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2D analytical airgap field model of an inset permaneihmagnet
synchronous machine, taking into account the slotting eftt

O. de la Barriére, H. Ben Ahmed, M. Gabsi, M. LoBue

SATIE, ENS Cachan, CNRS, UniverSud
61 av du President Wilson, F-94230 Cachan, France

In this paper, an analytical method for the computéion of the electromagnetic field in the airgap ofan inset permanent magnet
synchronous machine is proposed. The originalitydis in the fact that both the stator and rotor saliecies have been taken into account
in the analytical procedure. The purpose in to compte both quickly and accurately the magnetic fluxeand instantaneous torque of
the machine, in order to minimize torque ripples inan optimal pre-design process. It is shown that #hinstantaneous torque is in good
agreement with finite element results, for a shorte computation time. The model presented here can beised when the 2D
approximation of the machine is valid, which is thecase for most of machines’ topologies.

Index Terms—analytical modeling, torque calculation, airgap fux, finite element verification.

. INTRODUCTION

LECTRIC MOTORSfor electric and hybrid traction applications haeeeived a lot of interest in recent years [1][H}#B due to

the necessity of reducing fuel consumption, both gconomic and environmental reasons. Permanenhehaynchronous
machines are promising in these demanding appitsitibecause of their potential high torque dersitg efficiency [5]. The
design of the electric machine for such embeddediagion can be difficult, due to the necessityreching both a high torque
density and a compact size, which are contradiadptimization criteria [6] [7]. The torque qualitye. small torque ripple, is also
an important parameter in such applications [8].
The torque ripple computation is by no way an obsiproblem. Most authors use the well known fieitement method [9] [10].
This method presents the advantage of taking intmunt all the geometrical complexity of the maehias well as magnetic
saturation. However, the computation time can lodipitive in a first design optimization procesgce the instantaneous torque
computation requires a time-stepping analysis [Thgrefore, to include the cogging torque mininiatcriteria in the pre-design
optimization process, it is better to develop aalgital approach [12]. Most of the analytical apgeches proposed in the literature
are done for surface mounted permanent magnet necfi3]. However, more complex permanent magnet topologies, such as
the inset permanent magnet structure, can be maebke for high speed and flux weakening purpd<g.[
This article proposes an exact analytical compotatif the magnetic field in the airgap of a synclmgs permanent magnet
machine having an inset permanent magnet topoldhg. double saliency of the machine (i.e. the statotting and the rotor
ferromagnetic teeth) is taken into account anadiiiic In a first part, a literature review on thebgect is proposed. Then the
analytical model is presented, with the detailedhmmatical procedure. To finish, some results albetairgap induction and
instantaneous torques are given and compared iwvith €lement analysis. A good agreement, for ahmamaller computation time,
has been found.

Il. OVERVIEW OF THE PREVIOUS WORK ON THE TOPIC

The problem of modeling the stator slotting effeftelectrical permanent magnet machines has beelt dith in several
references of the literature. In [15], the stafotteg effect has been computed in a radial fluxchiine by derivation of a relative
modulation function. This modulation function haeh computed using the same conformal map thaonthef Carter in his well-
known paper [16]. However, this method only allavesnputing the airgap induction radial componenticwhs a problem for the
tangential force computation by the Maxwell stresssor method [17]. Moreover, the magnetic intéoacbetween the slots is not
taken into account. Other authors [18][19] haveeded these drawbacks of the conformal mappindodeby using the numerical
Schwartz-Christoffel Matlab toolbox [20], which pats to take into account rigorously the whole netgndomain. However, this
method requires the numerical computation of thefaonal map coefficients, which is time consumirtigcause non linear
transcendental equations must be solved numerically
As an alternative to conformal mapping, some astipoefer the subdomain method [21] [22] [23], whpgTmits to find an exact
solution of the potential in the airgap of the maehunder the form of Fourier series. The idethif method is to decompose the
machine airgap into elementary rectangular domdaihs.Laplace or Poisson equation is solved in @achain, and the domains are
linked using classical boundary conditions in el@tiagnetism. This method generally requires a nigaeinversion of a linear
Cramer system, which can be done quite easily astlyfcompared to the transcendental equationkeotonformal map. Some
papers [21][22] apply this method to the rotoresatly for inserted permanent magnet machines. @ilteors [13], on the contrary,
use this method to compute the stator slottingcefdé surface mounted permanent magnet machineshvdan be with a double
excitation winding [24]. Other authors have evemaged to take into account analytically a more demphape for the slots than a
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simple rectangular [25].

In each case, some work remains to be done toitiddeaccount both the stator slotting effect, anel salient pole rotor topology
with inset magnets. This is the purpose of thehkrrainalytical development.

