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DENSITY OF POTENTIALLY CRYSTALLINE
REPRESENTATIONS OF FIXED WEIGHT

EUGEN HELLMANN AND BENJAMIN SCHRAEN

ABSTRACT. Let K be a finite extension of Q, and let p be a continuous,
absolutely irreducible representation of its absolute Galois group with values
in a finite field of characteristic p. We prove that the Galois representations
that become crystalline of a fixed regular weight after an abelian extension are
Zariski-dense in the generic fiber of the universal deformation ring of pg. In
fact we deduce this from a similar density result for the space of trianguline
representations. This uses an embedding of eigenvarieties for unitary groups
into the spaces of trianguline representations as well as the corresponding
density claim for eigenvarieties as a global input.

1. INTRODUCTION

The density of crystalline representations in the generic fiber of a local deforma-
tion ring plays an important role in the p-adic local Langlands correspondence for
GL2(Q,) and was proven by Colmez [Co| and Kisin [Ki4] for 2-dimensional represen-
tations of Gal(Q,/Q,). This density statement was generalized by Nakamura [Na2]
and Chenevier [ChI] to the case of 2-dimensional representations of Gal(Q,/K)
for finite extensions K of QQ, resp. to the case of d-dimensional representations of
Gal(Q,/Q,) and finally the general case was treated in [Na3d].

In this paper we prove a slightly different density result in the generic fiber of a
local deformation ring. The above density statements make heavy use of the fact
that the Hodge-Tate weights of the crystalline representations may vary arbitrarily.
Contrary to this case, we fix the Hodge-Tate weights but vary the level, or, more
precisely, we allow finite (abelian) ramification and allow the representation to be
potentially crystalline (more precisely crystabelline).

Note that this density statement is of a different nature than the density of
crystalline representations. The density of crystalline representations holds true in
the rigid generic fiber (Spf R)"® of the universal deformation ring R of a given
residual Gal(Q,/K)-representation 7. In contrast to this result, the density of
potentially crystalline representations of fixed weight only holds true in the “naive”
generic fiber Spec(R7[1/p]), as the set of representations with fixed (generalized)
Hodge-Tate weights is Zariski-closed in the rigid generic fiber (Spf R;)™e.

In the special case of 2-dimensional potentially Barsotti-Tate representations of
Gal(Q,/Q,) our result gives a positive answer to a question of Colmez [Col.

A proof of this result (for 2-dimensional representations of Gal(Q,/Q,)), using
the p-adic local Langlands correspondence, was announced previously by Emerton
1
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and Paskunas. Our approach does not make use of such a correspondence and works
in all dimensions and for arbitrary finite extensions of Q,. We were motivated by
the case of 2-dimensional potentially Barsotti-Tate representations, as for these
representations an automorphy lifting theorem is known [Ki2]. We hope to apply
our density result to patching techniques in the future.

More precisely our results are as follows. Let K be a finite extension of Q, and let
Grx = Gal(Q,/K) denote its absolute Galois group. Fix an absolutely irreducible
continuous representation 7 : Gg — GL4(IF) with values in a finite extension F of
F,. As the representation is assumed to be absolutely irreducible, the universal
deformation ring Ry of 7 exists.

Theorem 1.1. Assume that p 1 2d and ¥ % T ® €, where € is the cyclotomic
character. Let k = (k;») € HU:K;)@D Z% be a regular weight. Then the represen-
tations that are crystabelline of labeled Hodge-Tate weight k are Zariski-dense in
Spec Rz[1/p].

Similarly to the proof of density of crystalline representations we use a so called
space of trianguline representations. This space should be seen as a local Galois-
theoretic counterpart of an eigenvariety of Iwahori level. Indeed it was shown in
[He2] that certain eigenvarieties embed into a space of trianguline representations
in the case K = Q,. This result is generalized to the case of an arbitrary extension
K of Qp in section @ below. In fact we prove the following density result for
eigenvarieties which might be of independent interest.

Let F be an imaginary quadratic extension of a totally real field F' such that
[F: Q] is even and let G be a definite unitary group over F which is quasi-split at
all finite places. Let Y be an eigenvariety for a certain set of automorphic represen-
tations of G(Ar) as in [Ch3l 3] which comes along with a Galois pseudo-character
interpolating the Galois representations attached to the automorphic representa-
tions at the classical points of Y. Given an absolutely irreducible residual represen-
tation p : Gal(Q/E) — GL4(F) there is an open and closed subspace Y; C Y where
the pseudo-character reduces to (the pseudo-character attached to) p modulo p.
This gives rise to a map Y; — (Spf R;)"8 to the rigid generic fiber of the universal
deformation ring R of p.

Theorem 1.2. Fiz an algebraic irreducible representation W of G(F®gR). Let f €
R5 such that f vanishes on all classical points z € Y5 corresponding to irreducible
automorphic representations II with Iloo = W. Then f vanishes in I'(Y;, Oy).

We prove Theorem by extending Theorem to the space of trianguline
representations X (puw,), using a map f : Y; — X(py,) constructed in Theorem
below. Here py, is the restriction of p to the decomposition group at some
place wy of E dividing p. The second step in the proof of Theorem [I.1] then
is to realize a given residual representation 7 : Gx — GL4(F) as the restriction
to the decomposition group at wy of a Gal(Q/FE)-representation arising from an
automorphic representation of G(Ap). This construction was already carried out
in [GK] or [EG] for example. Using Theorem we are then able to prove that an
element of R, ~vanishing at all crystabelline points of Hodge-Tate weight k has to
vanish on all those irreducible components of X (p,,) that contain (the image of)
an eigenvariety.
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The final step is to use use the Zariski-density of the image of the space of trian-
guline representations in the deformation space, which is the main result of [Na2|
and [ChI]. We have however to refine this density statement replacing this space
of trianguline representations by the union of its irreducible components containing
automorphic points of finite slope, i.e. we prove the following theorem (see the body
of the paper for a more precise definition of X (p, W )*"* and Y (W, S, €);5).

Theorem 1.3. Let X(p, W4 )*"" denote the union of those components of the
space of trianguline representations that contain the image of some eigenvariety
Y (W, S, €);5 of non-specified level S away from p. Then X (p, Woo )™ has Zariski-
dense image in the rigid analytic generic fiber of the universal deformation ring of
Puwq -

In this aim, we have to prove that this union of components contains sufficiently
many crystalline points which are non critical and whose all refinements are non
critical and stay in this particular union of irreducible components. We then reduce
this existence to the proof of the fact that such generic crystalline points form a
Zariski-open subset of the scheme parametrizing crystalline representations of fixed
Hodge-Tate weights together with a density statement of automorphic points in an
union of irreducible components of this space. The first of these two facts is proved
using the existence of an universal Breuil-Kisin module on such a space and the
second using the theory of Taylor-Wiles-Kisin systems.

Acknowledgments: We would like to thank C. Breuil, M. Emerton, M. Rapoport,
P. Scholze and V. Sécherre for helpful comments and conversations. Especially we
would like to thank G. Chenevier for answering a lot of questions and for point-
ing out a gap in the first version of the paper. Further we thank O. Taibi for
pointing out a gap in the original argument. The first author was supported by a
Forschungsstipendium He 6753/1-1 of the DFG and acknowledges the hospitality
of the Institut de mathématiques de Jussieu in 2012 and 2013. Further he was par-
tially supported by the SFB TR 45 of the DFG. The second author was supported
by the CNRS, the University of Versailles and the project ThéHopaD ANR-2011-
BS01-005. He would like to thank IHES for its hospitality during the last part of
the redaction.

Notations: We fix the following notations. Let @, be an algebraic closure of
Qp, | - | and val the norm and valuation on Qp extending the p-adic norm and
valuation of Q,. Let K C @, be a finite extension of Q, and let K, denote the
maximal unramified subextension of Q, in K. We fix a compatible system €, € Q,
of p"-th roots of unity. Let K,, = K(e,) C @p, Ko =U,, K, and K|, the maximal
unramified subextension of Q, in K. We will write G;, = Gal(Q,/L) for any
subfield L C Q. Finally we write I' = T'x = Gal(K/K). We define the Hodge-
Tate weights of a de Rham representation as the opposite of the gaps of the filtration
on the covariant de Rham functor, so that the Hodge-Tate weight of the cyclotomic
character is +1.

We choose a uniformizer w € Ok and normalize the reciprocity isomorphism
recr : K* — W2P of local class field theory such that w is mapped to a geometric
Frobenius automorphism. Here W2P is the abelization of the Weil group Wx C G
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and the reciprocity map allows us to identify O with a subgroup of G, the
maximal abelian quotient of G . Further we write ¢ : G — pr for the cyclotomic
character.

Finally, given a crystalline (resp. semi-stable) representation p : Gx — GL4(Q,)
we write Deris(p) (resp. Dgi(p)) for the filtered ¢p-module (resp. (¢, N)-module) asso-
ciated to p by Fontaine (cf. [Fol]). Further we write WD(Dq,is(p)) and WD(Dg(p))
for the Weil-Deligne representations associated respectively to Deis(p) and Dgt(p)
by the recipe of Fontaine in [Fo2]. A similar notation is used for potentially crys-
talline (resp. potentially semi-stable representations).

2. THE SPACE OF TRIANGULINE REPRESENTATIONS

Let X be a rigid analytic space and recall the definition of the sheaf of relative
Robba rings Rx = Rx, k and R} = ’R} i for K. If the base field K is understood
we will omit the subscript K from the notation. This is the sheaf of functions that
converge on the product of X with some boundary part of the open unit disc over
K|, see [Hell, 2.2] or [KPX], Definition 2.2.3] for exampleﬂ If X = Sp L for a finite
extension L of Q, we will write Ry, = Ry, i for (the global sections of) this sheaf.
This sheaf of rings is endowed with a continuous Ox-linear ring homomorphism
¢ : Rx — Rx and a continuous Ox-linear action of the group I'. Recall that a
(p,T')-module over a rigid space X consists of an R x-module D that is locally on
X finite free over Rx together with a ¢-linear isomorphism ® : D — D and a
semi-linear I'-action commuting with ®.

Let us write Uy, for the open unit disc over a p-adic field L and U, ;, C Uy, for the
admissible open subspace of points of absolute value > r for some r € p2 N[0, 1).
Given such an r we write R’y for the sheaf

XDOU—T(U x U, g,, Ouxu

ko)
and we write R} for the sheaf RS of functions converging on the product X x Ug, .

Given a family of G -representations V over a rigid space X, the work of Berger-
Colmez [BeCo| and Kedlaya-Liu [KL] associates to V a (¢,I')-module Dlig(V) over
Rx.

Given a (p,I')-module D over X, we write H} (D) for the cohomology of the
complex

A p—idy—id Aid —7)@(p—id)
_— R

DA@ D DA,

Cer(D)=[D

where A C T is the p-torsion subgroup of I" and v € I'/A is a topological generator.
It is known that the cohomology sheaves H;I(D) are coherent Ox-modules for
i=0,1,2, see [KPX| Theorem 4.4.5].

2.1. The parameters. In this section, we recall the construction of the space
(¢, T')-modules of rank 1 over R essentially following [Co]. This is first step toward

a construction of the trianguline space.

IThe sheaf Rx is denoted by %’; rig in [Hel]
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Let W = Homeont (OF, Gy (—)) be the weight space of K. This functor on the
category of rigid analytic spaces is representable by the generic fiber of Spf Z, O]
Further let 7 = Homeont (K%, G, (—)). There is a natural projection 7 — W given
by restriction to O . The choice of the uniformizer w gives rise to a section of this
projection and identifies 7 with G,, x W via 6§ — (§(w), 5|le<). Especially T is
representable by a rigid space.

We recall how the (¢, T')-modules of rank 1 over a rigid space X are classified by
T(X), see [KPX| Theorem 6.1.10] (and also [Nall 1.4] for the case X = Sp L in the
context of B-pairs).

Let X be a rigid space over Q, and let D be a rank 1 family of K-filtered ¢-
modules over X. Recall that this is a coherent Ox ®q, Ko-module that is locally
on X free of rank 1 together with an id ®¢-linear automorphism ® : D — D and a
filtration Fil* on D = D ®k, K by Ox ®q, K submodules that are locally on X
direct summands as O x-modules.

Assume that X is affinoid and defined over the normalization K™°'™ of K inside
@p and assume that D is free. Then such a K-filtered ¢p-module may be described as
follows. There exists a uniquely determined a € I'(X, O%) and uniquely determined
ks, € Z for each embedding o : K — K""™ such that D 2 D(a; (k,),) where
®Fo:Q] acts on D(a; (ke),) via multiplication with a ® id € T'(X, Ox ®q, Ko)*
and
0 1 # —ko

2.1 ‘D) ®oy id@e Ox
(2.1) (8r' D) ®ox@q, K idws Ox {OX =k

for all embeddings o : K < Q,.

