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Abstract

This paper extends the link between stochastic approximation (SA) theory and randomized
urn models developed in [31], and their applications to clinical trials introduced in [2, 3, 4]. We
no longer assume that the drawing rule is uniform among the balls of the urn (which contains d
colors), but can be reinforced by a function f. This is a way to model risk aversion. Firstly, by
considering that f is concave or convex and by reformulating the dynamics of the urn composition
as an SA algorithm with remainder, we derive the a.s. convergence and the asymptotic normality
(Central Limit Theorem, CLT') of the normalized procedure by calling upon the so-called ODE
and SDE methods. An in-depth analysis of the case d = 2 exhibits two different behaviors: A
single equilibrium point when f is concave, and when f is convex, a transition phase from a single
attracting equilibrium to a system with two attracting and one repulsive equilibrium points. The
last setting is solved using results on non-convergence toward noisy and noiseless “traps” in order
to deduce the a.s. convergence toward one of the attracting points. Secondly, the special case of a
Pélya urn (when the addition rule is the I; matrix) is analyzed, still using result from SA theory
about “traps”. Finally, these results are applied to a function with regular variation and to an
optimal asset allocation in Finance.

Keywords Stochastic approrimation, extended Pdlya urn models, reinforcement, non-homogeneous
generating matriz, strong consistency, asymptotic normality, bandit algorithms.

2010 AMS classification: 62L20, 62E20, 62L05 secondary: 62F12, 62P10.

1 Introduction

In this paper, we introduce and study in-depth a class of generalized Pélya urns (with d colors)
characterized by their nonlinear drawing rules. These models appear as a generalization of randomized
urn models originally devised for clinical trials which takes into account the risk aversion attitude of
the agent. Randomized urn models have been extensively investigated by various authors (see [2, 3, 4])
during the last twenty years based on ad hoc martingale arguments to solve a.s. convergence as well as
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its rate of convergence. In a recent paper [31] (see also [32, 37]), we revisited, unified and often extended
these results by showing that they can be established by relying on the main results of Stochastic
Approximation (SA) theory, especially a.s. convergence and weak convergence rate (Central Limit
Theorem (CLT)). Although this analysis is more demanding than for urn models with linear drawing
rules, this SA “toolbox” turns out to be very efficient (see also [5] and the references therein). SA deals
with the asymptotic behavior of zero search stochastic recursive procedures and goes back to the seminal
paper by Robbins & Monro in the 1950’s. Since then, this theory has been developed extensively by
many authors (see [26, 27, 9, 17, 18] and the references therein for an overview and historical notes)
and has been applied in various directions (Automatic Control, Mathematical Psychology, Artificial
Neural Networks, Statistics, Stochastic Control, Numerical Probability, etc.).

Considering nonlinear drawing rules leads, once written as a recursive stochastic algorithm, to
dynamics for the (normalized) urn composition having several equilibrium points. By equilibrium
point, which belongs to the SA terminology adopted in the sequel, we mean a zero of the mean field
of the stochastic algorithm which in practice corresponds to a potential asymptotic composition of the
urn. These equilibrium points include not only local attractors, but also “parasitic” ones (repeller,
saddle points, etc). This is a major difference with the linear case investigated in [31] since, this
time, we will need to call upon the whole machinery of SA, in particular “second order” results about
these parasitic noisy and noiseless equilibrium points, sometimes called “traps” in the SA literature
(see [12, 17, 30], see also [34, 35, 6]). Taking advantage of these results, we will establish the a.s.
convergence, or strong consistency, of the (normalized) urn composition even in presence of multiple
attractors. Then, we will analyze its weak convergence rate.

Let us be more precise on the urn model under consideration in this paper. We consider an urn
containing balls of (at most) d different types (or colors). All random variables involved in the model are
supposed to be defined on the same probability space (2,4, P). Denote by Yo = (Y)i=1,..d € le_ \ {0}
the initial composition of the urn, where Y{ is the number of balls of type i € {1,...,d} (of course
a more natural, though not mandatory, assumption would be Yy € N¢\ {0}). The urn composition
at draw n is denoted by Y,, = (Y,f)izl,...7d. At the nt" stage, one draws randomly (according to a law
defined further on) a ball from the urn with instant replacement. If the drawn ball is of type j, then
the urn composition is updated by adding D;{ balls of type 4, for every i € {1,...,d}. The procedure
is then iterated. The urn composition at stage n, modeled by an R%valued vector Y,,, satisfies the
following recursive updating rule between times n and n + 1:

Y1 =Yy + Dpp1Xnt1, n20, Yo€ Rflf- \ {0}7 (11)

where D,, = (D:Lj)lgi,jgd is the addition rule matriz and X, : (Q, A,P) — {e',---,e?} models the
type of the drawn ball at time n ({e!,--- ,e?} denotes the canonical basis of R? with e/ standing for
type j). We assume that there is no extinction i.e. Y, € le_ \ {0} a.s. for every n > 1: This is always
the case if all the entries DY are a.s. non-negative (see [31]). The filtration of the model is defined by
]:n = U(YE),Xk,Dk,l < k < ’I’L), n > 0.
The generating matrices are defined as the F,-compensator of the additions rule sequence i.e.
Hy, = [E (D] | Foi)]

rcijeqr M2 L (1.2)

We will also assume that the sequence of generating matrices a.s. converges toward a limiting generating
matrix denoted by H.



We will mostly investigate the asymptotic behavior of skewed drawing rules of the form

f(Yi/ (0 + w(¥0)))
o1 f(/ (n + w(Y0))

Vie{l,...,d}, P(Xpp1=¢€|F) = n >0, (1.3)

9

where w(y) = y! + - + y¢ denotes the weight of a vector y = (y!,...,y%) € R and the function
f Ry — Ry is non-decreasing with f(0) =0, f(1) = 1. (1.4)

The function f usually satisfies an additional convexity or concavity property. Such a rule will be called
normalized f-skewed empirical frequency based drawing rule, f being the skewing function, non-trivial
when f # Idg,. When f = Idg,, we retrieve a more standard drawing rule based on the regular
empirical frequency of the types in the urn (see [2, 31] among others).

In fact, we will see that the result obtained for this family of frequency-based drawing rules allows
us to elucidate a second way to skew the drawing, called normalized f-skewed distribution, based this
time on the number of balls of each type in the urn, namely

F(V)

Vze{l,,d}, P(Xn+1:€i‘fn):W, le
j=1 ] n

0, (1.5)

where the function
f: R4 — R, is non-decreasing, with f(0) = 0 and is regularly varying with index a > 0 (1.6)

; f(tz) a
(i.e. for every t > 0, o ).

Moreover, we will make the assumption that D,, and X,, are conditionally independent given F,,_1
(see (A2) further on). Such a drawing procedure can be performed by using an exogenous i.i.d.
sequence (U,,),>1 of random variables with uniform distribution on the unit interval, independent of
the sequence (D,,),>1, to simulate the above conditional probabilities.

Let us remark that, when f = Idg,, both updating rules (1.3) and (1.5) coincide. In fact, the
normalized f-skewed distribution drawing rule will appear as a by-product of the first one (see Sec-
tion 6.1) by noting that, if f is bounded on every interval (0, M] and regularly varying with index

a > 0, then ]}((t;)) — t® uniformly in ¢ on every interval (0,7], 0 < T < +o0 (see Theorem 1.5.2 p.22
Tr—00

in [10]). Thus, if —2—
n+

n
d i
i=1 YO

lies in a compact set, then

max
1<i<d

—
n—-+00

. (0%
f(Y) N Yo
fn+ 30, Y5) n+ Y, Yy
Then, we will conclude by applying the result related to the f-skewed empirical frequency based
drawing rule to the functions z — %, a > 0.

In this paper we both randomize a single urn in the sense that the addition rule matrix (defined
by (1.2)) itself can be random (as introduced in [24, 3, 4] and studied with SA theory in [31]) and
investigate wide non-parametric classes of convex and concave drawing rules (see (1.3) and (1.5)). A.s.
convergence of the urn composition and that of the drawing rule is proved as well as their convergence
rate, either in a weak or strong sense, depending on the structure of the updating rules. In the particular



case of Pdélya’s urns (i.e. when the addition rule matrix D,, is equal to identity), but implemented
here with a convex skewed drawing rule (for generalized Pdlya urn, see for example [23, 38, 16]),
“noiseless traps” may appear (i.e. unstable equilibria, noiseless since they lie at the boundary of the
state space). To determine whether they are parasitic, we develop a dedicated approach, close in
spirit to that introduced in [30] and [28] the analysis of adaptive bandit algorithms where the authors
establish a kind of “oracle” inequality relying on a specified martingale (see Lemma 5.1 further on).
These results highlight the efficiency of SA theory, even in presence of noiseless repulsive equilibrium
points.

Recently, a system of Pdlya’s urns with graph based interactions and a “power drawing” rule has
also been investigated using SA techniques in [7, 15] and the a.s. convergence of the normalized urn
composition is established.

Generalized Pdlya Urn models (GPU) have been widely studied in the literature with different
points of view: Martingale method (see e.g. [21]), algebraic approach (see e.g. [36]), reinforcement
process (see e.g. [36]), branching process (see e.g. [24]), stochastic approximation (see for example [5,
33]), contraction method (see [25]). These models also have applications to many areas: Biology,
random walks and clinical trials, statistics and learning, computer science, psychology, economics or
finance for instance (see [38]).

In these adaptive models, the key point is the updating rules of the urn composition after each
drawing given here by (1.3) and (1.5). Basically, we will show that (a normalized version of) this urn
composition can be formulated as a classical recursive stochastic algorithm with step v, = m
where w(Y)) denotes the number of balls in the urn at time 0. Doing so, we will be in position to
first establish the a.s. convergence of the procedure by calling upon the so-called Ordinary Differential
Equation method (ODE method) toward a finite set of equilibrium points (but usually not reduced to
a single point). As a second step, we will rely on a.s. non-convergence results toward traps (see [12, 17])
and on a.s. convergence in presence of multiple targets (see [8, 17, 19]). As a third step, we entirely
elucidate the rate of convergence (namely a weak rate through a CLT or an a.s. rate) by using the
Stochastic Differential Equation method (SDE method, see e.g. [18, 9]). The three main theoretical
results from SA are recalled in a self-contained form in the Appendix. Proofs of such results can be
found in classical textbooks on SA ([9, 17, 18, 27]). As for the CLT, they go back to [26] and [11],
see also [37] more recent results. We will verify once again how powerful these general theorems are
to solve such questions, sparing tedious computations and repetitive proofs.

Among many fields of application, we present in Section 6 an adaptive asset allocation procedure
based on a reinforcement principle relying on non-linear randomized urns, illustrated by a first nu-
merical test. One may also consider a similar procedure as a strategy to update the composition of a
portfolio or even a whole fund, based on the (recent) past performances of the assets.

The paper is organized as follows. Section 2 presents the framework of skewed randomized urn
models with the required assumptions on both the addition rule matrices and the generating matrices.
After rewriting the dynamics of the urn composition as an SA procedure in Section 2.2, we analyze
in Section 2.4 the equilibrium points and their stability for the associated ODFE when the f-skewed
drawing rule is convex/concave. An in-depth analysis of the 2-color urn is carried out in Section 3.
We exhibit several kinds of behaviors: When f is concave, there is always a unique stable equilibrium
point and when f is convex three generic situations may occur with one, tow or three equilibrium
points (one being parasitic in the last two settings). By calling upon SA result on traps, we prove
the a.s. convergence towards one of the attracting equilibrium points; then we derive from the SDE
method all the possible rates of convergence. In Section 5, we study the case of Pdlya urns — urn



dynamics whose addition rule matrix equals to identity — updated by a skewed drawing rule. We
rely on methods borrowed from the analysis of adaptive bandit algorithms to prove the convergence
towards the “targeted urn composition” and the non-convergence towards traps. Finally, in Section 6,
we first transfer our results to the second type of drawing rule and we conclude by an application to
portfolio allocation.

NOTATIONS. For u = (u');=1,_4 € RY, (-] -) denote the Euclidean inner product and ||u| its related
norm of the column vector u € R%, w(u) = ZZZI u® denotes its “weight”, u’ denotes its transpose,
u®v = [uv?]; ;=1 a; ||A|l denotes the operator norm of the matrix A € My,(R) with d rows and
q columns with respect to the two canonical Euclidean norms. When d=g¢q, Sp(A) denotes the set of
eigenvalues of A. 1=(1---1)! denotes the unit column vector in R?, I; denotes the d x d identity matrix,
diag(u) = [0;jui]1<i j<d, Where 0;; stands for the Kronecker symbol and Sq = {u eR%: Zle ul = 1}

denotes the canonical simplex. £&; = {y € Sz : h(y) = 0} denotes the set of zeros of h called equilibrium
points in reference to the ODE § = —h(y).

