N

N

Dirichlet /Neumann problems and Hardy classes for the
planar conductivity equation
Laurent Baratchart, Yannick Fischer, Juliette Leblond

» To cite this version:

Laurent Baratchart, Yannick Fischer, Juliette Leblond. Dirichlet/Neumann problems and Hardy
classes for the planar conductivity equation. Complex Variables and Elliptic Equations, 2014, 41 p.
10.1080/17476933.2012.755755 . hal-00909577

HAL Id: hal-00909577
https://hal.science/hal-00909577
Submitted on 20 Dec 2023

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

Distributed under a Creative Commons Attribution 4.0 International License


https://hal.science/hal-00909577
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr

arXiv:1111.6776v3 [math.FA] 12 Dec 2011

Dirichlet/Neumann problems and Hardy classes for
the planar conductivity equation

Laurent Baratchart? Yannick Fischer! Juliette Leblond?

September 29, 2018

Abstract. We study Hardy spaces H? of the conjugate Beltrami equation 0f = vof
over Dini-smooth finitely connected domains, for real contractive v € W with r > 2, in
the range r/(r — 1) < p < oco. We develop a theory of conjugate functions and apply it to
solve Dirichlet and Neumann problems for the conductivity equation V.(cVu) = 0 where
0= (1—-v)/(1+4v). In particular situations, we also consider some density properties of
traces of solutions together with boundary approximation issues.

Key words. Hardy spaces, Boundary value problems, Second-order elliptic equations,
Conjugate functions, Integral equations with kernels of Cauchy type.

1 Introduction

The foundations of pseudoanalytic function theory, that generalizes some key features of
classical holomorphic function theory, go back to [14, 57] and were historically applied
to boundary value problems for partial differential equations. This has recently been
a topic of renewed interest [4, 26, 41, 45, 59|, and reference [11] was apparently first
to investigate the connections between generalized Hardy spaces on simply connected
domains and Dirichlet problems for the planar conductivity equation with L? boundary
data. In [27], part of this material was carried over to annuli under more general regularity
assumptions on the coefficients, and used there to approach certain mixed Dirichlet-
Neumann problems. The present paper expands and generalizes the results of [11] to
finitely connected domains under still weaker, conjectured optimal regularity assumptions.
We also take up Neumann problems and discuss some density issues for traces of solutions.
We shall consider a simple class of pseudoanalytic functions (also called generalized ana-
lytic functions), namely those satisfying the conjugate Beltrami equation:

Of =vadf ae. in Q, (CB)

where Q C R? ~ C is a Dini-smooth domain. The dilation coefficient v is real valued and
lies in a Sobolev class W (), 2 < r < oo, while satisfying a uniform bound of the type

[V]] oo () < K for some k€ (0,1). (k)
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If one writes f = u-+iv with real u, v, then (CB) becomes a pair of equations generalizing
the Cauchy-Riemann system:

{ 0,0 = —00,u, (1)

Oyv = 00,u,

with
1—v

:1—|—1/'

Now, a compatibility condition for (1) is the planar conductivity equation:

g

(2)

div(eVu) =0 1in Q, (3)

and this fact is the main motivation to study (CB). An interesting connection, this time
to a Schrodinger equation, was also pointed out in [55]. Observe that (k) is equivalent
via (2) to the ellipticity condition

0<c<o<C<oo ae. in (4)

for some constants ¢, C. Note also, if u meets (3), that the o-conjugate function v satisfies
) 1 )
div {=Vv | =01in Q. (5)
o

We shall study Hardy classes of solutions to (CB) (see definition in Section 3), analyze
their boundary behaviour and give a complete description of ¢ conjugate functions in this
context. We shall apply the results to the Dirichlet problem of equation (3), and it will
turn out that data in LP(02) for p > r/(r — 1) are exactly boundary values of solutions
satisfying a Hardy condition. Trading smoothness of the boundary for smoothness of the
coefficients, we also give an application to the Dirichlet problem with Lipschitz coefficients
on piecewise C'* domains without outward pointing cusp, when the boundary data are
integrable with respect to harmonic measure; inward pointing cusps are allowed, so that
the domain may not be Lipschitz. In addition, we solve the Neumann problem with data
oOu/on € W=1P(0Q).

From the point of view of regularity theory, and though we deal with two dimensions and
scalar conductivity only, it is noteworthy that our assumptions are not covered by the
Carleson condition set up in [24, 44]. As we rely rather extensively on complex methods,
higher dimensional analogs of our results, if true at all, require new ideas of proof.

The authors” motivation for such a study originates in certain free boundary problems of
Bernoulli type for equation (3) that arise naturally when trying to locate the boundary
of a plasma at equilibrium in a tokamak [15]. These are genuine 2-D problem, due to
rotational symmetry. Their approach via extremal problems, developed in [30, 31, 32|,
raises some density issues for traces of solutions to (CB) on subsets of J€2 which are
interesting in their own right and deserves further studies [8].

The paper is organized as follows. After some preliminaries on conformal mapping and
Sobolev spaces in Section 2, we introduce in Section 3 Hardy classes HZ(Q2) of equation
(CB), along with their companion Hardy classes G2(€2) of equation (13) which are of
great technical importance for our approach. Dwelling on classical works [14, 57] to make
connection with holomorphic Hardy spaces, we then derive the main properties of H2(£2).
Section 4 is devoted to a decomposition theorem which identifies Hardy classes over finitely



connected domains with sums of Hardy classes over simply connected domains, much like
in the holomorphic case. In Section 5, we deal with analytical and topological conditions
for the existence of o-conjugate functions, and we apply our results to the Dirichlet
and Neumann problems for equation (3). Finally, we discuss in Section 6 some density
properties of traces of HP()-functions on 02 which are relevant to inverse boundary
value problems. Concluding remarks are given in Section 7. We append in Appendix
some of the more technical results and proofs.

2 Notations and preliminaries

We put C := CU{oo} for the extended complex plane, which identifies to the unit sphere
S? under stereographic projection. We let I, and T, designate the open disk and the
circle centered at 0 of radius r; when r = 1 we omit the subscript. More generally, T, ,
(resp. D, ) indicates the circle (resp. open disk) of center a and radius 7.

For ¢ € (0,1), we set A, := D\ D, to be the annulus lying between T and T,. For more
general annuli we use the notation A,, ,, :={2; 01 < |2| < p2}. If Qis a doubly connected
domain such that no component of C \ € reduces to a single point, it is well known there
is a unique p making Q conformally equivalent to A, [52, Thm VIIL.6.1]. More generally,
any finitely connected domain whose complement is infinite is conformally equivalent to D
with finitely many closed disks removed (some of which may degenerate to points)!. Such
a domain will be termed a normalized circular domain. Moreover, the above conformal
map is unique up to a Mobius transformation.

Recall that a function h is called Dini-continuous if [ (wy,(t)/t)dt < +oo for some, hence
any € > 0, where wy, is the modulus of continuity of h. A function is Dini-smooth if it has
Dini-continuous derivative. A domain  C C is said to be Dini-smooth if its boundary
0 lies in C and consists of finitely many Jordan curves with nonsingular Dini-smooth
parametrization. Note that a Dini-smooth domain is finitely connected by definition, and
it contains oo if it is unbounded.

Any conformal map between Dini-smooth domains extends to a homeomorphism of their
closures, and the derivative also extends continuously to the closure of the initial domain
in such a way that it is never zero, ¢f. Lemma 6 in Appendix A.

We orient the boundary of a Dini-smooth domain €2 in a canonical way, i.e. ) lies on the
left side when moving along 0f2, and the unit normal 77 points outward.

We denote interchangeably (the differential of) planar Lebesgue measure by

dm(&) = dt dty = (i/2) d€ A dE, &=t + its.

Given a domain 2 C C, we put D(£2) for the space of C'"*°-smooth complex valued functions
with compact support in Q, equiped with the usual topology?. Its dual D’'(Q) is the space
of distributions on Q. For 1 < p < oo and k € N, we let LP(Q2) and WkP(Q) be the
familiar Lebesgue and Sobolev spaces with respect to dm; we sometimes write L (Q) or

ndeed, any finitely connected domain is conformally equivalent to a domain whose boundary consists
of circles or points [36, Sec. V.6, Thm 2]; if the complement is infinite there is at least one circle whose
interior can be mapped onto C\ D by a Mobius tranform.

24.e. the inductive topology of its subspaces Dy comprised of functions whose support lies in a compact
set K, each Dy being topologized by uniform convergence of a function and all its partial derivatives [53,
Sec. 1.2]).



WP(€) to emphasize restriction to real-valued functions. Recall that 1W?(Q) consists of
functions in LP(§2) whose distributional derivatives lie in LP(€2) up to order k. Actually
we only need k = 1,2, the norms on W1?(Q), W*P(Q) being defined as

1fllwro@ = If o) + 10 ey + 10f1lzo(@,

1 fllw2r) = 10flwre@ + 10fllwir) + [1fllze@,

where 0 and 0 stand for the usual (distributional) complex derivatives, i.e.
1 — 1
of :z@zfzi(ar—z'@y)f and Of :z@;fzﬁ(@x—l—z'@y)f z=x+1y.

Note the obvious identity: df = 0 f. The closure of D(Q) in WP(Q) is denoted by
W,y (Q). Recall the notation W—1P(Q) = (Wy%(Q))*, 1/p+1/q = 1. For basic properties
of Sobolev spaces that we use, see e.g. [16, 58].

When Q C C is a bounded Dini-smooth domain, LP(0f2) is understood with respect
to normalized arclength and W'?(92) is naturally defined using local coordinates, since
Lipschitz-continuous changes of variable preserve Sobolev classes. Each f € WP(Q) with
1 < p < o0 has a trace on 02, denoted by trgg f, lying in the so-called fractional Sobolev
space W1=1/P2(9Q). The latter is a real interpolation space between LP(9€2) and WP(Q)
of exponent 1 — 1/p, an intrinsic definition of which can be found in [1, Thm 7.48]. The
trace operator defines a continuous surjection from WP(Q2) onto W'=1/PP(9Q). By the
Sobolev embedding theorem, each f € W1P(Q) with p > 2 is Holder-smooth of exponent
1—2/p on 2, hence f extends continuously to € in this case. The space W1>(€) identifies
with Lipschitz-continuous functions on 2.

We also introduce the spaces L () and W,27(Q) of distributions® whose restriction to
any relatively compact open subset €y of Q lies in LP(£y) or W1P(€qy). All classes of
functions we will consider are embedded in Lj (€2) for some p € (1,+00), and solutions
to differential equations are understood in the distributional sense. For instance, to define
distributions like v0f where v € W' (Q) and f € LV () with 1/p + 1/r < 1, we use
Leibniz’s rule:

<vOf, ¢ >= —/(I/?EQS +ovfe)dm, Y ¢eDW).
Q

where <, > denotes the duality product between D'(€2) and D(£2).

If in addition > 2 and o meets (4) while u € Wg(Q) solves (3), the normal derivative
d,u is the unique member of the dual space Wy, /PP(9Q) = (W™ /*%(0Q))*, 1/p+1/q = 1,
such that

< 00U, ¢ >p0= / oVu-Vgdm, geW"(Q), trag g= 9. (6)
0

In fact, (6) defines 00,u € W~1/P?(99Q) and, under the stated assumptions, multiplication
by o is an isomorphism of the latter because it is an isomorphism of W!=1/44(9Q) (e.g.
by interpolation). Clearly then, ||0pully-1/p50) < C(Q,0,p)||ullwir@)-

*These are topologized by the family of semi-norms || fq, [|Lr(0,) and || fa, [lwi.»(q,) respectively, with
{Q,,} a nested family of relatively compact open subset exhausting ).



Sobolev spaces are naturally defined on the Riemann surface C ~ S? [40], integration
being understood with respect to spherical measure. We shall not be concerned with
intrinsic notions: to us it suffices to say that if  C C is a (possibly unbounded) Dini-
smooth domain distinct from C, then it can be mapped onto a bounded Dini-smooth
domain €’ by some conformal map ¢ and then f € W'P(Q) (resp. f € LP()) if and only
if fop e WhP(QY) (resp. LP(Y)), with equivalence of norms (the equivalence depends
on ). This is consistent with previous definitions, since by Lemma 6 (in Appendix
A) conformal maps between bounded Dini-smooth domains are Lipschitz continuous. A
function in W1P(C) is one whose restriction to any proper Dini-smooth subdomain
belongs to WP(Q).

On a bounded domain €2, relation (CB) may be regarded as a differential equation for
1-forms in local coordinates on the Riemann surface S?, namely 0fdz = vdfdz. Subse-
quently, if Q, ', and ¢ are as before, we say that f solves (CB) on € if and only if fop™?
satisfies a similar equation on ¥ only with v replaced by v o ¢~!; this agrees with the
complex chain rule when € is bounded [3, Sec. 1.C], and allows us to make sense of (CB)
when (2 is unbounded.

If f is a function defined on €2, the symbol fo, indicates the restriction of f to ©; C €.
Whenever f is defined on ©; and h on Qy = Q\ €, the notation f V h is used for the
concatenated function defined on €2 which is equal to f on ; and to h on €.

We let 0, and 0,, denote respectively the tangential and normal derivatives of a function
at a smooth point on a rectifiable curve. As became customary, the same symbol (e.g.
“C”) is used many times to mean different constants.

3 Generalized Hardy classes

Hardy classes of equation (CB) over a bounded Dini-smooth simply connected domain
were introduced in [11]. Their study is twined with that of Hardy classes of equation (13)
further below, whose connection to (CB) was originally stressed in [14]. Hardy classes
of (CB) over bounded annular domains with analytic boundary have subsequently been
defined in [27]. This section carries out their generalization to arbitrary Dini-smooth
domains in C.

Although [11] restricts to the case where v € Wp'™(Q), it was observed in [27] that many
results still hold when v € Wy (Q) for some r > 2, provided that p > r/(r — 2). We
improve on this throughout by assuming r > 2 and p > r/(r — 1), which we conjecture
is the optimal range of exponents for the validity of whatever follows. When r = oo, and
only in this case, we cover the whole range of exponents 1 < p < oo.

To recap, our working assumptions will be that @ C C is Dini-smooth (in particular
finitely connected) and that

v meets (k), v € W' (Q) for some 7 € (2, +0c], r/(r—1)<p<+oco. (7)

Note the assumptions on v are equivalent to require that o given by (2) lies in Wa"(Q)
and satisfies (4).

