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Continuous-time limit of dynamic games with incomplete
information and a more informed player.

Fabien Gensbittel*

September 11, 2015

Abstract

We study a two-player, zero-sum, dynamic game with incomplete information where
one of the players is more informed than his opponent. We analyze the limit value as the
players play more and more frequently. The more informed player observes the realization
of a Markov process (X,Y") on which the payoffs depend, while the less informed player
only observes Y and his opponent’s actions. We show the existence of a limit value as
the time span between two consecutive stages goes to zero. This value is characterized
through an auxiliary optimization problem and as the unique viscosity solution of a second
order Hamilton-Jacobi equation with convexity constraints.

Acknowledgments : The author gratefully acknowledges the support of the Agence Na-
tionale de la Recherche, under grant ANR JEUDY, ANR-10-BLAN 0112. The author is
grateful to the editor and to an anonymous referee for carefully reading this work and making
useful remarks.

1 Introduction.

This paper contributes to the literature on zero-sum dynamic games with incomplete infor-
mation, by considering the case where one player is always more informed than his opponent.

A key feature appearing in recent contributions to the field of zero-sum dynamic games is
the interplay between discrete-time and continuous-time dynamic models, as in Cardaliaguet-
Laraki-Sorin [10], Neyman [27] or Cardaliaguet-Rainer-Rosenberg-Vieille [9], where the au-
thors consider sequences of discrete-time dynamic games in which the players play more and
more frequently. Such an analysis is related to the study of a sequence of discretizations in
time of a given continuous-time dynamic game. In the present work, we adopt this method
in order to study a continuous-time zero-sum dynamic game where one player is always more
informed than his opponent and where the state variable evolves according to an exogenous
Markov process. Precisely, we consider a model with two payoff-relevant variables (X, Y;)i>0
which are evolving over time: X is a Markov chain with finite state space and Y is a diffusion
process whose drift parameter depend on the current value of X. The process X is privately
observed by the more informed player (say player 1) while Y is publicly observed, allowing the
less informed player (player 2) to learn information about the variable X during the game. We
analyze the sequence of discrete-time games indexed by n > 1 with incomplete information
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and perfect observation of actions, where stages occur at times Z for ¢ > 0. At each stage,

player 1 observes a pair of signals (X« ,Yq) while player 2 only observes Ya. The stage payoff

function is assumed to depend on actions of both players and on (Xa,Yq )n The global payoff
is a discounted sum of the stage payoffs with discount factor A\, = 01/ "reTTdt =1 — e7"/™,
where r > 0 is a given continuous-time discount rate. We assume that the stage payoffs are
not observed and we study the limit value of these games as the players play more and more
frequently.

We provide two characterizations for the limit value of these games as n goes to infinity.
The first one is a probabilistic representation formula where the optimization variable is the
set of admissible belief processes for the less informed player. Such a formula already appears
in Sorin [28] as an illustration of the classical Cav(u) theorem of Aumann and Maschler
[1]. A similar discrete-time formula was introduced by De Meyer in [12] in order to obtain
a continuous-time limit value in a class of financial games and this approach led to several
extensions in continuous-time models (see Cardaliaguet-Rainer [7, 8], Griin [19, 20], Gensbittel
[16, 17], and more recently Cardaliaguet-Rainer-Rosenberg-Vieille [9] and Gensbittel-Griin
[18]). This representation formula is important as it provides a characterization of optimal
processes of revelation (martingales of posteriors induced by optimal strategies).

The second one is a variational characterization, the limit value is shown to be the unique
viscosity solution of a second-order Hamilton-Jacobi equation with convexity constraints as
introduced by Cardaliaguet [4, 5] and generalized in Cardaliaguet-Rainer [6], Griin [19],
Cardaliaguet-Rainer-Rosenberg-Vieille [9] and Gensbittel-Griin [18].

2 Main results.

Notation 2.1. For any topological space E, A(E) denotes the set of Borel probability distri-
butions on E endowed with the weak topology and the associated Borel o-algebra. d, denotes
the Dirac measure on x € E. Finite sets are endowed with the discrete topology and Cartesian
products with the product topology. D([0,00), E) denotes the set of cadlag trajectories taking
values in E, endowed with the topology of convergence in Lebesque measure. The motations
(,) and |.| stand for the canonical scalar product and the associated norm in R™.

Let us at first describe the continuous-time game we will approximate. This description
is incomplete as we do not define strategies in continuous-time. Rather, we define below
strategies in the different time-discretizations of this game. The notion of value for this game
will therefore be the limit value along a sequence of discretizations when the mesh of the
corresponding partitions goes to zero.

We assume that (X;)ic[,00) is @ continuous-time homogeneous Markov chain with finite state
space K, infinitesimal generator R = (Ry )k ek and initial law p € A(K). We identify
A(K) with the canonical simplex of R i.e.:

A(K) = {p e R¥ |7k € K,p(k) >0, 3 p(k) = 1}.
keK

Then, we define the real-valued process (Y;)ic[0,00) @s the unique solution of the following
stochastic differential equation (SDE)

t t
VE>0,Y = y+/ b(Xs,YS)der/ o (Yy)dWs, (2.1)
0 0
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where (W}).c(0,00) 15 @ standard Brownian motion independent of X and y € R is a given
initial condition. The process Y may be seen as some noisy observation of the process X.

We assume that the functions b and o in (2.1) are bounded and Lipschitz, and that there
exists € > 0 such that for all y € R, o(y) > e. The state process Z := (X,Y) with values
in K x R is a well defined Feller Markov process, with semi-group of transition probabilities
denoted (P;)¢>0-

Let I, J denote finite action sets for the two players (players 1 and 2), g : (K xR)x I xJ — R
a bounded payoff function which is Lipschitz with respect to the second variable, and r > 0
a fixed discount rate.

We consider the following (heuristic) zero-sum game, played on the time interval [0, c0):
e Player 1 observes the trajectory of Z = (X,Y).
e Player 2 observes only the trajectory of Y.

e They play the game G(p,y) with total expected payoff for player 1:

+o0o
E[ / (X0, Y iy, o)),
0

where i, (resp. j;) denote the action of player 1 at time ¢ (resp. of player 2).
e Actions are observed during the game (and potentially convey relevant information).

We aim at studying the value function of this game and how information is used by the
more informed player when playing optimally. In order to achieve this goal, we introduce a
sequence of time-dicretizations of the game. For simplicity, and without loss of generality, let
us consider the uniform partition of [0,400) of mesh 1/n. The corresponding discrete-time
game, denoted G, (p,y) proceeds as follows:

e The variable Z 1 = (X a, Y% ) is observed by player 1 before stage ¢ for ¢ > 0.

e The variable Y% is observed by player 2 before stage ¢ for ¢ > 0.

e At each stage, both players choose simultaneously a pair of actions (i4, j,) € I x J.
e Chosen actions are observed after each stage.

e Stage payoff of player 1 equals g(Z a, iq,Jq) (realized stage payoffs are not observed).

e The total expected payoff of player 1 is

E | A (1= M)9(Za,ig, o) |

q=>0
with A\, =1 — e "/7

Remark 2.2. When o is constant and b depends only on X, the observation of player 2

+1
correspond to a normally distributed random variable with mean f " b(Xs)ds and variance

7. It may therefore be interpreted as a noisy observation of X.



The description of the game is common knowledge and we consider the game played in be-
havior strategies: at round ¢, player 1 and player 2 select simultaneously and independently
an action i, € I for player 1 and j, € J for player 2 using some lotteries depending on their
past observations.

Formally, a behavior strategy o for player 1 is a sequence (04)4>0 of transition probabilities:
o (K xR) xIxJ)?x(KxR)—= A(I),

where 04(Zy, 10, jo, ..y Za=1,%g—1, jg—1,Za) denotes the lottery used to select the action i,

played at round ¢ by player 1 when past actions played during the game are (g, jo, ..., ig—1, jg—1)
and the sequence of observations of player 1 is (Zy, ..., Za). Let ¥ denote the set of behavior

strategies for player 1. Similarly, a behavior strategy 7 for player 2 is a sequence (7,)q>0 of
transition probabilities depending on his past observations

7o (Rx I x J) xR — A(J).