2 Skewed randomized urn models

2.1 Main assumptions and definitions

With the notations and definitions described in the introduction, we are in position to formulate the
main assumptions needed to establish the a.s. convergence of the urn composition.

(1) Addition rule matriz: For every n > 1, the matrix D,, a.s. has non-negative entries.
(i) Generating matriz: For every n > 1, the generating matrix H, = (Hy/)1<i j<d
d
a.s. satisfies: Vjed{l,...,d}, ZHQ =c>0.
i=1
(7i1) Starting value: The starting urn composition vector Yy € le_ \ {0}.

(A1) =

The constant ¢ is known as the balance of the urn. In fact, we may assume without loss of generality,
up to a renormalization of Y;,, that ¢ = 1. As a matter of fact, we set for every n > 0, Y, = % and
ZA)nH = % where (Y,,, X,,, D,,) satisfies (1.1), then the couple (?n,Xn,lA)n)nzl, still satisfies the
dynamics (1.1), namely

~

Y1 = }/}n + ﬁn+1Xn+1, n >0, }/}()E le_ \ {0},

whereas H,, = E[D,|F,_1] satisfies now (A1)-(iii) with ¢ = 1 i.e. H, is co-stochastic (in the sense
that its transpose is a stochastic matrix). Assumptions (A1)-(i)&(éi¢) combined with the drawing
rule (1.1) ensure that Y;, € RZ \ {0}, for every n > 0.

From now on, throughout the paper, we will consider this normalized balanced version, still denoted
by Y,, and D,, for convenience.

(z) The addition rule D,, and the drawing procedure X,, are conditionally independent
given F,,_1.

(A2) =< (i) wie{l,...d), supnzlE[HD;Z

2
|]:n—1:| < 400 a.s.
—Vije{l,....d, supnzlm[(piz)ﬂfn_l] <400 as.

where D;{ = (Dflj)i:l,“,A (column vector).



(A3) There exists an irreducible d x d matrix H (with non-negative entries) such that

H, > H and Z|||Hn—H|||2<+oo a.s. (2.7)

S
n——+o0o
n>1
H is called the limiting generating matriz.

The central object of interest of this paper will be the (quasi-)normalized composition of the urn

at time n defined by
~ Y,

Y, = n—I—T(Yo) (2.8)

(where the weight function is defined in the introduction). The reason for introducing such a renor-
malization factor is that, as established further on in the next subsection,

Vn >0, E[w(Y,)]=n+w().

Then, one may guess that }N/'n is close to the simplex Sy = {ue ]Ri : Z?Zl ul = 1} and will possibly

asymptotically lie in it. Even note that when the matrices D,, are themselves co-stochastic, Y, is
Sg-valued. Therefore, this is a natural deterministic way to normalize the urn composition vector.

Definition 2.1 (Skewing functions and skewed drawing rules). (a) A function f: Ry — Ry satisfying
f mon-decreasing, convex or concave, f(0) =0 and f(1) =1 and {f > 0} = (0, +00) (2.9)

1s called a skewing function.

(b) Assuming (A1)-(i) & (iii), the f-skewed drawing rule (X,,),>1 induced by a skewing function f is
defined by N

£
325 FO)
where Yy, is defined by (2.8), and (Y, Xn, Dn)n>1 satisfies (1.1).

Vie{l,...,d}, P(Xp1=¢€|F,) = n>0 (2.10)

p— I

Of course, such a drawing rule is really skewed only if f # Idg,. Note that this definition is
consistent under (A1)-(i) & (iii) since Y, € R% \ {0}, for every n > 0 so that Y, € R% \ {0}.

We will extensively use that a skewing function f always satisfies that the function £ € Ry — %

is monotonic (non-decreasing if f is convex, non-increasing if f is concave) and strictly monotonic if
the concavity /convexity of f is itself strict.

2.2 Representation as a stochastic algorithm

The starting point, like in [31], is to reformulate the dynamics (1.1)-(1.3) as a recursive stochastic
algorithm in order to take advantage of classical results from SA Theory to elucidate the asymptotic
properties (a.s. convergence) of both the urn composition Y,, and the ball drawing rule X,,. To do so,
we start from (1.1) with Y€ R4 \ {0}. For every n > 0, we note that

Yn+1 =Y, + Dn+1Xn+1 =Y, +E [Dn-l-an—i-l ’Jrn] + AMn-i-lv (2’11)



where
AMn+1 = Dn+an+1 —E [Dn—i-an-i-l ‘fn] (212)

is an Fj,-local martingale increment (integrability follows from (A2)-(ii)). By the definition (1.2) of
the generating matrix H,,, we have, owing to the conditional independence assumption (A2)-(i),

d d

E[Dpi1Xni1 | Ful = D E[Dppalix,.cep | Fal € =Y E[Duy1 | Fa] P (Xng1 = € | Fo) €
i=1 i=1
d i ol
) f(Yy)
AL . T G

where, for every y = (y,...,y%) e RL \ {0},

Ay = (F) 1 eg € REN{O} (2.13)

is a column vector, so that

_ IR ICONEN
Yn—l—l - Yn + Hn+1 W(f(?n)) + Mn+1- (214)
Yy,

Now we can derive a stochastic approximation for the normalized urn composition Y, = _
n+ w(Yp)

n > 0. First, we have, for every n > 0,

Yn—i—l - Yn 1 f(?n) Yn A]\4714-1
n+1+w(Yy) n+w(Yp) iy w(Yy) \ w(f(Ys)) ~n+w(Yp) iy w(Yo)'
N (2.15)
Consequently, the sequence (Y},)n>0, satisfies the canonical recursive stochastic approximation proce-
dure starting from Y € R4\ {0},

e s 1 f(i;n) v 1
Yyr1=Y,+—-—- | Hypy1———=——-Y, | + ———AM,, 2.16
+1 n+1—|—w(Yg)< Hw(f(Yn)) > P +1 (2.16)
or, equivalently, B N N
Yit1 = Yo = Y1 h(Yn) + o1 (AMpi1 + 7n11) (2.17)
where the mean field h : R\ {0} — R? of the procedure is defined by
~ (Y, ~ i
h(y) :=E Yn—HM Yo=1y :y—H&, (2.18)
w(f(Yn w(f(y))
Y 1= m is its step parameter and
— F(Y) : .
Tpt1 = (Hpy1 — H)——==— is an F,-adapted remainder term. (2.19)
w(f(Yn))



2.3 Boundedness of the normalized urn composition

Our first task is to establish the a.s. boundedness of the sequence (17”)”20. By summing up the
components of Y,, in (2.14), we obtain

W(Hni—lf(f/n)) 4
w(f(Yn))

Using that the transpose of the generating matrix H, i1 is a stochastic matrix by (A1)-(ii) (with
¢ =1), we obtain

W(Yn+1) = W(Yn) + W(AMn+1).

d d d d
W(Hn1f(V) =Y (Hat1 (Y, Z Z JArYh =Y <Z H;al) F) = w(f(Ya)).
i=1 i=1 j=1 j=1 \i=1
Consequently, for every n > 0,
W(Yn—l—l) = W(Yn) +1+ W(AMn—l—l)' (2'20)

Let No = 0 and N, := > ;_; Xk, n > 1, denote the number of times each type of ball was drawn
between draws 1 and n. For every n > 0,

F(Yy,
Nn-‘rl = Nn+Xn+1 :Nn+L+AMn+17
W)
where AMpi1 = Xp —E[Xpi1 | Fo]l = Xpp1 — ——=—
w(f(¥n))

N,
is an F,,-martingale increment. Thus, N,, := — satisfies, still for every n > 0,
n
- - 1 (< F(y, 1~
Npi1 =N, — N, — / (~ 2) + AM, .
T\ (i)

Proposition 2.1. Let (Y,,)n>0 be the urn composition sequence defined by (1.1)-(1.3).
(a) Under the assumptions (A1) and (A2),

W(Yn) a.s,

— 1.
n+ w(Yy) n—+oo

(b) If the addition rule matrices D,, themselves are co-stochastic, then w(Y,) = n + w(Yy), and the

sequence (?n)nzo lives in the simplex Sy.
Proof. (a) We derive from the identity
d .
Dp1Xnp1 = ZDﬁﬂ-l]l{XnH:ej}’ n >0,
j=1
that

d
. 2
2 .
1D X I = 3 [ D[ Loy
Jj=1



Hence, owing to (A2)-(ii),
d
E [|’Dn+1Xn+1”2 ‘]:n} = ZE [“Dg""lH2 ’fn] P (Xn—i‘l = ’}—n)
j=1

2
< sup sup E [HD’fHH ].7:”] < 400 a.s.
n>01<j<d

Consequently sup,,>; E {HAMnHH2 |]:n} < 400 a.s. and thanks to the strong law of large numbers

M, __, ( q.s. Finally, it follows

for conditionally L?-bounded local martingale increments, we have "
n—-—+0oo

from (2.20) that

n+w(y) n+w(Yy) notoo
(b) In this case w(M,) = 0, consequently for every n > 0, w(¥,) = 1. O

2.4 Existence of equilibrium points

As written in (2.17), the urn dynamics appears as a recursive zero search algorithm with mean field
h:[0,1]%\ {0} — RY whose potential limiting points lies in the the canonical simplex Sy defined by

Si=w 1} = {y eR? |w(y) = 1} .

More generally, since the components of Y, = n++n(Yo) are non-negative by construction and — under
e W(Yn . . s .
(A1)-(A2) - w(Y,) = n+v(v()20) N 1 a.s., it is clear that P(dw)-a.s., the sequence (Y, (w))n>0 is

bounded and that the set Vo (w) of its limiting values lies in the simplex S;. Consequently, we search
Sg-valued equilibrium points i.e. points y € S; such that h(y) = 0 where h is given by (2.18).

Throughout this section f denotes a skewing function in the sense of (2.9) and H is a deterministic
(co-stochastic) matrix, intended to be a limiting generating matrix as soon as it is irreducible.

Proposition 2.2. (a) Let H be a deterministic co-stochastic matriz. The function o, : [0,1]%\ {0} —
Sq defined by ¢, (y) = H% has at least one fized point. As a consequence h has at least one zero
y

y* and {h = 0} C Sg. (When H s bi-stochastic, y(d) := L1 is such a zero of h.)
(b) If, furthermore, for everyi,j € {1,...,d}, HY > 0, then for every zero y* of h in Sq,

Vie{l,...,d}, min HY <y*" < max HY,
1<j<d 1<j<d

Proof. (a) The function ¢,, is well-defined on [0, 1]¢ \ {0} since w(f(y)) >0 on [0,1]?\ {0} owing to

the fact that f > 0 on (0,1). The function ¢ : y — W{%L» clearly maps [0,1]%\ {0} into S;. So does

@, since H is co-stochastic and subsequently maps Sy into Sy4. Since h(y) =y — ¢, (y) by (2.18), it

follows that {h = 0} C S. N N N
Now, both functions y — f(y) and y — w(f(y)) are continuous on S;. Moreover w(f(y)

f(é) > 0 since, for any y = (y',...,y%)! € Sy, there exists ig € {1,...,d} such that y© >

v

S

QU
o



that w(f(y)) > f(yo) > f (é) > 0. Therefore, ¢,, is continuous and maps S; into Sg. Then, by
Brouwer’s Theorem, ¢ has at least one fixed point i.e. {h =0} # @&. The last claim is obvious since
¢(y(d)) = y(d) and H1 = 1.

N ) . y .
(b) Let i € {1,...,d}. It follows from the identity ZH”~7 = y*', that min HY <y* <
j=1 w(f(y*)) 1sj=d

max, HY since f is non-negative. O
1<5<

Proposition 2.3 (Bi-stochastic case). Let & := {h =0} = {y€ RL\ {0} : h(y) = 0} C Sy denote the
(non-empty) set of equilibrium points.

(a) If H is bi-stochastic, then y(d) := 11¢€ &.

(b) If H=1,4, then {€,, I C {1,...,d},I # @} C &, where €, = |—}| Sier € with (e')1<i<a the canonical
basis of RY.

(¢) If H=14 and f is a strictly convex or strictly concave skewing function, then

Eo={e,Ic{l,....d,I+o}

(d) If H is bi-stochastic and irreducible, then E5 C Sq = {y € (0,1)4: Z?Zl Yt = 1}.
(e) If, furthermore, f is strictly concave, then E; = {él}.

d
1
d since f (é) > 0 and, consequently, Z H Z]E =
j=1

’_'\_/

1
Proof. (a) Set y(d) = 11 € S;. Thus (Ei

T d-f(g)
for every i€ {1,...,d}, therefore h(y(d)) = y(d) — y(d) = 0.
(b) Let I # @. Then

X
ISHE

y 0 it ¢l
fle) = F(fh) >0 it ier
Hence, w(f(€ 1)) = |I|f<\l\> as well. Consequently h(e,) = 0.