3.1 H(Q)

In analogy to classical holomorphic Hardy spaces, the Hardy space HE(ID) was defined in
[11] to consist of those functions f in LP(D) satisfying (CB) in the sense of distributions

5



and such that

2T 1P do 1/p
o= 3550 [y =esssup ([ 176 42 ) < voes (9
o<r<1 o<r<1 0 T
Likewise, in [27], the Hardy space HZ(A,) was set to be comprised of functions in LP(A,)
solving (CB) and such that

2m 1P de 1/p
1 f |z a,) = ess sup || f|lo(r,) = ess sup </ | f(re)| ) < 4o0. (9)
0

o<r<1 o<r<1 27

Now, for € a Dini-smooth proper subdomain of C and v, p as in (7), we define HP(2)
to be comprised of those f € L () solving (CB) in the sense of distributions for which
there is a sequence of domains A, with A, C Q, whose boundary A, is a finite union
of rectifiable Jordan curves of uniformly bounded length, such that each compact subset

of € is eventually contained in A,,, and having the property that

sup [/l ooy < oo. (10)
neN

When v = 0, condition (10) defines the so-called Smirnov class of index p of holomorphic
functions in ), which coincides with the Hardy class on Dini-smooth domains*. This class
we consistently denote by HP(£2) (no subscript).

It is true, although not immediately clear, that HP(€2) is a vector space and that there is
a fired sequence {A,,} for which (10) yields a complete norm. It is not obvious either that
(10) is equivalent to (8) or (9) for the disk or the annulus. All this is known to hold for
holomorphic functions [56], [25, Sec. 10.5], but the proof when v # 0 will await Section
3.2. Note that H? is only a real Banach space if v # 0.

The definition of H2(2) just given is conformally invariant: if ¢ conformally maps a Dini-
smooth domain €’ onto a Dini-smooth domain €, then v € Wp"(Q) and f € HE(R) if and
only if vop € Wa' () and foy € H?, (). Indeed the p~'(A,) form an admissible
sequence of compact sets in €' since their boundary is eventually contained in a compact
neighborhood of 0€) where |¢’| is bounded below by a strictly positive constant in view
of Lemma 6. In [11, 27], conformal invariance was used to define HP(€2) on simply or
doubly connected bounded Dini-smooth domains®.

In connection with unbounded domains, the following reflexion principle is useful: for
fell (D), set

loc

f(z):f(%), 2 eC\D. (11)

Then
f e H)(D) <= f € HY(C\D). (12)

Indeed, if we put g(z) = f(z) and u(z) = v(z) for z € D, we get by definition upon
using the conformal map z + 1/z that f € H2(C\ D) if and only if u € Wa"(D) and

4The Hardy class is defined by the condition that |f|P has a harmonic majorant; the two classes
coincide as soon as harmonic measure and arclength are comparable up to a multiplicative constant on
00 [25, Ch. 10], [56], which is the case for Dini-smooth domains thanks to Lemma 6, Appendix A.

®These works do not mention the case of unbounded domains, but it requires no change as we just
stressed. The paper [27] restricts to analytic boundaries, which is also unnecessary thanks to Lemma 6.

6



g € HE(D). Clearly this is the case if and only if v € We" (D) and f € H?(D), as follows
from (CB) by conjugation, which proves (12).

Remark 1 We did not define Hardy spaces of C (a Dini-smooth domain with empty
boundary), but this case is of little interest since no non-constant distributional solution
to (CB) exists in L} (C). In fact, by Propositions 1, 2 further below, a function f with
these properties must lie in WY*(C) for some k > 2. In particular it is bounded, so by
the extended Liouville theorem [4, Cor. 3.4], f = Ce9, where C is constant and g is
continuous on C. Applying this to f — f(0) we conclude the latter is identically zero, as

desired.

3.2 Gr(Q)

When Q@ =D or Q = A, and a € L"(12), the Hardy space G2(€2) was defined in [11, 27
to consist of those w € L} () such that

loc

Ow=oaw on {2 (13)

in the distributional sense, and meeting condition (8) or (9) (with w instead of f).
On a bounded Dini-smooth domain © C C, given a € L"(2), we define G2 (Q2) to consist
of those w € L} (£2) meeting (10) for some admissible sequence {A,} C €2, and such that

loc

(13) holds. If we set further

1 « —
A(z) :%/Qg(_—g)zdmdg, z €, (14)
then A € W1(Q) by the Sobolev embedding theorem together with standard properties of
the Cauchy and Beurling transforms [42, [Ch. 1, (1.7)-(1.9)]; moreover o = A. Rewriting
GF () as G, () is suggestive of a conformally invariant definition valid over arbitrary
Dini-smooth domains in C, namely if ¢ conformally maps a Dini-smooth domain 2 onto
a bounded Dini-smooth domain Q' and if A € W'"(Q), then w € G¥ (Q) if and only if
wo ™t € GP(Y) with a = (Ao p™t).

We will prove momentarily that G? is a real Banach space but first we stress the motivation
behind its definition. If we let A = logo'/? so that a = dlogo'/2, an explicit connection
between HP(Q2) and G2(2) stems from a transformation introduced in [14]:

Proposition 1 Assume that Q C C is a proper Dini-smooth domain and that v, p, v
satisfy (7). Let o be as in (2) and define o € L™(2) by

ov = 1—v]?
=————=0log|——| =0dloga"? 1
a T 80g[1+y} dlogo (15)
Then: f=u+ive HI(Q) <= w = S vt =o' Pu+ioc V%0 e GR(Q). (16)

V1 —12 B

For A, as in (10), there are constants Cy,Cy > 0 independent of f and w such that

sup || flzeaa,) < Crsup ||w][zr@a,) < Casup || fllzr@a,)- (17)
neN neN neN



The proof of Proposition 1 is a straightforward computation using Leibnitz’s rule and the
fact that (1 — v?)~%2 € W (Q) since r > 2 and v satisfies (k).

This proposition entails that it is essentially equivalent to work with H? or G. However,
equation (13) is technically simpler to handle because the derivative of the first order (i.e.
Ow) is expressed in terms of the derivative of zero-th order (i.e. w).

A primary example of such a simplification is the factorization principle asserted in Propo-
sition 2 below, which lies at the root of the connections between solutions to (13) and
holomorphic functions. For slightly smoother classes of solutions, this principle goes back
to [14] and was later extended to accomodate more general planar elliptic equations in-
cluding those defining pseudo-analytic functions [59, Thm 2.3.1], see also [45], [26, Thm
2.1]; it was adapted to Hardy classes in [11, 27]. We provide in the Appendix B a proof
which differs from [11] in that normalization must be argued differently in the multiply
connected case (compare [27, Prop. 2.2.1]).

Proposition 2 Assume that Q C C is a proper Dini-smooth domain and that p, v satisfy
(7). Let A € WH(Q), a = DA, and suppose w € Lt (Q) is a distributional solution to
(13). Then w admits a factorization of the form

w(z) = exp(s(2)F(z), €9, (1)
where F is holomorphic and s € W'(Q) satisfies
Isllz<@) < Collsllwrr@ < Collallzr) < CollAllwrr (19)

Co, C, Cf being strictly positive constants depending only on r and €.

In particular w belongs to W' (), and w € G2(Q) if and only if F € H?(Q).

If €2 is n-connected and 02 = Uj_oI'; where the T'; are disjoint Jordan curves, we may
choose s so that Im s;r, = ¢; where the ¢; are constants such that Z;L:o c; = 0, one of
which can be chosen arbitrarily.

Remark 2 It follows from Proposition 2 and Sobolev’s embedding theorem that s €
C%1(Q), uniformly with respect to w, and w € Cy2(Q) with y =1 — 2/r.

loc

Proposition 2 quickly gives interior estimates for solutions to (CB):

Corollary 1 Assume that Q C C is a proper Dini-smooth domain and that v, p, r satisfy
(7). Let f € LF (Q) be a distributional solution to (CB). Then f € W2 ().

loc

Proof. Defining « as in (15), it is straightforward to check that w given by (16) lies in
P (Q) and satisfies (13). By Proposition 2, w € W-"(Q), hence the same is true of
f. Using this fact it is easily verified that the distributional derivative of vOf can be
computed according to Leibnitz’s rule. Consequently, setting G := df and applying 0
to (CB), we obtain since d and d commute, that G = vdG + (Ov)G. As v is real,
conjugating this relation provides us with another expression for G, and solving for G

after substitution yields

- vov o —
0G = 1—1/2G+ 1_V2G
from which we deduce that H = (1 — v?)/2 G satisfies
o= -2" 7 (20)
1—0?
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in the sense of distributions. As H € Lj .(2), we deduce from Proposition 2 (applied

loc

with o = dv/(1 — 1?)) that H € W' (Q), implying that the same is true of G = 9f

loc

since W2"(Q) is an algebra for r > 2. From (CB) we see that also df € W,2"(2), thereby

loc loc
achieving the proof. [ |

We are now in position to prove that H?(Q) and GP(2) are indeed Banach spaces. For
this, let ¢ conformally map € onto a normalized circular domain ', and do be 1/2 if
Y = D and half the minimal distance between two components of 92" otherwise. Set

K. ={zeQ; dist(z,C\ ) > e}, e <1,

where dist(z, F) indicates the distance from z to the set E. Then, K. is a compact subset
of € bounded by circles concentric with the components of 92'. We put

A= I(K.) cQ (21)
and define for g € HP(Q2) or G2():

l9llp = sup [l9ll » o5, ,.)- (22)
neN

Although ¢ is not uniquely defined, different ¢ will give rise to equivalent ||.|[,.
We use a lemma on holomorphic functions which is well known on the disk and the annulus
but that we could not ferret out in the literature in the multiply connected case:

Lemma 1 Let Q be a Dini-smooth domain and f holomorphic in Q. Then f € HP(S) if
and only if || fl|, < oc.

The proof of Lemma 1 is given in Section C.

Theorem 1 Assume that §) is a proper Dini-smooth domain in C and that v, p, v satisfy
(7). Let moreover A € W' (Q) and a = 0A.

(i) Endowed with (22), H?(Q2) and GE(Q2) are real Banach spaces, that coincide with
those defined by (8)and (9) when Q@ =D or 2 = A,.

(i) It holds that f € HP(QY) (resp. w € GP(RY)) if, and only if [ satisfies (CB) (resp. w
satisfies (13)) and |f|P (resp. |w|?) has a harmonic majorant in €.

Proof. Since v meets (k) and f = (w + vw)/+v/1 — v? by (16), it is enough to prove the
result for G2 ().

By Proposition 2 and Lemma 1, it holds that w € G2 if and only if ||w|, < oo, in
particular GP is a real vector space on which |.||, defines a norm. To see that it is
complete, it is enough to check that a Cauchy sequence wy, has a converging subsequence.
Write wy, = e F}, according to (18). By Remark 2, the sequence s; is equicontinuous, on
0, therefore some subsequence s;, converges uniformly there. By (19) again, ||F, || Lo(0A,)
is uniformly bounded, hence a normal family argument provides us with a subsequence
F,,, converging locally uniformly in Q. Then w,,, converges locally uniformly to some
w e LY (Q), and it is clear from the definition of distributional derivatives that w solves

loc

(13). Moreover, passing to the limit under the integral sign for fixed n in the right hand



side of (22) shows that w € G? and that ||w — wy,, ||, — 0 as k goes to infinity. This
proves (i).

If g is holomorphic on €2 and ¢ conformally maps the latter on a domain " with analytic
boundaries, it is known that (10) holds for g for some admissible sequence A,, if, and only
if |go @ 'P(¢™!) has a harmonic majorant on ' [25, Sec. 10.5]. In view of Lemma 6,
we conclude that (10) holds if and only if |g|’ has a harmonic majorant on €2 (i.e. the
so-called Smirnov and Hardy classes coincide on Dini-smooth domains). Applying this to
F in (18), point (ii) now follows from Proposition 2 since s is bounded. n

3.3 Basic properties of G and H? classes

Below we enumerate some properties that GZ(2) and HZ((2) inherit from HP(2) wvia
Proposition 2. These generalize results stressed in [11, 27| for the simply or doubly
connected case (except the last two which are not mentioned in [27]).

Recall f defined on Q has non tangential (“n.t.”) limit ¢ at £ € 99 if and only if, for
every 0 < f < 7/2, f(2) tends to £ as QN Sep 2 2z — &, where S¢p is the cone with vertex
¢ and aperture 25 whose axis is normal to 02 at &.

Also, the non-tangential maximal function of f at £ € T is

My (&) == sup [f(2)], (23)

ZEQﬂSgﬁ

where we dropped the dependence of M, on .

Further (cf. (21)), we define a map Pyo. : OA. — 9Q as follows (projection on the
boundary). When 2 is normalized circular, Py .(§) is the radial projection of £ on the
boundary circle nearest to &. When € is a general Dini-smooth domain in C, we pick a
conformal map 1 onto a normalized circular domain ' and we set Pyo . = ¢! o Py . 01).
Clearly, Pyq . is a homeomorphism. Different ¢ produce different Pyq ., but the results
below hold for any of them.

Assumptions being as in Theorem 1, the following properties holds.

Property 1 Any f in HE(QY) (resp. w € GE(S)) has a non-tangential limit almost
everywhere on 09, thereby defining a trace function tragf € LP(9Q)8. It holds that

lim [|tran.f — f o Phg |lron) =0 (resp. lim [|traqw —wo Py |lron) = 0). (24)
Property 2 The quantity |[traq .||y defines an equivalent norm on HE(S) (resp.
GP(Q)). As to the maximal function, it holds when f € HE(Q) (resp. w € GE(Q))
that

[MillLro) < Clltroaf || e on) (7“6527- [ Mo Lron) < C||t7“69w||m(am) (25)

where C' depends only on ), o (resp. «), p and the aperture  used in the definition of
the mazimal function.

6There is no discrepancy in the notation since the nontangential limit coindes with the Sobolev trace
whenever it exists [11, Prop. 4.3.3]
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Proof. In view of Proposition 1 and the Holder-continuity of v, Properties 1 and 2 for f
follow from their counterpart for w. The latter are consequences of (18), Remark 2, and
the corresponding property in H?(2), ¢f. Lemma 7.

u

Property 3 The space traoHE(Q2) (resp. troaGE(Q2)) is closed in LP(0SY). If f € HP(2)
(resp. w € GP(2)) is not identically zero, then traaf (resp. troaf) cannot vanish on a
subset of 02 with positive measure.

