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VISCO-POTENTIAL FLOWS IN ELECTROHYDRODYNAMICS

MATTHEW HUNT* AND DENYS DUTYKH

ABSTRACT. In this study we consider the problem of the interface motion under the
capillary—gravity and an external electric forces. The infinitely deep fluid layer is assumed
to be viscous, perfectly conducting and the flow to be incompressible. The weak viscous
effects are introduced using the Helmholtz—Leray decomposition and the visco-potential
flow approach. The electric charge distributions above and on the free surface are consid-
ered. Finally, we derive some linearized analytical solutions for the free surface elevation
shape under the localised pressure distribution and the combined action of the forces
mentioned hereinabove.

Key words and phrases: electro-hydrodynamics; free surface flows; viscous dissipation;
potential flow
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1. Introduction

Liquid thin films are a common occurance in the fields of biology and engineering under
the guise of coating flows, and have been subject to an intensive study. Instabilities and
the ensuing dynamics associated of the liquid film then can by caused by a number of
effects including interfacial instabilities due to surface tension variations (e.g. Marangoni
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instabilities), gravitational instabilities (such as Rayleigh-Taylor) as well as instabilities
caused by external fields like electric or magnetic ones. Instabilities of the interface can also
be due to topography or a moving pressure distribution (as it is considered in this study),
but an external electric field may lead to the stabilization of the interface. Moreprecisely,
depending on the asymptotic form of the electric field in question, its effect can be either
stabilizing [24] or destablizing [22].

The study of electro-capillary waves was first initiated by G.I. Taylor et al. [22] for 3D
waves with a prescribed disturbance of the interface. On the other hand, in modern inves-
tigations the disturbance is determined according to an applied external electric field and
then the free surface profile is calculated by solving the electro-hydrodynamic formulation
[20]. The work carried out by Hunt [11] focused on forced waves in electrohydrodynamics
using the methods set out in [20, 27] to examine linear and weakly nonlinear free surface
flows in 2D and weakly 3D (Kadomtsev—Petvishvili-type models). The method proposed
in the present study allows to take into account for the viscous effects [25, 26, 23, 24] by
keeping the simplicity of the potential flow approach. For the sake of the clarity of the
exposition, we illustrate this method in 2D inifinite depth case.

The theory of visco-potential flows probably originates from the pioneering work of
J. Boussinesq (1895) [1] who estimated the water wave amplitude decay due to the effect
of viscosity in the linear approximation. Then, this research has been continued in 70’s
in the contect of nonlinear long wave models [19, 14]. Later, Kit & Shemer (1989) [15]
developed a theoretical model which allowed to estimate the wave energy dissipation which
included the friction effect at the bottom and lateral walls in a rectangular wave tank.
The potential flows of viscous fluids were also thoroughly investigated theoretically by
D. Joseph and his collaborators [13, 12]. The visco-potential formulation in the deep water
case wad derived by Dias et al. (2008) [5] and generalized to the finite depth case in [17]
and later in [8, 7]. This formulation was validated experimentally and numerically for the
practically important case of solitary wave propagation in [18]. More recently, the damping
rates for various dissipative operators were investigated numerically in [2, 21]. Finally, the
asymptotic long time behaviour of some visco-potential models were found and justified
analytically in [4, 3, 9].

The present manuscript is organized as follows. After a brief introduction, in Section 2
we present the derivation of the electro-hydrodynamic visco-potential formulation. An
analytical solution to the linearized formulation is shown in Section 3 for several values
of problem parameters. A particular case of the electro-hydrodynamic problem where
the charge is distributed on the interface is considered in Appendix A. Finally, the main
conclusions and perspectives of this study are outlined in Section 4.

2. Mathematical model

Consider an infinitely deep channel of a perfectly conducting weakly viscous and incom-
pressible fluid (referred to as the heavy fluid) and is in the region {(z,y)| z € R, y < n(z,1t)}.
The flow is assumed to be exactly two-dimensional. A Cartesian coordinate system (x,y)
is introduced, with y pointing vertically upwards. The interface between two fluids is given
by y = n(z,t). The sketch of the physical domain is given on Figure 1. Below we will
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Figure 1. Sketch of the physical domain considered in this study.

adopt the so-called free surface assumption and the light fluid will enter into equations
only through the electric forces.