(c) Let y* € &. Assume that there exists y *i0 %% guch that 0 < y*% < y*it < 1. Then y*% =

% and y*" = v{/((zj?(y*;) so that (HO) féy ;11) = w(f( *)). Now, if f or —f is strictly convex,

then the function £ € Ry +— % is strictly monotonic since f(0) = 0. This yields a contradiction.

As a consequence, there exists & € (0,1] such that y** € {0,&}, i = 1,...,d. Consequently, if

I() = {Z : y*7i = 50}7 W(f(y*)) = |I§0|f(£0) and7 for every 1€ I§o7 ‘J((}y{;*))) = \I;;(éo()ﬁo) = ﬁ’ i.e.

h(y*) = ﬁZieko e'. Hence, y* = @ Zielg ¢' so that & =1and y*€ {é7, I C {1,...,d}, I # &}.

(d) Let ig be such that y*% = min; y**. If y* ¢ Sd, then y*% = 0 so that

f;H fw)

and ig € I = {zy* =0} #@. Let Iy =1\ 1Ij = {] y* > 0} # O since y* € Sy. Let us show
by induction that I%, = {j : y* > 0} and I} = {j = y] = 0} are not connected by any power of H

10



which will contradict the irreducibility of H. Let i€ I and jo € I, then the above equality implies
HJo = ( since f(y*7°) > 0. Now assume that HZ] = 0 for every (i,7)€ Ij x IZ,. Then

k—1 k—1 k—1 k—1
2010 Z HigeHyj,~ = Z HigeHyj,™ + Z HigeHyj~ = Z HigeHyj,~ =
terz, lery lery

This contradicts the irreducibility of H since ig and jy are not connected through a power of H.
(e) We know that él € &; and that, any y* € &, min; y** > 0. Let ig be such that y*% = min, y**

Then
d
ZHiojf(y J
j=1

since H is stochastic. On the other hand, using the concavity of f, we derive that

41 d 1
Vye Sy w( 5:3 yj) <d- f( > u;) =d-f(3)-
j=1 j=1

As a consequence

Zojf *,50 :f(y*,io)

”M&

i L HOIf(yrI) (g
Yo = = >
w(f(y*)) d-f (%)
fy*io) f(1/d)

which can be rewritten as 70 < 5 T As £ — f—) is (strictly) decreasing since f is strictly

concave and f(0) = 0, it implies that y*% 2 which in turn implies that y* = él since y* € Sq. O

Remark. When H is not bi-stochastic but simply co-stochastic, we have no closed form for an
o
Sg-valued equilibrium and we could not manage to establish uniqueness even if f is (strictly) concave.

Note that, as f and w are defined on [0,1]% \ {0}, f([O, 14\ {0}) c [0,1]¢\ {0} and w(f(y)) >0
on [0,1]¢\ {0} since f > 0 on (0,1). Hence on may define the function

/)
w(f(y))

Lemma 2.1. If f is differentiable on in the neighbourhood of é, then the functions f, W o f and
@ defined on [0,1]% \ {0} are bounded on (0,1]% and the last two functions are differentiable in the
neighbourhood of y(d) = %1. Moreover, p(y(d)) = y(d) and the Jacobian of ¢ at y(d) is given by

QY 0,1]¢\ {0}. (2.21)

a b ... ...
b a b ... 0 i /
e o pajd)d—1) Y
Jso(y(d))_ b with CL—W and b——d2f(1/d)——d_1,
S .. . b
b b ... b a

As a symmetric matriz, J,(y(d)) is diagonalizable in the orthogonal group O(d,R) with ez’genvalues 0

(associated to the eigenvector 1) and % with eigenspace the hyperplane 1+ = { e R%: ZZ Jut = 0}

11



Proof. If y € (0,1)? and f is differentiable in the neighborhood of y',..., y?, then ¢ is differentiable
at y and

o' fUOFW) o FWY
Gy = = FoNT T
v w(f(») w(f(»)
The form of J,(y(d)) follows. Elementary and classical computations show that, for every real numbers
a, b,

<i,j<d. (2.22)

a b . b
b a b b
det b = (a —b)Ya+b(d-1)),
Do . o0b
b b ... b a

which in turn implies that the characteristic polynomial of J,,(y(d)) is given by (a —b— )" (a+b(d—
1) — A) so that the eigenvalues are

M =a+bd—1)=0(order 1) and A\ =a—-b= (J;((%Z)) (order d — 1).

The eigenspace associated to \g is clearly R1 and that associated to A; is 1+ = {u e R?: Zle ut = 0},
so that Jcp(y(d))“L = )\1Id|1L. O

To go beyond and provide convergence results, especially in the bi-stochastic case, we will rely on
an important tool in S'A theory, the ODFE method. This method makes the connection between the
asymptotic behaviour of the stochastic algorithm with mean field h with that of ODE), = 6 = —h(6)
(for some key results on this theory, we refer to the Appendix).

Proposition 2.4. (a) From any & € Sq, there exists at least one Sq-valued solution (y(&,t))ier, to
ODEy, starting from &.

(b) From any £ € Sq = Sy N (0,1]¢, there exists a unique solution to ODE}, starting from &, denoted
(®(&,1))ier, s Sq-valued.

Proof. (a) Let 79 > 0. As h is continuous Sy N [770, 14 -1t = {Zf L u’ =0}, it is clear that, on the
one hand, the Euler scheme of ODE}, with step L starting from ¢ € Sy defined by ka = gk — —h(yk)
is Sg-valued since W(h(@@) is constant equal to w(y) = 1, and, on the other hand converges owing
to Peano’s theorem to a solution of ODE,.

(b) The function u +— f(u) is Lipschitz continuous on [, 1], with Lipschitz coefficient f;(n9) < 1 since

f' is concave. Hence the (canonical extensions of) the functions fand w(f) on [ng, 1]¢ are Lipschitz
as well. Both are also bounded. Moreover w(f(y)) >f (é) > 0 because for any y = (y',...,y9) e Sy,

there exists ig € {1,...,d} such that y* > é so that w(f(y)) > f(y) > f (é) > 0. As a consequence,

w(f) > %f(é) on a neighourhood of S in [0, 1]%. Therefore, the functions ¢,, : y H% from
y

SiN[no,1]¢ to Sg and h = I — ¢,, from SgN [no, 1] to {Z?Zl u’ = 0} are Lipschitz continuous too in
that neighbourhood. This guarantees the existence of an Sy-valued flow for ODE}, on S;N (0, 1]d =38,

12



Definition 2.2 (Stable equilibrium point). An element y* of Sq is a stable equilibrium for ODE}, =
y = —h(y) on Sy if there is (compact) neighborhood K* of y* in Sq such that

tlg)_a Sup{|y(£,t) — y*|, ce K*, y(&,-) Sq-valued solution to ODEy, y(&,0) = 0} =0

with a slight abuse of notation since possibly several solutions may start from £ € 0S4. See also
Theorem A.1(b).

Remarks. e If the S; -valued flow of ODE), is well-defined in the neighbourhhood of y* in S, this
boils down to showing that y(,t) is Sy-valued and converges to y* as t — 400, uniformly with respect
to £ in a (compact) neighbourhood of y* in S.

e Since h is differentiable, an equilibrium y* is attractive if all the eigenvalues of Jp(y*)j11 = (Iq —
H Jgo(y*))|1 . have (strictly) positive real parts, see [6]. If one of these eigenvalues has a negative real
part then the equilibrium is unstable and if all eigenvalues have negative real parts the equilibrium is
called a repeller.

Proposition 2.5. Assume H be a bi-stochastic matriz (keep in mind that y(d) is a zero of h). Let

A = C{}((ll//cg) and let pimax be the eigenvalue of H\y1 with the highest real part.

(a) If Re(pimax) < )\—11, then y(d) = 1/d is always a stable equilibrium of ODE, =4y = —h(y). Thus, if
()\1 <1 and 1¢ Sp(HuL)) or (A1 < 1),

then y(d) is always a stable equilibrium.

In particular the above left condition is satisfied if H is irreducible and f is concave, whereas the
right one is always fulfilled if f is strictly concave over (0,1/d).
(b) If Re(pmax) > A%’ then y(d) is unstable (it is even a repeller when H = 1;). Note that if f is
convez (resp. strictly over (0,%)), then Ay > 1 (resp. > 1).

Remark. e If A\; > 1 (e.g. since f is strictly convex), then /\% < 1 and the two opposite situations

Re(pmax) < )\—11 and Re(tmax) > /\il may occur a priori i.e. y(d) may switch from uniform stability to
instability (see Section 3 for the two-type case: d = 2).

e Note that if f is strictly convex and 1€ Sp(H|;1), then y(d) is always unstable.

Proof. (a) It follows from Lemma 2.1 that Jy,(y(d)) = A1lg31. Hence
Tn(y(@d)je = lapr — (HJp(y(d)2 = Tagas — HMlgpo = (Lo = MH)jpe

Hence Sp(Jn(y(d))q+) = {1 = iy, pu € Sp(H12)} € C.
Every u € Sp(H) satisfies |u| < 1 since H is stochastic. If A\; < 1, then |Ajpmax| < 1 and
consequently Re(1 — A pimax) > 0 which ensures that y(d) is attracting. The other case follows likewise.
When H is irreducible, the eigenvalue 1 is simple owing to the Perron-Frobenius Theorem so that

1¢ Sp(Hjp ).
(b) If f is convex (and f > 0 on (0,1)), then 0 < f(1/d) < f/(1/d)/d since f(0) = 0 so that A; > 1.
This inequality is strict if f is strictly convex over (0, %) O
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Proposition 2.6. (a) If H is bi-stochastic and irreducible and f is strictly concave, then ODE}, has at

least one solution starting from every £ € Sy. The flow of ODE, =y = —h(y), denoted by (y(f, t))geso ,
d

t >0, exists on Sy and is Sg-valued. Furthermore (still with y(d) = %),

t_l}gl sup{‘y(f,t) —y(d)|, £€ Sy, y(&,.) solution to ODE}, y(&,0) = 0} =0.

(b) If H is simply bi-stochastic (and possibly not irreducible), then the flow, denoted by y(€,t), converges
toward y(d) for every €€ Sy.

Proof. (a) Let us denote by y(&,t) an Sg-valued solution starting from &€ S;.

Let € € S;\{y(d)} and let i(t) be the right continuous function such that y*® (¢,t) = IIllIl] yj (& t)e
[0, é] We know that y*(©)(¢,0) = €10 < é since & # y(d). Note that the function g; : t — y*)(€,¢) is
continuous and right differentiable with a right derivative given by

d . i(t) .
ety =3 w0 TEED e s TEUED) e gy

=1 w(/f(y(& 1)) w(f(y(&,1)))
Note that w(f(y(&,1) <d- f (1) since f is concave. It follows that
Ry, f(y (f t)) i) 0 2.93
(9:)r(&:8) 2 ==y~ ay Y (€,1) >0, (2.23)
since u > £ (“) is non-increasing (f is concave and f(0) = 0) and y*® (¢, ) < 3 for every t > 0.

If ¢10) = O, then 4" (¢,t) > 0, for every t > 0. Assume there exists g9 > O such that y*®)(&,1) =
for every t€ (0,e¢], then one derives from the integrated form of ODFE}, that

d

/EO Z HZU)]M ds = 07
0

j=1 w(f(y(§9)))

i(s)j Sy (&)

, W(f(y(£:9)))
[0,e0]. Let Iy = {i s.t. y'(&,e0) = 0,1 < i <d} and I} = I§. Then, it follows that i(eg) € Ip and
Hi=0)Ji = , for every j € I, which is not empty since Zj y/(&,t) = 1. Hence, reasoning like in
Proposition 2.3(d), i(eg) (and more generally any element of Iy) and I; are not H-connected which

so that, as the above integrand is non-negative and continuous, s — Z;l:lH =0 on

. o
contradicts the irreducibility. Consequently, yi(*) (&,t) > 0, t € (0,e0], i.e. y(&t) lives in Sy and,
o .
consequently, lives in Sy for every ¢ > 0 by monotonicity of 3*® (£, t).

If €49 > 0, the same conclusion follows simply from the monotonicity of y*(*) (&,1).
Finally, for every t > 0, 3*()(¢,t) is positive and increasing. We can integrate (2.23) between a
fixed € > 0 and t > ¢ as follows

d Z(t (&,1) t f(yi(s)(é, ) f(1/d)
o <m> - ( §0) ) Z/e s 1a |*=0

>0
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and the latter integral is increasing in t as long as y*()(¢,t) < é. As the left hand side of the above
)

i(s
string of inequalities is finite, it follows that f0+°° (f (y%(s))((f’s) i (11/dd)> ds < +o0. Then, combining

that u — £ is decreasing (by strict concavity) on (0, +00) with the fact that 3*(*)(¢,t) is increasing

WOE)  f (11//dd) is decreasing. The finiteness of the

and positive, we derive that the function ¢ !

Y (E,s)
1 i(t)
above integral implies that 1/d) — f(y (£4) — 0 as t — +oo or, equivalently, that
1/d y' (&, 1)
. , 1
i(t) — min z
y @J)]%%yﬁi%ﬁd as  t— +oo.