Proof. As before it is enough to prove it for GE. That trapoGPL(2) is closed in LP(052)
follows from Property 2 and Theorem 1 point (7). That w # 0 cannot vanish on a subset
of 09 with positive measure is immediate from (18) and the corresponding result in H?(£2)
(25, Thm 2.2]. U

Property 4 If f (resp.w) is a nonzero member of HE(Q)) (resp. GE(S))), then log |traq f|
(resp. log |traqw|) lies in L (0SY). Moreover the zeros of f (resp. w) are isolated, and if
we enumerate them as &, j € N, it holds for any zy € Q, zy # &; for all j, that

> ga(&. 20) < o0, (26)
j=1

where gq(., 20) is the Green function of Q with pole at z,".

When © =D, (26) is equivalent to the classical Blaschke condition ) (1 — [¢;]) < oc.

Proof. 1f f and w are related by (16), their log-modulus are comparable and they share the
same zeros. Therefore it is enough to prove the result for w. That log|traqw| € LL(99)
unless w = 0 follows from (18) and the corresponding result for holomorphic functions,
¢f. Lemma 7. In another connection, (18) entails that the zeros of w are those of the
holomorphic function F', hence they are isolated. Moreover, since F' € HP(£2), it follows
from the decomposition theorem [25, Sec. 10.5] and a classical result on the disk [34,
Thm 5.4] that the subharmonic function log |F| has a harmonic majorant [25, Sec. 2.6,
Ex. 10]. Relation (26) now follows from [50, Thm 4.5.5]. n

Property 5 Each f € HP(QY) satisfies the mazimum principle, i.e. |f| cannot assume a
relative maximum in ) unless it is constant. More generally, a non-constant function in
HE(Q) is open and the preimage of any value is discrete.

Proof. If we let v;(2) := v(2)0f /0f(2) if Of(2) # 0 and v(2) = 0 otherwise, then f is a
pointwise a.e. solution in €2 of the classical Beltrami equation

af = v; 0f, lvel <k < 1. (27)

Moreover since 7 > 2, it holds that W27 () is an algebra so that w given by (18) hence
also f given by (16) lies in W27 (2). Tt follows by Stoilov factorization [42, Thm 11.1.2]
that f = G(h(z)), where h is a quasi-conformal topological map 2 — C satisfying (27)
and G a holomorphic function on h(£2). The conclusion now follows at once from the
corresponding properties of holomorphic functions. [ ]

"ga(., 20) is the unique harmonic function in Q\ 2o such that go(z, z0) + log |z — 29| is bounded in a
neighborhood of zy and ga(z,z9) — 0 when z — & € 99, see [50, Sec. 4.4.].
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Property 6 To any p, € [p,2p) there is a constant C depending only on 2, v (resp. a),
and py such that, for each f € HE(Q) (resp. w € GP(Q)),

1l < Cllfl. (resp. ol < Clwll,). (28)

Moreover, to each open set O with O C €, there is a constant ¢ depending only on 2, O,
v (resp. «), r, and p such that,

1 lwerior < elflly, (resp. lwlwino) < ¢ ully ). (29)

Proof. We may assume 2 is bounded. By Proposition 1 and Remark 2, inequality (28)
for f follows from that on w. The latter is a consequence of (18) and the corresponding
property in HP(S2), ¢f. Lemma 8.

Inequality (29) for ||w|lw1.o) follows at once from Property 2 and the Cauchy formula
as applied to F' in (18). Observe from (16) that a similar inequality holds for || f{|w1. o) -
In addition, if we pick £ > 0 so small that O lies interior to A, (¢f. (21)) and if, in the

previous argument, we apply the Cauchy formula to F' on each curve OA, for t € [e,€/2]
and then integrate with respect to ¢, we obtain an inequality of the form

[wl[wiro) < CHwHLr(AEm\AE)- (30)

In view of (20), we may apply this to (1 — ?)¥/20 f with € replaced by the interior of

A./3 and, since (1 — v?)72 € W (A, )y) which is an algebra, we deduce an inequality
of the form [[Of|[w1r) < C/H.f”leT(zg/z)' As f satisfies (CB) a similar inequality holds

for Of, and since [z, < C"llfllp as pointed out already, we get that part of (29)

e/2) —

dealing with || f|lw2r0)- u

Remark 3 If we pick o0 € WH3(D) satisfying (4) but having no nontangential limit a.e.
on T [21], then o/? +ioc~'/% is a solution to (13) meeting the Hardy condition (8) for all
p < oo (since WY22(T,) ¢ VMO(T,) [17]), but having no nontangential limit a.e. on
T. Hence the assumption that r > 2 is necessary for Property 1 to hold.

We conclude this section with a parameterization of G?(2) by HP(§2)-functions which pro-
ceeds differently from Proposition 2, and is fundamental to our approach of the Dirichlet
problem. It was essentially obtained on the disk in [11] when o € W'*(Q), and then
carried over to the annulus in [27] under the assumption that r > 2 and p > r/(r — 2). It
features the operator T, defined for h € LP(€2) by the formula

Tah(z):%m_//ﬂwdg/\dg, z € Q.. (31)

Note that T,h(z) is well-defined for a.e. z when p,r satisfy (7), since ah € L7() with
1/v=1/p+1/r < 1. Also, T, is linear when L?((2) is viewed as a real Banach space.

Proposition 3 Assume that Q C C is a bounded Dini-smooth domain and that o € L" ()
while p, r satisfy (7). Then T, is compact from LP(QY) into itself, and I —T, is invertible.
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It holds that G2.(Q)) = (I — T,)"*H?(Q), and if w € GE(Q) then the unique g € HP such
that w = (I —T,) tg is the Cauchy integral of traqw:

9(2) = Cltraqw) = % /m trzﬂfwf) s,  zeq. (32)

Moreover, we have that ||w||, < C||g||, where the constant C' depends only of 2, a, and p.

The proof of Proposition 3 is given in Appendix F and follows the lines of the proof of
[11, Thm 4.4.1.1], although technicalities arise to handle the weaker assumption (7).

4 A decomposition theorem

Let © C C be Dini-smooth and write 2 = C \ U_oK; where the K are disjoint compact

sets in C. We establish in this section a result which, loosely speaking, asserts that every
function in HJ(2) is a sum of members of Hf (C\ Kj) for some appropriate extensions v;
of v. This result stands analogous to the decomposition theorem in H?(2) [25, Sec. 10.5]
but, unlike Properties 1-4 in Section 3.3, it is not an immediate consequence of the latter

via Proposition 2.
We denote by HP9(Q) the subspace of HP(Q) made of functions f such that

/a Tin(tron  (5) |ds] = 0. (33)

Moreover, we let H?%(2) be the subspace of H??(§2) consisting of those f for which

/m troaf(s) |ds| = 0. (34)

We record for later use a topological version of the decomposition theorem for holomorphic
Hardy spaces. For normalized cicular domains it is established e.g. in [20, Lem. 2.1]%,
and it carries over immediately to Dini-smooth domains by conformal invariance.

Lemma 2 IfQ =C\ Ul_o K is a Dini-smooth domain as above, then additively
H?(Q) = HP(C\ Ky) ® HP(C\ K))® --- & H"(C\ K,,),
where the direct sum is topological.

Recalling from (11) the notation 7, we also have the following lemma which is established
in [32] for v € W™ (D).

Lemma 3 Assume that §) is a proper Dini-smooth domain in C and that p, r, v satisfy
(7). Then the following topological decomposition holds:

LP(T) = trp HP(D) @ tre H2(C \ D).

8In this reference, Hardy spaces are defined through harmonic majorants, but we know this is equiv-
alent to the definition based on (10) for Dini-smooth domains.
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Proof. The proof of [32, Cor. 3] applies without change to v € W (Q), granted Lemma
4 in Section 5 to come. u

The main result in this section is the following generalization of Lemma 2.

Theorem 2 Let ) = @\U?ZOKJ- be a Dini-smooth domain, the K; being disjoint compact
sets in C, and p, v, v meet (7). Then to each j, there is v; € Wy (C\ K;) with Vig =V
and Viik, = Vkl|K, when | # j, k, satisfying (k) and such that

H2(Q) = Hfo(@ \ Ko) ® H,{’{OO(E \Kj))® - @ Hf;LOO(@ \ K,), (35)
where the direct sum is topological.

Proof. 1t is clear that the right side of (35) is included in the left. To prove the converse,
we may assume by conformal invariance (see Lemma 6) that €0 is normalized circular.
First, we consider the special case where 2 = A, (n = 1) for some 0 < ¢ < 1. In this case,
we put v; and v, for the seeked extensions of v to D and C\D, (the subscripts respectively
stand for “interior” and “exterior”). It is standard that there exists 7 € Wy (D) such
that 74, = v [54, Sec. VI.3, Thm 5]. Letting ¢ > 0 be so small that ||| =@, <k —¢,
we set v; = min(V, k — €), so that v; lies in W1 (D), extends v, and meets (k).

Let f € HE(A,) so that trpf € LP(T). Lemma 3 is to the effect that

trof = trof; + trefe (36)

for some f; € H? (D) and f. € HZ™(C\D). Put F; = f — fil., € HJ(A,), and let F, and
v, be defined on C \ oD by:

B | FionA,, B . JrvonA,,
fe_]:ivfe_{feon@\ﬁ, Ve_yvyi_{z)ion@\ﬁ.
Since v = 7 on T, it holds that v, € Wg"(C \ ¢D) (by absolutely continuity on lines in
polar coordinates) and obviously it satisfies a condition similar to (k).
We claim that F, € H? (C\ ¢D). By construction it satisfies (10) on C\ gD and it is a
solution to (CB) (with v, instead of v) on A, U (C\ D). Thus, in order to establish that
(CB) holds on the whole of C \ gD, it is enough to prove that d.F, = v, OF,, in the sense
of distributions, on some annulus A, p with ¢ <r <1 < R. That is, we must show that
for all ¢ € D(A, g),

La@) = [[ (-F.80+ FBw.0) dn(z)
= 3 //AT,R(_E 06+ F,0(v. ¢)) dz Adz = 0. (37)

By Property 6 in Section 3.3, we get that f; € L (D), f. € L™ (C\ D), and f € LP'(A,)
hence F; € LP*(A,) and F, € LP*(C \ ¢D), for some p; > 2. Thus, in view of (7) and
Hoélder’s inequality, the integrand in (37) lies in L*(A, g) for some a > 1 which justifies
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the limiting relation:
“2iLno) = [[ RO+ Fowe) dndz+ [ (~1.00+ T 0w 0) dinaz
r AR

= lim// (=Fi06 + F;0(v¢)) dz N dz
Ar1_e

e—0

-

L. (6)

+»Mn[& (.36 + T80 6)) dz A d.

e—0

7

g

IR,e (¢)

As 7, € WH(C\D) and f. € W,2"(C\D) by Proposition 2, we can apply Stoke’s theorem:

loc

[R,e(¢) =< 5fe - Dia—fea ¢ >A1+5,R +/ (fe - ﬂzﬁ)gb dZ

8A1+6,R
Since L*(C\ D) 2 0f. — ,0f. = 0 a.e., we are left with
o) = [ GemuDed=— [ (f-uTeds
OA14¢,R T1+e

since ¢ vanishes on Tg. Passing to the limit using Property 1 in Section 3.3 and the
continuity of 7; in C \ D yields

e—0

ing T () = = [ (= #5F0)0 d
Likewise one can show that
iy ,.(6) = [ (7~ vF)o d
and since trpF; = trrfe by (36) while v, = v, = 7%, we finally conclude that
24, () = lim I, () + i Lo, (6) =0,

which is (37). This proves the claim that F. € H? (C\ ¢D). Now,

= (fin+ /T tre, 7o) + (Fo, - /T tre, 7, (38)

is the decomposition we look for on A,.

The (not yet topological) existence of (35) on 2 = A, implies its existence on any Dini-
smooth doubly connected domain by conformal invariance.

Subsequently, we get it over any normalized circular domain by induction on n: if Q =
D\ U?Zlﬁam and p is close enough to 1 t_hat_]D)Q ) U?Zlﬁaj,rj, we decompose fly, =
foia, + fela, with fo € HE (D) and f. € HE (C\ o)) for suitable extensions vy, v, of v to D
and C\ gD respectively. As it coincides with f. on A, the function f— fy lies in HE .\, (€')
where ' = C \ U;‘Zlﬁaj,rj is n — 1-connected, hence we can carry out the induction step.
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Observe that in the latter the v; will coincide with v, on @\ oD for 1 < j < n, thereby
proving the existence of decomposition (35) in general.
To see that the sum is direct, write

f=>_f  with fy€ H,(D) and f; € HY*(C\D,,,,), 1 <j<n.
j=0

Suppose that fo = — ") f; on Q. Then h = fo vV (= X7 f;)jc\p lies in WP(C) and
satisfies Oh = VOh with 7 = yy V1, V --- Vv, € WL(C) (remember two v; coincide
wherever they are both defined). By the arguments in Remark 1, we deduce that h, thus
also fy is a constant, say Cy. If we put fl = f1 + Cy, then fl = — 2?22 f; and arguing

the same way we find that J?l, thus also fi, is in turn a constant. Proceeding inductively
each f; is a constant C;, and C; = 0 for j > 1 by (34). Therefore f; =0 for j > 1 and
then fy = 0 as well.

Finally, having shown that the natural map

H? (C\ Ko) ® HP®(C\ Ky) & - @& H2"(C\ K,,) — H? ()

is injective and surjective, we observe from Property 2 in Section 3.3 that it is continuous,
hence a homeomorphism by the open mapping theorem.
]

5 The Dirichlet problem

For © a Dini-smooth domain, we let U?(2) consist of those functions U satisfying (3) for
which ||U||, < oo (¢f. (22)). In this section, we investigate the solvability of the Dirichlet
problem for the class UP(€2) with boundary data in LP(952). In other words, the solution
is understood to meet condition (10) for some admissible sequence A,, and to converge
non-tangentially on 02 to some prescribed member of LP(092).

The existence of non-tangential estimates of the form (25) for functions in U?(€2) will make
these requirements equivalent, in the present context, to standard notions of solvability
29]. Note that o € W'(Q) with p, r as in (7) is an assumption which is not covered by
the Carleson condition set up in [24, 44]°.

We study the Dirichlet problem for (3) in relation to the issue of finding a function in
HP(Q) with prescribed real part on 052, v being as in (2). Slightly abusing terminology,
we call this issue the Dirichlet problem in HZ(Q2). Clearly, a solution to the Dirichlet
problem for (3) is obtained from a solution to the Dirichlet problem in HP(2) by taking
the real part. However, we shall see that the Dirichlet problem in H2(£2) is not always
solvable on multiply connected domains, whereas the Dirichlet problem for (3) is solvable.
On simply connected domains the two problems are equivalent as follows from the next
lemma. When o € Wy'™(Q), this is essentially proved in [11] except for estimate (39).

