Therefore B(0) <
B(B1 V Ba, By V Bs). The o-fields By, Ba, Bs, are independent; hence the o-fields
B1V Bs and By V By (with index 2 in both places) are independent; this implies by
a result given e.g. in [4, Theorem 6.2],

B(B1V By, By V Bs) < B(B1,B3) + (B2, B2) = 0+ 5(B2, Ba).
Thus S (0) < B(Bz, Ba). Also, the o-field By has an atom Py := ﬂ?:—anH {Ule, =0}
that satisfies u(Pp) = 1 — 2/ny, (since u(Uley # 0) = 1/n3 for each i). By Lemma
2.2 of [3], if B is a o-field which has an atom D, then 3(B, B) < 2[1 — u(D)]. Hence
B(Ba, Ba) < 2[1 — u(Py)] < 4/ng. This finishes the proof of Lemma 5. O

Denoting by 8(IN) the mixing coefficients of the sequence (h o T%);cz, Proposi-
tion 4} Lemma [5| and the fact that 5i(N) = 0 when N > 2ny, yield

Corollary 6. For each integer k, we have

(6) <Y gm< Y

7=>1 ]:2nj2N

Now we can prove [d)| and d’). Let i(N) denote the unique integer such that
ninvy < N < nyny41- For sequences (un)n>1, (vn)n>1 of positive numbers, uy S
vy means that there is C' > 0 such that for each N, uy < C - vy.

Proposition 7. Let 6 > 0. With the choice ny := L16(2+5)kj, we have .
Proof. We deduce from @

4 k j k
on) < 5T < §T 16—+ @) < g-(24)F
B(2n4) j§>k S E S

j=0
5



Consequently,

4 1 1
T(N) nZte Nz
i(N)+1

Hence @ is fulfilled.

Proposition 8. Given (ct),>, as in Theorem one can recursiwely choose a
sequence (ng)g>1 growing to infinity arbitrarily fast, such that for the construction
given above, one has that for each k > 1, B(2ny) < cap, -

Proof. Suppose that the sequence (ng)x>1 satisfies

Ng+1 = and ngyq = 2n,, k> 1

Cony,

B(2n) < Z Bj(2nx) < Z B;(0

j=k+1 j=k+1

Then

and, by Lemma |5 and the condition n;i; > 2lnj for j,1 > 1, we derive

[e.9]

B < S S <

g1 TR

The assumption ngy1 > 8/cay, vields B(2n) < cop,, for each k >

This proves d’) with my := 2ny.

Remark 9. The sequence of integers (ng)i>1 can be chosen to meet all other con-
ditions imposed in this paper.

2.3. Proof of non-tightness.

Lemma 10. There exists Ny such that
(7) I {anrg%éni |Sn (hi)| = nk} >1/4
whenever ny > Ny.
Proof. For 2n;, < N < ni, thanks to (9]), we have
{158 (i) = nie} D {JUN e =1} 0 () {U7er =0} 0 () {U7e =0},
Jel JjE€JIN

where I = [1-2ny, —1]NZ and Jy = ([N —2ni+1, N—1—n;]U[N+1—ng, N—1])NZ.
We define

—1—ny -1
By = {|UN e =110 [ {U"Yep=0}n () {07Nep =0}
j=1-2ng j=1—ny
= {JUN"er| =130 () {U7er =0}.
Jje€JIN

6



We have [Sn (hx)| = ny on (;¢; {Ue, =0} N By, and the sets Njer {UJe;, =0},

2
U?};an By 1. belong to independent o-algebras. Therefore

2
1 2ny i
(8) ,u{ max |Sy(hg)| = nk} > <1 - 2) i U By j

<N<n?2 n
2nk\N\7’lk k N:2nk

Recall Bonferroni’s inequality, which states that for any integer n and any events
Aj,j€{l,...,n}, we have

n n

(9) p UAj >ZM(AJ‘)— Z p(A; N Aj).