The convergence of every component y(&,t) follows since y(£,t) € Sy. It remains to prove that the
convergence holds uniformly in the starting value (the existence of the flow i.e uniqueness starting
from the boundary of the simplex is not mandatory). First note that, A being bounded, the family of
all possible solutions ((y(&,t)i>0)es,) of ODE}, are ||h||oo-Lipschitz continuous since

y@i)z&—éiwmggm&

Assume there exists &, — £ and t, — +o0o such that ‘y(fn, tn) — y(d)‘ > g9 > 0. By Proposition 2.1,

% is an attractor of ODE}, hence there exists 7o > 0 such that supje_y )<y, ly(&,t) — y(d)| < eo,

t > to (the flow does exist in the neighbourhood of y(d) so that y(¢,-) is unique). Consequently, for
every t € [0,t, — to] (at least for n large enough), |y(&,,t) — y(d)] > no. By Ascoli’s Theorem, up
to an extraction, one may assume that y(&,,-) converges on compact sets of Ry toward a solution
Y(€oo, -) of ODE}, since h is continuous. Then, letting n go to infinity shows that this solution satisfies
|y(€ost) — y(d)| > mo for every ¢ > 0. This contradicts the fact that any solution starting from S,
converges toward y(d). We can conclude that all the solutions of ODE}, starting from S; converge
uniformly toward y(d).

(b) is obvious given the above proof. O

Application (I): A.s. convergence of the algorithm when f is concave. When f is concave
and H is bi-stochastic, the mean point y(d) = % of the simplex is the unique a.s. target of the urn

composition.

Proposition 2.7 (When f is concave y(d) is the target). If H is (deterministic and) bi-stochastic,
wrreducible and f is a strictly concave skewing function, then

s a.s, 1
Y, % y(d)==.
o Yld) = o

Proof. It follows from Proposition 2.3(e) that the flow of ODFE}, uniformly converges to y(d). Hence,
Theorem A.1(b) from the Appendix implies that the set ©> of the limiting values of ODFE}, is reduced
to {41} which completes the proof. O

Application (II): The mean point y(d) may be a noisy trap when f is convex. We now
give a (partial) result in the convex setting (a more precise one is provided in Section 5 devoted to
randomized Pdlya’s urns, that is when H = I;). We keep the notations introduced Propositions 2.2

to 2.5: A\ = g}gﬁ; and pmax the eigenvalues of H 1L with the highest real part.
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As H is (bi-)stochastic fe(pmax) < 1. If H is also irreducible, by the Perron-Frobenius Theorem,
we know that $e(umax) < 1 since the eigenspace of the eigenvalue 1 is one-dimensional, hence equal
to R1. On the other hand, when f is convex then A1 > 1 and even > 1 if f is e.g. strictly convex
over (0,1/d). Consequently there exist matrices H for which the inequality Re(pmax) > /\il is satisfied,
implying by Proposition 2.5 that y(d) is unstable for ODE};,. We show that y(d) may be a noisy trap.

Proposition 2.8 (When y(d) becomes a trap). Assume that f is convex and H is a bi-stochastic matriz
satisfying Ne(tmax) > A% so that y(d) is unstable. Assume that supE[||Dps1|| Fr-1] < L€ R5..
n>1

(a) If, for every ve RY with w(v) =0 and ||v|| = 1,

lim inf E (|| Dy419]* | Fn) > 0,
n

then IP’(EN/” — y(d)) = 0.
(b) Assume that H is also symmetric. Let v, be a unitary eigenvector attached to an eigenvalue ji of
H‘ll such that Re(p) > /\il If

liminf E || Dpy1v]* | Fu] > 0,

then IP’(EN/n — y(d)) = 0.

Proof. We will focus on claim (b) (claim (a) relies on the same formal proof applied to any nonzero
vector v with 0 weight). We want to apply Theorem A.2 from the Appendix. The first point to be
checked is that the Jacobian Jj is locally Lipschitz continuous in the neighbourhood of y(d). Note
that h = I; — Hp where ¢ is defined in (2.21). This follows from the expression (2.22) for gf]’ having

in mind that f’ is non-decreasing by convexity of f. Then, we have to check Assumption (A.44).
Elementary computations show that

E [(AMs1[0u)? | Fa] = o), [E | Dugadiag(o,, (Vo)) Do | Fa| = 204 (Va) @ Yo + V.22 0.

On the event {17” — y(d)}, we derive, owing to Assumption (A2), the continuity of ¢, and ¢, (y(d)) =
y(d), that

E [(AMyi1lv,)® | Fo] = viE [Dpiadiag (y(d) Dy | F) v — (vuly(d)® + o(1).

Now, diag(y(d)) = 114, and v, € 1+ since (v,|y(d))? = 0. Consequently,
1
lim inf £ [(AMyia|ve)? | Fo] = S liminf E [ Drs1vpl? | Fn] > 0.

Now, we note that
[ Dnrrval® 1
I Dpall — L

so that lim inf E [|(AM,,+1|v,)| | Fn] > 0. Now, as H is symmetric and leaves 1+ stable, H is self-adjoint

HDn—I—IUuH >

on 1+. Hence, there exists an orthonormal basis of 1 containing vy, so that,

Hminf E [|[AM,41]? | Fn] > liminf E [(AM,11]v,)? | Fn] > 0. O
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3 Bi-dimensional non linear randomized urn model

When the skewing function f is convex the situation becomes much more involved: Thus, if H is

bi-stochastic and irreducible, then y(d) is an equilibrium of h and &; C §d (cf. Proposition 2.3(d)),
but &; is not reduced to y(d) (which is a unstable for ODE}, when H = I).

To start elucidating this case, we limit ourselves in this paper to a two-type urn (d = 2) and an
irreducible matrix H. We will see, as expected, that the asymptotic behavior of the urn is much more
involved since a phase transition appears.

In such a simplified setting, the irreducible co-stochastic generating matrix H can be written as
follows

H= (131]91 1p2p2>, O<pi<l, i=12,
and the mean function h of the model is still given by (2.18).
In this section, we assume for simplicity that f is differentiable on (0, 1], so that the mean field h is

o
differentiable too on S3. We saw that analyzing the a.s. convergence properties essentially boils down
to elucidate the behavior of ODEj, on S which in turn can be reduced to a one dimension differential
system since the simplex S can be parametrized by (u,1—u), u€ [0,1], and his 1+ = {z : 2' +2%2 = 0}-
[}

valued on Sy so that h? = 1 — h!. Thus, the asymptotic analysis of ODE}, is equivalent to that of
ODE}, =i = —ho(u) with  ho(u) = h'(u,1 —u), wue]0,1].
Elementary computations show that, for every u€ [0, 1],

Cpufw) + (1 —p2)f(1—w)
fw) + f(1—u)

ho(u) =u (3.24)

and

) f(1—u) 4+ f(u)f'(1 —u)
(f(u) + f(1—u))?

We will now determine the combinatorics and the nature of the equilibrium points depending on the

parameters p; and ps.

ho(u) =1—(p1+p2 — 1) (3.25)

Note that H is bi-stochastic if and only if p; = ps. Note also that ho(%) e ;p1 whatever the

skewing function f is.

3.1 Counting equilibrium points
It follows from (3.24) that the equation hg(u) = 0 reads
(pr—u)f(u)+ (L —p2—u)f(1—u)=0. (3.26)

As preliminary remarks, note that:

—if p1 = 1 — py, then u* = p; is the unique solution of (3.26) because f > 0 on (0,1] and

h{(u*) =1 > 0 so that u* is a stable equilibrium.

— h{y being symmetric w.r.t. 1, h{ is antisymmetric w.r.t. 3. Hence h{j (3) = 0.

— When the generating matrix H is bi-stochastic (if and only if p; = p9), then u* = % is always
solution to (3.26). Thus, if hj (%) = 0, as hy (%) = 0, the status of the equilibrium u* requires to
investigate higher order (see Example in Section 3.2 devoted to the bi-stochastic case).
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Let u* be a solution of (3.26). From Proposition 2.2(b), we have that any zero u* of hg lies in

I* :=[p1 A(1 —p2),p1 V(1 — p2)] (or in its interior I*).
Proposition 3.1. Let p1, po€ (0,1) and f a skew-function.
(a) If p1 + p2 < 1, then (3.26) has a unique solution u* lying in I* (and in I* if p1 +p2 < 1).

(b) If p1 +p2 > 1 and f is concave, then (3.26) has a unique solution u* lying in I*.
(¢) If p1 + p2 > 1 and f is strictly convex, then (3.26) may have one, two or three solutions lying in

I*. However, when f'(1) < then hg is increasing and (3.26) subsequently has a unique zero

N S
p1+p2—1’
u* lying in I*.

Proof. (a) As f is increasing and non-negative, h{, > 0 when p; + p2 < 1, therefore hg is increasing
with ho(0) =p2 — 1 <0 and ho(1) =1 —p; > 0, so hy has a unique zero lying in I*.

(b) Assume that p; + p2 > 1. Then it is obvious that p; and 1 — py are not solutions of (3.26) which
can be rewritten as

g1(u) = ga(u) on  J =1[0,1]\ {p1,1 - pa},

where

g1(u) = %, we [0,1]\ {p1} and go(u)= %, ue [0,1]\ {1 — po}. (3.27)

Let us compute the first derivative of these functions: We obtain, for ue 7,

fA—u) = (1 —u)(p1 —w) J'(w)(u =1+ py) — flu)
(p1 — u)? (u— 1+ py)? '

and  gj(u) =

g1(u) =

As f is concave non-negative and f(0) = 0, f(u) — uf’(u) > 0, u € [0,1]. Let us show that, as
0<p1,p2<1, g} >0and gh<0on I* In fact,

_uf'(w) = ()~ (1= p) ()

=11 <0 since f'(u)>0,

95 (u)

and if uf’(u) — f(u) — (1 — p2)f'(u) = 0, then (1 — po2)f'(u) < 0. Hence f’(u) = 0 since ps < 1 so
that f =0 on [0,u| which contradicts the positivity of f on (0,1) as a skew-function. This shows that
gh < 0. One shows likewise that ¢} > 0. Hence (3.26) has a unique solution u* € I'*.

(c) If p1 +p2 > 1 and f is strictly convex, we set

pr(u) = (pr —u)f(u) and @a(u) = (u—1+p2)f(1—u)

Then we have three possibilities: When f is strictly convex, the functions ¢ and @2 have a maximum
on I*. Let us set uy, ug € I* such that ¢/ (u1) = 0 and ¢} (uz) =0. As p; +pa—1 > 0 and f is strictly
convex, uy < ui and, depending on the relative position of ¢1(u2) and ps(usz), we obtain the three
announced results. (]

18



Example of phase transition (I) : Convex power skewing function. Let us illustrate the
strictly convex setting by considering the family of strictly convex functions f(u) = fo(u) = u®, a > 1.
Then Equation hg(u) = 0 (see (3.26)) can be rewritten as

¢1(u) = pa(u) on I7,
where
pi(u) = (pr —uw)f(u) = (pr —wu® and @s(u) = (u—1+p2)f(1 —u) = (u—14p2)(1—u)*
Then, the first derivatives of these functions read
o (u) = (ap1 — (a+ 1)u)u°‘_1 and  ¢h(u) = ((a +1)(1 —u)— ong)(l — u)a_l.

Each of these two derivatives ¢} has only one zero lying in I* which are the maximum of each function
@i, i =1,2: uyp = 775 for ] and up = 1— %5 for ¢h. As p1+pa—1> 0, we have that 1 — 25 < 224
Besides, we have ¢1(1 —p2) = (p1 +p2 — 1)(1 —p2)® > 0, ¢1(p1) = 0, p2(1 —p2) = 0 and 2(p1) =
(p1+p2—1)(1 —p1)® > 0. Therefore we have three possibilities (of course consistent with claim (c¢) of

the above proposition):

o« T (1-22) >0 (1- 222

Q

, then (3.26) has a unique solution lying in I*.

o If ¢ (1 - S—_’ﬁ) = (g (1 - %ﬁ), then (3.26) has two solutions lying in I*.

Q

o If oy (1 - g—_’ﬁ) < o (1 - 3—%), then (3.26) has three solutions lying in I*.

In this parametric setting, as f'(1) = «, it follows from Proposition 3.1 that the simpler criterion
for the existence of a unique attractive equilibrium reads

1
1<p1+p2§1+a.

To exhibit a transition phase with three equilibrium points, this condition need to be violated. However
it is not a sufficient condition. This is illustrated by Figure 3.1 below: Choose p; and po such that
p1 + p2 > 1. The critical oy is clearly strictly larger than the barrier 1/(p; + p2 — 1) suggested by the
criterion. For example, for py = 0.7 and py = 0.75, ap = 3.09 > 1/(p1 + p2 — 1) = %.