The velocity field in the heavy fluid in region [ is then given as u = ui + vj + 0k. We
assume that there is an electric field in region I1 {(z,y)|z € R, y > n(x,t)}. The electric
field E satisfies the equations V xE = 0 and, thus, can be written in the following potential
form:

E=-VV.

Since there are no free charges in the light fluid, the Gauss’s law states that V - E = 0,
and hence the governing equation for the electric potential reads:

o’V 9%V

This equation is completed by appropriate boundary conditions. At infinity we require the
following asymptotic behaviour of the solution V' (zx,y):

V(r,y) = —Eoy  as  y— 400

In the heavy fluid the velocity field u = (u, v) is governed by the linear incompressible
2-D Navier—Stokes equations:

Oou Ov
27 2.1
ox + oy 0 (21)
ou  10p Pu  0*u
= ot a) 22
ov 19p Pv 0%
g 29 cv gy 9.
ot p Oy g+y(6:c2+8y2)’ (23)
(2.4)

where p is the pressure, g is the gravity acceleration and v is the kinematic viscosity of the
heavy fluid.
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The main idea behind the visco—potential formulation consists in writing the velocity
field u in the form of the Helmholtz decomposition [5, §]:

u=Ve+VxA (2.5)

We will assume also that the flow is essentially irrotational, i.e. ||¢|| < ||A||. Under this
assumption, equations (2.2), (2.3) can be rewritten in the following vectorial form which
is valid for irrotational flows:

Ju
5 = " VrTretvViu, gi=(0,—g)
Taking the curl of the last equation we obtain:
0
5 (V xu) =vV*V xu) (2.6)

After substituting the representation (2.5) into (2.6) we obtain the following governing
equation for the vortical component A:

E —VV .A

The vector A is known as the streamline vector and in 2D, it reduces just to a single
component A = (0,0, ), which satisfies the following scalar equation:

o 2
— = ) 2.7
AL (2.7
Moreover, in 2D the velocity field u can be simply expressed as:
_dp 0y _Op 0¥

u_6x+8y’ U_ﬁ_y_%'
The continuity equation (2.1) leads the Laplace equation for the potential part inside
the fluid domain:
V.-u=0= Vip=0.
By inserting the representation (2.5) into the linearized Navier— Stokes equations (2.2),
(2.3) we obtain

%(Vg@ +V xA)=-Vp+vV3(Vp+V x A).

By using the property that the velocity potential ¢ is a harmonic function, the vortical
component A satisfies the diffusion equation (2.7) and the commutativity of differential

operators lead to
dp  p
()0
ot + p oy

Integration of the last identity yields the so-called linearized Bernoulli quation:

dp p _
BT +p+gy—B(t) (2.8)

The arbitrary function B(t) (an integration constant) may be removed from the right hand
side of (2.8) by the following transformation [16]:

¢H¢+/B(s)ds,
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to give finally the resulting Bernoulli equation:

dp p
Y —0. 2.9
5 +p+gy 0 (2.9)

2.1. Dynamic boundary conditions

In constrast to some previous studies which considered the linear case, in this section
we will perform the derivations on the fully equations.

The capillary and electric effects come into the problem through the Young— Laplace
jump condition at the interface between two media:

[f-T-a])=0V-n, (2.10)

where the brackets [-] denote the jump across the interface y = n(x,t) and the unit normal
n (pointing from the lower fluid to the upper fluid) is given by

(—77:1:7 1)
V31+n2

The stress tensor take on two different forms depending upon which region is under con-
sideration. In region I,

n= (2.11)

Tij = —pdij + 75,
where p is the pressure as defined above and ¢;; is the Kronecker delta symbol. and the
tensor 7;; corresponds to the viscosity. The stress tensor in region /1 is given by

