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ENTROPY OF NON-EQUILIBRIUM STATIONARY MEASURES OF
BOUNDARY DRIVEN TASEP

CEDRIC BERNARDIN, PATRICIA GONCALVES, AND CLAUDIO LANDIM

ABSTRACT. We examine the entropy of non-equilibrium stationary states of boundary
driven totally asymmetric simple exclusion processes. As a consequence, we obtain that
the Gibbs-Shannon entropy of the non equilibrium stationary state converges to the Gibbs-
Shannon entropy of the local equilibrium state. Moreover, we prove that its fluctuations are
Gaussian, except when the mean displacement of particles produced by the bulk dynamics
agrees with the particle flux induced by the density reservoirs in the maximal phase regime.

Dedicated to Herbert Spohn.

1. INTRODUCTION

Nonequilibrium stationary states (NESS) maintained by systems in contact with infinite
reservoirs at the boundaries have attracted much attention in these last years. In analogy
with the usual Boltzmann entropy for equilibrium stationary states, we introduced in [3]
the entropy function of NESS and we computed it explicitly in the case of the boundary
driven symmetric simple exclusion process. In the present paper we extend this work to
the boundary driven totally asymmetric simple exclusion process (TASEP) and we show
that the entropy function detects phase transitions.

The boundary driven asymmetric simple exclusion process is defined as follows, see
Figure 1. Let p=1—¢g€[0,1] #1/2and 0 < p_ < p;+ < 1. The microstates are described

N, = 1 if the site x is occupied and 1, = O if the site x is empty. In the bulk of the sys-
tem, each particle, independently from the others, performs a nearest-neighbor asymmetric
random walk, where jumps to the right (resp. left) neighboring site occur at rate p (resp.
rate g), with the convention that each time a particle attempts to jump to a site already
occupied, the jump is suppressed in order to respect the exclusion constrain. At the two
boundaries the dynamics is modified to mimic the coupling with reservoirs of particles: if
the site —N is empty (resp. occupied), a particle is injected at rate o (resp. removed at rate
7); similarly, if the site N is empty, a particle is injected at rate d (resp. removed at rate
B). For any sites x # y, we denote by Y1 (resp. 6*(1)) the configuration obtained from
N € Qyu by the exchange of the occupation variables 1), and 1), (resp. by the change of 1,
into 1 —n,). The boundary driven (nearest neighbor) asymmetric simple exclusion process
is the Markov process on € whose generator L is given by

L:L0+L7+L+,

Key words and phrases. Non-equilibrium stationary states, phase transitions, large deviations, quasi-
potential, boundary driven asymmetric exclusion processes.
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where Ly, L_, L, acton functions f : Qy — R as follows

Z {pne(1 = Ne1) + e (1 —n0)} [f(0™F ) = f(n)],

x=—N
(L)) =c-(n-n) [f(e™" )= f(M)],  (Lef)(M) =cx(nw) [£(0"n) — f(n)]
with ¢y : Qy — [0,400) given by

c-(m)=a(l-=n-y)+yn-n, c+(n)=56(1—nn)+ BN

a q p B
Y v NV Y
\‘\‘\‘\‘\ \‘\‘\ \‘\‘\‘\ \‘\‘\ |
_ _
Y S

FIGURE 1. The one dimensional boundary driven nearest neighbor
asymmetric simple exclusion process.

The density of the left (resp. right) reservoir is denoted by p_ (resp. p4) and can
be explicitly computed as a function of p,q, o,y (resp. p,q,,8). For simplicity we will
focus only on the totally asymmetric simple exclusion process (TASEP) which corresponds
to p=0or p=1. Furthermore, if p=1—g=1wetakeax=p_,B=1—p.,y=86=0.
Ifp=1-—g=0,wetake § =p,y=1—p_and a = =0. Since p_ < p the reservoirs
induce a flux of particles from the right to the left. On the other hand the bulk dynamics
produces a mean displacement of the particles with a drift equal to (p —g). For p = 0 both
effects cooperate to push the particles to the left and we call the corresponding system the
cooperative TASEP. If p = 1 the two effects push the particles in opposite directions and
we call the corresponding system the competitive TASEP.

The unique non-equilibrium stationary state of the boundary driven TASEP is denoted
by Ussn. Inthe case p_ = p, =p € (0, 1), py v is given by the Bernoulli product measure
v, on Q. In the non-equilibrium situation, the steady state has a lot of non-trivial inter-
esting properties. The phase diagram for the average density p is well known and one can
distinguish three phases: the high-density phase (HD) for which p = p., the low density
phase (LD) for which p = p_ and the maximal current phase (MC) where p = 1/2, see
[8]. The transition lines between these phases are second order phase transitions except for
the boundary p_ 4 p+ = 1 in the competitive case where the transition is of first order. On
this line, the typical configurations are shocks between LD phase with density p_ at the
left of the shock and HD phase with density p at the right of the shock. The position of
the shock is uniformly distributed along the system and the average profile p(x) is given
by p(x) = p—1{x <0} + p+1{x > 0}. This is summarized in Figure 2.

The entropy function of pg n introduced in [3] is the function SZ‘;q’p L [0, +o0) —
[0,log(2)] U {—e} defined by

1 1
P:q — - <
Spp- (E) = IEI%)NI—»+W2N+IIOg(n§‘2N 1{‘2N+11°g(“““’N(”))+E‘—5})




P+ P+

0 1 p-

FIGURE 2. The phase diagram for the cooperative TASEP (left) and the
competitive TASEP (right).

if the limit exists.
Observe that J54, (E) =E —S5, (E) > 0 coincides with the large deviations func-

tion of the random variables Yy (1) := — log(ss v (1)) under the probability mea-

2N +1
sure U n. Therefore, the (concave) Legendre transform of the entropy function S :=
Sz qP+ >
P(0):=P (0)=inf{OFE —S(E 1.1
(8):= P35, (6) = inf {0E —S(E)}, (1)

that we call the pressure, is by the Laplace-Varadhan theorem simply related to the cumu-
lant generating function of the random variables {Yy } v, i.e.

log (/6(2N+”“‘G)YN"”MW.N(dn)>

P(9) ’NliTmzNH

(1.2)
=— lim ——log (Mssn (M )9> .
Nﬂ+oo 2N+1 (TIEQN
In the equilibrium case p_ = p; = p € (0,1), denoting by
( ) (1.3)

the corresponding chemical potential, it is easy to show that the entropy function is given
by

Spp(E)=—s (—E-I-lo(g’M> (1.4)

where

5(8) = Olog(8) + (1—8)log(1—6) so that f(@)zlog(%). (1.5)

The pressure P(¢, 0) is then given by
P(9,0) := 0log(1 +¢?) —log(1+%?). (1.6)

In the non-equilibrium case p_ # p., since Uy v has not a simple form, the computation
of the entropy function is much more difficult. It has been proved in [3] that if a strong
form of local equilibrium holds (see Section 5 for a precise definition), then the entropy
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function S := Sf,"_q)p . can be expressed in a variational form involving the non-equilibrium
free energy V := fo’ffp . and the Gibbs-Shannon entropy S:

S(E) = sup {S(p): V(p) +S(p) = E}, (1.7)
pe#

where the set of density profiles .# is defined in (2.1) and the Gibbs-Shannon entropy of
the profile p € .# is defined by

1 !

5(p) = =3 | s(p()a. (18)

The interval composed of the E € [0,4o0) such that S(E) # —co is called the energy
band. The bottom and the top of the energy band are defined respectively by

E := inf {S(p)+V(p)} and ET:= sup {S(p)+V(p)} (1.9)
pe# peM

The non-equilibrium free energy is the large deviation function of the empirical density
under [ . Its value does not depend on p nor g but only on the sign of p — ¢, and we
denote it by VT if p—¢ > 0 and by V™ if p — g < 0. The explicit computation of this
functional has been obtained first in [8] and generalized to other systems in [2]. Similarly,
the entropy (resp. pressure) of the competitive TASEP is denoted by St (resp. P') and
the entropy (resp. pressure) of the cooperative TASEP by S~ (resp. P7). It follows easily
from (1.1) and (1.7) that

P(6)= inf {6(V(p)+S(p))~S(p)}.

This formula can also be obtained starting from (1.2) and using the local equilibrium state-
ment as it is done in [3] for the entropy function.

In this paper we compute explicitly ST and S~ (resp. Theorem 2.2 and Theorem 3.2)
and P* and P_ (resp. Theorem 2.3 and Theorem 3.3). From those results we deduce
several interesting consequences (see Theorem 2.4 and Theorem 3.4):

o We recover some results of [1] for the TASEP, showing that the Gibbs-Shannon
entropy of the non-equilibrium stationary state of the TASEP is the same, in the
thermodynamic limit, as the Gibbs-Shannon of the local Gibbs equilibrium mea-
sure, see Theorems 2.4 and 3.4. In this case, the local Gibbs equilibrium measure
is V5, namely, the Bernoulli product measure ®"__%(p(x)) where B(r) is the
one-site Bernoulli measure on {0, 1} with density r and p is the stationary profile.

e For the competitive TASEP, contrarily to what happens for the boundary driven
symmetric simple exclusion process ([3, 6]), the fluctuations are Gaussian with
the same variance as the one given by the local equilibrium state.

e For the cooperative TASEP, the same occurs if p_,py < 1/2 orif p_,p; > 1/2.
But in the MC phase p_ < 1/2 < py, the fluctuations are not Gaussian. This
is reminiscent of [5, 8] where it is shown that the fluctuations of the density are

non-Gaussian .

Our last results concern the presence of phase transitions 2 for the competitive and the
cooperative TASEP. For the cooperative TASEP the function S~ is a continuously differ-
entiable concave function on its energy band but has linear parts. As a consequence the

IThe non-Gaussian part of the fluctuations can be described in terms of the statistical properties of a Brownian
excursion ([5]).

2We refer the interested reader to [10] for more informations about the implications of these facts from a
physical viewpoint.



pressure function P~ is a concave function with a discontinuous derivative. The function
P~ may also have a linear part due to the fact that the entropy S~ does not necessarily
vanish at the boundaries of the energy band. If p_ < 1/2 < p,, then the function S* is a
smooth concave function on its energy band, but does not vanish at the top of the energy
band. Consequently the pressure function P is concave with a linear part on an infinite
interval. If p_,py < 1/2 or p_,py > 1/2, the entropy function ST has a discontinuity of
its derivative at some point in the interior of the energy band but vanishes at the boundaries
of the energy band. Then, the pressure function P has a linear part on a finite interval.

It would be interesting to see how these results extend to other asymmetric systems
for which the quasi-potential has been explicitly computed ([2]). The form of the entropy
function obtained for the TASEP is relatively simple but follows from long computations.
We did not succeed in giving a simple intuitive explanation to the final formulas obtained.
We also notice that extending these results to a larger class of systems would require to
prove the strong form of local equilibrium for them in order to get (1.7). This seems to be
a difficult task.

The paper is organized as follows. In Section 2 we obtain the entropy and the pressure
functions for the competitive TASEP and deduce some consequences of these computa-
tions. In Section 3 we obtain similar results for the cooperative TASEP. The local equilib-
rium statement is proved in Section 5. Technical parts are postponed to the Appendix.

2. COMPETITIVE TASEP

In this section we derive the variational formula for the entropy function (1.7) for the
competitive TASEP. Denote by x(p), the mobility of the system, that is x : [0,1] — [0,1]
is defined by x(p) = p(1 — p). The chemical potential corresponding to p4 is denoted by
@4 and satisfies py = €%+ /(1 +€%*), see (1.3).