3.2 Stability of equilibrium points of ODE},

Once elucidated the existence and the number of equilibrium points u* of ODE},,, we have to determine
their nature i.e. the sign of h{(u*).
Let u*€ {hg = 0} C I'*. We deduce from (3.24) that the condition ho(u*) = 0 reads

(uw—p1)f(u)+ (u—1-p2)f(1—u)=0.
Plugging this equality into the expression (3.25) for hj(u*) shows that, for such equilibrium points u*,

) pr —w) + f'(1 —u*)(u* — 1+ ps)
) + F(0 =)

The function hg has at most three zeros owing to Proposition 3.1. Therefore, each such zero u* of hg

has three possible “status” (see e.g. Figure 3.2):

hh(u*) =1 — . (3.28)
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Equilibrium points depending on the power o
0.7 ‘ ‘ ‘ ‘

0.651

0.6

0.55

0.5f

0.45

0.4

0.35f

0.3f

0.25
0 5

Figure 3.1: Equilibrium points for f(u) = u® depending on « € (0,5] with py = 0.7 and py = 0.75.
Bifurcation appears at agy = 3.09.

o If there exists g > 0 such that hoj—cou) < 0 and hojuxu 4e) > 0, then u™ is a stable
equilibrium point. This is the case e.g. if hj(u*) > 0 or, more generally, if the first non zero
derivative at u* has an odd order and is positive.

e If there exists 9 > 0 such that hgjux—cyux) > 0 and hgjys yr4e) < 0, then u* is an unstable
equilibrium point (or a repeller). This is the case e.g. if h{(u*) < 0 or if the first non-zero
derivative at u* has an odd order and is negative.

e If hy has a constant sign over an interval (u* — g, u* + gg), for some gy > 0, then u* is a semi-
stable equilibrium point (one-sided stable and one-sided unstable). This is the case if hj(u*) =0
and the first non-zero derivative at u* occurs at an even order. The simplest case is when h{j(u*)
exists and is non-zero.

Then it is an elementary exercise to derive the following proposition, if one keeps in mind that hy(0) =
—(1 —p2) < 0and ho(l) =1—p; > 0.

Proposition 3.2. Let py,p2€ (0,1).
(1) If hg has a unique equilibrium point, then it is stable.
(73) If ho has two equilibrium points, then one is stable and one is semi-stable.

(#i1) If ho has three equilibrium points, then either

o the lowest and the highest ones are stable and the one in the middle is unstable.

or

e the one in the middle is stable and the other two are semi-stable.
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Functions h0

0.3

0.2r

0.1

0.2 0.4 0.6 0.8 1

Figure 3.2: Examples of function hg: p1 = 0.7 and py = 0.75 and f(u) = u®. One zero for a =2, two
zeros for a = 3.09, three zeros for a = 4.

Remark. The second setting in item (i7i) does not correspond to a “generic” situation but rather to
a limiting case of a situation with 5 equilibrium points and 3 extrema. Thus, it never occurs with the
family fo(y) = y®, a > 0, of skewing functions. That is why we will not consider this configuration in
what follows.

Example of phase transition (II). We still consider the family f(u) = u®, a > 1. The “bifurca-
tion” has been established in part I. Now we want to elucidate what happens at ag. The critical two
equilibrium case occurs at g ~ 3.09. By continuity of (o, u) — u® and monotony in « and u, it is
clear that at least one — in fact exactly one — of the two equilibrium point u* satisfies ho(u*) = 0 and
ho does not change its sign around u* so that hj(u*) = 0. To determine its status we have to look at
the sign of the second derivative h{j(u*). In fact elementary computations show that , for any ue [0, 1]
such that ho(u) = hy(u) =0,

(@ —1)(1 —2u)(u® + (1 — u)®) — 20u(l — u)(u®*t — (1 —u)*1)

(e + (= w)e)? -0

ho(u) = (1—py —pg)ozua_2 (1—u)°‘_2

Hence, u* is semi-stable (stable on the right and unstable on the left).

It remains to show that the algorithm does not converge towards the repulsive equilibrium point,
denoted by @ in what follows. To show that there is an excitation in the repulsive direction, we have
to prove that assumption (A.44) holds (see Theorem A.2 in the Appendix).

Proposition 3.3. Let 4 be an unstable equilibrium point for ho satisfying hy(a) < 0. Then
P(Y, — (i,1—a)) = 0.

Proof. It follows from (3.25) that Ay is locally Lipschitz continuous. We know that (Y, = (6,1—0)} =
{?nl — 4}, so we may focus on the first component. We rely on Theorem A.2 in the Appendix and
adopt its notation, namely

AMr(Ql = AM&H'
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Second derivative of ho
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4t

-6

-8

Figure 3.3: Second derivative of hg for f(u) = u>% with p; = 0.7 and py = 0.75.

Using Assumption (A1), we obtain

HL FH) +HE2 f(Y2)

AM(r)1 =D)L X+ DALXE L —

w(f(Ys)
Therefore
El|arih||17] = E[lami||F)
_ D g ‘D&I_Hﬁlf&lwﬂlilﬂ 2) fn]
W(f(Yn)) W(f(Yn))
f 0D g lipn - Hanf00) + i, FO0) fn]_
W(f(Yn)) W(f(Yn))

By Jensen’s inequality applied to both conditional expectations in the right hand side, we obtain

E |:HAM(T)1 ‘ fn} > fg;ril) Hrlz}i—l o Hrlz}i-lf(i;l) +~H13-1f( )
" T w(f(Y) w(f(Ya)
f(}N/i) g2 _ HrlL}i-lf(i;nl);‘_NHrlL?i-lf(i;r?) ‘
w(f(¥a) | w(f(V,))
Owing to (A5),, H;]H nij_oo HY where H" = p; and HY =1 —p;, 1 < i,j < 2. Furthermore, on
Voo = {w Y Hw) — ﬁ},
ST + B O2) s,
w(f(Ya)) e
Consequently,
FOD) |on  HG ) + HA D) as f(@) i
~n/ gl - 0
w(f(Yn)) ‘ e w(f(Ya)) nooo 1(@) + f(1— 4) =l =
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and

y?2 11 H12 s N
f&g) Hrlfi_l +1f( )+ +lf( ) a5y _ f(u) _ |1—p2—7l|>0
w(f(Yn)) w(f(Yn)) nvteo f(@) + f(1 - 4))
since @ € I*. Thus (A.44) is satisfied. Then, by using (2.7) and by applying Theorem A.2 in the
Appendix, P(Vs) = 0. O

Example (bi-stochastic generating matrix H). If p; = po = p€ (0,1) then (H is bi-stochastic)

(:3) is an equilibrium and hj(1/2) =1 — L2 (2p - 1).

—If f is convex and 2p — 1 < 0, then hj (%) > 0 and the equilibrium is unique (since hy, is increasing).

— If f is convex and 2p — 1 > 0, then we have three possibilities:

o Ifp> 1+ LA then £j(1/2) <0, so that P(Vs) = 0.

o Ifp=1+ ]{((11//22)), then h{(1/2) = 0. But h{(1/2) = 0, so we need to investigate higher order.

JFa/2)

« Hp <3+

, then h{(1/2) > 0, so u* is stable.

If f(u) = u®, the first case also reads a > Tl—l' For the second case, higher order analysis leads to

h(()s)(l /2) > 0, so that the equilibrium is stable.

3.3 A.s. convergence

Theorem 3.1. Let (Yy,)n>0 be the urn composition sequence defined by (1.1)-(1.3). Under the as-
sumptions (A1), (A2), (A3) and the f-skewed drawing rule,

(@) s 2
w(Y,) n—+oo

(u*,1—u*) € & (i.e. w*€ {hg =0} and u* is not unstable for ODE}, ).
U S (20—
=D Xk 2 (ﬂu e ”) :
k=1 J*)+7(0—ur))
Proof. First, we will prove that (a) = (b), then (a).
(a) = (b). For every n > 1, we have

LFi) F(Yn_1)
X Fo-1] = = —
Fndl z:: VT W)

and, by construction || X,|* =1, so that E

—

|Xn||2 |]:n_1} = 1. Hence, the martingale

~ =X —E[Xp | Fic] askr? ~ 9
M, = kz_:l ; o Moo € L7,

Finally, it follows from the Kronecker Lemma that
1 Y, a.s,
1 Z 1 Z f 1) as
Yk 1 n——+00
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This proves the announced implication owing to the Césaro Lemma since % is continuous at every
point of Ss.
(a) The algorithm is bounded by construction since it is [0, 1]-valued. Assumption (A2) implies that

sup,,;>g E [||AMn+1H2 |]:n] < 400 a.s. and Assumption (A3) implies that r, % 0. Theset {h =0}
- n—-+00
is finite hence Y;, a.s. converges toward a zero of h (see Theorem A.1(c) in the appendix). Moreover,

it follows from Proposition 3.2 devoted to attractiveness that this zero cannot be a repulsive (a point
at which h{, is negative).

4 Weak rate of convergence

To establish a C'LT for the sequence (Y},),>0 on a convergence event {37” — y*}, we need to make the
following additional assumptions:

(A4) The addition rules D, a.s. satisfy on the event {37” — y*}
' k||2+6
Vke {1,...,d}, { EEZ) ?ﬁufﬁﬁl(%i,l‘)ﬁ"}L_l]’ i—i gng oo o=t
where C;f* = (Cf* ,ij)lﬁiJde k=1,...,d, are d x d positive definite matrices.
Note that (Ad) =(A2) since E [ D2 | F 1] < (E [| DF|20 | Fa]) 7.
Also note that, if the matrices D,, are deterministic (hence co-stochastic) then C* = lim D;¥ @ D;¥
so that 1'C*1 =1 for every ke {1,...,d}. !

Let v = (vp)n>1 be a sequence of positive real numbers.

(A5), The matrices H,, and H satisfy on the event {37” — y*}
2
nv, E [|Hy, — H||?] S O (4.29)

To establish the weak rate of convergence we cannot restrict ourselves to simplex as we essentially
did for the convergence result since we must take into account the rate of convergence of the algorithm

Y,, toward the simplex which is itself non trivial in general. Actually, we saw in (2.20) that

o N w(Mp)
W(Yn) _1_7n+w(Yo)’

Elementary computations show, under Assumptions (A1), (A3), (A4)-(i) and if Y, — y*, that

_ ]_t ZZ:1 {(yf)cg]j* 1—
w(/f(y"))

Note that, if the matrices D), are deterministic then o?(y*) = 0 which is expected since in that

case Y,, is Sg-valued. Owing to Condition (A4) Lindeberg’s CLT for arrays of martingale applies to
W(M,)

( \/ﬁl )1§Z§n (

the usual condition as a straightforward application of Markov inequality). Consequently

Vi(w(¥) 1) = - W%

E [W(Mn)2 |]:n_1] — Jz(y*)

see e.g. Corollary 3.1, p.58 in [22]) if one keeps in mind that or that (A4)-(i7) implies

a1 (00°() on the event {7, )
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4.1 Strictly concave case with irreducible bi-stochastic limiting generating matrix

Assume H is bi-stochastic and irreducible and the skew-function is strictly concave. We know from
Proposition 2.7 that Y, — y(d) = 71 a.s. On the other hand we know from (the proof of) Lemma 2.1
that J,(y(d)) = M I 41+ SO that

f'(1/d)
d- f(1/d)

As H is (co-)stochastic, we know that 1 is its eigenvalue with the highest real part so that the
eigenvalue of Jp,(y(d)) with the lowest real part is 1 — A\ > 0.

Jh(y(d)) =1;— )\1H‘1L still with A1 = < 1.

Proposition 4.1. Assume that the skewed drawing rule f is strictly concave and H is irreducible and
bi-stochastic. Assume (A1), (A3), (A4) and (A5), hold.

(a) If f'(1/d) < $f(1/d) and (A5), holds with v, =1, then

—+o0
V(Y = y(d) N (0;37)  with B = / e~ uUn ()= ) premuln )= ) gy
0
with 4 -
* Z = f(y*’ )C * (%
= =i Vg (yr) (4.30)
w(f(y))

(b) If f/(1/d) = 4 f(1/d) and (A5), holds with v, = logn, then

n < [fstably Rt
‘/logn(Yn—y(d)) =5 N(0; %)

oF = lim% " (=) (-4 g, (4.31)
n 0

(c) If f'(1/d) > 4 £(1/d) and (A5), holds with v, = n'=2+7 for some 1 > 0, then

with

nt=M (37” — y(d)) converges toward a finite random variable.