Given k, € Z for each embedding o : K — Qp we consider the following special
K-filtered p-module D((k,),) over L = K™ whose filtration is given by (2.1))
and which has a basis on which ®[f0:@] acts via multiplication with [, o(w)*>.

Let X be an affinoid space defined over K™ and let D be a K-filtered ¢-module
over X. Associated to D there is a (¢,T')-module Rx (D) of rank 1 as follows. We
write

D = D(a;(0)s) @k, D((ks)o)
for some k, € Z and a € T'(X, O%) and define
Rx(D(a;(0)5)) = D(a; (0)) ®ox@q, Ko Rx
where ¢ acts diagonally and I' acts trivially on the first factor.

Given o : K < K"™ we write t, € R}no,m for a period of the character oo xr
from Gx into Ofuorm as in [KPX| Not. 6.2.7]. Then [], ¢, is equal to the usual
period of the cyclotomic character ¢t = log([(1, €1, €2,...)]) € Rap C Rinorm, Up to

multiplication by an invertible element of ’R}o
Using this notations we write
Rx(D((ks)s)) =[] thRx ¢ Rx[{]
with action of ¢ and T inherited from R x[1/t]. Finally we set
Rx (D) =Rx(D(a; (0)s)) @rx Rx(D((ko)s))-
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More generally, let 6 : K* — I'(X, O%) be a continuous character. Then there is a
(¢, I')-module Rx(d) of rank 1 associated to ¢ as follows, cf. [KPX| Construction
6.1.4]. Write § = §,2 with 51|le( = 1 and such that d5 extends to a character of

Gk . Then we set

Rix(8) = Rx(D(31(), (0)0)) ©rx Dfsy(32).
We write §(D) for the character of K* such that Rx(§(D)) = Rx (D).

)=

Further, we can check that, given k, € Z, the character §(D((ky)o)) associated
with the K-filtered ¢-module D((k,),) is given by 6((ky)s), i.e. by the character
z > [1, o(2)%. We write dw((ky)o) for the restriction of §((ks),) to O. Finally
we have e orecx = d(1,...,1)[0(1,...,1)].

Lemma 2.1. Let § € T(L) for a local field L D K"™. Then
HY ((RL(6)) # 0 <= = 6((—ky)o) for some ( GHUK L Z>o,

H9297F(RL(5))7£0<:>5:€~5((]€ )o) for some ( GH s LZ>0
Especially Hé7F(RL(5)) has L-dimension [K : Q)] if and only if

6 ¢ {0((~ka)o)se - 8((ka)o) | (ko) € T Zz0}-

Proof. This is [KPX| Proposition 6.2.8], cf. also [Nall, Proposition 2.14]. O

Notation 2.2. (i) Let us write Treg C T for the set of regular characters, i.e the

characters
6 ¢ {3((=ko)o)se - 8((ka)o) | (ko) € [T Z20

(ii) Let d > 0 be an integer. We define the set of regulmﬂ parameters T, C T4
to be the set of (dy,.. 6d) € T% such that §;/8; € Treg for i # j. Note that by
construction 7;eg #( reg) .

(iii) A weight 6 € W(Q,) is algebraic of weight (ko) if 6 = Sy ((ko)o)-

(iv) We say that § € W(Q,) is locally algebraic of weight (ko ), if § ® dw((—ks)o)

becomes trivial after restricting to some open subgroup of 0.

(v) An element k = (ksi)0 € [], 7% is called strongly dominant if ko1 > kyo >
«> kg q for all o.

(vi) Let k = (k)0 € [], Z%. We say that (01,...,0q) € W4(Q,) is algebraic of
weight k if §; is algebraic of weight (ky;),. An element § = (J1,...,84) € WH(Q,)
is called locally algebraic of weight k if §; is locally algebraic of weight (ks ;),. The
set of weights that are locally algebraic of weight k is denoted by Wfila C WQy).

2.2. The space of trianguline (p,T')-modules. We extend the construction of
the space of trianguline (¢, I')-modules with regular parameters given in [ChI] to
our context.

Let d be a positive integer and consider the functor 3(‘1:' that assigns to a rigid
space X the isomorphism classes of quadruples (D, File(D),d,v), where D is a

2Note that this definition is a bit more restrictive that the definition of [Ch].
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(¢, T')-module over Rx and Fils(D) is a filtration of D by sub-R x-modules that
are stable under the action of ¢ and I' and that are locally on X direct summands
as Rx-modules. Further 6 € ﬂgg( ) and v = (vy,...,14) is a collection of trivial-
izations N

Similarly, we consider a variant of this functor parametrizing non-split extensions,
cf. [He2|, that is, the functor S5° that assigns to X the quadruples (D, Fils(D), 0, v4)
where D and Fil,(D) are as above and § € ﬁgg such that locally on X there exist
short exact sequences

0 — Fil;(D) — Fil; 11 (D) — Rx(6;) — 0

that are non split at every geometric point € X as a sequence of (¢, I')-modules.
Finally v, is a trivialization

~

Vq - Fﬂd—i—l( )/Flld(D) : RX ((5,1)
Proposition 2.3. Let § = (04, .. ) € ( g) ) for some rigid space X and
let D be a successive extension of the Rx(8;). Then H1 r(D) is a locally free
Ox-module of rank d[K : Q).

Proof. Tt follows from [KPX| Theorem 4.4.5] that the cohomology is a coherent
sheaf and it suffices to compute its rank at all points. We proceed by induction on
d. The rank 1 case is settled by Lemma Consider the short exact sequence

(2.2) 0— Rx(6) — D — D' — 0.

Then, by induction hypothesis, Hé,F(D’) is locally free of rank (d — 1)[K : Q]
and hence the Euler-characteristic formula [KPX| Theorem 4.4.5 (2)] implies that
H) (D) = H? (D') = 0. The claim now follows from the long exact sequence
associated to (2.2) and the fact that H] (Rx(d1)) is locally free of rank [K : Q)]

and HZ 1(Rx(d1)) = 0 by Lemma O
Theorem 2.4. (i) The functors SD and S8° are representable by rigid spaces.
(ii) The map ST — T, is smooth of relative dimension di[ 1 Q).

(ili) The map Sy — 7;<§g s smooth and proper and

dim S =1+ [K : Q) (4L)

Proof. The proof is the same as the proof of [Chll Theorem 3.3| resp. [He2l Propo-
sition 2.3]. For the convenience of the reader we give a short sketch. The case d =1
is settled by SlD = &1 = T. Now assume that 8571 and §3° ; are constructed with
universal objects Dd L resp. D . Let U C T x Stlijfl resp. V C 83%, x T be the
preimage of 7;eg CTx ﬁgg I under the canonical projection. Then Proposition
implies that

Eaty, (Ru(61),DF,) = H;,F(DEA(‘SII))
resp.

Eaty, (Ry(51), Dgy) = Hy p(D21(611))
are vector bundles of rank (d — 1)[K : Q,]. As the Tate-duality is a perfect pairing
[KPX| Theorem 4.4.5] we find that also

My = Eatk, (DL1, Ru(51))
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resp.
My = Extr, (Dy 1, Ry (61))

are vector bundles of rank (d — 1)[K : Q,]. Now S = Spec,, (Sym® My7) is the
geometric vector bundle over U associated to My while 8§ = Py (My,) is the
projective bundle associated to My . Here Spec is the relative spectrum in the sense
of [Conl, 2.2] and given a vector bundle £ the projective bundle P(€) = Proj(Sym® &)
is the relative Proj in the sense of [Conl, 2.3]. o

The universal object D5 then is the universal extension
0— R(61) — Dg — D7, — 0

over SC'l:'. In the non-split context consider the geometric vector bundle 335 =
Spec,, (Sym® My) over V' associated to My . Then there is a universal extension

0 — R(6) — DI — DY, —0

over Sgs. Consider the open subspace S;‘S\V C Si‘}s where the image of the zero
section 0 : V' — S3° is removed. This space carries a natural action of G,, and
this action lifts to an action on the restriction of DJ® to SJ*\V by acting on R(d1).
Hence D® descends to a (¢,T")-module D5* over P(MY,) = (S5°\V)/Gy,.

The computation of the dimension follows from the construction as well as the
fact that S§ is smooth over 7;”Clg and S7° is smooth and proper over 7;‘Cig. O

Let 7 € p2N[0,1) and consider the ring R" = R{@p. If n > 0, then there is a
morphism R" — K, [t] where the ring K, [t] is viewed as the complete local ring
at the point of U, g; corresponding to (the Gal(Q,/Kj)-orbit of) 1 —¢,. If D, is a
(p,I')-module defined over R’ for some p-adic field L and some r € p?N[0,1) and
if D =D, ®gr; Rr, then we define

Dyr (D) = (Koo ®k, Kn((t)) ®ry, D)’
Fil' Dar(D) = (Koo @k, t' Kut] @5 Dr)"

If L contains K™, then Dqg (D) splits up into a product Dar (D) = [[, Ddr,+(D)
and Fil' Dgr(D) = [[, Fil} Dar(D) splits up into filtrations Fil’, Dagr(D) of the
Dygr,»(D).

As in [BeChl Def. 2.2.10], we can extend the notions of being crystalline or de Rham
to (¢, T')-modules.

Definition 2.5. Let L be a finite extension of Q, and let D be a (¢, I')-module of
rank d over Ry, = R, r. Assume that D = D, @z» R, for some (¢, T)-module D,
defined over R}, and some r < 1.

(i) The (p,T")-module D is called de Rham if Dgr (D) is a free L ®q, K-module of
rank d.

(i) The module D is called crystalline if Deys(D) = D[1/t]F is free of rank d over
L ®Qp K(/)

(iii) The module D is called crystabelline if D @z, , Rp k' is crystalline for some
abelian extension K’ of K.
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The following proposition is the generalization of [BeChl Proposition 2.3.4E| to
our context and its proof is essentially the same as in the case K = Q.

Proposition 2.6. Let L be a finite extension of Q, containing K"°'™ and let D be
a (¢, T)-module of rank d over Ry, that is a successive extension of rank 1 objects
Rr(d;). Assume that (61|0Ix(,...,5d|o}x<) is locally algebraic of weight k = (ko)
for some strongly dominant weight k. Then D is de Rham with labeled Hodge-Tate
weights k.

Proof. Write R = |J,,(L®q, Kn[t]) for the moment. We proceed by induction on d.
The case d = 1 easily follows from the fact that we may twist by characters § such
that ¢ ox =1 and the fact that the claim is true for characters of G&> = Z x O
by the definition of locally algebraic weights.

For simplicity we only treat the case p # 2. In this case the group I’ is pro-cyclic.
In the case p = 2 one concludes similarly after taking invariants under the 2-power
torsion subgroup A of T

Let v € T be a topological generator and let I’y = (y) C T'. We will prove by
induction on 1 < j < d that for ([, t*7R Ry Fil;(D),)' # 0 for big enough

r. Suppose we have the result for 5 < d — 1. One deduces from the short exact
sequence

0— H Fil %4 Dyg (Fily_1(D)) — H Fil;* Dyr(D) — HU Fil;* Ry (64)
— H'(Po, Fily-1(D), @y H t. ") R
that it suffices to show that
H' (To, Fila—1(D), 0y (][] ta""")R) =0.

To do so we are reduced to compute the first cohomology of (I], t,* )R &,
R(8;) for i < d — 1. However, this cohomology vanishes, as [[ t, 4R ® &; ~
IL, t, " keatkei R @ R(S) with 6 a finite order character, and —kg,q + ko j > 0 for
all o and hence

H (Fo, (IT. tf‘;)R) - (Hat?)R/(fy ~1)([] ti)r =0

if 7, > 0 for all embeddings o. It follows that D has to be de Rham. O

Let w5 : S — W9 resp. wy : S — W denote the projection to the weight
space.

Corollary 2.7. (i) Let w € Walg be a strongly dominant algebraic weight. Then

there is a non-empty Zariski-open subset Zepis(w) C w;l(w) such that all points of
Zeris(w) are crystalline (p,T')-modules.

(ii) Let k € [], Z% be strongly dominant and let w € Wﬁ’la be a locally algebraic
weight. Then there is a non-empty Zariski-open subset Zperis(w) C wy'(w) such
that all points of Zperis(w) are crystabelline.

3Note that Bellaiche and Chenevier use a different sign convention.
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Proof. The proof is identical to the one of [Chll Theorem 3.14].

