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LOCALIZATION AND NUMBER OF VISITED VALLEYS FOR A
TRANSIENT DIFFUSION IN RANDOM ENVIRONMENT

PIERRE ANDREOLETTI AND ALEXIS DEVULDER

ABSTRACT. We consider a transient diffusion in a (—x/2)-drifted Brownian potential W, with
0 < k < 1. We prove its localization before time ¢ in an a neighborhood of some random points
depending only on the environment, which are the positive h¢-minima of the environment, for
h: a bit smaller than logt . We also prove an Aging phenomenon for the diffusion, and provide
a central limit theorem for the number of valleys visited up to time ¢.

The proof relies on a Williams’ decomposition of the trajectory of Wy, in the neighborhood of
local minima, with the help of results of Faggionato [19], and on a precise analysis of exponential
functionals of W, and of 3-dimensional (—«/2)-drifted Bessel processes.

1. INTRODUCTION AND NOTATION

1.1. Presentation of the model. We are interested in a diffusion (X (¢), ¢ > 0) in a random
cadlag potential (V(z), x € R), defined informally by X (0) = 0 and

AX (1) = d(t) — SV (X (D)t

where 3 is a Brownian motion independent of V. More rigorously, X is defined by its conditional

generator given V', which is

L vy d ([ v d

2¢  dz \° dz /-
These diffusions in random potentials are considered as a continuous time analogues of random
walks in random environment (RWRE) (see e.g. P. Révész, [31], B.D. Hughes [22|, Z. Shi [35]
and O. Zeitouni [42] for reviews on RWRE).

The study of such a process starts with a choice for V. A classic one, originally introduced by
S. Schumacher [33] and T. Brox [5], is to take for V' a Lévy process. In fact only a few papers
deal with the discontinuous case, see for example P. Carmona [6] or A. Singh [36, 37|, and most
of the results concern continuous V', that is to say

V(z) = Wg(z) :=W(x) — gq:, z €R,

with Kk € R and W a two sided Brownian motion. We denote by P the probability measure
associated to Wy(.). The probability conditionally on the potential W, is denoted by P"= and
is called the quenched probability. We also define the annealed probability as

P() = /PW%)P(WH € dw).
We denote respectively by E"+= E, and E the expectancies with regard to P"» P and P.
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In the case k = 0, X is recurrent and [5| shows that it is sub-diffusive with asymptotic
behavior in (logt)?, moreover X is localized, at time ¢, in the neighborhood of a random point
biog ¢+ depending only on ¢ and W. This result can be written:

Theorem 1.1. (Broz [5]) Assume k =0, then for alle >0
Jim P [X(0) € [bogs — <(1081)” bogs +<(logt)’]] = 1. (L1)

The limit law of biog¢/(logt)? and therefore of X (t)/(logt)? were made explicit independently
by H. Kesten [25] and A. O. Golosov [23]. For recent results for this case see for example [1] and
[11].

In the case k > 0, the diffusion X is a.s. transient, with a wide range of limiting behaviors,
depending on the value of k. It was first studied by K. Kawazu and H. Tanaka. Let us denote
by H(r) the hitting time of r € R by X:

H(r) :=inf{t >0, X(¢t) =r}.

Kawazu et al. [24] proved in particular that when 0 < x < 1, H(r)/r'/* converges in law to a
stable distribution (see also Y. Hu et al. [21], and H. Tanaka [40]). More recently we mention
the results for large and moderate deviations, by M. Taleb ([38] and [39]), A. Devulder [8] and
G. Faraud [18].

In this paper we follow a different approach from [21] and [24]. Indeed we focus on a quenched
study, which has attracted much interest for transient RWRE in the last few years, see for
example the works of N. Enriquez et al. [14], [15], [16], [17], D. Dolgopyat et al. [12], and J.
Peterson et al. |27], [28], |29]. Heuristically, the diffusion goes to locations where the potential is
low, hence it goes to 400, but it is slowed by "valleys" of the potential, which trap the diffusion
for some time.

1.2. Main results. The goals of this paper are to localize the diffusion X, when 0 < k < 1, in
some valleys of the potential W, to understand the difference with Brox’s result given by (1.1),
and to prove an Aging phenomenon, as was done in [16] for transient zero-speed RWRE. We
moreover obtain a central limit theorem for the number of valleys visited up to time ¢t. We also
prove some intermediate results, which we think will be useful for obtaining new results about
the maximum local time of X.

Let t — ¢(t) a positive increasing function of ¢, such that ¢(t) = o(logt) and loglogt = o(¢(t)),
where f(t) = o(g(t)) means lim; 1~ f(t)/g(t) = 0. We prove the following aging phenomenon:

Proposition 1.2. Assume 0 < k < 1. For all o > 1, we have

sin(kr) [1/@
lim P(|X(at) — X(t)] < é(t)) = ()/O w1 (1 — u) " du.

t—+o0 m

This is actually a consequence of Theorem 1.3. Before stating it, we first introduce the notion
of h-extrema, which were first introduced by Neveu et al. [26], and studied in the case of drifted
Brownian motion by Faggionato [19]. For h > 0, we say that € R is an A-minimum for a given
process V if there exist u < x < v such that V(y) > V(z) for all y € [u,v], V(u) > V(z) + h
and V(v) > V(x) + h. Moreover, x is an h-maximum for V' if x is an A-minimum for —V', and =
is an h-extrema for V iff it is an h-maximum or an A-minimum for V.

As we are studying the process X until time ¢, we are more especially interested in the h;-extrema
of W,. where
hi == logt — ¢(t).
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It is known (see [19]) that almost surely, the hi;-extrema of W, form a sequence indexed by Z,
unbounded from below and above, and that the h;-minima and h;-maxima alternate. We denote
respectively by (mj, j € Z) and (Mj, j € Z) the increasing sequences of h;-minima and of
hi-maxima of Wy, such that mg < 0 <my and m; < M; < mjy; for every j € Z.

We also define

Nt = max {k S N, sup X(S) > mk}v
0<s<t

so that my, is the largest h;-minima visited by X until time ¢. The main result of this paper
concerns the localization of the diffusion. It is stated as follows:

Theorem 1.3. Assume 0 < k < 1. There exists a constant C; > 0, such that
lim P(|X(t) —mpn,| <Ci1o(t)) = 1.

t—-+o0
We first recall that X (¢) is asymptotically of order ¢ (see e.g. [21]). So, the size ¢(t) of the
intervals in which X is localized, which can nearly be of the order of loglogt, is small and is
related to the minimum height h; of our valleys. We could not say however if it the best that
can be obtained. The main difference with the result of Brox (1.1) is the appearance of the
(random) integer Ny, which is the number of typical valleys of height h; visited before time ¢. In
the recurrent case of Brox, the diffusion is, with a large probability, localized near the bottom of

a unique valley of the potential, whereas in our transient case, the diffusion is localized near the
bottom of one among several valleys of the potential.

We also prove a renewal theorem for the time to reach the last valley visited by X before t:

Proposition 1.4. We have the following convergence in law under the annealed probability P,
as t — 400,

(H ()t H(ma1)/£) 5 Jesin(re) /)y — 2) 752" g 1) ()11 o) (y)dady.

As a consequence, we get the following results, which are useful for the proofs of Proposition
1.2 and Theorem 1.3:

Corollary 1.5. Assume 0 <k <1 andlet 0 <r < s<1. Then,

: 1-r
lim IP’(I —s< H(mu,) <1- r> = sin(mr) / "1 — x) " de, (1.2)
t——+00 t ™ 1—s
. sin(mk) [T 1 -
t_liglooIP’(H(mNtH)/t >1+s) = — /. (14 2z) "z "da. (1.3)

Moreover, the total time spent in the last valley of height at least hy visited before time t renor-
malized by t, that is [H(mpy,+1) — H(mp, )]/t converges in law under P to a r.v. with density
sin(r)a 2" (1~ (1~ 2) ) g () + L1 o) ()]

We will see in Section 4 and 5, that this is due to the fact that for any integer k£ < n; with
ng = Le”¢(t)(1+5)J, 0 >0,

H(my) can approximated by a sum of i.i.d. random variables each of these random variables
having the law of U. We show that U is the product of a random variable depending only on the
environment and ¢, and an independent variable with exponential law of parameter 2. This first
random variable can itself be approximated by a product of sums of functionals of 3-dimensional
(—k/2) drifted Bessel processes and of W, (see Proposition 4.3).

These results are in accordance with those obtained by Enriquez et al. ([14], [15] and [16]) for
transient RWRE. The work we present here is self contained, in particular we present in this same
3



hal-00908626, version 1 - 25 Nov 2013

paper the technical study of the Laplace transform of the first exit time U. The study of the
environment only requires continuous arguments of stochastic calculus, starting by a Williams
decomposition of the trajectory of W, which mainly comes from the work of A. Faggionato [19].

The number N; of valleys visited goes to +00 as t — 400, More precisely, we prove the
following central limit theorem for Ny, with renormalization e"®();

Proposition 1.6. Assume 0 < k < 1. Then Nye re(®) —ts100 N in law under the annealed
law P, where N is a r.v. determined by its Laplace transform:

Yu > 0, E (e_“N) = —i:.o # <_U>J (1.4)
= I(kj+1) \ Cx

where Cy, > 0 is explicitly known (see Proposition 4.7).

