N

N
N

HAL

open science

A non-capped tensor product of lattices

Bogdan Chornomaz

» To cite this version:

‘ Bogdan Chornomaz. A non-capped tensor product of lattices. 2013. hal-00909356

HAL Id: hal-00909356
https://hal.science/hal-00909356
Submitted on 26 Nov 2013

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00909356
https://hal.archives-ouvertes.fr

A NON-CAPPED TENSOR PRODUCT OF LATTICES

BOGDAN CHORNOMAZ

ABSTRACT. In the lattice theory the tensor product A® B is naturally defined
on (0, V)—semilattices. In general, when restricted to lattices this construction
will not yield a lattice. However, if the tensor product A ® B is capped, then
A® B is a lattice. It is stated as an open problem in [4] whether the converse
is true.

In the present paper we prove that it is not so, that is, there are bounded
lattices A and B such that A® B is not capped, but is a lattice. Furthermore,
A has length three and is generated by a nine-element set of atoms, while B
is the dual lattice of A.

1. INTRODUCTION

The tensor product of join-semilattices with zero was introduced in J. Anderson
and N. Kimura [1] and G.A. Fraser [2]. The latter paper, in a category-theoretical
style approach, defines it as a free object of a special kind. Although this approach
can, in principle, be carried over to lattices, this does not look promising. On the
other hand, the original definition of tensor product of semilattices can be restricted
to lattices, yielding interesting results and problems. This was performed in a
number of papers of G.Grétzer and F.Wehrung [6, 4, 5].

In many natural cases the tensor product of lattices appears to be a lattice,
for example when both lattices involved are finite. To generalize this situation,
G.Grétzer and F.Wehrung introduced the notion of capped tensor product. When
the tensor product is capped, it is a lattice. Whether the converse is true is a
long-standing conjecture, which we solve in this paper.

The paper [7] gives a good insight into the present state of affairs in the field.

This paper is organized as follows. In Section 2 we give basic definitions from
lattice theory. In Section 3 we adopt classical results concerning tensor products
of lattices from [6] and [5]. This includes the characterization of bi-ideals as ho-
momorphisms of a special kind, antitone step functions and adjustment sequences.
Theorem 1 establishes the equivalence between the representations of bi-ideals by
homomorphisms and the adjustment sequences.

In Sections 4 and 5 we start to deploy the original technique aiming at a narrow
class of normal lattices, which we use later to prove the conjecture. As a prereq-
uisite, in Section 4 we introduce marked lattices and define the family of zig-zag
operators acting on them. After that, in Section 5 we define normal lattices as
special kinds of marked lattices, and establish some important facts about them.
We prove that normal lattices are finitely generated and that all their nontrivial
intervals are finite. The essential property of this section is established in Lemma 7,
which, informally, states that normal lattices are almost locally finite, that is, ev-
ery finite subset S of a normal lattice L generates a finite sublattice in a slightly
modified lattice L*.
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In Section 6 we introduce the infinite normal lattice Lo, and claim that the tensor
product Lo, ® LS satisfies the desired properties, namely that it is not capped but
is a lattice. Apart from being infinite and normal, the lattice L., possesses another
property captured in Lemma 9, namely that an infinite sublattice of L., can be
mapped into L, only the trivial way. As a digression, albeit we do not prove that,
this property naturally holds for the most of the infinite normal lattices, so in this
sense the lattice L, is in no way exceptional.

Note that the technique developed throughout Sections 4, 5 and 6 is independent
of those developed in Section 3.

Finally, in Section 7 we bring together the results of Sections 3, 4, 5 and 6 to
establish the key properties of Lo, ® L. In Theorems 2 and 3 we prove that
there are noncapped elements in Lo, ® L% and that all these elements are in a way
similar to each other. These results easily yield Theorem 4, which positively solves
the conjecture.

2. PRELIMINARY DEFINITIONS AND FORMULATION OF THE PROBLEM

We start with some basic definitions and notations. A subset S of a poset T is
called hereditary iff y < x and x € S implies y € S, for all z,y € T.
We denote by S°P the dual poset of a poset .S, that is, the same set with order
given by
T <go» YT >gY.

In an arbitrary poset the height of an element x, denoted h(z), is defined as
the supremum of all cardinalities of a chain from a non-minimal element to z. The
length of a poset is the supremum of the heights of all its elements. We are following
a standard convention of calling elements of height one atoms, additionally we call
elements of height two lines.

For a lattice K and x € K let (x] denote the principal ideal generated by x, that
is, (2] = {y | y < z}. For lattices K, L and an element (z,y) € K x L we use the
notation (z, y] instead of ((z,y)] to denote the principal ideal.

For a lattice L and a set A C L we denote by (A), the sublattice of L generated
by A in L, and by AY and A" the subsets

AY = {\/B | B is a finite subset of A},
AN = {/\B | B is a finite subset of A}.

For a (0,1)-lattice L, (V,0)-semilattice K and (A, 1)-semilattice P we denote
by L=, K° and P! the posets L — {0,1}, K — {0} and P — {1} correspondingly.

An element z in a complete lattice A is compact iff z < \/ S for some S implies
x < \/T for some finite T C S. The set of all compact elements of a complete
lattice A is denoted by C(K). For every complete lattice A the set C(A) is a
(0, V)-semilattice. A complete lattice A is called algebraic iff every element is the
join of compact elements.

For a (0, V)-semilattice K we denote by Id K the complete algebraic lattice of
ideals of K ordered by set inclusion. The semilattice K is a subsemilattice of Id K
with the canonical embedding given by a — (a].

The tensor product and the capped tensor product are defined in [6]. As these
definitions are central to the paper, let us recall them.
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Let K and L be lattices with zero. The lateral join is the partial function
Viat: (K X L) x (K x L) = K x L defined by

(1,%1) Viat (22,92) = (1 V x2, y1 V y2)

provided either x1 = x5 or y; = yo.
A subset I of K x L is a bi-ideal iff it is hereditary, it contains the set

Lrr= {0k} x L)U(K x{0.}),

and it is closed under lateral joins.

The extended tensor product of K and L, denoted by K ® L, is the set of all
bi-ideals in K x L ordered by set inclusion. It can easily be seen that K ® L is a
complete algebraic lattice. Define the tensor product of K and L, denoted K ® L,
as the set of compact elements of K ® L with order inherited from K ® L. It can
be easily seen that K ® L is a (0, V)-subsemilattice of K ® L. In general, however,
K ® L is not a lattice (see Corollary 8.2 in [5]).

A simple example of a compact bi-ideal in K x Pisaset a®b,a € K, b € L,
called a pure tensor:

a®b={(z,y) e KxL|z<a, y<blU.Llgkr.

Call a compact bi-ideal I C K x L a capped bi-ideal if it is a finite union of pure
tensors, that is

I=J@®b|i=0,... k1)

Note that the |J symbol above refers to set-theoretical union. In general, every
compact bi-ideal can be represented as

I=\/(a;®b;|i=0,....k—1),

where the join is taken in K ® L. Nevertheless, the set-theoretic representation as
a finite union does not necessarily hold.

We call the tensor product K® L capped if all its elements are capped bi-ideals. If
the tensor product is capped, then clearly it is a lattice. It is asked in [6, Problem 3]
whether the converse holds.

Conjecture 1. There are bounded lattices K and L such that K @ L s a lattice,
yet the tensor product K ® L is not capped.

The subsequent sections are dedicated to proving that this conjecture is correct.