i=1 j=1 1<i<j<n

It can be proved by induction. Notice that

1 1\>»2 1 2
O
ng n ny n

1(Biton, 1 N Bjione—16) < p{|UT" e | = 1} p{|UTT ey | = 1} =

and for ¢ # j

=

n

T

hence
(nk—1)2

i
pl U Byva|=n| U Byiom-1x
]VIQ’VL]C N=1

2
1 2
> Z TTi (1 - le) - Z p(Bivon,—1.k N Bjton,—1.k)

1<i<j<(np—1)2

which together with (8) and the inequality (1 — 1/n3)?*" > 1 — 2/n;, implies that

1
(10) 1 max _|[Sn(hi)| = nk p > -,
angNgni 4
whenever n;, > Ny, where Ny > 3 is such that (1 —2/n) [(1 —2/n)* —1/2] > 1/4
for n > Ng. O

Lemma 11. Assume that the sequence (nk)k>1 satisfies the following two conditions
of lacunarity:

(11) for eachk > K, 16

J
(12) for eachk > K, npi1 = (k4 1)%ny,

k
2 < .

nj X Nk+15
=1

where 2 < K < 0co. Then we have for k large enough

(13) u{l max \SN(h)|>1/2}21/8.

Nk 2n,<N<n?

7



Proof. Fix an integer k > K. For 2n; < N < ni, we have
k

1< 2 = )
(14) nkaSN(hj) <—) (n+1)°<

Indeed, using (), for j < k, we can give an upper bound of Sx(h;) (as N > 2ny >
2n;) as
n;—1

S (R 2Zl+22l—2n],
and holds by .
N—1 ‘ N—nj—l A
Now fix j > k. Writing Sy (h;) = Z U'sj— Z U's;j, where s; := 270—1 U~ e,
=0

t=—n;
we can see that

U {Sn(hj)#0yc | T4,

N=2ny 1=—2n;+1
hence using
2 .
(15) [ U {Sn(hj) # 0} <L22”]<2ﬂ<2j‘2.
n; n;
N=2ny J
2
Let E} := U?V’“:%k Ujsks1 {Sn(Ry) # 0} By (15), we have
(16) wE) < Y 2572 <2/k
jzk+1
y (14),

1 1 1
— max _|Sn(h)] > max _|Sy (> hi |-,

2
ng angNgnk Nk 2n,< N<ng ik
hence

1 1 1
,u{ max ]SN(h)|>2}>,u — max |Sy Zhj >1

Nk 2np<N<nj, N 2np<KN<n ik

1
— max SN Zhj ﬂEg

2
Nk 2np<N<n2 vt
1
=p|<— max |Sy(hg)| > ﬂEk,
Nk 2n,<N<n?

1
=W max ‘SN (hk)| =1 — ,LL(Ek)
ng 2nk<N<nk

The result follows from Lemma and . O

The previous lemma yields together with Theorems 8.1 and 15.1 of [2] and the
convergence to 0 of the finite dimensional distributions of (N~Y/28% (h))y>1 and

(N—1/28%(h))n>1 the following corollary.
8



Corollary 12. If (ng)i>1 satisfies and (12), then the sequences (N Y285 (h,-))n>1
and (N~Y28%(h,-))n>1 are not tight in their respective spaces.

Let & > 0. Then the choice ng := |16(279)" | satisfies the conditions and
(12).

Under assumptions of Proposition 7 (the choice of ny) we get @ in and because
, are satisfied, we get @ in

By Remark [9] we can construct in Proposition [§] the sequence (n)>1 in such a
way that it also satisfies and ; this yields |b)[in Theorem and of course

from Proposition [§| itself, property d’) in Theorem [A’| also holds.

2.4. Proof of [a)| . and [c)} Let us denote by 0% the variance of Sy(h), that is,
E[Sn(h)?].

Proposition 13. Under the conditions and , we have 0% < N.
Proof. From and , we deduce that

i(N)

(17) Z E[Sn(h Z nj < < N.

