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A FRAMEWORK FOR THE MODELING OF ORDER BOOK
DYNAMICS BASED ON EVENT SIZES

KAJ NYSTROM AND SIDI MOHAMED OULD ALY

ABSTRACT. We propose a modeling framework for the dynamics of a reduced form order book
in event time and based on event sizes. Our framework for the order book is influenced by [9],
but compared to [9] we allow the best bid ask spread to be larger than one tick. Based on the
modeling assumption that the best bid as well as the best ask price can only move by at most
one tick (up or down), when an event occurs, we show that the dynamics of this simplified order
book is completely described by a non-linear transformation of two processes (X,Y). A key
challenge in the modeling is the empirical fact that the high frequency order flow is strongly
autocorrelated, a fact we have to deal with in the modeling of (X,Y"). The core of our framework
is a semi linear regression type model for (X,Y’), influence by more classical ARMA and AR
models, and one key degree of freedom is the potentially non-linear basis functions used in the
regression. We use results from the theory of random iterative function systems to understand
issues concerning stationarity and ergodicity in our models. We show how to rapidly calibrate
the model by inverting block Toeplitz matrices in an efficient way. All components are worked
through and explain in an application and the predictability of the model for order flows and
price moves are analyzed in the context of a high frequency dataset.

2000 Mathematics Subject Classification.

Keywords and phrases: high frequency trading, modeling, order book, price dynamics, time-
series, random iterative function system, ergodicity.

1. INTRODUCTION

In recent years, numerous electronic trading systems have been designed to replace or comple-
ment traditional markets. In electronic order-driven markets, participants may submit limit
order (or cancel an existing limit order), by specifying whether they wish to buy or sell, the
amount (volume) and the desired price. Limit orders wait in a queue to be canceled or executed
(when a sell order is matched against one or more buy limit orders). All outstanding limit
orders are aggregated in a limit order book which is available for market participant. The order
book at a given instant of time is the list of all buy and sell limit orders (that have not been
executed /canceled) with their corresponding price and volume. The price dynamics is therefore
the result of the interplay between anonymous traders who place orders in the limit order book.
Nowadays, more than half of the stock exchanges in the world are order driven and the sub-
missions of limit orders have massively increased. The latter makes it extremely hard to build
a model for the order book and its dynamics which is realistic and still amenable to rigorous
quantitative analysis.

There is now a growing literature on limits order books and attempts to modeling their
dynamics. Several authors have proposed models based on self-exciting point processes (see e.g.
[5], [6]) focusing on the modeling of the frequency at which the different types of orders arrive.

This research has been supported by a grant from Riksbankens Jubileumsfond (P10-0113:1).
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In other works (e.g. [18], [14]) equilibrium models for limit order markets are proposed, while
another category of models is based on some dynamic expected utility maximization models
(e.g. [18], [19]). More recently, Cont et al [10] considered the limit order book as a queuing
system where the frequencies at which orders are submitted and canceled, all orders are assumed
to be of unit size, are modeled as independent Poisson processes. Although all these models
are theoretically attractive they have some difficulties describing the reality of the order book
dynamics and main drawbacks of the models include Markov type assumption concerning the
order flow for some and the difficulty of calibrating the parameters of the model for others.
However the main reason that these models produce order book dynamics which deviates from
what is observed in real data stems from the fact that it is difficult, or even impossible, to
predict the arrival times of orders due to the inhomogeneity of these arrival times. This is a
problem even for self-exciting Hawkes processes [16] where the main difficulty is to accurately
and properly calibrate the kernel defining the range of influence of previous events on the current
intensity of events.