We consider the set L= ([—1,1]) equipped with the weakx topology and .# as the set

M ={pel”([-1,1]) : 0<p <1} 2.1)

which is equipped with the relative topology. Denote by p the stationary density profile.
We recall that p = p_ forpy <1—p_,ie. @ < —@_,p=p; forpy >1—p_,ie.
¢+ >—¢_and p(x) = p-1{x <0} +p;1{x >0} if p_ +p; = 1. Let § = sup(¢p;,—¢-)
sothat p =e®/(1+e?)if p_+p, # 1. Let

d>={<P:=<Py:x€ L= o {1 <x<y}+o1{y<x< 1};y€[—1,1]}-

For (p, @) € .# x ® we define the functional

1 1
H(p.p) =5 [ [(1-p()o(0) —log(1+e?)] dx. 2.2)
Then the quasi-potential of the competitive TASEP is given ([8], [2]) by
V*(p)=—S(p)+ inf #(p, @)~V
=

where

vVt =—S(p)+ inf #(p,p) =1 i .
P) Jnf, P, 9) og(per[})@m]x(/?))

Let us also introduce @y = sup{|@_|, ||} and pg = e /(1 + ).
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For each E >0, m € [0,2] and ¢_, ¢, we define

£ log(1+e®t) —log(l+e?) - log(1+e%) +1log(1+¢%)
0= = .

€ (Oa 1)a 60 :
O+ — - P+ — @

2.1. Energy bands. In this section we determine the energy band of the competitive

TASEP. This is summarized in Figure 3.

(2.3)

Proposition 2.1. The bottom of the energy band is given by
E.,=-V"—log(l+e%),
where @y = sup{|Q_|,|@+|} and the top of the energy band is given by
o_log(1+e%) — @ log(l+e%) p <!
P — - T
Efe==V"+q log(l+e?), p <p, <},

§p+a

(S}

—log(l+e %), 3<p_ <p;.

0 1 P 0 1 po

FIGURE 3. The phase diagram for the bottom of the energy band (left)
and the top of the energy band (right) for the competitive TASEP. We
have A= —log(1—p_),B=—log(p.)and A= —log(x(p_))+log(1—
p+), B= 545 log (}i%) —logp-, C = 5% log (%) —logp-.,
D = —log(x(p+))+log(p-). All transitions are of first order.

2.2. Entropy. Now we compute the entropy function. We introduce

log(p+)log(l —p_) —log(p—)log(l —p4)
W(p_p.) = oEPr)lcEl ;(pr() Jlog(1=p+) (2.4)
log (pf(lfm))
By abuse of notation we denote by W (¢_, ¢, ) the same quantity as above, expressed in

terms of ¢_ and ¢, that is

9_log(1 +¢%) — ¢, log(1 + %)
W(p-,0:)= ~ (2.5)
P+ —O-
It coincides with the first coordinate of one of the (possible) two intersection points of the
curves x — Sp, p. (—x)and x — S,_p (—x), where Sy 5 (-) is defined in (1.4).
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Theorem 2.2. The restriction of the entropy function S* on the energy band [EL,,; Eiw}
is given by

§p+a

D=

Spopo(—(E+VT)), p-<

Sp_p_ ((E+VINH(E+VT) <W(p-.p+)}

ST(E) = +Sp.p ((E+VONH(E+VT) >W(p-,pi)}, p- <py <3,
Sp_p-(—(E+V)H(E+VT)
+Sp,p. (Z(E+VI))H{(E+V
and is a concave function. Therefore, when p_ <
on the energy band, but in the remaining cases (S

W(p-,p+).
The supremum in the definition of S*(E), see (1.7), for E € [E..,; EL.] is realized for

a unique profile whose value is given by

1
Up, Pfﬁjﬁpﬁ

> W(p-.p+)}

) <Wlp-.p+)}, 3<p-<ps,

< po, its derivative (ST)' is continuous
) is continuous except where E+V ™ =

+l—

up. H{(E+VF) <W(p-,p+)}
+up, E+V)>W(p_,pi)}, p-<p:i <3,

up H(E+V')=W(p—,py)}
+MP+1{(E+V+) <W(P77P+)}, % < p- < p+,

where for any p, the profile u, is the constant profile equal to %.

FIGURE 4. Graph of the function ST (crosses) and graphs of the func-
tions E — Sp, p, (—(E+ V™)) (red and blue) for p_ = 0.1, p; = 0.7
(left) and for p_ = 0.1, p; = 0.3 (right). The graph of the function S
for 1/2 < p_ < p4 is similar to the one at the right hand side of the
previous figure, since the entropy function in those cases has the same
expression when exchanging p_ with p...
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2.3. Pressure. We recall that the pressure function P is defined as the Legendre trans-
form of the entropy function S*:

P*(e):gg%{eE—SwE)}.

We introduce the two parameters 6 := —(piis’ (&o), where & is defined in (2.3) and 5’
is given in (1.5).

Theorem 2.3. The pressure function P™ is given by:
o Ifp, <l—p_ S%then
P(g-,—0)—6V", 6=>6,
PH6) = P (60)+ET.(6—6y), 6<6;.
o If 1 <p.<1—p_then
P(o.,—0)—0V*T, 6>6,,
PH() = PH(60)+E1.(0—6)), 6<6].
o Ifp_ <p+§%then
P(p_,—0)—6V*t, 6>6,
P(p.,—0)—0V*T, 6<6,,
P*(6, ) —P*(6y)
6 — 6

P*(0) =

PHOY ) + (0-07). 0<(05.65).

° If%gp,<p+then

P(p.,—0)—6V*T, 6>6],

P(p_,—6)—6V*T, 6<6;,

P*(6y)—P*(6y)
8 — 0

P (0) =

P+(9(;)+ (9_9(;)’ 96(907766r)a

where P(p, @) is given by (1.6).
It follows that the function P" is a concave continuously differentiable function with
some linear parts.

The proof of this theorem is postponed to Appendix B.

2.4. Consequences. Let p € (0,1) and ¢ be the associated chemical potential, see (1.3).
Let us first observe that the equation of the tangent to the curve of E — S, ,(E) at E =

Eo(p) :=—plog(l—p)—(1—p)log(p) is given by
Y =—E—log(x(p))-

This is the unique point where the tangent has a slope equal to —1. Since Sy, is a
concave function, the curve of S, is strictly below the tangent apart from the point



FIGURE 5. Graph of the function Pt for p_ = 0.3, p; = 0.8 (left) and
for p_ =0.1, p1 = 0.3 (right).

(Eo,Sp,p(Eo)) = (Eo, (—s)(p)). Moreover, Eo(p) > —% +log(1+¢?), i.e. Ey is to the
right of the point where the function S, , has its maximum.

This permits to show that J*(E) = E — S*(E) is a non negative convex function which
vanishes for a unique value of E equal to S(p). We recall that J* is the large deviations
function of the random variables {Yy }y under fi v

From this we recover the result of Bahadoran ([1]) in the case of the TASEP. We also
extend some of the results of [6] to the asymmetric simple exclusion process.

Theorem 2.4. In the thermodynamic limit, the Gibbs-Shanonn entropy of the non-equilibrium
stationary state defined by

S (Uss,n) = Z [ k55 v (1) Tog (fhss,n (1))]

neQy
is equal to the Gibbs-Shanonn entropy of the local equilibrium state, i.e.
7 (Mss.N)
Z TSN 5(p).
W N OP)

Moreover, the corresponding fluctuations are Gaussian with a variance & equal to the one
provided by a local equilibrium statement, i.e.

where s' is given in (1.5).

3. COOPERATIVE TASEP

In this section we present the main results of the article in the case of the cooperative
TASEP. We start by deriving the variational formula for the entropy function (1.7) for the
cooperative TASEP. Let .# be the set

F={peC(-11]) : o(£1)=¢s, ¢ >0}.
and recall that J : [0, 1] — [0, 1] represents the mobility and is given by x(p) = p(1—p).
The quasi-potential V™~ of the cooperative TASEP ([8], [2]) is defined by

V= (p)=-S(p)+ sup #(p,¢) -V~ (3.1)
peF
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where S(+) is defined in (1.8), 5 is defined in (2.2) and

V=1 :
o8 g 1)

3.1. Energy bands. In this section we determine the energy band of the cooperative
TASEP. This is summarized in Figure 6.

Proposition 3.1. The bottom of the energy band is given by

_10g(2)a (o < % < P+,
E— 4] —log(ite®), po<p, <},
_log(1+8¢7)a %Sp*<p+a

and the top of the energy band by is given by
Ef, =-V" —log(l+e ™)

where @y = sup{|@_|, |4 |}.

P+ E—, P+ E',

0 1 p- 0 1 p-

FIGURE 6. The phase diagram for the bottom of the energy band (left)
and the top of the energy band (right) for the cooperative TASEP.
We have A = —log(1 —p;), B = log(2), C = —log(p_) and A =
—log(x(p+)) +1og(1—p-), B=2log(2) +log(1 —p-), C=2log(2) +
log(p+), D= —log(x(p-))+log(ps+). All transitions are of first order.

3.2. Entropy. We are now in position to state the main result of this section.
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Theorem 3.2. The restriction of the entropy function S~ on the energy band [E
is given by

“i ET)
—(E+V){(E+V™) <s(po)}
+SP0,P0(_(E+V_))1{(E+V_) >s(po)}, p-< % <ps,

Sp.pi (F(E+VINH(E+VT) <s(p4)}
S (E) = *(E+‘77)1{S(P_+) (E4+V7)<s(p-)}
+Sp_p (—(E4+V )NH(E+V)>s(p)}, p-<py <3,

Spp (—(E+V)U(E+7F) <s(p-)}
—(E+V)s(p-) < (E+V7) <s(p+)}
+8p,p (~(E+VNHE+VT) >s(p)}, S <p- <py.

Moreover, the function S~ is concave, its derivative (S™)' is continuous on the energy band
but its second derivative (S™)" is not continuous.

The supremum in the definition of S~ (E), see (1.7), for E € [E_.; E*_] is realized by
the profiles:

ME, if

E+V™ <s(po)
{uPo}v lf E >

s(po), p-<3<py,

< <
|

+
+

{up. }, if E+V™<s(ps),
ME, if s(p+) <E+V™ <s(p-),
{up_},  if E+V™ >s(po), p-<ps+ =<3

{MP—}’ if E—|—V+<s(p,),
ME, if s(p-) <E+V™ <s(ps),
{up,}, if E+V™>s(ps)}, 3<p-<ps,

where for any p, the profile u,, is the constant profile equal to % and AF is the

set of non-increasing profiles p : [—1,1] — [1 — p4, 1 — p_] such that S(p) = —(E+V ™).

3.3. Pressure. Let us define the function m : R — (0,4o0) by

m(0) =inf{fo(t):1 € [p-. 9]}, O€ER,
where for any 6 € R, fg : R — (0,+4o0) is given by

1
exp{glog(l +e%) +log(1 —}—e")}7 0 #0,
exp{t/2+log(l+e7")}, 6=0.

fo(t) =

It is easy to check that fy is increasing (resp. decreasing) on (—eo,0), decreasing (resp.
increasing) on (0, +e0) if 6 < —1 (resp. 6 > —1) and is constant equal to 1 if 6 = —1. It
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FIGURE 7. Graph of the function S~ (cross) and graphs of the functions
E — Sy, p.(—(E+V7) (red and blue) for p_ = 0.2, p = 0.6 (left) and
for p_ =0.25, p; = 0.4 (right).

follows that

min(fo(¢-), fo(®+)), O¢&[o—, 0]

m(6) = min(fo(9_), fo(@+), f0(0)), O€ [p_; ¢.]

Theorem 3.3. The pressure function P~ is given by
P~ (0)=—0(log(m(0))+V™).

Moreover, the function P~ is concave, has a linear part if p_ < 1/2 < p., and is differen-
tiable except for 0 = —1.

The proof of this theorem is postponed to Appendix D.

FIGURE 8. Graph of the function P~ for p_ = 0.15, p; = 0.95 (left)
and for p_ =0.1, p; = 0.3 (right).