Proof. First note that ¥;, — y(d) a.s. under the assumptions. We will check the three assumptions
of Theorem A.3 (CLT for SA algorithms) recalled in the Appendix. The parameter A which rules
the regime of the rate is given here by A = 1 — Ay which justifies the above three cases. Secondly
Assumption (A4) ensures that Condition (A.46) is satisfied since

supE [||AMn||2+5 |]:n_1] <+o0o as. and E[AM,AM] |F,.1] =% I'*.

n>1

n—-+00

To be more precise on the convergence on the right-hand side

[AMn_HA _|_1|]:] = ZP n+1 —6 |]: )( |: n—l—l( n+1) |]:]
—E [Dn+1Xn+1 |]: ] [ n+1Xn+1 | fn]t)
= /C Yq DF F H @) (H &
kZ:l W ( n+1( n+1) ‘ > ( n+1w(f(Yn)) n+1 W(f(Yn))
a.s. * Zk:l f(y ) *( x\t
™ = i _
o wiory
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Finally, using (A5), with the appropriate sequence (vy,),>1, one proves in the three cases that the re-

mainder sequence (ry,),>1 defined by (2.19) satisfies (A.47) since one checks that % is bounded. O

4.2 Back to the “convex” bi-dimensional case

As for the weak rate, we need to deal with the original 2-dimensional algorithm on its whole.

Theorem 4.1. Assume (A1), (A3), (A4) hold. FEvery equilibrium point y* € S is of the form
y* = (u*,1 —u*) where u* is solution to (3.26) and lies in I* = [p1 A (1 —p2),p1 V (1 — p2)], and

Sp(Jn(y®)) = {1,1-p"},
where
Pt (1 — ) + 11— w)(w = 1+ py)
flus) + f(1—ur) '
(a) If p1 + p2 < 1 and (A5), holds with v, = 1, n > 1, then y* is unique, stable, Y,, — y* a.s. owing
to Theorem 3.1 (a) and

pt=py") =

ad Lsta . oo — )2 — -2
vn <Yn - y*) ZEYN(0,5%) with B :/ U W)= ) Pre )= ) gy
0

n—-+o0o
f)Ct + f(1 —u*)C?
w(/(y"))

(b) If p1 + p2 > 1, we have three possible rates of convergence on an event {17” — y*}, where y* € &
is not unstable, depending on p* = A(y*):

and I = —y*(y*)h

(i) If 0 < p* < 1 and (A5), holds with v, =1, n > 1, then

~ Lata ~
\/E<Yn—y*> B N(0,5%)  on {Y, = y*},

n——+00
where X* is formally defined like in item (a).

(i) If p* = 1 and (A5), holds with v, =logn, n > 1, then

" Y * £ * x - .
\/ logn (Y" —Y ) n_)—+>00/\/(0,2 ) where ¥* is given by (4.31).

(i) If% < p* <1 and (A5), holds with v, = n'=2"+1 1 >0, then n”” (}7” — y*) — T a.s. converges
as n — +oo where T is a finite random variable.

Remark. e The condition 0 < p* < % is satisfied as soon as

(FL=—p)+fA—p))pr+p2—1) 1 .. ..
f(l—p1)+ f(1—p2) <35 if f is concave,
(F'(p1) + ' 2))(pr +pa—1) 1 .
f(I—=p1) + f(1 = p2) 5 If fis convex,
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by using the monotonicity of f and f’ and that u* € (1 — pa,p1).
o If f(y) =y, then y* is unique, is given by

*_( 1_p2 1—291
Y=

ST
2—p1—p2 2—p1—p2

Thus, if p; + p2 < %, then the recursive procedure (2.17) satisfies a regular CLT'; if p; + p2 = %, (2.17)
satisfies Theorem 4.1(b)-(i7); and if p; + po > %, (2.17) admits an a.s.-rate of convergence.

e In [13, 14], the properties of the random variable T are deeply investigated in the more standard
framework of Pdélya’s urn with deterministic addition rule matrix. It is shown to be solution to a
smoothing equation obtained by a smart decomposition of the urn into canonical components. Thus,
it is proved that its distribution is characterized by its moments. It is clear that such results are out
of reach of standard SA techniques although it would be challenging to check whether similar results
about T in the randomized and nonlinear framework are true.

Proof. We again rely on Theorem A.3 from the Appendix. Elementary though tedious computations
yield the following formula for the Jacobian J,(y) of h at y€ RL \ {0}. We obtain

PO (062 P2 (o))
1+f<y1>+f<y2)( TN pl) f(y1>+f(y2>< TN ) (1 p2))

Jn(y) =

() (I=p)fH)+p2f@*) (1 _ I (y?) A=p)fyH)+p2f?)
f(y1>+f(y2>( T 172 (1 pl)) 1+f(y1)+f(y2)< FD 7 p2>

As all equilibrium points y* lie in the simplex Sy, we have y*? = 1 —y*!. Combined with the constraint
h(y*) = 0 (see (3.26)), we finally obtain the following formula only true at equilibrium points:

f'(y*!) *1 fa-y*) %1
(MmO ) e (0 - (=)
)= ) f(-y*)
!(y* %1 '(1—y* *1
oy =) 1 gt (e -y
Then, one easily checks that the spectrum of J,(y*) is real given by

Sp (Ju(y*)) ={1,1 —p"}.

(a) When p; <1 —py, we know from Proposition 3.1(a) that the equilibrium point y* is unique and
u* lies in I*. Hence p* < 0 so that 1 is the lowest eigenvalue of Jp,(y*). Consequently, we are in the
“regular” case of the CLT for SA (Theorem A.3(a) in the Appendix) since 1 > % Then, following the
lines of the proof of Proposition 4.1, we check that Assumption (A4) ensures that Condition (A.46) is

1yl ol 2

(y*)!. Finally, using (A5),, the remainder sequence

w(f(y)) -
(rn)n>1 defined by (2.19) satisfies (A.47) since W’:JQ(/%))) is bounded.
(b) If p1 + p2 > 1, then p* > 0 which explains the three cases. The rest of the proof is the same as
above, given the convergence event {Y,, — y*}. O
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5 Poblya urn with concave reinforced drawing rule: a bandit ap-
proach

By Pdlya urn, we mean in this section that the matrices D,, involved in the drawing rule all satisfy
D,, = 1I;,n > 1. Moreover we assume that the drawing rue is still skewed following (2.10) where the
function f is concave/convex and that the initial urn composition vector Yj € Ri \ {0}. Note that
when f(u) = u, then the urn dynamics is that of a regular Pélya urn with d colors.
In such a framework, H = H, = I3, n > 1, therefore H is no more irreducible and we cannot use
the results proved in Sections 2 and 3.
We still normalize Y,, by setting Y, =

7n+\);§//zl(yo)7 n > 0. The sequence (Y;,),>0 satisfies the following

recursive stochastic algorithm (obvious consequence of (2.15))

S 1 S %) 1
Yor1=Y, - ———— |V, — — + AM, 1, >1, 5.32
+1 n+1+w(Yp) w (f(Yn)) n+1+w(Yp) +1, N (5.32)
where
AMpyq = X1 — E [Xn—i-l ‘fn] (533)

is a true (F,)n>0 martingale increment. Let us remark that, in this setting,

w(Yy,) _nt w(Yp)
n+w(Yy) n+w(Yp)

=1, n=>0,

so that the sequence B
Y,e Sy, foreveryn >0,

since it has non-negative components.
The special case of a linear drawing rule f(y) = y is entirely elucidated by the celebrated Athreya
theorem recalled below for completeness.

Theorem 5.1 (Athreya’s Theorem, see [1]). Let (Y,)n>0 be the urn composition sequence defined
by (1.1) and (1.3) with Dy, = Ig, n > 1, and a linear drawing rule (i.e. (2.10) with f(u) =u). Then,
if Yo€ R4\ {0} is deterministic, there exists a random vector Yo, having values in the simplex Sy such

that
U }/n a.s.
—

Yn = W(Yn) o YOO a.s.

Furthermore,
(i) Yoo has a Dirichlet distribution with parameter Y.

(ii) In particular, if d = 2, 17010 has a Beta distribution with parameters Yol and Y02 (in particular,
YL has a uniform distribution on [0,1] if Y =Y =1).

Now, we investigate the case f # Idg, by borrowing tools to adaptive bandit models analysis

(see [30, 28, 29]). First note that, as Y,, lives in the simplex Sy, the function f only needs to be defined
on [0, 1]. Moreover, we will no longer ask f to be convex or concave on (0,1) but require finiteness of
the derivatives at 0 and 1.
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f is continuous, non-decreasing, f(0)=0, f(1)=1, f>0 on (0, 1], with finite right and left derivatives
at 0 and 1.

A typical example could be f(u) = (u — —) +1 5, u € [0,1]. We will see that our study requires new
tools, especially a method to avoid noiseless repulsive equilibrium points (sometimes called noiseless
traps in the S A literature).

Theorem 5.2. (a) Let I C {1,...,d} be non-empty. If f satisfies f.(0) > \I\f(%) then, for every

deterministic initial value such that Yoj > 0 for some j¢ I,
P (Yoo =21) =0.

. . . 1" 0
(b) If d = 2, the above conclusion still holds if f](0) =1 and f/(1) + fTT() > 1.
(¢) If f is strictly concave then Eg = {e,,I C {1,...,d},I # @} by Proposition 2.3(c). Then, for every
starting value Yy € (0, +00)?,

a.s, ~

Y, &% eq,...ay = y(d) as n— +oo.

Remarks. e In claim (), if f(0) =0, f(1) =1, f/(0) =1 and f is convex or concave, then f = Id
so this case is interesting only out of the concave/convex framework.

o If Yi = 0 for some i € {1,...,d}, then, as proved below, Y;i = 0 for every n > 0. So, as soon as
Yo € RL\ {9}, one may apply the above result (c) to the urn restricted to I’ = {i€ I, Y§ > 0} to
prove that Y,, — ey as n — +o0.

Proof. (a)-(b) It follows from (1.1) and the fact that D,, = I, that, if Y¢ = 0, then, for every instant
n >0, Y = 0. So, up to a reduction of the dimension d, we may always assume that all components
Yy > 0.

As a consequence we may assume that, for every n > 0, min; 175 > 0. Our aim is to prove that
P <§~/O]o = 0) = 0, for every j ¢ I. To this end, we will show that {YZ, = 0} C {Loo = 0} where Ly
is the terminal value of a non-negative martingale. Then we will apply an “oracle” inequality to this
martingale. Without loss of generality, we may assume that, up to a permutation, 1 ¢ I and j =1 in
what follows.

STEP 1: First, we define the function h by

1

Tl(y) =1- %15@1;&0}7 Y€ Sa,

which satisfies h(y) < 1, for every ye Sy\{y:y' =0}
Starting from the dynamics of Y,! given by (5.32), we have, for every n > 0,

- 1 - y,! 1
Yn—l—l = Y, ———— (Y0 — f¥s) A]Wlﬂ
n+1+w<Yo> w(i(v)) ) 1T w()
= Yl(1- AM}
"( n+1+wY0 >+n+1+wY0) ntl
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We derive that the (non-negative) sequence
_ v1
L, := Ynl —
[Ti=1 (1 - mh(ykl_ﬁ)

. n>0, (5.34)

is a non-negative martingale satisfying the recursive equation Zo = }701 and

~ - 1 AM}
Ln+1 = + ntl
n+1+w(Yp) T (1 _ mh(yk{l))

n > 0.

o If f/(0) > |I|f(|—}|), then h(y) — K = 1 — Iflff;% < 0 as y — ¢€,. Therefore, on the event
I

{}7” — 'evl}, ?nl — 0so that h (}7111_1> ®C k < 0, which in turn implies | = (1 — mﬁ(ffkl_l)) &5

+oo. It follows from its definition in (5.34) that L, %% 0on {}7” — EI} since 0 < ?nl < nYV(V}?Qo) |
{17” —>EI} C {En —>0}.

o (Case d =2) If f/(0) =1 and f/(1) + @ > 1, then h(y) < 0 for y in the neighborhood of 0. So,
with in mind ey = e2, we still have {17” — 62} = {17,11 — 0} C {Zn — 0}.

Consequently,

STEP 2: The end of the proof is based on the following (short) “oracle” lemma (see [30]) reproduced
here for the reader’s convenience.