(i) As w = (w1, ..., wq) € W9 is algebraic we may write R(5;) = R(D(6;)) for any
character §; € T restricting to w; on Of. We write D(8;) = D(a;, (ky),) with
a; = 6;(0) [1, o(w) k=i and let

Zeris(w) = {(D,Filo(D), 8, v4) € wi'(w) | Lt pEEoe@] for < 41

Let D be a (¢, I")-module associated to some point in Zes(w) then D is de Rham
by Proposition [2.6] above and hence potentially semi-stable. As D is a successive
extension of crystalline (¢,I')-modules it has to be semi-stable and we have to
assure that the monodromy acts trivially. However the monodromy operator maps
the ®f-eigenspace with eigenvalue \ to the ®f-eigenspace with eigenvalue pf\,
where f = [Ky : Q). As the possible eigenvalues of ®/ are given by the a; the
monodromy has to be trivial.

(ii) Let w™ = w - 6(—=k) = (wy,...,w,) and let K’ be the abelian extension of K
corresponding to (), ,<, kerw; C O < G3P. Then the same argument as above
yields a Zariski-open subset Zpeis(w) C w; ' (w) whose points are (i, T')-modules
that become crystalline over K. O

Remark 2.8. In the case d = 2 the second claim of the corollary above especially
applies to the weight k = ((0, 1), ), i.e. to potentially Barsotti-Tate representations.
If d > 2 a corresponding statement for potentially Barsotti-Tate representations can
not hold true any longer. There are no strongly dominant weights for potentially
Barsotti-Tate representations in this case and the dimension of the flag variety
parametrizing the Hodge-filtrations for weights that are not strongly dominant will
be strictly smaller than the dimension of the space of extensions of (¢, I')-modules.

Lemma 2.9. Let L C Q, be a finite extension of the Galois closure K™™ of
K inside @p and let V be a crystalline representation of Gk on a d-dimensional
L-vector space with labeled Hodge-Tate weights k = (k. ;) such that k is strongly
dominant. Let D = Deis(V) and assume that the [Ko : Qp]-th power of the crys-
talline Frobenius @i on WD(D) = D ®L&q, Ko @p is semi-simple. Let A1,..., g
be an ordering of its eigenvalues and assume that for all o one has

[K:Qp) _ _
[KO:QP]Val(Al) < k0’2 ZO”;&O’
I(

[K:Qy) N o A
eoval(Ar - Ag) < =Ko Zo/#okg,,z Zalzjzlkg,,j.

Then there is a triangulation 0 = Dy C Dy C --- C Dg = Djig(V) such that
D;/D;_1 = D(6;) with §; : K* — L* given by

5Z-|OIX< Dz H o(z)kei
(@) =N [ o(@)k.

ko’,l
(2.3)

Proof. Let D; C Djig(V) be the filtration induced by a filtration 0 = D{ C D} C
<+ C DIy = D = Dquis(V) by @qis-stable subspaces such that the restriction of

PRl ¢ WD(D;) has eigenvalues Aq,...,A;. Then D; is stable under ¢ and

cris

I" and we need to compute the graded pieces. However, the graded pieces are as
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claimed, if the filtration D), is in general position with all the Hodge filtrations Fil},
which is to say

(D;®K0®L7o’®id@p)@(Filiko,l*»l DK@K@L,a@id@p) = D®K0®L,o®id@p = WD(D).
One easily sees that this is assured by weak admissibility and condition (2.3)). O

2.3. Construction of Galois-representations. Let 5 : Gx — GL4(F) be an
absolutely irreducible continuous representation, where F is a finite field of charac-
teristic p. Write R; for the universal deformation ring of p and X for the generic
fiber of Spf R in the sense of Berthelot.

Let X be a rigid space and let T : Gx — I'(X,Ox) be a continuous pseudo-
character of dimension d. We say that T has residual type p if for all z € X the
semi-simple representation p, : Gx — GLq(Og, ) with trp, = (T ® k() ®p(a) Qp
(which is uniquely determined up to conjugation) reduces to (the isomorphism class
of) p modulo the maximal ideal of Og .

Then the rigid space X represents the functor that assigns to a rigid space X
the pseudo-characters T : Gx — I'(X, Ox) of dimension d and residual type p.

ns,adm
Sd

By [Hell, Theorem 5.2] there exists a natural rigid space which is étale

d . . .
877%™ together with a continuous representation

over §}° and a vector bundle V on
p: Gk — GL(V) such that Diig(V) is the restriction of the universal trianguline

(¢, T)-module. In the set up of adic spaces (cf. [Hu2]) the spaces S**™™ is an open
subspace of §}°. In what follows we will embed the category of rigid spaces into
the category of adic spaces as in [Hu2, 1.1.11].

Let us write S(p) C Sgs’adm for the open and closed subspace where the pseudo-
character trp has residual type p. Then we obtain a canonical map
751 S(5) — Xp x Tk,

It is clear, reasonning along [He2 Proposition 3.10] for the case K = Q,, that this
map is injective at the level of rigid analytic points.

Definition 2.10. Let X (p) be the Zariski-closure of Im(7;) C X5 x ﬂ‘ég in X, x 74
The space X (p) is called the trianguline space in the following.

Theorem 2.11. The space X (p) is equidimensional of dimension

dim X (p) = 1 + [K : Q) 4%,

Ifz = (p,0) € X(p) C X5 xT% is a rigid analytic point, then the Galois representa-
tion p is trianguline. Moreover the morphism w5 : S(p) — X (p) is an isomorphism
onto a Zariski-open and dense subspace of X (p).

The image of 75 is then a Zariski-open and dense subset X (p)**® C X (p), that
we call the regular trianguline space.

For the proof of Theorem we need some preliminary lemmas.
Lemma 2.12. Let (p,61,...,6q) be a rigid point of X5 x T&,. Then the (,T)-

module D;rig(p) has at most one triangulation of parameter (61,...,0q4). In partic-
ular the map 75 is injective on rigid points.
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Proof. We are reduced to prove that if D is a trianguline (¢,T')-module having
a triangulation whose successive subquotients isomorphic to Ry x(d;), then this
triangulation is unique. We can prove this statement by induction, the case where
d = 1 being clear. Assume the claim proved for d — 1 > 1 and consider D a
(p,T')-module of parameter (d1,...,04) € ﬁgg. Using the induction hypothesis,
it is sufficient to prove that Hom, (R, x(01), D) has L-dimension 1. This is
a consequence of the fact that End(, r)(Rr,x(d1)) has L-dimension 1 and that
Hom, 1y (Rr,x(61), R,k (0;)) = 0 for i > 2, the last equality being a consquence
of (61,...,0q) € ﬂgg and Lemma [2.1 O

Lemma 2.13. Let X be an adic space of finite type over Q, and let U C X be an
open subset. Suppose that U is constructible for the Zariski topology, i.e. U is a
finite union of subsets that are locally closed for the Zariski topology. Then U C X
is Zariski-open.

Proof. The claim is local on X and hence we may assume X = Spa(A, AT). Given
x € X we write suppx for the support of the valuation defined by x. This sup-
port is a prime ideal and the corresponding map f : X — Spec A is continuous
and surjective (for surjectivity it is enough to consider the case of Q,(T1,...,Ty),
where it is easily seen to be surjective). Moreover a subset U C X is Zariski-open
(resp. constructible for the Zariski-topology) if V = f~1(V) for some V C Spec A
open (resp. constructible).

Write V' = f~1(V) for some constructible subset V C Spec A. It is enough to show
that V is stable under generalization. Let p ~» q = suppx be a specializationﬁ with
x € U. As U is open there exists a neighborhood U’ of = contained in U = f~1(U).
However, then U’ contains a point y with suppy = p and hence p € U: this comes
down to showing that, if Spa(B, BT) < Spa(A, AT) is the inclusion of an affinoid
subdomain with suppz € Spa(B, BT), then Spec B contains all generalizations of
p = suppx in Spec A. However this follows from the diagram

Spec B——— Spec A

o

Spec B, — = Spec A,

and the fact that the image of Spec Ap — Spec A contains all generalizations of the
prime ideal p. O

Lemma 2.14. Let A be a Tate algebra over Q, and let f : X — Spa(A, A™) be a
projective morphism. Let U C X be a Zariski-open subset, then f(U) C Spa(4, A™)
is constructible for the Zariski topology.

4Note that specializations in Spec A are different from specializations in Spa(4, A1). In fact
the morphism Spa(A, AT) — Spec A identifies points z and y such that z is a specialization of y
in the sense of adic spaces.
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Proof. Let g : X — Spec A be a scheme of finite type over Spec A. Then there is
an analytification ¢g®® : X*" — Spa(A, A™) which can be written as a fibre product

Xan%)(

-l I

Spa(A, AT) —— Spec 4,

as in [Hull, Proposition 3.8]. Here the morphism Spa(A4, AT) — Spec A maps a
valuation to its support. By [Kd, §3] there is also a functor F — F?" from the
category Cohy of coherent sheaves on X to the category Cohyan of coherent sheaves
on X?". By §84,5 of loc. cit. this functor is an equivalence of categories when g is
projective.

Applying this equivalence to the sheaf of ideals of an embedding of X into some
projective space over Spa(A4, AT) we find a projective morphism g : X — Spec A
such that f = ¢*". Moreover there exists a closed subscheme Z C X such that
U = xam\ 22" Let us write Y = X'\ Z, then we have U = U>".

As the morphism ¢ is a morphism of finite type between noetherian schemes the
Theorem of Chevalley (cf. [EGAIV] Thm. 1.8.4]) implies that there is a decom-
position Spec A = |JV; with V; C Spec A locally closed such that g;(U;) C V; is
Zariski-open, where we write

gi =glgr vy 19 V) — Vi

and U; =UN g~ (Vi). As | f(U;)™ then is constructible for the Zariski-topology
it remains to show that g2™(U?") = (g:(U4;))*". However, this is easily verified. O

Lemma 2.15. Let X = Spa(A, AT) be an affinoid adic space of finite type over
Qp and let U C X be constructible for the Zariski-topology such that U contains all
rigid analytic points of X. Then U = X.

Proof. As U is constructibe for the Zariski-topology we have U = ¢~!(U) for some
constructible set U C Spec A, where ¢q : Spa(A4, AT) — Spec A denotes the mor-
phism mapping a valuation to its support. It follows that U contains all maximal
ideals of A and hence & = Spec A since A is a Jacobson ring. O

Proof of Theorem [211] Let us write M C X (p) for the set of rigid analytic points
in the image of m;. Further we write p"* for the pullback of the universal Gg-
representation on X; to X(p). By Lemma all points of M are strictly trian-
guline in the sense of [KPX], Def. 6.3.1]. Then by [loc. cit.,Cor. 6.3.10], there exists
a morphism

f:X(5) — X(p)
and a filtration F; of D = Diig( f*p"™™) by submodules that are stable under the

action of ¢ and I such that there are short exact sequences
0— fi/fi_1 — ,R’f((ﬁ)(&) L, — M; — 0,

where the £; are line bundles on X (5) and M; is supported on a Zariski-closed
subset Z; of X(p) not containing any irreducible component of X (p). Moreover f
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is projective and birational (in fact it is a the composition of the normalization of
X (p) with some blow-ups) and

i) c X’(ﬁ)\UZi.

Let U C X(p) be a Zariski-open and dense subset such that U ¢ X (p)\ U, Zi and
such that f induces an isomorphism of U onto its image in X (p) (that we will
denote by U again). For 2 € U we find M; ® x(z) = 0 and hence F;|y is locally
on U a direct factor of the Ry-module D. Hence we find short exact sequences

(2.4) 0— Fio1 Qk(z) — F; @ k(z) — R(6;) @ k(z) — 0.

Shrinking U if necessary we may assume that all the extensions (2.4]) for z € U are
non-split and that U C X; x ’Egg. Then the filtration F, |y defines a section

(2.5) s:U — S(p)

to 7r[§1(U ) — U. However, as 7 is separated this section is a closed immersion.
On the other hand 7 is injective on rigid analytic points and hence ng(U )= U,

as 7rﬁ_1(U ) is smooth and especially reduced. It follows that U is equidimensional
of the claimed dimension and hence so is X (p) as U is Zariski-open and dense in
X (p). Moreover [KPX|, Thm. 6.3.13] implies that all the representation p"™ ® k(x)

for rigid analytic points x € X(p) are trianguline.
We let
(2.6) Vo (X(@\UJZ)n S (3% x Tey)

denote the Zariski-open subset of X (p),where all the extensions (2.4) are non-split.
Then the rigid analytic points in f(V') are precisely the points of M, as both sets
precisely consist of the non-split trianguline representations with parameters in
T.4,. Moreover, for the same reasons as before, the morphism U — S(p) from (2.5)
extends to a morphism s : V' — S(p). Especially we find f(V) C Im7,.

