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Nonlinear Randomized Urn Models: a Stochastic
Approximation Viewpoint

SOPHIE LARUELLE * GILLES PAGEs T

November 28, 2013

Abstract

This paper extend the link between stochastic approximation and randomized urn models inves-
tigated in [24] for application in clinical trials introduced in [2, 3, 4]. The idea is that the drawing
rule is not necessary uniform on the urn composition, but can be reinforced by a function f. Firstly,
by considering that f is concave or convex and by reformulating the dynamics of the urn com-
position as a standard stochastic approximation (SA) algorithm (with remainder), we derive the
a.s. convergence and the asymptotic normality (Central Limit Theorem CLT') of the normalized
procedure by calling upon the ODE and SDE methods. An in-depth analysis of this reinforced
drawing rule in dimension d = 2 exhibit two different behaviours: either a single equilibrium point
when f is concave, or a single, two or three ones when f is convex. The last setting is solved using
results on traps for SA to remove the repulsive point and to deduce the a.s. towards one of the
attractive point. Secondly the Pdlya urn is investigated with the point of view of bandit algorithm.
Finally, these results are applied to Finance for optimal allocation and to the case where f has
regular variation.

Keywords Stochastic approximation, extended Pdlya urn models, reinforcement, monhomogeneous
generating matriz, strong consistency, asymptotic normality, bandit algorithm.

2010 AMS classification: 62L20, 62E20, 62L05 secondary: 62F12, 62P10.

1 Introduction

The first aim of this paper is to illustrate the efficiency of Stochastic Approximation (SA) Theory by
applying it to generalized Pdlya urn models with nonlinear drawing rules. The modeling appears as a
generalization of a previous work (see [24]) on randomized urn models applied to clinical trials. In this
paper, several recent results on the asymptotic behaviour (convergence weak rate) of the urn models
(especially [2, 3, 4]) were revisited using SA techniques. Considering nonlinear drawing rules leads
to dynamics for the (normalized) urn composition having several local attractors but also “parasitic”
equilibrium points (where equilibrium point means zero of the mean function associated to the stochas-
tic algorithm). This is a major difference with the linear case investigated in [24] since we will need to

*Laboratoire d’Analyse et de Mathématiques Appliquées, Université Paris Est Créteil. E-mail:
sophie.laruelle@u-pec.fr. A part of this paper was designed in Laboratoire de Mathématiques Appliquées
aux Systémes, Ecole Centrale de Paris, Grande voie des vignes, 92295 Chatenay-Malabry Cedex, France.

TLaboratoire de Probabilités et Modeéles aléatoires, UMR 7599, Université Paris 6. E-mail: gilles.pagesQupmc.fr



call upon the whole machinery of SA, in particular “second order” results about noisy non-attractive
equilibrium (repellers, saddle points) also known as “traps” in the SA literature (see [11]). We will
establish the a.s. convergence (strong consistency) and elucidate entirely the rate of convergence of the
normalized urn composition, even in the presence of multiple attractors.

Moreover, we study the classical Pélya urn model, namely when one ball of the drawing color is
added after each draw, with reinforced drawing rule. In this framework, the “second order” results
collapse because the trap are noiseless (since they lie on the boundary of the simplex). To elucidate
this problem, we go back over the idea introduced for the study of the bandit algorithm established
in [23, 22] where the authors introduce a non-negative martingale and applied the inequality presented
in Lemma 3.1. This result highlight the robustness of S A theory, even in presence of noiseless repulsive
equilibrium points.

We retrieve existing results (see for examples [18, 27, 13]) for classical Pélya urn model and be-
sides we extend them significantly with the addition of weak rates. Moreover we extend the nonlinear
drawing rule to randomized urn models where one ball is added on conditional average (introduced
in [3, 4] and studied with SA theory in [24]).

The generalized Pélya urn models (GPU) have been widely studied in the literature with different
points of view: martingale method (see for example [17]), algebraic approach (see for example [25]),
reinforcement process (see for example [25]), branching process (see for example [19]), stochastic ap-
proximation (see for example [7]). These models also have applications to many areas: biology, ran-
dom walks, statistics, computer science, clinical trials, psychology, economics or finance for instance
(see [27]).

In these adaptive models, the key point is the equation which governs the urn composition updating
after each drawing. Basically, we will show that (a normalized version of) this urn composition can be
formulated as a classical recursive stochastic algorithm with step v, = m. Doing so, we will be in
position to first establish the a.s. convergence of the procedure by calling upon the so-called Ordinary
Differential Equation Method (ODE method) toward a finite set of equilibrium points (but usually
not reduced to a single point). As a second step, we will rely on non-convergence results toward traps
for SA (see [11, 14]) and on multiple targets (see [6, 14, 16]). As a third step, we entirely elucidate
the rate of convergence (namely a CLT or an a.s. rate) by using the Stochastic Differential Equation
Method (SDE method, see e.g. [15, 8]). The three main theoretical results from SA are recalled in a
self-contained form in the Appendix. They can be found in all classical textbooks on SA ([8, 14, 15, 21])
and go back to [20] and [10]. We will see that these general theorems are extremely efficient to solve
these questions and spare tedious lengthy computations and somewhat repetitive proofs.

Let us be more precise of the urn model of interest. We consider an urn containing balls of d different
types. All random variables involved in the model are supposed to be defined on the same probability
space (2, 4,P). Denote Yy = (Y{)i=1, .4 € RL\ {0} the initial composition of the urn, where Y{
denotes the number of balls of type i € {1,...,d} (of course a more realistic though not mandatory
assumption would be Yy € N¢\ {0}). The urn composition at draw n is denoted by Y, = (Y;)i=1._4-
At the n'" stage, one draws randomly (according to a law defined further on) a ball from the urn
with instant replacement. The urn composition is updated by adding D,/ balls of type i € {1,...,d}.
The procedure is then iterated. The urn composition at stage n, modeled by an R%valued vector Yy,
satisfies the following recursive procedure:

Yo=Y, 1+D,X,, n>1, YyeRL\ {0}, (1.1)

with D,, = (fo )i<i,j<a is the addition rule matrix and X,, is the result of the nth draw and X, :



(Q, A, P) — {e!,---,e?} models the selected ball ({e!,---,e?} denotes the canonical basis of R% and
e/ stands for ball of color j). We assume that there is no extinction i.e. Y;, € ]Ri\{O} a.s. for every n > 1:

so is the case if all the entries DY are a.s. nonnegative (see [24]). Let F,, = o(Yy, X, &k 1 < k < n)
be the filtration of the procedure. Two types of drawing rules are considered and will be analyzed:

e Normalized distorted empirical frequency (convex/concave distortion)

f(Vi/(n + Te(Y0)))

Vie{l,...,d}, P(X,=¢€|F)= . , n>0, (1.2)
S F(V /(0 + Te(Y0)))
where f: Ry — Ry will satisfy convexity property.
e Normalized distorted colour distribution (distortion f with regular variations)
) Y
Vie (L.}, P(Xp =e | Fy) = —I0n) 0, (13)

e n >
S PV

where f : Ry — Ry will be assumed to have regular variations in the following sense: V¢ > 0,

f(tz) « : :
@ o t%, uniformly in t.

Let us remark that when f = Idjy;; both updating rules coincide. Moreover, the regular variation case

can be deduced from the convex one by noticing that, if f has regular variation and is bounded on

each interval (0, M], then J}(g)) — ¢ uniformly in ¢ on each (0,b] (0 < b < 00) if & > 0 (see Theorem
T—00

. . )/’!L . .
1.5.2 p.22 in [9]), thus, if PSS lies in a compact, then

max

1<i<d n—00

f ( Y, )
Fn+ 3L, YE) n+ 30, Yy
Then we can apply the convex framework to the special function x +— z¢.

The generating matrices are defined as the F,-compensator of the additions rule sequence i.e.

H, = (E[Dy |‘7:”—1])1§i,j§d’ n =1
We will also assume that the sequence of generating matrices a.s. converges toward a limit generating
matrix denoted by H.