Based on the main drawback of the above models an idea is to model order book dynamics
using a clock different from chronological time and in this paper we propose a modeling frame-
work for the order book and its dynamics in event-based time, i.e. we are only interested in
modeling the order book as it is changed by the occurrence of an event and by definition an
event is the submission of an order, market, limit or cancelation, which changes the order book.
In particular, in the proposed framework we make no reference to chronological time and the
specific times at which the events occur. Instead, for us event time is simply an index, set to
0 at midnight, which represents an enumeration of the events and which increases by one every
time a new order is submitted to the order book. The idea to use a different clock has already
appeared in the literature, e.g. see Mandelbrot and Taylor [17], Clark [8], and more recently
in Ané and Geman [3] where it is showed that the normality of asset return can be recovered
through a stochastic time change.

Our framework for the order book is influenced by Cont and De Larrard [9] and as in [9] we
represent a reduced form of the state of the order book, right after event j, by (S;?, 57, Q?, Q?)
where

the best bid price S]l? right after event 7,
the best ask price S7 right after event j,

the size of the best bid queue Q;’- right after event j,
(1.1) the size of the best ask queue @} right after event j.

The state of this reduced form of the order book changes when an order (market order, limit
order or cancelation) effects the queues at the best bid/ask. When the best bid queue (or best
ask queue) is depleted the price moves one (or more) step(s) down (or up) and the best bid ask
spread widens immediately to more than one tick. In [9] the authors assume that after such an
event the flow of limit buy/sell orders quickly fills the gap and that the spread instantly reduces
to one tick again. In particular, we emphasize that in [9] it is assumed that the second step
occurs instantly and hence that the spread, i.e. distance between the best bid and the best ask,
always is one tick. Based on this assumption the process Q); = (Ql]’, Q?) can be constructed from

the order flow process, OF, until the next price move, as

J J
(1.2) Qi =(Q5Q) =00, =Q;+ | Y. V& Y V. i>j

i=jo+1  i=jo+1
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Here

Vl-b is the change of the size of the bid queue occurring at event number 1,

(1.3) V% is the change of the size of the ask queue occurring at event number .

Note that V?(V) is positive if event i is a limit order and negative if it is a market order or
cancelation and that Vb and V;* can not simultaneously be different from zero as one event can
not change the queues on both sides of the order book. Whenever a component of OF hits zero
there is a price change: the price moves one step (tick) up or one step down, the spread widens
to more than one tick and @ deviates temporarily from the order flow process (as Q° and Q%
are both strictly positive, by definition of the best bid and best ask price). In [9] it is assumed,
when a component of OF hits zero, that the order book immediately jumps to the next step
where the spread is agaln one tick and in [9] the queue sizes are updated according to some
distribution functions.

In this paper we consider the reduced form of the order book briefly detailed above, but
compared to [9]

(1.4) we allow the best bid ask spread to widen to more than one tick.
Our main modeling assumption is that
(1.5) the best bid and ask prices can only change by one tick at each event.

We emphasize that this is a very week assumption which may even be considered as a fact
in liquid markets. In particular, for our data this assumption is satisfied in 100% of all cases
(see Remark ?? below). Based on the assumption in (1.5) we show that the dynamics of this
simplified order book can be fully described by only two processes (X,Y). The first of these
processes, X, is the (signed) size of the new order and the second processes Y is the size of the
queue on the side of the order book which is changed by X. X and Y are a priori dependent
and autocorrelated and the challenge is then to model these processes in a consistent way. A
contribution of the paper is that apart from the assumption in (1.5), we make

(1.6) no additional assumptions concerning the order book dynamics.

Instead we propose a modeling framework for the order book dynamics, through (X,Y"), which
is completely data driven and contains no adhoc assumptions.