9The condition is that the sup on the Carleson domain B(z,d(z,d9)/2) of d(.,09)|Va(.)|?, when
viewed as a function of z, should be the density of a Carleson (or vanishing Carleson) measure. Now,
for yx the caracteristif function of 1 — 1/k — e ¥ < |2| < 1 —1/k+e*, k > 2, the radial function
W(r,0) = Y50, e xp lies in L7 (D) for each r € (2, 00). If we put o(r, 8) = 1+ [; 1(p) dp, the corresponding
density is not even integrable on Carleson domains.
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Lemma 4 Let Q be a Dini-smooth simply connected domain and o € W (Q) satisfy (4)
with p, v as in (7). For every u € L (0N2), the following assertions hold.

(i) There exists a unique solution U to (3) in Q such that ||U||, < oo (cf. (22)) and the
non-tangential limit of U on 0$2 is u. The function U satisfies non-tangential estimates
of the form (25). Moreover, to every open set O with compact closure O C Q, there is a
constant ¢ = ¢(Q2, 0, 0,7,p) > 0 such that:

|Ullw2r0y < ¢ lullteon) - (39)

(ii) For v defined by (2), there exists a unique f € HPY(Q) such that Re troof = u.
Moreover ||troa f|| ro0) < cllul|zr@a) for some constant ¢ = c(€2,p,0) > 0.

We prove Lemma 4 in Appendix G.

5.1 Conjugate functions

A o-harmonic conjugate to U € UP(2) is a real function V such that U +iV € H2(Q). If
it exists, a o-harmonic conjugate is unique up to an additive constant and is a solution
to (5), see (1).

We also say that u € L5 (0€2) has o-harmonic conjugate v € LE(99Q) if u + iv = troaf
for some f € HP(Q). If U € UP(2) has o-harmonic conjugate V', then clearly traoU has
o-harmonic conjugate trgqV. Theorem 3 further below asserts that each u € LE(9) is
uniquely the trace of some U € UP(€2), so the two notions of conjugacy (in the domain
and on the boundary) will soon be proven equivalent.

Lemma 4 entails that if € is simply connected, then each U € UP(QY) (resp. u € LP(9N))
has a o-harmonic conjugate. If € is multiply connected it is not so as we will now see.

Lemma 5 Let Q0 be a Dini-smooth domain and o € W' (Q) satisfy (4) with p, v as
in (7). Each U € UP(Q) lies in W20 (Q), and if T C Q is a rectifiable Jordan curve
then fr 00,U depends only on the homotopy class of I'. Moreover, the function U has a
o-harmonic conjugate if and only if this integral is zero for all T'.

Proof. By Lemma 6 we may assume that Q =D\ U;‘Zlﬁaj,rj is normalized circular. Since
Ur(2) C LP(Q2), the proofs of Lemma 4 and Corollary 1 imply that U has a o-harmonic
conjugate in I/[/lig(Ql) on every Dini-smooth simply connected relatively compact subdo-
main Q; C Q. In particular U € W' (Q) so that VU is continuous, hence Jr00,U is
well-defined. For small ¢, the circles Ty, 4. for 1 < j < n form a homotopy basis in
Q). Hence in order to prove that fr 00,U depends only on the homotopy class of I'; it is

enough to assume I' is homotopic to Ty, ,, 4. and to show that [.09,U = fTa. o 00,U.

If I' is smooth and disjoint from T, ., 1c, or intersects it transversally, the result fol-
lows immediately from the Green formula. The genericity of transversal intersections [39]
now implies the result for every smooth I' by continuity. If I' is merely rectifiable with
parametrization v € W11(T),we approximate the latter in the Sobolev sense by a smooth
function on T, which gives us the result.

Now, if U has o-harmonic conjugate V', then: by (1) fr c0,U = fr dV = 0 for every T
Conversely, if fr 00,U = 0 for every I', then by continuation along any path we can define
globally in Q a real-valued function V' such that f = U + iV € Wy (Q) satisfies (CB).

Jloc

We have to prove that f € HP(Q2). By Proposition 2, it is equivalent to show that if w
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given by (16) gets factored as in (18), then F' € HP(Q2). The question localizes around
each component of 9€), i.e. it is enough to establish for all 1 < j < n that ||F||LP(Taj,rj+n)
is bounded independently of 7 when the latter is small enough, and that ||F||zsr,_,) is
likewise bounded independently of n. Consider this last case, the others being similar.
Since U € UP(Q2) we know that ||Re f||zr(r,_,) is bounded independently of 7, so by (16)
the same is true of |[Rew||zocr,_,). As [[Im F|po(r,_,) < C1+Co|Re F||zo(r,_,) by Lemma
9, we can argue as in the proof of Lemma 4 (see (G.1) and after) to the effect that
||| e (T, _,)) is bounded independently of 7, as desired. u

Next, we single out a particular subspace of LP(02) no element of which has a conjugate
except the zero function, and whose “periods” on a homotopy basis can be assigned
arbitrarily. Namely, if 0€2 = U7_¢I'; where the I'; are disjoint Jordan curves, we set

Sq = {(uo,ul, cee L Uy) € H;-‘ZOL%(F]-); u; =Cj € R with ¥7_C; = O} C L (09).

Proposition 4 Let Q be Dini-smooth and o € W (Q) satisfy (4) with p, r as in (7). If
u € Sq has a o-harmonic conjugate, then u = 0. Fach u € Sq is uniquely the trace on
O of some U € W' () satisfying (3), and ||U|w2ry < Cllullrsaq) for some constant
C independent of w. If \y,---, N, are real numbers and ~yy,--- , 7V, 1S a homotopy basis
for ), then there exists a unique u € Sq such that f%_ 0, U = ).

Proof. By Lemma 6 we may assume that 2 =D\ Uj_,D, , is normalized circular. Set
by convention ay = 0, ry = 1, so that T = T, ,,. Assume that u € Sq has a o-harmonic
conjugate v € LE(9Q), i.e. u+iv = trogf for some f € HE(). Denote by f;,7; the
reflections of f, v across Ty, ,;, 0 < j < n, that is

filz—aj)=2C;— f (zi) , Uiz —aj) =v (Zi]) : (40)

By (12), it holds that f; € ng(Qj) where, for 1 < j < n, we put ; C D, (resp.
Qo C C\D) for the reflection of Q across Ta,r, (resp. across T). Put F=FfViNfi-Vf,
V=uvNViVin---Vi, and Q = QUQ--- U QnT) Since tl"']raj’rjfj = tI"]I‘ajyrjf and
tre, ., 7 = trr, . v, the argument leading to (37) in the proof of Theorem 2 shows that
f e HY(Q). Thus f = U +14iV € W27(Q) by Property 6, hence 0='VV € Wa'" () since
the latter is an algebra for r > 2. Moreover 0,V € W'=V/""(9Q) C L7 (0), which grants
us enough smoothness, in view of (7), to apply the divergence formula:

o://vv.(o——lvx/) im= | o vV |ds\—// YV dm,  (41)
Q o0 Q

where the first equality comes from (5). Since u takes constant values a.e. on each Ty,
0 < 7 <mn, we have that d;u = 0 on 092 whence 0,V = 0 by (1). Taking this into account

in (41), we obtain
// o [VV[2 dm = 0
Q

implying by (4) that VV' = 0 a.e. in Q, hence VU = 0 by (1). Thus U is constant, in
particular all C; are equal, and since they add up to zero we obtain u = 0, as announced.
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In another connection, since o € W(Q) € VMO(Q), it follows from elliptic regularity
theory [7, 28] that any u € W'=VL(9Q) for some [ € (1, 00) is uniquely the trace of some
U € WH(Q) meeting (3) with Uy < C(1,Q,0)[|ullyi-1/1150). In particular, since
u € Sq is constant on each component of 0€), we have that

1Ullwri) < Cp, @, 0)[[ullwa-imsoa) = Cp, 2, 0)||ullr@0)- (42)

Moreover, if we let C; (resp. Cy) be the constant value that u assumes on Ty, ,, (resp.
T), the reflected function U; defined wvia (40) (with U in place of f and ¢ in place of v)
allows us to define U = UV Uy---V U, € WH(Q) meeting (3) in Q with conductivity
UV=0Va&yV---Va, LetQ beabounded Dini-smooth open set, Q C Q; C Oy C Q. By
compactness, we can cover () with finitely many disks Dy, = Dy, ,, such that Dy, 5,, C Q.
Using (39) and the trace theorem, we obtain

HUHWQT(Dk) < CkHtrTgkgpkUHLP(Tgk,ka) < CkHtrTgk,zpkUHWl*l/P’P(Tgk,gpk) < C;CHUHWLP(ka,Zpk)

so that ||Ul|lw2r@) < Cl|U|lwir@,). Moreover, from the very form of (40), it is easy to
check that ||Ullw1ir,) < C||U|lwir@)- Therefore by (42) [|Ullwer) < Cllul/zr), as
desired.

For 0 < j < n, let v; be equal to 1 on Ty, ,; and to 0 on T, ., k # j. Each u € Sq
decomposes uniquely as u = >, Cju; with 37, C; = 0. In addition, if T; € W?>7(€Q) is the
solution to (3) such that trpoY; = v;, then U = >, C;T; is the solution to (3) with trace
u on 0f). Let v be a homotopy basis for €2, 1 < k <mn, and A{,---, \, be real constants.
The relations fm 0,U = A\, are equivalent to the linear system of equations:

ch/ 00,Y; =X\, 1<k<n, Y Cj=0. (43)
j=0 Tk j=0

When all the Ay are zero, it follows from Lemma 5 and the first part of the proof that
C; = 0 for all j is the only solution. Therefore, by elementary linear algebra, (43) has a
unique solution Cy, C, ..., C), for each n-tuple A\, -+, \,. [ ]

Remark 4 Ifu € Sq and U € W?"(Q) is the solution to (3) such that troqU = u, then
U certainly satisfies non-tangential estimates of the form (25). Indeed, by the Sobolev
embedding theorem and Proposition 4, we get that

Ul () < ClUlwrr@) < ClU w2 o) < Cllullogon). (44)

5.2 Dirichlet problem for the conductivity equation

The result below generalizes point (i) of Lemma 4 to multiply connected domains.

Theorem 3 Let Q be Dini-smooth and o € W(Q) satisfy (4) with p,r as in (7). To
each u € L (09Q), there is a unique U € UP(SY) whose non-tangential limit on 0N is u.
The function U satisfies non tangential estimates of the form (25). Moreover, to every
open set O with compact closure O C §Q, there is a constant ¢ = ¢(O,Q, o,7,p) > 0 such
that

Ul w2r0) < clullr@e) - (45)
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Proof. By Lemma 6 we may assume that Q = D\Uj}_;D,, ... is normalized circular, and we
set by convention ag = 0, rg = 1. Let v be as in (2), so that v meets (k). For 0 < j <mn,
we let v; € Wa'(C\ Dy,,,) extend v and satisfy (x), as in Theorem 2. Subsequently, we
let o; € Wy (C\ D,,.r,) be associated to v; through (2), so that it meets (4).

Put u = (ug,u1,- -+ ,un) € I} Ty, ,; = Lp(02). By Lemma 4 point (i), there exists a
unique Uy € UP(D) (with conductivity og) such that trplUy = ug. Similarly, for 1 < j <mn,
we let U; € UP(C\ Dy, ,,) (with conductivity o;) be such that trr,, ., Uj = u;. Define
operators I ; : Ly (Tq, ) = L(Ta,,),0 <i#j <n, by

, 1FT
Observe that K;; is compact, for (39) and the trace theorem imply that it maps con-
tinuously LE(T,, ) into Wé_l/ ""(Ta,r;) C Wg"(Ty,,,) which is compactly included in

L (T, ) for all I € [1,00] by the Rellich-Kondratchov theorem.
Consider now the operator 4 from LP(9€2) into itself given by

o) = D Uy = (D Uses Do Uppey oo Ui, ) (46)
§=0 j=0 j=0 /

Jj=0

Ki,j(ui) =U;

Ta.: . r.
ITaj,rj

If we let fo € H,'(D) and f; € HPY(C\Dy,,,),1 < j < n be the functions granted by

i
Lemma 4 point (i7), with boundary condition Re fj; = u;, we observe that {(u) =
aj,r;

> j—o Re [jq is the real part of trag f, where f =77 fij lies in HEO(Q) since v;, = v
and we may use the characterization by harmonic majorants in Theorem 1. In particular

Ranil C RetrgoHP(Q)) C tragqUP(Q). (47)
Moreover, we have the following matrix relation
U=(I+K) (48)
where K : LP(0€2) — LP(0S) is given by

0 Kip Koo -+ Ky Ug

Ko,l 0 K2,1 T Kn,1 Uy

(K (ug, uq, -+ - ,un))T = | Koz Kiz O e Ko | | e
Kow <+ o+ Ky in 0 Uy,

Because the K ; are compact, so is K from L (99) into itself.
Next, we prove that Keril = Sq. Indeed let u = (ug, -+ ,u,) € LE(IS) be such that
$u = 0. Using the notations introduced above, this means that

Re tronf = Re troo »_ fj, =0. (49)
=0
Define further f = f —i Jp Im trp f which lies in H2(€2) and set
T o), w=eF,
N
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for the functions w, s, F associated to f through (16) and (18), with Im s, = 0 and,
say, Im Slay = ; for 1 < j < n, see Proposition 2. Clearly (46) and (49) entail that
Re trp, , w =0 for 0 < j <n. Thus, from the boundary conditions for s, we see that F°
has constant argument —6; 4+ 7/2 modulo 7 on each T, ,,. By Morera’s theorem [34, II,
Ex. 12], this allows one to reflect I across each Ty, ., according to the rule

e - o) =~ (L), (50)

Z—Cl,j

so that F is in fact analytic on a neighborhood of 2. In particular, F (Tq, ;) is a segment
S; on the line through the origin defined by {argz = —6; + 7/2 mod 7}, and if 2z, € C
belongs to none of the S; there is a single-valued branch of log(F — z) on each Ty,
0 < j <n. Thus, by the argument principle, I’ cannot assume the value zy in €2, but if F'
is not constant F(£2) is open, therefore it contains some zy ¢ U;S;. Hence F is constant,
all 0; are equal to 0, and F' = ic, ¢ € R, is a pure imaginary constant on T. Because
Im tryf has vanishing mean by construction, and since

x 1—-v Re [1—v
m try f m IT(U} 1+1/> ce T T

we must have ¢ = 0 whence F' = w = f = 0. It follows that

> fia=f=iC, CeR. (51)
j=0

Now, since f; € HP?(C \ Dy, ,,) we find upon writing

a],
A - ~~ - ~~
ho hy

that f = ho + > 7_, h; is the direct sum decomposition of f furnished by Theorem 2.
However, in view of (51), f = iC + Zyzl 0 is also such a decomposition, therefore by
uniqueness hg = i€ and h; = 0, 1 < j < n. Hence U;, = Re fj, = ¢; € R for
j=0,1,--- ,nand cg=—> " ¢; by (49), i.e. u € Sq.