Let T denote the set of behavior strategies for player 2.

Let P py.0.r) € A(D([0,00), K xR)x (Ix.J)N) denote the probability on the set of trajectories
of Z and actions induced by the strategies o, 7. The payoff function in Gy, (p,y) is defined by

YoV 0,7) = Epnpy.or) | Zl— (Zq igsJq)
q>0

It is well known that the value of the game exists, i.e.

Vi(p,y) :=sup inf v,(p,y,0,7) = inf sup v,(p,y,0,7).
ceX T€T TET cEX

We also need to consider the value function u of the non-revealing one-stage game I'(p, y),
which is a finite game with payoff ¢ in which player 1 cannot use his private information.

Precisely,
)= s it Y S kol ),
oeA(I) T€A() et e kek

and the value exists (i.e. the sup and inf commute in the above formula) as it is a finite game.
It follows from standard arguments that u is Lipchitz in (p,y).

The main results proved in sections 3 and 4 are two different characterizations for the
limit of the sequence of value functions V,,.

Let us now introduce some notations.
Notation 2.3.

o The natural filtration F2 of a process (At)tefo,00) 8 defined by FA =0(As,s <t). The
associated right-continuous filtration is denoted F4T with ]:tA’+ = Mgt FA.

e For any topological space E, D([0,00), E) denotes the set of E-valued cadlag trajectories.

e For all (p,y) € A(K) xR, P, € A(D([0, +00), K x R)) denotes the law of the process
Z = (X,Y) with initial law p ® 6.



Our first main result is the following probabilistic characterization.

Theorem 2.4. For all (p,y) € A(K) x R,

+oo

Valp,y) — Vip,y) i=  max E[/ re”"u(m, Yi)dt], (2:2)
oo (Zt,mt)e>0€B(p,y) 0

where B(p,y) C A(D([0,00), (K x R) x A(K))) denotes the set of laws of cadlag processes

(Zt, Tt)1e(0,00) Such that:

o (Zy)i>0 has law P, and is an FEm) _Markov process.
e Forallt >0, forallk € K, m(k) =P(X; = k|‘7:t(my))-

Let us comment briefly this result. We generalize here the idea that the problem the informed
player is facing can be decomposed into two parts: at first he may decide how information
will be used during the whole game, and then maximize his payoff under this constraint. To
apply this method of decomposition, we need to identify precisely the set B(p,y) of achievable
processes of posterior beliefs on X of the less informed player. The filtration F(™Y) represents
the information of player 2, which observes the process Y (a lower bound on information). The
condition that Z is F(4™)-Markov reflects the fact that player 2 cannot learn any information
on the process X which is not known by player 1 (an upper bound on information) and
the second condition simply says that 7 represents the process of beliefs of player 2 on X;.
Maximizers of the right-hand side of equation (2.2) represent optimal processes of revelation
for the informed player and induce asymptotically optimal strategies for the informed player
in the sequence of discretized games (see the proof of Theorem 2.4).

We now turn to the second characterization. Define b(y) := (b(k,y))rex € RF and for all
k € K and t > 0, define the optional projection':

xe(k) = P(X, = k|7 ).

Using Theorem 9.1 in [24] (see also the Note p.360 about the Markov property), the process
Y = (x,Y) with values in R x R is a diffusion process satisfying the following stochastic
differential equation:

t

t —
V> 0, = v + /0 c(ths)ds + /0 i (0h2)dW s, (2.3)

where W is a standard F¥>*-Brownian motion and the vectors c(p,y) and s(p,y) in RE+! =
RE x R are defined by

c(p,y) == ("Rp, (p,b(y))),

Pk
I{(p7 y) = ((@(b(k7 y) - <b(y)7p>))k6K7 J(Z/)))
where 'R denotes the transpose of the matrix R and probabilities are seen as column vectors.
We deduce from standard properties of diffusion processes that for any function f € C2(RE+1)

with polynomial growth (say) and for all 0 < s < ¢:

E[f (@)l FY] = () +E| / AP () dul FY)

'In all the proofs, we consider only natural or right-continuous filtrations, but we adopt the same convention
as in [21] and do not complete the filtrations to avoid complex or ambiguous notations. Note that optional
projections of cadlag processes are well-defined and have almost surely cadlag paths (see appendix 1 in [13]).



where A(f) is the differential operator defined by (using the notation z = (p,y))

1

Af(z) = (Df(2),c(2)) + 5(%(2),D2f(2)%(2)>-

In order to state our second main result, we need to define precisely the notion of weak
solution we will use. Let p € A(K), we define the tangent space at p by

Ta(ry(p) == {x € RE |32 > 0,p +ex,p — ex € A(K)}.
Let S™ denote the set of symmetric matrices of size m. For S € S¥ and p € A(K), we define

Amax (P, S) := max { <(x;,i;:§> |z € Tak)(p) \ {O}}

and by convention Apax(p, X) = —oo whenever T k) (p) = {0}.

Theorem 2.5. V is the unique continuous viscosity solution of
min{rV + H(z, DV (2),D*V(2)); —Amax(p, DI%V(Z))} =0 (2.4)
where for all (z,€,9) € (A(K) x R) x RE+L x SE+1.

1

H(ngv S) = —<§,C(Z)> - 5(’%(2)75’%(2» - TU(Z),

and where DV, D*V denote the gradient and the Hessian matriz of V and DI%V(Z) the Hessian
matriz of the function V with respect to the variable p.

Let us recall the definitions of sub and super-solutions.

Definition 2.6. We say that a bounded lower semi-continuous function f is a (viscosity)
supersolution of the equation (2.4) on A(K)xR if for any test function ¢, C? in a neighborhood
of A(K) xR (in RE x R) such that ¢ < f on A(K) x R with equality in (p,y) € A(K) x R,
we have

Amax (P, D2é(p,y)) < 0 and ré(p,y) — A(6)(p,y) — ru(p,y) > 0.

We say that a bounded upper semi-continuous function f is a (viscosity) subsolution of the
equation (2.4) on A(K) x R if for any test function ¢, C? in a neighborhood of A(K) xR (in
RE x R) such that ¢ > f on A(K) x R with equality in (p,y) € A(K) x R, we have

Amax (P, D2d(p,y)) <0 = 76(p,y) — A(¢)(p,y) — ru(p,y) < 0.

The proof of Theorem 2.5 is based on theorem 2.4 and on dynamic programming.

2.1 Possible extensions and open problems.

We list below miscellaneous remarks.

e In comparison to [9], in the statement of Theorem 2.4, we maximize over a set of joint
distributions (Z, ) rather than on the set of induced distributions for (7,Y"), which are
the only relevant variables for the computation of the objective functional. The latter
set of distributions is exactly the set of joint laws of cadlag processes (m,Y) such that



for all bounded continuous function ¢ on A(K) x R which are convex with respect to
the first variable, we have:

V0 < s <t, Elp(m, Yy)|FT] > Qu_s(9)(ms, Ys),

where () is the semi-group of the diffusion process ¥. We do not prove this claim but it
follows quite easily from Strassen’s Theorem and the same techniques used in Lemma
4 in [9] and Lemma 5.11 in [18]. However, such a proof would not be constructive
(due to Strassen’s theorem) and therefore, we do not think that this result would be
more interesting stated this way. Indeed, in order to construct asymptotically optimal
strategies following the proof of Theorem 2.4, player 1 has to compute the joint law of
(Z, ) anyway (precisely the conditional law of 7 given Z at times ¢/n for ¢ > 0).