Moreover we expect that the results of this paper will be useful to study other properties for the
diffusion. In particular, let (Lx(¢,x), t > 0, z € R) be a bicontinuous version of the local time of
X. It is known that the maximum local time of X at time ¢, that is £% (¢) := max,er Lx (¢, ),
satisfies limsup;_, ., L% (t)/t = +00 a.s. in the cases K = 0 (see [34] and [11]) and even in
the transient case 0 < £ < 1 (see [10]). Hence the maximum local times of X exhibits very
interesting properties, very different from those of the maximum local time of RWRE at time ¢,
which is naturally bounded by t/2. We expect that the better understanding of the localization
of X and some intermediate results provided in this paper will be useful to prove new results
about L% (work in progress).

The rest of the paper is organized as follows. First, we give in Section 2 the main properties
of the environment that will be useful for our study; in particular we present a Williams’ de-
composition of the trajectory of W, close to the one detailed in [19]. Then, in Section 3, we
approximate the trajectory of X by a sum of i.i.d. random variables, and we study one of these
random variable in Section 4. We study the asymptotic behavior of the Laplace transform of the
first exit time U in Section 4.3. Finally, we prove the renewal results stated in Proposition 1.4,
Theorem 1.3 and Proposition 1.2 in Section 5. Moreover, Sections 2, 3 and 4 start with basic
facts on diffusion in random media and/or estimates on the drifted brownian motion and Bessel
processes.

2. WILLIAMS’ DECOMPOSITION AND STANDARD VALLEYS
We use a Williams’ like decomposition ([41]), based on the results of A. Faggionato [19].

2.1. Williams’ decomposition in the neighborhood of h;-minima, (m;,i). We now recall
Williams’ decomposition of the trajectory in a neighborhood of the local minima m;, ¢ € N*.

Let a > 0. For any process (U(t), t € RT) we denote by
7V(a) := inf{t > 0, U(t) = a},

the first time this process hit a, with the convention inf ) = +o00. We denote by L7 a bicontinuous
version of the local time of U when it exists. We also denote by U® the process U starting from
a, and by P® the law of U%; with the notation U = U°.

Definition 2.1. We recall the definition of a (—(/2)-drifted Brownian motion W¢ Doob- con-

ditioned to stay positive (see |3|, Chapter VII.3), where ¢ # 0. For z > 0, P,Z_C/Z’T is defined

by P> /2 T(A) i= e B7[(1 — exp(—CWE (L), Ayt < 7VE(0)] for any A € o(We(u), 0 < u <

t) =: Fi, t > 0, where E* and P* are the expectancy and probability related to Wg This induces
4
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a unique probability measure P on o(We(u), u > 0). Moreover, p2t converges weakly
as z — 0%, in the space of Skorokhod D(Ry,Ry) (see [3] Prop. 14) and in C(Ry,Ry) (see
[19]) to a probability measure denoted by P0—§/2,T. The canonical process, which we denote by R,

is a Feller process for the family (PZ_C/Q’T, z > 0); it takes values in Ry, and its infinitesimal
generator is given for every x > 0 by (see [19] Lemma 6)

1d® ¢ c\ d

In the following, we call R under P;C/2’T for z > 0 a 8 dimensional (—(/2)—drifted Bessel
process starting from z. Of course this is a misuse of language as this process is not drifted
directly but is obtained from a drifted process. We notice in particular that, by (2.1), the law of
R is the same if  is replaced by —(, that is, 3 dimensional (—k/2)—drifted Bessel processes have
the same law as 8 dimensional (k/2)—drifted Bessel processes. Finally, when ¢ < 0, we have

P;C/ZT(A) = P*(A|7"Y¢(0) = 00) for every A € Fy, t > 0.

Let
V) = We() = We(my), i € N*,

which is the potential re-centered at the local minima m;. We also define for h > 0

77 (h) :==sup{s <m;, VO(x)=h},  7(h):=inf{s >m; VO (z)=nh}.

7

We have,

Fact 2.2. (William’s decomposition)

For any i € N*, let Pl(i) be the truncated process (V@ (m; —s), 0 < s <m; — 1, (hy)), P9 the
truncated process (VO (m; +s), 0 < s < 7i(hy) —m;) and P3(i) the truncated process (V¥ (s +
7i(he)), 0 < s <inf{s > 7;(hs), VO (s) = a} — 7i(hs)), for a < hy. Then the truncated processes
((Pl(i),PQ(i)),i > 1) are independent, and for a given i, Pl(i),PQ(i) and P:,Ei) are independent as
well.

Let us denote (R, h) the killed process (R(s),0 < s < 78(h)). Let (RW, h;) and (R®), hy) two
independent copies of (R, 7(hs)) and (W2, a) == (Wl(s), 0 < s < TW“(CL)) a (—k/2)-drifted
Brownian motion starting from b and killed when it first hits a < b, and independent of RV and
R®) . Then for all v > 2, Pl(i) s equal in law to (R(l),ht); forallt > 1, P2(i) is equal in law to
(R®), hy), and Pg(i) is equal in law to (W, a), for a < hy.

The results for the sequence ((Pl(i), PQ(i)),i > 1), comes from Theorems 1 and 2 in [19]. The
result for P?Ez) comes from the fact that 7;(h;) is a stopping time. We treat the central slope that
is to say Pl(l) in Remark 2.4.

2.2. Standard h;-minima (7;,7). Among the hi-minima (m;,4) only some of them are inter-
esting for the analysis of the process X : the (m;,7) hy-minima. Recall that 6 > 0 is a positive
real that can be chosen as small as needed (see the definition of n; just after Corollary 1.5). Let

hi = (1+ K+ 20)hy.
5
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We define ﬂg := 0, mo := 0, and recursively for i > 1 (see Figure 1),
L =inf{z > L] |, Wa(z) = Wa(LE ) — hi},

Fi(hy) := inf{x > L}, W,(z) - inf W=},
[Li,:p}

m; = inf{z > I:f, We(z) = inf W},
(L} 73 (k)]

L:r = mf{x > %z(ht)y WH(CL') = WH(%z(ht)) — h;r — ht},
7; (h) = sup{s < m;, Wi(z) — W,(m;) = h}, h > 0.

Wi ()

it

1 Ti(he) L.T ]:g = T

FIGURE 1. h; standard valleys

We also introduce the equivalent of V® for the (M, 1)

VO() 1= Wi(.) = Wioig).

We call i th valley, the re-centered truncated trajectory (V(i) (x), iltl <z < l?f)

The next step is to show that with an overwhelming probability the first n; positive h;-minima
(m;, 1 <i < mny) coincide with (m;, 1 <1i < ny). We denote V; the event {(m;, 1 <i<ny) =
(mi, 1<i<my)}.

In all the paper, Cy and ¢4 (resp. C_ and c_) denote positive constants that may grow (resp.
decrease) from line to line.

Lemma 2.3. For any0 < 0 < 1, and any t large enough P(V;) > 1—Chrw;, where wy := ngefht/2

and Cy is a positive constant. Moreover, the sequence (VW (xz+L} ), 0<a < Lf —L} ), i >
1) is i.i.d.

Proof: We first notice that m; is a hy-minimum for Wy, for every ¢ > 1, so {m;, i € N*} C

{m;,i € N*}. Hence on the complementary of V;, there would exist 1 < i < n; and 1 < j < my

such that m;—1 < m; < m,;. If for such 7 and j, Lg < m; < m,;, there would be a v > m;

such that Wy(m;) = inf,. , Wi and Wy (v) > We(m;) + he, so my < m; < 7;(ht) < v, then
6
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«(m;), which contradicts the definition of 7;. Hence, m;—1 < m; < Lti and then
w(mi_1) — 2R

Consequently, V; C (£33 N &33) U @ where 23 = {W,(m1) < 0} N Mo {Wi(my) <
W,{(mj_l)} and 8223 = {Wx(my) > —th'_} U U?t:2{W,{(mj) > Wﬁ(mj'_l) — 2hj} For j > 2,
Wy (m;) — Wi (mj—1) is by ([19] Prop. 1, Thm 1 and the remark before (2.26)) equal in law

to (+ — (-, where (4 and (_ are independent exponential r.v, such that the mean of (i is
2k~ L sinh(khg /2)eFrM/2. So for § > 2,

P[W,(mj) > Wi(mj_1) — 2h] < P(Cy > /2 — 2n) + P(C_ < e"Mt/2) < Oy emRhe/2,

For j =1, we notice that either there is an h;-maximum between 0 and my, with probability
< hge™*" by ([19], Thm. 1 and (2.25)), either my < 75 (hy) with

71 (ht) == inf{u > 0, Wi (u) — [ioan] Wi > hi}. (2.2)

In this case, Wy (m1) = infg ) Wi =: 8%, where — is by ([19] Lemma 1) exponentially
distributed with mean 2x~! sinh(khs/2)e/2. Hence P[W,(m1) > —2h;] < hye ™ M + P[-8* <
Qh?_] < C+€7Kht/2.

Hence, P(@) <P(£33) < Cnie /2 and then PVy)>1-— Cinge /2,

Finally, the fact that the sequence (V@ (z+ L} ), 0 <z < L} —Lj ), i > 1) isi.i.d. follows
directly from the strong Markov property applied at times f/;r_l, which are stopping times. [

The following Remark will useful in the sequel

Remark 2.4. Lemma 2.8 implies that for all 1 < i < ny, Tif(hzr) > 0 with a probability
larger than 1 — Cyw;. Also by Fact 2.2, (VD (m; —s), 0 < s < m; — 7, (b)) is equal in law
to (RN, hy), and by Corollary 1 in [30] this result can be extended until 7; (h;"), as long as
Ti_(h+) > 0 that is to say (VO (m; —s), 0 <s <m; — 7, (b)) on 1, (b)) > 0 is equal in law
to (R ,h5). So for every event A which belongs to the o—algebra generated by the truncated
trajectory (V@O (s), 7 (h) < s < my), A= A(VO(s), 77 (h) < s < 1)) we can write
P(AR®, i) — Crany < P(A) < PLA(RD, 1) + Cruy.