Thanks to the model presented in this work, it Wil possible to include the torque ripple minimatcriterion from early pre-
design stages, without increasing too much the coatipn time. Indeed, the pre-design of hybrid e&gs is a hard task [26], since
all the traction chain has to be taken into comsitiign. Thus, for computation time purposes, thelehased for the actuator is often
simplified. For example, in [27], the slotting effeof the machine has been neglected. This can freldem, because the torque
quality (i.e. low torque ripples) is also an im@ort point in such applications.

lll.  SYMPLIFYING HYPOTHESIS FOR THEANALYTICAL MODELLING

A. 2D assumption and machine’s topology

As done in all the previous references about aigalymodeling, the machine is considered as bi-dsiaal (2D), i.e. the edges
effects are neglected. This means that the machicensidered as infinite perpendicularly to thangl of representation.

This is typically the case in conventional radialkfmachines [19] in which the axial lengthis important compared to the pole
pitch characteristic dimensian

Notice that this 2D assumption can be also valicbfbers topologies than conventional radial fluxamines. For example, for axial
flux machines [28], the 2D assumption is also galssiprovided the differendd between the external and internal radii is imptrta
compared to the pole pitetat the mean radius. More precisely, for an axiad imachine, it is first assumed that the electrgnedic
phenomena happening at the mean radius are sofficielescribe the behavior of the machine. Thehineds made equivalent to a
fictitious linear actuator having the same geométan the real axial flux machine at its mean radithen the thickneds of this
fictitious linear actuator is assumed to be verpomant compared to its pole piteh This 2D approximation for the axial flux
machine is summed up in Fig. 1.

Stage 1
Development of the
machine to its mean

~ radius

oo Stage 2
2D approximation

Fig. 1: 2D approximation of the axial flux machine

Then, under the 2D assumption, for both a radidlaaal flux machine, the problem to study can &gresented in Fig. 2 (the main
geometrical parameters are given in this figured are recalled in Table ). For the radial flux miae, such a representation
implies that the curvature of the machine has besjtected, which is valid if the mean airgap radiues the mid airgap radius) is
important compared to the dimensions alongytlagis. This is assumed to be the case in the fatigwf this paper. A discussion
about this simplifying assumption is given in thppndix 1.

Pole pitcht W, Wy
STAT ot stat ecs
S\CNONCNONENON
AIR a c’ b a’ c b’ a e ~L
MAGNET * [T 1 RL h,
yT—k o Motion
Z@ Balr

Fig. 2: 2D problem to study for both a radial an@Eflux machine, and main geometrical parameters
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87 TABLE |
88 GEOMETRICAL PARAMETERS OF THE MACHINE
Description Notation
Dimensions along thex direction
Pole pitch T
Magnet relative opeg;tlgﬁ with regard to the pole Pt (0Bu<1)
Rotor inter-teeth space relative opening with
regard to the pole pitch Pez (Bar<paz<1)
Stator slot width We
Stator tooth width Wy
Dimensions along they direction
Magnet thickness ha
Airgap width e
Rotor yoke thickness €
Stator yoke thickness €
Slot dept he
Total width of the machine L=e+hate+hetec
Dimensions along thez direction
Active thickness of the machine along thexis H
Physical data
Remanent induction of the magnetkifFeB at B
room temperature i
89

90 B. Other hypothesis
91  Other classical simplifying assumptions are made:

92 - No saturation effect is taken into account. The metig permeability of the ferromagnetic parts isussed to be infinite. This
93  assumption is also discussed in Appendix .

94 - It is assumed that continuous rate has been reaahddhat the machine is driven with sinusoidatenis waves.

95 - Finally, the current density in each slot is assdimeebe uniform in the entire slot surface.

96 IV. THE CALCULATION METHOD

97  A. Definition of the problem

98 Fig. 3 shows the machine over one pole pitch. Foplicity, the number of stator slots per polelwsen to equal to 3.

v le o — rolepiat) T
[
]

N STATOR YORE

Slot 1 Slot / Slot q,
Zone 1
\ Current Current Y Current
1 density \{ density @M density di\ =0
Ji Ji qu dn
> —

d X, 0, X [*} Xs
ftator Zone 11 dA

™ pororvoke

|
e '6""1@£;55""*>l

Fig. 3: Representation of the problem to solvehwlibuble (i.e. rotor and stator) saliencies

101
102  Due to the 2D approximation, the problem can beced to the computation of the following vectoreputal:

A Y) = A% )Y (N
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Each slot is characterized by a numhewherel can evolve between 1 and 3. The current densithénslotl is calledj;, and is
assumed to be uniform over the slot. A first diffty arises from the fact that the geometry of pheblem and its solution depend
on the rotor displacement. The stator slots zone is called Zone I, the giigacalled Zone 1l, and Zone 11l is the magnete@rig.
3).