We will show in Proposition below that the morphism 75 : S(p) — X (p) is
étale at rigid analytic points y € S(p). Let’s remark that the proof of that proposi-
tion doesn’t use what follows. Let us finish the proof of the theorem assuming this
claim. It then follows from [Hu2l Proposition 1.7.11] that 7 is étale as a morphism
of adic space and hence Im 7 is open by [Hu2, Proposition 1.7.8].

For Spa(A, A*) C X(p) open affinoid, Lemmal[2.14]implies that f(V)NSpa(A, A*)
is constructible. On the other hand f(V) = 7;(s(V)) C Imm; and hence restricting
to some affinoid neighborhood of « € f(V') contained in Im 7; Lemma implies
that f(V) is open. It follows from Lemma that f(V) C X(p) is Zariski-open.
We define X (p)™8 to be the Zariski-open subset f(V).

It is left to show that the morphism 75 : S(5) — X (p)™® is an isomorphism (still
assuming that we already know that it is étale). As remarked above the morphism
75 is injective on rigid analytic points and hence especially (locally) quasi-finite as
a morphism of rigid analytic spaces. Then [Hu2l, Proposition 1.5.7] implies that 75
is (locally) quasi-finite as a morphism of adic spaces. Further 7 is partially proper,
as S(p) is partially proper (cf. [He2| Proposition 3.6]) and X (p) is separated. It
follows from [Hu2, Proposition 1.5.6] that 75 is locally on S(p) and X (p) of the
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form g : Z — T with g finite. Moreover g then has to be finite étale and hence it is
an isomorphism if it has degree 1. However, we have constructed above a section
s: U — S(p) to m; on some Zariski-open and dense subset U C X(p). As g is
injective it has to be an isomorphism. [

Lemma 2.16. Let x € Im 7, be a rigid point, then the complete local ring @X(
is a domain.

p)x

Proof. Let X = X(p). By [vdPSch, Cor. 5|, the ring Ox , is an henselian local
ring. It is then a consequence of [Rl Cor. 1], that Ox , is a domain if and only if
(’A)X}z is a domain. To prove that Ox , is a domain, it is sufficient to prove that, in
the normalization X’ — X the fiber over x is just one point. As the space S(p) is
smooth, it is normal, and then the map 7 has a canonical factorization 77;3 through
X'. Let z' a point of X’ over x, and Z a point of the canonical blow-up X = X (p)
over z’. Writing again M for the set of rigid analytic points in the image of 75 the
construction of f: X — X implies that f~Y(M) C V, where V is the Zariski-open
subset defined in . Especially we find & € V. As constructed above we have a
morphism s : V' — S(p). To summarize, we have the following diagram

Ve—"rs X —X

As the outer triangle is commutative, by the universal property of the normalization,
we must have g = 7} o s, proving that 2’ = g(¥) = 7;(s(2)) is in the image of 7.
As the map 7 is injective, the map w% must be injective too. We have proved that
the entire fiber of X’ — X over z is contained in the image of 77;3. Hence we can

conclude that there is only one point of X’ over z. (I

Proposition 2.17. The morphism 7; : S(p) — X(p) is étale at rigid analytic
points.

Proof. Let x = (p,6) € Im7; C X; x T2, and write R, = (’A)xﬁ,r for the complete
local ring at p. This is the complete local noetherian ring pro-representing the
deformation functor of p. Further the choice of y € S(p) mapping to x defines
a triangulation Fil, on Djig
(Djig (p), Fil,) is pro-representable by @S(p)’y. On the other hand by [BeChl Propo-
sition 3.2.6] this functor is a subfunctorlﬂof the deformation functor pro-represented
by R,. It follows that the canonical morphism R; — Os(z),y is surjective. On the

(p). Then the functor of (trianguline) deformations of

other hand this morphism factors through @X(ﬁ),w and hence the canonical mor-
phism

Ox(p).e — Os(p)y
is surjective. Further both rings are reduced (the left one by excellence) and have
the same dimension. Now it follows from Lemma that Ox (), is a domain and

5Strictly speaking [BeCh| treat the case K = Q,. However, the same argument applies in the
general case.
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hence the morphism from @X(ﬁ)@ — (’jg(ﬁ),y has to be an isomorphism. It follows
from [Hu2l Definition 1.7.10] that the morphism S(p) — X (p) is étale at y. O

We will refer to the space X (p)'® constructed in Theorem as the regular
part of the trianguline space. The following lemma is a direct consequence of the

construction of S™(p) as an open subspace of a successive extension of vector

d
bundles over T, .

Lemma 2.18. Let x € X(p)™8 be a rigid analytic point. Then there exists a
neighborhood of x in X (p)™¢ that is isomorphic to the product of a neighborhood of
wa(z) € W with the closed unit disc of dimension 1+ d(d —1)/2- [K : Q).

Similar to the space S"(p) we can define a subspace SY(p) € ST consisting of
those trianguline (¢, T')-modules in SY that come from a Gx-representation whose
associated pseudo-character has residual type p. As in the discussion above we have
a map WE :SH(p) = X5 x T

Lemma 2.19. The map 7Tp|;| :SH(p) = X5 x T factors over X (p).

Proof. As X(p) is closed and SY(p) is reduced it is enough to show that a dense
subset of SY(p) maps to X (p). However, the set ST’ of all points = € S, where
all the extensions

0 — Fili(D) ® k(x) — Fily1 (D) @ k(z) — Riga) (8:) — 0

are non-split is Zariski-open and dense. It follows that S’C'l:' meets every component
of SH(p) and in hence fact the intersection S7(p) N S is Zariski-open and dense
in SY(p). Now we conclude by remarking that there is a canonical map SE — 8P
(which is in fact a G& !-torsor) that induces a map ¢ : SP N SY(5) — S"(p) such

that the map WE factors through gq. O

3. APPLICATION OF EIGENVARIETIES

In this section, we recall some facts about eigenvarieties attached to definite
unitary groups and prove a density statement about them which will be used in the
proof of the main theorem.

3.1. The eigenvarieties. The eigenvarieties that we are going to use are studied
in Chenevier’s paper [Ch3|. The first result that we need is the analogue of the
results in [He2], where the corresponding eigenvarieties were studied in [BeCh|. We
recall the set up of Chenevier’s paper.

Notation 3.1.

(i) We choose a totally real field F such that [F': Q)] is even and let E be a CM
quadratic extension of F'. We write ¢ for the complex conjugation of E over
F and assume that there is a place vy of F' dividing p such that vg = wow§
splits in E and such that F,, = E,,, = K. We fix such an isomorphism and
view the uniformizer w of K as an uniformizer of F,,.
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(i) We fix an algebraic closure Q of Q and embeddings o, : Q — C and
tp: Q= Qp. Let I, = Hom(F,C) = Hom(F,R) denote the set of infinite
places of F. Given a place v of F' dividing p the set I(v) = Hom(F,,Q,) is
identified with a subset I (v) C I via our choice of embeddings ¢, and
Lp-

(iii) Let d > 1 be an integer and let us write G for the unique unitary group
in d variables defined over F' which splits over F, is quasi-split at all finite
places and compact at all infinite places. The existence of such a group can
be deduced from the considerations of section 2 of [CI].

(iv) As vg splits in E, there exists an isomorphism G(F,,) = GL4(K) that we
fix for the following. We write S, for the set of places v of F' dividing p
and 51/7 = Sp\{U(]}H.

(v) Let T denote the diagonal torus in GL4(K) and denote by T its maximal
compact subgroup. Further we fix the Borel B C GL4(K) of upper triangu-
lar matrices in order to have a notion of dominant weights. Let L C Q, be
a subfield containing o(F,,) for all o € I(vg). We define the weight space
for the automorphic representations to be

Waut = Homcont (Toa Gm,L(_))v

as a rigid space over L. Especially we have a canonical identification WWaut =
Wi,

(vi) Fix a finite set .S of finite places of F' containing S, and all places such that
G(F,) ramifies and fix a compact open subgroup H = [[, H, C G(Ary)
such that H, is maximal hyperspecial for all v ¢ S and such that H,,
is GL4(Ok). Write 8" = S\{vo}. We define H = [], H, such that
H) = H, is v # v and H_ is the Iwahori-subgroup I of GL4(Ok) of
matrices whose reduction modulo w are upper triangular. Further let
H™ = OL[G(AS, IH 9] denote the spherical Hecke-algebra outside of S.
Furthermore, we ask that H is small enough, ie for g € G(Ap ),

(3.1) G(F)NgHg™ ' =1.

(vii) For each place v € S” we fix an idempotent element e, in the Hecke-algebra
OL|G(F,)//H,] and write e = (®yegr€y) @14un for the resulting idempotent
element of the Hecke algebra Op[G(AR,)//H™].

(viii) For 1 < i < d, let t; = diag(1,...,1,w,1...,1) € T, where the uni-
formizer is at the i-th diagonal entry. Let T~ C T denote the set of
diag(w1,...,24) € T such that val(xy) > --- > val(xy). We regard Z[T/T°]
as a subring of the Iwahori-Hecke algebra of G(F,,) with coefficients in
Z[1/p] by means of t — 1p, 1m, . This subalgebra is generated by the
Hecke-operators 1p, ¢m,, for ¢ € T~ and their inverses. Finally let H =
H"™ ®y Z|T/T°], which is a subalgebra of L|G(Ap )/ H'].

Let W be an irreducible algebraic representation of [, cs yer. () G(Fw) and
P’ oo
let A =AW, S,e) denote the set of isomorphism classes of all irreducible auto-

morphic representations II of G(Af) such that ), 51 WE Lo (v) IL,, is isomorphic to

6Let us remark that here Sp is not exactly the same as in [Ch3)|
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Woo and e(Hf)H:Jo # 0. Further define the set of classical points to be

HeAx:T/T° — Q; continuous
Ld(K)X

1-d
such that I, | det |,Z is a sub-object of Indg

32 Z= {(H,X)

where the parabolic induction is normalized.

Associated to these data there is an eigenvariety, that is a reduced rigid analytic
space Y (W, S, e) over L together with a morphism

kY (W, S, e) — Wt

and

7;[} = %/J'm & %0 H — F(Y(Wom S, 6)7 OY(WOQ,S,E))
a morphism of algebras such that Y (W, S, e) contains a set Z as a Zariski-dense
accumulatiorﬂ subset. These data are due to the property that there is a bijection
between Z and Z sending a point z € Z on the pair (II,, x,) € Z according to the
following rule.

The evaluation ¥"*(z) : H"™ — k(z) is the character of the spherical Hecke-
algebra associated to the representation II¥. For w € I (vp), let k., denote
the algebraic character of T, obtained from II, ,, following the rule of [Ch3| §1.4].
Then, £(2) = [ler.(v) 1., Let Kx(z) be the unique character T/T° — Q
such that k4 (2)(t) = k(2)(t) when ¢ is a diagonal matrix whose entries are powers
of w. Finally the component 1, of the morphism 1 is given by

_ d=1
Voo (D), # Loty e, — Xa(t) - 050 ()] det ()] 7 o (2)(8),
where dp, is the modulus character.
In what follows, we fix the data (W, S, e) and write simply Y for Y (W, S, €).

In [Ch3| §2], Chenevier constructs these eigenvarieties using a space of overcon-
vergent p-adic automorphic forms. More precisely, if V' is an open affinoid of WWaut,
one defines a certain ry > 1, and constructs for each r» > ry an O(V)-Banach
space denoted eS(V,r) with a continuous action of H such that the operator U,,
corresponding to diag(w?™!, w2 ... 1) € Z[T/T°] C H acts as a compact oper-
ator. We say that a character of H is U, -finite if the image of U,, is non zero.
Then we have the following interpretation of points of Y, which is a consequence
of Buzzard’s construction of eigenvarieties [Bul §5].

Proposition 3.2. Let t € W(Q,). Then there is a natural bijection between Q-
points of Y mapping to t and Qp-valued U, -finite system of eigenvalues of H on

lim, eS(V,r) @o(v) k(t)-

3.2. The map to the trianguline space. In the above section we have recalled
the construction of an eigenvariety Y — W%, Now assume that the extension F/F
is unramified at finite places and S\{vp} contains only places which split in E. As
above we write Z C Y for the set of classical points (3.2). Let (II, x) € Z and let
7 = ., BC(II,) be the representation of GL4(Af) defined by local base change for
GLg4. Then by [Ch3, Theorem 3.2, 3.3] there are Galois-representations pr : Gg —

"Recall that a subset A C Y of a rigid space accumulates at a point x € Y if ANU is
Zariski-dense in U for every connected affinoid neighborhood U of z in Y.
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GL,(Q,) attached to the automorphic representations Il € Z, unramified outside
of a finite set of places and such that the semi-simplification of the Weil-Deligne
representation attached to pr|g, equals the Langlands parameter of m,]| - \(kd)/ 2,
where G, C Gg is the decomposition group at v for v not dividing p.