One may generalize all the present results for the lower value functions to the case of
infinite actions spaces I, J (even if the value u does not exist) by adapting the method
developed in [16]. Note that the proof of the same kind of results for the upper value
functions may rely on different tools as shown in [16], and that the extension of these
results in the present model remains an open question.

It can be shown directly (with classical arguments) that the functions V;, and V are
continuous. However, this does not simplify nor shorten the proofs.

It is reasonable to think that Theorem 2.4 can be extended to the case of a more general
Feller processes (X,Y"), at least for diffusions with smooth coefficients. However, such an
extension leads to the following open question: is it possible to write an Hamilton-Jacobi
equation in the case of a diffusion process Z = (X,Y) taking values in R™ x RP? Note
that such an equation would be stated in an infinite dimensional space of probability
measures.

It would be interesting to try to find explicit solutions for simple examples with two
states for X and with simple payoff functions and simple diffusion parameters for Y.
Such an analysis and the comparison with the examples studied in [9] is left for future
research.

3 Proof of Theorem 2.4

Recall the definition of conditional independence.

Definition 3.1. Let (2, A, P) a probability space and F,G,H three sub o-fields of A. We say
that F and G are conditionally independent given H if

VE € FVG € G, P(F N GIH) = P(F|H)B(G|H).

This relation is denoted F [[,, G and the definition extends to random variables by considering
the o-fields they generate.

The next definition is related to the characterization of the Markov property in terms of

conditional independence and will be useful in the sequel.

Definition 3.2. Given two random processes (Aq, By)g>0 (with values in some Polish spaces)
defined on (2, A,P). We say that (Aq)q>0 is non-anticipative with respect to (By)g>0 if

vq 2 07 (A07 '-~7Aq) H (BM)MZO
Bo,...,Bq



The next result is a classical property of conditional independence and its proof is post-
poned to the appendix.

Lemma 3.3. Given two random processes (Aq, By)g>0 (with values in some Polish spaces),
the process (Aq)q>0 is non-anticipative with respect to (Bg)g>0 if and only if there exists
(on a possibly enlarged probability space) a sequence of independent random variables (€4)q>0
uniformly distributed on [0,1] and independent of (Bg)g>0, and a sequence of measurable
functions f, (defined on appropriate spaces) such that for all ¢ > 0

Aq = fq(Bm7£m,m S q)

The proof of Theorem 2.4 is divided in two steps and relies on the technical Lemma 3.8,
whose proof is postponed to the next subsection.

Step 1: We prove that liminf V,, > V.

Let o*(p,y) and 7*(p,y) be measurable selections of optimal strategies for player 1 and 2
respectively, in the game I'(p, y) with value u(p,y).

We start with a continuous-time process (Z;, m¢)¢>0 in B(p,y). We consider the discrete-time
process (Za,ma)y>0. Using the Markov property at times Z, we deduce that (74 )4>0 is non-
anticipativg with respect to (Za)g>0. We now construct a strategy & in Gn(p,gZ) depending
on the process (Z, 7). Using the conditional independence property (see Lemma 3.3), there
exists a sequence ({;)4>0 of independent random variables uniformly distributed on [0, 1] and
independent from (Zs )40, and a sequence of measurable functions (fq)g>0 such that

L= fq((Z%afm)mgq) for all ¢ > 0.

We define player 1’s strategy o as follows:

Eq(Zo, ey Z%,fo, ...,fq) = O'*(ﬂ'%,Y%).

This does not define formally a behavior strategy but these transition probabilities induce
a joint law for (Za,i4)s>0 which can always be disintegrated in a behavior strategy (that
does not depend on player 2’s actions) since the induced process (iq)4>0 is by construction
non-anticipative with respect to (Z4)4>0 (using again Lemma 3.3). By taking the conditional
expectation given (Y, 7, iy, jg)g:(: ...¢» the payoff at stage ¢ against any strategy 7 is such
that:

keK

Therefore, 7 is such that

Va(p,y) > inf 1 (p,y,7,7) = > An(1 = Ap) Efu(ra, Ya)].
T >0

Define (7", Z™) as the piecewise-constant process equal to (Z, ) at times 4 for ¢ > 0. Then
(7™, Z™) converges in probability to (Z,7) (see e.g. Lemma VI.6.37 in [21]) and therefore

> Al = M) Eu(ra,

q=>0

aia”

)] = E[/OOO re” a7, Y, dt] _)E[/Ooo re”"tu(my, Yy)dt]

n— o0

3l



As (Z,7) € B(p,y) was chosen arbitrarily, we deduce that:

liminf V;,(p,y) > V(p,y)

Step 2: We prove that limsupV,, < V.

Let us fix (p,y) and let (e5,)n>1 a positive sequence going to zero. For all n > 1, let ¢™ be
an e,-optimal behavior strategy for player 1 in G, (p,y). We will construct a strategy 7" for
player 2 by induction such that for all ¢ > 0 the expected payoff at round ¢ is not greater
than

Envpvyvaann [u(ﬁq7 Y%) + C’pq - ﬁq‘1]7 (3'1)

for some constant C' independent of n, where |.|; denotes the ¢;-norm and where for all ¢ > 0,
pq and p, denote respectively the conditional laws of X 1 given the information of player 2
before and after playing round ¢. Precisely, for all k € K:

ﬁq(k) = P(n,p,y,o’",‘r")(X% =k ‘ }/67i07j07 ...,Yﬂ,iq_l,jq_l,Y%),

pq(k) = P(n,p,y,a",T”)(X% =k | YVOJO)jO’-'-aY%aiqajq)-

Note that the computation of p, does not depend on 7. We can therefore define by induction

7 = T"(Pg, Ya ). Then, inequality (3.1) follows directly from Lemmas V.2.5 and V.2.6 in [25].

We now suppress the indices (n,p,y,o™,7") from the probabilities and expectations. Using
that u is Lipschitz with respect to p, we have

E[u(ﬁmyg) + C’pq - ﬁqh] < E[u(me%) + 2C‘pq - ﬁq‘l]

Define also: X
ﬁq—i—l = ]P)(X‘Ii:l = k|YY(]7i07j07 "'7Y%7Z'qujq) = (ezTqu)(k)

Note that for all ¢ > 0, the sequence (Pg41,Pg+1,Pq+1) is a martingale so that using Jensen’s
inequality.
Y A 2
E[(Pg+1)7] < E[(Pg+1)7]-

On the other hand, using the previous equality, we can choose the constant C' so that almost
surely

. C
Vg > 0, ’Pq—irl pq’ < P

Mimicking the proof of [9], we have

E[Y Al = M) pg — peh] = 303 Al = A) E(lpg (k) — (k)]

>0 keK ¢>0
1/2
<Y D A= M) Epg (k) — pg(k)]?)
k€K \ ¢>0
1/2

=37 D1 = ) E[(py (k) — (5g(K))?)

keK \¢>0



which is also equal to

DD A = M) E[(pg (k) = Bg1(k)? + (Bg1(k)* = (Bar1(k))® + (B2 (k))® — (B (k)]

keK \¢>0

and therefore is bounded from above by

1/2
3 | S0 AR Gea (B — g0+ 27| < KO+ 2

keK \¢>0

We proved that:

Va(p,y) <D A1 = X)) Elu(ma, Ya)] + K (A + %)1/2 Ye,
920

In order to conclude the proof, we consider the continuous-time process (Z",7") which is
piecewise-constant and equal to (Za,p,) at times ¢/n. Let us at first extract a subsequence

of V,,(p,y) which converges to limsup V,, (p,y). Then, using Lemma 3.8, there exists a further
subsequence of (Z™, ™) which converges in law to some process (Z,7) in B(p,y). We have
therefore along this subsequence

Z An(1 = X)) E[u(mra,Ya)] = E[/ re "t (7, Y dt] — E[/ re”"u(my, Yy)dt],
>0 ror 0 0

so that -
lim sup Vi (p, ) < E| / re Ty, Yo)dt] < V(p,y).
0

n—oo

3.1 A technical Lemma

In reference to the paper of Meyer and Zheng [26], we will denote M Z the following topology
on the set of cadlag paths.