We also need the following intermediate random variables

M; :=inf{s > 1m;, Wx(s) = max Wy(u)},

m; <u<L
ﬁ*‘(h) = inf{s > m;, Wy(z) — Wi(m;) = h}, h >0,
Ly =7 (h).

We have the following result for the distance between the points of a given valley:

Lemma 2.5. For all 0 < i < ng,

P — M; < 079 ) < C e 0 (2.3)
P(FF(h) — 10y > 8h/k,Vy) < Cye ™M2V2 0 < h < hy, (2.4)
P(iiggr — Ly > 8hi [r, Vi) < Cye ™ 12V2, (2.5)
P(Lfy = Ly > 28he/k, Vi) < e/, (2.6)

Equation (2.4) is also valid for 0 < h < hf if 75 (k) — iy is replaced by mip1 — 77,4 (h).
7
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Before giving the proof, we detail a basic result and its short proof:
Lemma 2.6. Let 0 < a < w. For all h large enough, we have
P (TW”(—ozh) > 2wh/k) < e r(w=a)?h/dw (2.7)

Proof: P(tWe(—ah) > 2wh/k) < P(W(2wh/k) > (w—a)h) = P(W (1) > Vkh(w —a)/V2w) <
e~rw—a)’h/dw where we have used P(W (1) > z) < e~%"/2.

O

Proof of Lemma 2.5: Working on the event V; allows us to write that {m;+; — Mi <
e"ht(l_‘s), Vb € {mjt1 — M; < e"‘ht(l_‘s)} and then use Faggionato’s results. This idea is used
several time in this proof and all along the paper. For i > 1, thanks to ([19] Thm 1), the law of

(Wye(M; +t) — Wa(M;), 0 <t < mipq — M) is P¥?, which is defined in [19] p. 1769.
Applying ([19] Proposition 1 p. 1769 and especially Formula 2.14), m;+1 — M; has the same law
as a r.v. called (_, which Laplace transform is given by E (e=%-) = ae "h/2 /|a cosh(ahs) —
(r/2) sinh(ah;)] for a > 0, with & := y/2a + k2/4. In particular, with a Markov inequality with
o = e (1-0) we get P(myyq — M; < e"M(170)) < exp (e (10 E(e=-) < O e "0kt
Applying ([19] Thm 1 and formula 2.3) and taking o = —2/16, we get E (6”2 (T’i(h)_mi)/m) ~h—s 400
erh(1-1/V2)/2 V2. Then, (2.4) follows from Markov inequality. We get (2.5) by the same way.

y g Yy y

To get the last inequality, we just need an upper bound for Z:r — 7i(h¢). Since Zj is a stopping
time for W), (in particular we do not need to work on V; for this part), we have by using (2.7)

P(E;L — Ti(he) > 12hy/K) = P(TWK(_hzr — hy) > 120y /k) < o rhi/24.

And we used the fact that 0 < § < 1 hence hf + hy < 4h;. Combining these inequalities yields
(2.6). O

3. QUASI-INDEPENDENCE IN THE TRAJECTORIES OF X

In this section we show that the times to escape from the different valleys are asymptotically
in ¢ independent under the annealed measure. Then we prove that the time spent by X between
the valleys is negligible.

We start with some basic facts about hitting times by X, R and W,.
3.1. About hitting times. We first introduce some notation. Let
T
A(r) := / V(@) g, r € R,
0

and A = lim,_1 o A(r) < 00 a.s. As in Brox [5], there exists a Brownian motion B such that

X(t) = A7 B(T~%(t))], where
T(r):= / exp{—2W,[A"Y(B(s))]}ds, 0<r< TB(AOO). (3.1)
0
With these notations, we recall the following expression of H(r), for all » > 0,

H(r) = TIrP(A(r)] = / " e LB (A(r)), Afu)]du

—0o0

We also need some estimates on hitting times by W, and a —(k/2)-drifted Bessel process R:
8
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Lemma 3.1. Let 0 < v < a < w. For all h large enough, we have

Poh (7B (yh) < 7R (wh)) < 2e~la=Nh (3.2)
P (TR(wh) —1®(an) < 1) < Cpe W=l (3.3)
P <TW5»h) (1) 1) > 1—2e b2y gy, (3.4)

(k)
P</0 el gy, > e(l_o‘)h> > 1-— 36_“0‘}‘/2, 0<a<l1 (3.5)
P(rf(h) > 8h/k) < Cpe "h/2V2 (3.6)

Proof: We recall that R has the same law as the (x/2)-drifted Brownian motion W9, = W_,
Doob conditioned to stay positive, and more precisely that P(R € A) = lim, o P*(A|7"=(0) =
oo) for all A € G;, where (G, t > 0) is the natural filtration (see [19] Lem 6. and the discussion
before), and then for every A € G;, where 7 is an a.s. finite stopping time. Moreover, we know
that a scale function of W_, is given by s,(u) := 2(1 — e~**)/x = 4e~"*/? sinh(ku/2)/k, u € R
(see [19], (5.1)), that is, P(7W=+*(y) < 7W-+(—2)) = sx(2)/sx(x+y) for z > 0 and y > 0. Hence,
since TE}/;“ < oo PP-a.s.,
LHS of (3.2)
= P Wer(yh) < 7
= P Wor(yh) < 7W-r
_ (1 Sk ((Oé—v)h)> sx(7h)
su((W —=7)h) /) sx(ah)
sinh(k(w — a)h/2) sinh(kyh/2)
sinh(k(w — v)h/2) sinh(kah/2)’
where LHS means left hand side. This gives (3.2) for large h.
We now turn to the proof of (3.4). We have, if 0 < v < 1,

P(T (’yh)_l) P<[1&11f}(W(:U)+h Qx)_'yh)_P [10r711f]W_(7 1)h+2 .

This yields to (3.4), since infjg ;) W £ |W(1)|, where £ denotes equality in law, and P(|W(1)| >
x) < 2¢~"/2. The case v > 1 is treated similarly.

Now, we notice that the left hand side of (3.3) is less than

lim sup P*[7"=(ah) < 7V=(0)] x P*"[tW==(wh) — 7W==(ah) < 1]/P[+V==(0) = a].
zl0
Moreover
PE[rW=r(wh) — 7= (ah) < 1] = P [7W-r(wh) < 1] < 2exp(—[(w — a)h — k/2]?/2),
where the inequality is proved in the same way as (3.4). Since lim,_,o P*[7"W=*(ah) < 7W-+(0)]/
PE[rW=r(0) = 00] = (1 — e~"")=1 < 2 for large h, we get (3.3).
To prove (3.5), let 0 < @ < 1. Notice that the probability of {infTR[(l_a/Q)h]SuSTR(h) R(u) >
—a)h} N {7E[(1 — a/2)h] — 7F(h) > 1} is at least 1 — 3e=%"/2 for large h by (3.2) and (3.3).
Moreover, we have on this event,

TR (h) (k)
/ R0y > / R0 dy. > [FR[(1 — a/2)h] — 7E(h)]el=0M) > c(1-ah),
0 TR[(1—a/2)h]
9
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which proves (3.5). (3.6) is obtained similarly as (2.4). O

3.2. Independence in a trajectory of X. We prove that the sequence (U; := H(L;) —
H(m;), ¢ > 1) is "nearly" i.i.d under P for large ¢ in the following sense: First we need some
more points which belongs to the standard valleys, for all ¢ > 1

Li == inf{x > 7i(hy), We(z) — Wi(1h;) = he/2}.
Proposition 3.2. There exists a constant Co > 0 such that for large t,
VA >0, 1 <n<n, )IE <6—AZ;L:1 Ui) - {]E (e_AU)}n‘ < Cou(t,n), (3.8)

where u(t,n) := ne~%" if § is chosen small enough,

ie o }
U= [ VP LprP(A(Ly)), Au)ldu,
Ly
with A(z) = f;m VP @ dy for all Ly < z < Ly. Moreover for all n € N*, [a,b] C [0,1] and
a >0,

n—1 U n U b n—1 U
p(Z Sefab, Yy oz a) —/ IP’(Z e dx)IP’(U/t >a— )| < Cre . (3.9)
i=1 i=1 a i=1

Proof: Let &, := {Ui < H(L7) - H(ﬁ%)}, where H!(L;) := inf{s > H(m;), X(s) = L; }. We
also introduce F; := o(X(u), 0 <u <t, Wy(z), x € R) for t > 0. We get

n n—1
B (e,\zy_l Ui H]lfz) — B |EW- <EWH (e”\U”]lgn‘ ]:H(mn)) e AT U H ]lgi>]
i=1

i=1
n—1
W, Wy [ —AH(Ln Aty

=1

by the strong Markov property and since m; < L; < 1y, for 1 < i < n. Hence we obtain by

induction
Ay o _ H Wi ((—AH(L;
E (6 D1 | I ]15@') =F < Eﬁ” (e ( )]IH(L‘)<H(£1')>>

i=1 i=1

=

—E ( [L,\(H(ii)PW“(SZ-)D , (3.10)
=1

as PV (&;) = PY» (H(ii) < H(i;)) and whith Ly [H (L;)] := EW (e_)‘H(L’)

H(L;) < H(i;)).