B. Vector potential mathematical expressions

In Zone lll, due to the magnet (whose magnetizafimetion is calledV(x)), the potential is given by a Poisson equation:

oM

A =, OV 2
Ho ax @)
As done in [22], the magnetization can be develaptda Fourier series:
+00 T
M(Xg)=> M, .cogn X 3)
n=1 a2T
The coefficientdM, are given by:
Mn :iﬂ_lsm nﬁ_aiﬁ (4)
T N B, 2
A
A B E F

< T 5!
U_I
Y

Fig. 4: ZocTJm on the rotor
It can be shown that the Poisson equation (2),elkas the homogeneous Neumann boundary conditiaign=0on the segments
[BC], [DE] and [CD] (Fig. 4) are satisfied if thelfowing expression for the potential is chosenthie main coordinate system

(Oxyy

A(|||) y) = m j
(xy) QﬁZ{qcos nﬂ—y

n>1 a2l

—uoﬁiﬂco{n 7 (x- xd)ﬂ (5)

T n BoT

n=1
T
. CE)B BaoT ( X% )]

The unknown coefficients, (n>0) are determined in the next sections.
For Zone Il, a Laplace Equation must be solved:

A" =0 (6)
Moreover, in this zone, in the airgap (Zone Il),aami-periodicity condition has to be taken inte@ant:
A(")(x+r,y)=—ﬁ(”)(x)) @)

This implies that the Fourier series only preseft terms:

A" (xy)=>" R( ﬁco{( 2k 37?7 j

k=1

+3 b (y) si{( R- )ﬂxj

k=1 r

8

The Laplace equation (6) implies:
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be(y) =" cos)’(( K- ;’l yj+ I simE( . )k: 53
b ()= bga) COS{ ) *&4 smﬁ ( x- )% EB

121  For Zone |, a generic slbis considered, with its local coordinate sys{@X,V,) (Fig. 5).
122  Due to the currents, the equation in the slotF®®sson equation:

9)

pat) = ~Ho-Ji (10
123  The homogeneous solution can be found by solviegétresponding Laplace equatidmA(ﬂ") =0):
A (x.¥)=4)+ Y én')cos{ (- Jﬁ] coE - xj
m=1 e e
(11)

124 A particular solution to the Poisson equatim(p' D= - 14j; Must be found. The following quadratic form carpbeposed as a
125  particular solution in the slot:

A (%0 X) =S4 i (Y- b) (12)
Y,
A
NN
T I I
: Slot 1
I
h |
°
|
: Current
I k density j,
_\V_H IK = >X1
01I | |
€ - - — - - S - 3
126 1 W, 1 Wy 1
127 Fig. 5: Zoom on a stator slot
128 Inthe main(Oxy)axis system, it can be found:
129
T 1 .
A("')(xy):q{)'ﬂz q@cos){m— (h+ e Q)J % w( x(+ ) we @)J ~Ho 0 ¥ p+e e)jz (13)
m=1 e
130
131

132 C. Boundary conditions between all the different domai

133  Starting from the mathematical expressions of ttevipus section, it is possible to write the bougdeonditions between all the
134  zones, and determine the series’ coefficients. s in electromagnetic theory, the boundary comattto satisfy are:

135 — the continuity of the vector potential

136 — the continuity of its normal derivative

137  The following notations are introduced:

138 - k= cos)'(( ) (h, +e)j
139 - k" :sinh[(Zk—])l—TT(ha +e))
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ny _ Vs
140 - Kék ) —cos?‘(( X - ;l? ha)
141 - k& :sinh[(Ek-J)]—Tha]
R T
142 - KO =cosi m~
G w
143 - kM :cos){n l haj
n ABaZT
144
145 1) Boundary conditions between Zone | and Zone II.

146  The continuity of the potential between Zone | Zode Il can be written, in mathematical terms, as:

0xJ U[ﬂ J(we wy). 0 D(we wa)  wel,
A (xy=h+9=A)(xy=p+p

147  Using the boundary integral method explained if[&Y, the following equation can be obtained:

,uO]lhE, Z[ K, +t£2 }(I)
ka1 (15)

+Z[ K+q<K}

k=1

(14

148 And, for each slok

Unz 1,
-1
W =?
{Z[qﬂl)ch +b? }”C(mk)J’Z[ K +8I K } mk}
k=1 k=1
(16)
149 The normalized coefficients?) , 18, a&), . anda), |, are given in Appendix Il.

150 Concerning the normal der|vat|ve of the potentetileen Zone | and Zone II, it is possible to write:

0xd U J(we wa). 0 D(we wad) w,

&2 ={‘“"J
dy y=h,+e dy y=h+te

0% [0,d {U[H (W wy) B I(we wy W]}

dA(n)J
-/ =0
[ dy y=h,+e

17)
151  Using again the boundary integral method [29][80dan be found:
Ok 1
o K - o2 K,

18)

1 ¢ |) ,UoheW i (I)
=— m a +2 Ic
2k-14 { mZ; 4 K Elmy
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152  And also:
Ok 1
kf)) ch - h(<4) Ksk
2k ) {Zmam g ZﬂoheW i |(| }

m21

19

153 2) Boundary conditions between Zone Il and Zone lIl.
154  Using the same method as in the previous sectiotaking into account the boundary conditionssipossible to get the following
155 relation, for each rotor displacemefyt for what concerns the potential continuity betw&ene Il and Zone llI:

=T I [ T 0 ] 2

(20)
156 And also:

e 1,

c, :K(lm)_{z[hgl) Kékn ) 4 tiz) Kéi' y}ﬂc’(n’k)
c,

k=1

f M,
SO K | By - ﬂoﬁazr }

k=1 n

(21)
157  The definitions and expressions of the normalizeshiverslc , Js ik, Bc (m k) @Nd Bs(mi are given in appendix II.
158  For the continuity of the normal derivative of {hatential between Zones Il and lll, the two folloiequations are obtained:

Ok 1
b£1) Kékn ) _q(<2) Ksk 2k 12 n, K('" ),3 (22
Ok 1
(3)K(II)' 1) (23
b, K =g 1; "G K5 Asn
159 D. Solution of the problem.
160 1) Matrix formulation
161 All the series are limited to a finite number ofrbes, calledN. This number is computed in the next part, sooasffier the best

162 compromise between the computation time, and theracy.
163  The unknown parameters are, using the vector ootati

a bf” b} b} b} o
164 00 [ra.][a’ | i [ [6%]=| 1 [ [6®]=] ¢ | [69]=] i | [69]=] : | and[d=
all) bl b2 b b Cy

165 Equation (16) can be written for all the numbmrbetween 1 anbll. So the following matrix equation is obtained, &irslot numbef

166  between 1 ands
[o#"](oa [ )+ 04"

{0 1o [s]+[0d[s)

(24)
167  The following square matrixes for each slot areodticed (see appendix II):

168 [a@|=[allnn ] o and|af) |= [ag)(md(mkﬁ[w]

169 The other diagonal matrixes are also defined inefyolix I1.

00 [1q4) ,[a('% (D]
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Equations (18) and (19), for eaktbetween 1 and|, lead to the following matrix relations:

[D2]|: } [D3][ }——[le]g[aqu[ D4][a{|)}

. (25
- LS [0
[0, [69 ][04 [6]= { ) Y[ T 0] [ 4]
= (26)

+ Hgﬂihpg)}
T =

The matrix [NV], as well as the following matrixes, are also dedl in Appendix II{|8)} [| 0 } i’ and[|< }:D g)k:|kE[ |
1,N

Thanks to (16), it can be obtained:
SRR ED GILERCIER)
(e Yo tou ]}

(27)
And, from (21):

[d=[DJ {[,gc]( o] [69]+ 0[]
[ (10 [5] {0 [8]) 1)

(28)

The matrix [,BCJ:[,BC(M)J( QLN nd [,BSJ:[,BS(MJ( LN are also given in Appendix Il, as well as the wect
e n, s n, ,

[V]= [Vn]nc[l \j and the other diagonal matrixes.
Equations (22) and (23) lead to the following magaduations:

[DG].[b(l)}—[Dﬂ.[b(z)J:[INV][,BCJT[DB][C] 29)
[De] [0 ][] [8] [ W[5 [od[d @0

2) Numerical computation of the problem.
Recalling the equations’ system to solve:

L (CIESRCYES)
{8 Jiod[87] (04[]
[0,] {69 ]-[Dg [6?] =~ 'NV]Z af) [D][ai'}+z”°“WZJ['("]
[0,)[69]- Ds][ JdE ['NV]ZaS) IIE ]z@;ﬂlg)]
4103 ] 0 9] 101[67 ) [ o[ 67] o1 54) -1
V-
7]

oo ﬂl,qsﬂ,[a(')% (D]

(D] [of [07][ J[wv} ol
[06] [0 ][0 {69 ] =[ NvI[ 55 ] [ ol §

(31)
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If g=3, a system of 8 equations with 8 unknown veataust be solved. Equations (25) and (26) are substitin Equation (24).

In order to reduce the number of equations, thieidhg process is proposed: in a first stage, byaaalytical substitution, we can
express this system with only the unknown seriesfficients vectors: [B][b®][b®][b®“].

After algebraic substitutions, the system can b#ew under the form:

[M].[o] =[P] (32
_[b(ﬂ_
p@
Where the unknown vector [b] [%] - [ } . The matrix [M] and the vector [P] are obtainedlibgar combinations of the matrixes
[+°]
2]

introduced in the previous section.

To solve the linear system (32), it is necessarpaidorm a numerical inversion of the matrix [Mi.i$ also necessary to choose the
numberN of harmonics. For that, the following nhumericabpedure may be proposed: firstly, it is possibledmpute the inversion
of the system foN=1, which is very fast, since the size of the nxg¥] is just 4. Then the following algorithm is pled.

Suppose that we have just computed the solutioa fmrtain numbeX of harmonics. For this number, the matrix [M] &led [My],

[V] is called [Vy], and the solution [{ is:

oT 12T [T TgaT]
o=\ [] (4] [9] %]
To compute the vector solutionyla] for N+1 harmonics, which is solution of the equationy[M[bn+1]=[V n+1], @ Gauss-Siedel

algorithm can be used. In this inversion methaiitrsainitialisation of the solution is requirechdtead of taking the zero vector for the
initialisation, we use in the initial step the 9@n of the previous system witlhharmonics, more precisely:

)T 27" 37" U
[vas]=|[#0] 0 [82T 0 [99] 0 [40] 0
So the number of iterations of the Gauss-Seidetge® is reduced in order to get the solutign]b

We stop increasing the numkemwhen the difference of the solutions between tiwmations becomes as small as wanted (in practice
less than 1% in relative value). So the numbef harmonics is not fixed, but is optimized fockanachine’s geometry.