Other fields of application can be considered for such procedures like the adaptive asset allocation
by an asset manager or a trader. One may also consider this type of procedure as a strategy to update
the composition of a portfolio or even a whole fund, based on the (recent) past performances of the
assets (see Section 4 for more details). We will study randomized urn models (based on those introduced
in [3]) with nonlinear drawing rules. We will consider that additional rule matrices are random and
that the limit generating matrix is different from the identity. Indeed, if D, = H = I; (namely one
adds a ball of the same color as the drawing one), this corresponds to the classical framework of Pélya
urn and when one considers reinforced drawing rule, this leads to a “winner take all” behaviour closely
connected to bandit algorithm (see [23]) where the aim is to find the best arm. The purpose here
is more to classify according to their performances the different treatments without excluding one of



them of the game: this is related to cooperative/competitive systems. The case of bandit algorithms
requires an independent study owing to the nature of the equilibria which lie on the boundary of the
state space, hence being noiseless. This case will be investigated in Section 3.

Here we will consider two kinds of nonlinear drawing rules: either f satisfies a convexity property,
or f has regular variations. In the first setting, an in-depth analysis of the zeros of the mean function
associated to the algorithm when d = 2 provides a new behaviour: namely, when f is concave, we have
a unique target, and when f is convex, we may have one, two or three possible equilibrium points. By
studying the attractiveness of the each equilibrium and the non-convergence of the algorithm towards
a trap and by applying the ODFE method, we establish the a.s. convergence of the normalized urn
composition towards one of the attractive equilibrium points. Then we entirely elucidate the rate of
convergence. In particular, we emphasize the existence of three different convergence rates depending
on the spectrum of the differential matrix of the mean function of the algorithm at the equilibrium
point. Finally, we show that when f has regular variations with index a € R4, then the procedure
behaves like y — y®.

The paper is organized as follows. Section 2 presents the framework of randomized urn models
with the required assumptions on both the addition rule matrices and the generating matrices. After
rewriting the dynamics of the urn composition as a SA procedure, we analyze in Section 2.1 the
equilibrium points and their stability for the associated ODFE when d = 2 and the reinforced drawing
rule is convex/concave. We exhibit two kind of behaviours: either a unique stable equilibrium point
when f is concave, or a single, two or three ones with two attractive and one repulsive points when
f is convex. By calling upon result on traps in SA, we prove the a.s. convergence towards one of the
attractive equilibrium points; then we derive from SDFE method all the possible rates of convergence.
In Section 3, we study the case of the classical Polya urn, namely where the addition rule matrix
equals to identity. We use results derive from the bandit algorithm to prove the convergence towards
the target and the non-convergence towards traps. Finally, Section 4 introduces applications of such
recursive procedures to drawing rule with regular variation and to portfolio allocation.

NOTATIONS For u = (u?);=1,. 4 € RY, |Ju|| denotes the canonical Euclidean norm of the column vector
u on R, Tr(u) = ZZZI uF denotes its “weight”, u' denotes its transpose; |||A||| denotes the operator
norm of the matrix A € M 4(R) with d rows and ¢ columns with respect to canonical Euclidean norms.
When d =g, Sp(A) denotes the set of eigenvalues of A. 1=(1---1)" denotes the unit column vector
in R, I, denotes the d x d identity matrix and diag(u) = [d;u;]1<; j<d, Where d;; is the Kronecker
symbol.

2 Randomized urn models

With the notations and definitions described in the introduction, we then formulate the main assump-
tions to establish the a.s. convergence of the urn composition.

( (1)  Addition rule matriz: For every n > 1, the matrix D,, a.s. has nonnegative
entries.
(1i)  Generating matriz: For every n > 1, the generating matrices

(A1) = H, = (H;})1<ij<dq a.s. satisfies
d
vj€{17"'7d}7 ZHZL]:C>0
i=1

(iii) Starting value: The starting urn composition vector Yp€ R4 \ {0}.

4



The constant ¢ is known as the balance of the urn. In fact, we may assume without loss of generality,
up to a renormalization of Y,,, that ¢ = 1: since Yn = i” and Dn+1 D”“ , n > 0, formally satisfies
the dynamics (1.1), namely

~

Yn — }/}n—l + ﬁang n 2 17 }/}06 Rfli— \ {0}

From now on, throughout the paper, we will consider this normalized balance version. Nevertheless,
we will still denote by Y,, and D,, the normalized quantities and assume that ¢ = 1.

(A2) The addition rule D, is conditionally independent of the drawing procedure X,, given F,,_; and
satisfies -
vi<j<d swE[[DI* | Fa] <400 as. (2.4)
n>1

where D;{ = (Dg)izl,wd.
(A3) Assume that there exists an irreducible d x d matrix H (with nonnegative entries) such that

a.s.

H, — H. (2.5)
n—oo
and
> |[Hy = H||? < +00  a.s.. (2.6)

n>1

H is called the limit generating matriz.

2.1 Convex or concave function for the drawing rule

Let define the law of the drawing as follows

. Y
Vie{l,...,d}, P(Xpt1=¢€"|F,) = df(i")ﬁ, n>1, (2.7)
> =1 f(Ya)
where }N/'n = ———"—— n >0, and f is a non-decreasing convex (or concave) function satisfying

n+ Tr(Yy)’
f(0) =0 and f(1) = 1. We use this renormalization since E [Tr(Y;,)] = n + Tr(Yp) and thus Y}, lies on
average in the simplex. Therefore this is a natural way to normalize the urn composition vector.

We can reformulate the dynamics (1.1)-(1.2) into a recursive stochastic algorithm to elucidate the
asymptotic properties (a.s. convergence) of both the urn composition and the treatment allocation.
We start from (1.1) with Yo € RZ \ {0}. For n > 0,

Yn+1 = Yn + Dn+1Xn+1 = Yn +E [Dn—l—an—l—l |]:n] + AMn-l—ly (28)

where
AMyy1 = Dpy1Xpg1 — E[Dpp1 Xpg1 | Faol

is an J,,-martingale increment. By the definition of the generating matrix H,,, we have
d
E [Dpi1 Xns1 | Fn] = ZE [Dniilix, 1—eiy€ | Fu] =D E[Dp1 | Fol P (Xpi1 =€ | Fp) €f

_ f (¥) f(Va)
= n+1 Z Hn+1 Tr(f(f/n))



where f((yl, oyt = (f(yi))1<i<d € [0,1]¢ is a column vector, so that

f(Va)
+1 + +1Tr(f(Yn)) + +1

Now we can derive a stochastic approximation for the normalized urn composition Y,,. First we have
for every n > 0,

Yot1 _ Yy + 1 f(ffn) . Y + AMpia
n+1+Tr(Yy) n+Tr(Yy) n+1+Tr(Yp) "“ﬁ(f(ffn)) n + Tr(Yo) n+1+Tr(Yy)

Consequently, 37” = WZ(Y)’ n > 0, satisfies a canonical recursive stochastic approximation proce-
0
dure
oyt et 1 f(?n) v 1
Y, =Y, +— | Hypy1————=—-Y, | + ——————AM, 2.9
v 1 v f(?n) 1
=Y, -— Y, - H——= + AMp1+r 2.10
with step v, = m and a remainder term given by
f(y,
Tna1 i = (Hpg1 — H)L’i). (2.11)
Tr(f(Yn))

Furthermore, in order to establish the a.s. boundedness of (57”)”20 we will rely on the following
recursive equation satisfied by Tr(Y},):

Tr(Hnilf(ffn)) N
Tr(f(Yn))

By the properties of the generating matrix H, 1, we obtain

d d
Tr(Hn-i-lf({/n)) = Z( n+1f n z = ZZ +1f Z <Z H:Lj+1> (}N/rg) = Tr(f(?n))

Tr(Yi) = Tre(Y,) + Tr(AM;41).

=1 =1 j=1 7j=1 =
Consequently
TI'(Yn+1) = TI'(Yn) + 1+ Tr(AMn+1). (212)
Set N, := > p_; Xi. Then we have
o N
Nn+1 = Nn + Xn+1 = Nn + LN) + AMn-{—h
Tr(f(Yn))
F(¥a)

where AM, 1 := X111 — E[Xpp1 | Fo] = Xog1 — . Thus, for N,, := — we have, still for
n

Tr(f (V)

]’\7”+1 = ]’\7” - ! <j\7n - fﬁYﬁ)))) + ! AJ/\\jn—l—l'

every n > 0,

n+1



Proposition 2.1. Let (Y,,)n>0 be the urn composition sequence defined by (1.1)-(1.2).
(a) Under the assumptions (A1) and (A2),

TV as
n—|-Tr(YO) n—oo

(b) If the addition rule matrices satisfy (A1)-(ii), then Tr(Y,) = n + Tr(Yy), therefore the sequence
(Yo)n>o lies in the simplex.