3.4. Consequences.

Theorem 3.4. In the thermodynamic limit, the Gibbs-Shanonn entropy of the non-equilibrium
stationary state defined by

S (ssn) =Y, [~Hssn(n)log(tssn(n))]
neQy

is equal to the Gibbs-Shanonn entropy of the local equilibrium state, i.e.
y(.u'ss?N) _ S(_)
N—+eo 2N +1 p)-
Moreover, in the case p1 > p— > 1/2 or p < p1 < 1/2, the fluctuations are Gaussian with
a variance 6 = X (p)[—s'(p)]?, where s’ is given in (1.5). In the case p— < 1/2 < p, the
fluctuations are not Gaussian.
4. PROOFS

4.1. Proof of Proposition 2.1.
Recall from (1.9) that E, = inf,c » {S(p) +V*(p)}. The computation of the bottom
of the energy band is easy since we have

E.. = inf inf 7 —vt
oo = inf Inf (p,o)

= inf inf 57 -Vt
Jnf inf, (p,9p)

:ye%lff,u %{(y+ 1) (- AO—Tog(14 ¢ )+ (1—y) (¢ AO—Tlog(1+4e?)) } gt

_ inf{ (¢ A0 —Tlog(1+¢P)), (@s AO—log(1+e%)) } —V.
We compute now the top of the energy band. Recall from (1.9) that

El.= sup {S(p)+V*(p)}-

For each profile p € .#, we introduce the non-decreasing continuous and almost every-
where differentiable function

H, (x) :/j](l—p(z))dz @.1)

and the constant m, = Hp(1) € [0,2]. Let y, € [—1,1] the infimum of the points of [—1, 1]
where the infimum of the continuous function y — y§y — Hp (y) is attained. Then,

El., = sup inf #(p,@)—V"
pE,///‘PE‘D

ot
Soe) gy [ T o]

2 e | P+—0- 0r— -
with
U(m) = sup inf {yéo —H, (y)} .
pe, YE[-11]
Hp(1)=m

We claim that U(m) = inf{—&y, & — m}. It is trivial that U(m) < inf{—&y, & —m} (take
y = 1,—1 in the variational formula). For m # &, the supremum can be obtained by
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taking the piecewise linear function H, such that H,, is linear on [—1,0] and on [0, 1], with
H,(—1) =0, Hp(1) = mand

&, —S<&-m, m>&,

0, —So<&—m m<,

I, —&>&-m, m—&>1,

m—=&, —&>&-—m, m—§& <.

Hy(0) =

In the case m = &y, there are two profiles H, for which the supremum is obtained, one with
H, (0) = &, the other one with H,, (0) = 0. It follows that

_ el A
Ef. = (9+—¢-) su P+ m— — & +inf{& —m,—
’ R S I R Soinf{S “f

_(o—0) e e g e
052 {55 o0V {5 et

-Vt
We have now to optimize a piecewise linear function and we get the result.
4.2. Proof of Theorem 2.2.
We notice that once the form of S is obtained its concavity is easy to establish. The

computation of ST is accomplished in several steps. For any E > 0, let D := D(E) be the
(possibly empty) compact convex domain of R? defined by

(yym)eD = ¢ sup{o,m—E} < E(m) <m—(m—1)&, 4.2)
0<y&+E(m)<y+1, 0<m—(y§+E(m))<1-y,

where -
orm—2VT -2E
E(m) := o = = &o.
i
The fact that D is a convex compact domain follows from the fact that E(m) is a linear
function of m so that D is the intersection of half-planes of R

Define now the function F : D — R on (y,m) € D by
vatEm\ (e b Em)
y+1 Y -y '

It is understood here that if y = £1 then the indefinite terms are equal to 0. The function F'
is continuous on D and smooth on D.

F(y,m)——(y+1)S<

Proposition 4.1. The entropy function ST is given by
1
ST(E)== sup F(y,m).
2 (ym)eD

Proof. With the notations introduced above, we have

5°(8) = swp swp {S(p)imp =, ot {36~ Hp(0)} = —E(m) b
mel0,2] pe.s#t ye[=1,1]
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Assume that there exists a profile p,, € . such thatinfy¢[_; ) {y&—Hp,(y)} =—E(m)
and Hp,, (1) = m. Then, by taking y = %1 in the infimum we see that this is possible only
if —E(m) <inf{—&,&y —m} = —sup{&y,m — & }. Moreover, the existence of p,, implies
that

—E — inf _H > inf inf _H .
(m)= int {38 —Hp, ()} = inf inf {8 Hp()}
Hp(1)=m

By inverting the two infimums, the right hand side of the previous inequality can be
rewritten as

inf — H .
nt {30 sup o)}
Hp(l):m

Since 0 < Hj, < 1, we have that sup pc.z, Hp(y) is equal to y+ 1 if y+1 < m or m if
Hp(1)=m
y+1 > m. It follows that

inf  inf “Hy(»)) = (m—1)& —m.
inf inf {(¥6o—Hp(y)} = (m—1)& —m
Hp(1)=m

Thus the existence of p,, is only possible if sup{&y,m — &y} < E(m) <m— (m—1)&.

Let us denote p,, by p. Recall that y, is the smallest point in [—1, 1] such that the infi-
mum in infyc(_; 1){y80 — Hp (y)} is realized. If y, € (—1, 1) then we have y, & — Hp (yp) =
—E(m) which implies that

ypbo+E(m)  Hp(yp)—Hp(—1)

= €[0,1],
yp+l yp+l
m— (yp&o + E(m)) _ Hp(1) —Hp(yp) € [0,1]

If yo = —1, then we have &y = E(m) and for any z > —1, Hy(z) < 2§y + E(m) and in par-
ticular, forz= 1, we get m <2&. If y, = 1, similarly, we have § + E (m) = m and 2§y < m.

Thus, if a profile p is such that V*(p) +S(p) = E then (yp,m,) belongs to the set
composed of couples (y,m) € [—1,1] x [0,2] satisfying

sup{&o,m —So} < E(m) <m—(m—1)&,

Yot Em) | me o ()
y+1 1—y

—&+Em)=0, m<2&, ify=-1,

6[071]5 iny(*Ll),

S +E(m)=m, m>2&, ify=1.




16 CEDRIC BERNARDIN, PATRICIA GONCALVES, AND CLAUDIO LANDIM

These conditions are equivalent to (y,m) € D. By concavity of the function —s together
with Jensen’s inequality, if yp € [—1,1], we have

vp 1
S(p) :S(H,’,):—%/jl s(Hl’)(x))dx—%/y S(H) (x))dx
_ Opt) (3G E) (=) (m-pbotEm)
- 2 yp+1 2 1—yp
4.3)

with the convention that if y, = %1 the indefinite terms have to be replaced by 0. This
proves that

ST(E) < ! sup F(y,m).
(yym)eD

To prove the opposite inequality, consider any (y,m) € D and let H” be the continuous
function, linear on [—1,y] and on [y, 1] such that H'(—1) = 0,HY(1) = m,H>(y) = y& +
E(m). Since (y,m) € D, the profile p such that H, = H” belongs to .# and satisfies
Hp(1) =m, y, =y and inf,{z& — H,(2)} = —E(m), i.e. VT (p)+S(p) = E. Observe now
that the equality in (4.3) is satisfied for H, := H*». This shows that F(y,m) = 2S(p) <

25*(E) and finishes the proof.
U

To prove Theorem 2.2 it remains to compute the supremum appearing in the statement
of Proposition 4.1. This is done in Appendix A. The last part of Theorem 2.2 concerning
the values of the maximizers is also postponed to Appendix A.

4.3. Proof of Theorem 2.4.

We just give the proof in the case 1/2 < 1 — p_ < p; which corresponds to 0 < —@_ <
@, since the other cases are similar. Then, we have p = p; and V' = log(p; (1 — p.)).
Since, in the energy band, J*(E) =E+ V™ =S, 5. (—(E+V™))—V™, we conclude that
JT(E) > 0 with equality if and only if —(E +V*) = Ey(p+) and —Eo(p+) — V™ belongs
to [E+.., ET..]. This last condition is equivalent to

—Eo(p) € [~ log(1+¢%7), W(9_, 9. )]. (44)

Since —Ep(p+) = —(1—p)log(14+e= %) —py log(1+e®) we get easily that —E(p4) >
—log(1+ €®+). To prove the other inequality we write W (¢_, @) + Eo(p+) = g(9-),
where the function g : [—¢@,,0] — R is defined by

xlog(1+¢e?+) — @y log(1+€¥)

g(x) = (1—ps)log(l+e %)+ pilog(l+e®) + o x :
-

Since

P+

! — + 0 e — —xi
¢0) = 2 {loat1 e op(1 4~ (9 -0 |

there exists @y € [x, @] such that
! P+ e? e
= ~ - > O
e e
The last inequality follows from the fact that the function # — ¢ /(14 ¢') is increasing.
Thus g(¢_) < g(—¢,) and g(—¢@,) = (p — 1/2)@. > 0 which proves (4.4). Thus, J*

is a non-negative convex function vanishing only for —Eo(p;) — V1 = (—s)(p+) =S(p).
The function J* is smooth around S(p) and J*(E) = E+V*t =S8, , (—(E+V™))—V™.
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By performing a second Taylor expansion of J* around S(p) we can determine the value
of the variance of the Gaussian fluctuations and we get the desired result.

4.4. Proof of Proposition 3.1.
Let us first compute the top of the energy band. Recall from (1.9) that

E*,=sup {S(p)+V (p)}.
pe#

We have

sup sup J(p,@) = sup sup F(p, ).
peM 9 F ocF peH

For any ¢ € .7 we define xp = sup{x € [-1,1] : @(x) <O0}. Then, sup,c , 7 (p, Q) is
realized for p(x) = 1{—1 <x < xp}. It follows that

1 /! 1/
sup sup JZ(p,9) = sup sup {f/ (@ (u) —log(1+e®™))du — f/ log(1 +e"’(“))du}
petl peF xe[-1,1]peZ, 2 Jx 2J4
where %, is the set of functions ¢ € .% such that @(x) =0 if x € (—1,1), ¢(x) <0 if
x=1and @(x) > 0if x = —1. Assume for example that ¢_ < 0 < @, (the other cases are
similar). By using the fact that the function r — 7 —log(1 + ¢') is increasing, we see that

{7()5—1-1) (1—x)
] 2

sup sup A(p,@) = sup log(1+¢%) + (¢ ~log(1+¢7) }

peEM 9eF xe[-1,1 2

because the supremum over %, is realized by a sequence of functions in .%, converging
to the step function ¢_1{—1 <u < x} + ¢ 1{x < u < 1}. The last supremum is equal to
—log(1+4 e~ %) which concludes the computation of the top of the energy band.

We compute now the bottom of the energy band. Recall from (1.9) that
E_.,= inf {S(p)+V"~ .
Jint {S(p)+V~(p)}

We first recall some results of [8]. Recall the definition of Hy from (4.1) and let G, be the
convex envelop of Hp, i.e. the biggest convex function G such that G < H,. We recall that
any convex function is almost everywhere differentiable. Then, the supremum in (3.1) is
given by —S(p) + .7 (p, ¢, ) +V~ where

¢ Gp(x) <p-,
Gy (x)
P
¥G, (x) = log <1G;)(x)> , P-<Gy(x) <py,

P+, G;)(x) 2 P+
Moreover, by (2.2) we have that
1 1
H(p.96,) = 5 |Gy ()9, (x) ~log(1+¢% ) dx.

This shows that 57 (p, (P(;p) does not depend on p but only on G,. Since as p describes
the set .#, G, describes exactly the set of non-decreasing convex functions G such that
G(—1)=0and 0 < G’ < 1, then we have

1
it sup (p. ) = it #(p.0c,) =inf{ 5 [ [60)0o(x) - tog(1 + e% ) |
pe G |2/

pet pez
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where the last infimum is carried over the set of non-decreasing convex functions G such
that G(—1) =0and 0 < G' < 1.

Let us now consider the set of non-decreasing functions g such that g € [0, 1] and for
such gletT(g) : [—1,1] — [¢—, @] be defined by

¢, gx)<p-,
T(g)(x)=<¢ log (1 f(;zx>> ;o p-<glx) <py,
¢, g(x) = py.
We have then
it o #(p.0)=int {5 [ 16T (@) —tox(1+7 e} )
where the infimum is taken over the set of non-decreasing functions g : [—1,1] — [0, 1].