V. COMPARISON WITH FINITE ELEMENTS

For the finite element verification, as well as floe torque computations, the geometry presentéalite Il is used. Moreover, for the
torque computations, the mean airgap radius fieentid airgap radiuR,, of the radial flux machine, or the mean activeiuaf the
axial flux machine) is assumed to be 0.1m (see Agpel for a detailed discussion about this poift)the finite element code, in
order to be consistent with the assumption of itdiiron permeability made for the analytical mqgdehigh relative permeability is
assigned to the ferromagnetic parts (in practtds,relative permeability is taken equal to 10@0giscussion about the consequences
of this linear model is provided in Appendix |: thesults are compared with ones obtained using lim@ar B-H experimental
relationships.

TABLE Il
GEOMETRY OF THE MACHINE CHOSEN FOR THE INDUCTION ANDORQUE COMPUTATIONSANALYTICAL AND FINITE ELEMENT VERIFICATION )
Notation Numerical values

ha 5mm

e 2mm

€ 10mm

€ 10mm

he 30mm

T 60mm
ﬁal 06
Baz 0.8

We 10mn

Wy 10mm

H 100mm
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A. The magnets’ field.

The no-load airgap magnetic field (created by thegmets, when all the stator currents are zero)ble@m computed, both
analytically and by finite elements. On Fig. 6, antour [AB] in the middle of the airgap is chosem which we shall plot the
induction caused by the magnets (all the currensitiesj;=j,=j3=0). This segment length is equal to the pole pitchhe results are
shown on Fig. 7, Fig. 8 and Fig. 9, respectivelytfe potential, the Band the Binduction components. The agreement is satisfying.

7 (pole pitch), with q,=3 stator slots
R s

Ny SIATOR YORE o, S

Phase]\JPhase] Phase Plia’se

3
oy [ Magnet |
M\ ROTQRYOKE\ 1\

Fig. 6: The plot contour [AB] in the airgap

Airgap potential on [AB]

0.01 ‘ ‘
| |
T 0.005- - ——-N-----F--—-——-
3 | |
: | |
R TR RRRhE
3 | |
S -0.005 AaNAN
FEM | |
-0.01 L I
0 0.02 004 0.6

x(m)
Fig. 7: The potential caused by the magnets osdgenent [AB]

Aigap induction on [AB]

B, (M

0 0.02 0.04 0.06
x(m)
Fig. 8: TheBy induction caused by the magnets on the segmerit [AB
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Aigap induction on [AB]

"0 0.02 0.04 0.06
224 x (m)
225 Fig. 9: TheB, induction caused by the magnets on the segmerit [AB
226  B. The stator currents'field.
227 The results of the field caused by the stator cuisréin the computation procedui=0) are now analyzed. According to the
228 Park theory, @ axis current is applied. Since the system is lingeee calculus is performed for a current of juatin each slot. So,
229 on Fig. 6, current densities QELA/S: (Ssi0t IS the slot surface);Fj1/2, and, §=-j1/2 have been applied. For thexis current, the
230 rotor undergoes a translation of a half pole pitclcomparison with thel axis calculation. The results for theaxis currents are

231 shown on Fig. 10, Fig. 11 and Fig. 12, in good adance with finite elements.

Airgap potential on [AB]
10 [ [

Potential (10°Wb/m)
o

5 :

l

|

_10 1 1
0 0.02 0.04

232 x (m)
233 Fig. 10: The potential caused by the d axis cusrentthe segment [AB]
234
235

Aigap induction on [AB]

1
0 0.02 0.04
x(m)
237 Fig. 11: The Binduction caused by the d axis currents on [AB]
238
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Aigap induction on [AB]

B, (10°T)

y

0 0.02 0.04
X (m)
Fig. 12: The Binduction caused by the d axis currents on [AB]

The results obtained using the two methods areoodgagreement. The time necessary for the andlig@aputation is about 30%
less than the time necessary for the finite eleroaltulation.

VI. THE INSTANTANEOUS TORQUE COMPUTATION

A. The calculation method

The analytical model can be used for the computaifdhe instantaneous torque. The analytical cdatfmn is performed as the
following: the Maxwell stress tensor formula is &pg on the [AB] segment of Fig. 6 located in thadbe of the airgap, giving the
tangential effort on this segment as:

F = j H, B, dx 39
[A8]

This analytical calculation is repeated for eacantary position of the rotor.
The torque calculation with finite elements is lthea the same principles, but the field and inductnd then the Maxwell stress
tensor are computed numerically on the [AB] segm&ht spatial period of the torque is a tooth pitthe tooth pitch has been
decomposed in ten elementary positions (both fotefielement or analytical computation). For eatcthem, the calculation has been
carried out, and a cubic interpolation has beetiegpetween the ten points. This strategy pertoitsave computation time, without
decreasing the model accuracy.
In the Park formalism, q current of 800A per slot anddecurrent per slot of -100A are applied. The totafitie is shown on Fig. 13.
The analytical and finite elements calculationsiargood agreement: the mean torque is around 17faXthe two methods.