We now need to prove that PWs (&) is closed to one with a large probability, so the next step
is to get a lower bound for this probability. We now work under V; which allows us to use 1749
and its William’s decomposition instead of V®, we have

E (ﬂ [LA(H([N%)IP’W“(&-)D > E (ﬂ [L,\(H(L-)IP’W“ (&)MFWD .
=1 i=1

Let us give an upper bound for P« (&;) on {m; = m;}. Recall that A is a scale function of X
under P"= (see e.g. [35] formula (2.2)), that is

P (€)= B (H(L) > H(ED)) = ( / 8 W) ( / f ") (3.11)

1
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so on {m; = m;},

~ V('”) M Tii[hj(l_ﬁ/ll)} V('”)
(3.11) < <(Li —my)e’ ”)/(/ e (x)(h?) =: Qi/D;,
()
recalling that 7, (z) = sup{s < m;, V@ (s) > 2} for z > 0.
We start with the denominator D;. First on {1n; = m;}, 7, (h) > 0 so by Remark 2.4 (V@ (m; —
z), mi—; [h] <z <m;—7; [h (1-k/4)]) is equal in law to (R (z), T R >[ht+(1—l'€/4)] <z<
m(hj)). Then, formula (3.2) applied with h = b, y =1— /2, « = 1 — k/4 and w = 1 gives

for ¢ large enough, with a probability larger than 1 — C+e*"2ht/ 4

D ]lmz =my; > 6 (1 H/Q)[ (h+) - 7— (h+(1 - K‘/4 )] mi=m;-

Moreover by (3.3), we have
P () =™ (b (1 = 5/4)) 2 1] 2 1 = O "%,
So finally, we get D;1l,—m, > ehi (1= “/2)11 n,=m; With a probability larger than 1 — C’+e_”2ht.
For the numerator Q;, first by (2.6) and Lemma 2.3 P(L; — L; > 28hy/k) < 2e""/24. Also

thanks to Williams’ decomposition (Fact 2.2),

PVO(M;) > hy(1+0)] < P <sup Wi(s) > 5ht> < e Orhe,

s>0

where the last inequality comes from formula 1.1.4 (1) page 251 of [4]. Finally for 4 small enough
and ¢ large enough, with probability greater than 1—2e 0%/t Qilp,=m,; < 28htl€_1€ht(1+6)]].fni:mi
and D;1s,—m,; > ehj(l_“/z)]lmi:mi, SO

PV (E) iy, > (1 — Cyphye”5H20=mDhe/2yg o (3.12)

Collecting what we did above, we get

n

H < Li)P"= (5i)]1mimiD

n

> (1 —Cyeorhoynp (]lvt HEHVI;“ (ef)‘H(L')

=1

(L) < H(in)) .

Using Lemma 2.3 and considering (3.10),

n n
E (e—)\Z?—l Us Hllgi> _E <H EE;” (e_/\H(Li)
=1 =1

With similar ideas for the upper bound, we finally get

E (e’AZ?:l Uz’) _ (HEWH( —\H(L;)

For every fixed W,,;, we have under IP’W:‘ on {H (f) )< H (f/;)},

(L;) < H(f);))) > —C ne o,

< Cyne O,

(L) < H(]z;))>

H(L;) = / R W £ 7B (Ay(L)), Ai(w)]du, (3.13)
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where for all f/; <z< [ij, Ai(z) = fﬁi V@ dg and B is a standard Brownian motion. This
J

and (3.11) show that the left hand side of (3.11) and E?j’ﬁ( —AH(L J|H(L;) < H(L;)) are mea-
surable with respect to the o-algebra generated by (V) (z), LZ- << Ly).

Using (3.13), and the fact that {(V®(z), L; < x < L;),i <n} is iid. by Lemma 2.3 give
the upper bound of (3.8). Notice that we choose the second valley in the definition of U in order
to avoid the central slope (see Fact 2.2) when working under V.

For (3.9), we obtain

n—1 n
P(;(i € [a, b],;(f > a,€n> = { s Ule[ab}EWn( Sy ]1gnny(mn)>}

b n—1 U
_ /P(Z;edx>P(Un/tZa—ﬂf75n),
a =1

since U is for i <n — 1 measurable with respect to o(Wy (), < L1, X(u), u < H(L,_1)),
whereas EWx (]lUnzafa:]lsnLFH(mn)) is for every x € R measurable with respect to o(Wy(z +

) — We(n), > L — 1y, X(u+ H(my,)) — iy, 0<u < H(L,) — H(i,)). Since U, is
equal in law to U and P(&,) < Cre %" we get (3.9). O

3.3. Negligible parts in the trajectory of X. We now prove that the total time spent
between the first n; large valleys is negligible compared to .

We first need to give estimates concerning the hitting times of Tﬁl and 71 (he). To this aim,
notice that H(r) = H_(r) + Hi(r), where H_( f e WrW) £p[TB(A(r)), A(u)]du and
Hi(r):= [, e Wr) Lp[TB(A(r)), A(u)]du. Actually, H_(r) (resp. Hy(r)) is the time spent by
X in R_ (resp. in R;) before it hits r for the first time. We start with the following lemma
about H_; it comes from [10] and the proof is given for the sake of completeness:

Lemma 3.3. Let k > 0 and H_(+00) := lim,_, 1o H_(r). For z large enough,
P(H_(+00) > 2z) < Ci[(logz)/z]"/"+2), (3.14)

Proof: For a >0, a > 0 and b > 0, let
&1 = {sup,g e <af, E9:={Ax <a}, &= {supyep LalrP (@), y) < b}
L (+00) :=sup sup Lx(H(r),z) = sup sup Lx(t, ).
r>0 x<0 t>0 x<0
We first prove an inequality with regards to £ (+00). We notice that
L (+00) = sup sup {e*W”(I)EB[TB(A(r)),A(x)]} < (sup eW“(‘”)> sup L[t (As), y).
r>0 x<0 <0 y<0

By the first Ray—Knight theorem, there exist two Bessel processes Ry and Ry, of dimensions 2
and 0 respectively, starting from 0 and Ra(«), such that Lp(7(a),z) is equal to R2(a — ) for
z € [0,a] and to R3(—x) for z < 0. Hence, for a < b,

b
(53 3 = (RQ( ) >0b) +/ P, <supR(2)(y) > b) P(R%(a) € [z, x + dz)).
0 y>0
12
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Consequently,

—= b R3(a o o
P(£3%) = exp <_2a> e < 215 )1{R3<a>sb}> < R+EERM)] 5 =y,

S

. _1 1 rtl . 3.3 3.3 3.3
with ¢g > 0. Now, let a := z++2, a := z+#+2 and b := z~+2. Notice that on &> N &Y~ N EF2,

Ly (+00) < z and recall Ay £ 2/7 (see Dufresne, [13]), where ~, is a gamma variable of
parameter (k,1). We have for z large enough,

P(LY (+00) > 2) < P(EF) + P(E3%) + P(EF3) < a™ + [2/a]"/(kT(K)) + con /b < erz” =77,

(3.15)
with ¢; > 0. We now turn back to H_(+00). Define for ¢ > 0,
£33 .= { min  B(s) > —ozz:i%} , £33 .= {|A7 (—=2)| < clog z}.
0<s<7B(a)
On &3 NEFBNEFINEF3NESS, we have for r > 0,
0
H_(4+00) < lim Ly (+oo)dx
r—+00 J 4-1 (minogsgrB(A(r)) B(s))
< ’Ail (minOSSSTB(AOO)B(SD E}_(—Foo)
< JATH=2)|L% (+o0) < czlog 2. (3.16)
Moreover, for ¢ > 2/k, and € > 0,
L clog z 2
P(E33) =P (z > / eW(“)+““/2du> < P [z > exp ( inf W(u)) e 1)]
0 0<u<clogz K
< 2 n(¥-1-e) (3.17)

for all large z. Moreover, P(?) = of[a+ az%] < e Choosing ¢ large enough, this,
together with (3.15), (3.16) and (3.17) gives (3.14). O

Lemma 3.4. There exists a constant Cs > 0 such that for every h > 0,
E[H, (v} (h))] < Cse" (3.18)
where 7 (h) is define in (2.2). Moreover,

P[H_ (1) > t/log hy] < Cy[(logt)? /1] (5+2), (3.19)

Proof: We first remind that E[Lg(72(1),y)] = 2(1 —y) for 0 < y < 1; which is a consequence of
the first Ray—Knight theorem (see e.g. [32]). We notice that by the scale property of B, recalling
that A(u) > 0 for all u > 0 and A is independent of B, we have for every r > 0, which can
depend on the environment W,

BV () = B ([ A L (1), Alw)/A() )

= / T Welwg (A(r) — A(w)) du
0

= 2 / / W) =Welw) qydu, (3.20)
0 u
13
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(b k)
E[H,(rf(h)] = 2E eWr () =We W) qydy
0 u

where 77 (u, h) := inf{t > u, Wy(t) —inf, g W, > h}. Applying Fubini followed by the Markov

property at time u, we get
00 71 (u,h)—u
2 / E | Ly<rrn) / eWrlor)=Welw) gy | du
0

1 (h)
= / E(Ly<rrn)E / (@ da | du
0

= 2B1(h)Ba(n), (3.21)

where, similarly as in Enriquez et al. ([15], Lem. 4.9),

E[H (1 (h))]

IN

B = B0, o= ([ ),

Using [19] (formula (2.3) and (2.7)) we have By (h) < c1e”, with ¢; > 0.