Proof. (a) We have

d
D1 Xnp1 = Z Dﬁj-',-l]l{XnH:ej}‘

=
Therefore

d 2

) y
[ Dns1 Xnpa||” = ZHDnJHH Lix,=ei}s
j=1
d
2 g |2 j
so that E[||Dn+1Xn+1\| |}'n] - YE HDMH | Fo| P (Xng1 =€ | )

j=1

<
Il

2
< sup sup E [HDT{HH |]:n] < +oo a.s.
n>01<5<d

Consequently sup,,>; E [\|AMn+1||2 |]:n} < 400 a.s.. Therefore thanks to the strong law of large

My
=2 — 0 a.s.. Consequently

numbers for conditionally L?-bounded martingale increments, we have
n—oo

it follows from (2.12) that

Tr(Yy,) — 14+ Tr(M,) a8
nr ) T () e
(b) In this case Tr(M,) = 0, consequently for every n > 0, Tr(Y;) = 1. O

The recursive procedure (2.10) is a zero search for the function h : R s R? defined by

N(y) d
h(y) = —-H——, RY. 2.13
(Z/) <y r(f(y))) Yy e ( )

Since the components of Y, = MTL;‘(YO) are nonnegative and Tr(Y;) = Tr(¥y)

AT 1 a.s., it is clear

that (?n)nzo is a.s. bounded and that a.s. the set YV, of all its limiting value is contained in the simplex

V=Tr1} = {y € RY | Tr(y) = 1} .
Consequently, we look for equilibrium points y € V such that h(y) = 0.

Theorem 2.1. The function h defined by (2.13) has at least one zero in V.



Proof. Let ¢ : V — V be the function defined by

Py =V
f)

o Iw
)

Notice that v is continuous since f is. Let yp € V. Then ¥ (yo) = H %. Using Assumptions (A1)-
v(f (yo

(A3) on the generating matrices, we have that the entries of H are non-negative and that V1 < j < d,
Zle H' = 1. Consequently, as f is non-negative, 1(yp) > 0 and

d d
Z¢Z(y0) :ZZHZkTr yO ZZszTr 0 )) =1

i=1 i=1 k= k=1 1i=1

U
ISH
ISH

Therefore, the function v is defined on V to itself. As V is a convex set, by applying the Brouwer
fixed-point theorem, we obtain that ¢ has at least a fixed point in V, i.e. h has at least a zeroin V. [

> First step: Search of equilibrium points

Let d = 2. Define the generating matrix H as follows

H:(pl 1_p2>, O<pi<1, i=12
1—=p1  p

Solving h(z) = 0, z € R%, on V is therefore equivalent to solve h((y, 1—y)!) = 0, y € [0, 1]. Consequently,
we come down to an one-dimensional problem, namely solving the following equation

(1= fly)+ (1 —=p2—y)f(1—-y)=0. (2.14)

First we remark that if p; = 1 — po, then y = p; is the unique solution of (2.14) because f > 0 on
(0,1).
Assume now that p; # 1 — pe. Then it is obvious that the solutions of (2.14) are different from p;
or 1 — ps. Define the following two functions
fl—y)

g1(y) =——=, ye[0,1]\{p1}, and go(y) = f)

pL—y y—1+p V€ 0,1\ {1 —p2}.  (2.15)

Consequently, solving (2.14) for p; # 1—pa is equivalent to solve g1(y) = g2(y) on S = [0, 1]\ {p1, 1 —p2}.
Let us compute the first and second derivatives of these functions: we obtain for y € S,

fl—y) = fA-y)p1—y) f')y—14p2) — f(y)

gi(y) = (pl _ y)2 ) 92(y) = (y 1 +p2)2 )
pey A=) —y)? +2(fA—y) — FA-y)er—y) _ [0 —y)+ 241 (1)
91 (y) = ( — - _
p1—y)? =y

and

"Wy~ (=) —2(f () — 1+ p2) — f(y) _ () — 265()
(y —1+p2)? y—1+py

Proposition 2.2. 1. If f is concave, then h has a unique zero in (p1 A (1 —p2),p1 V (1 — p2)).



2. If f is strictly convex, 1 — pa < p1 and there exist &1, € [0,1] such that ¢} (&) = 0, gh(&) =
91(&1) < 92(&1), 92(§2) < g1(§2), then h has three zeros in (p1 A (1 —p2),p1 V (1 — p2)).

3. If f is strictly convex and 2. is not satisfied, then h has a unique zero of h in (p1 A (1 —p2),p1 V
(1 —p2))-

Proof.

1. If f is concave, then g > 0 and ¢), < 0, and we have a unique solution y* € (p1 A (1 — p2),p1 V
(1 —p2)).

3. (a) If f is strictly convex and p; V py < f’%l)’ then ¢g; > 0 and g5 < 0, and we have a unique
solution y* € (p1 A (1 = p2),p1V (1 = p2)).
(b) If f is strictly convex, p; < ﬁ and py > %, then ¢j > 0 and we have to study the

variations of go. We have that g5 < 0 on [0,1 — p2), ¢5((1 — p2)+) < 0 and gh(1) > 0. As

Gh(y) = GEELs with @a(y) = f'(y)(y — 1 +p2) — f(y) and ©h(y) = f"(y)(y — 1+ p2), then

is non-decreasing on (1 — pg, 1] since f is convex. Therefore there exists 2 €]1 — po, 1) such that
cpg(y) =0, namely ¢5(&) = 0. As ps > p1, then pil > p%, therefore there exists a unique solution
y € (Al —p2)pV(1—p2)).

(c) If f is strictly convex, p; > W and po <

1

oL then g5 < 0 and we have to study the

variations of g;. We have that g; > 0 on (p1,1], ¢ ((p1)=) > 0 and ¢{(0) < 0. As ¢} (y) = (;il_(z))z

/

g1
with ¢1(y) = f(1—y) = f' (1 —y)(p1 —y) and ¢ (y) = f"(1—y)(p1 —y), then ¢y is non-decreasing
on [0,p1) since f is convex. Moreover y — (p1 —¥)? is non-increasing and non-negative on [0, p1),
consequently ¢} is non-decreasing on [0,p;) and g¢; is convex. Therefore there exists & €]0,p1)

such that ¢j(§&1) = 0. As p; > pa, then L < L therefore there exists a unique solution

. P1 p2’
y e i A1 —p2),p1V(1—p2)).

7
(

2. If f is strictly convex and p; A pg > ﬁ, then following the lines of the two previous cases, we
have that there exist & € (0,p1) and & € (1 — pa, 1) such that ¢{(&1) = 0 and g¢4(&2) = 0. If

S <p1<1l-p2<&, & <1l-p<p1 <&, & <1-p2<&&<p,l-p2<&<pr<§or
1—po < & < & < p1, then there exists a unique equilibrium point y* € (p1 A(1—p2),p1V (1—p2)).

If 1 —py < & < & < py, then we may have one, two or three equilibrium points.

In fact, we have the following conditions for each case:

o if g1(£1) < g2(&1) and g2(&2) < g1(&2), then we have three equilibrium points in (1 — p2,p1)
(one in (1 — pg,&2), one in (£2,&1) and one in (&1, p1)),

o if g1(&1) > g2(€1) and g2(§2) < g1(&2) (or g2(§2) > g1(&2) and g1(&1) < g2(&1) respectively),
then we have a unique equilibrium point in (1 — pg, &) (or in (§1,p1) resp.). O

_ fa=2)
g() (1_Z)_p2—z’
= él (y), then gy is convex on
V(

1 —p2)), then we deduce

Remark. By a change of variable z = 1 — y, we have that g2(z) =
therefore as g1 is convex on [0,p1), g2 is convex on [0,p2) and as ¢j (z)
(1 — po,1]. Using the fact that g; and go are convex on (p; A (1 — p2),p

that there exist at most three zeros in (p1 A (1 —p2),p1 V (1 — p2)).