Total torque

400
E
£
o~
+
K=
]
+
=l
O
0 0.01 0.02
x (m)

Fig. 13: The total torque over a tooth pich

The cogging torque is given on Fig. 14, (it is canggl with zero currents). Its mean value is zesoefgected), although its variations
are quite high (50Nm). The discrepancy of 8% onrfeximum value can be explained by the fact thatitistantaneous torque
computation is very sensitive to the numbkof harmonics chosen for the analytical computatlodeed, the torque is obtained by
multiplying two derivatives of the potential: th@mmal inductionB, and the tangential fielth,=B,/u,. These derivatives are quite
irregular signals (see the previous section), amdngortant number of harmonics can be requiredefresent them with a good
precision. Here, as explained in Section 1V.D.2, st@pped increasing the numbkérof harmonics if the [b] vectors between two
iterations do not present more than 1% of diffeesimcrelative value. If we choose a lowest errbg torques computed by finite
elements and analytically become closer (a diffeeesf 4% is observed for a relative error of 0.3P&wever, this solution does not
appear as optimal, because it increases much thputation time, and then cannot be used for a pségd process. We believe that a
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269 difference of about 10% is acceptable in a pregmeprocess stage. The most important is howevget@an exact mean value, which
270 is the case, even for a small number of harmonics.

271
Cogging torque
50
B
£ 0
o
O
-50 ‘
0 0.01 0.02
272 X (m)
273 Fig. 14: The cogging torque over a tooth pich
274

275  The reluctant torque, which is due only to theastatirrents (the remanent induction of the magisetsit to zero), is presented in Fig.
276  15. The fluctuation is quite important, but the mealue remain weak (10Nm) compared to the totajue, mainly due to the hybrid
277  torque component. This one is obtained by subtrgdt the total torque the cogging and the reludtague (Fig. 16).
Reluctant torque
100 ‘

— ANA

C (Nm)

0 0.01 0.02
278 X (m)
279 Fig. 15: The reluctant torque over a tooth pich

Hybrid torque

250
~ 200
£
Z
K
© 150
100 :
0 0.01 0.02
281 X (m)
282 Fig. 16: The hybrid torque over a tooth pich
283  B. Discussion
284 It has been shown that the analytical method gressilts in good agreement with finite elements. étheless, it could be
285 interesting to illustrate the limit of this method.
286 The main limit of the method consists in the féettsaturation of the machine’s ferromagnetic partet taken into account. So

287  torque calculations are performed in this sectisingithe finite element method including ferromagnmaterial saturation (the FeSi
288  B-H curve given in Appendix I), and the results amnpared with the analytical model. This calcolatpermits to understand the
289  consequences of this limitation on the torque cdatpmn.
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So a highqg axis current (up to 500A) is applied, so as toatgesaturation, and this case is studied usingefieiements
computations. The mean torque is computed overothn tpitch, as in the previous section. The torquese taking into account
saturation is compared with the one derived from analytical linear model. This work has been démretwo values ofd axis
current. The first is for a zeaxis current (Fig. 17), and the second is fdrexis current per slot of g#-600A (Fig. 18).

The first fact to notice is that the saturationmidr@ena reduces the total flux in the machine, eafheavhen theq axis current is high
Therefore the torque is not as high as in the aturated case.

Another point is the effect of thebaxis current. A strongd axis current permits to increase the torque digaitly, since it allows a
reluctant torque component. But it also permite@uction of the effect of saturation (Fig. 18), &ese the total flux of the machine is
weakened. It could be shown in the same way thatfleakening also decreases the iron losses.

For nld:OA
150 : :
—— NO SAT.| |
100 | —— SAT

Torque (Nm)
a1l
o

o
|
|
|
|
|
|
|

4
|
|
|
|
|
|
|
|

-50 ‘ ‘
0 200 400

Q axis current (A)
Fig. 17: Mean torque with and without saturatioh%£0)

For nld:-GOOA

150

[EEN
o
o

Torque (Nm)
a1
o

1 1
0 200 400
Q axis current (A)
Fig. 18: Mean torque with and without saturatiol£F600A)

VII. CONCLUSION

An analytical method was developed in order to take account the stator and rotor saliency ofrttaehine, for the computation of
the magnetic induction in the machine airgap. Tgesmits to compute precisely the machine’s torquea coming paper, we are
going to use this model for the computation ofitidctions in the ferromagnetic parts of the maehso as to be able to evaluate the
iron losses, taking into account the stator leakhge
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311 APPENDIX1
312 Inthis appendix, the two fundamental simplifyirgsamptions of this work (no curvature effect, ntusstion) are discussed.