We now cut the integral which appears in the definition of 3(h) into several parts. to show
that Bo(h) < Cye™%)" for h large enough. To this aim, we introduce eg := 0 and

e;j = inf{s > €51, WK(S) = _j}, Jj=1,
Hj = sup (WH(U) - Wli(“))? JE N,
ej<usv<e;ji1
We have,
00 1 (h)
iy = p(Er [

k=0 0

o0 k—1 -

_ ZE[l{Ho<h} X oo X 1{Hk1<h}1{Hk2h}<ZeWK(ei)Ji + €Wn(€k)Jk>:|
k=0 =0

where J; 1= f:j“ eWe(w)=Welei)dy and Jj, := fo(h) eWr(w)=Weler)dy. Hence, applying Markov

€k
at times e; and since Wy(e;) = —i, we get

oo [k—1
Ba(h) = > [Z e (1 - q)*qE(Jo|Ho < h) + (1 — q)*qe " E(Jo|Ho > h)]

k=0 Li=0
< 1— e (1= q)fqE(Jo|Hy < h)| + ——L——E(To|Hy > h
< gﬁ[( e = 0 aB(lHo < )| + 7T BTl Ho 2 1)
with ¢ := P(Ho > h). Hence fy(h) < C[E(Jo|Ho < h) + E(Jol{gy>p})]. To finish first
by 3.10.7 (a) page 317 in [4], taking x = 0, @ = —1, a = 0 and b = h, we easily get

E(Jol{my<ny) < E(Jolfrwe(—1ycrwn(n)}) < Cell=%h Tn the same way using formula 3.10.7 (b)

of the same reference with the same parameters except b = h — 1, we also get E(Jol { HOZh}) <
14
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E(TO]I{TWK(_D>TWN(}L_1)}) < CeM1=K) This, combined with ¢ ~p_10e Ce™"" gives Ba(h) <
Cell=%)h for large h, which together with (3.21) and £1(h) < c1e®® gives (3.18).

The second inequality, that is (3.19), comes directly from (3.14). O
We now have all the tools needed to bound the time spent between the deep valleys:

Lemma 3.5. For any 6 small enough (5 < 273/? and n(l +20) < 1) and t large enough

P(H(m1)<6t)2]?<ﬁ {0<H ZU <vt}>21—03vt,

k=1

where ¥y == 2t/ 1og ht, vy := ny(log hy)e ) = o(1), C3 > 0 and 30, --- = 0 by convention.

Proof : We have, for every 1 < k < ny,
H(my,) = H(i) + Z Ui + Z ( (7is1) (L-)) , (3.22)

so we just have to prove that H (1) + Y it ! (H('I;h@'+1) - H(I:Z)) is less than or equal to oy with
large probability. We consider

Lf = inf{x > 7i(hy), We(x) — We(m;) = 3he/4}.
We define X;(t) := X (t + H(Ls)) (vesp. X;(t) := X(t + H(L}))), t > 0, which is a diffusion in
the environment W,, starting from L; (resp L*) We also denote by Hx,(r) the hitting time of
r by X;, for r > L; and A% := f;o eWe(W)=Ws(@)dy. We introduce the following events:

E° = My {Hx, (i) < Hy, (1)},
€37 1= i {AL < M0, AT < 16 AT 5 ohu/16y,

We recall that Ay, := A% has the same law as 2/7,, where 7, is a gamma variable of parameter
(k,1), with density e "z" Mg, (z)/I'(k) (see [13], or [4] IV.48). Hence, P(Ax > y) < Cy~" for
y>0and C >0, and P(Ax <y) < e~ 1Y for small y > 0. Moreover, since L;, Ti+1(ht) and f/;k

Tit1(ht)

are stopping times for the natural filtration of W,, AL , Ao and Aﬁg have the same law as

A under P by the strong Markov property. Consequently,
P(E35) < ny(Ce /16 1 ). (3.23)
Moreover, we have for 1 <i <n; — 1 on €5, PWx[Hy, (41) > Hxl(f)j)] = Qf/D}, where

_eht/16

m1+1 ~ ~
Q= /L W@ dg < Vel ALi < oxp(W (i) + he/2 + he/16), (3.24)
ﬁzi+1 =, ok oo
Dr o= / We@) gy — WelED) AL / ey
: Thz+1
Moreover, we have on 55 N 3%, where £5° = =NjL HF a1 (he) — My < 8hy/k},

/ eV @ dz < [Fir1(he) — mig1 + Ag—éﬂ(ht)]ew"(mi“Hht < (8hy/ K + ht/16) W (i)
Myl
for large ¢ since Wi (1h41) < Wi(L;") < Wi, (1) — he. This yields to D > eWx(ma)+11he/16 /9 for
large t. Hence,

P(E}%) < P(EFP N EF° N EYD) + P(E37) + P(E€37) < 2mpe™"/® 4 P(E37) + P(E5F),  (3.25)

where P(@) < Cympeht/2? by (2.4) and Lemma 2.3.
15



hal-00908626, version 1 - 25 Nov 2013

Let 7 (ht) := inf{u > L, Wﬁ(u)—inf[zf W 2 hi} fori > 1, and €55 := N7 1{Tz+1(ht)
Tix1(he)}. By definition of 7;(he), {7/ 1 (he) # Tiv1(he)} = {75 (he) < i§+1} ={infj. - 4 We—

~ N i Tit1
W (L}) > —Qh;F — 3hy/4}. Since LY is a stopping time, using the strong Markov property, we
obtain P(7f\ (he) = Fiy1(he)) < P(inflo () Wi 2 —2h — 3h;/4) < Cre "M/ as in the proof
of Lemma 2.3. Then P(£§°) < Cynye™"h/2,

On €%, H(mins) — H(L) = Hy,(fis1) < Hx,(ips (b)) = H, (7, (he)), which s, on
E}5, the total time spent by X; in [[sz, +00) before hitting 7;41(h¢). This last quantity is less
than or equal to the total time spent in [L¥, 4+00) by X before hitting 75 1(h¢), which has
the same law as H, (77 (h;)) under the annealed probability P, since L} is a stopping time for
W, and then (W, (L + z) — W,(L?), = > 0) is a standard Brownian motion. Consequently,
E[(H (mi+1) — H(Ei))lg?ﬁmggﬁ] < E[H4(7{(ht))] for 1 < i < mny — 1. This, together with Lemma
3.4 and a Markov inequality lead to

ne—1
. log h
<H+ ) + Z ( (i) H(Li)) > t/(log ht),gf-fﬁ,gjf’,s?’ﬁ,vt) < Cymyelt 282

t
where £2° := {m1 < 7{(ht)}. Recall that P(ﬁ) < P(0 < My < my) < hge™ as seen in
the proof of Lemma 2.3, case j = 1. This, combined with (3.19), (3.23), (3.25) and Lemma 2.3,
concludes the proof. O

4. TIME SPENT IN A STANDARD VALLEY

The aim of this section is to prove Proposition 4.6. First we need additional estimates given
below.

4.1. Some technical estimates. Recall that (R(s), s >0) is a (—k/2) drifted 3-dimensional

Bessel process, and let (W%(s), 0 < s < 7V (a)) a (—k/2)-drifted Brownian motion starting
from b and killed when it first hits a < b. We now introduce

7R(a) TW’S(G/) -
F*(a) := / et RG) g, G*(a,b) = / eiwg(s)(s)ds,
0 0

Lemma 4.1. There exists Cy >0, M >0 and n; € (0,1) such that Yy > M,Vy € (0,m],
E (e*VF_(y)> —[1+2y/(k+ 1)]71‘ < Oy max(e*”y,’ygﬂ), (4.1)

‘E(WF*(@)/@““’)—[1—27/(“1)]( < Cumax(e™™,432),  (4.2)

E (G 0R0I) L[ T(1 - k)25 P14+ R)| £ Cimax(y"e™™/29). (43)
Moreover, there exists ¢c; > 0, such that for ally >0, E(F*(y)/e¥) < ¢c1.

Proof: We denote by I, and K, the modified Bessel functions, respectively of the first and
second kind (see e.g. [4] p. 638). First, ([4], 2.10.3 page 302) with « = 0, x = ¥y, 2 = wy < v,
B =1/2, and pp = —k/2 gives

K(l-w)y/2 2
B (e—"/Cv’*(wy,y)) _€ (2K (2y/27e0?)

, > 0.
Ky (2y/27ewv/?) !
Note that this expression can be deduced from the fact that G+(wy,y) £ fgwm(wy) Wel@) gy,

Ay £ fOTWK () Wr(@) gy + eVAL , with Al = £ A, independent of N W@ We(@) g and [13].

16
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Recall that P(R € A) = lim, o P*(A|7"*(0) = 00) for every A € G,wg (q)- Hence, we have for
v > 0, by the strong Markox property,
P L Wor®) Ly PY(Ty = o0)
FE (e Y (y)) = lzlig E* |:exp <—’}//O e (S)ds ]]‘{Ty<T0} m
B +rx~ 1 sinh(ky/2) (4.4)
 L2v2yet) K (2v/27) = Ki(2v/27eR02) 1:(2v2y) '
where the last equality comes from (|4], 3.10.7(b) page 317) witha =0,a=0,b=a, 5 = £1/2,
and x > 0, since P*(Ty = o0) =1 —e " and I],(u)Ky(u) — I;(u)K,(u) = 1/u for u > 0. Now,
notice that when max(v?*, u3) — 0,
—k o™ — k)
IR(UU)KR(U) - KR(UU)IK(U)
Hence, there exist Cj > 0 and 77 > 0 such that

max(v%,ug) <n = |f(u,v) = [1+ u2/(4(/<c + 1))]_1] <Cj max(vz'i,us).