Notation 3.4. For a separable metric space (E,d), the M Z-topology on the set D([0, ), E)
of cadlag functions is the topology of convergence in measure when [0,00) is endowed with the
measure e~ Fdx. The associated weak topology over the set A(D(]0,00), E)) when D([0, ), E)
is endowed with the M Z-topology will be denoted L(MZ).

Remark 3.5. In contrast to the Skorokhod topology (Sk hereafter), if E = F x F' is a product
of separable metric spaces, the M Z topology is a product topology, i.e. (as topological spaces)

(D([0,00), F' x F'), MZ) = (D([0, 0), ), M Z) x (D([0,0), F'), M Z).
The following remark will be used in the proofs.

Remark 3.6. If E is a Polish space, the space (D([0,00), E), MZ) is a separable metric
space which is not topologically complete. However, its Borel o-algebra is the same as the
one generated by the Sk topology and its topology is weaker than the Sk topology for which
the space is Polish, implying that all the probability measures are M Z-tight. Therefore, all
the results about disintegration and measurable selection usually stated for Polish spaces and
which depend only on the Borel structure apply to this space.

10



Recall that the transition probabilities of Z are denoted (P;);>0, i.e. for any bounded mea-
surable function ¢ on K x R, we have

PA)(z) = Eo[$(Z)] = /Z odPy(2),

and that P is a Feller semi-group implying that (z,f) — Pi(¢)(z) is continuous for any
bounded continuous function ¢.

Notation 3.7. Given a process (Zi)ic(o,00) 0f law Ppy, we define the process (/Z}")te[o,oo) €
D([0,00), K x R) by R
Vt>0, Zy' = Z )

where |a] denotes the greatest integer lower or equal to a.

Lemma 3.8. Let (p,y) be given, and let us consider a sequence of cadlag processes (Z™,n™)
that are piecewise constant on the partition {[%, T1)} ¢ and such that

n’> n

o Z" has the same law as Z" (see the above notation).

o (ma)g>0 is non-anticipative with respect to (Za )g>o0-

e Forallt >0, for allk € K, 7}*(k) =P(X]* = k\]—"t(“”vY"))_

Then, the sequence (Z",7") admits an L(M Z)-convergent subsequence and all the limit points
belong to B(p,y).

Proof. Let Q, denote a sequence of laws of processes (Z}", T}')ic[0,00)- 1t follows from Proposi-
tion VI.6.37 in [21] that Z" L(M Z)-converges to Z of law P, ,. On the other hand, Theorem 4
in [26] together with a diagonal extraction implies that the set of possible laws for (Z]', 7} )i>0
is M Z-relatively sequentially compact, and we may extract some convergent subsequence?.

Let us now prove that the limit belongs to B(p, y). Assume (without loss of generality) that the
sequence of processes (Z}',7")i>0 L(M Z)-converges to (Z;, m)i>0. Note at first that the law
of (Zt)i>0 is Pp,y since the projection of the trajectories on the first coordinate is continuous
(see Remark 3.5).

Using Skorokhod’s representation Theorem for separable metric spaces (see Theorem 11.7.31
in [14]), we can assume that the processes are defined on the same probability space and that

(Z7, 71 )e>0 Mg (Zy¢, 7 )e>0 almost surely. Up to extracting a subsequence, we can also assume
that there exists a subset I of full measure in [0,00) (i.e. [; e *da = 1) such that for all ¢ € I,
(Zp, 7)) — (Zy, ) almost surely.

We now prove that for all ¢ > 0 and all k € K
me(k) = P(X; = k| 7).

For any ¢ € I, any finite family (¢1,...,¢,) in I N[0, ¢] and any bounded continuous function ¢
defined on (R x A(K))", we have

E[(mf (k) = Txp=r) (Y}, miy s oo Yo' )] = 0.

ZPrecisely, for all T > 0 we may first apply this result to each coordinate of the processes (Zi\r, Trar)i>0-
Then, since convergent sequences are tight (see Theorem 11.5.3 in [14] and remark 3.6), we apply Lemma A.3
to deduce that the set of laws {Q,,n > 1} is tight. Applying the direct part of Prohorov’s theorem, which is
valid for separable metric spaces, we may extract some convergent subsequence.

11



It follows by bounded convergence that

]E[(ﬂ-t - ]]-XtZk:)(b(}/tlaﬂ-tla ceey Kruﬂtr)] =0.

We deduce that v
m(k) = P(X, = k|FY™).

Given an arbitrary ¢, we take a decreasing sequence in I with limit ¢ and applying Lemma
A.6 (see apendix), we obtain:

mi(k) = P(X, = k| F™),

which implies the result using the tower property of conditional expectations.

It remains to prove the Markov property. Let t; < ... < t,, < s < tin I, and ¢, ¢’ some
bounded continuous functions defined on ((K x R) x A(K))™ and K x R, we claim that

E[¢/(Zt)¢(zt1 3 Tty s eees Ztm7 ﬂ-tm)] - E[Pt—S(¢/)(ZS)¢(Zt1 3 Tty s s Ztm ) th)]'

Indeed, for all n, we have
E[QS/(Z{L)QS(Z{;?”)Z? ) Ztnm’ﬂ-tnm)] = E[Pl”tJ*l”SJ (qb,)(Zg)(ﬁ(Ztrivﬂ-?p ) Ztnm’ﬂ-tnm)]v

and the conclusion follows by bounded convergence. The property extends to arbitrary ¢; <
... <t,, < s <t by taking decreasing sequences in I and we conclude as above that Z is an
F(Z7) Markov process. O

Let us end this section with a second technical lemma whose proof is similar to Lemma 3.8.

Lemma 3.9. The set-valued map (p,y) — (B(p,y), L(MZ)) has a closed graph with compact
values.

Proof. Since Z is a Feller process, the map (p,y) — P, is L(Sk)-continuous (hence L(M Z)-
continuous, see e.g. [15]). We omit the rest of the proof as it follows exactly from the same
arguments as Lemma 3.8 with obvious modifications. O

4 The variational characterization

We state at first some properties of the function V.
Proposition 4.1. V' is upper-continuous and for ally € R, p — V(p,y) is concave on A(K).

Proof. That V' is upper semi-continuous follows directly from Lemma 3.9.

Concavity follows from the same method as the well-known splitting Lemma (see e.g. Chapter
V.1 in [25]). Given y € R, p1,p2 € A(K) and A € [0,1], P; € B(p1,y) and Py € B(ps,y), let
us construct Py € B(Ap1 + (1 — A)pz,y) as follows. Assume that (Z!,71) and (Z2%,7?) are
independent and of respective laws P; and Py. Let & be a random variable independent of
(Z',7') and (Z%,7%) and such that P(¢ = 1) = X and P(¢ = 2) = 1 — \. Define (Z,7) as the
process equal to (Z%,7%) on {¢ = i}. It follows easily by conditioning on ¢ that

E[ / re "u(my, Yy )dt] = AE| / re”"tu(m), Y, dt]) 4 (1 — ME[ / re"tu(n?, Y,2)dt).
0 0 0
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If we assume that (Z,7) has a law Py € B(Ap1 + (1 — X)p2,y), then for any £ > 0, we can
choose Py and P, as e-optimal probabilities so that

VOM+%1—MMW)ZEV1T5”MMJ®M
0

E| / re="tu(rl, Y1)t + (1 — AE| / re="tu(n2, Y2)di]
0 0
Z )‘V(play) + (1 - )\)V(p27y) — &,

and this proves that V is concave with respect to p as € can be chosen arbitrarily small.