The rest of the paper is organized as follows. In section 2 we show how the modeling of
(Q;’, % ij, Vi) is reduced to the modeling of processes (X,Y). We also show how (S, 5)
is derived given (Q° Q% V® V®). In section 3, which is of empirical nature, we empirically
describe the spread process found in high frequency data, the time to queue depletion as well
as the statistical properties of the empirically observed (X,Y’). Section 3 serves as an empirical
basis for our modeling framework proposed and outlined in section 4 and section 5. While we in
section 4 give a short background on ARMA and AR models we in section 5 outline a semi linear
model which is the core of our framework. An interesting aspect here is that we use results from
the theory of random iterative function systems to understand issues concerning stationarity
and ergodicity in our models. Section 6 is devoted to an application of our framework to the
predication of the order flow and price moves in a the context of high frequency data. In section
7 we give a brief discussion and/of future research. Finally, in an appendix the inversion of
Toeplitz matrices is discussed.

2. ORDER FLOW AND PRICE DYNAMICS

In the following we outline the reduced form of the order book considered in this paper. Recall
the notation (S?,S}I,Q?, 2 ij, Vﬁ) introduced in the introduction. In the following we use
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the notation that leyent = 1 if event is true and levent = 0 if event is not true. Note that the
processes Vi and ij are given in terms of S, S¢, Q° Q% through

vPo= <Q? - Q?‘—l) lop_go  — Q?—115g<s§?_1 + Q?153>S§?_1=
(2.1) Vi = (QF — Q1) lss=se | — Qf_1lsesse | + Qflsacsa .
We will describe the dynamics of the simplified order book using the process (X,Y’) where
X; = Vi laskevent — V) 1j—bid-event,
(2:2) Y = Q}1j—askevent — Q51j—bid-event-

The modeling in this paper is based on the assumption in (1.5) stated above, i.e. we assume
that the best bid as well as the best ask price can only move by at most one tick (up or
down) when an event occurs and we first discuss two consequences of (1.5). Firstly, assume the
difference between the best bid and the best ask prices is exactly one tick. Then these prices
can only move if either the best bid queue @Q° or the best ask queue Q% is depleted (i.e. one
component of the order flow (1.2) hits 0) and when this occurs the spread widens to two or more
ticks. However, the assumption in (1.5) now implies that at this event the spread is only allowed
to widen to exactly two ticks. In particular, this means, for example, that if best bid queue
QY is depleted then it is assumed that the second best bid queue, one tick away, is non-empty.
Secondly, assume the difference between the best bid price and the best ask price is at least
two ticks. Then two things can happen: either the best bid queue Q° or the best ask queue
Q® is depleted or a new limit order is placed between the best bid and ask. In the first case,
based on (1.5) and as above, the spread widens with exactly one tick. In the second case (1.5)
implies that the spread narrows by exactly one tick since the new limit order is assumed to be
submitted either one tick to the right of the best bid or one tick to the left of the best ask. In
particular, an other way of formulating (1.5) is to state that

(2.3) the bid/ask spread can only change by exactly one tick at each event.

However, we emphasis that we put no restrictions on the absolute size of the bid/ask spread.
Based on (1.5), (2.3), the dynamics of (Q%, Q% V° V?) can be fully recovered from the dy-
namics of the process (X,Y). Indeed, assume first the spread after event j — 1 is exactly one
tick. Then either the spread remains the same or it widens by one tick. If event j occurs on the
ask side of the order book then Y; = Q7 and if event j occur on the bid side of the order book
then Y; = —Q?. Hence Y; > 0 if and only if event j occurs on the ask side of the order book
and Y; < 0 if event j occurs on the bid side of the order book. Note that the event Y; = 0 can
not occur as, by definition, neither Q% nor Q° can hit zero. Furthermore, using this notation
we see that Vit = X;ly;>0 and ij = —X,ly,<o, while Qb and QP are given in terms of V* and
V? through the order flow equation (1.2) until the next price move. In this case, the next price
move occurs when the spread widens by one tick and then Q% (QP) is re-initialized by Y (=Y) if
the price moves up (down). Next, assume that the spread after event j — 1 is at least two ticks.
Then either the spread remains the same or it widens by one tick or it narrows by one tick. In
the first two cases we have as above that V" = X;1y;~0 and ij = —X,ly,<o while again Qb and
QY are given in terms of V* and V?® through the order flow equation (1.2), until the next price
move, and when this occurs Q% (Q?) is re-initialized by Y (—=Y) as above. In the third case a
new limit order is submitted either one tick to the right of the best bid or one tick to the left of
the best ask. Assume that the new limit order is an ask order, i.e. an ask event occurs. Then
Vit >0and X; = Vi = Qf =Y since Vj* becomes the new best ask queue. Similarly, if the