T;; = —Pby; + Xy,

where P is the pressure distribution on the interface and X;; corresponds to the electric
field in region I1. Two constitutive components of the viscous and electric stresses are
correspondingly:

® Ty = u(ﬁjul + @uj),

o Zij =¢&p (EZEJ - %51]EkEk>a
where p1 = prv is the dynamic viscosity and €, is the .... Let us recall that the Young—
Laplace condition (2.10) involves the projection of the stresses onto the normal direction

n to the interface. In order to avoid cumbersome expressions, we will perform the compu-
tations of n - T - n by parts. The viscous part of the stress tensor T gives:

~ ~ ~ ~ ~9 ~92 A A
n-7 -0 =7n;T;N; ="N]Ti1 + NyTay + 2N1NaT12 =

v
1112 [ni(%x + Yuy) — 200(202y + Vyy — Yua) + 2(Pyy — Vay) |-

The same expansion can be also done for the Faraday stress tensor >:

A~ A~ ~92 ~92 A oA
n->-n-— 77,1211 + n2222 — 277,177,2212,

where
Sy = %”(v2 — V), Sp=¢,V,V, D= —%”(v2 — V2,

4 Y
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These expressions can be substituted into the Young—Laplace condition (2.10) to give the
following expanded form:

n ) n e 1 g ! Lo 7
T = ‘”” 2| ), + | }
T+ ) [p]2+[1+n% ], [ e P SO p s P
1%
+ T 7] (7733 [Som + Q/ny] — Nz [2909:3/ + Q/Jyy - wm]% + 2[90yy - wry]%)

Since we adopt the free surface approximation, all hydrodynamic quantities vanish in the
upper fluid except the external pressure distribution:

P2 = P(fE,t)

Consequently, the Young—Laplace condition allows us to find the pressure at the interface:

Nax 1
p = P(x,t) + 0(1 ) 17 2 [7}33211 + 21,510 + Z322]

v

1+72 (771(8%96 + Yay) — N (200 + Yyy — Yaa) + 2(0yy — wﬂ:y))
Inserting the last expression for the pressure p; into (2.9) and evaluating at the free surface
y = n(z,t) leads the following dynamic boundary condition at the free surface:

Oy P 1 5
+gn+— — 7[12 + 2m, 2 +Z]+ (m we + Vs
875 an P P(1+7}%) Mz 211 Nw2i12 22 1+7I n (80 (0 y)
O- 771'1'
- 7796(290961; + Py — Vo) + 2(90yy - wﬂﬂy)) =

;W, at y =n(x,t).

The last equation is also referred to in the literature as the Bernoulli condition. Below in
Section 2.3 the vortical part ¥ will be neglected under two following constitutive assump-
tions of visco-potential flows:

Wl < lel] and v<L

2.2. Kinematic boundary condition

The derivation of the corrected kinematic boundary condition in the framework of the
visco—potential free surface flows uses the linearized form of the tangetnial stress conditions:

T-t=0, at y=n(z,t),

where t is the Since the electric component of the stress tensor T is nonlinear, after the
linearisation this effect disappears. Consequently, we can transpose directly the results of
the visco-potential flow theory [17, 5, 8] into the electro-hydrodynamic context:

on _dp P

2u
o oy T o
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2.3. Fully nonlinear formulation

Now we can write down the set of fully nonlinear equations which govern the motion of
the viscous fluid under the action of an exterior electric force:

0? 0?

8—;§+8—yf:0’ —00 <y < n(w,t)
o’V 0*V

W+8—y2:0’ ’f](!L',t)<’y<+OO

2
n &p@_@_@JFQ ]

o Toror oy T om Y@

dp P 2
o T9Nt — — ¢ [771211 + 2,212 + 222]
ot p o p(l+n3)
14 2 g Nz
vz — 2NePz 2 ) = 75 ) t = ,1).
+1+ng(%“@ Nefay T 20w ) = S e A Y n(@,t)
oV onoV
17— = t 2.12

V — —Eyy Yy — +00,

— — 0, Yy — —00

This set of equations will be used below to derive some linearised solutions to the electro-
hydrodynamic problem of weakly viscous fluids. A particular case of this problem when
the charge is distributed on the interface is discussed in Appendix A.