Recall that hy = (I — U~"*)sy with sp := Z"’“ 1 U~e).. Therefore, when nj > N,
we have by a similar computation as for

N-1 -
(18) Sn(hp) = (T =U™) > 0T + UNT)ep + N(I = U ™) > U ey,
i=1 =

The first term has a variance of order N3/n2, and the variance of the second term
is (at most) of order N2ny,/n2. We thus have that for ny, > N, E[Sn(ht)?] < N?/ny,

hence by .,
N2
Y OESv S Y -

: : N
k=i(N)+1 k>i(N)+1
2 2 2
- My B My =1
Ti(N)+1 k>i(N)+2 n

therefore,

(19) > E[Sn(h)) SN

k>i(N)+1

Combining and , and using (for a fixed N) the independence of the sequence
(Sn(hj))j=1, we conclude that 0% (h) = 03(9—goT) SN.

When we add a mean-zero nondegenerate independent sequence (moT");cz with
moments of any order greater than 2, the variance of the Nth partial sum of ((m 4
h) o T%);>1 is bounded above and below by a quantity proportional to N, hence
is satisfied in Theorems [A]and [A’] By the observation in the paragraph "About the
method of proof", [a)| holds. O



2.5. Moments of the coboundary and the transfer function. One can won-
der to which IL? space can g and g — g o T belong.

Proposition 14. Under the conditions and , we have g € LP for0 < p <1
and g —goT € ILP for each p > 0.

le—l nk—l
Proof. Let g, := U™ 'y, where v, = Z U /sy and sp, = Z U~ Jej,. Recall that
j=0 j=0

— > he1 9k For 0 <p <1 and any two non-negative real numbers a and b, we
have (a + b)P < aP 4 bP. This gives, using ({)),

ne—1
E|grl” < ZJPE’U Tep| + ) (g — J)PE|U ey
7j=1 7j=1
1 np—1
—z |
k j=1
1
p p+1
< n—i (nk + 2ny, )
<3n£_1

By (12), we have n, > k!-ni hence the series Y, E|gi[” is convergent. This
proves that g € P for 0 < p < 1.

Corollary 2.4. in [1] states the following: given positive integers ¢t and p, X1, ..., X;
independent random variables such that ;{0 < X; <1} =1 for each j € [t], then

(20) E(X)’ < By - max {E(X), (E(X))"},
where B, is the p-th Bell’s number (defined by the recursion relation By, =
S o (B)Brand By=Bi=1) and X := 3" X;.

We shall show that the series » ;- [|hxll, is Convergent for any integer p. Fix
k>1,and let t ;== 2ng, X ‘U] Q"kek‘ Applylng , we get

ey < By - max {2n;", (20 ")’} = 2B, - my

hence ||k, < (2B )P n, P and condition (12) guarantees the convergence of
the series >, n, P One could also use Rosenthal’s inequality. U

Since the added process has moments of any order, Proposition [14] proves fe)| in
Theorems [Al and [A]

Proposition 15. The transfer function g does not belong to L.

Proof. Fix an integer k, and define for 1 < j < ng:

Ej={|U ¢ =1} N {U e, =0} n () {9 =0}.
€1, 20— T1\{j} Ik
10



Since these sets are pairwise disjoint, g = >, gk, with g := U1 Y24 v ZZ‘“:BI U~"ey

and g(w) =01ifl Ak and w € U?i 1 Ej, we have the equality of functions

ng N
grl - x [ U B | =D loel - x(E))
j=1 =1
ng ne—1 4 ng—1
=> x(E)- Y vty Ut
j=1 i=0 h=0
ng ng—1ng—1 ‘
=D X(By) | D> > Ut e Z () [5U e
7=1 =0 h=0 7=1
ng
= Zj - X(Ej)
=1
and hence
ng ng
(21) gel - x (U B5 ||| =D 7 n(E))
j=1 L =l

2 .
As (1- 1/71%)_1 — 1for k — +oo and [, (1 - 1/n§> " s positive, we get

1 1 2np—1 1 2ny c
22 E)>— (1- = 1-=) =<
@) wep > (1-)  T(1-5) >

for some positive constant ¢ independent of k and j.
Let us define Fj, := U?’“lE for K > 1. Notice that the event Fj, k > 1 are
pa1rw1se disjoint because Fy C {gk 7& 0} M (Vi {9 = 0}. Therefore, combining

and (22)), we obtain for each k >
Ellglx(F1)] = Hgk\x(Fk)] > c/2.

It then follows that
Elgl > Ellgslx(Fi)]
k

proving Proposition
O
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