In order to conclude, it remains therefore to prove that (Z,7) has a law Py € B(Ap1 + (1 —
A)p2,y). Note at first that (Z;);>0 has law Py, 4 (1-x)p,,y Dy construction. Moreover, F{"" is

included in o(§) Vv ]__:173/1 v e Using independence, we have therefore for all k € K and
all t > 0:

1 7.‘.1 2 71_2
P(X,=kF TR T
=P(X] = k‘!fyl’wl F 6L + ]P’(Xf\fyl’wl Fm e
= P(X} = KF " Memy + P(XE = K|F) 7 Lemy = mh (k) Lemy + 72(k) Lemp = mi(k),
and using the tower property of conditional expectations, we deduce that
m(k) = P(X, = k|F)).

To prove the Markov property, let s > t and ¢ some bounded continuous function on A(K)xR.
As above, we have:

Elp(Zo)|FE ™ FE ¢ Zmz WFE T FE g
_Zﬂfl ZZ )| F ]
=Zhﬂkt )(Z1) = Poal@)(Z0).

The conclusion follows by using the tower property of conditional expectation with the inter-
. Z.,m

mediate o-field F;". O

4.1 Dynamic programming.

Notation 4.2. In the following, we will use the notation E,, to denote the expectation
associated to the diffusion process ¢ starting at time 0 with initial position ¥y = (p,y).

We now state a dynamic programming principle which will be the key element for the
proof of Theorem 2.5.

Proposition 4.3. For dall (p,y) € A(K) x R, for all h > 0, we have

h
V(p,y) = max E[/ re”"tu(my, Yy)dt + eV (1, Vi) (4.1)
(mY)eB(py) JO
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AS a Consequence,
h
Vip.y) 2 By, / re () dt + e~V (). (4.2)
0

Moreover, if (7,Y) is an optimal process for V(p,y), then for all h > 0:

h
Vip,y) = E| /0 re="tu(m, V)t + e~V (1, V). (4.3)

Proof. We prove at first that the maximum is reached in the right-hand side of (4.1). Let us
define the M Z-topology on the set D([0,h], K x R x A(K)) as the convergence in Lebesgue
measure of the trajectories together with the convergence of the value of the process at time
h. Note that this topology coincides (up to an identification) with the induced topology on
the subset of D([0,00), K x R x A(K)) made by trajectories that are constant on [h,c0).
Using this identification and adapting the arguments of Lemma 3.8, the set of laws of the
restrictions of the processes (Z,7) € B(p,y) to the time interval [0, h] is L(M Z)-sequentially
relatively compact in A(ID([0, h], K x R x A(K))). The existence of a maximum follows since
the map

P e AD(0,h], K x R x A(K))) — Ep[/h re"tu(my, Yy)dt + eV (m, Ya)],
0

is L(M Z) upper-semi-continuous.
We now prove (4.1). We begin with a measurable selection argument.

The function P € B(p,y) — J(P) := E[[;* re ""u(m, Y;)dt] is L(M Z)-continuous, and the
set-valued map (p,y) — B(p,y) is L(M Z) upper-semi-continuous. We deduce that the subset
O of the space A(K) x R x A(D([0,00), (K x R) x A(K))) defined by

O = {(p,y,P)|P € B(p,y), J(P) > V(p,y)}

is Borel-measurable (see Remark 3.6). Moreover, Lemma 3.8 implies that for any (p,y), there
exists some P such that (p,y,P) € O. It follows therefore from Von Neumann’s selection
Theorem (see e.g. Proposition 7.49 in [2]) that there exists an optimal universally-measurable
selection ¢ from A(K) x R to B(p,y) such that for all (p,y) € A(K) xR, ¢(p,y) € O.

Let (Z,7) € B(p,y) and h > 0 and let py, denote the joint law of (s, Yy). By construction,
¢ is pp-almost surely equal to a Borel map ¢. Using Lemma A.5, we can construct a pro-
cess (7s)s>p (on some extension of the probability space) such that the conditional law of

(Zhts, Thys)s>0 given f}(LY’W) is precisely gg(ﬂh,Yh) and such that there exists a variable U,
uniformly distributed on [0, 1] and independent of (Z, 7), and a measurable map ® such that

(Ts)s>h = P((Zs)s>hs (Ths Yi), €)- (4.4)

Let us consider the process (Z, 7r) where 7 is equal to 7 on [0, k) and to 7 on [h, 00). Using the
preceding construction, if we assume that the process (Z,7) has a law in B(p,y), we deduce
that:

Vi(p,y) = E| / re” "7y, Ye)dt]
0
h 0o y
ZE[/ re”"u(m, Yi)df] + ¢ E[E] / re T u(fn g, Yt FY )
0 0

h
> E| / re "u(my, Y, )dt) + e TNE[V (1, Y3)]
0
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which would prove that

h
Vpy)> max E[ / re (e, Yt + ¢V (. Vi), (4.5)
(Z,m)eB(p,y) 0

To conclude the proof of (4.5), we now check that the process (Z,7) has a law in B(p,y).

At first, note that (Z;);>0 is a Markov process with initial law p ® d,, by construction. Let us
prove that for all t > 0, (k) = P(X; = k|F, F¥A) |. The result is obvious by construction for

t < h. For t > h, let us consider two finite famlhes (t1,..y tm) in [h,t] and (¢}, ...,t}) in [0, h)
and two bounded continuous function ¢, ¢’ defined on (A(K) x R)™ and (A(K) x R)*. Then:
E[ﬂXt:kqb(ﬁ-tl?Y;l)"'7ﬁtm7}/tm)¢/(ﬁ-tl7YVt/ 7Tt’ Yt’)]
= E[E[Lx,—40 (e, Vi mm,mrﬂ” N (e Yoo Vo)
= E[7(k)(Tey, Yigy ooy Tt Y2, )0 (7T Ty, Yy )]
= E[7e(k)d(ty , YViys oo Wy s Vi )0 (i, Ty, Yy )l

This property extends to bounded measurable functions of any finite family (¢;) in [0,¢] by
monotone class and we deduce that m:(k) = P(X; = k\ft(y’ﬂ)).

We now prove the Markov property. For ¢t > 0, we have to prove that

(Zs)szt H (ﬁ-s)se[o,t}' (4'6)

(Zs)se [0,t]

The case t < h follows directly by construction. Let us consider the case t > h.

At first, since the conditional law of (Zs, Ts)s>p given (7, Ys) belongs to B(my, Ys), we have:

(ﬁ's)se[h,t} H (Zs)szt- (47)

(Zs)sein,)(Th:Yn)

Using (4.4) and that Z is an F%™-Markov process, we also have

(ﬁs)se[h,t] H (Z&ﬂ's)se[o,h}a (48)
(Zs)sein,t)>(Th:Yn)

(ﬁ-s)se[h,t} H (Zsﬂrs)se[o,h}' (4'9)
(Zs)szty(ZS)se[h,t] (T, Y)

From the characterization of conditional independence in terms of conditional laws recalled
in Lemma A.2, properties (4.7), (4.8) and (4.9) together imply that:

(ﬁs)se[h,t} H (Zs)sZt (4’10)

(stﬂ's)se[(),h]7(Zs)s€[h,t] (T, Yn)

Using again the fact that Z is an F%™-Markov process, we also have

(Zs)s>t H (WS)se[O,h] (4.11)

(ZS)SE[O,t]
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Finally (4.10) and (4.11) imply

(ZS)SZt ((TrS)SE[O,h]? (ﬁ-s)se[h,t]) ) (4'12)
(Zs)selo,t]

from which we deduce (4.6) since (7)seo is a function of ((7s)sefo.n] (Ts)senyg). This
concludes the proof of (4.5).

In order to conclude the proof of (4.1), we now prove the reverse inequality.

Let (Z,7) be an admissible process and h > 0. We check easily that the conditional law of
(Zhts, Thes)s>0 given f}(lw’y) belongs almost surely to B(my, Yy,). It follows that

[ee] h 00
E[/ re”"u(my, Yy)dt] = E[/ re” " u(my, Yy)dt] + e_’"hE[E[/ re " u (T, Yh+t)dt|]~'}£”’y)]]
0 0 0

h
< E[/ Te_rtU(ﬂ't, th)dt] + e_ThE[V(ﬂh, Yh)]
0

The conclusion follows by taking the supremum over all admissible processes (Z, ).