To each non-decreasing function g : [—1,1] — [0, 1] we associate —1 <x_ <x; <1 and
0<y-<p- <p:+ <y+ < Idefined by

X =suplxe [1,1] : g() £p}, xy =inflxe [1,1] : g() 2 ps},
S A Iy AN

x7+1 1_x+ Xt

In the case x_ = —1 (resp. x; = 1) we adopt the convention that y_ = p_ (resp. y+ = p+).
With these definitions we can write

[ 8T ()0~ tog1-+71

{1 (@3-~ ogl1+€#) + (1—x:) (gay —log(1+¢%) }+ [ s(glo)a.

The infimum can be computed by fixing first x_,x,,y_,y, optimizing separately over
the restrictions of g to [—1,x_], [x_,x;] and [x;,1] and then taking the infimum over
X_,Xx+,y—,y+. These parameters shall satisfy —1 <x_ <x; <land0<y_<p_<p; <
y+ <1

By convexity of the function s(-) and by Jensen’s inequality we get that the infimum of
St s(g(x))dx is given by (xy —x_)inf,yc(p_ 5, 15(p). It follows that (4.5) is equal to

X

1
i — _ ¢ — _ P+
71917n§fx+§1 2{(x_+l)((p_y_ log(1+e% )+ (1 —x1) (@yy1 —log(1+e%))
0<y_<p_<ps<yi<l

#lemn) (e ste)) )

= inf S 1) (9 A0 —log(14¢% ) +(1-x.) (94 A(9:p-))

—1<x_<x4<1
—log(1+e¢+)+(x+—x)< inf s(p))}
pElp-.p+]

We observe now that py = %+ /(1 + e%+) and that the function r — te' /(1 +¢') —log(1+
¢') is even, increasing on [0, +o0) and negative. The result then follows.



4.5. Proof of Theorem 3.2.

We notice that once the form of S~ is known, the fact that it is concave and continuously
differentiable on its energy band is trivial. For completeness, we prove here that for p, >
1/2 > p_ and for py = p; the entropy function S~ is continuously differentiable but not
twice continuously differentiable. The rest of the cases is completely similar. By the
expression for S~ it is enough to check that (S7)'(—s(p4)) = 1 and that (S7)"(—s(p4+)) #
0. But this follows from a simple computation using (1.4) and the expression for s(-).

In order to obtain the form of S~ we start to reduce the computation of S~ to a 4 dimen-
sional optimization problem. Some notations shall be introduced. Letm=min,c(,_,.|(—s(p))
and M = max,c(p_ o, )(—s(p)). We define the linear functions 7. : R — R by

Ye(y) =y —log(1+e), yeR.

For any E > 0, let K := K(E) be the (possibly empty) compact convex domain of R*

composed of 4-tuples (x_,x;,y_,y+) such that the following conditions are satisfied
O<y_<p-<py=<y+=1,

—1<x <x. <1,
(04 D)= G) )+ (1 =2 (r () +m) ) = (E+77)
(04D G) M)+ (1 =27 (34) +M) ) < (E+V7)+M.
Let F : K — R be the function defined by
Fle vy = 5 (0 D)0 47 00) + (-2 (9)04) + 7))

Proposition 4.2. For any E > 0, we have that
ST(E)=supF (k) — (E4+V7).
kek
Moreover K # 0 if and only if E € [E_; E*.].

Proof. The last part of the proposition follows directly from the computations performed
during the determination of the energy band. We assume now that E € [ET_; ET_].
We use the notations introduced in the proof of Proposition 3.1. Then we have

S™(E)= sup {S(p); #(p,9c,) =E+V"}.
peH
Since, by convexity of the function s, we have S(p) < S(G;,), we get

ST(E) < stcl;p{ S(G') ; %/_11 G (x)@g (x) —log(1 + P dx :E+V}

where the supremum is carried over the set of non-decreasing convex functions G such that
G(—1) =0, 0 < G’ < 1. On the other hand, given any non-decreasing convex function G
such that G(—1) =0and 0 < G' < I,let p =1—G' € .#. We have H, = G = G, and
S(p) =S(Hp) = S(G). It follows that
1 /! _
57 (B)=swp{ 56 3 [ Gweoto) —tog(1 e ax —£ 19},
G -1

This can be written as

S(E)—SUP{ 2/ gx x) —log(1+ e @ ))dx:E+V} (4.6)
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where the supremum is taken over the set of non-decreasing functions g such that g € [0, 1].
Then, the constraint in (4.6) is given by

%/_11g(x)T(g)(x)—10g(1+eT(g)(x))dx

:% <(x* DY)+ (1 —x) v () + /)f S(g(x))dx) 4.7)
=E+V".

Fix x_,xy,y_,y;+. We decompose the integral appearing in S(g) into the three integrals
corresponding to the intervals [—1,x_], [x_,x;] and [x, 1] so that we can optimize inde-
pendently over the restrictions of g to [—1,x_] and [x, 1]. Then the value of the integral
of (—s)(g) over [x_,x] is fixed by the constraint (4.7).

By using that sup, I (—s)(g(x))dx over the constraint that [*] g(x)dx = (x_ + 1)y_

is given by (x_ +1)(—s)(y-) (and similarly for sup, jx]+ (—s)(g(x))dx), we conclude that
S~ (E) is given by

Si(E) = sup{F(x,,er,y,,er) - (E+V7) : (x*7x+ay*7y+) S d}
Above 7 is the set of 4-tuples (x_,x4,y_,y+) such that
—1<x_ <xy <1, 0<y_<p_<ps<y; <1

and that there exists a non-decreasing function & : [x_,x] — [p—, p4] satisfying

1 [+ _

3 [ Enenar=—E+7)+ 5 (o + D700+ 1 —x)p ().

This last condition can be stated as

_ 1 Xp—X— Xy —X_
—E+7)+5 (0o D0 + (1 —x)ye() ) € { o m = M] (4.8)
It is easy to see that &/ = K and we have proved the proposition. [

Assume from now on that E belongs to the energy band [E_.; E™,.]. We have to com-
pute the supremum of the function F over the non-empty convex compact set K. To do this
we first fix y_ € [0,p_] and y+ € [p+, 1] and optimize over the couples (x_,x.) such that

(x—vx-‘my—vy-‘r) €k.
Observe now that writing

(=9)02) + 72 (v+) = (=5) (v£) = [(=9)(P£) + (=) () (s — p+)]

and using the concavity of —s, we get that F(x_,x;,y—,y+) <0 for all (x_,x;,y—,y+);
and F(x_,xy,y_,y+)=0if and only if (xy F1)(y+ —p+) =0.

If —(E+V ™) belongs to [m,M] then by taking x.. = £1, we conclude that sup,. g F (k) =
0 and consequently that

ST(E)=—(E+V"). (4.9)
Consider now the case where E belongs to the energy band but —(E +V ™) & [m,M].

Fix first y1. In order to keep notation simple and since yy are fixed, we use the notation
Y+ := v+ (y+). We have first to maximize the function F(-,-,y_,y+) in the compact convex
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domain D := D(y_,y+) composed of (x_,x ) such that
-1 <x- §x+ < 17
D= %((x—+1)(7—+m)+(1—x+)(7’++m)) > (E+V7)+m, (4.10)

(D0 +M)+ (1—x ) (7 +M)) < (E+77)+M.

The two last conditions are obtained from (4.8).
Since F(-,-,y_,y+) is an affine function, the supremum of F(-,-,y_,y, ) is attained at
one of the extremal points of the domain D. Consider the lines D,, and Dy, defined by

D= { - o2) €% 3 (G + 1) (- 4m) 4 (1) (1 -m) = (B47) 4,

Dur = {(r-or) € B2 (64 1) 4M) + (1 -x) (148 ) = (E+9) 4 .

There are 3,4 or 5 of such extremal points. The line D,, intersects the lines x_ = x,
x_ = —1 and x; =1 at the points

X <2<E+V>—<y_+m 2<E+V>—<y_+m>

YA ’ Y=Y
WE+V-)+2
X, = <_1,1_(+)+m>
Y+ +m
2AE4+V7)+2
Y, = <(+)+’"1’1>,
Y +m

respectively. The line Dy, intersects the same lines at the points X,

2E+V7)+2M
Xy=|-1,1- "
+M

2E+V7)+2M
Yy = #71’1 ,
Y-+M

respectively. Observe that the point (x_,x;) = (—1,1) does not belong to the domain D
because —(E+V ™) ¢ [m,M].

The rest of the proof consists in determining what are the extremal points of D according
to the position of E in the energy band, find what is the supremum of F(-,-,y_,y) among
these extremal points, and then to maximize over y_,y. . This is accomplished in Appendix
C. The proof of the last statement of the theorem is also postponed to the Appendix.

4.6. Proof of Theorem 3.4.

We start by giving the proof in the case 1/2 < 1 — p_ < p,, which corresponds to
0<—¢@_ < @;. Thecase 1/2 < p; < 1—p_ is similar and for that reason is omitted.

By the definition of V~, we have that V~ = log(x(1/2)) = —2log(2). Also, by the
results of the previous sections, defining J~(E) = E — S~ (E), we have for E+ V™~ €
I = [—log(2);—s(p+)], that 7 (E) =E+ (E+V~) =2E+V ™. Since J~ is linear and
increasing, we conclude that for £+ V™~ € I; is holds that J~(E) > 0 with equality if
and only if Eg = —1V~ = log(2), which satisfies Ey + V~ = —log(2) € I;. Now, for
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E+V~-eb=(s(ps);—log(14+e ?),J (E)=E—Sp, p,(—(E+V7)). As in the pre-
vious chapter we conclude that J~ (E) > 0 with equality if and only if Ep := Ep(p+) =
—pilog(l—ps)—(1—p1)log(py) and —Ey € I,. Now, we notice that by a simple com-
putation —Fj can be written as —log(1 + %) + lfﬁ. Since s(p+) = —log(1 +e%+) +

O = —log(1+eP) + £
and as a consequence —E( ¢ . Then J~ vanishes for a unique value Ej := log(2) = S(p)
for p = 1/2. Thus, the function J~ is linear around log(2) and the fluctuations are not
Gaussian.

Now we consider the case p; < 1/2, which corresponds to ¢_ < ¢, < 0. By the
definition of V~, we have that V-~ =log(x(p.)). By the previous results, for E4+V ™~ €1} =
[s(p+);s(p-)], we have that J~(E) = E+ (E+V~) = 2E + V. We conclude that for E +
V= €1 it holds that J~ (E) > 0 with equality if and only if Ey = —3V~ = 1log(x(p~)).
But in this case a simple computation shows that Ey ¢ I;. On the other hand for E+V ™~ €
L = [—log(1+e ?);s(py)) we have that J=(E) = E—Sp, o, (—(E+V")). As above
we conclude that for E + V™~ € L it holds that J~(E) > 0 with equality if and only if
Ey:=Ey(py) = —p4log(l—py)— (1 —py)log(ps). Repeating the same computations
as above, one shows that —Ej < s(p4 ) so that —E € I,. In the remaining case, namely E +
V- eh=(s(p-);—log(1+e? )] wehave J (E)=E—S, , (—(E+V~))andJ (Ep) =
0for Ey:=Ey(p-) =—p—_log(1—p_)—(1—p_)log(p—) butin this case Ey ¢ I5. Thus, J~
vanishes for a unique value of —Eg — V™ := —p_ log(p;) — (1 — p;)log(1 —p;) =S(p)
forp=p4.

The case 0 < ¢_ < ¢ is analogous to the previous one and for that reason we omitted
its proof.

and since @ > 0 we easily conclude that —Ey < s(p.)

5. A LOCAL EQUILIBRIUM STATEMENT

In this section we give a derivation of the strong form of local equilibrium that we
need in order to establish the variational formula (1.7). For any € > 0, we split the set
{=N,...,N} into K = £~ boxes of size €N (we assume &N to be an integer to simplify).
To each configuration 1 € Qy, let M(n) = (M(n),...,Mg(n)) with M;(n) begin the
number of particles in the i box in the configuration 7. For M = (M{, ..., M) fixed,
we denote by Qx (M) the configurations 1) such that for any i € {1,...,K}, the number of
particles in the i box is M; and by Zy(M) its cardinal.