Let B C G = Resg/q, GL4 denote the Weil restriction of the Borel subgroup of
upper triangular matrices and let T C B denote the Weil restriction of the diagonal
torus. Using the canonical isomorphism GQp =11, GLd’Qp an algebraic weight n
of (Gg,,Tg,) that is dominant with respect to By can be identified with a tuple
(No1s -+ Nod)ocT(vy) € HUE[(UO) 7% such that Ng1 > -+ > ngq for all 0. Note
that this algebraic weight is already canonically defined over the reflex field Ey, of
the weight n, i.e. over the subfield of Qp defined by

Gal(Qp/En) = {¢ € Gal(Q,/Qy) | No.i = Nypor.i for all embeddings o}

and hence especially over our fixed field L. Especially n defines an L-valued point
of W4,

Let z = (II,x) € Z and for o € I(vo) let ny1 > -+ > nyq denote the highest
weight of II,(,), where v(0) = toot, !0 € Io(vg). We say that z is regular (with
respect to vg) if ny 1 > - > Ngg for all o € I(vg) and if

2 # {1y,
where we set
Ai = x(t).
We further say that z = (II, x) is uncritical if in addition condition holds with

A; as above and k,; = n,; — (¢ —1). We write Z™¢ C Z for the set of regular
points and Z"" C Z for the set of uncritical regular points.

Lemma 3.3. The subsets Z'°® and Z"™ are Zariski-dense in the eigenvariety Y
and accumulate at all classical points z € Z.

Proof. The proof is the same as the usual proof of density of classical points. Let
us denote by Yy € W® x G,, the Fredholm hypersurface cut out by the Fredholm
determinant of U,, = diag(w?!,...,@,1). Let 2 € Z C Y be a classical point
and let U C Y be a connected affinoid neighborhood. After shrinking U we may
assume that there is an affinoid open subset V' C W9 such that U — V is finite
and torsion free. As U is quasi-compact, there exist C1,...,Cy such that

Ci 2 valy (Yo, (@) (81 - - 1))

for all € U, where val, is the valuation on k(x) normalized by val,(p) = 1. Let
us write A C V for the set of dominant algebraic weights ns1 > -+ > ng 4 such
that C; < ng; —ngit1 +1foralliand o: K — Q,

Then one easily sees that A accumulates at the point x(z). It follows from [Ch3|
Theorem 1.6 (vi)] that the points z € U such that x(x) € A are classical. Moreover,
using the relation

[K:Qy) _
Ko, Vale (A +ka =

hvaly (thy, () (),
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we obtain

[[[Ié)%z;]] V&lx(/\l(l‘)) <Cy - ZJ/ k0/71
(3.3) '

g hval, (M (@) -+ \if2)) <Ci =Y D" kg for all g,
j=1

which implies that these points lie in Z"". The claim now follows from this as the
map U — V is finite and torsion free. O

Let us fix an identification of the decomposition group G,,, of Gr at wy with the
local Galois group G .

Proposition 3.4. Let II =11, for some z € Z*°8. For an infinite place v € I let
Ny > -+ > Ny q denote the highest weight of I1,. Then the representation pr|g,
is crystalline with Hodge-Tuate weight&ﬂ

(34) ka’,’i = nv(a)ﬂ‘ - (Z - 1)7

where v(0) = toot, 'a. Moreover the Frobenius ®eris 1 that is the [Ko : Qp]-th power
of the crystalline Frobenius on

WD(pH|gK) = Dcris(pﬂ|gK) ®K0®Qpr @p

is semi-simple, its eigenvalues are distinct and given by A; = x.(¢;).

Proof. It follows from [Ch3l, Theorem 3.2] that the representation is semi-stable with
Hodge-Tate weights and Frobenius eigenvalues as described above. The condition

% £ pﬂ:[Ko:Qp]

assures that the monodromy operator has to vanish and hence the representation is
crystalline. Further the condition \;/A; # 1 assures that the Frobenius has distinct
eigenvalues and is a priori semi-simple. O

By [Ch3l, Corollary 3.9] there is a pseudo-character Ty : Gg g — I'(Y, Oy) such
that for all IT € Z"¢ one has T ® k(II) = tr pr;. Let us write Gg g for the Galois
group of the maximal extension Eyg inside Q that is unramified outside S and fix
a continuous residual representation p : Gg s — GLg(F) with values in a finite
extension I of F,, such that the restriction p,, = ﬁ|gw0 is absolutely irreducible.
We write Rj; s reps. R, ~for the universal deformation rings of p resp. p, and
let X5 resp. X5, denote their rigid analytic generic fibers. As we assume py,
(and hence also p) to be absolutely irreducible [Ch2, Theorem A and Theorem B|
implies that the universal deformation rings Rp,,, and Rj s agree with the universal
deformation rings of the corresponding pseudo-characters tr p,,, resp. trp.

Let Y5 C Y denote the open and closed subset where the pseudo-character 7y has
residual type p. Then the restriction to the decomposition group Gx = G, C Gr,s
at wo induces amap f;:Y; = X5, . Let Ni/q, : K* — Q' denote the norm map
of K. We define g; : Y — G,,, by

2 — Yy, (toy.i) - (INK /@, (@) Nk /g, (@) .

8Again note that we use a different sign convention as [Ch3).
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Further we define a morphism
wy = (Wy,;)i Y — w
by setting wy,; = k; - ow((1 —4,...,1 —1)).
Theorem 3.5. The map
f=rwy, (9)i) 1 Y, — Xp,, x Wx Gl =X, x T*

factors over the trianguline space X (pu,) C Xp,, x T4 and fits into the commutative
diagram

Puwg

Foys
Yy — X(Puy)

N

Wd

Proof. The subset X (pu,) C X5, % T? is Zariski-closed an hence it suffices to check
that f(z) € X (pu,) for all z = (I1,, x») € Z"*NY (p), as this subset is Zariski-dense
by Lemma [3.3] and as Y} is reduced. By Lemma this amounts to say that for
z € Z"" the representation pr.|p,, is trianguline with graded pieces R(d;), where
6; : K* — QF is the character

Slog + 2 T oo+t~

8i(@) = Puq (2)(tuo,1) (N 0, (@) | N, (@) .

where as above v(o) = LOOL;10' and where we write (n,(,),;) for the highest weight

of I, 4(»). By our choice of Z" this follows from Lemma and Proposition
5.4 O

3.3. A density result for the space of p-adic automorphic forms. We now
introduce the Banach space of p-adic automorphic forms of tame level H" and
prove that a an element of R s vanishing on this space, vanishes on the eigenvariety
Y (W, S, e); too.

Recall that we have fixed a finite extension L of Q, with ring of integers O and
uniformizer wy. If H = [[, H, C G(AFs) is a compact open subgroup such that
H, C GL4(F,) for v|p, we can define, for Wy a finite O-module with a continuous
action of GL4(Op ® Z,,), the space of automorphic forms of level H and weight Wy
by

Swa(H,0) = {f + GING(AF) = W | f(gh) =" f(g) for all b € H).
It H* =[],,, H", we can define
SWO(HUO7O) = hﬂ SWO(HUOHvoﬂO)v
HyyCG(Op,,)

where the limit is taken over all compact open subgroups of G(OF, ).

Let Sy, (H",©) be the w-adic completion of Sy, (H", ). When Wy is the
trivial representation, we omit it from the notation.

If n is a dominant algebraic weight, we write Wy, for the irreducible representation
of Gg, = (Resk/q, GLd)@p of highest weight n relatively to our choice of Borel
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subgroup. Note that this representation is already canonically defined over the
reflex field E, of the weight n and hence especially over our fixed field L, because
we assumed that L contains all the Galois conjugates o(K) of K inside @p. Finally
we write Wy, for the representation of GL4(K) or GL4(Ok) given by composing
the embedding

GL4(K) — Ha GL4(L) = (Resg g, GLq)(L)
x+— (0(x)),.

with the evaluation of W, on L-valued points (and similar for its restriction to
GL4(Ok)).

Recall that We is the representation of [],cqo [l ez (v) G(Fv) fixed in sec-
tion Using ¢, and to and choosing L big enough, we can view W, as
a representation of ], .g G(F,) and put an L-structure on it. Let us write
Su(HY, L) = Syo(H™,0) @p L, where W is a stable Op-lattice of the repre-
sentation Wy, ®0, We of G(Or ® Zy,) = GL4(Ok) % [[,cs G(OF,).

If H is a compact open subgroup of G(Ay) we write 7 (H) for the image of H"»
in End(Sk(H, L)).

Now we fix H as in section and assume moreover now that all places v|p
are split in F and H, is maximal at theses placesﬂ Recall that we fixed a Galois
representation p which is automorphic of level H, i.e. there exists z € Z such that
p is isomorphic to the reduction mod wy, of prr,. Let m be the maximal ideal of
H"" such that for v ¢ S, the conjugacy class of p(Frob,) coincides via the Satake
correspondence with the morphism H(G(F,), H,) = OL|G(F,)//H,] = H(H)/m ~
kr.

Given a compact open subgroup H,, C G(OF, ) we write Hun(H,,) for the image
of HE in End(S(HY Hy,, O)m). Then there is a unique continuous map

9 . R/j — Hm(HUO)
with the following property: Given a morphism ¢ : Hy (Hy,) — @p of Op-algebras,
the deformations p of p corresponding to ¥ o# are such that for v ¢ S, the conjugacy
class of p(Frob,) coincides via the Satake correspondence with the morphism
1/} —
H(G(Fy), Hy) — Hwm(Hyy) — Qp.
By unicity, these maps glue into a map

0: Ry — lim M (Hy,)

H,,

giving a continuous action of R; on S(H", )y

Now we can fix an idempotent e as in section such that eS(H", L), # 0. We

will prove that if an element ¢ € R; vanishes on eS (H"Y, L), then it vanishes on
Y; =Y (Wx, S, e)s too.

9This restriction is only here to be able to apply the idempotent e at the spaces Sy (H, L).
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Lemma 3.6. If n is a dominant algebraic weight, there exists a GLg(Ok) x H"™-
equivariant homeomorphism
Su(H, L) =~ Wy @1, S(H", L),
supposing that H"™ acts trivially on Wy,.
Proof. 1t is sufficient to prove it before the localization in m, by H""-equivariance.

Then we can use the following list of GL4(Of) x H" -equivariant isomorphisms

We €0, S(H™,0) = m(WS/=}) @0, S(H™,0/w}))

|
=)

m(W0/w}) @0, (lim S(H,, H',0/w}))

i H

= @ 11gﬁl(SW,‘}/wz (HvoHvov O/WZ)
n H,L,0

= Sp(H™,0p).

O

Proposition 3.7. The GL4(Ox)-representation S(H",0)y is isomorphic to a
direct factor of C(G(Ok),L)" for some r > 0, where C(G(Ok),L) denotes the
space of continuous L-valued functions on G(Ok).

Proof. Using Lemma [3.6] it is sufficient to prove it when n = 0. In this case
we remark that the Banach space S(H", L) =So(H", L) is the Banach space of
continuous functions G(F)\G(Ap)/H" — Ws. Let gi,...,9~ € G(Apy) be
a set of representatives of G(F)\G(Ar)/H. We have G(F) N g;Hg; ' = {1}
for each i, proving that G(F)\G(Ar ;)/H" is isomorphic to GLq(Ox)". This
proves that S(H", L) is GL4(Ok )-equivariantly isomorphic to C(GLg(Ok), L)"
with 7 = 7' dim W,,. Using the fact that ILHHO H(Hy,,Or) and its action on

S(H", L) commutes to GLy(Ox), we can conclude that g(H””,L)m is isomorphic
to a direct factor of C(GL4(Ok), L)". O

By Lemma [3.6] there is an H""-equivariant isomorphism
Sn(H, L) ~ Homgr, (0, ) (Wi, S(H, L))

This implies that if ¢ € R; vanishes on S’(HUO, L) it will vanish at each point of
Z C Yp. These points being Zariski-dense in Y, the function ¢ vanishes on Yj.

3.4. A density result for the eigenvariety. Now we fix k a strongly dominant
weight. We say that a closed point y € Y} is crystabelline of Hodge-Tate weights
k if its image in X(p) is crystalline on an abelian extension of K and its Hodge-
Tate weights are given by k. The purpose of this section is to prove that if t € R;
vanishes on the subset of points of Y which are crystabelline of Hodge-Tate weights
k, then ¢ vanishes on Yj.