3. PREPARATORY TECHNIQUE

We start with a representation by homomorphisms described in Section 2.3 of [5].
Let A and B be (V,0)-semilattices. We consider the set of all semilattice homo-
morphisms from the semilattice (AO; \/) to the semilattice (Id B;N),

AR B= Hom ((A% V), (Id B;n)),

ordered componentwise. The arrow indicates the way homomorphisms go. Note
that the elements of A & B ate antitone functions.
With any element ¢ of A ® B we associate the subset €(¢) of A x B:

elp) ={(z,y) e AxBlyecp()}Ulasg.
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Proposition 1. The map € is an isomorphism between A @ B and A® B. The
inverse map, €', sends H € A® B to e '(H): A° — 1d B, defined by

(1) e '(H)(a) = {z € B| (a,2) € H} .

Proof. See Proposition 2.4 of [5]. m
As there is a natural _i)somorphism between A ® B and B ® A, we can define an
isomorphism 7 from B ® A to A® B in a similar way as we defined ¢, that is

nW) ={(z,y) € Ax Bz e€(y)}U Las,

for any ¢ € B@A.

Then for every homomorphism ¢ € A @ B we define its conjugate ¢* € B @ A
as ©* =n~1oe(p). Thus, the conjugation defines an isomorphism between A EB
and B ® A. By abuse of terminology, the converse mapping ¢! o 7 is also called
conjugation. We subsume the notation defined above by stating that the diagram
in Figure 1 below commutes.

FIGURE 1

Proposition 2. Let ¢ be a homomorphism from (A;V) to (Id B;N), that is, ¢ €
A® B. Then y € o(x) iff x € *(y), for allz € A, y € B.

Proof. Indeed, y € p(z) & (z,y) €c(p) © x € p(y). W

As we mentioned earlier, all elements of A® B are finite joins of pure tensors. The
following proposition gives the representation of finite joins in a purely arithmetic
way. For every positive integer m, denote by F(m) the free lattice on m generators
Zoy- -+, Tm—1. One can evaluate any element p of F(m) at any m-tuple of elements
of any lattice, thus justifying the notation p(ag,...,a,—1). By p°® we denote the
dual of p.

Proposition 3. Let A and B be lattices with zero, let n be a positive integer, let
ag,...,an,_1 € A, and let by, ...,b,_1 € B. Then

\/ (@i @b; [i<n)=|J(p(ao,...,an—1) @ p(bo, ....bu_1) | p € F(n))

Proof. See Lemma 2.2, (iii) of [5]. m
To argue about whether the tensor product is a lattice we need the following
easy result.

Proposition 4. A® B is a lattice if and only if it is closed under finite intersection.

Proof. See Proposition 2.4 of [6]. m
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Proposition 5. Let A and B be lattices with zero and let A be locally finite. Then
A® B is a lattice iff A® B is a capped tensor product.

Proof. See Theorem 3 of [5]. m

The following technique described in Section 6 of [5] enables us to obtain a very
useful representation of compact bi-ideals.

Let A and B be lattices with zero. We put (a]e = (a] N A°, for all a € A. We
denote by Int A the boolean lattice of the powerset of A° generated by all sets of
the form (a,, for a € A°. Furthermore, we denote by Int, A the ideal of Int A
consisting of all X € Int A with X C (al., for some a € A.

The map &: A° — B is a step function if the range of ¢ is finite and the inverse
image £€~1{b} belongs to Int, A, for all b € B°.

Proposition 6. For a positive integer n let ag,...,a,—1 € A and by, ...,b,—1 € B.
Then the map &: A° — B defined by

(2) E@) =\ (b li<n, z<a),
for all x € A°, is an antitone step function. Furthermore,

(x,&(x G\/az®b|z<n)
for all z € A°.

Proof. See Lemma 6.4 of [5]. m

If an antitone function £: A° — B is obtained by application of formula (2),
then we say that an antitone function 1: B® — A is the dual of ¢ if it is obtained
by application of (2) to elements b; and a;, i < n, that is

() =\ (ai |i<n, z<b).

A join-cover of the element a € A is any finite subset S C L such that a < \/ S.
A join-cover S of a is nontrivial if a € s, for all s € S. Let C(a) denote the set of
all finite join-covers and C*(a) the set of all finite nontrivial join-covers of a.

Let ¢: A — B be a map with finite range. Then one-step adjustment of &
is €1 A% 5 B defined by

(3) 0@ =V (A\¢ls)1 S e c@)

for all z € A°. Note that since the range of ¢ is finite, the right hand side of the
equation (3) is well-defined.

Proposition 7. Let £&: A° — B be a map with finite range. Then €Y is anti-
tone and has finite range, and the inequality &(z) < €M (z) holds for all x € A°.
Furthermore, € = € iff € is a semilattice homomorphism from (AO; \/) to (B;A).

Proof. See Remark 6.6 and Lemma 6.8 of [5]. ®
Similar techniques are used in connection with bounded homomorphisms, see
Chapter 2 of [3].

Proposition 8. If £ is an antitone map with finite range, then the one-step ad-
Justment (3) takes the form:

(4) €0 =@ v\ (A&ISI | S € ¢ ().

Proof. See Remark 6.6 of [5]. m
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Proposition 9. Let £: A — B be a step function, then the one-step adjust-
ment €1 of € is an antitone step function.

Proof. See Proposition 6.10 of [5]. m

Proposition 9 justifies the following definition. Let ¢ : A — B be a step function.
The adjustment sequence of £ is the sequence (5(”) | n < w) defined inductively
by £€© = ¢, and £FD = (60D for all n < w.

Proposition 10. Let £: A° — B be a step function. Then the adjustment sequence
of € is increasing, that is, € < €MD | for all n. Furthermore, if n > 0 then £
is an antitone step function.

Proof. See Corollary 6.12 of [5]. m

Consider the complete lattice Id B and view the mappings £, n < w as map-
pings from A° to Id B using the canonical embedding of B into Id B. Define the
w-adjustment of ¢ as the mapping £): A% — Id B defined by

(5) €9 () = | JEM @) | n <w),

and the extended adjustment sequence of £ is the sequence (5(”‘) | a < w).

Note that the range of £(“) need not be finite, and thus £() need not be a step
function. However, £() is antitone. Also, just as the adjustment sequence, the
extended adjustment sequence is increasing.

Proposition 11. The one-step adjustment and the w-adjustment operations are
monotonous, that is, if & and 1 are maps with finite range such that & < 1, then
€D <M gnd €@ < @)

Proof. Follows immediately from formulas (3) and (5). m
The following theorem establishes connection between the bi-ideals represented
as homomorphisms and the extended adjustment sequences.