=1+ u2/(4(n + 1))]_1 + O(max(v%, u3)) (4.5)

flu,v) :=

Consequently, taking v = 24/2y and v = e Y/2, there exist M > 0 and m > 0 satisfying (4.1).
Similarly, we get as u — 0 and y — +o0,

E(e W/ = 1 - 2u/(k + 1)) + o(max(u*?, e ")),
E(e7vGTW/20)/ey = 1 _D(1 — k)(2u)*/T(1 + &) + o(max(u, ue"¥/?)),

which yield respectively to (4.2) and (4.3). Finally we deduce the result for the mean of F*(y)/e?
computing the first derivative of (4.4). O

Before proving Proposition 4.6, we still need to introduce the following technical lemma:

Lemma 4.2. B being a standard two-sided Brownian motion, there exists a constant c3 such
that for every 0 <e <1,0<d <1 and x > 0,

§1/6
P(ues[ggﬂ L5 (W),0) ~ La(r (0,0 > eLalrP(1).0)) g, (46)
P(uil[lol?l] Lp(rB(1),u) > a;) < 4e7/2, (4.7)
P <21£ Lp(r?(1),u) > x) <1/x. (4.8)

Proof: First, (4.7) and (4.8) follow respectively by [11] Lemma 2.3 and [39] Lemma 3.1 together
with the first Ray-Knight theorem.

Let 0<e<1,0<d <1 and
£42 .= { sup |Lp(rB(1),u) — L(rP(1),0)| > EEB(TB(l),O)}.

u€[—4,d]

We have, for @ > 0 and § > 0,
P(EY?) = P(EY?N{Lp(T5(1),0) > a}) + P(E*2 N {Lp(75(1),0) < a})

< IP’( sup |Lp(rP(1),u) — Lp(rB(1),0)] > sa) +P[Lp(5(1),0) < ]
u€[—4,9]

| o

< ]P’[TB(l) > 5] +IP’< sup |Lp(s,u) — Lp(s,0)] > 8oz> + (4.9)
u€[—4,0], 0<s<p

17
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since Lp(75(1),0) is an exponential variable with mean 2. Now notice that

PlrB(1) > 8] = IP’( sup B(u) < 1) — P(v/BIB(1)| < 1) < 2/1/275.

0<u<p

Let 0 < g < 1/2. The second term of (4.9) is less than or equal to

Lp(s,u) — Lp(s,0 ex
P( sup ILp( )1/2—53( )| o >
w€[=5,0]—{0}, 0<s<3 |ult/2=0 ot/ameo
1/2—¢9 _
< 0 E( sup [£5(5,b) 1/£2]_35(S’a)|>7 (4.10)
e a#b, 0<s<g  |a —Db|!/Z7=0

the last inequality being a consequence of Markov inequality. Now, applying Barlow and Yor ([2],
(ii) p. 199 with v = 1) to the continuous martingale B(. A ), we can say that the expectancy in
(4.10) is less than or equal to Cy ¢, (v/B)'/?*% where C} o, > 0. Consequently,

P(E12) < e3/7/B + Cio(V/B) /20512750 (ca) ™! + 0 /2.

Now, we choose o = £ 2/5§1/5 3 = £4/5§=2/5 and gy < 1/36; we get P(£%?) < c361/6e=2/5,
which concludes the proof. O

4.2. Approximation of the time to escape from a typical valley.

We now prove that a standard exit time can be approximated by product and sums of independent
well known random variables. We recall that U is defined in Proposition 3.2.

Proposition 4.3. Let g, := 3¢~ (1=30m/6  There exist independent random variables IlJ“,I;,Il_
and Ly , depending on t and independent of e a random variable with exponential law with mean
2, such that I is distributed as F*(hy), T as G*(hi/2,ht), and I; and I, as F~(hy/2), such

that for t large enough, P(A;) > 1 — C+e_‘52‘3*h*, where
A= A{[U— (I + )Ty +T)e| < (I + T)(Iy + I, Jerer}
The proof of this Proposition involves 3 Lemmata, the first two are straightforward conse-
quence of what we have already discussed or proved the last one is more technical.

First applying Williams decomposition (see Fact 2.2), we have the following
Lemma 4.4. We have

T2(ht) T2(ht/2)
Af = / @Ay £ Fr(hy), A = / e VP @y £ F(hy)2) (4.11)

m2 m;

N RV Ry +,_
A2 = (& de =G (ht/2, ht), Bl =
To(

ht) ma2

with Ly := inf{x > m(h:), We(z) — Wi(ma) = he/2},

Ty (ht/2)
2 e:I:V(Z)(gc) £ Fi(ht/Q),

Recall that A is defined just before (3.9). We have,
Lemma 4.5. For all0 < ( <1,0<e<1/2 and t large enough, we have
Plesht0=2) < A(7(Chy)) < M) > 1 — 0 emench, (4.12)
Proof: Working on V;, and considering the first expression in (4.11) (replacing hy by Chy), we

know that the probability in 4.12 is larger than P[echf(l_e) < Ft(Chy) < eght(lﬂ)] — P(Vy).

Then by Markov inequality and Lemma 4.1 P[F*(Chy) > e$h(1+9)] < ¢je~<ht. For the lower
18
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bound, taking v = ((1 —¢/2), « = ((1 —¢) and w = ¢ in (3.2) we get with a probability larger
than 1 — C e sl

F*(Chy) 2 M0 (Chy) — 77 (Che(1 — £/2))].
Finally using (3.3) we get the result. O

We first prove the following intermediate result

Lemma 4.6. For all 0 < ¢ < inf(2/27,x2/2), and t large enough,
P (’U — A(E2)I_e1 < 36—(1—3a)ht/6A(E2)I—e1) >1— C_;_e_c’aht,

where T~ := f;f((};i//?) e V@ W dy. Also ey is independent of W,.

Proof Let & := e "(173)/2 We introduce zf := AN (8;A(L2)) and 25 := A~ (=8 A(Ly)).
We cut the integral defining U into three parts:

R o
U= [T [T [T O A L) L (1), Aw) AL = o+ Tr+ Ty (113)

where B'(.) = B([A(L2)]?.)/A(Lz), and (B!,)y>0 is a standard Brownian motion independent of
W, which we still denote by B in the rest of this proof. In what follows, we show that the main
contribution comes from Jj.

For J,, we prove that for ¢t large enough

P(Jz > A(Lg)ey h2e=(19h/2) < 0y emoc-le, (4.14)
To this aim, we first notice that :c('f € (e, f)g) since 0 < §; < 1. Mgover, fl(ac) < 6tA(fL2) iff
z < xf. We introduce ¢ := {z > 7,7 (h/2))}, and prove that P(E}0) < C e . First by
(4.12)
P(A(7 (he/2))) < 0F6)/2) > 1 — ¢ e=eM/2, (4.15)
Working on V;, A(Ly) = A 4+ AJ, so by Lemma 4.4 P(A(Ly) > eM1-9)) > P(F+(h;) >
eh(1=2)) — P(V;). Hence, we get P(A(Ly) > e(1=9)) > 1 — 4e="e"/2 by (3.5). This, together
with (4.15) gives

P(é’fﬁ) = P[0, > fl(%;(ht/Z)))/fl(f/g)] >1-— C’+e*C—5hf. (4.16)
We now turn back to J5. We have on 5{1'6,
o Lo .
o< sw Lo(rPWAE) [ e, (4.17)
uel0,1] 7 (he/2))

Let £36 = {inf%;(hz/2))§u§%z(ht)[V(Q)(u)] > (1 —e)hy/2} and E36 = {L — Ly < 28hy/k}.
Working on V, €56 = {infﬁ(ht/z)gugﬁ(ht)[V(Z) (u)] > (1—€)ht/2}, then Williams’ decomposition,
equation (3.2) with o = 1/2, v = 1/2(1 —¢) and w = 1 give P(E46) < P(EX5,v,) + P(V,) <
Qi;’%ht/jﬁ—i— P(Vy). Moreover, P(£36) < Cy e "m/?4 by (2.6) and Lemma 2.3. We have on
E°NESS,

Lo . .
/ e_V<2)(“)du < e_(l_a)ht/z([zz - %;(ht/Q))) < htﬁe_(l_a)htﬂ-
7 (he/2)) "

This, together with (4.17) and (4.7) with M = h; proves (4.14).
For Jy, we prove that for t large enough

P(Jy > Cy A(Lg)hye /27200y < O em=0e-hr, (4.18)
19
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With the same arguments as those used for (4.16), we get P(£{®) > 1 — C e ¢~ where
€= {zg <7y (W/2)}.