Example of phase transitions



Equilibrium points depending on the power a
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Figure 1: Equilibrium points for f(y) = y® depending on « with p; = 0.7 and py = 0.75.

> Second step: attractiveness

After the study of the equilibrium points, we have to compute the eigenvalues of the differential
matrix at the equilibrium point to deduce its attractiveness for ODE},.
Indeed, as the set of limiting values of the algorithm is included in the simplex )V, we come down to

a one dimensional problem, where all the equilibrium points belong to (p1 V(1 —p2),p1 A(1—p2)). This
amounts to studying the zeros of hl, the first component of i, namely hl(y) =y — 2 (?)(Z)(i}?fzz ()1—y)‘

By simple computations, we obtain that, for every zeros y* of hy,

(hl)l(y*) _ f(y*) + f/(y*)(y* — pl}(—;-*{(i ;(?i*z_iy_*{/(l . y*)(l — g — y*)’ y* . [0’ 1]’ hl(y*) .

Therefore, for each zero y* of hy, we have three possibilities:

e y* is uniformly attractive ((h!) (y*) > 0),
e y* is repulsive ((h')(y*) < 0),
e y* is undetermined ((h')(y*) = 0).
Theorem 2.2. (i) If h has a unique equilibrium point, then it is attractive.

(ii) If h has two equilibrium points, then the first equilibrium point is attractive (the smallest for h')
and the second is undetermined.

(iii) If h has three equilibrium points, then the first and the last (the smallest and the biggest for h')
are attractive and the one in the middle is repulsive.

Proof. We have that h'(0) = —(1 — p2) < 0 and h'(1) = 1 — p; > 0. Then, if there exists a unique
equilibrium point, the derivative at this point is positive, therefore the equilibrium point is attractive.
Since there exists at most three equilibrium points, then:

10



e if h! has two zeros, then the first equilibrium point is attractive and the second is undetermined:;

e if A! has three zeros, then we have two attractive equilibrium points (the first and the last) and
one repulsive point (in the middle). O

Examples of function h'

Functions h!

0.3
0.2}
0.1r
0
-0.1 a=2.5
a=3.1
0.2 a=4
a=5
0 0.2 0.4 0.6 0.8 1

Figure 2: Function h' for f(y) = y* with p; = 0.75 and ps = 0.75.

It remains to show that the algorithm does not converge towards the repulsive equilibrium point
denoted by ¢.To show that there is an excitation in the repulsive direction, we have to prove that
assumption (A.27) (see Theorem A.2 in the appendix).

Theorem 2.3. Let § be a repulsive equilibrium point for ht, namely (') () < 0. Then
P(Y,! — §) = 0.

Proof. As we consider the one-dimensional problem (namely the algorithm satisfied by the first
component Y,!), we have using the notations of Theorem A.2 in the appendix that

AMT) =AM},

Using Assumption (A1), we obtain

11 1 12 v 2
AMT). — pll x1 12 32 _Hn+1f(Yn)~Fn+1f(Yn).
Myt =Dy X + D00 X0 ()
Therefore
E||amid|17] = E[aML|I7)]
_ SO gl H IO+ H I fn]
Te(f(Va) || " Tr(f(Yn)
LT ‘Dli _HED + HAITD| fn]_
Te(f(Ya) || " Te(f(Yn))

11



By Jensen’s inequality

Ef|lavl]17] = &‘H&_ L F(V) + B3 (VD)
Tr(f(Yn)) Tr(f(Yy))
F(V2) o HALS) + HRL (VD)
Te(f(Ya)) | " Te(F(Y,)) '

Owing to (A5), Hff;rl :—8> H%_ where H* = p; and HY = 1 —pj, 1 < 4,5 < 2. Furthermore, on
n o
V={w:Vlw) - g},
Hfll}l-lf(Ynl)j_ﬂrlLa—lf(Yrg) a.s,

Consequently,
(V) ‘Hilﬂ_H,ﬁlfw,%)jffﬁlf(lfi) vy, J@) o
Tr(f(Yn)) Tr(f(Yn)) nee Tr(f(9)
and v 11 V1 12 V2
2 .
f(V2) ‘Hﬁl_H,mﬂYn)~ HEA O s, 1O g
Tr(f(Yn)) Tr(f(Yn)) nee Tr(f(9))

because § € (1 — pa,p1). Thus (A.27) is satisfied. Then, by using (2.6) and by applying Theorem A.2

in the appendix (see [11, 14]), P()) = 0. O

> Third step: a.s. convergence

Theorem 2.4. Let (Yy,)n>0 be the urn composition sequence defined by (1.1)-(1.2). Under the as-
sumptions (A1), (A2) and (A3),

(@) e 25

*

"o Tr(f(y)
Proof. We will first prove that (a) = (b), then we will prove (a).
(a) = (b). We have
d i ey
E[Xy | Foot] =) Sy i f0n)
=1 Tr(f(Yn—l)) Tr(f(yn—l))

and, by construction || X,||* =1 so that E |:HXn”2 ‘fn_l} = 1. Hence the martingale

n

r X —E[X — a.s. T
i, = M B A sttt iy e g2

k n—o00
k=1

12



and by the Kronecker Lemma we obtain

1 Y
DI =,
nk:l k Ykl n—o00

This yields the announced implication owing to the Cesaro Lemma.

(a) Assumption (A2) implies that sup,>,, E [\|AMn+1H2 |]:n] < 400 a.s. and Assumption (A3)

implies that 7, n%o 0.
e If h has a unique zero y* € V, then he fundamental result derived from the ODE method (see
Theorem A.1 in Appendix) yields

Y, &5 y*

n—oo

e If ODE}, has two attractive equilibrium points, the set of limiting value is a.s. compact connected
and stable by the flow of ODE}, and the trap of the algorithm cannot be a limiting value (see
the study of the attractiveness). Thus the stable chain recurrent sets are reduced to each of the
two attractive equilibrium points (see [6]) and consequently, the stochastic algorithm converges
towards one of the two attractive equilibrium points. [

> Fourth step: rate of convergence

To establish a C LT for the sequence (57”)”20 we need to make the following additional assumptions:

(A4) The addition rules D,, a.s. satisfy

$upz1 E [|DF 2| Foa] < € <00 forad >0,

vV1<j<d, P .
E [D,{(D,f)t | }“n_l] o’}
n—oo
where C7 = (Cl-jl)lgugd, j=1,...,d, are d x d positive definite matrices.

2

Note that (A4) =(A2) since E [HD;{H? |}"n_1] < (E [||D;{\|2+5|fn_1])2”.
(A5) The matrix H satisfies
E [|||H, — H||’] — 0. (2.16)
n—oo
Theorem 2.5. Assume (A1), (A3), (A4) and (A5).

1. If p1 <1 —po, then

Vi(Taoy) SN0 with m [ ) Dra@io)-bg
nnyn:zo(o,)wzt —Oe 2)Te 2) du

f(y*l)cl +~f(1 _ y*l)C2
Tr(f(y*))

2. If 1 — py < p1, we have three possible rate of convergence depending on the second eigenvalue:

and T =

—y' () = as.- lim E[AM,AM | Foa] . (217)

13



(i) If
Sy D)=y )+ A -y = (1 —p))

LoAe= Fly D+ fA—y )

1
< -, 2.18
; (218)
then

n—o00 "IN —1

\ logn <1~/" B y*> né)o N (0,%).

(iii) If X < %, then n? (17“ — y*) a.s. converges as n — +o0o towards a positive finite random

\/ﬁ(?n—y*) i>/\f<0 ! 2).

(ii) If A\ = %, then

variable.