Theorem 1. Let n < w, ag,...,apn_1 € A and bg,...,bp,_1 € B. Let the map
£: A% — B be the map defined by (2). Let I € A® B be the compact bi-ideal

I:\/(al®bl\l<n),

and let oy € A @) B be the representation of I defined by (1), that is, pr = ¢~ 1(I).
Then
(i) €“) is a homomorphism from (AO, \/) to (Id B,N), that is, £“) € A @ B,
(i) 1 =¢@.
Proof. (i): As £ is antitone, then £“)(z Vv y) C €@ (z) N €@ (y). On the other
hand since {z,y} € C(x V g), then by (3) we infer £&)(z v y) D £+ (z v y) D
€M) (z) N M (y), for all n < w. But from (5) we get

£ (@) W (y) = JE™ @) In <w)nJEM @) [ n <w)
=™ @) ng™ ) | n <w)
C @z vy),

and the result follows.
(ii): The homomorphism ¢y is the smallest homomorphism such that for all
i < n holds b; € ¢r(a;). Thus, ¢; < €@ On the other hand from Proposition 6
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follows £(©) < ;. The homomorphism ¢; does not have finite range, but as Id B is
a complete lattice then (3) is well-defined for ¢;. As ¢ is a homomorphism from
(AO,\/) to (Id B,N) then by Proposition 7 the equality gogl) = ¢y holds. Thus,
cp(la) = ¢y, for all @ < w+1. But then by Proposition 11 we obtain &) < cpgw) = @y,
which completes the proof. m

Remark 1. Under the conditions of Theorem 1, if the lattice B is of finite length
then it coincides with Id B. Thus, we can regard £ and ¢; as homomorphisms
from (AO, \/) to (B, A). This applies to all elements of AE{))B7 that is, we can regard
%
A® B as .
A ® B =Hom ((AO;\/) , (B; /\)) )

Corollary 1. Under the conditions of Theorem 1, if ¢: B — A is a dual of
£: A" = B, then

(i) o) is a homomorphism from (BO, \/) to (Id A,N), that is, $'“) € B @ A,

(ii) 7 = o).

For an element a of A and an ideal J of B, let us define a bi-ideal a (E.@ J as
aéjz{(x,y)eAxB|m§a, yeTJtULlap.

Notice that in general a Q.@ J is not a compact bi-ideal, that is, it belongs to A ® B,
but not to A ® B.
For every bi-ideal I the following representation trivially holds

I:U(xégol(xﬂxefl),

where ¢; = ¢7(I). However, this representation can be strengthened, as it is
shown in the following lemma.

Lemma 1. Under the conditions of Theorem 1, the bi-ideal I can be represented
as

I:U(xéwj(x)|xe<ai|i<n>, :r;éOA).

Proof. Let us denote by J the union from the right hand side of the hypothesis,
that is,

J:U(xégol(x)|xe<ai|i<n>, x;«éOA>.

AsT=J (x ® or(z) | = # OA) , the inclusion I D J trivially holds.

Now, we are going to prove that J is a bi-ideal. As J contains all pairs (a;, b;)
for all ¢ < m, and I is the least bi-ideal containing all such pairs, this would yield
I C J, proving the lemma.

It is obvious that .J is hereditary and contains the set L 4 g, so we only need to
prove that it is closed under lateral joins.

Let (¢,d1) and (c,d2) be elements from J, ¢ # 04, d; # 0p. Then there are two
elements z1 and x5 from (a; | ¢ < n) such that ¢ < z; and d; € ¢r(x;), for j =1,2.
Then ¢ < x1 A x2, and as ¢y is antitone, then d; € ¢r(z;) C ¢r(z1 A z2) and so
dy Vda Cpr(xy Axo). As the element x1 A x5 is from (a; | i < n), then (¢, dy V da)
lies in J.

Now, let (c1,d) and (c2,d) lie in J, ¢; # 04, d # Op. Then again, there are
elements z1 and x from (a; | ¢ < n) such that ¢; < x; and d € ¢;(x;), for j =1,2.
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In this case ¢1 Vo < @1 Vs and d € pr(z1) Ner(xe) = ¢r(xr V x2), and so
(c1 V cg,d) lies in J. Thus, J is closed under lateral joins and so it is a bi-ideal,
which finishes the proof. m

Now we can apply Remark 1 to obtain

Corollary 2. Under the conditions of Theorem 1, if the lattice B is of finite length,
then the bi-ideal I can be represented as

I:U(x@(pj(z) |z e A°)
:U(x@goj(x) |z e (ai|i<n), x#04).
4. MARKED LATTICES

A marked lattice is a structure (L, a1, as, as, aq, as, ag, az, as, ag), where

e L is a lattice of length at most three.

e The elements ay,...,a9, called the marked elements of L, are pairwise
distinct atoms of L.

e a; Va; =1, for any distinct 4,5 € {1,...,9}.

Marked lattices will often be denoted in the form L[ay,...,ag], or simply L if
the marked elements are understood from the context.

Now, we define operators CW and CCW which transform a marked lattice by
adding new elements into it. It should be observed that each of the additional
“lines” of the construction is defined by two distinct marked “atoms” x and y, and
then the line is denoted zy or, indifferently, yz.

If Lla,b,c,d,e, f,qg,h,i] is a marked lattice, then we define the marked lattice
Kld', v, c,d e, f,¢,h,i']| = CW(L) in the following way. The elements of K are
all elements of L plus:

e candidate lines ab, be, cd, de, ef, fg, gh, hi and ic,
e candidate lines ce, df, eq, fh, gi, ha,ib, ac and dh,
e candidate atoms ab - ce,bc - df,cd - eg,de - fh,ef - gi, fg - ha, gh - ib, hi - ac
and ic - dh.
And the order on K is defined as:

restricted to L, order of K coincides with the original order of L,
all new elements lie above the zero and below the unit of L,
a,b<ab;...;d,h < dh,

ab-ce < ab,ce;...;ic-dh <ic,dh,

otherwise elements are incomparable.

Finally, we define marked elements by o’ = ab-ce;...;¢ =ic- dh.
Similarly, we define the marked lattice Pla’,b,c,d' €', f',¢',h',i'] = CCW (L)
in the following way. The elements of P are all elements of L plus:
e candidate lines ad, be, cf, dg, eh, fi, ga, hb and ia,
e candidate lines ei, fa, gb, he,id, ae,bf, cg and bd,
e candidate atoms ad - ei,be - fa,cf - gb,dg - hc,eh - id, fi - ae,ga - bf, hb - cg
and ia - bd.
The order on P is defined as:

e restricted to L, order of P coincides with the original order of L,
e all new elements lie above the zero and below the unit of L,
e a,d<ad; ...; b,d <bd,



A NON-CAPPED TENSOR PRODUCT OF LATTICES

e ad-ei<ad,ei; ...; ia-bd < ia,bd,
e otherwise elements are incomparable.

And the marked elements are o’ = ad - ei, ..., i’ =ia- bd.
The constructions CW and CCW are illustrated in Figures 2 and 3 below.

FicURE 3. Ilustrating the construction CCW
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Lemma 2. If L is a marked lattice, K = CW(L), P = CCW(L), then

(i) In K and P candidate atoms are atoms and candidate lines are lines.
(ii) Atoms and lines of L remain correspondingly atoms and lines in both K
and P (except the “degenerate” line 1).
(iii) K and P are lattices.
(iv) K and P are marked lattices.
(v) L is a meet-subsemilattice of both K and P.

Proof. (i): The only element that lies below candidate atoms is the zero element
of L, so they are atoms. Now if we take candidate line zy, then there are four
elements below it: the zero of L, two marked elements of L, namely x and y, and
one candidate atom. Thus, zy is a line.

(ii): Trivial, as there are no new elements added below any atom or any line
of L.

(iii): As K and P are bounded posets of finite length then to prove that they are
lattices it is sufficient to prove that they are meet-semilattices. All meets between
atoms trivially exist, as well as meets between a line and an atom. Now, if we take
two lines then there are three possibilities. If we take two lines from L then their
meet is preserved from L. If we take two candidate lines then, by the construction
of the operators CW and CCW, they meet either at a candidate atom or at a
marked element, or else they have no atom in common, in which case they meet at
the zero.