The inequality (4.2) follows directly from (4.1). Precisely, given a process Z with initial law
p ® 6y, define m by m (k) := xi(k) = P[X; = k].EY’+] (optional projection). As explained
before, (Z, ) has a law in B(p,y) and (7, Y) is a diffusion process of semi-group Q.

We finally prove (4.3). If (Z,7) € B(p,y) is an optimal process (existence of a maximum
follows from Lemma 3.9), then using the same arguments as above, we have for all h > 0:

(3] h
Vip,y) = E[/ re”"u(my, Yy)dt] < E[/ re”"u(my, Yy)dt] + e E[V (m, Y,
0 0
and the conclusion follows from (4.1). O

4.2 Proof of Theorem 2.5.

Proof of theorem 2.5. The proof is divided in two parts showing respectively that the lower
semicontinuous envelope V, of V' is subsolution and that V' is supersolution of (2.4). Unique-
ness and continuity will follow from the comparison result (Theorem A.8) whose proof is
postponed to the appendix.

part 1: We prove that the lower semicontinuous envelope of V', denoted V, is a supersolution
of (2.4).

Let ¢ be any smooth test function such that ¢ < V, with equality in (p,y) € A(K) xR. As V,
is bounded, we may assume without loss of generality that ¢ is bounded. Consider a sequence
(PnsYn) — (p,y) such that V(pn, yn) = Vi(p,y). From (4.2), we deduce that

h
van,yn>——e—rhEpném{¢<wh>1—-Epnémijg re"u(i,)ds] > 0.

Letting n — oo, we obtain that (recall that 1 is a Feller process):

h
an—fm&dMWH—&dAv€“M%Mﬂza
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Applying It6’s formula, we have

h
Epulo(0)] = 60,9) + Byl | A@) 051
Dividing by h and letting then h — 0, it follows from usual arguments that

ro(p,y) — A(o)(p,y) — ru(p,y) > 0. (4.13)

Let us prove that Vj is concave with respect to p. Let y € R and p = Ap; + (1 — A\)py for
some p,p1,p2 € A(K) and X\ € [0,1]. Let (p™,y™) a sequence converging to (p,y) such that
V(p™,y") = Vi(p,y). Then, there exists p},p4 € A(K) such that p” = Ap} + (1 — \)p§ and
(pt,py) — (p1,p2) (it is for example a consequence of Lemma 8.2 in [23]). It follows that

V" y") = AV y") + (1= Vs, y").
By letting n — oo and using the definition of Vi, we deduce that

Vi,y) 2> AVi(p1,y) + (1 = A)Va(p2, ),

which proves that V; is concave. We deduce that Apmax(p, D?¢,(p,y)) < 0, and together with
(4.13) this concludes the proof of the supersolution property.

part 2: We prove that V is subsolution of (2.4).

Let ¢ be smooth test function such that ¢ > V with equality at Z = (p,y). We have to prove
that if Apax (P, Df)(;S(Z)) < 0, then rV(z) — A(¢)(z2) —ru(z) < 0.

Using Proposition 4.3, let (Z,7) € B(Z) be an optimal process, so that for all h > 0, we have
h
V(z) = E[/ re "u(my, Yy)ds + e "MV (1, Y] (4.14)
0

Since Amax (D, D2¢(2)) < 0 (see e.g. the proof of Theorem 3.3. in [5]), there exists § > 0 such
that for all z = (p,y) with p € A(K) such that p — p € Ta(k)(p), we have:

V(2) < V(2) + (Dpop(2),p — p) — 6lp — p|*.

As E[m] = p, the variable my belongs almost surely to the smallest face of A(K) containing
p so that mo — p € Ta(x)(P). On the other hand, Yy = § so that (4.14) with h = 0 implies

V(2) = E[V(r0,7)] < V(2) — 6E[|m0 — pl*).

We deduce that my = p almost surely.

Recall the definition of the process x as an optional projection:
Vk € K,Vs >0, xs(k) = P(X, = k|FX'T).
Lemma A.6 implies that (k) = P(X, = k|FS"""), and we deduce that Efm,|F "] =

Xs using the tower property of conditional expectations. Coming back to (4.14), Jensen’s
inequality implies:

h h
V(z) = E[/ re " u(ms, Yy )ds + eV (mh, Y] < E[/ re " u(ms, Ys)ds + eV (xn, Y2)).
0 0
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Since V' < ¢, we obtain

h
V(z) = ¢(z) <E[ /0 re (g, Y)ds + e M (xn, Yi)].

Dividing the above inequality by h, and letting h go to zero, it follows from the usual arguments
(using that ms — mp when s — 0, and Itd’s formula) that:

"V (3) — A(6)(3) — ru(z) < 0.

A Technical Proofs and auxiliary tools.

A.1 Proofs of Lemma 3.3

Let us now recall some properties of conditional independence. As we will manipulate condi-
tional laws, we introduce a specific notation in order to shorten statements and proofs.

Notation A.1. Let E be a Polish space and A be an E-valued random variable defined on
some probability space (Q, A,P).

e [A] denotes the law of A.

e Given a o-field F C A, [A| F] denotes a version of the conditional law of A given F,
hence an F-measurable random variable with values in A(E) (see e.g. [2] Proposition
7.26 for this last point).

Lemma A.2.

o Let A, B,C be three random wvariables (with values in some Polish space) defined on

the same probability space. A is independent of B conditionally on C' if and only if
[BIC] = [BIC, A].

o All, B if and only if there exists (on a possibly enlarged probability space) a random
variable & uniform on [0,1] independent of (A,C), and a measurable function f such

that B = f(C,¢).
Proof. See Proposition 5.6 and 5.13 in [22]. O

Proof of Lemma 3.3. The “if” part is obvious. Let us prove the “only if” part. For ¢ = 0, this
is just Lemma A.2. However, we need to be more precise on how to construct this variable.
We assume that there exists a family of independent variables ((p, ..., (;) uniformly distributed
on [0,1] and independent of (Ag, B, ..., An, By). Then, the variable &, given by Lemma A.2
can be constructed as a function of (Ag, By, (o) (see the proof of Proposition 5.13 in [22]). Let
us now proceed by induction and assume the above property is true for p < ¢ and that &, is
measurable with respect to (Ao, Bo, o, ..., Ap, Bp, (p). Since

(Ao, A1) [ (Bos i Ba),
(B07"'7Bq+1)

we have

[Bos s Bu|Bo, -y Byt1s Ao, ooy Agir] = [Bos -+ Bn| Bo, ..., Bysi].-

18



We deduce that
[[B07 () BTL|B07 () Bq+17 Aq—l—l]] = [[B()v ) Bn|B07 ) Bq+1]]'
Using now the induction hypothesis and independence, we also have

[[B07 ceey Bn’BO7 cey Bq-i-la 507 a3 gq]] = [[BO7 cey Bn‘BO7 ce Bq-i-l]]a
[[B07 ) Bn|B07 () Bq+17 507 ) gqv Aq—l—l]] = [[B07 ) Bn|B(]7 ) Bq+17 Aq—l—l]]-

Finally, we deduce that A, H(éo,...,ﬁq,Bo,...,BqH)(B()’ ..., Bp) and the result follows then by
applying Lemma A.2. O

A.2 Auxiliary Tools

The following lemma is classical.

Lemma A.3. Let E,E’ be two separable metric spaces and A,A" two tight (resp. closed,
convez) subsets of A(E) and A(E"). Then the set P(A, A’) of probabilities on E x E’ having
marginals in the sets A and A’ is itself tight (resp. closed, convex).