Lemma 5.1 (Oracle inequality). Let (M,,),>0 be a non-negative martingale. Then

E A (M)
M3

J-"n]
Vn >0, P(Mw=0|F,)<

Proof of Lemma 5.1. It is sufficient to observe that, for every n > 0,

oy = ELoemodln] Elonrrla] Epiln]

n

First we note that
E[(AM, 2|7l

F| = <n+1iW(YO)>2 ( ntl <1 el >>2

k=1 T E+wW(Y0)

E [(Azn+1)2

and

FOH (W) = F(VD) 41

1 2
E [(AMn_H) W(]?(f/n))Z f(l/d)2

Fa| =

30



since w(f(y)) > f(max;y;) > f(1/d) and Y, € Sy. As a consequence
1 JOD (w(I () — F(7)
— 2 ~— N2 :
e rewoae (I (1- £y ) (w0E)

Then, applying Lemma 5.1 to the non-negative martingale (zn)n21 yields

E [(Ain+1)2‘fn] _

P(Loo=0|F) < E[A@Zﬁl‘fn]
Ly
1 - F(}N/kl—l)

= =—E
L3 k—zn;rl 2 [ 17k h(YL,)
= (k+w(Y0))? (ITe=1 ( 1 — oy

2 ‘Fn )

Fe) (W(E@)-£Y)
(W(iw))*
negative and bounded by kg := (d — 1)/f(1/d)?. Consequently,

where the function F, defined by F(y) := y € (0,1] x [0,1]%71, is clearly non-

)

P(Loc = 0| F)
0 > o 1 T (v N
<y ! E Yi1 (1 k+W<Yo‘>h(Y’f1‘l)) (f
T2 (k +w(Yp))? k—1 R(YL ) i RYL) "
n k=n+1 = (11— Wl&o) [Te—1 (1 - m
L =Lip_1 i

Let %+ = maX(Tl,O), SO t?at h < l~1+ < Hl~1+Hoo First note that %+(y) <1- fd(_iyll) < 1, forNevery
y € Sg\{y" = 0} since w(f(y)) < d and we assumed f(y') > 0 on (0,1]. Moreover, limsup,1_,qh(y) <

1— f/(0)/d < 1 since f/(0) > 0 by assumption. As a consequence ||h, | <L
In 2-dimensions, under the additional assumption in the critical case (f,.(0) = 1), the extension of
the function h over [0, 1] is negative so that h, = 0.

REL) Pl \™

Finally, we obtain
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Then, as E [Zk_l fn] = Zn for every k > n + 1, since M is a (P, F,)-martingale,

KRd > 1 Ln
< ~ ~ ~
- I2 _Z (k +w(Yp))? [ 7y lloo
k=n+1 1-— k—i—W(Yo Hg 1 g+w YO HZ n+1 Z—i—Vt’(Yo)

> 1

nlle=1 +wW(o) | k+W( 0) 0 l=n+1 I+W(Yo)
KRq > 1 Hfi];k”oo
< g €X log|1——"F"=— 5.35
o, X o - g( Fw) 3)

. oy oo
WhereC’Oz%e(O,l) Slncel—%>l—m200.

Note that log(1l — u) > — T, WE (0,ug). Applying this inequality with uy = ﬁw() yields,
for every £ > n + 1,

o] 1 o
8 <1_£+T(YO)> =7 <1+H+W(Yo)> 0+ w(Yy)

Hence

) 5
17y ]l =
_ >
Zl"g<1 Trwig | = Il 1+n—|—WY0 Z e+wy0

> il 1+ /k o
- e n—I—WYO n w4+ w(Yp)
v

= Al (14~ >10g (%)

Plugging this inequality into (5.35) and using that = n+W(Y0)
——1 k+W (Yp)
P(Loo = 0| F) < (n + w(Yp)) i" S+ by o tog (20500
oo n) = COYnl (k‘ +W(YE)))2

k=n+1

As Hl~z+|]oo < 1, there exists ng be such that for every n > ng, 1 — (14 m)|lﬁ+\\m > 0. Hence
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— — L A
BT =05 < FOEWED) (et w(Yy) e
o =01 n) s —mgT .
CoYy k=n+1 (k‘—i—w(Yo))2 (+

—(1+— 1 A
ka(n 4+ w(Yy)) T arwog)Ih e
CoY,!

T =
m)||h+ ll oo

o

1

Ot —t I
k=n+1 (k + w(YO))2 (I rwirg) s lloo

(e 1 R
/{d(n + W(Yb))l (1+ n+W(Y0))|Ih+Hoo /-l—oo du
n

IN

COYnl (u+w(%))2_(1+m)”ﬁ+”m
KRd 1
1 1 Y :
Co¥Yn1-(1+ T DL [
Now, it remains to prove that V' %% too. Let Y. := lim, Y, (the components of ¥, are non-
decreasing). One checks that
! =)
{Yolo < —I—OO} _ U ﬂ U, > k— 1+W(Yo) = ,
30 k>n sy + £ — =)
then
fly/(k =1+ w(Y0)))
vneN, PVl <400 |Y!=y)= (1— =0,
( Ve =) = 1 F o+ 70— o/~ 1w
fly/k+w(Y)) ! 1
= b . Therefore Y, = .S.
since % fy/k+w(Yo)) + f(1 —y/k+w(Yp)) +o00 because f;.(0) > 0 erefore Y = +o0 a.s

On the other hand, the closed martingale IP’(EOO =0 ]-'n) —1 p 5. and in L' so that

{Loo=0
Li—op=0 as ie P(Ly—0)=P(Le=0)=0

which in turn implies that P (37010 = 0) since it was proved in STEP 1 that {V,! — 0}  {L,, — 0}.
(c) AsY§ >0, i€ {1,...,d}, we derive from what precedes that IP’()N/n — 8Sd) = 0. As a consequence,
following Theorem A.1, P(dw)-a.s., the compact connected flow invariant set ©°°(w) of limiting values

of (Yp(w))n>o is a minimal connected attractor of ODE), in Sg. We know from Proposition 2.5(b)
that y(d) = él is a uniformly attracting point ODE), and from Proposition 2.6(b) that the flow of

ODE), (y(yo,t))t>0 g converges toward 21, so it converges uniformly with respect to yo € O (w).
20,90€0q

Consequently, one concludes by Theorem A.1 that ©°°(w) = {y(d)} (otherwise it would have an

internal attractor). Hence Y,, =% y(d). O

6 Applications

6.1 A drawing rule based on a function with regular variation

Let define the law of the drawings as follows
f(¥y)

v1§2§d, ]P)(Xn-i-l:ei’fn):i.,
S F(Y)

n >0, (6.36)
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f(tz)

where f has regular variation with index o > 0 in the sense that for every ¢ > 0, @) — t% and
€T T—00
t
f is bounded on each interval (0, M]. Then, by applying Theorem 1.5.2 p.22 in [10], ‘{Cf(( x)) —
) z—00

uniformly in ¢ on each (0,b], 0 < b < 0.
We can reformulate the dynamics (1.1)-(1.3) into a recursive stochastic algorithm like in the Sec-
tion 2.2, and we obtain the following recursive procedure satisfied by the sequence (Y;,)n>0:

- - - Yo .
Yn+1 = Yn — Tn+1 Yn - = + Yn+1 (AMTL-H + rn+1) ) (6'37)
w(Y,)

with the step v, = m, }7,? = ((37;1)0‘> Lcicd and an F,-measurable remainder term given by

f) o Y

?n+1 = Hn+1 ~ ~ . (638)
w(f(Ya)  w(¥D)
Notice that, in the skewing case, the remainder term was r,41 = (Hp41 — H )%, therefore
assumption (A3) implied directly that r, % 0. Here we have to use the uniform convergence of
n—-+0oo

the regular variation to prove the required assumption on 7,1 1.
By the same arguments used in Section 2.2, w(Y},) satisfies (2.20). Moreover, for the quantity
N, = % > p_q Xk, we also devise a stochastic recursive procedure in the same way as before, namely

- - 1 [~ Yo 1 —~
Noii=N, — N, ——n |4 (AMn 7, )
+1 nt1 < w(Y;f‘)) ntl +1 T Tn+1

w(f(Ya)  w(e)
Theorem 6.1. Let d =2. Assume that (A1), (A2) and (A3) hold.
(a) If 0 < a < 1, then h has a unique zero y* € I'* and

W(Yn) a.s. Yn a.s. *

T (T
d N, —
n+ w(Yo) noto 0 w(Yy) it M nSrroo w((y*)®)

[V Yy

where 7,41 = thus 7,11 € F.

)

(b) If a > 1, then h has a unique zero y* € I* or ODE}, has two attracting equilibrium points in I*
(as we have established in Section 2.3). Thus, the stochastic recursive procedure a.s. converges to one
of the possible limit values.

Proof. By the same arguments like in Section 2.3, w(Y;,) satisfies (2.20), therefore Proposition 2.1
holds. Consequently, Y;, lies in a compact of R, thus

SR T 1.2 N A N T
1<i<d | f(n + w(Yp)) n+w(Yy) ) | n—too
Set af, = % and bl = (Y1), i € {1,...,d}. Then, for every i € {1,...,d},
al, B b,  al, —b, N al, 1_ w(an)
w(an)  w(by)  w(bs) w(an) w(by) )
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But

_ : Vi (Z?Zl 37,5)& —w(Y,)* if ael0,1]
w(bn) = Y (V) z{ et i e

therefore - .
w(Y,) (n+w(Yp))®
wibn) 2 ST T s

Consequently, for every i € {1,...,d},

a, b, _ maXici<d jat, = bl + 35—y [ad — Bh|
w(an)  wi(bn) ~ w(bn) ’
i.€. )
, b; d+1 ’ ,
max | — < + 7 nax lat, —bi| £ 0.
1<i<d |w(ap) w(by)| = w(by) 1<i<d n—-+00
Thus . .
ap, by,

7 <||H
] < IH max,

— Hp — H|| =5 0
W(an) W(bn) + ||| n+1 ||| N teo
a.s.

and in the same way 7,41 — 0. Consequently claim (a) follows from Proposition 3.1(a) and

n—-+00
Theorem 3.1.
We have to check the assumption on the remainder term to apply result on traps for SA. We have

that

% 7
an, bn

_ (d+1)dleD+

~

w(an)  w(by)
So, @ > 1, under assumption (A3) on the generating matrices,

Z [rnstll? < +o0.
n>0

max |al — bl | = o(n™%). (6.39)

1<i<d

The end of the proof follows from Proposition 3.1(b)&(c) and Theorem 3.1. O

To establish a C'LT for the sequence (Y;,),,>0 we need that the remainder term (r,,),>1 satisfies (A.47).
Then we will assume that the addition rule matrices (D,,),>1 satisfy (A1)-(i7) to ensure that (Y},)n>0

lies in the simplex (which implies that the rate in (6.39) is no more a.s.) and we assume also that
a>1/2.

Theorem 6.2. Assume that the index of reqular variation o > 1/2, that the addition rule matrices
(Dp)n>1 satisfy (A1)-(ii), (A3), (A4) and that (A5), holds. We have

Sp(Jn(y*)) ={1,1—p"},
where 1 1 1 1 1 1
g QW) ) Fa(l —yT )" (T = L+ p)
() + f(1—y*)e
(@) If py+p2—1<0and v, =1, n > 1, then

o) G - T ) B p ) 1t
ﬁ(Yn—y>nI>mN(o,z) with 2= [ QOO0 gy
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(y*l)acl + (1 _ y*l)aca oot . t
w((y)?) -y () = a.s.-ngrfooE [AM,AM} | Fo_1] . (6.40)

and T'=
(b) If p1 + p2 — 1 > 0, we have three possible rate of convergence depending on the second eigenvalue:

(i) If0< p* <% and v, =1, n > 1, then

Jn (?n - y) Eotattn (0, 33).

n——+o0o

(ii) If p* = % and v, = logn, n > 1, then

n <}~/n—y*) £, N (0,%) where ¥ =lim
logn n—+00 n logn

logn

/ W)= P~ L) g,
0

(iii) If% <p*<1andv, =n'"2"11 1 >0, then n?" (37” — y*) a.s. converges as n — +oo towards a

positive finite random variable Y.

This result follows from Theorem A.3 and Theorem 4.1.

6.2 An application to Finance: Adaptive asset allocation

Such urn based recursive procedures can be applied to adaptive portfolio allocation by an asset manager
or a trader, or to optimal split across liquidity pools. Indeed the first setting has already been done
in [30] and successfully implemented with multi-armed bandit procedure. We develop in this section
the adaptive portfolio allocation, but the optimal split across liquidity pools can be implemented in
the same way, by considering that the different colors represent the different liquidity pools, and the
trader want to optimally split a large volume of a single asset among the different possible destinations.

Imagine an asset manager who deals with a portfolio of d tradable assets. To optimize the yield of
her portfolio, she can modify the proportions invested in each asset. She starts with the initial allocation
vector Yj. At stage n, she chooses a tradable asset according to the distribution (1.3) or (1.5) of X,
then evaluates its performance over one time step and modifies the portfolio composition accordingly
(most likely virtually) and proceeds. Thus the normalized urn composition Y,, represents the allocation
vector among the assets and the addition rule matrices D,, model the successive reallocations depending
on the past performances of the different assets. The evaluation of the asset performances can be carried
out recursively with an estimator like with multi-arm clinical trials (see [4, 31]). In practice, it can be
used to design the addition rule matrices D,,. For example, we may consider (7, ﬁ)nzh ief{l,...,d}, a
success indicator, namely d independent sequences of i.i.d. {0, 1}-valued Bernoulli trials with respective
parameter p; (with convention T = 1 if the return of the ith asset in the n'" reallocation is positive
and T = 0 otherwise).