Recall that we have fixed a Borel subgroup B C GL4(K) and let us write N C B
for its unipotent radical. Further we write Nog = N N GL4(Ok).
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Definition 3.8. Let IT be an irreducible smooth representation of G(F,,). We say
that II has finite slope if the operator U,, has a non zero eigenvalue on the space
Yo, If I is an irreducible automorphic representation of G(Ar), we say that II
has finite slope if II,, has finite slope as a smooth representation of G(F,).

The following result tells us that finite slope automorphic representations of
G(AF) give rise to closed points of Y.

Proposition 3.9. Let I be an irreducible automorphic representation of G(Ap)
of finite slope whose isomorphism class lies in AW, S,e). Then there exists a
point z € Y (W, S, e) such that 1|3 = Yr|gun. Moreover, if ®w€1w(v0) T, is
isomorphic to Wy, then the Galois-representation attached to z becomes semi-stable
of weight k= (k,;), when restricted to the Galois group of an abelian extension of
K, where ky; = ng; — (i — 1). If moreover, for n; = wy,i(2)0w((ks:)) ", we have
1 # n; for i # j then this Galois representation is even potentially crystalline of
weight k.

Proof. By assumption, there exists f € eS (H "’O,L)N0 which is an eigenvector of
H x L[T°] such that the character of H is ¢ and the eigenvalue of U,, is non zero.
Let x be the character of T giving the action of T° on f. By |Loe, Proposition
3.10.1], we have

65’(H”°, L)NO [x] ~ hﬂ eS(x,r)

By Proposition there exists a point z of Y (W, S, e) such that ¢,|ym =
Y |yun. The claim about semi-stability after an abelian extension follows easily
using the map to the trianguline space and the fact that the fibers over strongly
dominant locally algebraic characters have this property. By Theorem the
character (1;); gives the action of the inertia on the Weil-Deligne module of this
Galois representation, which is non monodromic under the last assumption of the
proposition. O

Let k and n as in the proposition. This proposition shows us that if we want
to prove that an element ¢ € H" vanishing on all crystabelline points of type k
of Y(Wx, S, €) 5 is zero, it is sufficient to prove the following: An element ¢t € H"™
vanishing on eSy(H", L) [I1¢] for all irreducible automorphic representations IT of
finite slope such that ell; # 0, satisfies ¢t = 0 on eS(H”U,L)m.

To produce sufficiently automorphic finite slope representations we can use the
following result. Now we write I,, for the level n Iwahori subgroup of GL4(Ok)
i.e. the group of elements of GL4(Ok) such that the entries below the diagonal are
divisible by @™, and By = BN I, and Ng = N N By. Recall that the level of a
smooth character x : O — C* is the least integer n such that 1 + "0k is
contained in ker(y).

Proposition 3.10. Let x = ®?:1 Xi be a smooth character of T° such that for
1 <i<n—1, the level of x; is strictly bigger than the level of x;+1, then there exists
an open subgroup I(x) such that I(x) = (I(x) " N)T°(I(x) " N), I(x)N B = B°
and if we write x for the composite I(x) — T° — C*, then the pair (I(x),x) is
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a type for the inertial conjugacy class of (T, x), more precisely, if © is a smooth
irreducible representation of GL4(K), then

~ GL4(K

Hom (y) (x, ™) # 0 <= 7 = Ind 5" ()
with 1 a character of T such that n|r = x. Moreover, in this case, © has finite
slope.

Proof. Let n; be the level of x; and define I(x) as the subgroup of I of matrices
(@i ;)1<ij<a such that @™ |a, ; for j < 4. It is immediate to check that y can be
extended to a character of I(x). It is enough to prove that (I(x), x) is a type for the
GLg4(K)-inertial equivalence class of (7', x). In this aim, we use the characterization
of part 2 of the introduction of [BK]. The only non trivial condition is (#i¢) of loc. cit.
We follow closely the arguments of [BK] where the situation is much more general.
Let z be the element of T whose diagonal entries are ("~ !,@"~2,...,w,1) and f,
the element of H(G, x) with support I(x)zI(x) such that f,(z) = 1. We only have
to prove that f, is an invertible element of H(G,x). Let f,-1 be the element of
support I(x)z~1I(x) such that f,-1(271) = 1. We want to prove that g = f, 1 * f,
has support in I(x). The support of g is contained in I(x)z"1I(x)zI(x). Now
remark that

[0)=100) = Huel(x)/(l(x)ﬂzl(x)fl) uzl(x)

and that each class of I(x) modulo I(x)NzI(x)z~* contains an element of NNI(x) =
No, so that I(x)z"t(x)zI(x) = I(x)2 'NozI(x) C I(x)NI(x). By |[BH, Prop.
11.1.2], it is then sufficient to check that if an element v € N intertwines the
character y, then u € Ny. We can restrict us to the case d = 2. Let u = (§ %).
Suppose that ¢ Ok and choose n = ny — v(z) with n; the level of x;. If u
intertwines , an easy computation shows us that we must have x1 (a+x@"c¢)x2(d—
zw™c) = x1(a)x2(d) for each (a,d,c) € O x O x Og. As ny > ng + 1, we have
X2(d — zw"c) = x2(d), so that we have x1(1 4+ zw"c) = 1 for all ¢ € O, which
contradicts the fact that n; = n + v(z) is the level of xi. O

Let 7° be the set of smooth characters 70 — C, of the form x; ® - - - ® xq such
that the level of y; is strictly bigger than the level of y;41 for 1 <i<d—1.

Proposition 3.11. Let B be the Banach space of continuous function O — C,
and for n € N, let B>, denote the subspace generated by the characters O — C;
of finite level bigger than n. Then B>, is dense in B.

Proof. As the space of smooth functions from Oy — C,, is dense in B and a basis
of this space is given by the set of all characters of finite level, the closure of B>,
in B is a subspace of finite codimension. If it is strictly included in B, there exists
a continuous map A : B — C, which is U-equivariant for some open subgroup
U C Oy acting trivially on C,. Then \ gives rise to a non trivial Haar measure on
U which can not exist. O

Corollary 3.12. Let C(T°,C,) denote the space of continuous C,-valued functions
on T°. Then the subspace of C(T°,C,) generated by the elements of T° is dense.
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Proposition 3.13. E| Let C(No\ GLq(Ok),C,) denote the space of Cp-valued con-
tinuous functions on GLq(Ok) which are left invariant under Ny. Then the sub-
space

3 Indi 49 (x) € C(No\ GLa(Ok), Cy)

X€Ta
is dense.

Proof. If x € T, the character y of T° uniquely extends to a character y of I (x)
which is trivial on I, " N and I, N N. Let’s name such a function a character
function for the moment. More generally for g € GL4(Of), the function x(-g) of
support I(x)g~! is named a right translated character function. For x € 79, the
space Ind?&;(o’{)(x) is exactly the subspace of C(Ny\ GL4(Ok, C,)) generated by
the right translated character functions. Let f : GL4s(Ox) — C, be a continuous
function, invariant on the left under Ny. We have to prove that we can approximate
f by right translated character functions. Let g1, ..., g, be a system of representa-
tives of the quotient I;\ GL4(Oxk). Let f; = f(- g; ")|r,, so that f =3"1_, fi(-gi)-
Now fix 1 <7 < r and € > 0. As I; is compact, we can find n > 1, such that
for h € I, N N, we have ||f; — fi(- h)|| < e. Let hy,...,hs € I; be a system of
representatives of (I, N N )\(I 1 N'N), which is also a system of representatives of
I,\I, and define f; ; = fi(- h )|I Let f’ be the function on I, defined by

1 i(ntN) = fi;(t) for (n,t N) (NNI,) ><TO x (NN1,). As (NN1,) is a normal
subgroup of (N N Iy), we have |[f;; — f/ ;|| < e. Using Corollary for each
(i,7) € [1,7] x [1,5], we can find elements f; ; € Ty, such that I[£i jlro — fiill <e.
Now we can write each f; ; as 3, @i jxXijk With I(xi k) C In. We extend each
Xi,j,k 10 I(X: k) as previously described. As I(x;,j, k) C I,,, we can write flj as a
finite sum of right translated character functions. If f = doi fii(- hjgi), we have

|f = Il <€, and f is a finite sum of right translated character functions. O

Now we can conclude the proof.

Proposition 3.14. Let t € Rj; such that t is zero on each eSy(H"1(x),Cp)m[X]
such that x € T°, then t =0 on eS(H, L)No.

Proof. We know that Ind OK)( ) is dense in C'(No\ GL,(Ok), C,) and that

Sa(Hv, L)y is isomorphic to a dlrect summand of C(GL4(Ok),L)" for some r.

It follows that S; = SH(HUO,L)m®LCp is isomorphic to a direct summand of
C(GL4(Ok),C,)". We can write C(GL4(Ok),Cp)" = S1 & Ss.

As the functor F' = @, Homy(,)(x, —) commutes with finite direct sums, we
know that F(S1) @ F(S2) is dense in [C(GL4(Ok),Cp)"]o. As the functor of
No-invariants commutes with direct sums, we conclude that F(S;) € S7° must

be dense. By assumption, ¢ vanishes on F(S7), hence on S’{V °  which contains
Sn(Hv, L)No. Finally we conclude by remarking that

S’n(HUO’ L)ﬁo = Wn AL S’(HUO’ L)rIXO

10y, Pagkiinas informed us that he has more general versions of this result in his forthcoming
work with M. Emerton
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d

Corollary 3.15. Let f € R; be a function vanishing on all points of Y5 which are
crystabelline of Hodge-Tate weights k. Then the image of f in I'(Y;, Oy) is zero.

3.5. Conclusion. Let us summarize what we have proven so far using eigenvari-
eties. The following definition will be useful.

Definition 3.16. Let X be a rigid space and R be a ring together with a ring
homomorphism ¥ : R — I'(X, Ox).

(i) A subset Z C X is called R-closed if Z = {x € X | ¢¥(f)(z) =0 for all f € I}
for some ideal I C R.

(ii) A subset U C X is called R-open if its complement is R-closed.

Further we have an obvious notion of the R-closure of some subset Z C X and a
notion of R-density.

Let k = (ky.i)s € [], Z? be a strongly dominant algebraic weight and Xi(puw,)
denote the Rj, -closure of the set of crystabelline points of X(pu,) which have
labeled Hodge-Tate weights k. We have finally proved the following result.

Theorem 3.17. The image of Y (W, S, €); is contained in Xi(puw,)-

4. THE MAIN THEOREM

Let us fix a continuous absolutely irreducible representation 7 : Gx — GL4(F).
We need to embed our local situation into a global one. For this we use the results
of the appendix of [EG| and the following proposition.

Proposition 4.1. Let k be a set of labeled Hodge-Tate weights. Then 7 has a
potentially diagonal lift of Hodge-Tate weights k.

Proof. Let K' be the unique unramified extension of degree d of K. Then there
exists a character n of Gg+ such that 7 ~ Indg?n. If k = (ko) is a stronlgy
dominant weight, let 6 be a character G+ — @; such that the restriction of 8 to
the inertia group of K’ corresponds, via local class field theory, to the character
of O, given by z — Ha,i Voi(2)k7, (5.:)1<i<a being the set of embeddings of
K’ in Q, whose restriction to K is 0. Let & be a locally constant lift of nf~!,
for example using the Teichmiiller lift, then Indg; (00) is a lift of 7 which has
Hodge-Tate weights k and whose restriction to Gk is diagonal. O

We also assume that p does not divide 2d. Then Corollary A.7 of [EG| and
Proposition [£.1] tell us that we can find F a totally real field, F a totally imaginary
quadratic extension of F' which is unramified at each finite plachI7 and a continuous
irreducible representation p : Gr — Gu(F,) (see for example [EG, §5.1] for the
definition of G4) such that

o 4[F:Q];

1 This condition is not exactly in [EG], but it can be obtained by a suitable solvable base
change.
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e cach place v|p of F splits in E and F, ~ K;

for each place v|p of F, there is a place ¢ of E dividing p and such that
ﬁ'QF{, ~T

p is unramified outside of p ;

p 1 (GL4(F,) x GL1(Fp)) = Gk ;

p(GE(,)) is adequate (in the sense of [Thol §2])

p is automorphic, we will explain now what this means.

Let v1 be a placeE| of F' which is prime with p and satisfies the same hypothesis
as in [EG) §5.3]. We define the compact open subgroup H =[], H, C G(A) so that
H, ~ GL4(Ok) if v|p, H, C G(F),) is maximal hyperspecial if v { p and v # vy, and
H,, an open pro-¢-subgroup of G(F,,) for ¢ the residual characteristic of v;. We
say that p is automorphic if Sy (H, L); # 0 for some irreducible locally algebraic

representation W of G = [],cg Ho-
All constructions we did in section 3 depend on the choice of a representation
W of the group [] ) G(Fy). Even if that’s not explicit in the notation,

the space S (H", L) actually depends on W,. That’s why we need the following
lemma.