Proof. Let us prove the tightness property. Let up € A, v € A" and 7 € P(u,v). By as-
sumption, for any € > 0 there is a compact K. of E, independent of the choice of y in A,
such that u(FE/K.) < e, and a compact K/, independent of the choice of v in A" such that
v(E'/K!) < e. Then for any pair of random variables (U, V') of law 7:

P(U,V) ¢ K. x L.] <P[U ¢ K.]+ P[V ¢ L.] < 2

The closed and convex properties follow directly from the continuity and linearity of the
application mapping 7 to its marginals. ]

The following theorem is well-known and allows to construct variables with prescribed
conditional laws.

Theorem A.4. (Blackwell-Dubins [3])
Let E be a polish space with A(E) the set of Borel probabilities on E,and ([0, 1], B([0,1]), A)
the unit interval equipped with Lebesgue’s measure. There exists a measurable mapping

®:A(F)x[0,1] — FE
such that for all p € A(FE), the law of ®(u,U) is p where U is the canonical element in [0, 1].

In the proof of Proposition 4.3, we use indirectly this result together with a disintegration
theorem. Precisely:

Lemma A.5. Let E, F be Polish spaces, (2, A,P) be some probability space, Y be an E-valued
random variable defined on Q, and F o sub-o-field of A. Assume that f is an F-measurable
map from Q to A(E x F) such that the marginal f1(w) € A(FE) of f(w) on the first coordinate
is a version of the conditional law of Y given F. Then, (up to enlarging the probability space,
there exists a random variable Z such that f(w) is a version of the conditional law of (Y, Z)
given F.
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Proof. Up to enlarging the probability space, we may assume that there exists some random
variable U uniformly distributed on [0, 1] and independent of (Y,F). One can define using
Theorem A.4 a variable (Y, Z) = ®(f(w),U) having the property that fi(w) is a version of
the conditional law of Y given F. Let g(w, }7) be a version of the conditional law of Z given
(F,Y), it follows easily that Z = ®(g(w,Y),U) fulfills the required properties. O

The next Lemma is a generalized martingale backward convergence theorem directly
adapted from the corresponding result for classical forward martingales that can be found
in chapter III of [25].

Lemma A.6. Let (X,)n,>0 be an uniformly bounded sequence of real-valued random vari-
ables defined on some probability space (2, A,P). Let (Fy)n>0 be a decreasing sequence of
sub o-fields of A. Assume that (X,)n>0 converges almost surely to some variable X, then
(E[Xn|Fn])n>0 converges almost surely to E[X|(,~q Fnl-

Proof. Define X,;f = sup,,>,, Xm and Y5 = E[X,}'|F,]. The sequence X! is non-increasing
with limit X and we have

Yn—il = E[X:+1|]:n+1] < E[X;|]:n+1] = E[Yn+|fn+1]-
Y, is therefore a backward sub-martingale and converges almost surely to some variable Y
(see e.g. Theorem 30 p.24 in [13]) which is (0,5, Fp-measurable. Similarly, define X7 =
inf,,~, X, and Y,;” = E[X"|F,]. Then Y,  is a backward supermartingale which converges
almost surely to Y ~. To conclude, note that

Yn_ S E[X|]:n] S Yn+7

and that E[Y,F — Y, ] = E[X;,] — X,;] — 0 by bounded convergence. Since E[X|F,] con-

n

verges almost surely to E[X|("),,~qFn], we deduce that E[X,|F,] converges almost surely to

E[X| N0 Fnl as Y, <E[X,[F,] < Y,b. O

A.3 comparison

In this section we adapt the comparison principle given in [9] for super solutions and sub
solutions of (2.4).

Remark A.7. Note that the process x takes values in A(K), and that our assumptions on b
and o imply that the functions ¢ and k are Lipschitz continuous and bounded on A(K)xR. In
the following, we will assume without loss of generality that the functions ¢ and k are bounded
and Lipschitz on the whole space R¥+1 (the explicit formula cannot be used directly since the
resulting functions would be unbounded and only locally Lipschitz). Similarly, we assume that
the function u is bounded and Lipschitz on the whole space RE+1,

With our assumptions on ¢ and &, it is well known (see e.g. [11], p.19) that there exists
a constant C' (depending on the Lipschitz constants of ¢, k,u) such that for any n > 0,
2,2 € A(K) x R, € € REF! and symmetric matrices S, 5 € S5+ with

S 0 I -1
(@ #)=0(5 7))

u(z) — u(Z)| < Clz — 2]

we have

20



O < Clellz — 2,

~—

[(b(2),€) — (b(2'
(R (2), ~S'R(2)) < -
Let us state the comparison principle.

(k(2), Sk(2)) + Cn|z — 2|2

| =

Theorem A.8. Let wy be a subsolution and ws be a supersolution of (2.4), then wy < ws.

The rest of this subsection is devoted to the proof of this result. Let w; be a subsolution
and wy be a supersolution of (2.4) (recall that w;,ws are bounded functions). Our aim is to
show that wi; < we. We argue by contradiction, and assume that

M:= sup A{wi(z) —wa(z)} > 0. (A1)
zeA(K)xR

Because of the lack of compactness, let 3 > 0 and ¢(y) := /(1 4 y?). Define

M= sup {wi(z) —wa(z) —269(y)} -
zeA(K)XR
We choose § sufficiently small so that M’ > @ > 0 with C1 = [|s[|% + [|b]|co-

We first regularize the maps w; and ws by quadratic sup and inf-convolution respectively.
This technique is classical (see [11] for details), for § > 0 and z € RE*! we define:

1
wl(z) = max {wl(z') - —|z— z'|2}
ZE€A(K)xR 20
and .
wo5(2) ==  min {wg(z/) + —|z — z'[z} .
ZEA(K)XR 20

Note that w{ and ws s are defined on the whole space R+1 and that w{ is semiconvex while
wy 5 is semiconcave. Moreover, we have the following growth property (uniformly in y)

lim |p|~'wi(p,y) = —oc0, lim |p| twas(p,y) = +o0.

|p|—+o0 |p|—+o0

Define (with 2* = (p?,y")):

Myi—  sup {@@U—wwa%—5@@w+mf»—3+f—£ﬁ}. (A.2)

21 22eRE+1 20
The following result is classical.

Lemma A.9. For any § > 0, the problem (A.2) has at least one mazimum point. If (2}, 23)
is such a mazimum point and if (') € A(K) x R and (2?)] € A(K) x R are such that

1 1
)= gglas — P and was(ef) = wal(2)5) + o512 — (P51 (A3)

then, as 6 — 0, Ms — M’ while

wi(25) = wi((21);

T N el 0 1 P el

20 20 20

— 0.
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We first prove that the regularized sub/supersolutions are sub/supersolutions of sligthly
modified equations.

Lemma A.10. Assume that w‘f has a second order Taylor expansion at a point z. Then
min{rw; (z) + H(z', Dwi(z), D*w}(2)) ; —Amax(®, Df,w‘ls(z))} <0, (A4)

where 2’ € A(K) x R is such that wi(z) = w1 (') — 5|z — 2'|°.
Similarly, if we s has a second order Taylor expansion at a point z, then

rwa(2) + H(2", Dus(2), Dun(2)) 2 0, (4.5)
where 2" € A(K) x R is such that wo5(z) = wa(2") + 55|z — 2|2

Proof. We do the proof for w{, the second part being similar. Assume that w? has a second
order Taylor expansion at a point z and set, for v > 0 small,

6x(2) = (Duf(2), 2 = 2) + 3z — 7, D*0d(2)(z — D) + 2]z — 3%

Let 2’ denote a point in A(K) x R such that wi(2) = wy (') — 5]z — Z/|*.
Then w‘f — ¢ has a maximum at Zz, which implies, by definition of w‘ls, that