313 A. The curvature effect

314 ltis possible to use the model presented in thisla for a radial flux machine, on the conditiohneglecting the curvature effect. It
315 means that the real machine is made equivalentliteear actuator, as shown in Fig. 19. The polehpit of the linear actuator is
316 chosen equal to the pole pitch of the radial fluxchine at is mean airgap radidg (i.e. the mid airgap radius). All the other radial
317 dimensions (magnet thicknekg airgap widthe, slot depthe...) are the same for both actuators. The relativgmatopening on the
318 pole pitch and the relative slot opening on thehgatch are also identical.
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Mean airgap development

Fig. 19: Development of the radial flux machinétsomean radius to obtain the equivalent lineanator

This approximation is justified if the mean airgagiusR,, is important compared to the other radial dimemsipmagnet thickness,
airgap width, slot dept...). To understand to whaeed the approximation can be done, finite elencattulations have been carried
out with the radial flux machine, and with the e@lent linear actuator, in order to compare theltesThe machine geometry used
in the comparison is given in Table Ill. The ferrgnetic parts are taken into account using a linegterial of relative magnetic
permeability equal to 1000.

TABLE Il
GEOMETRICAL PARAMETERS OF THE RADIAL FLUX MACHINE

Numerical value

Description Notation
Dimensions along the radial direction
Mean airgap radit R 0.07¢m
Airgap width e 0.002m
Slot dept he 0.03m
Magnet thicknes ha Interval [0.001m;0.01n
Dimensions along the orthoradial direction
Pole pair number p 4
Pole pitct T 0.06n
Magnet relative opening with 0.6
regard to the pole pitch Par (0far<1)
Rotor inter-teeth space relative ) 0.8
opening with regard to the pol a2
penine Pitc% PO puspo)
Stator relative slot opening with S 0.5

regard to the tooth pitch (0<8<1)
Dimensions along thez direction
Active thickness of the machine H 0.1m
along thez axis
Physical data
Remanent induction of the
magnetsldFeB at room B, 1.2T
temperature

For example, the no-load flux is studied. The pat@mof importance is the value of the ratigR, between the magnet radial
thickness and the mean airgap radius. The magiodhtss varies between 0.001m and 0.01m. The batiween the no-load flux of

the two actuators is shown in Fig. 20.
1.1

1.05

(DIinear/q)radial
Y

0.95

0.9

Fig. 20: Ratio between the no-load fluxes obtaimettie radial flux machine and the equivalent lineachine

As expected, the two fluxes are nearly the samerfall magnet thicknesses with regard to the pitddr pwhereas some discrepancy
appears by increasing the magnet thickness. Howéwerdifference is never more than 7% in relatraéue. Moreover, a magnet
thickness of 0.01m (for which the difference is thighest) is not useful, because, as shown inHigno significant increase of the
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no-load flux appears between the two last pointhefmagnet thicknesses. Thus it can be conclud®dhe error on the no-load flux
made by the development of the radial flux machime¢he equivalent linear one is restricted to a fesvcent in relative value.
However, if this error has to be corrected, somiéh@s have proposed methods based on conformal ingap®9], in order to
rigorously transform the radial flux machine toequivalent linear actuator. This conclusion allaygsto compute the magnetic field
in the linear equivalent actuator (in Cartesianrdowtes), and then apply the results to the chdeeaadial flux machine.

D

0.02 0.04 0.06 0.08 0.1 0.12
h/R,
Fig. 21: No-load flux in the radial flux machina function of the magnet thicknelsg

It can also be useful to check if the inductiors lacally also the same for the two kinds of maehirFor that, it is proposed to plot in
Fig. 22 and Fig. 23 the normal and the tangentiductions in the middle of the airgap (dotted riee lin Fig. 19). Indeed these
inductions are involved in the cogging torque cotapian, and of course in the no-load flux calcuati(the no-load flux is the
integral of the normal induction component). It denseen that the waveforms are nearly identidaiciwdemonstrates the validity of
the mean radius development also for the localdtida computation.

1.2 T T

[ —— Radial machine | = _ |
Linear machine
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0.6

B.n (T)
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-0.2 ! !

0 0.02 0.04 0.06

xorr.0 (m)
Fig. 22: No-load induction (normal component) ie tadial flux machine and in the equivalent lineae (for a magnet thicknekg=0.0035m) on a line located in the
middle of the airgap (dotted red line of Fig. 19)
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Fig. 23: No-load induction (tangential component)he radial flux machine and in the equivalergdinone (for a magnet thickndss0.0035m) on a line located in
the middle of the airgap (dotted red line of Fig) 1

B. The saturation effect

The analytical model implies that the ferromagnetiets are assumed to have an infinite magneticgadility. It is appropriate to
compare the results provided by this model withdhes obtained with real non-linear B-H anhysteredlationships experimentally
measured in Iron-Silicon (FeSi) and Iron-CobaltGbglaminations (Fig. 24). The main advantage ofid€obalt material is its high
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360 saturation magnetization (nearly 2.3T), and higtiahpermeability. Its drawback is its high costdalow resistivity, which implies
361  high dynamic loss. The computations are then choig using a non-linear finite element code.
2.5

2

15

B (M

1

0.5
0
0 5000 10000 15000
362 H (A/m)
363 Fig. 24: Non-linear B-H anhysteretic relationshégpperimentally obtained in FeSi and FeCo lamination