The reverse inclusion So C Ker il is immediate from (46) for U; is a constant when u; is.
Finally, let us show that the Riesz number of the operator i is equal to 1:

Ker 4 = Ker % (52)
or equivalently Ker 42 C Ker . Indeed, let o € Ker 2. Then
u=34zx € KerlyNRanil = Sg N Ranil C S N RetrgaHL (),
in view of (47). By Proposition 4 it holds that S N RetragHP(2) = {0}, therefore u =0

hence z € Ker4l, thereby establishing (52)
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In view of what precedes, a theorem of F. Riesz[19, Thm 1.16] implies the decomposition
LE(09) = Ker h ® Ran il = Sg @ Ran 4. (53)

The existence of U now follows from (53), (47), (25), Theorem 2, (39), Proposition 4 and
Remark 4.

To prove uniqueness, suppose that U € UP(2) satisfies trogoU = 0 and let 7; be a ho-
motopy basis for 2, 1 < j < n. By Proposition 4, there is v € Sg and T € W2"(Q)
satisfying (3) such that trpeY = v and f,yj O (U —7") =0 for all j. From Lemma 5 it
follows that W = U — T has a o-harmonic conjugate V, i.e. W +iV = f € HE(Q).
Since Re(traaf) is equal to some constant C; on T, ,,, the reflection formula (40) and
the argument thereafter shows that f € W2"(Q). Then U € W (Q) a fortiori, therefore
U = 0 by uniqueness of W7 (Q)-solutions to the Dirichlet problem [7, 28]. |

Note that (53) and Proposition 4 immediately imply:
Corollary 2 Ran (4) = RetroqgHE ().

Remark 5 From (53), Corollary 2, Theorem 1 point (ii), and Proposition 4, we see that
the condition ‘U € UP(Q)” may be replaced by “ U solves (3) and |UJP has a harmonic
majorant”.

It is standard in regularity theory that smoothness of the boundary may be traded for
smoothness of the coefficients. Here is an application of Theorem 3 to the Dirichlet
problem for equation (3) on non smooth domains. Given a weight W > 0 on 052, we
denote by LP(0Q, W) the weighted space of functions h for which |h|PW € L'(99).

Corollary 3 Let D C C be a finitely connected domain whose boundary is a piecewise
C™ polygon, 0 < X < 1, with N wvertices Wy,--- ,Wy. Let \jw be the jump of the
oriented tangent at W;, —1 < X\; < 1, and assume that ;o = max{\;} < 1 (i.e. there is
no outward-pointing cusp). Define

W(z) = H;V:l\z — WM.

If o € Wp'™(D) meets (4) and u € LE(OD, W) for some p > 2/(2 — max{0, u}), there is
a unique solution U to (3) in D such that |U[P has a harmonic magjorant and U has non
tangential limit u a.e. on OD.

Proof: Let ¢ map a circular domain €2 onto D. By Remark 5, the statement is equivalent
to the existence of a unique solution to (3) in UP(Q2) with o replaced by o o ¢ and u
by uo ¢. By [12, Prop. 4.2], (W o ¢)|¢’| extends continuously to ) and is never zero
there!®. Hence oo € WL (Q) for r € (2,2/ max{0, u}), and the assumptions imply that
p > r/(r—1) for r close enough to 2/ max{0, u}. Finally, the condition on p implies that
uow € LP(0N), so that we can apply Theorem 3. [

Although 0,,U needs not be a distribution on 99 when U € UP(Q2) (unless p = o0),

Theorem 3 allows us to define 00, U. Recall from (21) the definition of A..

10This expresses that W (z)|dz| is comparable to harmonic measure on 5.

22



Corollary 4 Let Q be a Dini-smooth domain and p, r, o satisfy (2) and (7). To each
U € UP(), there is a unique distribution ¢0,U € Wg "P(9Q) such that

/ 00,U ¢ = lim // oVU -V, ¢ € D(R?). (54)
90 e—0 Ee
Further, there is a constant C'= C(Q, o,r,p) such that

100, lw-1000) < Clltraal || s o0 - (55)

Proof: we may assume that 2 is bounded. If trapq U € Sq, then U € W27(Q) by Proposi-
tion 4 and 0,U may be defined a.e. on 02 as the scalar product of trygo VU with the unit
normal to J€). Thus, (54) follows from the divergence formula (the limit on the right is
equal to [[, oVU.Vy by dominated convergence) while (55) drops out from (44) and the
Sobolev embedding theorem (because ||VU|| =) < C||U||w2r@)). By (53) and Corollary
2, it remains to handle the case where U = Ref with f = U + iV € HP?(Q).

In this case we know from (1) that ¢0,U = 9,V on 8&6. Hence, using the Green formula
and integrating by parts, we obtain for ¢ € D(R?):

//~ oVU -V = /~ o0, U ¢ = —/~ tryx. V. (56)
A. OA. 0A.

Consequently, by Property 1 in section 3.3 and Lemma 6, we obtain

lim // oVU -V = —/ troaV 0ip . (57)
e—0 &6 50
As ([troaV | r@0) < cl[traal|| ro0) by Theorem 4, the right hand side of (57) indeed
defines a distribution ¢0,U € Wy "*(99) satisfying our requirements. u

5.3 The Dirichlet problem in H?((2)

We are now in position to solve the “Dirichlet problem” for equation (CB). Given 2 a
Dini-smooth domain, we put 92 = U?_T'; where the I'; are disjoint Dini-smooth Jordan
curves. Introduce for U € UP(€2) the compatibility condition

(Hao): fpj 0c0,U=0,0<j<n

where the normal derivative is understood in the sense of Corollary 4. Note that the
relation [,, 00,U = 0, which follows from (54) when ¢ = 1 on €, is to the effect that
(Hq,,) holds as soon as fr,- 00, U = 0 for every j but one.

Theorem 4 Let Q) be a Dini-smooth domain, 0Q = Uj_(T';, and o,p,r,v meet (2) and
(7). If w € LE(09) satisfies (Hq ), and only in this case, there exists a unique f €
HPO(Q) such that Re traaf = u a.e. on 9Q. Moreover, there is a constant ¢ = ¢, 4, > 0
such that ||t7“an||Lp(aQ) < C||U||Lp(ag) .

Proof. Let u € LP(02) and U € UP(Q2) be such that u = trapqU, see Theorem 3. From (21)
and the definition of Pyq . (after equation (23)), we see that the connected components
of A, form a system of smooth Jordan curves v;., 0 < j < n, with ~,. homotopic to
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7, for any two e, &’ small enough. Hence f,yj . 0,U is independent of ¢ by Lemma 5, and
letting ¢ in equation (54) be 1 on a neighbofhood of I'; and 0 on a neighborhood of I',
for k # j , we deduce from Corollary 4 (see (56)) that f,yj’s o0, U = frj 00,U. Since the
7 are a homotopy basis of 2 for 1 < j < n, we conclude from Lemma 5 that U has a
o-harmonic conjugate V' if and only if (Hq ) holds. Adding a constant to V' if necessary,
we can ensure that f = U +iV € HP?(Q). Uniqueness of f follows from uniqueness of U
and the fact that any two o-harmonic conjugates differ by a constant. [ ]

Remark 6 Let E(p,0) C LE(09Q) denote the closed subspace of functions with zero mean
meeting (Hq,). Taking into account that f € HP(Q) if, and only if (if) € H',(Q), it
follows from Theorem 4 that the o-conjugating map H(u) = Im traoqf is an isomorphism
from E(p,c) onto E(p,1/c) satisfying H* = —Id.

5.4 Neumann problem for the conductivity equation

Theorem 4 allows us to solve a weighted Neumann problem for (3), where data consist of
the normal derivative of u multiplied by the conductivity on 0€2:

Theorem 5 Let Q be a Dini-smooth domain and p, r, o € W (Q) satisfy (4) and (7).
To each ¢ € Wy "P(99Q) such that Joq @ =0, there is U € UP(SY), unique up to an additive
constant, such that 00,U = ¢.

Proof: by Proposition 4 and the proof of Theorem 4, there is T € UP(Q2) with tragqaU € Sq
such that ¢ = ¢ — 00, YT satisfies frj ¥ =0 for 0 < j < n. Because ), lies in W~17(T;)
and annihilates the constants, v is of the form d,v for some v € LP(Q). By Proposition
4 and Theorems 3, 4 applied with 1/0 and —v rather than ¢ and v, we can add to v an
element of Sq, (this does not change 9;v) so that v = Im tryq f for some f = W+iV € HPO.
From (56), (54), and Property 1, it follows that

/ cOWeo= [ Owe= [ Yo, ¢eDR?,
o0 o0 o0

hence 00, W = 1. Then U = W + T satisfies our requirements. In another connection, if
U € UP(Q) is such that 00,U = 0 then U = Ref with f = U +iV € H??(Q) by Theorem
4. Thus, we deduce from (57) and Property 1 that [, traoV dip = 0 for ¢ € D(R?). Since
in addition trgpoV has zero mean by contruction, it is the zero function so that V' =0 by
the uniqueness part of Theorem 3 (applied with 1/c rather than ¢). Finally, U must be
constant by (1). [

6 Density of traces, approximation issues

On a rectifiable curve, we let |F| indicate arclength of a measurable set E.

We consider the following

Conjecture Let Q) be a Dini-smooth domain and p, v, v satisfy (7). If E C 0 satisfies
|E| < |09, then (traQHfj(Q))m is dense in LP(E).
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When v = 0'! and E is closed, this is an easy consequence of Runge’s theorem. Still when
v = 0, but this time F is arbitrary, it was proven to hold in [9] when 2 = D, hence it
is true for all simply connected €2 by conformal invariance of Hardy spaces and Lemma
6. These results are of key importance to the approach of bounded extremal problems
developed in [9, 20, 22, 32, 43].

When v € W*°(Q) and 2 is simply connected, the answer is again positive as established
on the disk in [11]. Below, we prove that if {2 is multiply connected but E is contained in
a single connected component of 02, then the statement is indeed correct:

Theorem 6 Let Q be a multiply connected Dini-smooth domain, 02 = U?_,I';, n > 0,
and v,p,r,v meet (7). Let E C T, for some jo € {0,---,n}. If |[E| < |I'|, then
restrictions to E of traces of HE(QY)-functions are dense in LP(E).

To prove Theorem 6, we establish in Appendix H the following result which may be of
independent interest. Note that the arguments of proof are in fact to the effect that the
result holds if there is at least one connected component of the boundary that does not
intersect F.

Proposition 5 Let QQ =D and assume that v, p, r satisfy (7). Let moreover a € L"(ID)
and o € (0,1).

Then (H,{’(D))D (resp. (G{;(D))ID ) is dense in Hy (D,) (resp. Gg“% (Dy,)).

Proof of Theorem 6. Assume without loss of generality that Q =D\ U?:1ﬁ§j,rj and that
Jo = 1. Extending if necessary a by zero to each D, ,, with 2 < j < n, we are back to
the case n = 1 and then to 2 = A,. Clearly, it is enough to consider £ = T,.

Let v, € W(C \ D,) extend v and satisfy (k) (see proof of Theorem 2), and set
v; € WH(D) to be vV 7, where i7,(z) = v.(0?/Z) for z € D,. By Lemma 3, any
¢ € LP(T,) can be written as try, ¢ + trp, v where 1y € HY (D,) and ¢ € HEY(C\D,).
By Proposition 5, to each & > 0 there is 15 € H? (D) such that |[trp,i1 —trr,¥s|| e er,) < €.
Since (g + 13)1a, € HE(A,), the result follows. u

We shall illustrate the use of Theorem 6 in certain bounded extremal problems (BEP) in
H?(A,) which play an important role in the works [30, 32, 31, 33] where inverse boundary
problems for equation (3) are considered.

We let now 2 = A, for some p € (0,1) and we assume that p,r, v meet (7). Fix I C T,
with [/]| > 0, and define J = 0A,\I. To M > 0 and ¢ € Ly (J), we associate the following
subset of LP(I).

B =g g€ wonH(A): [Reg = ol < M} € I(T).

Note that a function g € H?(A,) is completely determined by g; in view of Property 3,
Section 3.3.

The theorem below extends to annular geometry with weaker smoothness assumptions a
result obtained on the disk with Lipschitz-continuous v in [32, Thm 3] (see also [9, 20,
22, 43] for the case v = 0).

'We deal then with holomorphic Hardy spaces in which case we may take r = oo and p € (1,00).

25



Theorem 7 Let notations and assumptions be as above. Then, to every Fy € LP(I),
there exists a unique function g, € Bﬁg such that

1 = g:ll oy = min [|Fa = gll o - (BEP)

geB,

Moreover, if Fy ¢ (Bﬁg)u’ then || Reg. — ¢||Lp(J) = M.

Proof. Since Bﬁ ¢ is a convex subset of the uniformly convex Banach space LP(I), it is
enough, in order to prove existence and uniqueness of g,, to check that Bﬁ ¢ is closed in
LP(I) [13, Prop. 5]. Let ¢, € HE(A,) be such that ¢y, € By? converges to some function
@rin LP(I) as k — oo. Then trpa, ¢ is bounded in LP(0A,) by definition of B,¢. Hence,
extracting a subsequence if necessary, we may assume that (tras,px) converges weakly in
LP(0A,) to (tras,v) for some ) € HE(OA,) by Properties 2-3 in Section 3.3 and Mazur’s
theorem, [16]. Because (tr px) a fortiori converges weakly to try¢) in LP(J), we deduce
from the weak-* compactness of balls that v; € Bg ¢. Moreover, we must have ¢, = ¢;
by the strong convergence of (¢y); in LP(I), hence By is indeed closed.