The strong form of local equilibrium is the following statement:

lim limsup sup  sup ‘log (ZN(M),uS&N(MM))’ =0. (H)
€70 Now M neQy(M)

The stationary state (i y can be expressed in terms of a product of (infinite) matri-
ces ([4]). We consider the TASEP with p = 1 but we do not assume in this section that
p— < p+. Thus, the case p_ < py corresponds to the competitive TASEP and the case
p— > p+ to the cooperative TASEP (up to a trivial left-right symmetry). Moreover, to
have notations consistent with [4] we consider the boundary driven TASEP on the lattice

By [4], there exist matrices D, E and vectors |V), (W| such that (W |V) =1,
DE =D+ E,
(1-p)D|V) = |V},
Wip-E = (W]
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and

o (1)
Hssn (M) = W’
where the weight wy(n) is given by
N
oy(n) = <W\HI{TI(X)D+[1 —Nx)]EHV).

Lemma 5.1. For any N > 2, any N € Ly such there exists a site x € {1,...,N — 1} for
which M, =1, Nx41 = 0, we have that

x,x+1

sn(x,m) = on(n) — on(c™n)

has the same sign as p— — p+.

Proof. Let us define s = p% + ﬁ - m which has the same sign as p_ — p;. We
prove the lemma by induction. A configuration of Xy is identified with a sequence of 0’s
and 1’s of length N. For example 011 is the configuration ) € X3 such that n; = 0,1, =

1,13 = 1. For N = 2, the induction hypothesis is trivial since
@(10) — 0, (01) =(W|DE —ED|V) =s.

Assume that the induction hypothesis is valid for N — 1. Consider a configuration 1) € Ly
such that Ny =1, Ny =0, x € {1,...,N — 1}. We write 1] in the form 1 = ot108 where
the 1 is at position x. If @ = o’1 then by using the relation DE = D+ E, we have

sn(x,1) = on(a'1108) — oy (a'101B)
=ay 1 (d'11B)+ oy 1 (a'10B8) — oy (a'11B8) — oy (a'018)
=sy_1(x—1,1")
where ' = @’10f. Thus, by the induction hypothesis applied to i)', sy(x, 1) has the same
sign as s. If B = 0f’, the same conclusion holds. Thus we can assume that 1) is in the form

a01018. If B = 0B’, by using the relation DE = D + E applied at position (x+2,x+3),
we get

SN()C7 T[) = ON—1 ((XOIOlB/) — WN-—1 ((X()Ollﬁ/) + Oy (OCOlOOﬁ/) — WN-—1 ((XOOIOﬁ/)
= SN—1<x7nl) +SN—1(X7T'0)

where the n' = a01018’ and n° = «0100B’. By the induction hypothesis, this has the
same sign as s. The same conclusion holds if @ = 1. By iterating this procedure, one
can prove that sy (x,n) has the same sign as s if there is a 1 to the left of x — 1 or a 0 to the
right of x4 2. The only remaining case is if 17 is in the form n =0...0101...1 with m
zeroes to the left of the leftmost one and » ones to the right of the rightmost zero. But in
this case we have

1
sn(x.1) = (W|E™(DE — ED)D" |V) = —————— (W | (DE — ED) V)
pr(1—pi)
B s
p(1=py)"
which has the same sign as s and the lemma is proved. O

This lemma is sufficient to prove the local equilibrium statement as in [3].
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APPENDIX A. PROOF OF THEOREM 2.2

Recall the definition of D from (4.2). We can rewrite the set D in a more convenient
form by introducing

E(m)—1 m—E(m)

1-& &
It is clear that if E(m) > sup{&y,m — &} then a, > —1 and b,, < 1. Also, if E(m) <
m+ (1 —m)& then a,, < b,,. We have a,, = —1 (resp. b,, = 1) if and only if E(m) = &

(resp. m — E(m) = &).
We have

a, = and b, =

0<m<2, sup{é,m—CEp} <E(m)<m—(m—1)&,

bym) €D & am <y <bp.
It is easy to check that D # 0 is equivalent to {m € [0,2]; sup{&y,m — &} < E(m) <
m— (m—1)&} # 0 which is equivalent to E € [E_,,E],].
Assume from now on that E € [EL,,E]..].
We denote by o := a(E) (resp. B := B(E), resp. v := y(E)) the solution to the linear
equation E(m) = &y (resp. m— E(m) = &, resp. E(m) —m+ (m—1)&y = 0). We have that
{m €[0,2]; sup{&y,m — &} < E(m) <m— (m—1)&} is given by m € [0, 2] such that

E(@) < E(m)
m—E(m) <B—E(B)
E(m)—m+(m—1)G <E(y) — v+ (y—1)%.

Since E (m) is a linear function of m, {m € [0,2]; sup{&p,m—&} <E(m) <m—(m—1)&}

is a closed interval [m_,m, ] (with m_ :=m_(E) and m; :=m_ (E)) of [0,2] and it is easy
to show by inspection of the different cases that we have:

3<p-<py p-<py<3 3<1-p-<p,|5<p;<1—p_
m_ = sup{a, B} m_=y m_=a m_=y
my =Y my =inf{a, B} my =Yy my=p

inf{a, B} ¢ (m—,my) | sup{a, B} & (m—,my) | B¢ (m_my) | a¢(m_,my)

TABLE 1. Values of m_ and m in terms of o, and .

This shows that v is always equal to m_ or m, that o or B is the other boundary of
the interval [m_,m,] and that the remaining point among {c, 3,7} does not belong to
(m,,er).

Let f: [m_,m+] — R be defined by

f(m)=sup F(y,m) (A.D)

YE[am,bm]
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so that

SWD=% sup  f(m). (A.2)
me[m_my|
Observe that @ # 3 # y apart from a finite (at most three) number of explicit values
of E. If E is different from these values we say that E is a regular value of the energy.
For simplicity we restrict the study to the case where E is a regular value but the same
analysis could be performed for the non-regular values of E. Since @ = f3 is equivalent to
o = B =2&y we will always assume that it is not the case.

Lemma A.l. LetE € [E_.; Ej;x,] be a regular value of the energy.

For any m € (m_,m.), we have that f(m) = F(y(m),m) for a unique y(m) € (am,bn)
which is solution to the equation 0yF (y(m),m) = 0.

If a (resp. B) belongs to {m_,m, } then f(a) = —2s(a/2) (resp. f(B) =—2s(B/2)) and
the supremum appearing in the definition of f is uniquely realized fory = —1 (resp. y=1).
We have f(y) = 0 and the supremum in the definition of f is uniquely realized fory =y — 1.

Proof. We notice that if m = y then a,, = b,, = m — 1 and f(y) = 0. This shows the last
sentence of the lemma.
Now, let m € (m_,m.). Then a,, < b,,. For any y € (an,by,), we have

S—E(m), (yE+Em)  (v&+E@m)
HFnm) = = y+1 * ( y+1 >_s<y+1>
_m—EW%@%(m—@@+mmv+ﬂ<m—@@+ﬂmd
I—y I—y I—y ’
—E(m))? p +E(m
*”Wm:‘@%+&»3<%3H(U
B (m—E(m)—éo)zs,, m—(y&o+E(m))
(1-y)? -y '

Since s is a strictly convex function, 8y2F (y,m) <0, i.e. F(-,m) is strictly concave on
(am,bm) so that supy, ,, 1F(-,m) is attained for a unique point y(m) of [am,by]. If m #
o then a,, # —1 and if m # B then b,, # 1. Noticing that (y& + E(m))/(y+ 1) (resp.
(m—(y&+E(m)))/(1—y)) goesto 1 (resp. 0) as y goes to a;, (resp. b,,), we conclude that
d,F (y,m) goes to +oo (resp. —oo). This implies that y(m) € (a,, by,) and (9yF)(y(m),m) =
0.1fm=a e [m_,m,], then '

I—y

”%®=—@+nw@rwvﬁb<“—%@+w>

fory € [-1,by] C [-1,1), F(-, @) is strictly concave on[—1,by] and
Jim yF (5, 0) = (=5)(80) — (=9)(@/2) = (S0 — &/2) (=) (/2) <0

because s is strictly convex and a # 2&; (otherwise E is not regular). The maximum of
F (-, o) is uniquely attained for y(et) := —1 and F (y(a), 0) = —2s(a/2).
Similarly, if m = B € [m_,m.], the supremum is uniquely attained for y(f) =1 and

F(y(B),B) = =2s(B/2). o
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Lemma A.2. Let E € [E;w;Eiw] be a regular value of the energy. The function f :
[m_,my] — [0,210g(2)] is a continuously differentiable function on (m_,m4) and, when
avﬁ € [I’I’l,,l’}’l+],

flla)=—s"(/2) and  f'(B)=—5(B/2).

Proof. 1t is clear that f is smooth on (m_,m.) and that the implicit function theorem
applies. Thus the continuity and differentiability problems are only around the points m_
and m .

Let us prove that f(m) goes to f(a) and that f/(m) has a limit as m goes to ¢ (assuming
that o € {m_,m}) equal to —s'(ct/2). The other case can be treated similarly. We will
show that

lim y(m) = —1 y(m)éo—+E(m)7 lim I’I’E*(y(m)éoJrE(m))

= =a/2. (A3
m—ao m—o y(m) +1 m——+oo 1— y(m) a/ ( )

By the implicit function theorem, for any m # o, B we have
f'(m) = OF (y(m),m)
e <y<m> % +E<m>> L (m — m) & +E<m>>> |

= - s
o — 0 y(m)+1 O — 0 1 —y(m)

From (A.3) we deduce that lim,,_. f(m) = f(c) and limy,—¢ f'(m) = —5'(a/2).
Let (m,)n>0 be a sequence in (m_,my) (m, # o, 3,7 for any n) converging to o. Since
for any m,

y(m) &o + E(m) m — (y(m) &o+E(m))
TSmO T

up to a subsequence we can assume that y, := y(m,) converges to some a € [—1,1] and
that ”’&’V:”% converges to u € [0,1] and %;E(m”))

If a e (—1,1), then u = & € (0,1), v= & + “11250 and v # u since a # 2&). By
continuity of the functions involved and taking into account that dyF (y,,m,) = 0, we get

that

y(m)E[—l,l], 6[071]v

converges to v € [0, 1].

—s(u)— Lz&)s’(v) +s(v) =0.

1—a
The term on the left hand side of the previous equality can be written as s(v) — s(u) —
(v—u)s’(v) which is negative, by the convexity of the function s (if v=0 or v = 1 then
s'(v) = —eo or 5’ (v) = +oo and the inequality is still valid). Therefore a € {—1,1}.
r(ynléojE(mn))

If a = 1, then since = convergestov € [0,1] and y, —a=1, m, — o it

implies that o = 2& that is in contradiction with our assumptions.
It follows that a = —1, so that v = a /2. Observe that E(;':l”il;éo converges to u — &.
Using the fact that d,F (y,,m,) = 0, we get
o—2
0= (u—&)s"(u) —s(u) — 5 é0s’(ot/2)—|—s(06/2).
Since s is convex, the function z — (z — &p)s’(z) — s(z) is monotone, so that the equality is
uniquely satisfied for u = a/2. This proves (A.3). (]

Lemma A.3. Let E € [E;N;Eim] be a regular value of the energy. The function f is
strictly concave on (m_,m..).
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Proof. On D we have

2

0. 1, (& —E(m)

a,iF(yzm)__<(p+—(p_> y+1s ( y+1 )
. o m— y€0+E (m))

o+—0@ y
0.\ & —E(m), 50— (m)
aysz(y,m)<(p+_+q)> (y 1)2 ( y+1 )
)~

Lo (m—E(m) —Go) ,, (m—(y&o+E(m))
o — 0 (1-y)? 1—y '

One easily checks that
(97 F)(9nF) — (05, F)?