364 In this study, the same geometry as in Table lhdepted. TheB, inductions obtained on the [AB] segment (Fig. @3ing the

365 analytical and the non-linear finite element mogdale plotted in Fig. 25 for no-load excitation diimns. The analytical model and
366 the non-linear finite element model with the Fe@ove provide identical results, while a decreasthefairgap induction can be seen
367  with the FeSi material. This decrease is respoagiblan error of 8% on the total no-load flux betwehe analytical model, and the

368 model using the FeSi curve.
1.2

1

08F--——f+t—-—f-———t1-)--—--
£ 06F———f -2 ———— --
N E -
|
02 — Analytical |~
0 FeCp
FeSi
0.2 . .
0 0.02 0.04 0.06
369 X (m)
370 Fig. 25:By induction obtained on the [AB] segment (F&y for the analytical model, and the non-lineartérélement models using the FeCo material andesé F
371 material (no-load excitation conditions)

372 In Fig. 26, the same analysis has been repeatit) thes time under field weakening conditionsaidition to the magnets’ field,ca
373  axis current has been addeds£r600A/m, see Section VI.B). The level and the Waxa shape has been changed compared to the
374  previous case in which only the no-load flux waasidered. It is interesting to notice that thedieleakening permits to reduce the
375  saturation level of the machine, and then justify tise of the linear analytical model. Indeed fifferénce on the fluxes between the

376 linear model and the FeSi saturated model is nowrBgélative value, whereas it was 8% under no-loaadition.
1

05 - - -2 R
| |
E 1 1
> | |
m | |
| |
Of--+-- e .
Analytical
FeCo
\ FeSi
05— 1 1 -
0 0.02 0.04 0.06
377 . N . . xm oo . . . .
378 Fig. 26:By induction obtained on the [AB] segment for thelgiizal model, and the non-linear finite elementdats using the FeCo material and the FeSi material
379 (field weakening condition: superposition of thegmets’ field andl axis current nE-600A/m)

380 To conclude, it must be said that the saturatiéecetan decrease the airgap induction level, hed the torque (see Section VI for a
381 detailed discussion). The flux weakening reducessidturation effect. However, for the studied gdoynehis effect is limited to a
382 decrease of 10% of the airgap induction betweeratt@ytical model and the non-linear model usin@iHaminations. For FeCo
383 laminations, due to the very high saturation l@fehis material, the saturation do not need ttalen into account, justifying the use
384  of the analytical model.
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It must be noticed that the saturation effect canaen into account using the model proposed &wthhor of [31]. The decrease of
the airgap induction due to the saturation effectniodeled by a fictitious increase of the airgajekiess in the analytical
computations.

APPENDIX2
The numberst introduced in for the continuity conditions werefided the formulas:

atmig =Sinc (ﬂ—mr_(zzli_l) %Jco{ﬂ—m _(v?/';_]) Vg(' = Hwe +wy) ‘mﬂ(l_ll(éwe ) +ﬂmr—(221;—1) V\é]
) (34)
LR I AL CE L R T L R
. 2k-1) ) 2k- -1 2k-1
allmy :Slnc[”mr+(2r )W"sz{ﬂm +(WT 3 ¥ii- J)(We+wd)—m”( 3,\(%%+Wd) +7Tmr+(2T )V\éJ
) (35)

_si@{ﬂmf‘(zzk—l)%] SiEﬂm_(zk_]) vg(l_ )](We+wd)_mn(|—1)(we+wd) .

ﬂmr—(zk—l) w
W W, 2r

10 =sin (370w, s (2= 371w vw) o 207w (36)
1B =sinc (&350 w, | cof (= )71~ W, +we) +( 2= w] @7

The different normalized coefficients for the pdtehcontinuity equalities between Zone | and Zdirere given by:

Jex =sinc[(2k— ]),8327—2-[] co{( x- ).g Xq +( X~ Mg E”j (39)

Js « :sinC((Zk—]),Bél—sz sir(( X- J£Xd+( - )Lﬁaﬂ (39)
(kDB Xy NH(2K=0) B X
d d
Benk :sinc[(n—(Zk—])ﬁaz)ﬂ co Baol i Baal |, sip [(n+( R- )]ﬂaz)iﬂ cos Baal i Baot (40)
+(n-(2k-18,)7 +(n+(2k-9)82)
’Tn+(2k—l)[3’a2 5 X ”n—(2k—1),8a2 . Xy
d d
Bs(ni :sinc{(n+(2<—3),82)ﬂ si Bazl i Baal -sip. {(n—( R- )lﬁaz)ﬂ si Baa? - Baot (41
+(n+(2k _l)ﬂaZ)E +(n+(2k _l)ﬂaZ)E
V, =y 222 Mo @2
T n

When the equations are put under a matrix formafait is convenient to introduce the following gibemal matrix:

1

(D] = : m 5] S Cos?'((k—)g(ha+e)j 154~ 3 Sinh[(%-:)’?’(me)j ,

We
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396 [D,]= mcos}{mWﬂe Q] . [INV] = a1 | [Ds] =

o
ﬂ )
sy

397 [Dg) = | cos?’(( Xx- )I?Thaj ,and[D;] = | sinh((Ek— ])I—TTQJ . [Dg] = | ncos){nﬁzr QJ