Finally, if we take a candidate line [ and a line p from L then the only elements
that can lie below both of them, except for the zero, are marked elements of L. But
as any two distinct marked elements join at the unit, there is at most one marked
element of L below p, and so the meet exists.

(iv): Both in K and P the height of the unit element is three. Also any pair
of distinct candidate atoms have no common line above them, so they join at the
unit. Thus, it is a marked lattice.

(v): Trivial, as there are no new elements added below any atom or any line
of L. m

Notice that under the conditions of Lemma 2, L is a join-subsemilattice of nei-
ther K nor P.

We call an operator on marked lattices a finite zig-zag operator if it can be
represented as a finite composition of operators CW and CCW, that is,

k
Z:HZZ = Z]COZ]<3,10---OZ17
i=1
where k£ € N and each Z; is either CW or CCW. The number k is called the
degree of Z, denoted deg (Z). The operators CW and CCW are themselves finite
zig-zag operators of degree one, and we call them primitive zig-zag operators. We
denote by Z,.; the operator
l
Zr.=]]2 = ZioZi 1007,
i=r
where 1 <r <[ < degZ.
We follow the convention of treating the product of zero operators as the identity
operator Id, which we thus consider a zig-zag operator of degree 0. With this
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convention we allow the notation
r—1
Zr.rr=]]2 = 1.
i=r

We define an infinite zig-zag operator Z associated to the sequence of primitive
zig-zag operators (Zy),—,, denoted Z =[], Z;, as an operator which assigns to
a marked lattice L the direct limit of the sequence of bounded meet-semilattices

(Zlmk(L));il, where Z; (L) = Hle Z;(L), that is, Z(L) is a poset

oo k
Z(L) = U sz’(L)v

k=1i=1
and the partial order on Z(L) is given by
r<zyye ki <z, ,1)Y

The next lemma proves that, thus defined, Z(L) is an infinite bounded lattice of
length three.

Lemma 3. Let Z be infinite zig-zag operator and let L be a marked lattice. Then
Z(L) is an infinite lattice of length three, and Zi._ (L) is a meet-subsemilattice
of Z(L), for every k < w.

Proof. It follows from Lemma 2, (v) that all meets from Z(L) are preserved
in Z; (L), for every positive k. In particular, that the order on Z; (L) is
the restriction of the order of Z(L). Then indeed Z(L) is a meet-semilattice and
Z; . (L) is its meet-subsemilattice.

Now, observe that the length of Z(L) is the supremum of lengths of Zy (L) for
all k, and so it equals three. Thus, Z(L) is of finite length from which it follows
that it is a lattice. m

For infinite zig-zag operators we utilize the notation Zj. ; in a similar way as we
do in the finite case, however, we let [ = co. Note that in case [ is finite, Zj  ; is a
finite zig-zag operator, while Zj . ~, is an infinite zig-zag operator. We write that Z
is a zig-zag operator in case it is not essential for us whether Z is finite or infinite.
We say that the degree of an infinite zig-zag operator is oc.

The following observations of a combinatorial nature about the primitive zig-zag
operators will be useful for us in the subsequent sections.

Proposition 12. Let L be a marked lattice and let W be a primitive zig-zag op-
erator. Then for every line | € W(L) — L there is a unique line I* € W(L) — L,
called the conjugate of I, such that ! and I* meet at an atom in W(L) — L.

For example, for the operator CW the conjugate of the line ab is ce, and the
conjugate of ic is dh. Notice also that the equality I = I** holds for any line [
in W(L) — L.

Proposition 13. Let Lla,b,c,d,e, f,g,h,i] be a marked lattice. For a marked
element x € L define lcwx (correspondingly Lccwx) as the number of candidate
lines of CW(L) (correspondingly CCW (L)) containing x. Also define cw (z)
(correspondingly Ocow (x)) as the subset of those marked elements of L that join
with © at a candidate line of CW (correspondingly CCW ). Then the values of the
functions bcw, Lccw, Ofcw and Occw are given in Table 1 below.
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z Llowr Llocwe z bOcw(z) bccw(x)
a 3 5 a b,c,h d,e, f, 9,1
b 3 5 b a,c,t d,e, f,g,h
c 5 3 c a,bde,i f9.h
d 4 4 d ce f,h a,b,g,i
e 4 4 e c¢d,f.g a, b, h,i
f 4 4 f d,e,gh a,b,c,i
g 4 4 g e f hi a,b,c,d
h 5 3 h a,d, f, g, b,c,e

i 4 4 i byeg,h a,d,e, f

TABLE 1. The functions fcw, Ycow, fcw and Ocow.

In particular, lewz = |fcw(z)| and lcowz = |0ccow (x)|, for any marked
element x of L.

Let Liso, ..., ss] be a marked lattice, let W be a primitive zig-zag operator and
let ¢ be a marked element of L'[tg,...,ts] = W(L). Then we define the base of ¢,
denoted Bsw (¢), as the following set of marked elements of L:

Bsw(t) ={s: |0<i<8, tecCn(s;)}.
Observe that |Bscw (t:)| = |Bscew (t;)] = 4, for all i € {0,...,8}.

Lemma 4. Let L[sg,...,ss] be a marked lattice, let W be a primitive zig-zag op-
erator and let L'[tg, ..., ts] = W(L). Then the following inequality holds

|BSw(t¢) U BSW(tj) U BSw(tk” > 6,
for any distinct 1,5,k € {0,...,7}.

Proof. In the following proof all indexes are taken modulo 9. First of all, let us
observe that for ¢ € {0,...,7} (but not for ¢ = 8) the base of ¢; can be represented
as

Bscw (ti) = {8i,Sit1,8i42, Siva}
Bscow (ti) = {8i,5i+3, Sit4, Sits} -
In the case W = CW from this representation we can infer
[Bscw (ti) N Bscw (t;)| < 2
and thus
|Bscw (ti) UBscw (t5)| > 6,

for any distinct 4,5 € {0,...,7}.
In the case W = CCW the latter inequality does not hold, as, for example,

Bsccew (to) U Bscew (1) = {50, 53, 84, 57, 58}
On the other hand we can see that the inequality

|BSCw(ti) U BSCw(tj)‘ <5
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holds for distinct i,7 € {0,...,7} only if |i — j| = 4. As from any three distinct
elements i, j,k € {0,...,7} one can always choose a pair that does not satisfy this
condition, we infer

|Bsccw (ti) UBscew (t5) U Bscew (k)| > 6,
for any distinct ¢, j, k € [0, 7], thus finishing the proof. m
5. NORMAL LATTICES

We denote by Lg[ai,...,aq], or simply Lo, the marked lattice represented in
Figure 4.

FIGURE 4. The lattice Lg

We call a lattice L normal if there is a zig-zag operator Z* such that L = ZX(Ly).
We understand by the degree of a normal lattice the minimal degree of the zig-zag
operator Z, such that L = Z(Lg). We treat a normal lattice of finite degree as
marked lattice, that is, we allow a zig-zag operator to be applied to it. Notice also
that a normal lattice is of finite degree iff it is finite. Further on, we will work
exclusively with normal lattices.

We need the following technical result

Lemma 5. Let L be a lattice of length at most three and let x € L™, then the poset
obtained from L by removing x, denoted L*, is a lattice.

Proof. Let y,z € L*. If y VL 2z = w # x then y Vi= 2z = w. On the other hand,
if yVp z =z then y V= z = 1. Thus, every pair of elements in L* has a join, and
the meets are handled dually. m

Note that as all normal lattices are of length at most three, then Lemma 5 can
be applied to them.