2

- o o T B )+ [ - E )|

where

_ ¥So—E(m) _m—=(y&+E(m))
= and b= .
y+1 1—y
By convexity of the function s it follows that (8y2F)(8,$,F) - (8)%mF)2 >0ifm# a,fB.
By the implicit function theorem, the function m — F (y(m),m) is smooth on (m_,m.)
and
£ (m) = 95 F (y(m),m) + 05, F (y(m),m) ' (m)
d

S F (y(m),m)] = 0 = (95, F) (y(m),m) + (O F) (y(m), m) ' (m),
so that

() = [(3)?F)(9,%F2) — (9%uF)?] (y(m),m) .

Oy F (y(m),m)

Recalling from the proof of lemma A.1 that 7 F < 0, we get that f”(m) < 0.

(]

We have to compute SUP,c(0,2] f(m). Since f is strictly concave there exists a unique
mg € [m_,m.] for which the supremum of f is attained.

The point mg belongs to (m_,m.) if and only if there exists m € (m_,m.) such that
f(m) = 0. This is equivalent to the existence of m € (m_,m.) and y € (ay,b,,) such that

OnF (y,m) =0, dyF(y,m)=0. (A4)

To simplify notations we introduce

Gy y&o+E(m) and e m—(y&o+E(m))
N y+1 B 1—y ’
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so that @ := s'(a) and b := s'(b), where a and b were introduced above. Then (A.4) is
equivalent to

o

~ 0\ - 14+ e+

b= and & (1= bt10g [ | =0
(08 1+éb

There are two solutions to the second equation, b =0 and b = ¢,

If b = 0 then from a = b = 1/2 we get that m = 1. As a consequence we obtain that y =
(1/2—E(1))/(& — 1/2). The condition y € (aj,b;) implies that E(1) < sup{1— &, &},
which is in contradiction with the fact that m = 1 shall satisfy sup{&y,m — &} < E(m) <
m— (m—1)&.

If b= ¢, then
+E(m m— +E(m
4o YR tE( >=p_ nd b M0G0 +E( ))=p+.
y+1 1—y
. m—py—p-
As a consequence we obtain that y = ﬁ Then we get that
-~ P+

E(m)—8& = (p-—8)y+1), (m—E(m)—3&)=(p+—3E)(1—y).

Thus the conditions sup{&y,m — &y} < E(m) andy € (—1,1) imply p_ > & > p... But we
assumed p_ < p4 and we have a contradiction.
Therefore mg € {m_,m. }. Consequently, for any regular value E € [E_; ET,],

$7(E) = 5 sup{ flm ), flms) ).

Recall that the set {m_,m} is equal to {c, ¥} or to {B,y} and that f(y) =0, f(&) =
—2s(0t/2) and f(B) = —2s(B/2). Thus, by using the results in Table 1, we have

s Sup{aaﬁ}/2>7 0<(P7<(P+,

—s(
S+(E) . —S(inf{Ot,[)’}/Z), - <@L <0,
] s(@/2), 0<—o- <o,

—s(

s(B/2), 0<o<—0_.

By definition of & and 8 we have that

:(p%{(E+‘7+)+10g(1+e¢+)} and g:(;{(E+\7+)+log(l+e¢)}.

(04

2
Recall from (2.5) the definition of W (¢_, ¢, ) and let ¢ =1log(p/(1 —p)). Observe that
the function x — S, p (—x) is a concave function equal to —eo outside [i1,i] := [—log(1+
e~191); —log(1 + €!?!)], positive inside, vanishing at the boundaries of the interval, attain-
ing its maximum equal to log(2) for xp := (i1 +i)/2 = ¢/2 —log(1 +€?). It is increasing
on [i,xp] and decreasing on [xo, iz].
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A.l. Thecase 1 <1—p_<p,:
Recall that the energy band is given by
—VT 4 [-log(1+e?): W(p-, )]

The entropy function ST, in the energy band, is given by ST (E) = Sp. p. (—(E+V™)).
Remark that we have W (¢_,¢,) +log(1 +e?) = ¢_& < 0 since & € (0,1). Thus,
W(p—,9;) < —log(1+ e ?+) and the function S is concave, smooth in the interior of
the energy band, but does not vanish at the top of the energy band.

A.2. The case % <p+<l—p_:
Recall that the energy band is given by
—VE ot [log(1+e7%): W(o-, 0],

The entropy function ST, in the energy band, is given by ST(E) =S, , (—(E+V™)).
The function S is concave, smooth in the interior of the energy band, but does not vanish
at the top of the energy band.

It remains now to prove the last statement of Theorem 2.2. Let us assume that p is a
maximizer of S*(E), E belonging to the energy band. We use the notations of the proof of
Proposition 4.1. In the proof of this proposition, we have seen that p being a maximizer of
S*(E) is equivalent to the fact that (y,,H, (1)) € D(E) being a maximizer of the function
F over D(E) and p is such that H, is linear on [—1,y,] and on [yp, 1] with H,(yp) =
yp&o+E(mp). Moreover, we have seen above that such a maximizer (y,m) satisfies y = +1
and

. ifE+VT>W(p_,ps),
i) m = sup({a, B}) = {ﬁifE+V+ AR CET R
.. . BifE+VT <W(p_,ps),
i) m=inf({e.f}) = {aifE+V+ZWEP»P3,  P-<pesl/2

i) m=a 1/2<1-p_<p,,
iv)ym=p 1/2<p, <1-p_.

This implies in particular that if p is a maximizer of S*(E) then H, is linear with a
slope equal to m, /2, i.e. p is constant equal to 1 — m, /2. Since, by definition, we have
log(1+e? )+ (E4+VT) log(1+e? )+ (E+VT)

and =2 ,
P+ p ¢

a=2

we get the result.

A.3. The case p_ < py < %:
Recall that the energy band is given by
~VT 4 [—log(1+e ?); —log(1+e)].
The condition a/2 < /2 is equivalent to
E+VT>W(p_,0.).
Observe that W (¢_, ¢4 ) +log(1+e®") = @&y and & € (0,1), so that
—log(l+e %)< —log(l4+e %) <W(p_,p+) < —log(1+e?) < —log(1+€?).
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Moreover, we have &) < 1/2 because there exists ¢ € [@_, ¢, ] such that & = liiq,.

This implies that W(@_, @, ) > % —log(1 +e?). We recall that &+ —log(1 + ¢%+) is
the first coordinate of the point for which the concave function x — Sy, ,. (—x) attains its
maximum given by log(2). It follows that S is a concave function. On the energy band it
is given by

SYUE)=Sp p (~(E+VINH(E+VT) <W(o_,0.)}
+Sp pp ((EFVNH(E+VT)>W(p_,0.)}.

The function S* is not differentiable at the point W (¢_, ¢, ) — V.

A.4. The case % <p_ < ps+:
Recall that the energy band is given by

—VT+[~log(l+e%); —log(14+e ).

The condition ¢t /2 < 3 /2 is equivalent to E+V* > W (@_, ¢ ). Observe that W (¢_, ¢ ) +
log(1+¢e%) = @_& and & € (0,1), so that

—log(1+e%") < —log(l+¢? ) <W(op_,0) < —log(l+e %) < —log(l+e ).

Moreover, we have & > 1/2 because there exists ¢ € [¢_, ¢, ] such that § = 1it¢' This
implies that W (¢@_, @, ) > & —log(1+ e?-). We recall that &= —log(1 + e?-) is the
first coordinate of the point for which the concave function x — Spﬂpf(—x) attains its
maximum given by log(2). It follows that S is a concave function. On the energy band it

is given by

SHE) =Sp_p (~(E+VNIE+V) 2 W(p_.0.)}
T Spp (~(E+TVONHE V) <W(p-,01)).

The function S is not differentiable at the point W(¢_, @, ) — V.

APPENDIX B. PROOF OF THEOREM 2.3

In order to prove the theorem, we have simply to compute the Legendre transform of
ST whose explicit form is given in Theorem 2.2. Recall also that the Legendre transform
of the function S, , defined by (1.4) is given by the function P(¢, -) defined by (1.6).

B.1. Thecase } <1—p_ <p,:
(

For any E € (E_,; EL,,) we have that % is a decreasing function and
as+t as+t
lim —— =4, lim —— =6,
E—E., dE E—ET, dE 0

We get that
P(op_,—6)—6V*, 6>6;,
Pt (6))+E{.(0—6,), 6<86;.
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B.2. The case % <pyr<l—p_:

For any E € (E_,; EL,,) we have that % is a decreasing function and

We get that
P(o.,—0)—0V"T 0>6;,
P*(6) = '
Pt (6))+Ef.(0—6)), 6<6;.
B.3. The case p_ < p; < %:

In this case we have that 6, < 6, because & € (0,1/2). We get similarly that
P((pfﬂie)ie‘_/_h 929(;7
P(p.,—6)—6V*t, 6<6,,
P*(6y)—P*(6y)

8 — 6

PT(0) =

P+(9(;r)+ (G_GJ)a 06(65’907)

B.4. The case % <p- < py:

The function S* is differentiable everywhere in the interior of the energy band apart
from the point W (¢_, @) —V*. For E=W(¢_,¢,)— V™', ST has a left-tangent and a
right-tangent. Moreover, dd% is decreasing on (E_.; W(¢@_, ;) — V™) and increasing on
(W(9_,@:)—VT,ET.,). We have

ds+ ds+

lim —— = Foo and lim = —gF.
E—Ef, dE + E—W(p_,0.)-V+F dE 0

Observe that 6, < 6 because & € (1/2,1). We get easily that

P, —0)—06V", 6>6],

P(p_,—0)—6V*, 6<86;,

P*(6y) —P*(6y)
6 — 6

P7(0) =

P+(6(;)+ (6_6(;)? 06(607’9(;)

APPENDIX C. PROOF OF THEOREM 3.2

In this section we determine the extremal points of the domain A according to the po-
sition of E along the energy band, we find the supremum of F(-,-,y_,y;) among those
points and then we maximize over y_ and y .

C.1. The case p_ < % < pq:

This case corresponds to ¢_ < 0 < ¢, therefore m = (—s)(po) and M = (—s)(1/2) =
log(2) = —E_,,— V. Since ¥, (y+) = ¢4 > 0, then the function ¥, is increasing. On
the other hand, since ¥ (y_) = ¢_ < 0, the function y_ is decreasing. Since Y, (p;) :=
0. /(1+e %) —log(l+e?) and the functiont — /(1 +e~") —log(1 +¢') is increasing
in (0,+e0), we obtain that —M < y;(p4) < y4(1). On the other hand, since y_(p_) =
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¢o_/(14+e ¢_)—log(1+e? ) and the functionr —1/(1+e~") —log(1+¢') is decreasing
in (—eo,0) we obtain that —M < y_(p_) < y_(0).

We only consider the case % < 1—p_ < p+ (which corresponds to ¢y = @), the case
% < p4 < 1 —p_ (which corresponds to ¢y = —¢_) being similar.

Since, —m = ¥, (p;) we have that —M < —m < y, (1) = ET_ 4V ~. As a consequence,
¥+ (y4+) > —mfor all y1 € [p4,1]. Notice that the functiont —¢/(1+e~") —log(1+¢') is
even and increasing in (0, +e). Therefore, y_(p—) < ¥4 (p+). On the other hand, y_(0) <
¥+ (1), which implies that —M < y_(p_) < —m = 74 (p+) < 74 (1). Now, two things can
happen, either y_(0) > —m or y_(0) < —m. We start by the former.

(a) y-(0) > —m: Since we do not know the sign of y_ — ¥, we split again into two
cases: Y- < ¥+ and y_ > ;. We start by the former.