Remark 1. The formulation presented above was done in deep water approximation. The
generalization to the finite depth case can be done relatively easily. The usual bottom
impermeability condition is modified to include a nonlocal term in time which is due to the
presence of a boundary layer at the bottom. the details can be found in [17, 8, 7). For the
same reasons, the dispersion relation of the visco-electro-hydrodynamic problem coincides
with the classical visco-potential formulation [7, 6.

2.4. Linear wave theory on a uniform current

We will assume that there is a current flowing with a speed U, and choose the asymptotic
expansion as follows:

= Uz +ep; +o(e)
em + o(e)
—Eoy + Vi +o(e)
= ep1 +o(e)

ST IR I
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The linearisation of the system of equations presented in Section 2.3 reads:

P Po
= — <

922 Iy 0 co<y<0

82‘/1 62‘/1

8x2+8y2 = 0 0<y<+x©
67]1 &pl 8 m
-no_ X9, -0
ox Ay + or2 7

oo p €pE02 oVi 82901 o 82771
U— -2 = — =0 2.13
8+p+gn+p8y "oy poez ! (2.13)

ovi om
- _ B
ox O 0r
&pl
—-— — 0 y— —o0
dy
oV,
=L 5 0 y—o 40
dy

The obtained linear system will be understood uising the Fourier analysis:

1 ~ ikx 1 Oy ikx
o1(z) = 27T/<pek dk, Vl(a:)zz—/RVlek dk,

T
() 1/Aikxdk () l/Aikmdk
Tr) = — e T) = — e .

T o Rﬁl y M o Rpl

The solutions for ¢ (z,y) and Vj(z,y) can be easily obtained:
1 | 1 |
p1(z,y) = 5 / A(k)eF ek Ak Vi(z,y) = — / B(k)e Hveite g,
21 Jr 21 Jr

T
By satisfying the boundary conditions one can find the unknown functions A(k) and B(k):
A(k) = (iU + 2vk) sgn(k)in(k),  B(k) = Eoi (k).

Inserting all the elements into equation (2.13) allows us to find the Fourier transform of
the free surface elevation:

o pi(k)  dik*vsgn(k) g B
(k) == [sem(h) T IE T

For the sake of illustration, we will take the following pressure distribution at the free
surface:

4ik?vsgn(k) g  e,E? L 42k sgn(k) o k:Q] -1

U2 5022
pi(x) = pTe == )

The expression for the free surface elevation in the physical space under this pressure
distribution is then given by:

k2ud
e 202 eikm
nl(x) 49@ 411/l<:2 -9 4 epESk APk gk? dk. (214>
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This expression can be further simplified by choosing new dimensionless variables:

U? g
[:=—k, z:=-—=
g T

With these new variables the solution (2.14) becomes:

g
xZ, C = mﬁl

= Re [ e b al 2.15
(@) = 7= e/o A1 6)—1—161 4B —a2 (2.15)
where ) ) s
og ekl 4vg 4dvg
ai=—"0, fi= p20’ Y= s =
pU pU pU U

For instance, we can notice that the coefficient v = 0(6?) = O(r?) < v < 1 and, thus, can
be neglected. The integrand in (2.15) is complex. The complex part plays the role of the
Rayleigh dispersion as mentioned in [27]. From analytical point of view, the complex terms
remove the singularity. Consequently, formula (2.15) will always define a valid solution in
Ly thanks to this complex denomenator. It is expected also that ((z) — 0 as & — +oo.

3. Results

In order to illustrate the analytical result derived in the previous Section, we plot on
Figure 2 the free surface elevation shape predicted analytically by solution (2.15). The
parameters were chosen to be « = 0.3, § = 0.15 and § = 0.01. The profile for these base
values is given in Figure 2.

x 10

-20 -15 -10 -5 0
T

Figure 2. Typical free surface profile predicted by solution (2.15).
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x 10
8
—B=015
6F | ——p=02 1
B =025

\'6

_8 | | | | | | |
-20 -15 -10 -5 0 5 10 15 20

Figure 3. Free surface elevation shapes for various values of the parameter (3.