Remark. e Condition (2.18) is satisfied as soon as

(f/(l - pl) + f/(l — p2))(p1 + po — 1) 1 .
f(=p1)+ f(1 —p2) < 9 if f is concave,
(f'(p1) + f'(p2))pr+p2—1) 1 . .
f(1—p1) + f(1—po) < 5 if f is convex,

by using the monotony of f and f’ and that y* € (1 — pa,p1).
o If f(y) =y, then the above criteria reads

2(p1 +p2 — 1)

1 . 2
<5 te p1+p2<g,
2—p1—p2 2

5

which ensures a CLT for the unique equilibrium point. This case has already been investigated (see
[3, 4, 24]) and we can compute the equilibrium point and the second eigenvalue, namely

a_  1—=p 2 1-—p
Yy =g P —
2—p1—p2 2—p1—p2

Thus, if p; +p2 < %, then the recursive procedure (2.10) satisfies a CLT; if p; +pg = %, (2.10) satisfies
Theorem 2.5-2.(ii); and if p; + p2 > 3, (2.10) admits a a.s.-rate of convergence.

e In [12], they study some properties on the a.s. limit in claim (7).

Proof. We will check the three assumptions of the C'LT for SA algorithms recalled in the Appendix
(Theorem A.3). Let us begin by computing the general differential matrix Dh(y). We obtain

I'(yh) pif(yh)+(1—p2)f(¥?)
L+ w769 (

_ (%) pify)+(1-p2)fW*) 1
T+ ?) pl) f(y1)+f(y2)( FyO+70?) (1 p2))

Dhly) =

Y A=—p)fH)+p2f@? 1 (%) (A=p0)fyH)+p2f(y?)
FEO+7 ) ( OESL0R) (1 pl)) L+ 07w ( FORESIOD) p2>

14



As the equilibrium points y* lie in the simplex V, we have that 3*? = 1 — y*!. Furthermore, using that
h(y*) = 0, we obtain
[y %1 f(1-y*h) *1
* L e O ) g W7 (- )
Dh(y") v = ) o
Py ol S (l—y* «1
e 0= vt) L e (Lo -y

Thus

Sp (Dh(y*)w) — {1’ FD 4+ )yt —p) + fA =y + (1 -y —pe — y*) } |

fyh) + f(1—y*)

The condition (A.30) on the spectrum of Dh(y*) requested for algorithms with step 1 in Theorem A.3

reads Re (Sp(Dh(y*))) > 1.

Secondly Assumption (A4) ensures that Condition (A.28) is satisfied since

supE |:||AMn||2+5 |]:n_1] <+oo as. and E[AM,AM!|F,_1] “3 T as n— oo,
n>1 n—oo

where I' is the symmetric nonnegative matrix given by

2

[AMn+1A n+1 |]: j| = Z]P)(Xn—l—l = eq |]:n)(]E [ng-i-l( TL—I—I) |]: i|
q=1

_E[Dn+1Xn+1|]:] [Dn+1Xn+1|]:n]t)
- Z fY f+1( n+1) ‘]:) (Hn-i-l&) <Hn+1Tf(~Lﬁ)

Tr(f(Yn)) r(f(Yn
as *1 Cl + f(1— *1 02 .
_)P:f(y ) j(* N ey
e Tr(f(y*))
Finally, using (A5), the remainder sequence (ry,),>1 satisfies (A.29). O

3 Polya urn with reinforced drawing rule: a bandit approach

Assume that the drawing rule is given by (2.7), that D, = Id, n > 1, and that the initial urn

composition vector Yy € RZ \ {0}. Then we normalize Y;, into Y, "1‘%/7:()/0) n > 0. The sequence

(?n)nzo satisfies the following recursive stochastic algorithm

Yn+1 =

!

_; }7_ f(i;n) + 1
n+1+Tr(Yp) \ " Tr(f(f/n)> n+ 1+ Tr(Yp)

AM,i1, n>1, (3.19)

where
AMn—l—l = Xpp1 —E [Xn—l—l |]:n]

Tr(Yn) _ n+Tr(Yo)
n+Tr(Yo) = n+Tr(Yo)

the sequence (i;n)nZO is bounded and lies in the simplex since it is a non-negative sequence.

is an (F,,)n>o-martingale increment. Let us remark that in this case =1, so that

The special case where f(x) = x follows from the following result

15



Theorem 3.1. Let (Y,)n>0 be the urn composition sequence defined by (1.1)-(1.2). Under the as-

sumption (2.7) with f(x) = x, there exists a random vector Yoo having values in the simplex such

that v
Vp=—n2" 2% Y. as.
Tr(Yn) n—00 a8

Furthermore, if d = 2,
(i) when Y3 = Y@ =1, YL has a uniform distribution on [0,1].

(ii) in general, 3702 has a beta distribution with parameter Yy and Yg3.

Proof. Since the components of Y, = - +%/r”(YO) are nonnegative and Tr(Y,,) = 1, n > 0, it is clear that

(?n)nzo is bounded and lies in the simplex and that the set Vo, of all its limiting values is contained
in

V=Tr"1} = {u € RY | Tr(u) = 1} .
We can rewrite the recursive procedure (3.19) for f(z) = z in the following form

et oyt A]\4714-1
V1 =Y, +——ntt
R i A

AMy,
n

therefore Y}, is a non-negative bounded martingale. Moreover, the series > -, a.s. converges in

R? since sup,>o E [AM?2, | | F,] < C < +o0 a.s.. Consequently Y, n%)o Yoo < 400 a.5..

Claim (¢) will be a consequence of (i7), so we will prove the second claim. We will use the moment
method to prove that the law of }7010 is the beta law with parameter Yol and YOQ. Indeed, by Lebesgue’s
theorem lim,, o0 E[(Y;)*] = E[(Yao )¥].

Let us recall the moments of the beta law. Assume that a random variable X has the beta
distribution with parameters o and 8. Then for every k > 1,

k—1 .

o+ 1
E[X*] = _.
[X7] E)oz—l—5+i

We set, for n > 0,

—~ Yivi+1) (Y 4+k-1)

Mn (n+Tr(Yo))(n+Tr(Yo) +1) -+ (n+ Tr(Yo) + £ — 1)

Let show that (Mn)nzo is a (Fy)n>o-martingale. We have a.s.

E[Mpy1|Fn] = E[Mn-i-l]l{X}lH:O}‘-’rn] + E[Mn-i-l]l{X}Hl:l}’fn]
n+ Tr(Yo) — Y, VoY +1)- Yy +k-1)
n+Tr(Yy) (n+Tr(Yo)+1)(n+ Tr(Yo) +2)--- (n + Tr(Yo) + k)
v, Y+ )Y, +2)-- (Y] +k)
n+ Tr(Yp) (n+ Tr(Yo) + 1)(n 4+ Tr(Yo) +2) - - (n + Tr(Yo) + k)
VIV +1)- (Y +k—D[(n+Tr(Yo) = Y,)) + (Yo + k)]
(n+ Tr(Yp))(n + Tr(Yo) + 1) --- (n + Tr(Yo) + k)
Y+ (Y k—1) —

= T ) T 1) T ) TR D)

_l’_
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Yo tr 1 ~ Sk
Eaneor vd Y a.s. for every fixed r, so that M, — (YL)" a.s.

and, as 0 < M, <1, limy, 00 E[M,] = E[(Y1)]. (Mn)nzl being a martingale

Since Y,} — YL a.s. then also
n—oo

~ = Yo+

E[M,] = E[Mo] = [| Te(Yo) + 7
r=0

Remark. For arbitrary d > 2, it is known (see [1]) that Vs has a Dirichlet distribution with param-
eter Yj.

By the same kind of analysis as in Proposition 2.2, we can prove for d = 2 that if f is strictly
convex or strictly concave, the algorithm has exactly three equilibrium points, namely (1,0)?, (%, %)t
and (0,1)!. The attractiveness study of these equilibrium points leads to the following results

on01 = (i, ) o s (Dn(0),) = 11 £,

11y '(3)
so Sp Dh<<§,§>>|v :{1,1—2f(2%)

Dh((o,1)t)|v:< ,{égo) ?) so 8 (DR ((0,1)),) = {1,1 - £(O)}.