(a.1) Case y_ > v, : Recall the intersection points of the lines D,, and D, from Section
3.2. In this case X is in the square [—1,1]? if and only if y; < E+V~ <vy_. We first
restrict to the case Xo € [—1,1]%,i.e. y» <E+V~ < y_. Now, we check wether X,,, Xy,
Y,, and Y are in the domain D. We start with X,,, and the same computations holds for
Xyr. For that purpose, it is enough to notice that X, satisfies the third equation in (4.10),
that is

(E4V7)+m - (E4+V7)+M
Yetm T p+M
Since the function r — (E +V ™~ +1)/(y; +1) is decreasing and m < M we conclude that
X, is not in the domain D. Analogously one shows that Xj, is not in D. By replacing 7,
by 7_ in the computations above, one shows that Y, and Y); are in the domain D.

Now, if Xo ¢ [~1,1]%,i.e. E+V~ > y_ then the same computation as done above shows
that Y, and Y); are not in D and as a consequence D is empty; and if E+V ™~ < ¥, then X,,,
and X), are not in D and as a consequence D is empty.

So, we are restricted to the case ¥, < E+V~ < y_. It remains to compute

sup {F(X07y77y+)7F(Ymayfver)aF(YMayfver)}v
(—y+)er
where I':= {(y_,y+) : ¥+ <E+V~ <7_}. Observe now that whatever the value of y_

is, we have that

Pl = ) ),
(E+V7)+M

F(Yy,y- =
(Yur,y—,y+) v M

(=) v-)+7-).
Now we notice that:

(=s(y-

N

=
=-(o(= ”"g =) -r)
-~

S1p1p 7)—77)
—Jp_p (=7-).

(Y +log (14¢%- ))7%)
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In the second equality above, we wrote y_ in terms of y_, in the third equality we used
the fact that s(6) = s(1 — 0) for all 6 € (0, 1) and in fourth equality we used that for any
p €[0,1],

Spp =S81-p,1-p (C.1)
together with the definition of J, p, given above. The same argument also shows that
(=s(y+)+7:) = —Jp, p, (—7+). Then we conclude that

(E+V7)4+m
F(Yn,y—,yy) = —Wfp,,p,(—%)

(E4+V7)+M
F(Yu,y—,y+) = —Wfpapf(—?’—)

Observe that since the function 7 — —((E+V ™) +1)/(y- +1) is decreasing, m < M and
Jp_p (=7-) >0, we get that F (Y, y—,y+) > F (Yar,y—,y+)-

Now we recall some properties of the function J, p, for p € [0,1]. At first we notice
that by (C.1), we have that J, p = Ji_p 1—p. The function J, , is convex and positive apart
from the point —s(p) where it vanishes. As a consequence the function J,_ ,_ is convex,
non-negative and finite on [log(1+ e?-);log(1+ e ?-)] and has a minimum equal to 0
at the point —s(p_) = y-(p—). Analogously, the function Jp, ,, is convex, non-negative
and finite on [log(1 4 e~ %+);log(1 + ¢?+)] and has a minimum equal to O at the point
—s(p+) =7+(p+). Since —s(p—) <m = —s(p;) thenforally € I :=[log(1+e~%+); m| we
have that J,_ p_(y) > Jp, p. (v). In particular, since y_ € I we obtain that J,_, (—y-) >
Jp, p. (—7-). Putting together the previous observations, the fact that E+ V™~ >y, > m
and Y~ > —m, we conclude that

(E+V7)+m (E+V7)4+m
F(Yp,y—, =N p () < ——Jp, p. (7).
Yo, y—,y+) tm oo (=7-) tm pips (—7-)
On the other hand, by computing the derivative of the function
(E+V7)+m
Gv-)=—————Dp (-7)

Y +m

with respect to y_ and using the fact that the function J,, . (—y-) is convex at the point
Y-, we conclude that G(+) is decreasing. Then,

sup F(Ym,y—,y+) < sup  G(r-)
(y—y+)€l Y >E+V-

=G(E+V")
=—Jo.ps ( —(E +V7)) :
Now we rewrite F (Xo, y_,y+) as

(E+V7) -7 y-—(E+V7)
F(Xoyvi) ==L () - B ),
P p—.p Y —7, P+:p+
By computing the derivative with respect to y; of F(Xy,y—,y+), and noticing that both
Jo. p, and J,_, are convex, we obtain that F(Xo,y_,y,) is increasing as a function of

A Then
sup { F(Xo,y-,y+): (v-,y+) €T} S sup{F(Xo,y-y+): - 2 E+7" |

= _JP+~P+(_ <E+V7)>
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Putting together the previous computations we obtain that

sup {F(X()vy*ay#»)vF(Ymvyf7y+)7F(YM7y7»y+)} = SUP F(X(),y,,y+)
(y—y+)€r Y <E+V-<y-

= Sup_ {F(X07y—7y+)
Y4=E+V~

=—Jpop (—(E+VT)).

(a.2) Case y_ < ¥, : A simple computation shows that X, belongs to the square [—1,1]?
ifandonlyif y_ <E+V~ <y,. As above, we firstrestrict to y. < E+V~ < y,. A simple
computation as performed above, shows that X;,, and Xj; are in D and Y;,, and Y, are not in
D.

Now, if Xo ¢ [~1,1]%,i.e. E+V~ > ¥, then the same computation as done above shows
that X, and X, are not in D and as a consequence D is empty; and if E+V ™~ < y_ then ¥,
and Y); are not in D and as a consequence D is empty.

So, we are restricted to the case Y~ < E +V~ < v,. Then, it remains to compute

sup {F(Xo,y—,y+),F(Xm,y—7y+)7F(XM,y—,y+)},
(y—yy)el

where I':= {(y_,y+) : v- <E+V~ <y,}. By inverting the role of p_ with p; and of
v— with ¥, in the proof of the previous case, we obtain here that the previous supremum

equals to —Jp+,p+<— (E—H_/’)).

(b) ¥-(0) < —m: In this case we have that Y- < —m < ¥,.. As above, we have to check
whether the points Xy, X, Xpr, Y, Yar are in the domain D or not.

The point Xy belongs to [—1,1]* ifand only if Y- <E+V~ <7y.. If Xo ¢ [-1,1], i.e.
E+V~ > v, then X,, and Xj are not in the domain D and as a consequence D is empty.

Then we restrict to Y. < E+V~ < y,. A simple computation shows that X,, and Xy
belong to the domain D, but Y, Y, are not in D. So we have to compute

sup {F(X();y*7y+)7F(Xmay*7y+)aF(XM7y*ay+)}a
(y—y+)€r

where U:= {(y_,y4+):v- <E+V~ <y;}.

As above easily we can show that F (X,,,,y_,y+) > F(Xp,y—,y+). Now we have to com-
pare F (X,,,y—,y+) with F(Xo,y—,y+ ). A simple computation shows that F (Xp,y_,y ) can
be written as

- (E4VT)

_w op (—7-) Jor i (—V4)-

F(Xoy-v+) =
Y+ —7- -—"
Since J,_p_ is a positive function, E+V~ < y_ and 7, > 7. we have that

yr-—(E+V7)
F(Xoyovs ) € =T —p . (1),
-—"
Now, since the function t — —(E +V~ +1)/(y;+ +1) is decreasing and m > —y_ we
obtain that F (Xo,y_,y+) < F (X, y—,y+)-
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It follows that

sup  {F(Xo,3-,74),F (X, y-34),F (X, y-34) |

(y—y+)€l
= sup F(Xp,y—,y+)
(y—.y4+)€r
= Sup_ F(Xmmy*awa)
Y4 >E+V—

__JP+7P+(_ (E+V7))

By the conclusions above together with (4.9), we obtain that the restriction of the en-
tropy function S~ to [E_.; E*_] is given by

ST(E) =

—(E+V7),—log2) <E+V~ < —log(1+e%),

1+ 1+e=%

") Som (— (E+V7)) 18 —log(14+¢®) < E+ V™ < —log(1+¢ %),

Above we used the equality Sy, o, (E) = E —Jp, p. (E). To conclude, we notice that for
any p =¢e?/(1+€?) €10,1],

_ 9
S(P) =179

Now, we prove the last assertion of the theorem. As above, we consider the case @y =
@, the other case being similar. We have to split now into two cases, whether E +V~ >
s(p+) or E4 V™ <s(p;). We start by the later.

Assume E +V~ < s(p,) and let p be a profile such that S(p) = S~ (E) and S(p) +
V= (p)=E+V". With the notations of Proposition 4.2, we have S~ (E) =S(p) = S(H}) <
S(G}). Moreover, we have seen in the proof of Proposition 3.1 that (S+V™)(G},) =
(S+V7)(p). We claim now that p = Gj,. Indeed, let (a,b) € [~1, 1] be a maximal interval
where G, < H, (which implies H,(a) = Gy(a) and H,(b) = G, (b)). Since G is the
convex envelope of Hp, it implies that G, is linear on [a,b]. By Jensen’s inequality one has
that

/ab(fs)( H,(x))dx > (b—a) <b a/H dx)

— (- (2O =2E)

b
- / (=5)(Gly (x))dx.

Thus, if H, # G, we can find a profile p (i.e. 1— G;,) which satisfies the constraint
S(p)+V~(p) =E+V~ and such that S(p) > S(p) = S (E). Since this is not possible
we get that Hy = Gp, i.e. p is a non-increasing profile. In particular it implies that 1 —
p = g where g is a maximizer of (4.6). In the proof of Proposition 4.2 we have seen
that S~ (E) = —(E + V) corresponds to the case where the supremum sup,.x F (k) = 0,
which is equivalent to (x; = 1)(y+ — p+) = 0. For such a 4-tuple (x_,xy,y_,y+) € K,
a maximizer g of (4.6) is then given by any non-decreasing function on [x_,x] taking
values in [p_,p4], constant equal to p_ on [—1,x_] and to p; on [x4,1] and such that
(4.7) is satisfied. Thus the set of maximizers p of S~ (E), when E+ V™ € [s(p+),s(p—)] is

—Q
14e®

—log(1+e?) =

—log(1+e~?).
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given by the set of non-increasing profiles p such that 1 —p; < p <1—p_ and satisfying
S(p)=—(E+V7).

Now assume that £ +V~ > s(p4). In all the cases (a;), (a2) and (b) above, the supre-
mum of F is attained at Xo, Xy and X,,, respectively, and v, = E +V~, which implies that
x_ = x4 = —1. Then, the function g realizing the supremum sup,, | _11(7s) (g(x))dx with
the constraint [!, g(x)dx = (1 —x, )y, is constant and equals to y. Therefore, the profile
Up, is given by 1 —y, . Using the definition of y, and the fact that y; = E +V ~, it follows
that _

_ log(py)—E+V™

log(p) —log(1—p+)

Finally, putting together (1.7), (1.8), (1.4) and the expression for up, we recover the ex-
pression for S~ (E) thatis S~ (E) = Sp, p, (—(E+V7)).

Up,

C.2. Thecase p_ < p; < %:

This case corresponds to ¢_ < @, < 0, therefore m = (—s)(p-) and M = (—s)(p4).
Since ¥ (y+) = @+ < 0, then both functions yy are decreasing. Notice that y, (1) =
E-,+V~ and y-(0) = E*_+V~. Then —M = y,(p+) > 7+ (1) = —log(l + e~ %+).
Analogously, —m = y_(p—) < y-(0) = —log(1 4 e®-). As a consequence we have the
following inequalities:

—log(l+e ) =7 (1) <¥i(ps) =M < —m<y-(p-) < 7-(0) = —log(1 +¢%).

These inequalities imply that 7, < 7_. As in the previous case we have to check whether
the intersection points are in the domain D. At first we notice that X, belongs to [—1,1]?
if and only if vy <E+V~ < y_. Since —(E +V ™) ¢ [m,M] we have only to distinguish
twocases: ¥y <E+V- < —-Mand -m<E+V~ <7y..

If Xp is not in [—1,1]?, i.e. E+V~ > 7_ then X,, and X); are not in D and as a conse-
quence D is empty; and if E 4V~ < y, then Y,, and Y, are not in D and as a consequence
D is empty. So we restrictto v, <E+V™ < —M and —m < E+V~ < y_. We start by the
former.