Let L be a normal lattice, x € L™. Define the rank of x, denoted r(x), as

0, x € Lg;
r(z)=<2n—-1, zeZf (Lo)—ZF , 1(Lo), = is a line;
2n, reZt (Lo)—ZF . _1(Lo), = is an atom.

That way, all atoms in a normal lattice have even rank, all lines (except the “de-
generate” line 1 in Lg) have odd rank, and, informally speaking, an element of
rank k + 1 is generated by elements of rank k.

Let us define a binary relation < on a normal lattice L by w < y if w and y are
comparable elements of L™ and r(w) = r(y) — 1. We say that a subset C of L is a
cone if w <y and w € C implies y € C. For a subset S of L we denote by Cn(S)
the least cone of L containing S.
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Occasionally, we write Cn(x1,...,x) instead of Cn ({x1,...,xr}) to denote the
cone of {x1, ...,z }. For an element x of L we denote by Cn™ (z) the set Cn(x) — {z}.

Proposition 14. For any normal lattice L the following statements hold:

(i) Any distinct comparable elements x,y € L™ satisfy r(z) —r(y) € {—1,1},
that is, either x <y ory < x.

(ii) Fvery element x € L™ of rank k > 1 has ezactly two elements u and v such
that u,v < x.

(iii) Ewvery line of L of rank k > 1 contains exactly three atoms: two of rank
k—1 and one of rank k + 1.

(iv) Ewvery atom of L is contained in at most seven lines.

Note that in case z is an atom the two elements u and v of (ii) are conjugate
lines.

Corollary 3. If L is a normal lattice then all its intervals, except for the trivial
interval [0,1], are finite.

Let us state several trivial observations about cones.

Proposition 15. For any normal lattice L the following statements hold:

(i) All elements of Cu(x)~ have rank strictly greater than the rank of x.
(ii) The zero of L lies in Cu(S) only if it lies in S, and similarly for the unit.
In particular, Cn(z) C L™, for any x € L™.
(iii) For all x,y in L, if y € Cn(x) then Cn(y) C Cn(x).

Lemma 6. Let K be a normal lattice, then K — Cn(z) is a sublattice of K*, for
allx € K™

Proof. Suppose, to the contrary, that in K* there is y € Cn(z) such that y = u Vo
or y = uAwv, for some u,v € K—Cn(x). As the corresponding join or meet is proper,
then u,v € K, and also as Cn(z) C K~ then y € K~. Observe that u and v are
comparable to y, thus, by Proposition 14, (i) either u < y or y < u, and similarly
for v. But if y < u, then u € Cn(y), which is impossible, and so we get u, v < y.

Now, by Proposition 14, (ii) u and v are the only elements of K such that u, v<y.
As u,v ¢ Cn(z), then we may say that z<y, for any z € Cn(x). But, as y # x, this
implies y ¢ Cn(z), a contradiction. m

Now we need to establish a crucial fact about infinite normal lattices.

Lemma 7. Let L be a finite normal lattice and let W be an infinite zig-zag operator,
K =W(L). Then (L) . is finite, for any x in K — L.

Proof. As the rank of x is greater than the rank of all elements of L then by
Proposition 15 we get L C K —Cn(z). Observe that by Lemma 6 the set K —Cn(x)
is a sublattice of K* and so (L),. € K — Cn(z). Thus, to prove the finiteness
of (L) g it is sufficient to prove the following statement: There exists a positive
integer k such that all marked elements of W1 (L) belong to Cn(z).

By Proposition 14, (iii) every line [ has exactly one atom y of rank r(l) + 1
in Cn(l). For example, if W; = CW and the line is ab, then the relevant atom
is ab-ce. As Cn(y) C Cn(l), then, without loss of generality we may assume that x
is an atom.

Next, by Proposition 13, for both CW and CCW every marked element par-
ticipates in the generation of at least three new lines, which in turn participate in
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producing three new marked elements, uy, us and uz. For example, for the atom a
and the operator CW the corresponding lines would be ab, ha and ac, and the
corresponding atoms would be a1 = ab - ce, fi = fg - ha and hy = hi - ac. Thus,
Cn(z) 2 Cn(ug, ug, us).

Again by Proposition 13, only two out of the three elements wui, us, us can
produce three lines, at least one produce four or more. Say, if we consider the
marked elements a, f and h, and the operator is CCW, then there are four lines
and, correspondingly, four atoms generated from f, namely lines fa, cf, fi and bf,
and atoms by = be - fa, ¢y = cf - gb, f1 = fi-ae and g1 = ga - bf. In any case,
there are at least four distinct marked elements vy,...,v4 of Wy _ (L) such that
Cn(z) 2 Cn(vy,...,vq).

1\IOW7 let L2[807 ey 58] = ng(L) and Lg[to, ‘e ,tg] = ng(L), this way the
elements v1,...,v4 liein {sg,...,sg}. For any i € {0,...,8}, the element ¢; lies out-
side of Cn(vy, ..., vs) iff no vj lies in Bsw, (¢;). As |{so,...,s8} —{v1,..., 04} = 5,
then by Lemma 4 it follows that at most two elements from ¢, ..., ¢7 and possibly
the element tg are outside of Cn(vy,...,v4). So there are at most three elements
outside of Cn(vy, ..., v4), and thus at least six elements wy, ..., wg in Cn(vy, ..., v4).

Regarding the example, if we take the marked elements b, ¢, f, g and the operator
CW, then every marked element of CW(L) lies in Cn(b, ¢, f, g). For the operator
CCW, however, there are two marked elements, a; = ad - ei and e; = ef - gi that
lie outside of Cn(b, ¢, f, g).

Finally, as |Bsw, (x)| = 4, for any marked element x € Wy _4(L), and as there
are at most three marked elements from W 3(L) outside of Cn(vy,...,vs), then
all marked elements of W1 4(L) lie in Cn(vy,...,vs), and, consequently, in Cn(z).
n

Lemma 8. Let L be an infinite normal lattice, L = Z(Lg), let L™[a},...,a]] =
Z:. . (Lo), and let ¢ be a one-to-one lattice homomorphism from(a?,...,ay); to L.
Then the following two statements hold:
(i) The heights of elements of L remain unaltered by the homomorphism ¢.
(ii) The set {¢(al),...,p(ad)} coincides with the set of marked elements of
Z,. . .m(Lo), for some m > 0. That is, {¢(a}),...,¢(ad)} = {al,...,ad'},

where L™[a}, ..., a8"] = Z1..m(Lo).

It should be pointed out that {0,1} U {a¥,...,a§} is not a sublattice of L.
Moreover, the set L — (a7, ..., ag); is finite, so, informally, {a7,...,ay} generates
almost entire L.

Proof. (i): As the lattice (af,...,a§), is infinite, and as all intervals of L, except
for [0, 1], are finite, then ¢(0) = 0 and ¢(1) = 1. Now, suppose that ¢(z) = I, for
some atom x and line [. But then there is a line p € (a?,...,ag),, * < p, and

so | < ¢(p) < 1, which is impossible. Thus, ¢(z) is an atom whenever z is an atom,
and, by the similar argument, ¢(l) is a line whenever [ is a line.

(ii): We denote the set of marked elements of Zq _ (Lo) by Py, for any k > 0.
Observe that the elements of Pj are exactly the elements of L of rank 2k.