Let N! := py X,i be the number of times the i*" asset is selected among the first n stages with
Ni=0,i€{l,...,d}, and let S,, be the d dimensional vector defined by

SL =8 +TiX:, n>1, Si=1, ie{l,...,d},

denoting the number of successes of the i*" asset among these N reallocations. Define II,, an estimator

of the vector of success probabilities, namely TI¢, = i’i’ i € {1,...,d}. We can prove that II, n%oo
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p:=(p',...,pH)¢ (see [4, 31]). Then we build the following addition rule matrices

Tl H}m(l_ngu) . H}m(l_Tfffﬁ
ntl > jn T Y jcallh
D H?L(l_T}w}) T2 H?L(l_Tgfl)
ntl = > 1 n+1 Sizallh | (6.41)
H%(l_Trlw_ﬁ H%(l_Tf&ﬂ . Td
Z;l;ﬂ Hgl Z?#Q Hgl n+1

i.e. at stage n + 1, if the return of the j¥ asset is positive, then one ball of type j is added in the
urn. Otherwise, % (virtual) balls of type i, i # j, are added. This addition rule matrix clearly

satisfies (A1)-(7) and (A2). Then, one easily checks that the generating matrices H,, = E [Dy,41 | F,]
satisfy (A1)-(ii) and, as soon as Yy € R\ {0}, H, = H (see [4, 31]), where

I Hi(li—m;) .. Hi(li—l?r;) ! pla=p?) . p-ph)
22 T 2jzalln k2P’ 2 jza P’
I3 (1-p1) 113 (1-pa) p*(1—p') 2 p?(1—p%)
Hppr = | oM Szl |0 H=| S0 b 2 ja P’
Id(l—p) Td1-ps) | D pla-ph pla-p®) pd
>z 11, D itn I, 2P 2z P’

Let remark that H is R-diagonalizable since it is symmetric with respect to its invariant measure.
Therefore, the number of each asset in the portfolio Y;, follows the dynamics (1.1) and the distribution
of the portfolio in each asset follows the dynamics (2.17) or (6.37) depending on the drawing rule.

Here the components of the limiting generating matrix H can be interpreted as constraints on the
composition of the portfolio. Indeed, in presence of two assets (or colors), we prove that the first
component of the allocation vector y*! lies in I* (see Proposition 3.1), therefore the portfolio will
contain at least p; V (1 — p2)% and no more than p; A (1 — p2)% of the first asset. Such rules may be
prescribed by the regulation, the bank policy or the bank customer, and our approach is a natural way
to have them satisfied (at least asymptotically).

The idea of reinforcing the drawing rule (instead of considering the uniform drawing) like in (1.3)
or (1.5) can be interpreted as a way to take into account the risk aversion of the trader or the customer.
Indeed, if f is concave the equilibrium point will be in the middle of the simplex (see Theorem 3.2
and Theorem 3.3), so the trader prefers to have diversification in her portfolio. On the contrary, if
f is convex, the equilibrium points will lie on the boundary of the set of constraints induced by the
limiting generating matrix H, so she prefers to take advantage of the most money-making asset (like
in a “winner take all” or a “0-1” strategy).

Numerical experiments. We present some numerical experiments for the drawing rule defined
by (1.3), firstly with a concave function f : y + ,/y and secondly with a convex function f :y yt.
Therefore we have a unique equilibrium point in the first setting and two attracting targets in the
second framework. We consider an asset manager who deal with a portfolio of 2 tradable assets. We
model the addition rule matrices like in the multi-arm clinical trials, namely D,, is defined by (6.41).
We use the same success probabilities, namely p; = 0.7 and ps = 0.75, and the initial urn composition
is chosen randomly in the simplex Ss.
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> Convergence of the portfolio allocation with concave drawing rule.

Convergence of the allocation in the first asset

Convergence of the allocation in the second asset

0.7 0.7
0.6
0.5}
0.4} 0.4
0.3} 0.3
0.2f 0.2
0.1} 0.1
0O 560 1 0‘00 1 5‘00 2000 00 560 1 0‘00 1 5‘00 2000

Figure 6.4: Convergence of Y, toward y* for f(y) = /¥ with p; = 0.7 and py = 0.75.

We have that y*! € (0.25,0.7) and y*! and y*? are close to %, so the portfolio is diversified because
in this case the investor is risk adverse.

> Conwvergence of the portfolio allocation with convexr drawing rule.

Convergence of the allocation in the first asset Convergence of the allocation in the second asset

0.35 : : : 1 : ‘ ‘
0.9 .
0.3} l
0.8 .
0.25} 107 l
0.2} | 08¢ |
0.5} l
0.15] 1 oal |
0.1 | 03} l
0.2f .
0.05 l
0.1} .
0 : : : 0 : : :
0 500 1000 1500 2000 0 500 1000 1500 2000

Figure 6.5: Convergence of Y, toward y* for f(y) = y* with p; = 0.7 and py = 0.75.

In the convex framework, we have two possible strategies and they are close to the boundaries
defined by regulation. Moreover the distribution of the portfolio between the two assets is more
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Convergence of the allocation in the first asset Convergence of the allocation in the second asset

08 0.45
0.7 —] 04
06 | 035
03
05
0.25
0.4
0.2
03
0.15
0-2 0.1
0.1 1 0.05
0 : : : 0 : : :
0 500 1000 1500 2000 0 500 1000 1500 2000

Figure 6.6: Convergence of Y, toward y* for f(y) = y* with p; = 0.7 and py = 0.75.

asymmetric, because the trader chooses to invest two times more in one asset than in the other.
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Appendix

A Basic tools from Stochastic Approximation

Consider the following recursive procedure defined on a filtered probability space (€2, A, (Fy)n>0, P) having values
in a convex set C' C R,

Vn > 07 9n+1 = en - ’7n+1h(9n) + Tn+1 (AMn-l-l + rn-i—l) ) (A4~2)

where (v,)n>1 is a (0, 7]-valued step sequence for some ¥ > 0, h : C — R? is a continuous function with linear
growth (the mean field of the algorithm) such that

(Is —vh)(C) C C for every € (0,7], (A.43)

and 6y is an Fp-measurable finite random vector and, for every n > 1, AM,, is an F,,-martingale increment and
rn is an F,-adapted remainder term.

Note that the assumptions of the theorems recalled below are possibly not minimal, but adapted to the
problems we want to solve.

> A.s. Convergence. Let us introduce a few additional notions on differential systems. We consider the
differential system ODE), = i = —h(z) associated to the (continuous) mean field h : C — RY. We assume that
this system has a C-valued flow (*) ®(t,€)ier, ccc: For every £€ C, (®(t,€))i>0 is the unique solution to ODE),
defined on the whole positive real line. This flow exists as soon as h is locally Lipschitz with linear growth.
Let K be a compact connected, flow invariant subset of C, i.e. such that ®(¢, K) C K for every t€ R..
A non-empty subset A C K is an internal attractor of K for ODE}, if

(i) A K,

(#4) Jep > 0 such that sup dist(®(¢,z), A) — 0 as t — +o0.
zeK,dist(z,A)<eg

this is satisfied under the above stability condition (A.43).
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A compact connected flow invariant set K is a minimal attractor for OD E}, if it contains no internal attractor.
This terminology coming from dynamical systems may be misleading: Thus any equilibrium point of ODE},
(zero of h) is a minimal attractor by this definition, regardless of its stability (see Claim (b) in Theorem A.1
below, see also Definition 2.2).

Remark. When the flow does not exist, the above definition should be understood as follows: One replaces
the flow ®(z,-) by the family of all solutions of ODE}, starting from z at time 0 (whose existence follow from
Peano’s Theorem). For more details on this natural extension, we refer to [20] (see Appendix “the ODE method
without flow”). Up to this extension, the theorem below remains true even when uniqueness of solutions of
ODE), fails.

Theorem A.l. (A.s. convergence with ODE method, see e.g. [9, 18, 27, 19, (]). Assume that h : C — R?
satisfies (A.43) and that ODE}, has a C-valued flow (e.g. because h is a locally Lipschitz function with linear
growth). Assume furthermore that

o 250 and supE{||AMn+1||2|]:n} <400 a.s.,

and that (yn)n>1 1S a positive sequence satisfying (yn € (0,%], n > 1) and

S =400 and Y 42 < oo,

n>1 n>1

On the event Aow = {w : (h(0n(w)))n>0 is bounded}, P(dw)-a.s., the set ©>(w) of the limiting values of
(0n(W)n>0) as n — 400 is a compact connected flow invariant minimal attractor for ODE), (see Proposition 5.8
in Section 5.1 in [6]).

Furthermore:

(a) Equilibrium point(s) as limiting value(s). If dist(®(6o,t),{h = 0}) — 0 as t — +o0, for every 6y € R?, then
O*(w)N{h =0} # 2.

(b) Single stable equilibrium point. If {h = 0} = {6*} and ®(0y,t) — 0* as t — +oo locally uniformly in 6y,
then O (w) = {6*} i.e. 0, &5 0% as n — +oo.

(c) 1-dimensional setting. If d = 1 and {h = 0} is locally finite, then O (w) = {0} C {h = 0} i.e. 0, &%
O € {h =0}.

A stochastic algorithm may a.s. converge under the existence of multiple equilibrium points, typically stochas-
tic gradient or pseudo-descents, but we do not need such results to solve the urn problems under consideration
in this paper. We refer to [18, 27, 19, 6], among others. Note also that examples of situation (a) where the
algorithm a.s. does not converge are developed in [19], [20] or [6] (necessarily with d > 2 owing to Claim (c)).

> Traps (Unstable equilibrium point). This second theorem deals with “traps” i.e. repulsive zeros
of the mean function h. It shows that, provided such a trap is noisy enough, such a trap cannot be a limiting
point of the algorithm.

Theorem A.2. (A.s. non-convergence toward a noisy trap, see e.g. [12, 17]). Assume that z* € R? is a trap
for the stochastic algorithm (A.42), i.e.

(i) h(z") = 0,

(1) there exists a neighborhood V (z*) of z* in which h is differentiable with a Lipschitz differential,

(iii) the eigenvalue of Jy(z*) with the lowest real part, denoted by Amin, satisfies Re(Amin) < 0.

Assume furthermore that a.s. on T'(z*) = {0, — 2*},
n—-+4o0o

Z H7°n||2 <400 and limsupE ||AMn+1||2 |]-"n} < 4o00.

n>1
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Let K the subspace of R? spanned by the eigenvectors whose associated eigenvalues have a non-negative real
part and K _ the subset of R? spanned by the eigenvectors whose associated eigenvalues have a negative real part
(then RY = K, © K_). By setting AMr(LTJr)1 the projection of AM,11 on K_ alongside K., assume that a.s. on
I'(z"),
lim inf E {HAM}QIH
n

]—"n] > 0. (A.44)

Moreover, if the positive sequence (vyn)n>1 satisfies
Z Yo = 00 and Z 2 < 400,
n>1 n>1

then P(T'(2*)) = 0.
> Rate(s) of convergence. We will say that h is e-differentiable (¢ > 0) at 6* if
h(0) = h(0) + Jn(0*)(0 — 6*) +o(]|0 — 6*[|') as 6 — 6"

Theorem A.3. (Rate of convergence see [18] Theorem 3.III.14 p.131 (for the CLT see also e.g. [9, 27])). Let
0* be an equilibrium point of {h = 0} and {0, — 0*} the convergence event associated to 0* (supposed to have
a positive probability). Set the gain parameter sequence (Yn)n>1 as follows

Vn>1, v, = % (A.45)

Assume that the function h is differentiable at 0* and all the eigenvalues of Jn(0*) have positive real parts.
Assume that, for a real number § > 0,

supE ||| AM,, 41 ||*° |]—'n} < +4ooa.s., E[AMu 1AM | F,] i—} r* on {0, — 0%}, (A.46)
n>0 n 00

where I'* € ST (d,R) (deterministic symmetric positive matriz) and for an e > 0 and a positive sequence (vy)n>1
(specified below),

nv,kE [||7‘n+1||2]1{”971,9*”35}} — 0. (A47)

n—-+o0o
Let Amin denote the eigenvalue of Jp(6*) with the lowest real part and set A := Re(Amin)-

(a) If A > L and v, = 1, n > 1, then, the weak convergence rate is ruled on the convergence event {6,, <= 6*}
by the following Central Limit Theorem

too eI w1
N =y N(0,X%)  with X* ::/ efu(‘]h(e ) 77d)F*efu(Jh(9 )7%)du.
0

n—-+oo

(b) If A = %, vy, =logn, n > 1, and h is e-differentiable at 6%, then

n * Lstably * *
logn(ﬁn—H)njooN(O,E) on {0, — 6%},

where ¥* = lim 1 e_u(Jh(e*)t_%d)Fe_u(‘]h(e*)_%d)d
(c) If Ae (O, %), vy = nPA1H 0 > 1, for some n > 0, and h is e-differentiable at 0%, for some € > 0, then
n™ (0, — 0*) is a.s. bounded on {6, — 0*} as n — +oo.

If, moreover, A = Amin (Amin s real), then nh (0, — 6*) a.s. converges as n — 400 toward a finite random
variable.

U.
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