(a) y. <E+ V™ < —M: In this case, a simple computation shows that X,, and X, are
in D, but Y, and Yj; are not in D. Then we have to compute

sup {F(X07y*7y+)7F(XWhy*7y+)7F(XM7y*7y+)}7
(—.y+)€r
where U:={(y_,y4): v <E+V~ < —-M}.
As above, by noticing that the function t — —((E +V ™) +1)/(ys +1) is increasing,
m <M and Jp, p (—74) >0, we get that F (X,,,y—,y+) < F (Xpm,y—,y+). On the other
hand

E+VT) 1, - (E+VT)

F (Xo,y—, =— o (=7 Jo o (=Y4)-
(X0,y—,y+) - pop(=7-) -7 pps (=71
Since the function J,_,_ is positive, Y- > ¥, and E 4V~ > ¥, we have that
yv-—(E+V™) (E4+V7) -7
F(Xo,y-yi) S ——————Jpp. (V) =—————p.p. (=74).
-—" Y+ —7-

Finally , since the function t — —((E + V™) +1)/(y4 +1) is increasing, —y- < M and
Jo. p. (—¥+) = 0 we obtain that F (Xo,y_,y+) < F(Xp,y—,y+). Since the function J,, .
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is convex, with a unique minimum at M equal to 0, it follows that

sup {F(X()vy*awa)7F()(may*7y+)aF(Xny*aY+)} = sup F(XM7Y—7)’+)
(y—y+)er (—y+)er
= sup  F(Xu,y-,y+)
Ye<(E+V7)

= _JP+1P+(_ (E+V7))

(b) —m < E+V~ < y_: In this case, a simple computation shows that Y;, and Y, are in
D, but X,,, and X; are not in D. Then we have to compute

sup {F(X07y—7y+)7F(Ym7y—>y+)uF(YM7y—7y+)}7
(v—wy+)€r
where:={(y_,y.):—-m<E+V~ <y}
As above, by noticing that the function t — —((E +V ™) +1)/(y- +1) is increasing,
m<MandJy_ , (—7-)>0,wegetF (Yy,y_,y1) <F Yp,y-,y4).
As above we can show that F(Xp,y—,y+) < F(Yay,y—,y+) and as a consequence

sup  {F(X0,y34),F (Vs oye) F (v ya) f = sup F(¥ar,yo,ys)
(v-y4+)er (y—,y+)€r

= Sup_ F(Yny—7y+)
Y-<(E+V™)

=y p (— (E—H_/’)).

Collecting the previous facts and by (4.9), we have that the restriction of the entropy
function S~ to [E_,; ET,] is given by

S(E) =

Spops (—(E+V7)),—log(1+¢ %) SE+V™ < 5% —log(1+e %),

— f(EJrV’),% —log(1+e ") <E+V™ < % —log(1+4e %),

Sp o (— (E+V*)),ljr% —log(l+e %) <E+V~ < —log(l+e%)

Now, we prove the last assertion of the theorem. As above, we have to split into several
cases, whether E+ V™~ < s(py), s(p4) <E+V™ <s(p_) or E+ V™~ > s(p_). We start
by the first case, the third being completely similar. Analogously to what we have done for
p— <1/2 < p.,itis enough to notice that in the cases (a) and (b) above, the supremum is
attained at Xj; and Y)y, respectively, with 7, = E +V~, which implies that x_ = x;, = —1.
The rest of the argument follows as above. The second case, follows by reasoning as in the
case p_ < % < ps.

C.3. The case % <p_<p;i:

Repeating the same computations as performed in the previous situation, we can show
that the restriction of the entropy function S~ to [E_.; ET_] is given by
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S~(E) =

Sp_p_ (f (E+\7’)),710g(1 +e?)<E+V™ < % —log(1+e %),

={ —(E+V7), ri= —log(l+e %) SE+ V™ < 7h —log(1+e7%7)

Sp. ps (— (E+V’)),% —log(l+e ) <E+V™ < —log(1+e %).

We notice that to prove the last assertion of the theorem is is enough to invert the role
of p_ with p; in the proof of the previous case.

APPENDIX D. PROOF OF THEOREM 3.3

To prove this theorem we compute explicitly the Legendre transform of P, namely,
S~(E) = infgcr {@E — P~(0)} and we show that it coincides with the expression for
S~ (E) obtained in the previous section. Since the Legendre transform is a one to one
correspondence between concave functions, this is sufficient to conclude. We denote by Py
the function defined by Py(6) = —6log(m(6)).

D.1. The case p_ < 1 <p,:

This case corresponds to ¢_ < 0 < @, . Recall that ¢y = sup(|@—|,|@4 ). Since

fo(®), 6<-—1,
m(0) =min(fo(¢-),fo(@s)) =41, 6=-1, 7
f9(0)7 9>_17

we have that
—Blog(1+e %) —log(l+e%), 6 <1,
Py(6)=<0, 6=-1,
—(60+1)log2, 6> -—1.
As a consequence

%o

—log(l4+e ®)———  6<—1,
Ry = ) T eom
—log(2), 6> -—1.
The function F is differentiable everywhere except for 6 = —1. A simple computation
show that Fj is decreasing in (—co, —1). We have that
Pi(=17) = lim P(6) = —log(l +¢ %) — —
60——1 1 —‘,—e(PO’
0<—1
P)(—o0) = 6lim P)(6) = —log(1+e ).

Observe that Py(—eo) > Pj(—1~) > —log(2), which is a consequence of the function  —
—log(l1+e")—t/(1+¢") being decreasing on (—eo,0]. This implies that the function Py
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is concave. Now we compute S~ (E). By the previous observations we have that

S (E) = inf{ Jnf {6(E+V7) = R(0)},~(E+V"), inf {6(E+V") fpo(e)}}.

Now, for 6 > —1 we have that

inf {9(E+\7’) —Py(60)} = log(2) + inf {O((E+V") +1og(2))}.

This equals to —(E+ V™) if (E+V ™) > —log(2) and equals —oo if (E+V ™) < —log(2).
On the other hand, for 8 < —1 we have that

inf {0(E+77)~R(0)} = inf {6(E+V7)—P(—g0,—0) }.

where P(-,-) is defined in (1.6). Let I} := [@% —log(1+e %) ; —log(l Jre"PO)] C
(—e0,0). We have that

ggﬂ{e(EjLV*) —P(—%,—e)} -

= Spy.p0 ( - (EJFV_))v
for any E + V= € I,. Then, we conclude that

inf {O(E—H_/’) —Po(e)} - Spo,p()(— (E+V*)),

for E+V~ € I. Now we look for §~(E) for E + V™~ outside I;. Let [; := (—oo; o —
log(1+ e"”o)) and I} := (— log(1+e %); +<>0>. Then, if E+V~ € I, we have that
sign(E+V~ —Pi(0)) = sign((E+ V™) — Pj(—e)) = sign((E +V~) +log(1 +e %)) <
0, and as a consequence the infimum is attained at &6 = —1 and in this case S™(E) =
—(E+V7). On the other hand if E+ V™~ € I}, we have that sign(E +V~ — P{(0)) =
sign((E+ V™) —Pj(—e)) > 0, and as a consequence the infimum is attained at 6 = —oo
and in this case S~ (E) = —oo.

Finally we conclude that §~ when restricted to the energy band [E_.; E, ] is given by

—(E+V7), —log(2) <E+V™ < %5 —log(1+e %),

Spopo | — (E+V’)), 1;330 —log(1+e ) <E+V™ < —log(l+e ™)

and equal to —oo outside the energy band. Thus S~ coincides with S~.
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D.2. The case p_ < p4 < %:

In this case we have that
m(e):mln(fe(q)*%f@(qbr)): 17 6:—1,

and as a consequence

P _
———————log(1+e %), 6<-—1
—0¢_ ’ ’
LIORS S
N o - _
e 00 log(1+e %), 6>-—1.
The function Ay is differentiable everywhere except for 8 = —1. We have that P is de-

creasing on (—eo, —1) and
Py(—o0) > Py(—17) = ehmlpo’(e) > ehmlPO’, (0) = Py(—1") > Py(+e0)
o<1 0> 1
which is a consequence of the function 7 — log(1+e~") +¢/(1 +¢') being increasing on

(—e0,0). This implies that the function P, is concave. Now we compute S~ (E). From the
previous observations it follows that

S(E) = mf{ Jnf {O(E+V7) = R(0)},—(E+V"), inf {6(E+V") fpo(e)}}.

We start by the case 6 > —1. Since P is concave, then P} is decreasing. A simple compu-
tation shows that P(6) = E+V~ for

1 —@; —(E+V7)—log(l+e 9+
0(E) = 7710g( ¢+ —(E+V7) —log(l+e ))'
0 E+V~—+log(1+e ?+)
Since Pj is decreasing, its image is given by [; := [Py(4o0); Py(—1)], that is I} =
[—log(1+e ?+); 2 —log(1+e ?)]. Then, for E+V~ € I we have that

> T4eP+

5 (E) = 0(E)E+V") ~Ry(6(E) = Sp. p, (— (E+77)).

Now we look for §~(E) for E+V ~ outside /;. Let I; := (—oo; —log(1+e %)) and I} :=
(155 —log(14e?+); +eo). Then, if E4+ V™~ €1}, we have that sign(E+V~ — Py(6)) =
sign(E +V~ — P(4e0)) = sign(E+V~ +1log(1 +e ?+)) <0, and as a consequence the
infimum is attained at @ = 40 and in this case S~ (E) = —co. On the other hand if E +
V= eI, we have that sign(E +V~ — Pj(0)) = sign(E +V~ — Pj(4c°)) > 0, and as a
consequence the infimum is attained at = —1 and in this case §~(E) = —oo.

Now we look to the case 8 < —1. Since B is concave, then P} is decreasing. A simple
computation shows that P(6) = E +V~ for

1 —@_—(E+V7)—log(l+e -
0(E) :z——log( ¢ (_+ ) —log(1+e ))
o E+V—+log(l+e9-)
Since Fj is decreasing, its image is given by I := [Pj(—1); Pj(—o)], thatis I, = [l;% —
log(1+e % ); —log(1+e®)]. Then, for E+V~ € I, we have that S™ (E) := 0(E)(E +
V™) —Py(6(E)) which can be written as S,__ ( —(E+ V’)). Now we look for §~(E)
for E+ V™ outside L. Let I; 1= (—oo; % —log(l4+e %)) and I, := (—log(1 +
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€%-); 4e0). Then, if E4+ V™~ € I, , we have that sign(E +V~ — P{(0)) = sign(E+V~ —
Pj(—o0)) =sign(E+V~ +log(1+e?)) <0, and as a consequence the infimum is attained
at @ = —1 and in this case S~ (E) = —(E +V ™). On the other hand if E+V~ € I}, we
have that sign(E +V~ — P}(0)) = sign(E +V~ —Pj(0)) > 0, and as a consequence the
infimum is attained at @ = —co and in this case §~(E) = —oo.

Now, a simple computation shows that the function r — —log(14+e¢7") —¢/(1+¢€") is
decreasing on (—oo, O} so that the sets I; and /> do not intersect. The restriction of the
function §~ to [E_,,; E',,] has the expression:

ST(E)=

—co?

Sp+,p+(—(E+V’)), —log(1+e %) SE+V™ < 5 —log(1+¢ %),

_—(E+V™), —log(l+e ?)<E+V™ < —log(1+e %),

1+e‘P+ 1+ ‘P

Sp_p_ <— (E—H_/’)), o —log(l+e %) <E+V™ < —log(1+e%)
and is equal to —eo outside the energy band. Thus §~ coincides with S~.

D.3. The case % <p_<p;i:

In this case, by inverting the role of p_ with p; and of ¢_ with ¢, in the previous case,
we obtain that S~ restricted to [E_,; ET_] is given by

ST(E)=

Spf,pf(f(EJrV’)), —log(1+e?)<E+V™ < 1+e¢ —log(14e %),

—{—(E4+V7), % —log(l+e ? ) <E+V™ < 5 —log(1+e %),

Spepe (—(E+V7)), % —log(l+e7#) <E+V~ < —log(1+e )
and is equal to —oo outside the energy band. Thus S~ coincides with S~.
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