new limit order is a buy order, i.e. a buy event occurs, then ij >0and X; = —ij = —Ql]’ =Y
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since ij becomes the new best bid queue. We can conclude that (V% V%) can be fully recovered

from the process (X,Y) and hence the dynamics of (Q?, Q%) is determined by the dynamics of
(Vb V) and hence by (X,Y). Finally, the dynamics of (S, 5%) follows from (X,Y) through
(Q%, Q% VP, V) and (1.5). In particular, the dynamics of (S?, S%) can be described as

( (8P, 5% 4 20)
b oa (S® 445,87 4 6)
(S1.5%+0) =9 (50 5.5 4 5)
b Qa (Sb,sa)
[575]—> ((Sb—(;,SQ—F(S)
(S°,5%)
(b — 5,59 —§)
(S® — 26, 5%)

(Sb —4,8%) — — ...

\

where § is the tick. In conclusion, based on (1.5) the dynamics of (S°, 8% Q% Q%,V® V%) is
completely determined by (X,Y’). In particular, the complexity in our set up is reduced to the
process (X,Y).

2.1. Price dynamics. In the following we let 0 denote the index of the last event up to now
and we let Fp be the history (o-algebra) of all events that have occurred so far. We here discuss
the dynamics of the best bid and ask prices and when we simply refer to the price we mean the
mid price. The mid price can only change at an event as a consequence of that either the best
bid and ask price change by the event.

Assume first that the bid-ask spread is exactly one tick, i.e. S§ = S+ §. Define 1§ and ¢
through

l
(2.4) 1b=15(Q8) :=min{l>1 : ZVJI’ <-Qb,
j=1
and
l
(2.5) 6 =16(QF) :=minql>1: > Vi< -Qf
j=1

The next change in the mid price, best bid price or best ask price, occurs at the event index
T = min(lg, l§), i.e. when the best bid queue or the best ask queue is depleted, and if lg > [,
i.e. 79 = [§j, then the next price move will be up and if llo’ <lg,ie 19 = lg, then the next price
move will be down. Naturally one can also ask what the probabilities for these events are. When

8’0 < QS’O, the bid queue will most likely be depleted before the ask queue, which means that
the next price move will most likely be down. However, the outcome is less obvious when Qg is
close to Qf. Let

pi(dha®) = B (I <) Fo).
(2.6) pi(aha") = B(l(e") > e Fo).

whenever (¢, ¢%) € R%. Then pér (¢%,¢q) is the probability that ask queue, currently having size
¢®, will be depleted before that bid queue, currently having size ¢®. In particular, conditioned
on (g%, ¢%), pd(q®,q%) is the probability that the next prove move will be up. py (¢°, ¢*) have a
similar interpretation. By (2.4), we see that ¢® — 3(¢%) and ¢” — 15(¢”) are non decreasing
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functions. Furthermore, for ¢® > 0 fixed the function ¢% — pa' (¢%,¢q%) is non increasing and the
function g% — p; (¢°, ¢%) is non decreasing. Also

lim pg(e’q) =1, lim py(a’q") =0,

q@—0t

: +/ b _a\ __ : —r b a\y __
(2.7) lim pg(¢°¢*) =0, lim py(q’q*) =1

q%—00

In particular, given ¢® > 0, there exists a unique point ¢* = ¢*(¢%) such that pg(qb,qa) <

pa(qb,qa) for every q‘l > q*(qb) and pa'(qb’qa) > pa(qb’qa) for every qa < q*(qb)‘ Note that
q* (%) can be written as

(2.8) q*(qb) = inf {q“ ER : pg'(qb,q“) > po_(qb, qa)} V0.