'UES}’?,wEIOO

Lemma 4.2. There exists an irrec{ucz’ble algebraic representation W, of the group
H’UES' HwEIOC(’U) G(FU) such that S(HUO,L)p # 0.

Proof. By definition, we know that there exists an irreducible locally algebraic
representation W of GY such that Sy (H,L); # 0. Let

S(H?,L); =lim lim S(HHy,Or/w})p.
n H,CGY

We see, as in sectionthat Sw(H, L), ~ Homgo (W*, S(HP,L),) and that, as a
Gg—representation, S(HP, L), is isomorphic to a non zero direct factor of (Gg)’” for
some 7 > 1.

We can then find an irreducible algebraic representation W* of [], . st GL4(OF,)

such that Hompp __, GLa(0g, ) (W0, S'(HP,L);;) # 0 and choose for W, the irre-

ducible algebraic representation of [[,cs [,er. (v) GLa(Fy) associated to W™ as
(4 o
explained in section [3:3] Then we have by definition

S(HUO,L)[; >~ HOmHvesé GL(@F’U)(WUO,S(HP,L)ﬁ).
]

4.1. A result of density in crystalline deformation spaces. Fix n a dominant
algebraic weight such that Homgr,, (0, )(Wy, S(H™, L)) # 0. We write k for the
strongly dominant weight associated to n by the recipe of (3.4]).

By Kisin’s result [Ki3] there exists a reduced p-torsion free quotient Rfrir{f’ of Ry

univ

such that a continuous ¢ : R — Q, factors through R;rif if and only if (o r

univ

is crystalline of Hodge-Tate weight k. Here r is the universal deformation

12The introduction of this auxiliary place is only needed so that the group H cheks condition

BD.
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of 7 on Rz. Moreover the ring RC“S[I /p] is formally smooth. Let’s denote by
xcm the generic fiber of the formal scheme Spf RCrlg In this section we will use

patching techniques to prove that the Rz-closure (or equivalently the Rcris closure)

Cl'lb Crlb

of automorphic points of is a union of connected components of

Let now H” be a compact open subgroup of G(A%.) which is such that H. 5 is hyper-
special for every finite place v of F' which is inert in £. We will say that a Qp point
of Spec(RC“S) is HP-automorphic if the corresponding deformation of 7 is isomor-
phic to the restriction to Gg,,  of a deformation p of p associated to an automorphic
form of G of type W,. More precisely, let p be the kernel of the map R;[1/p] — Q,
associated to p, then p is called HP-automorphic if Sy, (GH?, L)[p] # 0 where we
recall that G = [l,es, GLa(OR,).

Further an irreducible component of Spec(Rﬁ_f{f[l /p]) is called HP-automorphic
if it contains an HP-automorphic point.

Finally, we say that a Q,-point (resp. a connected component) of Spec(R?:lif[l /D))
is automorphic if it is HP-automorphic for some H? as above.

Remark 4.3. Note that actually our deﬁnition of being automorphic depends on
the representation W, chosen as in Lemma 4.2 However, in order not to overload
the notation we often will suppress W, from the notations.

Our goal in this section is to use the usual patching construction to prove the
following result.

Theorem 4.4. Let X be an automorphic component of Spec(Rﬁ_f{f[l/p]). Then the
set of automorphic points in X is Zariski dense.

Let %a‘“ be the union the components of the rigid analytic generic fiber %C“S
Spf RC“S that correspond to automorphic components of Spec( C“S[l /D])-

Corollary 4.5. The set automorphic points in Zf;i}“ is Rr-dense in Z{aut

Given a rigid space X over Q, we write |X| for the underlying point set of X.
Similarly we write | X| for the set of closed points of a Q,-scheme X. Let R be a
complete local noetherian Z,-algebra with finite residue field and let X denote the
generic fiber of R in the sense of Berthelot. Further let X = Spec R[1/p]. Then we
have | X| = |X|, as, if we write R = Z, T4, ..., T0]/(f1,-- ., fm), then both sets are
identified with the Gal(Q,/Q,)-orbits in

{z = (21,...,7,) € Q, | || < 1 and f;(z) = 0},
compare also |[dJ, Lemma 7.1.9]. Further a subset Z C |X| = |X]| is dense in X if
and only it is R-dense in X. This proves that the theorem implies the corollary.

Proof of the Theorem. Let HP? C G(A%.) be a compact open subgroup, hyperspecial
at all finite place of F' which is inert in F, such that the component X has HP-
automorphic points. Let S be the finite set of places v of F' which are either dividing
p either such that H'° is not maximal. It is classical that, up to enlarging S and
taking an open subgroup of HP?, we can assume that the group H? [, ¢ Gg satisfies

the relation (3.1)).
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If v € S\'S,, fix 0 a place of E dividing v and define RY as the universal ring pro-
representing the functor of lifts of g|q,, and RE its biggest quotient wich is reduced
and p-torsion free. We have to take care to the fact that we fixed the weight
Weo = ®U€S;7welm(v) Wy. As a consequence, for v € S}, let R;, be the quotient

cris f R-
Plop, ke © Ry

highest weight of the algebraic representation )

where k, is the set of Hodge-Tate weights associated to the
y Wi Let R, = Rﬁ{{f,

log,

we Il (v

RIOC - ®vespR;®®ues\spltggl

and Re 4 = R'“[z1,...,2,4]. Then the patching construction (see [Thol §6]) gives
us, for g big enough, a R g-module My, of finite type whose support in Spec Roo 4
is a union of irreducible components and My, [1/p] is a projective Roo[1/p]-module.
Let R be the quotient of R'°¢ corresponding to one of these irreducible components.
Then R ®pioe M [1/p] is a faithful R]z1,...,z,][1/p]-module. Moreover, M, is
constructed as an inverse limit of spaces M,,, where M,, is a quotient of a space of
automorphic forms of weight k, on which the action of R 4 factors through a ring
of Hecke operators. Let’s precise that these spaces of automorphic have tame level
HP where HP? is an open subgroup of H? still satisfying the condition that H? is
hyperspecial at places of F' which are inert in F.

Lemma 3.4.12 in [Ki2| shows that the irreducible components of the scheme
Spec(R'[z1,...,x4]) are of the form Spec(R[z1,...,z4]) where R = ®, .4 R,

and R! is an irreducible component of R/, if v|p and of RY if v € S\S,. Now let
R, be the quotient of R;r;: H such that X = Spec(R., [1/p]). By assumption, there
exists an irreducible component R'[z1,...,x4] of R'[z1,...,x4] containing R,
in the support of M.,. If t € R;rll(s U Vanishes on each automorphic point, then ¢
acts trivially on the spaces M,, and so on M. Now R ®@pioc M[1/p] being a
faithful R[1/p]-module, the image of ¢ in R, [1/p] is zero which implies that ¢ = 0
in R, since ], is p-torsion free. O

4.2. Variation on the density of trianguline representations. In order to
deduce density statements in the generic fiber of a local deformation ring from
density statements in the space of trianguline representations one needs to show
that the image of the space of trianguline representations is dense. This density
result is included in the work of Chenevier [Chl| and Nakamura [Na3|. In our case
the situation will be a bit more restrictive: we only can make a statement about
the components of the space of trianguline representations that are met by some
eigenvariety. Hence we need to sharpen this density result a bit. In order to do
so we need to compare the fibers of the space of trianguline representations over
strongly dominant algebraic weights with Kisin’s crystalline deformation rings.

Let k = (k,,;) be a strongly dominant weight and let us continue to assume
that 7 is absolutely irreducible. In order not to overload the notation let us write
Ay = Rff{f for the rest of this subsection. Further (for the remaining of this
subsection) we write

Xy = (Spf Ay)"e
Xk = Spec(Ax[1/p]).



DENSITY OF POTENTIALLY CRYSTALLINE REPRESENTATIONS 31

Definition 4.6. We say that a crystalline representation r, : Gx — GLg(k(2))
corresponding to a rigid analytic point x € Xy respectively to a closed point
x € Xy is regular if the eigenvalues of the Frobenius on the Weil-Deligne repre-
sentation WD(Dq,is(72)) associated to r, are pairwise distinct. We further say that
x (resp. 1) is generic if all d! filtrations on Dcs(r,) induced by an ordering of
the Frobenius eigenvalues are in general position with respect to all Hodge-Tate
filtrations (with respect to all embeddings ¢ : K < L).

Remark 4.7. Note that if r, is crystalline generic, then all parameters (d1,...,0q)
of all possible triangulations of its (¢, T')-module Diig(rw) have the property that
(6, |OI><(, e (5d|ol><() is algebraic of strongly dominant weight k. Moreover, given such
Iig

a trianguline filtration Fil; of D] (r,) the extensions

are non split. This may be checked after taking the quotient by Fil;_; and hence
we are reduced to the 2-dimensional case where one easily checks that the direct
sum of two (¢, I')-modules R(§) ®R(d') such that 5|O}x< =dwl(a) # dw(d) = 5’|OIX{
is not generic: One of the two possible triangulations is not in general position with
the Hodge filtration. It follows that x is in the image of X (7)"*¢ under the map
X(F) = Xr.

By [Ki3, Theorem 2.5.5] there is a (locally free) Ax®z, Ko -module on Xy together
with an id ® ¢-linear automorphism ® : D — D such that

(D7 (I)) & H(I) = Dcris(""z)

for all closed points 2 € X. It follows that there is a Zariski open subset X C Xy
with closed points precisely given by the regular points.

Especially there is a Zariski open subset X,°® C Xywith rigid analytic points pre-
cisely given by the regular points in Xy.

Recall that we have a map w : S™(7) — W to the weight space. We further
view the weight k as an element of W¢.
Proposition 4.8. The map w= (k) — X5 induces a map gy : w™ (k) — Xk which

is étale over X,°%. Further g, ' (X,°8) is open and dense in w™ (k).

Proof. By Corollary the map w™1(k) — X; generically factors over Xi. As
Xx C X is Zariski-closed the first claim follows. It is further easy to see that the
preimage of X, is open and dense. It remains to prove the claim on étaleness which,
in the adic set up can be checked using the infinitesimal lifting criterion, cf. [Hu2l
Definition 1.6.5]. Consider an affinoid algebra A with ideal I C A satisfying I? = 0
and the diagram

Sp(A/I) ——=w™1(k)

L

Sp(A) ——= XI°8.

This diagram gives rise to a family of filtered ¢-modules over A and we write
(D, ®p) for the associated family of Weil-Deligne representations on Sp(A). Further



32 E. HELLMANN, B. SCHRAEN

the upper arrow in the diagram gives us a filtration
OCFl' c...CcFI" 'cFl'=D=D/I

by subspaces that are locally on Sp(A) direct summands and stable under the
Frobenius ®; = ®p mod I and we have to prove that this filtration uniquely lifts
to a ®p-stable filtration Fil® of D such that locally on Sp(A) the Fil’ are direct
summands of D. After localizing on Sp(A) we may assume that D is free and that

all the Fil are direct summands of D. We show that we can lift Fil uniquely to
a ®-stable direct summand of D. The rest will follow by induction. Let us chose
a basis €1,...,&q of D such that Fil' is generated by €1, ...,€; and take arbitrary
lifts e; of the &; in D. We write A = (a;;) for the matrix of ® in this basis. Then
the above implies that a;; € I for ¢ > j and that a;; # a;; for all ¢ # j, as this is
true modulo all maximal ideals of A by definition of X,"®. We have to show that
there exists uniquely determined Ay ..., g € I and a p € A* such that

d d
Oler + > Ajej) = pler + 3 Ajey).
j=2 j=2

However, this comes down to showing that

d

(A= pE)es + Y N(A—pE)e; =0
j=2

has (up to scalar) a unique solution with \; € I which is an easy consequence of
ai; € I for i > j and ay # aj; for @ # j. O

The following result is a slightly stronger version of [Chll Lemma 4.4]. Its proof
parallels the proof of loc. cit. but relies on a stronger statement about integral
model on Kisin’s crystalline deformation ring.

Proposition 4.9. There is a Zariski open and dense subset Xg™" C Xy whose
closed points are precisely the generic crystalline representations. Especially there
is an Ry-open subset X{™" C Xy whose rigid analytic points are precisely the generic
crystalline representations.