To prove that |[Re g« — &[5,y = M when Fy ¢ Bp¢ assume for a contradiction that
IRe g« — @[ 1»(sy < M. By Theorem 6, there is a function h € tros, HL(A) such that

1 Fa— g = Doy < |1 Fa — gellzery

and by the triangle inequality we have
1Fa = g« = Moy < [[Fa = gull 2oy

for all 0 < XA < 1. Now for A > 0 sufficiently small we have ||Re (g, + Ah) — || () < M,
contradicting the optimality of g.. [ |

7 Conclusion

We developped in this paper a theory of Hardy spaces and conjugate functions on Dini
smooth domains for the conjugate Beltrami equation that runs parallel to the holomor-
phic case. We conjecture the assumptions v € W™ r > 2 and p > r/(r — 1) are best
possible for the above mentioned results to hold. We applied our results to Dirichlet and
Neumann problems for the conductivity equation with L? and W~=? data. Whether those
continue to hold in higher dimension [6] and for matrix-valued conductivity coefficients is
an interesting open question.
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(ANR-07-BLAN-0247) and the “Region PACA”.
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Appendix

A Conformal maps of Dini-smooth annular domains

As is well-known [49, Thm 3.5], a conformal map between Dini-smooth simply connected
domains extends to a homeomorphism of their closures, and the derivative extends con-
tinuously to the closure of the initial domain in such a way that it is never zero. This
remains true in the multiply connected case, but the authors could not locate the result
in the literature which is why we provide a proof.

Lemma 6 Let ¢ conformally map a Dini-smooth domain §2 onto a Dini-smooth domain
Q. Then ¢ extends to a homeomorphism from € onto ' whose derivative also extends
continuously to 2 and is never zero there.

Proof. That ¢ extends to a homeomorphism from Q onto € can be proved as in the
simply connected case (see e.g. [51, Thm 14.18]), granted that each boundary point of
is accessible, by Dini-smoothness of 9€2, and that every bounded analytic function on €2
has nontangential limits at almost every boundary point [25, Thms 10.3, 10.12]. We are
thus left to show that ¢’ extends in a continuous nonvanishing manner to €.

For this, observe that it is enough to consider the doubly connected case. For if .J is one of
the Jordan curves composing 992 and J’ is another Dini-smooth Jordan curve contained
in Q, disjoint from J, such that the annular region A(.J, J') between J and J' lies entirely
in 2, then ¢ conformally maps A(.J, J') onto some annular region in €2’ whose boundary
consists of two Dini-smooth Jordan curves, one of which is a connected component of 92
(by what precedes). If ¢’ continuously extends to J in a nonvanishing manner, we will be
done since J was an arbitrary connected component of 0S).

Now, let 2 be doubly connected and lie between two Dini-continuous Jordan curves I'y,
['s, the latter being interior to the former. Let 1)y map the interior €2; of I'y onto the unit
disk . Because I'; is Dini-smooth, 1/ extends to a homeomorphism from Q; onto D and
the derivative 1] extends continuously to €; and is never zero there. Clearly 1;(I') is
a Dini-smooth Jordan curve. Let ()5 indicate the interior of I'y and vy conformally map
C\ 91(9s) onto C\D. Then 3 := ¥ 01/; maps € onto an annular region Q3 bounded by
analytic Jordan curves (namely a cicle and an analytic image of a circle), 13 extends to a
homeomorphism of the closures, and by the chain rule 1} extends continuously to ) where
it is never zero. Let ¢ € (0,1) be such that v, conformally maps €23 onto A,. Then ¢y
extends to a homeomorphisn from Q5 onto A_Q, and since 0f)3 consists of analytic curves
it follows from the reflexion principle that v, extends analytically and locally injectively
to a neighborhood of Q3. Altogether, we constructed a conformal map from Q onto A,,
namely 1, o 3, that extends continuously from ) onto A,, and whose derivative extends
continuously to 0 where it is never zero. Because self-conformal maps of A, must be
Mobius transforms, similar properties hold for any conformal map from 2 onto A,. The
same is true of €' which is conformally equivalent to 2 and therefore to the same A,.
Factoring ¢ into a conformal map from 2 onto A, followed by a conformal map from A,
onto ' (e.g. (¥4 03) 0 (Yg013)71p), we get the desired result. n
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B Proof of Proposition 2

We may assume that € is bounded. Set by convention w(§)/w(€) = 0 if w(§) = 0 and
define

/ ——df/\df, z € Q.
2@7T

Asin (14), we find that A € W(Q) with 9N = aw/w and ||ON|| - < Cillaw/w| -y <
Chlle| L) for some constant Cy = Ci(r), see [42, Ch. 1, (1.7)-(1.9)]. Thus, if we set
s(z) = A(z) — [[o, Adm/m(Q), we obtain by Poincard’s inequality that

Isllwrr@) < Co(ll0s]| L) + 195l r) = CalllOA]Lr@) + 10A|r (@) < 20201||04|LE]<39)1>
for some constant Cy = Co(r,2). Now (19) follows from the Sobolev embedding theorem,
since r > 2.

Next, we show that F' = e *w € L} () is in fact holomorphic. By Weyl’s lemma, it
is enough to check that OF = 0 as a distribution. Let ¢y € D(Q) and ¢, a sequence in
D(R?),, converging to s in W' (Q). As r > 2, ¢, converges uniformly to s on Q by

Sobolev’s embedding theorem, hence by dominated convergence and since aw € L}, ()

(OF, ) = — (e *w, ) = — li£n<w, VoY) = — li}ln(w, (e ) 4 e Vr oy,

= liy(am, e Vry) — liy(w, e P OYy,) = (e (aw — wds), ¥) = 0

since wds = aw, where we used in the fourth equality that e=¥n¢) € D(€). This proves
(18). Because s € W'(Q) is bounded we have that e € W1 (Q), and as F' is locally
smooth we get that w € W,2"(Q), as announced.

Clearly F' satisfies (10) if and only if w does by (19), i.e. F € HP(Q) if and only if
w e GP(Q).

As for the normalization, let u € Wy () be harmonic in Q with Upo = Imsjpe €
Wﬂé_l/r’r(aﬂ). Such a function uniquely exists with [lulwir ) < Csf[Im s|[y1-1/mr 50,
where C5 = C3(r, Q) [18]. Thus, by (B.1) and continuity of the trace, it holds that

||u||W1’I‘(Q) S C4||Oé||Lr-(Q), with 04 = 04(7’, Q)

Set a; = fFj Bau, 0 < j < n, where d,u € Wy /" (09). Note that > a; = 0 by (6)

(applied with ¢ = g = 1). We can find a function w, harmonic on Q and C*-smooth on €,
which is constant on each I'; and such that [, d,w = a;, see [2, Sec. 6.5.1] and Lemma
6. By construction

||(.U||W1,r(Q) S C'5||8nu||W71/r,r(aQ) S C5||u||W1,T(Q) S CGHOZHLT(Q) with Cﬁ = Cﬁ(’r’, Q)

The harmonic function v = u — w lies in W () and its conjugate differential d*v =
—0v/Oydx + Ov/Oxdz is exact'®. Thus, there is a harmonic conjugate @ in €2, unique up
to an additive constant, such that G = v + iv is holomorphic; if we normalize © so that

2Tndeed, since d*v = 9,v|dz| along any curve, its integral over a cycle v C Q is zero by Green’s
formula (6) (applied with o = g = 1 on the domain bounded by « and all the I'; located inside v) because
fr Opv = 0 for all j by construction, see [2, Sec. 4.6].

J
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fQ vdm = 0, it is immediate from the Cauchy-Riemann equation and Poincaré’s inequality
that ||0|lw1.r) < Crllv|lwir@) with C7 = Cq(r, Q). Altogether, ||G|lw1.rq) < Cslla|/zr @),
and since r > 2 we see that G is bounded by the Sobolev embedding theorem. Finally,
setting § = s —iG and F = ¢! F, we find that w = €°F is a factorization of the form (18)
in which Im 5 is constant on each I';. Clearly, we may impose the value of this constant
on any given I'; upon renormalizing F. m

C Proof of Lemma 1

We must show that if f is holomorphic in €2 and (10) holds for some sequence of admissible

compact sets A,,, then it holds for A,, defined in (21) as well. When (2 is simply connected,
this a well-known consequence of Carathéodory’s kernel convergence theorem, see [25,
Thm 10.1].

Assume next that € is m-connected. By Lemma 6 and the change of variable formula,
it is enough to prove the result when € is a normalized circular domain (so that = ¢/
and ¢ is the identity map in definition (21)). Let T, ,,, 1 < j < m denote the connected
components of 92 lying inside D. By the decomposition theorem [25, Sec. 10.5], we can
write f = f1+- -+ fip1 with f,11 € HP(D) and f; € HP(G\M) for 1 <7 <m. The
result just quoted in the simply connected case inplies that

iléIN) ||fjHLP(Taj,rj+(SQ/n) < OO’

and since the T, ;,+5,/n are compactly embedded in C\ Dy, ;) when k # j, the inequality
i,lélN) Hfj’|Lp(Tak,r'k+5Q/n) < 007

follows from Holder’s inequality and the Cauchy representation formula for f; from its

values on Tq, ;. 1s,/n, for some fixed ng. Likewise ||fm+1||Lp(1r1,5Q/n), ||fm+1||LP(Taj,rj+aQ/n)

are uniformly bounded, so that || f]|, < co as desired. n

D Traces of holomorphic functions

Lemma 7 Let Q) be a Dini-smooth domain, and g € HP(2). Then g has a non-tangential
limit a.e. on 02 defining a trace function traag € LP(0Y). In fact

lim Itrong — g © Pag llzre) =0, (D.1)

and if g is not identically zero then log |traag| € L*(09).
The quantity ||traag|| Lr(oq) defines a norm on HP(S2) which is equivalent to | g||,. Moreover

| Myllzoony < Cltroaf s, (D.2)

where C depends on €2, p and the aperture 3 used in the definition of the maximal function.

Proof. 1t is well-known that functions in HP(€2) (recall from Theorem 1 that it coincides
both with the Hardy and Smirnov class) have non-tangential limit in L”(02) of which ¢
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is the Cauchy integral [25, Thm 10.4, Sec. 10.5]. By Lemma 6, we may assume that € is
a normalized circular domain. When 2 = ID all properties stated are standard, see [25,
Thms 1.6, 2.2, 2.6], [34, Thm 3.1] and the remarks thereafter. By reflection, they also
hold for Hardy spaces of the complement of a disk. Next, assume that Q =D\ U?zlﬁaﬁj,
with a; € D and 0 < r; < 1 — |a;|. The decomposition theorem [25, Sec. 10.5] tells us
that g = > 7 g; with go € H?(D) and g; € HP(C\D,,,,), 1 <j <n. From the known
result in the simply connected case and the smoothness of holomorphic functions on their
domain of analyticity, we thus obtain

. -1
e ) ()
]:

j=1

=0,
L (T)

and by a similar argument we also get for 1 < 7 <n that

ki

) 1 _
ll_:()% trTaj,rj g; + (Z gk> - <ZO gj) o PTaj,rj € =0,
Ta,r; =

L7 (Ta 1)

from which (D.1) follows.
Next, observe from Hardy’s convexity theorem (see [25, Thms 1.5, 1.6] and the remark

thereafter) that log ||g||zr(t,) is a convex function of logr for r € (1 — dq, 1), hence by
(D.1)

sup ||gl|Lecr,) < max{||gllLecr, ), [ItregllLeer }- (D-3)
1-8g<r<1
Likewise, for j =1,--- ,n,
sup  Ngllirce,, ) < max{llgling, . cas It gm0} (D)
T+ >r>r;

From (D.3)-(D.4) and Hélder’s inequality applied to the representation of g as the Cauchy
integral of trpng, we deduce that ||g||, < C||trangl/zr@0) where the constant C' depends
only on p and €. In the other direction, the inequality ||trong||zra0) < ||g||, follows from
the Fatou lemma applied to (D.1), hence ||trang||zr(a0) is equivalent to | g||,.

In the same vein, (D.2) is easily obtained from the known simply connected case, the
decomposition theorem and Holder’s inequality applied to the representation of g as the
Cauchy integral of trang.

To prove that log [trang| € L'(99Q) if g is not identically zero, we observe that Q can
be decomposed as a finite union of Dini-smooth simply connected domains §2; such that
0Q C Uy By Theorem 1 gjo, € HP(£;) since |g|” has a harmonic majorant on €2, a
fortiori on €);. The result now follows from the one in the simply connected case. |

Lemma 8 Let Q) be a Dini-smooth domain, and g € H?(Q2). To each py € [p,2p), there
is a constant ¢ depending only on Q and py such that ||g||Lri ) < cllglp.

Proof. When Q = D, this is established in [11, appendix, proof of lem. 5.2.1]. So, by
conformal mapping, we get it for simply connected Q2. In the multiply connected case,
the result follows from its simply connected version and Lemma 2. [ ]

IBRemember summability is understood with respect to area measure on the sphere.
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Lemma 9 Let f be holomorphic in the annulus A,, 0 < o < 1. To each p € (1,00), there
are constants C1, Cy, depending on f, o and p, such that

| Im f|zeer,y < Ch||Rel|zp(r,y) + Cay 0 <7 < 1.

Proof. Set r1 = (1 — p)/3, and pick (1 — 9)/2 <71y < 1. For (1 — 0)/2 < |z| < ry, we get
by the Cauchy formula

f(2) = Ba(2) = F(2), Fz(z)zﬁfT g(_gldf, zfl(z):%/T gf(_fidf.

Thus, setting r = |z|, it holds that

| Tm fHLp(T'r) <C(p, f,p) + ||ImF2HLP(TT)7

and since F} is holomorphic in D,, we obtain from the M. Riesz theorem
[Tm f|o(r,) < C(p, f,p) + C(p)[|ReF2 Lo (r,)

< C(p, f.p) + Cp)(IRefllocr,) + [IReF1|Lor,)) < C'(p, f,p) + C(p)[Ref|Lor,).
A similar estimate holds for ¢ < |z| < (1 — p)/2 upon swaping the role of F; and Fy. =

E A lemma on Sobolev functions

Lemma 10 Let Q be a bounded Dini-smooth domain and assume that p, r satisfy (7).
Let py € [p,2p) be such that 2/p; — 1/p <1 —2/r and set 1/ =1/p; + 1/r. Then

(i) WI=BB(0Q) is compactly included in LP(09);

(1) El/n being as in (21), there is a constant C' depending only of 0, p, and 3 such that
for each h € WA (Q)

SUp (1755, , Pl 103, ) < CliRIw o). (E.1)

Proof: let ¢ conformally map §2 onto a normalized circular domain §2’. By Lemma 6 it is
clear that ||hlly1sq) and || o ¢ |ly1sqy are comparable. Likewise (see (21)), for any
l € (1,00) and any smooth @, ||tr851/n(1>||u(851/n) and ||t1"6K1/nq>OSO_IHLl(aKl/n) on the one
hand, Htfaﬁl/nq)nwl»l(aﬁl/n) and [[trok, ,, P o 90_1’|W1J(8K1/n) on the other hand are compa-
rable. Hence, by interpolation, Htraﬁl/nq)HW“”“(Bﬁl/n) and ||traK1/nq>ogp—1||W1,1/z,z(aK1/n)
are also comparable. Altogether, we may assume for the proof that {2 is normalized cir-
cular. Moreover, in view of the extension theorem for Sobolev functions [54, Sec. VI.3,
Thm 5], we may proceed componentwise on the boundary so it is enough to consider the
case where 2 = DD.