T

Consequently, if f is strictly convex, (1,0)! and (0,1)! are attractive equilibrium points. Moreover
(%, %)t is a “noisy” repulsive equilibrium point by the same argument as in Theorem 2.2. Still following
the lines of Theorem 2.3, it follows that the recursive procedure (3.19) never converges toward (%, %)t

Then me =5 {(1,0),(0,1)}.
11 t

If f is strictly concave, then (3, §)t is an attractive equilibrium point and (1,0)! and (0,1)! are
repulsive (for the ODE), but they are “noiseless” since they lie on the boundary of the limit set.
Therefore, we have to analyze this case in another way, namely like for the two-armed bandit algorithm
investigated in [23, 22, 26]. We will follow the approach introduced and developed in [22]: in particular
we will prove that the algorithm never converges toward one of the traps.

Theorem 3.2. If f satisfies 1 < f/.(0) or f1(0) =1 and f/(1)+ @ > 1, then for every deterministic
initial value Yy € R\ {(1,0)%,(0,1)'},

P (1700 = {(1,0)", (0, 1)t}> —0,

< a.s. 1 1 t
Yo e <5,5> :

thus
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Remark. Notice that in the previous theorem, no convexity property is requested on the function f.
This result is indeed more general that the convex/concave framework that we study in this section.

Proof. We will prove that P (3700 = (0, 1)t> = 0 by considering the one-dimensional problem, i.e.

we will prove that P (}7010 = O> = 0. The other result, namely P (}7 = (1,0)*/) = 0, can be de-
duced likewise by applying the method to the second component of the state vector (i.e. prove that
P (17; - 0) = 0).

Starting from the dynamics of EN/,} given by (3.19), we have, for n > 0,

T e F(Va) ! !
Yo = Yo n+1+Tr(Yo)<n f(?£)+f(1—577%)> T

N 1 _ F(VD) 1 1
=Y, n+ 1+ Tr(Yp) ! vi (f(f/l)—#f(l—?l)) +n—|—1—|—Tr(Y0)AM"+1'

n n n

Set h(y)=1— m We have that h(y) < 1 for y €]0,1], therefore V! = Y] # 0 implies that

Yl £ 0 for every n because Y,! > 1711. We derive that

_ 71 _
M, : n , n>0, My=0,

[T (1 - mrmmh(Bl))
is a positive martingale satisfying Ml = }71 and
~ ~ 1 AM}!
Mn-‘rl = Mn + L )
1+ Tr(Y, n+1 TV
n+ 14 Tr(Yo) [ rt! (1 - 7k+T1r(Yo)h(Ykl_1))

n > 0.

o If 1 < f/(0), then h(y) — 1 — f4(0) =t k < 0. Therefore, on {Y,} = 0}, h (Vi) k<0, s0
Yy—>

that [[,_, <1 - m%(f@l—l)) 2% 100 a.s.. M, 2% 0 on {v,l — 0}. Consequently {Y, — 0} C

{Mn — 0}.

o If f/(0) =1 and f/(1) + @ > 1, then h(y) < 0 for y in the neighborhood of 0. So we still have

¥ =0} c {M,—0}.

Remark. If f(0) =0, f(1) =1, f/(0) =1 and f is convex or concave, then f = Id so the previous
condition takes out of the convex framework.

Consequently -
P(Ya = 0| Fn) < P(Mo = 0| Fp).

The end of the proof is based on the following lemma (see [23]) reproduced here for convenience.
Lemma 3.1. Let (M,)n>0 be a non-negative martingale. Then
E [A (M), | F]

Vn >0, P(My=0]|F,)<

18



Proof of Lemma 3.1. It is sufficient to observe that, for every n > 0,

2
E [LpracoyM2 | ] _ B |[(Moo = Mo | 7,
Mg - M?2
E[A (M) | Fa)

P(Ms =01 F,) =

We have that

1

>2 E [(AM; 1)* | ]
1+ Tr(Y, n =S 2
n+1+ ( 0) ( kl_% (1 _ mh(ykl—l)>>

) 1 FEDFO T
0+ 1+ ) (I3 (1 o5 ) (P50 + 71— 7))’

E (AMn+1)2|fn] - <

Then, by applying Lemma 3.1 to the positive martingale M , we obtain

P(Myx =0|F,)

E [A <z\7>:°+1 ]]-“n]

M?

IA

1 o0

_ g 1 f(?kl_ﬂf(l - }71@1_1)
Y ~ ~ 2 ~ ~
Mt G+ ()2 (T (1 - k() ) (PO + 70 - Ty)

7 | Fn

3 : . f)f(1-y) : : / . ..
Besides the function F' : y — Gt fi_g)® ® continuous on (0, 1] and has f/(0) as a finite limit

when y goes to 0. Therefore the function F' is positive and bounded on [0,1] by a constant .
Consequently

P(Ms =0|Fp)

Kf > 1 ?kl—l (1 - k.:,.Tlr(yO)h(Ykl—l))
= (k+Tf(Y))2E k-1 1 71 k oy
E— 0 [Ti=: (1 - mh(n_lw [Ti= (1 - mh(yé—l)>
L :Mk71 .

As h < k't := max(h,0) < HlNﬁH and HEJFH < 1 since ht(y) < 1, y € [0,1], since f(y) > 0 and
h(y) — 1 — f1(0) < 1 since f/(0) > 0, we have
Yy—>

1~ - -1 1 ~ -1
oL ) s (- E] ) ke
( k + Tr(Yp) ( ’H)> —< k + Tr(Yp) ~) =
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Then, as E {Mk_l \]—"n} = Mn since M is a (P, F,)-martingale,

P(Mo = 0| Fp)
< Rf > 1 Mn
- T2 k+ Tr(Yy))? 1 7T n 1 =
M k="+1( +T(%0)) (1_ k+Tr(Yo) ’h+HOO) Hz:1< Z—i—Tr(Yo ( )) Hz n+1< T Te(Yo) h* OO)
_ Rf i 1
A7 T 1 Ty k 1 7
W Tl (1 = b (V) it (1= sty 4] ) O+ 0002 TTE i (1= i [ )
oo ht
e | ..
= = ex Inf1—-——"2—
Y, k:ZnH (k + Tr(Yp))? ( Z%l ( ¢+ Tr(Yp)
7 t(Yp)
kiCCiln+ To(¥y) & Mmooy
< Z since Y, = —2——
v o T())? 0+ Tr(Yp)
G Cr(n+ Te(Y0)) & (n+ Te(Yo)) 1Pl
Yy WS e+ Te(Yo) 2 Il
GGy + Tr()) I s 1
v, poT e+ Te(Yp) 2 1Pl
< H,anOCE.
Now we will prove that Y,! 2% oo
yl
Yo =Y, + f¥) +AM,

FOOH + f(1 =Y

where (AM,),,>1 is a sequence of martingale increments satisfying sup,, E [|AM}[? | F,,_1] < 400 since
M} is bounded.
Moreover, one checks that

D
{Yolo<+oo}: U m {Uk> - - f= 1+Tr(Y0)) - )}7

n>0 k>n —egy) T~ ey

then

Fly/(k =1+ Tx(Yp))) > _0
— 1+ Te(Yo))) + F(1 - y/(k = 1+ Tr(Yp)))

1 1 _ — —
Vn e N, IP’(YOO<+OO|Yn—y)—k>1_[n<1 Tl

k+Tr(Y; .
since ), f(y/k+Tr()(/g<):f(1( 2)/)]€+TY(YO)) = +00 because f.(0) > 0. Therefore Y1 = lim, Y,l = +o0 a.s..
Consequently, we obtain

P(f/og:o)zo.
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The second result follows from the same method applied to 57,? by setting as the positive martingale

e V2
M, = Ynl = .
[T (1 - mh(yk—l))
O
4 Applications
4.1 Function with regular variation for the drawing rule
Let define the law of the drawings as follows
. yi
Vi<i<d, P(Xpt1=¢€"|F,)= df(in)j, n >0, (4.20)
t
where f has regular variation with index a > 0, namely Vt > 0, J;,((f)) — t* and f is bounded on
f(tx)

each interval (0, M]. Then, by applying Theorem 1.5.2 p.22 in [9],

each (0,b], 0 < b < 0.
We can reformulate the dynamics (1.1)-(1.2) into a recursive stochastic algorithm like in the Sec-

tion 2.1, and we obtain the following recursive procedure satisfied by the sequence (Y,),>0, namely

— t* uniformly in ¢ on

f(@) v

«

~ ~ 1 ~ 1
Yyo1=Y,—-——-——|Y, - H—2Z AM, 7 4.21
n+1 n nFTr(Y) +1 ( n Tr(Y,f‘)) +n—|—Tr(Yo)—|—1( n+1 + Tnt1) ( )

Vo - . o 1 . .
where Y, = ((Yrﬁ)a) \cicd with step v, = T and a remainder term given by

fY) o Y

\ n__ ¢ F,. (4.22)
Tr(f(Yn)) Tr(Y,)

?n-l—l = Hn+1

) F(¥n)
Tr(f(Yn))’
sumption (A3) implied directly that r, :—s> 0. Here we have to use the uniform convergence of the
n—oo

Notice that, in the convex case, the remainder term was r,11 = (Hp41 — H therefore as-

regular variation to prove the required assumption on 7,1.