Proof. After twisting with some power of the cyclotomic character we may assume
that all Hodge-Tate weights are non-negative. The ring Ay is a quotient of the
universal deformation ring R and (with the notations of [Ki3|, 1.6.4]) it is even a
quotient of Rr—sh for some h > 0. By construction of the quotient R;h there is a free
Ak®ZPW|Iu]]—module M together with an injection ® : M — M that is semi-linear
with respect to the identity on A, the Frobenius on W = Ok, and u — u” and
whose cokernel is killed by E(u)". Here E(u) denotes the minimal polynomial of a
chosen uniformizer of K over Kj.

By [Ki3, Theorem 2.2.5] this module has the property that for all closed points
x € Xx with corresponding crystalline representation r, : Gk — k(z) one has a
canonical isomorphism

Dcris(""m) = (fm/ufm, ® mod u) ®Ak }{(IE)
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Let us write 9t = 9[1/p]. By the construction in [Ki3l 2.1, 2.2, (2.5.3) ] resp. [PR],
5.a.1, (5.30)] we have an isomorphism

N/uN @ K = O(p*"N)/E(u)P(e*N)

under which (for all closed points z € Xx) the Hodge filtration on Deyis(75) ® i, K
is induced by the filtration on ®(p*N)/E(u)®(p*IN) by the E(u)"/E(u)®(0*N).
As the condition for two possible filtrations to be in general position is an open
condition it follows that there is a Zariski open subset X3 C Xy whose closed
points are precisely the generic crystalline points.

It remains to show that every connected component of Xy contains a generic
point (recall that Xy is formally smooth and hence every connected component is
irreducible). However, this is proven exactly as in [Chll, Proposition 4.3]. O

We now return to the setup with eigenvarieties. The data of F', E, G, H, p
are checking the properties of section [3.1] so that we can consider the eigenvariety
Y; = Y(Wa,S,e); with S D Sy, S\S, being the set of places where H is not
hyperspecial and e a well suited idempotent. Recall that if v is a place of F' not
dividing p and inert in E, H, is hyperspecial.

Definition 4.10. Write X (p, Wso)®"* for the union of irreducible components of
X (7) whose intersection with the regular part X (7)€ C X (7) is met by any of the
eigenvarieties Y (W, S, €)5 under the map defined in Theorem for some (S, e)
where S contains S, and is such that each element of S\S, splits in E.

Using Proposition and Corollary one can see that X (p, W..)*"* can be
characterized as the union of irreducible components of the space X (7) whose in-
tersection with the regular part X (7)*°¢ contains a crystalline automorphic point
of strongly dominant Hodge-Tate weights (in our context the assumption that the
Hodge-Tate weights are strongly dominant is a consequence of the automorphy).
Note that, as a consequence of Lemma Theorem Proposition [4.9 and the
fact that generic crystalline points lie in X (7)™, the space X (p, Woo)*"" is non
empty.

Theorem 4.11. The image of X (p, Wso )t in Xp,, = X7 is Zariski-dense in a

union of irreducible components of X5, .

Proof. Let us write X for the Zariski-closure of the image of X (p, W.,)®"" for the
moment and X*™ the locus of regular points, which is Zariski open and dense in X
since X is reduced. Following the proof of [Chll 4.5] and [Na3l Theorem. 4.3], we
are reduced to show that there exists a generic crystalline point r € X°™ with the
following additional properties

(i) if A1,...,Aq are the (pairwise distinct) eigenvalues of the Frobenius on
WD(Deyis(r)), then \A; ¢ p” for all i, j.

(ii) the space X (p, Wo, €)™ contains all possible triangulations of the repre-
sentation 7.

Let us write 7 : X (p, Wy )?'* — X7 for the canonical projection that by definition
factors over X.
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Fix a connected component C C X (p, W0 )" N X (7)"°8 such that 7=1(X5™)NC #
) and hence 7~1(X*™) N C is Zariski-open and dense in C. Then, by definition of
X (p, Woo)™™®, there is a pair (S, e) such that Y, = Y(Wx, S,e); # 0 and a point
yo € Y such that f(yo) € C. Here f :Y; = X(p, Wao)™" is the map defined by
Theorem [3.51

We claim that there is a classical point y; € Y such that its image r,, in X7 lies
on an automorphic component C' of Xx C X7 for some strongly dominant weight
k = wy (y1) such that C' N X*™ is non-empty (and hence Zariski-open and dense in
C). Indeed it suffices to construct y; classical such that r,, € C' and C' N X*™ is
non-empty: as y is associated with an automorphic representation the component
C C Xy is automatically automorphic.

Let U C X(7)*8 N C be a connected open neighborhood of the point zy =
f(yo) € X(7)™8 N X (p, Woo)®"* such that wy|y has connected fibers. Indeed such a
neighborhood exists by Lemma As 77 1(X®)NC is Zariski-open and dense in
C, we find that 7=1(X*™) N U is non-empty and hence it is Zariski-open and dense
in U.

Let V' C Y; be a quasi-compact neighborhood of yo such that f(V) C U. Then
there are constants My, ..., M, such that

M; > valy (Yo, (tog,1 -+ - tug,i) (7)) + 1

for all z € V, where val,, is the valuation on k(x) normalized by val,(p) = 1. As
the strongly dominant algebraic weights k € W such that M; < koi — koit1
accumulate at w(yg) there is a weight k such that

koi— koit1 > M;,
wi(k)NU N7 (X™™) # 0 and
w; (k) NU N f(Y;) # 0.

The last assumption is possible by the fact that the map w: Y; — W is locally
(on Yj5) finite with open image.

It follows that a point y € V with f(y) € w™(k) N U is classical (i.e. associated
to an automorphic representation) and has the required property that Xs™NC' # 0,
where C' C Xy is the connected component containing r, = 7(f(y)): as U Nw;* (k)
is connected it maps to C' and hence w; ' (k)NUN7~1(X5™) # () implies X*™NC' # ()

By Corollary the automorphic points are Rz-dense in C' and by Proposition
the generic locus is Rz-open in C. Hence there exists a pair (5’ ¢’) and a point
Yy €Y =YWk, 5, €); (up to a lowering of the tame level H") such that the
crystalline representation 7, given by the image of ¥ in X7 is generic and y’ lies
on C C Xx C Xr. We write f': Yﬁ’ — X (7) for the map defined by Theorem [3.5
corresponding to the eigenvariety Y.

Now the triangulations of . are in bijection with the orderings of the Frobenius
eigenvalues as the representation is regular and hence there are exactly d! such tri-
angulations. We claim that all these possible triangulations of 7, lie in f’ (Yﬁ’).
Let us write IT for the automorphic representation associated to y'. As II,, is

unramified, there are d! distinct characters x; of Ty, /Ty, such that I, | det \IEJ
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. . . GL4(K) . .
appears in the parabolic induction Ind g x:i and as the representation is generic
the Hodge filtrations is in general position with the triangulation given by the order-
ing of the Frobenius eigenvalues. It follows that the parameters of the triangulation
are prescribed by the character ;.

This shows that there are points z1,...,24 € X(p, Woo)aut with z; = f/(IT, x;)
mapping to ry € X7 and z1,..., 24 are precisely the d! possible triangulations of
the crystalline representation r,.. Note that the assumption that r, is generic
implies that the trianguline filtrations have to be nowhere split and hence z; €
X(p,Wso)®* N X (r)**8. Using Theorem we may identify open subsets of
X (7)r*¢ with open subsets of S"5(7).

Now there exist connected open neighborhoods U; C X™8(7) N X (p, Woo )™ N
w (k) of the z; such that U; NU; = (. As the map gx from Proposition is
étale at all the z; it follows from [Hu2, Proposition 1.7.8] that gx is open in some
neighborhood of the z;. Hence it follows that (after eventually shrinking the U;)
the image of the U; in X7 N C' is open and after shrinking the U; even further we
may assume that U, = gi(U;) = gk (U;) for all 4, j. It follows that all the crystalline
representations r € U, have the property that X (p, Wy, )2t N X 8(7) contains all
their possible triangulations.

Finally the subset of all generic points r € C such that the Frobenius eigenvalues
satisfy condition (i) from above is a Zariski-open and dense subset of ¢’ C C. Hence
U,NC"N X3 = () and an element of this intersection is a point lying in X*™ and
checking the conditions (i) and (ii) from above. O

4.3. End of the proof. Let us keep the notations from the preceding subsec-
tion. Fix a strongly dominant weighﬂ k = (ko,i)o € [, Z% and recall the subset
W{éla C W, Recall further that we wrote Xy () C X (7) for the Rq-closure of all
crystabelline points of Hodge-Tate weight k.

In this section we prove the following theorem which will imply the desired result
on the density of potentially crystalline representations of fixed weight.

Theorem 4.12. We have an inclusion X (p, Woo )™ C Xk (7).

Proof. Tt follows from Corollary (resp. Theorem [3.17) that
f(Yp) C Xk(7)
for every eigenvariety Y; =Y (W, S, €) 5.

Let (S,e) and Y; = Y (W, S,e)5 be chosen so that we can find a point y €
Y; such that @ = f(y) € X(7)™8. By definition w(z) = wy(y) is a strongly
dominant algebraic weight k’. Let us write Xy for the intersection of w=!(k’) with
X N X (7)*s8. Let C denote the connected component of Xy, containing x and let
C%s C C be the Zariski-open (and dense) subset of crystalline points.

By construction C' maps under the projection to X to a connected component
C" of X245 We write R’ for the quotient of R corresponding to C’. Further the
component C’ is an automorphic component, as by assumption the representation
defined by = extends to an automorphic Galois representation.

Bhot necessarily as in preceding section
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Let t € Ry be an element vanishing on X (7) and consider its image, still denoted
by ¢, in R'. Let 2z’ € C’ be an automorphic point corresponding to a crystalline G-
representation r,,. By definition, we can find an irreducible cuspidal automorphic
representation II of an unitary group G, of some level H C H as in section
such that (pr)w, =~ r». Then there exists a triple (W, S’,¢’) and a character
x of T/T° such that (II,x) € Z. Here Z is the set of classical points of the
eigenvariety Y (W, S’,¢’). Now Theorem implies that the image of (I, x) €
Y (W, S, €') 5y in X (7) is in fact contained in Xy (7), or equivalently that ¢(z") = 0.
From Corollary we can deduce that the image ¢ in R’ is zero. As the image of
C under 7 : X(7) — X7 is contained in C’, the elements ¢ vanishes on C, which
implies that C' C X (p, Wao)?"".

We can now conclude. Fix C a component of X (p, W )*"* and yo € Y; such
that f(yo) = 0 € X N X (7)™8. Let k{j = wy (y) and pick &y € S"(7) such that
m#(Zo) = 0. By Lemmathere is a quasi-compact connected neighborhood U of
x inside X*°8(7) such that U is isomorphic to a product of an open subset U; ¢ W
with a rigid space Uy which we may chose to be connected. After shrinking U; we
may also assume that f(Y;) N U surjects onto U;. As U is quasi-compact, there
exist My, ..., My such that

M; > valy (Vo (tog,1 - - - tog,i) () + 1

for all x € U, where val, is the valuation on k(x) normalized by val,(p) = 1. Let us
write Z; C U for the set of strongly dominant algebraic weights ks 1 > -+ > ks 4
such that M; < ks ; — ks,iy1 for all i and o : K — Qp. Then Z; is Zariski dense in
Uy and hence w=1(Z;) NU is Zariski dense in U.

A point y € f~1(U) mapping to k’ € Z; is classical by the choice of M; and [Ch3]
Theorem 1.6 (vi)]. Applying what preceeds with the point y and the component
of Xy containing w™!({k'}) NU =~ U, we find that w=({k'}) NU C Xy(7). This
implies that Xy(7) contains w™*(Z;) N U which is Zariski dense in U and hence
U C X (7). This implies that Xy (7) contains C. O

Theorem 4.13. Let p 1 2d and let K be a finite extension of Q,. Let 7 : Gx —
GL4(F) be an absolutely irreducible continuous representation and let Ry be its
universal deformation ring. Assume that 7 % 7(1). Let k = (kio) € [[,.xq, z4
be a strongly dominant weight. Then the representations that are crystabelline of
labeled Hodge-Tate weight k are Zariski-dense in Spec R:[1/p].

Proof. The assumptions that 7 is absolutely irreducible and 7 % 7(1) imply that
Z = Spec Rz[1/p] is smooth and irreducible.

Let X = X (p, Wao)™® C X(7) for a suitable choice of W as in Lemmaf4.2] Our
assumptions imply that the X is non-empty and hence Theorem [£.11] implies that
X has dense image in Z. Let t € R; be a function vanishing on all crystabelline
points of weight k. Then Corollary implies that it vanishes on X N w’l(Wfila)
and hence by Theorem [£.12] is vanishes on X. The claim follows as X has dense
image in Z. O
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