1
wi(2') — %|Z, — 2% < ¢,(2) — 4 (2) + Wi (2) Vz e RETLY 2/ ¢ A(K) xR,

with an equality for (z,2") = (z,Z'). If we choose z = 2/ — Z' 4+ Z in the above formula, we
obtain:

w1 (2) < gy =2 +2) + 2—16]2' — 2% — 6, (2) + wi(2) VZ' e A(K) x R,

with an equality at 2/ = z’. As w; is a subsolution, we obtain therefore, using the right-hand
side of the above inequality as a test function,

min {rwy (') + H(z', Dé(2), D*¢(2)) ; —Amax(Z, D3¢4(2))} < 0. (A.6)

By construction, we have D¢, (z) = Dwi(2), D?¢~(Z) = D*wi(2) + vI and w1 (Z') > wi(z).
The conclusion follows therefore by letting v — 0. O

In order to use inequality (A.4), we have to produce points at which w‘f is strictly con-
cave with respect to the first variable. For this reason, as in [9], we introduce a additional
penalization. For ¢ > 0 and 2 = (p’,y’) € RE*! we consider

1
Msq:=  sup {w‘f(zl) —w2,(=%) = Bla(y") + 9(u*) + og(Ip']) — 512! —22!2}-
(21,22)€(RE+1)2

One easily checks that there exists a maximizer (2!, 22) to the above problem. In order to use
Jensen’s Lemma (Lemma A.3 in [11]), we also need this maximum to be strict. For this we
modify the penalization: we set for i = 1,2:

&) =g(p') —og(lp' =5, Gy") = —Baly') —og(y’ — 7).
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We choose ¢ > 0 sufficiently small so that & has a positive second order derivative. By
definition,

1
Mo = s ol —uas() + G0N + @) + ol - 5ol - 2R
(zl’ZQ)G(RK+1)2

and the above problem has a strict maximum at (2!,2%). As the map (z',2%) — w(z!) —
wo5(2%) + G (YY) + G(y?) + o&i(ph) — 5|2t — 22| is semiconcave, Jensen’s Lemma (together
with Alexandrov theorem) states that, for any ¢ > 0, there is vector a. € (RET1? with
la:| < e, such that the problem

Migei= | sup {ulleh) = wasle?) + G0+ Gl7) + o6l = g5l = 2P + e (1)

21 22 (RE+1)2

has a maximum point (2} _,z2__) € (RE*1)2 at which the maps w{ and ws 5 have a second
order Taylor expansion. From Lemma A.10, we have

min{rwl(zg’o,s)—l—H((z )505’le(z5cre) D2’LU1(Z§U€)) ) _)‘max((zl)écrf;‘?D2w1(zc%o€))} < 07

and
ng(z(?U e) + H((Z2)g0 I3 Dw, 5(2(?,0,5)7 D2w275(zg,o,€)) >0, (A8)

where (zl)gﬁ6 and (z )506 are points in A(K) x R at which one has

1 1
§
wl(zt%,a,a) = wl((zl)g,a,a)_%|z§7075_(zl)g,a,a|2 and w?ﬁ(zg,a,a) = w2((22)g,a,a)+%|z§7075_(z )6JE|2

Using the properties of inf and sup-convolutions, we have:
1 1
Dw(ls(zc%,o,s) - _5 (2(%70'76 - (Zl)g,cr,e) and Dw275(2§,0,5) - g (2505 - (22)25/,0,5) : (Ag)
By definition of Ms,, . we have for all (2!, 2%) € (RE+1)2:

w(2') —wa5(2) + YY) + GL@?) + obi(p) < Ms e + =28 — 222 — (ae, (21, 2%)),

25‘

with an equality at (zém o zg’o’a). Hence

D& (ps,.) 1
Dw!(z} + < 7 8,0, . = (2} _—22 —a} A.10
1( é,cr,e) —59/(1/§,a,a) . Ug,(yg,a,a o yl) 5( 4,0,6 é,cr,e) e ( )
0 1
— Duwd (22 +< A>:_2_1 —a? A1l
w2(25,cr,e) _ﬁg,(yg,g,g) . O-g,(yg,a,a . yl) 6(25,0,5 25,0,5) Qg ( )
while
S 0 1/1 -1
< Z
<0 s’) =5 <—I 1> (A-12)
with ) ( . )
D& (p 0
S = D2’ (5} _|_<‘7 5,0, R >
wq (26,0,6) 0 _ﬁg//(yéme) o 0'9”(%7075 _ yl)
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0 0
S/ = —D2U) Z2 + < J >
2850 T\ 0 g 2,.) - 00" (2. — 5

This implies that S < —5’ (see [11] p.19) and therefore
D2w1 (zéaa) < D pW2 5(z605) 0D2£1(p§7075). (A'13)

We now check that Apax(((p! )5.0.6)s Dzwl(z(gaa)) < 0. Using the definition of wy s, for all
p € RE and p” € A(K),

1
w2,5(P, Vs e) < w2 (1)) + 55 (I = P + W3 oe = W) )

with an equality at (p,p”) = ( ,(pz)g”). If m € Tak)((p?)§ ) with |m| small enough,
taking p —péga—l—man )505+mgives

2+ 193 e — )5 0el?) s

(A.14)
with equality for m = 0. As wy is concave with respect to the first variable (see e.g. Lemma
3.2 in [5]), the above inequality implies that Amax((p2)50€,D2w2 5(2505)) < 0. In view of
(A.13) we get therefore

)\max((p )50’6’D2w1 (Zc%os)) < _O-)‘min((pl)g,cr,f;‘? D2£1(p(15,cr,e)) < 07

1
w2y5(p(25,cr,€+m’ y(?,o’,e) < w2((p2)g,cr,e+m7 (yz)g,cr,e)_‘_% (|p(25,cr,€ - (p )506

because D2¢; > 0 by construction. So (A.7) becomes
rwl(z(%,a,a) + H((Z )605) le (zéaa) D2w1(z(5 Ua)) <0 (A15)

We compute the difference of the two inequalities (A.15) and (A.8) above:

T(w(ls(zc%,cr,e) - w2,5(2§cre)) +H(( )écreval( ) D2w1(250€))
_H((z )605’Dw25(z605) D? w25(zéaa)) <0,

where, in view of (A.9) and the definitions of S, S’ (and using that ¢’,¢” and |D&;|, |D2&|
are bounded by 1)

H((zl) le(’z&os) Dzwl(zc%os)) > H(( )5057 %(z(%,cr,e - Zg,o,s)vs) - Cl(ﬁ +e+ 0-)7

0,0,

1
H((z2)g,cr,€’ Dw2,5(z§,cr,e)7 D2w275(’2§,0,5)) < H(( )50’6’ S(z(%,cr,e - z(?,cr,e)v _S/) + Cl (B +e+ 0-)7

Next, we have:

[u((21)5,0,6) = u((2))50.0)] < Cl(2N5 0 = (2250l
|(Z1)£5,a,a - (Z )605” Z5oe T Zg,a,a ’

|(z1)50e = ()50l



We deduce that:

1 2
r('w(l;(pésﬁﬁ) - w275(p5,0,€)) < C <5 ‘(Zl)g,a,e - (22)3/70'76‘ + |(21)3,0,5 - (22)3/70'76‘)
C
+ g’(zl)g,a,e - (22)3,,0,5”2%,0,5 - Zg,o,s‘ + 201 (5 +ée+ U)‘

As o and € tend to 0, the z§707€, z(?’me, (zl)g’o’€ and (22)25”0’€ converges (up to a subsequence)

to 2}, 22, (z1)} and (2?)], where (2}, 2?) is a maximum in (A.2) and where (z1)} and (2?)}
satisfy (A.3). The above inequality together with the definition of My implies:
1 2
My < rlud(ed) — was() <C (G165 - GBI + 1% - %))
Coiv a1 2 e
+ 5\(2 )5 — (2%)sllz5 — 25|+ 2C1 8.

We finally let § — 0: in view of Lemma A.9 the above inequality yields to r M’ = limg_,g rMs <
2C1 8, which contradicts our initial assumption. Therefore wq < wo and the proof is complete.
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