In order to illustrate how the free surface elevation depends on the parameter 5 (which
measures the relative importance of the electric force to the inertia), we represent on
Figure 3 the same solution (2.15) for several values of § (all other parameters being fixed).
The same result is plotted on Figure 4 also for the parameter ¢, which measures the relative
magnitude of dissipative effects. The increase in parameters leads the slight decrease of the
amplitude, as it can be expected from the analytical solution. On the other hand, Figure 3
shows that the wavelength increases with the magnitude of the electric field 8 ~ E?.
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-3

x 10

6 ———46=0.01 A A -

————§=00125 \
—5=0015 f\
4r [ N

-20 -15 -10 -5 0 5 10 15 20

Figure 4. Free surface elevation shapes for various values of the parameter 9.

4. Conclusions & Perspectives

In this study we considered the problem of a free surface flow description in the presence
of electric forces. Moreover, the fluid is assumed to be weakly viscous. By using the visco-
potential flow theory, the classical potential formulation was modified to take into account
weak dissipative effects. The derivations presented in this study were performed in the
deep water approximation. However, the generalization to the finite depth case does not
represent any major difficulties.

The free surface shape in the presence of a uniform current and a localized interfacial
pressure distribution was computed analytically. The dependence of this shape on two
important dimensionless parameters was studied numerically as well.

This study opens a certain number of directions for future investigations. For instance,
the present analysis was only linear. Nonlinearities have to be taken into account as well
as the finite depth effects. Moreover, long wave asymptotics can be also performed to
investigate the shallow water regime.
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A. Electric charge at the interface

This section details the analysis of the problem where there is an interfacial surface
charge. In the inviscid case, as there were co shearing forces, there could be no dynamic
charge on the surface and it was only possible to compute in induced charge on the interface
given by:

ov
€pFm—

on
Then the definition leads to the same result as in the inviscid case, that the induced surface
charge is just the Hilbert transform of the derivative of the free surface profile. For the
dynamics surface charge equation (2.12) is replaced with two following equations [10]:

n- [5pE]i =q,

So =

0
8_:51 + Vo1 (qu) + ﬁ[aqEﬁ = 0.

The operator V is the covariant derivative defined as

VT:V—fl(fl-V).
Below we will perform the linear analysis of this problem as well. The expansions in this
case are given by:

o = Uzx+ep;+o(e)

n em + o(e)

Vv —Egx + Vi +o(e)
¢ = eq +ofe)

p = &nm

The covariant derivative on the free surface with the normal defined by equation (2.11) is

expressed as
_ (9 Om 0 Im 0
Vi = <8$’0> +€<8$ oy’ Ox 8x) +ole)

The equations reduce to the following [10]:

Two last equations can be combined into one:

Pm PV om oy
+Ue + o4 F +o

022 " Pozay T 0 oy

The rest of linearised equations in this case is exactly the same as in the previous section.

The analytical expression for the linearized free surface elevation in the Fourier space can

be derived in a similar way:

—€pEOU = 0.

A divk®sgn(k) g &E] Y ey 210))
(k) = [san(k) = =550 = 5+ k() - k] P
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Then, the free surface elevation in the physical space can be easily obtained:

1 ~ ikz ]
m (l‘) = 27 o2 / Aivk?2 sgn(lf)h(k)ge epE2 o 1.9 dk’ f(k:) - gp[j‘k;_Ulaq
mp R ksgn(k) — — — — =t ﬁk’f(kf) - Wk Tq TNV Ep

Using the same scalings and pressure form as before, the integral can be reduced to the
following dimensionless form:

o 1 N /oo e_%em N
T) = e = ,
4/57 o =102 =1+ BlLf(l) — al?

where o
Foopd _ 9
f - IIUZ _'_ 1 ) :u UO'q )
and coefficients «, § and ¢ are defined as in the previous section.
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