For a set X of atoms of L let us regard X as an undirected graph graph with
respect to relation R = {(z,y) | Vyis aline}. Then the set P; and, conse-
quently, the set ¢ (Py) are connected graphs. Let us denote the set of indexes
Iy ={i| P,N¢(P) # @}. Note that if two atoms x € P; and y € P; join at a line,
then either i = j£1 or i = j. This and the fact that P* is connected imply that I*
is an interval in N, which we denote by [m&, m¥]
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Notice that the statement {¢(al),...,¢(ad)} = {al*,...,al'} can be restated as
mg = my = m, for some m. We claim that the proof of this fact can further be
reduced to proving the following statement:

(1) If mf < mb for some k then mf*™ < mA™ and mEt < mf.

Indeed, let us assume that (}) holds and, arguing by contradiction, suppose that
m® < my. Then iteratively applying (1) we get m§ < m¥, for all k > n, and the
sequence {mk}2° s decreasing and nonnegative. Thus, there is N > n such that
all m§ are equal to M = m}), for all k > N. By the definition of I, we obtain
that Pys has a nonempty intersection with ¢(Py), for all k > N. As ¢ is one-to-one,
the sets Py are disjoint for all k, and P, is finite, we get a contradiction.

Now, let us prove that (}) is correct. To simplify the notation, in the proof below
we write my instead of mf.

Take z,y € Py such that ¢(x) € P, &(y) € Pmyt1, and I =z V y is a line. As
x and y have rank 2k then by Proposition 14 the rank of [ is 2k + 1 and there is an
atom wu of rank 2k + 2, that is, u € Px1, such that u < [. Applying Proposition 14
once again, we infer that u is the meet of two conjugate lines [ and [* of rank 2k +1.
Furthermore, I* is the join of two atoms z and w of rank 2k, that is, z,w € P*,
zVw = 1[*. Tt is clear that the elements z,vy, z, w, u,l and [* are pairwise distinct.

Let us consider the rank of the images of elements z, y, z, w, u, [ and {* under the
homomorphism ¢. Asr(¢(z)) = 2mg and r(p(y)) = 2mo—+2, then r(¢(l)) = 2mo+1
and r(¢(u)) = 2mg. For the rank of the line ¢(I*) we need to consider two cases:
either r(¢(1*)) = 2mo — 1, or r(¢(l*)) = 2mo + 1. However, in the first case we
get r(¢(z)) = r(¢p(w)) = 2my — 2, which is impossible as z and w lie in Py. Thus,
r(o(l*)) = 2mo + 1 and out of the atoms ¢(z) and ¢(w) one (say z) has rank 2my,
and another (say w) has rank 2mg + 2.

The above argument is illustrated in Figure 5 below.

. Py N o P . Pyt
¢(I*)
I ; l
I T
FIGURE 5

All in all, as u € Pyyq and ¢(u) € P, then mo € [mE™ mA ], yielding

m’g+1 < mf. Also notice that as the sets P,,, and ¢(Pyy1) are equal in size, and
as in Py, there are elements ¢(x) and ¢(z), which do not belong to ¢(Px1), then

some element of ¢(Py41) lies outside of Py, thus m§ ™' < mi™. m

6. THE COUNTEREXAMPLE
Let

L= (ﬁ Ck:) Lo
k=1
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where
k

C,=CCWo[[CW.
i=1
We denote the infinite zig-zag operator [[;-, C by Z, that is, L« = Z(Lg).
Notice that Z;. ., # szl Cy, as the operators Cj, are not primitive. Furthermore,
the operator szl Cy can be expressed as

(6) ]]Jl C}g == Zl.“n(n;»?,) .

We also denote the marked lattice Zi . ,(Lo) by Ly, the set of marked elements
of L, by P,, and the set of lines from which P, is generated by Q,. This way, P,
is the set of all elements of rank 2n, and @, of rank 2n — 1.

Now we are going to prove that the only automorphism of L., is the trivial
identity automorphism, in fact even a stronger property.

Lemma 9. Let Ly[af,...,a5] = Z1..n(Lo). Then the only one-to-one homomor-
phism from (af,...,ag); to Lo is a trivial embedding x — x.

Proof. Let ¢ be a one-to-one homomorphism from (af,...,ag); to Lo, notice
that {a?,...,a§} = P,. By Lemma 8 the homomorphism ¢ preserves heights of
the elements of (af,...,ag),_, and ¢[P,] = P, for some m. Observe that the sets
Qr+1 and Pi41 can be expressed as

Qi1 = {z € P | z is a line},
Pyy1 = {z € P/ — Py | x is an atom},

for any k > 0. From this representation it follows that ¢[P,44] = Pmiaq and
 [Qntd+1] = Qm—+d+1, that is, ¢ establishes a bijection between Q. 44+1 and Qutd+1,
and between P, 4 and Py, 4, for any d > 0.

We claim that for all d > 0 and for all x € P, 4 the following equality holds

o [92n+d+1 (Z‘)] = 921n+d+1 (d)(x))
Indeed,

ye [aznﬁ—dﬂ-l(x)} = ¢_1(y) € 0Zn+d+1(x) = (b_l(y) V€ Qntdl
SyVo(r) € Qmidr1 &y €0z, 4, (0(2)).

In particular, we get 0z, .. (x) = 0z, .., (#(x)). Notice that as Z, 41 and
Z,,+d+1 are primitive zig-zag operators, then the notation 6z and 0z, .,,, is
justified.

Let us consider the case when m # n. We claim that in this case we can
choose d > 0 such that Z,, 1441 = CW and Z,,1411 = CCW. Indeed, take
N > |m — n| and denote my = w Then by (6) we get Z,,, = CCW,
and Z,, = CW for all ng such that ng # mg and |ng — mo| < N. Additionally,
let N be big enough so that m < mg, and put d = mg —m — 1. Then Z,, 1411 =
Z,, = CCW. Furthermore, [n+d+1—mqg| = [n—m| < N, thus, Z, 4.1 = CW.

Denote the marked elements of P,4 by a,b,c,d e, f,g,h,i and of P,+q by
a, 5, 578757?,575, i. As fcw((l) = ch(b> = 3, and fccw(ﬁ) = fccw(é) =3, we
get ¢(ab) = ch. Trivially, ¢ maps conjugate lines to conjugate lines, so ¢(ce) =
¢(ab*) = ch’ = dg. But this is impossible because fow(c) = 5 and locw (d) =
leew (9) = 4.

n+d+1
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We finally need to consider the case when ¢ [P,] = P,,. In the remaining part of
the theorem we denote the marked elements of P, by a,b,c,d,e¢, f, g, h,i.

If Z,,-1 = CW then by the above argument we get ¢(ab) = ab, and ¢(ab*) =
¢d(ce) = ce. As ¢(c) = ¢(h) = 5, we get ¢(c) = ¢,d(e) = e and ¢(h) = h.
Now we use fcw to determine the values of ¢ on the remaining marked ele-
ments. From Ocw(¢(d)) = {c,e,h, ¢(f)} we get ¢(d) = d and ¢(f) = f. From
Oow(9(9)) = {e, f,h, 3(i)} we get ¢(g) = g and §(i) = i. And from dow (B(b)) =
{c,i,0(a)} we get ¢(b) = b and ¢(a) = a. Thus, ¢ is an identity.