Furthermore, the function ¢® — ¢*(¢®) is non decreasing. The model predicts a price increase
if Q¢ < ¢*(Qf) and a price decrease if Q¢ > ¢*(Q}).
Next, using 79 as introduced above, we see that if 5§ = 58 + 9, i.e. the spread is exactly one

tick, then the state of (S*®), Q®)) after event k € {0, ..., 79 — 1} is given by
k k
(2.9) SE=50. Si=150 Qk=Qf+ D Vi Qi=Q0+ ) V).
j=1 J=1
When either the best bid or ask queue is depleted, i.e at 79, the spread widens immediately by
one tick and Sg (b), Qg(b) are re-initialized according to
Sgy = SE+0 Laap, Sp =500 Lgg,
70
go = Q;l + ZVJG 1lg>13 + Yo 1lg<l87

j=1

70
(2.10) e RN Ljacgp = Yoy Lja sy

j=1

By the above the spread is now two ticks and again are now two scenarios for the next change
in the spread. Either it widens again by one tick, in analogy with the outline above, or it narrows
again if a new limit order in placed between the best bid and ask. Let

l
(2.11) (P =mindi>mn+1: Y v <@
j=7o+1
and
I = min{l>7+1 : anew limit ask order is submitted between}
2.12 P = min{l>7+1 : anew limit bid order is submitted between} .
1

The time [ = l~‘f /\l~11’ is also the first event time, after 7y, after which X; and Y; have the same sign
and |Y;| < |X;|. Indeed, assume first the price does not change after event [, then ¥; = —Q?—H'Xl
ity <0Oand YV} = Qf ; + X; if ¥; > 0. Hence either ¥; and X; do not have the same sign or
|X;| < |Y;]. Next assume the spread widens after event [, then either ¥; > 0, in which case the
best ask queue is depleted and X; = V) = —Qf ; <0, or ¥; <0 and X; = —Vf’ = Q;’_l > 0.
Hence X; and Y; do not have the same sign. Finally, assume the spread narrows after event [,
then a new limit buy (or sell) order is submitted between the best bid price and the best ask
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price and X; =V = Qf =Y, if Y] > 0 (new sell order), and X; = —V}b = —Q? =Y,ifY; <0
(new buy order). We can therefore write (¢ and 1% as

ZI{ = min{lZTo—i-l : XISYZ<O}7
(2.13) ¢ = mn{l>7m+1:0<Y, <X},
Finally, let
(2.14) =1 ANEADL AL

Using this notation, we see that the next price move, after 7, occurs at event 7. In particular, if
spread widens again by one tick then 7 = [{ /\lll’ and we see that we can describe the dynamics of
(8%, 8% Q" Q) as above. Similarly, if the spread next narrows by one tick then 71 = l~§’ A l~% and
once the order is submitted the size of the new queue is either Vl{lj or Vé’. Under this scenario,

at 71, the best bid and ask prices move from (S2,5%) to (S2,5%), where

TO? T1?

b b
St = Sk +0( =1, ),
(2.15) St = S+ 0(lnmig — 1, ),

and the queues Q% and le are re-initialized to

1

b 1sb o b b .

Qr, = Vq 171=l‘1’ Yﬁln:l‘{—i_ Qr, + Z Vi 1n<l’1’Al‘1’7
I=710+1

71
(216) il = VTC; 171:[111 + YT117'1=l‘1l + 7a—0 + Z Via 1ﬂ<[‘f/\l‘f'
I=10+1

We emphasize that while we have here used a mix of the notation (S°, S%, Q’, Q% V? V%) and
(X,Y), each component of (S, 5%, Q% Q% V° V®) can in the above displays be expressed solely
using (X,Y) as discussed in the previous subsection.
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