_ By the same arguments like in Section 2.1, Tr(Y,,) satisfies (2.12). Moreover, for the quantity
N, = % > p_q Xk, we also devise a stochastic recursive procedure in the same way as before, namely

- - 1 o

~ Y 1 _
Nyiy = N, — N, — —n (AM F )
n+1 O ——] ( n Tr(Y,?)) +n+1 n+1 + T+l

F(¥) ye

n

Te(f(Y,) Te(Ve)

where 7,41 = , thus 7,11 € F,,.
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Theorem 4.1. Assume that (A1), (A2) and (A3) hold.

1. If 0 < a <1, then h has a unique zero y* € (p1 A (1 —p2),p1 V (1 —p2)) and

TI‘(}/n) a.s. Yn a.s. ~  a.s. (y* «
_— 1 * d N,
W TH(Y) noee (V) oY T Sl T ()

2. If a« > 1, then h has a unique zero y* € (p1 A (1 —p2),p1 V (1 —p2)) or ODE}, has two attractive
equilibrium points in (p1 A (1 —p2),p1 V (1 —p2)) (as we have established in Section 2.1). Thus,
the stochastic recursive procedure a.s. converges to one of the possible limit values.

Proof. By the same arguments like in Section 2.1, Tr(Y},) satisfies (2.12), therefore Proposition 2.1
holds. Consequently, Y;, lies in a compact of R, thus

— 0.

n—oo

S [ N T
1<i<d | f(n + Tr(Yp)) n + Tr(Yp)

Set al, = % and b, = (}772)0‘, i €{l,...,d}. Then, for every i € {1,...,d},
al, B b, B al, — b}, N a’, B Tr(a,)
Tr(a,) Tr(b,)  Tr(b,)  Tr(a,) Tr(b,) )
But . N
d i) _ Vv O\
Tr(h) = S (T > (Vi) =m@)e it aeo.n
i=1 dl_aﬁ(Yn)a if a> 1,

therefore

Te(Y,)®  (n+ Te(Yp))®
Te(bn) 2~ ©2 gD,

Consequently, for every i € {1,...,d},

ap by _ maXigicg lai, — b5 + Y0, |ad — b
Tr(an)  Tr(bn) ~ Tr(by)
i.€. ' '
aln bi‘ d + 1 ) 7 a.s,
- = —b 0.
1%1?& Tr(a,) Tr(b,)| ~ Tr(by,) 1121?§xd|an ml o
Thus

ay b

n n

Tr(an) B Tr(by,)

7 <|||H
ol < 1| max

{11 Hogr = HIJ| %% 0

and in the same way 7,11 :—s> 0. Consequently item 1. follows from Proposition 2.2-1. and Theo-
n—oo
rem 2.4.

2. We have to check the assumption on the remainder term to apply result on traps for SA. We have

that ) .
al b
max n n

(d+ 1)dD+ o ~
_ < TRt — a
1<i<d | Tr(an)  Tr(by,) max |a;, — by,| = o(n™%). (4.23)

™~ (n+ Tr(Yp))® 1<i<d
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So, for @ > 1, under assumption (A3) on the generating matrices,

S llrwsa? < +oc.

n>0

The end of the proof follows from Proposition 2.2-2.-8. and Theorem 2.4. O

To establish a C'LT for the sequence (?n)nzo we need that the remainder term (r,),>1 satisfies (A.29).
Then we will assume that the addition rule matrices (D,,),>1 satisfy (A1)-(i7) to ensure that (Y,)n>0
lies in the simplex (which implies that the rate in (4.23) is no more a.s.) and we assume also that
a>1/2.

Theorem 4.2. Assume that the index of reqular variation o > 1/2, that the addition rule matrices
(Dp)n>1 satisfy (Al)-(ii) and (A1), (A3) and (A4) hold.

1. If p1 <1 —po, then

n—oo

Vi(Tamy) S N5 with To [ ePho-hpenon-ig
n—Y — (0, ) wit = ; e 2/Te 2 u

(y*l)acl + (1 o y*l)aCQ

and T = —y*(y*) = a.s.- lim E[AM,AM! | F,_1]. 4.24
) Wy =as- i El Foa] 424
2. If 1 — py < p1, we have three possible rate of convergence depending on the second eigenvalue:
(i) 1 1 1

* — — - 1— 1

VN i e R U s Dl T 5

() + (1 =y 2

then

n—o00 220 —1

\/ﬁ(ffn—y*) £, N<0,#z:>.

(i) If X =1, then

n ~
(Yn —y*> L5 N(0,5).
logn n—00

(iii) If X < %, then n? (17“ — y*) a.s. converges as n — +o0o towards a positive finite random

variable.

This result follows from Theorem A.3 and Theorem 2.5.

4.2 Application to Finance

Such urn based recursive procedures can be applied to adaptive portfolio allocation by an asset man-
ager or a trader or to optimal split across liquidity pools. Indeed the first setting has already been done
in [23] and successfully implemented with multi-armed bandit procedure. We develop in this section
the adaptive portfolio allocation, but the optimal split across liquidity pools can be implemented in
the same way, by considering that the different colors represent the different liquidity pools, and the
trader want to optimally split a large volume of a single asset among the different possible destinations.
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Imagine an asset manager who deals with a portfolio of d tradable assets. To optimize the yield of
her portfolio, she can modify the proportions invested in each asset. She starts with the initial allocation
vector Yj. At stage n, she chooses a tradable asset according to the distribution (1.2) or (1.3) of X,
then evaluates its performance over one time step and modifies the portfolio composition accordingly
(most likely virtually) and proceeds. Thus the normalized urn composition Y,, represents the allocation
vector among the assets and the addition rule matrices D,, model the successive reallocations depending
on the past performances of the different assets. The evaluation of the asset performances can be carried
out recursively with an estimator like with multi-arm clinical trials (see [4, 24]). In practice, it can be
used to design the addition rule matrices D,,. For example, we may consider sequences of d independent
[0, 1]-valued random variables (T}),>1, i € {1,...,d}, independent of the drawing X,,, such that

R[T! ] =p;, 0<p'<1, ie{l,...,d}.
If (T)p>1, 1 € {1,...,d}, is simply a success indicator, namely d independent sequences of i.i.d. {0,1}-
valued Bernoulli trials with respective parameter p;, then the convention is to set 77 = 1 if the return
of the it asset in the n'" reallocation is positive and T = 0 otherwise.

Let Ni := py X,i be the number of times the i** asset is selected among the first n stages with
Ni=1,i€{l,...,d}, and let S,, be the d dimensional vector defined by

St =8 | +T.X: n>1, S,=1, ic{l,...,d},

denoting the number of successes of the it asset among these N reallocations. Define II,, an estimator

of the vector of success probabilities, namely IT¢, = i,;;, i € {1,...,d}. We can prove that II, &5
n n—oo

pi=(p'...,pH)¢ (see [4, 24]). Then we build the following addition rule matrices

Tl H}L(l—Tf&ﬂ . H}L(l—Tgfl)
ntl PFIITHA > T
D H%(l—Tnlmu) T2 H%(l—Tgfﬁ 4.9
ntl = | I ntl Tizalln | (4.25)
Hg(l_Tnlmt_l) Hg(l_Trzbfl) . Td
PN S ST n+1

i.e. at stage n + 1, if the return of the 4t asset is positive, then one ball of type j is added in the

urn. Otherwise, % (virtual) balls of type i, i # j, are added. This addition rule matrix clearly
ki Ln

satisfies (A1)-(i) and (A2). Then, one easily checks that the generating matrices are given by

1 M .. H}L(l—IDd_)

i In >jzalln

Mop) . D0-p)

Hui=EDun |7 = | St 2 S

j#1 Hn

NE0-py)  I(—ps)
Tip Yl

Pd
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and satisfy (A1)-(ii). As soon as Yy € RY\ {0}, H, “5 H (see [4, 24]) where

Pt pla=p?) . p-pY
2jpal’ 2jral’
p*(1—p") 2 )
H=| %, b 2 jta P’
pli-p') pl-p?) | p
2P Dz p’

Therefore, the number of each asset in the portfolio Y;, follows the dynamics (1.1) and the repartition
of the portfolio in each asset follows the dynamics (2.10) or (4.21) depending on the drawing rule.