If Z,,+1 = CCW then by considering {ccw we get ¢(ch) = ch, and ¢(ch*) =
¢(dg) = dg. Thus, either ¢(h) = h, or ¢(h) = c¢. But in the latter case we
get Ocow (0(h)) = {o(b),d(c),p(e)} = {f,g,h}, which is impossible because
lecew(b) = 5 and so ¢(b) € {a,b}. Thus, ¢(h) = h and consequently ¢(c) = c.
Also from Occow (¢(h)) = {o(b),c, p(e)} = {b,c,e} we get ¢p(b) = b, ¢(e) = e and
as fcow (a) = 5 then ¢(a) = a. From cew (¢(g)) = {a,b, ¢, p(d)} we get ¢(g) =

and 6(d) = d. And from boow (6(1)) = {a,d, e, 6(f)} we get 3(i) = i and 6(f) = f.
Again, ¢ is an identity. m

7. THE PROOF

We are going to prove that the tensor product L., ® L is a lattice and that it
contains a noncapped compact bi-ideal, confirming Conjecture 1.

Throughout this section in order not to get lost between the order of L and its
dual we will stick to the order of L.,. This way, the elements of L, ® L2P, which
by Remark 1 lie in Hom ((LO ; ) (LOP A Lop)) become JOln—homomorphlsms from

LY to Lo, and correspondingly the elements of LSP ® Lo, become meet-homo-
morphisms from L to L.
Rewritten in these terms, the pure tensor takes form

a®@b={(z,y) € Loo X Loo |z <a, y>b}U_L

where

L =({0} x Loc) U (Lo x {1}),
for all a,b € L. Formula (2) takes form
(2)) E@)=N\Wili<N, z<a),

for all z € LY, where a;,b; € Lo, for i < N. Thus defined, £(x) is an isotone step
function. Similarly, formulas (3) and (4) for one-step adjustment take form

(3) /\(\/s S €C@),
() 5< s n A\ (VesiIsec@).
We start with the following technical lemma

Lemma 10. Let K be a lattice of length at most three. Then
(i) For any x € K~ and anyy € K, y # x, the following equality holds

C(y) — C(z) = Ck=(y) — C(x).
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(ii) Let x be an atom and let w be a line in K, x < w. For a subset S C K let
us define the subset S C K* by

g _ S, x &S,

S —{z}+{w} zes,

then for all y € K® the following equality holds
{S15€Cy}=1{515€Cr=(y)}-

We recall that C(a) and Cg=(a) are the sets of finite join-covers of ¢ in K and
in K* correspondingly.

Proof. (i): If a subset A C K is finite and = ¢ A then either \/ ;o A = \/, A
or \/ A = x. Thus, for any finite subset S C K such that S ¢ C(z) we get
Vi S = Vg, S, which immediately proves the claim.

(ii): Take y € K* and S € C(y). Then \/S > \/ S >y and z¢ € S, thus, S €
Ck=(y) and {S | S € C(y)} C{S|S € Ck«(y)}. To prove the opposite inclusion
we take S € Ck=(y). Then either \/ . S = \/ S or /'S = z, but the latter is
impossible as z is join-irreducible. Thus, \/x. S =V S and S € C(y). As S =S
we get {S|S € C(y)} 2{S|S € Cka«(y)}, and consequently {S | S € C(y)} =
{S]S€Cke(y)}. m

The following two theorems establish a crucial property of Lo, x L2, namely,
that in Lo, x LS there is at least one noncapped compact bi-ideal, and that all
noncapped compact bi-ideals are “almost” identical.

Theorem 2. The set £ = {(z,y)|x <y} is a noncapped compact bi-ideal in
Lo X L2P.

Proof. For every element © € L the pair (z, ) lies in E. Additionally, z ® x is
the only pure tensor which is a subset of E and which contains (z, z) as en element.
This means that the smallest representation of E as a union of pure tensors is

E:U(x®x|x€L;O),

which is obviously infinite, thus proving that F is noncapped.
On the other hand, we use the fact that the elements ai,...,a9 generate en-
tire Lo, thus by Proposition 3 the set E' can be represented as

E:U(x®x|z€Loo)
=JWw(ar,...,a9) ® pP(as, ..., a9) | p € F(n))
:\/(ai®ai l[i=1,...,9).
So, E is a join of the finite number of pure tensors, and thus it is compact. m
Lemma 11. Let I be a noncapped compact bi-ideal in Loo X L2P,
I=\/(a;®b; | i <N).

Let p; = e Y(X), o = e Y(E). Then ¢; differs from ¢ only in a finite number
of elements.

Proof. Let & be the isotone step function from LI to L9 obtained from the
elements a; and b;, i < N by formula (2'), that is,

§z) = \®ili<N, z<a),
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and let p: Ll — L be its dual. Without loss of generality take a; > 0 and b; < 1,
for all i < N. By Theorem 1 and Corollary 1, o7 = £“) and ¢} = p(@).

We recall that £ is a join-homomorphism from L% to Lo and p) is a meet-
homomorphism from L to L. Notice that both & @) and p) are isotone map-
pings and the following statement holds

(1) (w,y) el aw=00r ¥ (z) <y

Sy=1orz<p@(y),

for all z,y € L.

Fix ko such that a;,b; € Ly,, for all i < N. Now, step by step, we prove that
there is some ry such that &) preserves heights of all elements in LY., except for
the atoms and lines of L,,_;; that is, £“) maps points, lines and the unit of LY to
points, lines and the unit of L., correspondingly, or, alternatively, to lines, points
and the zero of LS correspondingly.

(i) €9(1) =1.
If ¢“)(1) = a < 1 then by (1) we get 1 = p“)(a). Then

P (y) = p“(y) A p™)(a) = p“)(y A a),

for all y € LY. Thus, p)(y) @ y C p™)(y Aa) @ (y Aa), for all y € L%, and
by Corollary 2 we get

IZU(P(“)(Z/)@vnyeL})o)
=U<p(”)(yAa)®(yAa)|yeL;O)
=U<p(‘“)(y)®y|ye [O,a]).

As the interval [0, a] is finite, I is a finite union of pure tensors and thus it is
capped, a contradiction.
(i) p)(0) = 0.
Just as in (i), if 0 < b= p()(0) then £“)(b) = 0. Consequently, £« (z) =
€@ (b v ) for all z € LY, and the rest of the proof follows.
(iii) €@ (z) > 0, for all z > 0.
If not, then p()(0) > 2 > 0, a contradiction.
(iv) p@)(z) <1, for all z < 1.
If not, then £(“)(1) < z < 1, a contradiction.
(v) €@)(z) < 1, for all & € Loy — Ly, .
Suppose otherwise, so there is £g € Loo — Ly, such that £€“)(zo) = 1. Then
£ (z9) = 1, for all n < w. Notice that z < 1 and = # a;, for all i < N. Let
vt (L20)% — L, be the isotone step function defined by (2), just as the
function ¢, but with the domain (L%9)° instead of LY , that is

gwo(y) = /\(bz | t<m, y Sng Cli>.

We claim that the following statement is true: For all n > 0 and for all
y € (L20)° the equality £ (y) = €™ (y) holds. The proof is by induction
on n.
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The base of induction is given by f ) ( ) = & (y) = €O(y), for all y €
(L%0)Y, which is trivial. On the other hand, by (3') we get

) = A (VeS8 € cw)

for all n > 0 and all y € (L%)°. If S € C(x0) then \/ £M™[S] = 1, and thus
the above statement can be rewritten as

gt () = A (VE™IS] 1S € Cly) - Clan)) -
By Lemma 10, C(y) — C(z) = Crz_(y) — C(z) and so

gty = A\ (VE™IS] 1S € Cre (y) - Clao) )
= A (VEDIS]15 € Cre () - Clan))

and by the same argument as above

() = A\ (VIS8 € Cra ) = € w).