From [23, Thm 4.54], we know if 3 > 2 that the inclusion W'~/##(T) c LY(T) is compact
for all [ € (1,00), while if 8 < 2 the inclusion W'=V/%%(T) c L/=A)(T) is compact. One
can check that 8/(2 — ) > p when 2/p, — 1/p <1 —2/r, thereby proving (i).

From (7) and the trace theorem, there is a constant ¢ = ¢(p, ) such that

ltrhllzony < elbllwrs@, e W (D).
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Picking r € (0, 1) and applying the above inequality to h,.(z) = h(rz), we obtain (remem-
ber arclength is normalized)

c
Htl"TthLP(TT-) < CHhrHWW(D) < WHhHWLﬁ(D)-

Since 0K/, = T1_1/2, in the present case, assertion (7i) follows. [

F Proof of Proposition 3

By Holder’s inequality and standard properties of the Cauchy and Beurling transforms
[42, Ch. 1, (1.7)-(1.9)], T,, maps LP(Q) into W1?/+P)(Q)). By the Rellich-Kondratchov
theorem, either rp/(r + p) > 2 in which case W1™P/("+P)(Q)) is compactly embedded in
IMQ), 1 <\ < oo, or else rp/(r +p) < 2 and then WH/(+P)(Q)) is compactly embedded
in every LA(Q) with 1 < X < 2rp/(2(r + p) — rp). Since 2rp/(2(r + p) — rp) > p when
r > 2, this proves that T, is compact from LP({2) into itself.

Next, we show that I — T, is injective. Indeed, if h = T, h, we get from what precedes
that h € L) for 1 > 1/X > max(0,1/p + 1/r — 1/2). Thus, by Holder’s inequality,
ah € LYQ) for every t such that 1 > 1/t > max(1/r,1/p + 2/r — 1/2), and in turn
h € WHH(Q) for all such t. Therefore, by the Sobolev embedding theorem, h € L*() for
each A such that 1 > 1/\ > max(0,1/p+2(1/r —1/2)). Iterating, we find that h € L*(Q)
whenever 1 > 1/\ > max(0,1/p+k(1/r—1/2)) for some k& > 1, and that h € W1(Q) for
1>1/t>max(1/r,1/p+1/r +k(1/r — 1/2)). Since r > 2, we deduce that h € W(Q)
as soon as 1 <t < r, in particular we may pick ¢ > 2. The rest of the argument proceeds
as in [11, App. A]: we put

H(z)z%//ﬂ%d&/\df, zeC,

noting that h = Hig and H € WLH(C) by what precedes. Clearly 9H = (o V 0)H on C,
and since ¢ > 2 while H vanishes at infinity we can apply the extended Liouville theorem
[4, Prop. 3.3] to the effect that H = 0 hence h = 0, as desired.

It now follows from a theorem of F. Riesz [19, Thm 1.16] that I — T, is an isomorphism
of LP(Q).

In another connection, let w € G2(Q) and set ¢ = w — T,w. Then dg = 0 because
0T,w = aw, hence g is holomorphic in €. Moreover, we know from Property 2 that
w € LP(Q) for p < p; < 2p, hence for such p; it holds that T,w € WH#(Q) with
1/8 = 1/p1 + 1/r. Choosing p; such that 2/p; —1/p < 1 —2/r, Lemma 10 point (i)
implies that T, w satisfies (10), hence so does g, that is, g € HP.

Conversely, for g € H?, let us put w = (I —T,) 'g. Since g € LP*(Q) for p < p; < 2p and
(7) continues to hold with p replaced by p;, we get from the previous part of the proof
that w lies in LP'(€2) and consequently that 7,,w satisfies (10). Hence w in turn meets
(10), and since 9(I — T, )w = 0 it is a solution to (13), hence a member of G? (2).
Equation (32) simply means that C(trgaT,w)(z) = 0 for z € Q. To see this, let

F@):%//ﬂ%d@dﬁ zeC..
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By what precedes F(z) € W,57(C), Flo = T,w, and clearly F is holomorphic in C\ Q
with F'(oc) = 0. Lemma 10 point (ii), applied with h = F" on (C\ Q) NDg where R is
a large positive number, shows that F' € HP(C\ ), and we have that trooF’ = tragTaw.

Consequently, by Cauchy’s theorem, it holds for any system of rectifiable Jordan curves
' homotopic to 0 in C \ 2) that

1 [ F()
C(tranTy =— | —%d¢, z€Q..
(o To)(2) = 5 [ £20de,
Deforming the inner components of 0f2 to a point and the outer component to co, we see
that the above integral is zero, as desired.
Finally, since faQ T,w = 0 by what we just said, we get from the Poincaré inequality,
Holder’s inequality, the continuity of (I — T,)~! and Lemma 8 that

[Tawllwrs@) < erlla@l sy < callallir@llwllmn@ < esllgllm@ < callglly.

Thus, by the trace theorem and Lemma 10 point (z), we obtain [[trooTaw||Lr(a0) < csl/9]lp,
hence |[[trapow||zr0) < csl|g|lp since w = g + T,w. Property 2 now yields ||wl|, < C||g||,,
as announced. |

G Proof of Lemma 4

By Lemma 6, we may assume that Q = D. Let P, (h) = trpC(h) denote the Riesz
projection which discards Fourier coefficients of non-positive index. It is continuous from
LP(T) onto try H?(D) C LP [34, Sec. III.1]. Moreover, to each u € LP(T) there uniquely
exists & € LP(T) such that v+ iu € P (H?) and [, u = 0.

For v € LP(T) and ¢ € R, let w, . € G%(D) satisty (u+i(u+c)) = Prw,,. Such a function
uniquely exists by Proposition 3 and depends continuously on v and c. Define

Au, c) :== (Re (trT wuvc) , Im/trqy al/zww) e LE(T) x R.
T

Since (I — T, )w, = g where g € H? satisfies trr g = u + i(u + ¢), we can decompose the
operator A as A(u,c) = (u,c) + B(u,v) where

B(u,c) = <Re (tI"]l‘ Ta(wuvc)) , Im/al/ztr Wy e — c) )
T

From the proof of Proposition 3, we know that (u, ¢) — T,w, . is continuous from LP(T) x
R into W#(D) when 1/8 = 1/p, + 1/r for some p; € [p,2p), hence B is compact from
LP(T) x R into itself by Lemma 10 point (¢) and the trace theorem.

In another connection, if w € G% (D) is such that Re (tryw) = 0 and Im [, o'/*trpw = 0,
then w = 0. Indeed, normalizing try s to be real in (18) we find that F' € HP has zero
real part on T, hence it is an imaginary constant, and in fact F' = 0 as the mean on T of
o'/2F must vanish. Consequently A is injective, hence a homeomorphism of LP(T) x R by
Riesz’s theorem. This shows one can impose uniquely in LP(T) the real part of w € G2 (D)
on T together with the mean of ¢'/? times its imaginary part there, and that

/ o'Imtry w) .
T

|trr w|| o(ry < c1||Retrr w||poer) + c2
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From this and (16), it follows easily that one can impose uniquely the real part v € LP(T)
of f € H?(D) on T and the mean of its imaginary part there. In addition, if the latter
is taken to be zero, there is an inequality of the form |[trao f||r(a0) < c||u|/zr@o) which
proves assertion (7).

Now, in view of Properties 1,2, and 6 in section 3.3, taking real parts in assertion (i7)
yields assertion (i) except for the uniqueness part. To establish the latter, assume u = 0
and let us prove that U = 0. As u satisfies (3), there is a distribution V' such that
(1) holds. Since ||U]|, < oo, hence a fortiori U € LP(D), we observe much as in the
proof of [11, Thm 4.4.2.2] that V' € LP(D); the only difference is that, in order to obtain
equation (63) loc. cit., one must know whenever ® is smooth with compact support that
Vo Lamy < ¢|| V| Law), 1/p+1/q = 1, which follows easily from the Hélder and the
Sobolev inequalities for r > 2. Then f = U + iV satisfies (CB), so that w given by (16)
satisfies (13). Since U = Ref satisfies (8) by assumption, so does Rew. By Proposition 2
w assumes the form (18) where trp Im s = 0 and, say, F' = a + ib is holomorphic. Assume
for a contradiction that |la||zs(r,), 0 < p < 1 is unbounded. Then it must tend to +oo
as it increases with p [25, Thms 1.5, 1.6]. By the continuity of s (¢f. Remark 2), to
each ¢ € (0,1) there is py € (0,1) such that |Im exp(s(z))| < €| exp(s(z))| as soon as
po < |z| < 1. For such z, we deduce from (18) that

[Rew(z)| > e IPle=e1((1 — £%)'2]a(2)| — e[b(2)]). (G.1)

By a theorem of M. Riesz ||b — b(0)||ze(r,) < Clla||r(r,) with C' = C(p), uniformly with
respect to p € (po, 1] [25, Thm 4.1]. Hence integrating (G.1), we get

IRewllzoqr,y > eI (1= £2)12 = [6(0)|/lal|ogr,) — =C ) lallzer,

and taking € small enough we find this absurd since the left hand-side is bounded while the
right hand side goes to infinity when p — 1. Hence ||a||z»(1,) is bounded and so is ||b|| .»(t,),
by the M. Riesz theorem again, in other words F' € HP(D). Therefore w € G2 (D) by
Proposition 2, thus f € HP(D). Moreover, since Rew has nontangential limit 0 on T, so
does Re F' since trre® > 0, thus F' is an imaginary constant. However V' was defined up
to an additive constant only, and since we have just shown that trpV € LP(T) we can pick
this constant so that [ V\/(1+v)/(1—v) = 0. Then trplmw has zero mean by (16),
consequently F' = 0, hence w = f = 0. In particular U = 0, as desired. [ ]

H Proof of Proposition 5
By Proposition 1, the conclusion for H?(ID) follows from the result for G2 (D) which we

nOwW prove.
Define a Hermitian duality pairing on LP(D) x L4(D), 1/p+ 1/q = 1, by the formula

1 —
< h,g >p= 3 //D h(z)g(z)dz A dz.

If A: LP(D) — LP(D) is antilinear (i.e. real linear such that A(Ah) = AA(h)), then
A(h) = B(h) + iB(ih) where B = ReA. We let A* designate the antilinear operator on
L4(D) such that < Ah, g >=< A*g, h >. It is easy to check that A*(g) = B*(g) +iB*(ig),
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where B* is the adjoint of B when LP(ID), L9(DD) are viewed as real vector spaces endowed
with the pairing Re < .,. >.
For a € L"(D) and h € LP(D), define functions 7,,(h) and 7, (h) on D and C by

- Toh(z) for z € C,
// dgAdS— (H.1)
27i D E—Z Toh(z) for zeD : Toh = (Toh)), -

From Proposition 3, we get that T, is compact from LP(D) into itself and clearly it is
antilinear. Moreover I — T, is an isomorphism of LP(ID) and the restriction map I — T, :
GP (D) — HP(D) is an isomorphism which coincides with the analytic (Cauchy) projection,
see (32).

By a theorem of Schauder (ReT,,)* is compact [16, Thm. V1.4], hence also 7%. In addition
I — T? is injective, for if g = T¥(g) we get from the definition of A*

(I =Th,g) = (h,g) = (g9,h),  heLP(D),

which is absurd if g # 0 since the right hand side is pure imaginary whereas I — T, is
surjective. Hence I — T¥ is an isomorphism of L(D) by Riesz’s theorem. By Fubini’s
theorem, we obtain for h € LP(D) and g € L9(D) that

<Tlg,h>p=<Tyh,g >p = 47T2// //D (f_z dedf) g(2)dz Ndz
=~ // //D gg(_—z)zdzAdz) a(E)h(E) dE N dE
= i // —a(g)//D zg(—_zldzAdz) h(€) de A dE

Tig = —aTy,g (H2)

where yp is the characteristic function of .
Let a, be 0 on D, and a on A,. If p; > p, then T,, maps LP'(D) into W'#(D) with
1/ = 1/r+1/p1, see proof of Proposition 3. Besides, (RanT%) D consists of holomorphic

functions. Therefore, for p; as in Lemma 10, we get from Property 6 and (E.1) that

so that

(T%([ . Ta)‘al(]D)> - (T%GQ(D))DQ C (T%Lpl(]D)) C HP(D,).  (H.3)

Do Do

Moreover, the operator, A, = I+T,, (I —T,) " maps H?(D) into L"* (D). Let us introduce
the operator B, = Jo A,, Where J: L (D) — LP*(D,) is the natural restriction. In view
of (H.3), B, maps continuously H?(D) into H?(D,).

Lemma 11 The operator B, : H?(D) — H?(D,) has dense range.
Proof: Tt is equivalent to prove that if ¥ € H%%(C\ D,) satisfies

1
— | W(2)trp,B,g(2)dz =0, Vge H'(D), (H.4)

2im Jr,
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then ¥ = 0; indeed, the line integral of the product over T, identifies H?%°(C \ D,) (non
isometrically) with the dual of H?(D,) [25, Theorem 7.3]. For small € > 0, since ¥ and g
are smooth on A, .;_. while A,g — g € W9 (D), we get from Stokes’ theorem

1
Py W(z)trA d dz.
2 O0Apte,1—c ( ) ' Qg  2ir //HE . gg( )) ZAaz

where the trace of A,g in the first integral is on 9A,;. ;.. Because ¥, g are holomorphic
in A, and 07,,,h = a,h for h € LP(D) by standard properties of the Cauchy transform,
we may compute the surface integral using the definition of A, to obtain

} U(z)tra,g(z alz+—//A al2)(I —T,) g(z) dz N dz.

A% LYV

Now, Wy, € HI(A,) and A,g € H?(D) + WLB(]D), while (I —T,) 'g € G2. Let ¥, be
0 on D, and ¥ elsewhere. Pick ¢; € (2,2¢) with 2/¢; — 1/q¢ < 1 —2/r and recall from
Lemma 8 that W5, € L% (A,), so that a¥, € L°(D) where 1/§ = 1/r+1/q1 < (p1—1)/p1.
Thus, letting e — 0, we get from Property 1, 6, Lemma 10, and Hélder’s inequality that

1 1
— | U(2)trp, Bog(2)dz = — | W(2)trpd,g(2)dz+ < a¥,, (I —T,) tg >p, (H.5)
2im ¢ 247 Jp

where we took into account that trp, B,g = trr,A,g on T,. Put b = (I —T})"H(a¥,) €
Lp/@=D(DD). Then, by definition of A%, it holds that

<aV, (I-T) " g>p = < —=THo,(I -T.) " g>p (H.6)
= <b,(I-Ty) 'g>p — <To(I—Ty) "g,b>
= <g,(I-T) " aV,) >p +2ilm < b, (I — T,) g >p .