Here the components of the limit generating matrix H can be interpreted as constraints on the
composition of the portfolio. Indeed, in presence of two assets (or colors), we prove that the first com-
ponent of the allocation vector y*! lies in (p1 V (1 — p2),p1 A (1 — p2)) (see Proposition 2.2), therefore
the portfolio will contain at least p1 V (1 —p2)% and no more than p; A (1—p3)% of the first asset. Such
rules may be prescribed by the regulation, the bank policy or the bank customer, and our approach is
a natural way to have them satisfied (at least asymptotically).

The idea of reinforcing the drawing rule (instead of considering the uniform drawing) like in (1.2)
or (1.3) can be interpreted as a way to take into account the risk aversion of the trader or the customer.
Indeed, if f is concave the equilibrium point will be in the middle of the simplex (see Theorem 2.2
and Theorem 2.3), so the trader prefers to have diversification in her portfolio. On the contrary, if
f is convex, the equilibrium points will lie on the boundary of the set of constraints induced by the
limit generating matrix H, so she prefers to take advantage of the most money-making asset (like in a
“winner take all” or a “0-1” strategy).

Numerical experiments. We present some numerical experiment for the drawing rule defined
by (1.2), firstly with a concave function f : y + ,/y and secondly with a convex function f :y yt.
Therefore we have a unique equilibrium point in the first setting and two attractive targets in the
second framework. We consider an asset manager who deal with a portfolio of 2 tradable assets. We
model the addition rule matrices like in the multi-arm clinical trials, namely D,, is defined by (4.25).
We use the same success probabilities, namely p; = 0.7 and ps = 0.75, and the initial urn composition
is chosen randomly in the simplex V.
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> Convergence of the portfolio allocation with concave drawing rule We have that 3*! € (0.25,0.7) and

0.4}
0.3}
0.2}

0.1f

Convergence of the allocation in the first asset

Convergence of the allocation in the second asset
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0.6
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500

1000

1500

2000

0
0

500

1000

1500

2000

Figure 3: Convergence of Y, toward y* for f(y) = \/y with p; = 0.7 and py = 0.75.

y*! and y*? are close to %, so the portfolio is diversified because in this case the investor is risk adverse.

> Convergence of the portfolio allocation with convezr drawing rule

Convergence of the allocation in the first asset Convergence of the allocation in the second asset

0.35 : : : 1 ‘ : ‘
0.9 -
0.3t -
0.8 -
0.25} 107 l
ool | os} -
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0.151 | 0.4} -
0.1 | 03f l
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0.1f l
0 : : : 0 : : :
0 500 1000 1500 2000 0 500 1000 1500 2000

Figure 4: Convergence of Y, toward y* for f(y) = y* with p; = 0.7 and py = 0.75.
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Convergence of the allocation in the first asset Convergence of the allocation in the second asset

0.8 ; ; ; 0.45
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Figure 5: Convergence of Y, toward y* for f(y) = y* with p; = 0.7 and py = 0.75.

In the convex framework, we have two possible strategies and they are close to the boundaries
defined by regulation. Moreover the repartition of the portfolio between the two assets is more asym-
metric, because the trader chooses to invest two times more in one asset than in the other.

Acknowledgement. We thank Frédéric Abergel (MAS Laboratory, ECP) for suggesting us to inves-
tigate the nonlinear case in randomized urn models and for helpful discussions in view of application
to financial frameworks.
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Appendix

A Basic tools of Stochastic Approximation
Consider the following recursive procedure defined on a filtered probability space (2, A, (Fp)n>0,P)
Vn > ng, en—l—l =0, — ’7n+1h(0n) + Yn+1 (AMn—l—l + Tn—l—l) ) (A26)

where h : RY — R? is a locally Lipschitz continuous function, 6,,, an JF,,-measurable finite random
vector and, for every n > ng, AM,,+1 is an F,,-martingale increment and r,, is an F,,-adapted remainder
term.

Theorem A.1. (A.s. convergence with ODE method, see e.g. [8, 15, 21, 16, 5]). Assume that h is
locally Lipschitz, that

250 and sup E [||AMn+1H2 |]:n] <40 a.s.,

n—oo n>ng

and that (yn)n>1 15 a positive sequence satisfying

Z% =400 and Z%% < +o00.

n>1 n>1

Then the set O of its limiting values as n — +00 is a.s. a compact connected set, stable by the flow

of
ODE), =0 = —h(6).

Let ©F be the set of the uniformly stable equilibriums on ©°° of ODEy. Then, the algorithm a.s.
converges to one of the limiting values in ©*, namely

O = 0% € OF.

n—oo
COMMENTS. By uniformly stable we mean that

sup |0(0p,t) — 0| — 0 as t— +oo,
fcO>

where 6(0p,t)g,co tcr, is the flow of ODE}, on ©°°.

Theorem A.2. (Non-a.s. convergence toward a trap, see e.g. [11, 1/]). Assume that z* € R is a trap
for the stochastic algorithm (A.26), i.e.

(Z) h(Z*) =0,
(ii) there exists a neighborhood V (z*) of z* in which h is differentiable with a Lipschitz differential,

(#i1) the eigenvalue of Dh(z*) with the lowest real part, denoted by Amin, satisfies Re(Amin) < 0.
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Assume furthermore that a.s. on T'(z*) = {0, =35 2*},
n—o0

Z HT‘nH2 <400 and limsupE ||AMn+1||2 | Fo| < +00.
n>1 n

Let K, the subset of RY spanned by the eigenvectors whose associated eigenvalues have a non-negative
real part and K_ the subset of R? spanned by the eigenvectors whose associated eigenvalues have a
negative real part (then R* = K, ® K_). By setting AM,S:L the projection of AM, 1 on K_ alongside
K, assume that a.s. on T'(z*)

lim inf & [HAM,&LH |fn} > 0. (A.27)

Moreover, if the positive sequence (yp)n>1 Ssatisfies
Z%L =400 and Z%% < 400,
n>1 n>1

then the event T'(z*) is negligible.

Theorem A.3. (Rate of convergence see [15] Theorem 3.111.14 p.131 (for CLT see also e.g. [8, 21])).
Let 6* be an equilibrium point of {h = 0}. Assume that the function h is differentiable at 0* and all
the eigenvalues of Dh(0*) have positive real parts. Assume that for some § > 0,

sup E [HAMnHH2+6 |}"n} <+4ooas, E[AMAML,|F) “5 T, (A.28)

n>ng

where T is a deterministic symmetric definite positive matriz and for an € > 0,
2
E [(n+ 1) lrasa P Lo, —e1<q | —2 0. (A.29)
n—oo
Specify the gain parameter sequence as follows
1
Vn>1, vy,=—. (A.30)
n

(a) If A := Re(Amin) > 5, where Amin denotes the eigenvalue of Dh(0*) with the lowest real part, then,
the above a.s. convergence is ruled on the convergence set {0, — 6*} by the following Central Limit
Theorem

+oo o I t o 1
\/ﬁ(en —6%) _)i) N <07 ﬁﬁ) with X ::/ <e_<Dh(9 )_7d>u> Fe_<Dh(9 )_7d>udu.
n o0 —_ 0

(b) If A = 1, then
" (6, -67) 5 N(,5).

logn n—00

(c) If A < %, then n™ (0, — 6%) a.s. converges as n — +oo towards a positive finite random variable.
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