Thus, 55-? (y) = €™ (y) and consequently fgf;) (y) = €@)(y), for all n > 0
and all y € (L%)°.

Notice that 59(;;) is an element of L I (LZ0)°P and géﬁj) = ¢(J) where J is
the compact bi-ideal in Lo, ® (L%9)°P,

J:\/(ai®bi|i<N).

Let ¢;: LI, — L. be the meet-homomorphism defined by ¢; = n(J) =
( g(g‘;’)) . Using the representation from Corollary 2 we get

T=UJ@sweylyedili<N)m)
= U(¢J(y) ®@y |y € (Liy)pzo) -

By Lemma 7, the set (L, ). is finite, thus J is capped. But from éﬁ)(y) =
€@ (y) we get
I'=JU (20 ® ¢r(wo)),

thus I is also capped, a contradiction.
p)(x) >0 for all x € Lo — Ly, .

Just as in (v), we take xg € Lo, — Ly, such that p(“)(x) = 0, and by the
same argument prove that p() = pg‘;). As the bi-ideal J defined by pg:;) is
capped, then so is I, a contradiction.

For every atom x from L., such that @ & Ly,, £“)(z) is an atom in L,

Arguing by contradiction, take an atom z¢ € Lo, 9 € Lyi, such that
u = €@ (xg) is not an atom. By the above argument 0 < £©)(z0) < 1,
which means that « is a line. Similarly as in (v), we introduce the isotone
step function &,,: (L%)? — L. and argue by induction that the equality

) () = €™ (y) holds for all n > 0 and all y € (L20)°. The base of induction,
n = 0, is obvious.



22

(viii)

(ix)

(x)

BOGDAN CHORNOMAZ

Notice that the sequence (€*)(zg) | k < w) is decreasing in L, and all its
elements lie in [€() (), 1] = {u, 1}. Thus, there exists a unique m such that
€W (z9) =1 for i <m and £U)(z) = u for j > m + 1. Then by (4') we get

=€ (o) = A\ (\€™IS]] S € C (o))

Thus, there exists a join-cover Sy € C*(z¢) such that u = \/ €™ [Sp]. As S,
is a nontrivial join-cover of z(, and as x( is an atom, and, consequently, is
join-irreducible, it follows that \/ So =1 > xo.

As £ is isotone, we get £€5)(z0) < £H)(1), for all k > 0. On the other
hand,

¢W @) <ty < \/€[Se] = u = W (o),

for all k > m+1. And €®) (1) < 1 = £®)(x9), for all k < m. Thus, £*)(zq) =
) (1), for all k > 0. Notice also, that as £+ (1) = u < 1, then by (i) we
infer that zo <1 < 1, thus [ is a line.

For a subset S C L, let us define the subset S C L% by

s_Js zo & S;
S —{zo} +{l} z0€S.

Notice that by the above argument we get \ ER[S] = \/ £PR[S], for all k > 0.
By Lemma 10, {S | S € C(y)} = {S | S € Cpzo(y)}, for all y € LT Now,
let us prove the induction step

§(n+1)

) =\ (V1811 8 € Cy)
=N\ (VeI €cw)
= A (VD8] 8 € Crav)
=0t (y),

for all y € L%9. Then by the same argument as in (v) we infer that I is capped
together with the compact bi-ideal J in Lo ® (LZ9)°P, defined by

JZ\/((li®bi|i<N),

a contradiction.
For every line [ of Lo, such that [ ¢ Ly,, p(‘*’)(l) is a line in L

Same argument as in (vii).

For every line [ of Lo, such that I & Ly, 11, £« (1) is a line in Lo,

Arguing by contradiction, let us take a line | € Lo, such that | ¢ Ly, 41
and a = £“)(1) is an atom in L.,. Now, take an atom y < 1. Asl ¢ Ly, 1
and y is comparable with [ then y ¢ Ly, , and so by (vii) the element &) (y)
is an atom in L. But £@)(y) < @) (1) = a, and so €& (y) = a.

Next, take a line p # [ such that p > y and let b = £“)(p). From the
above argument, b is either a line or an atom. As p > y then &) (p)=0b>
£ (y) = a, and consequently p)(b) > p{“)(a). But by Proposition 2 we get
p)(a) > 1 and p)(b) > p. Thus p“)(b) > 1V p =1, a contradiction.

For every atom x from Lo, such that x ¢ Ly, .1, p“) () is an atom in L,

Same argument as in (ix).
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If we take rg = ko+2 then £(“) preserves heights of all elements in Lo — Lyy—1=
Loo — Liy+1- As all atoms and lines of (P,,) lie in Lo, — Ly,_1, then ) preserves
heights of all elements in (P,.).

We claim that the mappings £() and p(*) are one-to-one on (Pr,)- Indeed, take
two distinct elements ay,as € (P,,) and suppose that £)(a1) = £)(ag) = b. Then
either all three elements a1,as and b are atoms, or all three are lines. However,
as £ is a join-homomorphism then f(“’)(al V ag) = b. But then the elements aq
and a1 V ay have same heights, a contradiction. For p(“) the argument is similar.

Take

= max{k: |32 € Loo — Ly_1: £€@)(z) € LTO} :
ro = max{k | 3 € Lo — Ly—1: p“)(2) € L,.O}

and
7 = max(rg, r1,72).

Notice that as L,, is finite and the mappings €@ and p) are one-to-one, then
the maximums in the above definitions exist, thus 1 and r, are defined correctly.
Then £@) and p) preserve heights on Lo, — Ly, £“)(x) € Lo — Ly, and @) (x) €
Loo — Ly, for all 2 € Ly, — Ly, from which it follows that the mappings p(“) o )
and £ o p(*) also preserve heights on Lo, — Ly.

Now we argue that £¢) is a homomorphism on (Pr). Indeed, we already know
that it is a join-homomorphism. From (1) it follows that the inequalities

z < pog®) (z)

and

2> 69 0 f)(z)
hold, for all z € L, whenever £¢)(z), p)(x) € L. Then, as £“) o p() and
€@ o p@) preserve heights on Lo, — Ly, it follows that p(«) o ¢@)(2) = z and
€W o p@(y) =y, for all z,y € Lo, — Ly. Thus

§(anb) =9 (P (@) A gD (b)) = €90 (£)(a) A€W (D))
=€) AEW ).

Finally, we see that £(*) is a one-to-one homomorphism from (Pr) to Lo, thus, by
Lemma 9 the homomorphism ¢“) is an identity mapping, which means that £“)(z)
coincides with pg(z) on (Pr). As Lo, — (Pr) is finite, this proves the lemma. m

Theorem 3. For every pair of compact bi-ideals I, J € Lo, ® L, the bi-ideal INJ
is compact.

Proof. If both I and J are capped then it is straightforward.

If I is capped and J is not, then one can write I = J(z; @ y; | ¢ = 1,...,n).
Then INJ =J;_, (z; ® y; N J). As all nontrivial intervals in Lo, and L2 are finite,
then every (z; ® y; N J) is a compact bi-ideal, and thus so is their finite union, so
I N J is compact.

Finally, if both I and J are not capped, then by Lemma 11 there is a finite k
such that prn; = @5 =@y = g on Ly — Lg, and so I N J is also compact. ®

Finally, by putting together Theorems 2 and 3 we obtain immediately the fol-
lowing solution of Conjecture 1.
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Theorem 4. The tensor product Lo, ® L2 is noncapped and is a lattice.
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