Representing g € H?(D) by the Cauchy integral of trrg, we further have that

<o.t-1 ) >, = oo [ ([ 28 ) - awE e n e

ﬁ
_ 2m trw (// (I— TZ_Q\I’ (€ dgAdE> "

and letting J = 2iIm < b, (I — T,,)"'g >p we get in view of (H.6)

1
<aV, (I-T,) g >p= T / trrg(2)tre Ty, (I — T (aW,)(2) dz +3 . (H.7)
T Jr
Next, by (H.1), the function 7,,h € W2 (C) has the same trace on T as T,,h for all
h € LP (D). Hence, the first integral in the right hand side of (H.5) can be rewritten as

1
227‘(‘

U(z) trrg(z dz+—/ 2)troTa, (I — To) g(z) dz . (H.8)

Moreover, an argument similar to the one that led us to (H.3) easily yields that

(7o, L (D)) o\ € H*™(T\ D), (IL9)
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therefore Wptrp7,, (I — T,,) g is the trace on T of a function in HY(C\ D) and the
second integral in (H.8) is zero by Cauchy’s theorem (deform T to infinity). Thus,

1 1
i ). U(z) trrA,g(z) dz = i ). U(z)trrg(z) dz , (H.10)

and in view of (H.5), (H.7), and (H.10), we conclude if (H.4) holds that

% TtTTQ(Z) (U(z) — trpToy (I = T5) "Ny ¥)(2)) dz=-3, g€ HP(D). (H.11)

Then, observe from (H.1) that T,,h € W;2°(C) has the same trace on T as Ty, h for all
h € L°(D). In addition, since either § > 2 or §/(2 — §) > ¢, we get from [23, Thm 4.54]
as in the proof of Lemma 10 point (i) that

(T L (D)) o5 € HY™(C \ D) (H.12)

(compare (H.9)). Hence (H.11) can be rewritten as

L trrg(2) (U(2) — treToy (I — TH) H(aV,)(2)) dz=-T, g€ H’(D), (H.13)

2im Jp

and the left hand side of (H.13) is a complex linear form £(g) on H?(D) while the right
hand side is always pure imaginary. Therefore £ is the zero form, which means that

V=Tl = T) 7 (a¥,) € H*(C\D)(a¥,)
must be the zero function. Translating back to D, this amounts to say that the function
G(2) = Vy(2) = Ty (I = TH) ™ (a¥,), (H.14)

which lies in € (H 1(A,) V O|1D>g) + W°(D), satisfies trpG = 0. A short calculation using
(H.2) and the identity (A — B)™' = A~' + A™'B(A — B)~! shows that

aG =aV,+THI - TH  (aV,) = (I - TH  (aV,), (H.15)

hence
G=VY,-T,,(aG)=V,—-T;(G) (H.16)

by (H.14) and (H.15). Note, since ¢; > 2 and either § > 2 or 2§/(2 — J) > 2¢, that
G € LMD) for some A > r/(r — 1) by Lemma 8 and the Sobolev embedding theorem.
Set for simplicity G = Ga,. Applying 0 to (H.16), we find that 0G; = —aG,. Thus,
by Proposition 2, it holds that G|y, = e°F where s is bounded and F' is holomorphic in
A,. Moreover, as we noticed already that either 6 > 2 or §/(2 — ) > ¢, we get as in
the proof of Lemma 10 point (i) that |G|, < co on A,. In particular F' € H?(A,), and
since trpF' = 0 we have that F' = 0 so that G; = 0. Plugging this in (H.16), we get that
(I+T5)(04,V Gp,) = 0 hence Gp, = 0 since (I +T3) is injective on L*(D) by Proposition
3. Altogether G = 0, hence ¥, = 0, and finally ¥ = 0, by analytic continuation. [ ]

Proof of Proposition 5: for 0 < r < 1, we let for simplicity 7o, = Ta, L*(D,) — L*(D,),
so that T, = T,. so that T, ; = T,. Recall also from (32) the notation C for Cauchy
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integrals. By Proposition 3, a function w, € G¢, (D,) lies in (GE(DD))
there is g € HP(D) such that

D if, and only if

(I = Tup)~'Clbrr,w,) = ((I — Ta)_lg)IDg : (H.17)

Define o, = xp,a. Since Ty, ,(hp,) = (T5,h)p, for h € LP(D), equation (H.17) means
that

C(trp,w,) = ((1 — T )0 - Ta)_lg) (H.18)
Observe that T;, = T,,, + T5, where the notation «, = x|s,c was introduced in the proof
of Lemma 11. Hence, using the identity (A — B)™! = A~ + A~'B(A — B)™!, we obtain

IDe

(I-To)" = -Ts) + (I = T5,) ' To,(I - To) ™"

Substituting in (H.18), we get
C(trr,w,) = B,g,

and we conclude from Lemma 11 that (GZ(D))ID = (I — T,,) 'RanB, is dense in
GZDQ (D,), as desired. [

References

[1] R. Adams, Sobolev spaces, Academic Press, 1975.
[2] L. Ahlfors, Complez analysis, McGraw-Hill, 1966.

[3] L. Ahlfors, Lectures on quasiconformal mappings, Wadsworth and Brooks/Cole
Advanced Books and Software, Monterey, CA, 1987.

[4] K. Astala, L. Paivérinta, Calderén’s inverse conductivity problem in the plane,
Ann. of Math. (2) 16, no. 1, 265-299, 2006.

[5] K. Astala, L. Pédivérinta, A boundary integral equation for Calderén’s inverse
conductivity problem, Proc. 7th Int. Conf. on Harmonic Analysis and PDEs.,
Madrid (Spain), 2004, Collect. Math. , Vol. Extra, 127-139, 2006.

6] B. Atfeh, L. Baratchart, J. Leblond, J.R. Partington, Bounded extremal and
Cauchy-Laplace problems on the sphere and shell, J. of Fourier Analysis and
Applications, 16(2), 177-203, 2010.

[7] P. Auscher, M. Qafsaoui, Observations on WP estimates for divergence elliptic
equations with VMO coefficients, Boll. Unione Mat. Ital., 8(5B), 487-509, 2002.

[8] L. Baratchart, Y. Fischer, J. Leblond, Dirichlet/Neumann problems and Hardy
classes for the planar conductivity equation, long version, arXiv:1111.6776, 2011.

[9] L. Baratchart, J. Leblond, Hardy approximation to L functions on subsets of the
circle with 1 < p < oo, Constr. Approz. 14, 41-56, 1998.

[10] L. Baratchart, J. Leblond, J. R. Partington, Hardy approximation to L functions
on subsets of the circle, Constr. Approx. 12, 423-436, 1996.

38



[11]

[12]

L. Baratchart, J. Leblond, S. Rigat, E. Russ, Hardy spaces for the conjugate Bel-
trami equation in smooth domains of the complex plane, J. Funct. Anal., 259(2),
384-427, 2010.

L. Baratchart, F. Mandrea, E. B. Saff, F. Wielonsky, 2-D inverse problems for the
Laplacian: a meromorphic approximation approach, J. Maths. Pures et Appl., 86,
1-41, 2006.

B. Beauzamy, Introduction to Banach spaces and their geometry, Mathematics
Studies, North-Holland, 1985.

L. Bers, L. Nirenberg, On a representation theorem for linear elliptic systems
with discontinuous coefficients and its applications, Convegno internazionale sulle
equazioni derivate e parziali, Cremonese, Roma, 111-138, 1954.

J. Blum, Numerical Simulation and Optimal Control in Plasma Physics: With
Applications to Tokamaks, Modern Applied Mathematics, John Wiley & Sons,
1989.

H. Brézis, Analyse fonctionnelle, Théorie et applications, Masson, 1999.

H. Brézis, New questions related to the topological degree, Progress in Maths. 244
(in honour of I.M. Gelfand), 137-154, 2006.

S. Campanato, Elliptic systems in divergence form, Interior regularity, Quaderni,
Scuola Normale Superiore Pisa, 1980.

D. Colton, R. Kress, Integral equation methods in scattering theory, Wiley- Inter-
science, 1983.

I. Chalendar, J. R. Partington, Approximation problems and representations of
Hardy spaces in circular domains, Studia Math. 136, 255-269, 1999.

L. Carleson, Selected Problems in Exceptional Sets, Van Nostrand Math. Studies
13, Princeton, 1967.

I. Chalendar, J. R. Partington, M. Smith, Approximation in reflexive Banach
spaces and applications to the invariant subspace problem, Proc. A. M. S. 132,
1133-1142, 2004.

F. Demengel, G. Demengel, Espaces fonctionnels, Utilisation dans la résolution
des équations aux dérivées partielles, EDP Sciences, 2007.

M. Dindos, S. Petermichl, J. Pipher, The L? Dirichlet problem for second order
elliptic operators and a p-adapted square function, J. of Funct. Anal., 249, 372—
392, 2007.

P. L. Duren, Theory of H? spaces, Pure and Applied Mathematics, Vol. 38 Aca-
demic Press, New York-London, 1970.

M. Efendiev, W. Wendland, Nonlinear Riemann-Hilbert problems for generalized
analytic functions, Funct. Approx., 40(2), 185-208, 20009.

39



[27]

28]

[29]

[30]

[31]

[32]

M. Efendiev , E. Russ, Hardy spaces for the conjugated Beltrami equation in a
doubly connected domain, J. of Math. Anal. and Appl., 383, 439-450, 2011.

G. Di Fazio, LP estimates for divergence form elliptic equations with discontinuous
coefficients, Boll. Un. Mat. Ital. A (7), 10 (2), 409-420, 1996.

E. Fabes, M. Jodeit, N. Riviere, Potential techniques for boundary value problems
on C' domains, Acta Math., 141, 165-186, 1978.

Y. Fischer, Approximation dans des classes de fonctions analytiques généralisées
et résolution de problemes inverses pour les tokamaks, PhD Thesis, Univ. Nice-
Sophia Antipolis, 2011.

Y. Fischer, J. Leblond, Solutions to conjugate Beltrami equations and approx-
imation in generalized Hardy spaces, Adv. in Pure ¢ Applied Math., 2, 47-63,
2010.

Y. Fischer, J. Leblond, J.R. Partington, E. Sincich, Bounded extremal problems
in Hardy spaces for the conjugate Beltrami equation in simply connected domains,
Appl. Comp. Harmonic Anal., 31, 264-285, 2011.

Y. Fischer, B. Marteau, Y. Privat, Some inverse problems around the tokamak
Tore Supra, Comm. Pure and Applied Analysis, to appear.

J. Garnett, Bounded analytic functions, Pure and Applied Math. 96, Academic
Press, 1981.

D. Gilbarg, N. Trudinger, Elliptic partial differential equations of second order,
Springer Verlag, 1983.

G. M. Goluzin, Geometric Theory of Functions of a Complex Variable, Transl.
Math. Monographs 26, A.M.S., 1969.

G. M. Goluzin, N. I. Krylov, Generalized Carleman formula and its applications
to analytic extension of functions, Mat. Sb. 40, 144-149, 1933.

P. Grisvard, Boundary value problems in non-smooth domains, Pitman, London,
1985.

V. Guillemin, A. Pollack, Differential Topology, Prentice—Hall, 1974.

E. Hebey, Nonlinear Analysis on Manifolds: Sobolev Spaces and Inequalities,
Courant Lecture Notes 5, AMS, 1999.

T. Iwaniec, G. Martin, What’s new for the Beltrami equation 7, National Research
Symposium on Geometric Analysis and Applications, Proc. of the CMA, 39, 2000.

T. Iwaniec, G. Martin, Geometric Function Theory and Non-linear Analysis, Ox-
ford Univ. Press, 2001.

M. Jaoua, J. Leblond, M. Mahjoub, J.R. Partington, Robust numerical algorithms
based on analytic approximation for the solution of inverse problems in annular
domains, IMA J. of Applied Math., 74, 481-506, 2009.

40



[44]

[45]

[46]

[47]

[48]

[49]
[50]

[51]
[52]

[53]
[54]

[55]

[56]

[57]

[58]

[59]

C. Kenig, J. Pipher, The Dirichlet problem for elliptic equations with drift terms,
Publ. Mat., 45(1), 199-217, 2001.

V.V. Kravchenko, Applied Pseudoanalytic Function Theory, Frontiers in Math.,
Birkhauser Verlag, 2009.

M.G. Krein, A.A. Nudel’'man, The Markov moment problem and extremal prob-
lems, Transl. Math. Monographs. American Mathematical Society, 50, Provi-
dence, Rhode Island, 1977.

O. Lehto, K. I. Virtanen, Quasiconformal mappings in the plane, Second Edition,
Springer Verlag, New York, 1973.

D. J. Patil, Representation of H? functions, Bull. Amer. Math. Soc. 78, 4, 617-620,
1972.

Ch. Pommerenke, Boundary behaviour of conformal maps, Springer Verlag, 1992.

T. Ransford, Potential Theory in the Complex plane, Student Texts 28, London
Math. Soc., Cambridge Univ, Press, 1995.

W. Rudin, Real and Complex Analysis, Mc Graw-Hill, 1982.

E. B. Saff, V. Totik, Logarithmic Potentials with Ezxternal Fields, Grund. Math.
Wiss. 316, Springer-Verlag, 1997.

L. Schwartz, Théorie des distributions, Hermann, 1978.

E. M. Stein, Singular integrals and differentiability properties of functions, Prince-
ton Univ. Press, 1970.

J. Sylvester and G. Uhlmann, A global uniqueness theorem for an inverse boundary
value problem, Ann. Maths., 125, 153-169, 1987.

G.C. Tumarkin, S. Ja. Havinson, Classes of analytic functions in multiply con-
nected domains,french translation in Fonctions d’une variable complexe, problmes
contemporains, 37-71, Gauthiers-Villars, Paris, 1962.

I. N. Vekua, Generalized Analytic Functions, Addison-Wesley Publ. Co., Inc.,
Reading, Mass, 1962.

W. P. Ziemer, Weakly Differentiable Functions, Grad. Texts in Math., vol. 120,
Springer-Verlag, New-York, 1989.

G. Wen, Recent progress in theory and applications of modern complex analysis,
Science Press, Beijing, 2010.

41