We now define €36 := {z5 > Ly} and prove it has a large probability. In the one hand we
have

P(A(Ly) > eM(0+e/2)y < ¢ em0-5he/2, (4.19)

Indeed A(Ly) = A(7o(hy))+A(Ly) — A(72(hy)). Thanks to Lemma 4.5 P(A(7y(hy)) > 2eM(1+</2)
< Cye=M/2/2. Also the strong Markov property gives A(Ls) — A(o(hy)) £ G (ht, he/2), then
we notice that G (he, he/2) £ M GH(0,—hi/2) < eM A, where Ay is defined just above (3.1).
So P(A(Ly) — A(fa(hy)) > eM04e/2) /2) < P(Ay > eM/2) /2) < Cpe reh/2 /2 < Ce0-<hi/2 )2,
as Aso £ 2/

On the other hand P( A(Ly) > eMO+5/2)) > P(F*(hf) > (145/2))) — P(V;) (see Remark
2.4). Soby (3.5) P(—A(Ly) > e (+5/2)) > 1 _4e="ht/4 for large ¢ . This, together with (4.19),
gives

P(£40) = P(=6; > A(Ly)/A(Ly)) > 1 — Cye c-h/4,

Let £ = {me <u<%{(ht/2)(v(2)( w)) > (27} and £16 = {sup,<o L(77(1),5) < e},
Also by Remark 2.4, on {7, (h;") > 0}, (VP (u), 75 (hf) < u < 75 (ht/2)) has the same law as
(RA)(s), R® t/2) <s < rRC )(h+)). Hence (3.2) withy =1/2—e,a=1/2and w = 1+ k+24
gives P(EXS) < P(EXS, V) + P(Vy) < 2. Moreover, by (4.8), P(EX6) < e<h.

Therefore, on 01.7:351.4'6 NV}, i.e with a probability larger than 1 — C' e~ we obtain

. F(he/2) oo
Jo < A(Ly)sup L5(B(1), 5) / ' eV Way < Oy hyA(Ly)em (VY22 (4.20)
s<0

which yields (4.18).
For [J1, we prove that for t large enough,

P[Jy < ey A(Ly)e~Mt /2] < Cpeo=che, (4.21)

where e := Lp(75(1),0) is an exponential r.v. With mean 2 by the first Ray-Knight theorem,
and is independent of W,,. First, let jl fm1 +f —We(1)) qqy, = jl + jl and

&80 1= {subueis,a0 1L8(77 (1), u) = Lo(rP(1),0)] < 6 Lp(r%(1),0)}
We know that P(£46) < C+51/30 by (4.6). We have on &35,
‘jl A(Lg)Jre1| < 6, V34 A(Lo)Jre. (4.22)

We finally need that J1 is not too small, which we prove with a similar argument as before : first
we have J; > J;7 > e~ (7 (Eht) ma) > e M on £F0NESS, where £46 .= {7} (ehy) —ma > 1}
has a probability P(§6) > P(£5%, Vi) —P(Vy) > 1—Cye e*ht/4_ Cynge=*M/2 by Lemma 2.3,
Williams decomposition and (3.3). Hence J; > (1 — (51/3)A(L2) ~ehtey on EFONEFSNEFS NV,
which gives (4.21) for large ¢.

End of the proof. To finish we have to prove that T is nearly equal to Z—.
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On EF0NEFSNELS, we have Ly < 2y < 75 (he/2) < 75 (he/2)) < af < Lo, and V@ (z) >
(1 —e)ht/2 for every = € [Ly , 75 (he/2)] N [7y (ht/2)), L2] on 36N &GS, hence on NY_,EX6,

. 7y (he/2) Lo o L
0< N —I° < / +/ eV @Ay < em (/2L — [T) < Cphye” (172,
7 (he/2))

2

Let &8 = {e1 > e~M/2} and observe that P(E5°) > 1 — e"/2. We now combine all
the previous intermediate results. On N2, &6 for ¢ large enough, J; > A(Ls)eje <M /2 >
A(Ly)e=%"M /2 and Jy + Jo < A(Lo)e~ 1543 < 2J1e"1/2459)ht - This, together with (4.22),
yields

1-e —ht(1— 35)/6) (Ez)jlel <JH<U<(1 + 9e(—1/2+5¢) ht)j < (14 2e” he(1— 35)/6) (Ez)jlel

(4.23)
Moreover, J; > I~ > e~M (7} (ehy)—rmy) > e~ and J) = (1 =L )+L~ < Cyhpe(179h/24
T~ < (14 e12429h)T— for large t. This and (4.23) give (1 — e M(1-39)/6) A(L,)T7e; < U <
(1+ Se_hi(l_Se)/G)A(Lg)jlel which proves the lemma. O

We are now ready prove the proposition :

Proof of Proposition 4.3: We define 7; := fTZ(h‘/z) e VP ()ds = A1_7

— . m —_v(@(s _ - . rra(he) @) (s L @) (s _
I, = f72‘2(ht/2) e V7 Ods = By, I = fr;(ht/z) V) ds, and T TZ?ht) eV )ds = AF.

By Williams’ decomposition and the strong Markov property, Z;, I2 and I2+ are independent,
I, £ F~(h/2), I, £ F~(h¢/2) and T £ G (ht/2,ht), and they are independent of (W, (s +
To(hi/2)) — We(ma), 0 < s < mo(ht) — T2(ht/2)) which has the same law as a (x/2)-drifted 3
dimensional Bessel process started from h;/2 and killed when it first hits h;.

We now consider, possibly on an enlarged probability space, a process (R (s), 0 < s <
TR (h¢/2)), independent of W,, and e; and then independent of Z; , Z, and Z,", and distributed
as (R(s), 0 < s < 7f(hy/2)). We now extend this process by setting R (s) := Wy[s —
7BY (1 /2) + Tz(ht/2)] W, (my) for 78 (he/2) < s < 7B (hy/2) + ma(he) — 72(he/2). We also
introduce If fo (o) eV () g, By the strong Markov property, R(Y) (and hence also Ifr)
is independent of I2 , Ly, Zy and eq.

Moreover, with the same notation as in Lemma 4.6, we have on V;, 2= = Z; + Z, and
A(Lg) = Af + I} where T~ is defined in Lemma 4.6.

We now prove that Af can be approximated by Ifr. Since Af — I; = fn:z(htﬂ) V() s £
F*(h/2), and by Lemma 4.1

+
P (Zfr -I > 6(1+5)ht/2> _p (Af ~If > e(1+5)ht/2) _p (W - eéhtﬂ) - eéc;j/?

Moreover by (3.5), with a probability larger than 1 — 3e~"0ht/2 for large t, Ifr > ht(1=9),
Therefore, with a probability greater than 1 — 4e=%"/2 for large ¢, AIL <Zi+ e hi(1-30)/ QIf <
I (14 e mU=39/2y and AT > T — (T — Z) > (1 — e 0=39/2)TF and then

(1 o efht(173(5)/2)zii- S Ai‘r S (1 4 eiht(ligé)/z).’[f_,
which gives (1 — e (1=30/2) < A(Ly)Z~ /(T + T))(Z] +Iy)] < (1 + e (1=39)/2) " T finish

we use Lemma 4.6 with € = 4. O
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4.3. Second order Laplace transform of a standard exit time.
We are now ready to prove a key point of this paper which is the second order of the Laplace
transform of U/t :

Proposition 4.7. Let A > 0. Fort large enough,
k(1) (1 B <e*%U>> = C X" + 0(1)
with Cy, = 8%(Co + |Yol), with Co :=T(1 — r)['(k+2)/(1 + k)" and

v [0 _u[[rmﬂy);(\/@]f[”min}Tdyd“'

Proof: We have,
E <e—%U) - F (e_%U]lAt> +E (e—%UnA—t) <E (e—%UnAt) +P (&)
Hence by definition of A; and Proposition 4.3, we get with )\ti =2\ (1x &) /t,
S = Cre Pt < B (e73Y) < 85 + Cre et

where S = E (e—@f/m(fm;xfﬁr;>e1) Leter >0, 0:=3k/d+e1, Bl = {(T} +IF) >

elo8t=06(} “and By := {(Z; + Z,7) < 981799}, Since e; is an exponential r.v. with mean 2,
we get SSE = Sft + Sgc, where for 1 <1 < 2,

Sy = /Oodze_zE(ﬂBie_Z’\fi(IlJrJ“I;)(Il_JFI?_))
0

- /Omdze—ZE(]l& {E( AT +TTT )} ) (4.24)

since Z; and Z, are independent and independent of If and I2+ and have the same law.

We start with Si. Let a(t) := e~ G/9%¢(1) Now, consider 0 < z < nya(t)ef?t)-logt /\E —
ma(t)e??® /(2X(1 % &;)). On By, we have 2AF(Z; + Z,7) < mia(t), which gives by (4.1) applied
to I, £ F~(ht/2) for t so large that hy/2 > M,

B (e @R | 17 25) < 2() + Comax(e ™2, [oX- @ + )1,

with Z(z) := (1+ INFa (T + )/ (K + 1))71 for any x > 0.Therefore, for such z and ¢, by
(4.24),

nya(t)e??®)

T d
S5 < / B (15,2%(2) + Mg 3Ci (AT + T3] + e /%))
0

+oo
+ / e “dz.
ma(t)efs®) /(tAF)

We notice that f e~ *dz < e~%® for large t since a(t)e??® > $(t). Moreover,

1)) /(txF) ©
foma(t)e%(t)/(w‘ )dze_ZE (15, [AE(Z + Z)P?) < Ima(®)]*/2. So for t large,

SE < / dze " E (1p,Z2%(2)) + o(e="*®),
0

We also define,

—+00
= / dzeE (15,2%(2)) .
0
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Recall that for any A > 0 and any random variable X > 0, we have by Fubini,

E ((1 + X))~ /+OO du /+Oo e ” H)‘X)) dz.

(1:|:8t)
Kk+1

+0o0 +oo p%zzAIiF p%zzz\I;
= / du/ dee™E <e_ t > E <e_ t > . (4.25)
0 u

Recall that t = e e?(®) | 5o using (4.2), (4.3) and the laws of Z;” and Z,, we notice than whenever
przaX/e?® <y and y > M,

p;tzz/\li'— ZPiZI‘)\ h + 3/2
- + A . S —Kht (Jb(t)
E<e ) <1 (r+ 1)eo) + Cy max (e ,(pnzx)\/e ) ) ,

pic 2eATS (1 — k) (2pEzz\)~ i taa\
- <1-— K $(t)\" g=rhe/2 PrZIAN
E(e 7 ) <1 T Er)  erdd +C4max<(p,{za:)\/e ) ey

So, we get, C' being a positive constant,

+00 +oo F(l _ /@) (2pfzx)\)”
(4.25) / du/ < IF(1+k) ero®) > 1 pi 2\ e <m
+oo —+o00 + K
o (PN g PREEN o
+C/ du/ dze (( o) > € +W+€ 1 ot s Jed(0) <y

“+o00 —+00
/ dU/ .’L']l iZIA/6¢(t)>7]1'

Finally, notice that f0+oo e ?dz f0+oo du fu+oo dxe™™ jEz:c)\/e(f’t = 2pEN\/e?® . Moreover, we
have [;7 e 2dz 7 du [[F° dwe " [pfza/e?®]" = O(e~*®), and furthermore [;™*° dze™*
0+°O du quoo e rdrl 2y o) sy, = O(e=?®). Hence, we get

/+Oo dze *E (Z*(2))

oo +O° (1 — k) (2pfzz))" 600)
/ / du/ ( T(1+k) eno®) > Lt jeot <y, +O(€ )

P(l o /1 SHAH “+o00 +o00
=1- 1+ dze *z" dze "zt
T(1+ r) (1—1—/1)”@"‘?5()( &) / = 2/ ve-w

+oo +oo
i [ [ [ i+ 06 0
I'(1—k)'(k+2)8%A"
(14 k)rerd(®)

since, by the dominated convergence theorem, the integral in (4.26) goes to 0 as t — o0
and then Line (4.26) = o(e="*(")). Combining equations (4.24) to (4.27) we get SF + Sf <
1—Co8 Nie (1) 1 o(e="*(1). We prove similarly that S5 +S55 > 1—C8°\e (1) o(e¢(),

We now turn to the estimation of Sf — S5, We assume that ¢(t) > 4loglogt, 0 < & < 1/2,
b(t) = —0¢(t).

Step 1: Approximation of Il+ + I;. Since ge(l=3K/4=e1)o(t) > 8h/k for large t, we have
P(Z] > ete=Br/4e000)) < P(rR(h,) > ee1=36/4-000)) < P(rR(hy) > 8hy/k) < Cpe /2V2,

So, by independence of Ifr and IQJ“, and defining pF :=

=1- (1 £ &))" + o(e "W). (4.27)

since Fy (hy) < e r8(hy), 78 (hy) £ 71(ht) — mq by Fact 2.2, and thanks to (2.4).
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Moreover, we can write I; = ehﬁ/Too eM/2 A, where AOo = fl £ As. We have
P(eht/2Ay > ete=Br/4+200t)) < P(Ay > t1/3) < Ct™/3 since P(Ax > y) g Cy™" (see
Dufresne). Now, we have on By N {Z; < ete™B#/4+e0)e®))  {ehe/2 4 | < ete=(38/4+21)0(0)1

te”Br/A+e)dt) T L T = TF 4 M Ay — M A < Mt Ay 4 ete BR/AHeR0),

This yields M AL > (l—e)te*(:"“/‘”gl)d’(t), and then Z;7 +Z; < (l—i—i)ehtgoo < (1+25)eht;1\00
Similarly, Z;" +Z, > eht Ay —ete—(Br/A+e1)e(t) > (1fﬁ)ehtzzl\oo > (1—2¢)eh Ao, Consequently,
replacing ¢ by /2,

P(Bi N{(1—e)eM Ay < I + T < (14¢)eMA}) = O(e™?W). (4.28)
Step 2: Simplification. Thanks to (4.28), we get

> AT +TH @ +17) 2
; E [(6 tuI tI)Z, +1y) _ g (u)) H{If-i-ljzteb(t)}

1

IN

St - S5

{(1_5)ehtAooSIi~_+I;S(l-‘ré‘)ehtAoo}} e tdu + e ?0)

ST+ 5% 4?0, (4.29)

IN

where

o0
4 AEu(l—e)eM A (T +T5
Sy = /0 E [(e Fu(l—e)ert Ao (I +1, )_> ]l(1+8)€htgw2teb(t)

1

—Uu
{(1_a)ehtAooglfr+l—;§(1+€)€htAoo}:| e tdy,

0

[]111++I2+2teb(t) - ]1(1+s)eht2mzteb<t>]]1{(175)&@00gzlﬂrI;rg(He)ehzXm}} e "du,
~ -1
Zoo(u) = [1+23Fu(l+e)e™ A/ (r+ 1)]

Using once more (4.28) leads to

+ > _AEu(1—g)el A\oo I, +I1, 2 —u
S4 S /0 E |:<€ t ( ) t ( 1 +Z, ) — ZOO(U/)> ]1(1+5)eht2002teb(t):| e du
Lo 9(0), (4.30)

Now, for ¢ large enough so that 0 < &; < ¢, the integral in (4.30) can be written as

o'} ~ 2
/ e “dull || E (ef)‘fi“(lfg)ehmw ! |Aoo) - Zgo(u) 1. _ swrew
0 Aco> 17

fe'e) _ P 2
< / e "duF [(E (6_4>\(1_£)2ue O ’%) - Zgo(u)> 1 2(1+¢) ] . (4.31)
0 RARIOETEY

By Dufresne [13], since v, has density 2" 'e™*/T'(k)1g, (z) and is, as A, independent of I,
then the RHS of (4.31) is equal to

[ v [T [ (emimmsinm (1 S Fe e
0 0 (k+1)et®z (k) ’
(4.32)
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With the change of variables y = Sue~#0)zL, this is equal to (8X)"e "0 L(t), with T(t) :=
Io° 57 fe(u, y)dydu and

BN P (1+2)2%y 2 e e
, =1 B Ke~U| B ( (1—€)2yZ; /2) {1 )
fe(u,y) {Q%}“ € [ ¢ + (k+1) I(k)yrtt

Step 3: pointwise convergence.

— K/2
Notice that thanks to (4.4), limy_, 4o F (e_VF (y)) = W@/\/va) for v > 0. Hence, for every
u >0 and y > 0,

K

lewrnon e (G I

Step 4: dominated convergence. We notice that fi(u,y) = ai(u,y) + be(u,y) and f(u,y) =
a(u,y) + b(u,y), where

B 1—¢)?y -2 YTl e te—d(0)
1 —u ( (1—e)2yZ, /2> 1 ( 8A\uy ‘e
> drumto) U [ T T(k)

) —2
(1—¢) (14 ¢)%y YL e lem s
b . 1 _(1 \rTe)ly uy e
¢ (u, y) { S Bue=05() (1+i?<t) ue” [( + CES) ) < + CESY () e

and their pointwise limits on (R%) )2 as t — oo are respectively

(1 —e)*y" B (1—o)%\ ]y !
K+ DI(2(1 - €)/y))? (H (k+1) > ] I(k)’

o - 01 (0 2) T

Since Vz > 0, I.(x) > (z/2)" y + @/ e get

ft(u7 y) 7 t—+00 f(ua y) =

ay(u,y) =

alu,y) = ufe ™ [[r (

" -2
T(k+1 T(r+2) WM - (1 + ﬁ) < 0 for every
v > 0. Consequently, V(u,t) € R%, a(u,t) < 0. This, and the fact that t — E (e‘VFi(hf/Q)) is
nonincreasing for v > 0, lead to

2\ 27 ,,—k—1
V(u,y) € (R+)?, a(u,y)Sat(u,y)éu”e‘“[1—<1+ug)y) ]y =: h(u,y). (4.33)

(k+1) (k)
Henee, [a(0-3)] < (a0, ()] )] < ). for overy () € B3 Nore
over, since 0 < £ < 1, |h|, |b| and |a| have finite integrals over R% (notice for example that
e"u" " a(u,y) = O(y "‘) as y — 0). Thus, by the dominated convergence theorem,

lim Y¢( / / f(u,y)dydu =: Y.
t—+o00
Hence for small ¢, limsup,_, o ((S7)e"*®N"") < (1 — £)8% T, since lim, o J(z) = J(0) < 0.

Step 5: S5 is negligible. First, we have

si < [ B[lertuiatiasmem _ 22

—Uu
]l{zf+z;<teb<t>}]1{(1+s>ehmoozteb<f>}]l{<1—s)ehtAwSIHIMHs)ethoo}}6 du

2 Tl —aFu(l—e)eht A (T +T5) 2
E[|e (@A) 72 ()

IN

]l{(l_s)ehtAoogteb(t)g(1+e)ehtAoo}] e “du, (4.34)
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where we used ’(]lEl — ]1E2)11E3‘ = 1F11E21E3 —|—]lE1 ]lE‘iz]lEm for events Ez with ]lEl HEHEg =0in

our case. The same calculations as for Si° give | S5"| < % 15 S (F(u, g, e) |4 Fi(u, y, —e)|dydu

erd(
for large ¢, with

_ (1—2)2yz 2\ 2 (1+2)%) "]y
7 1 B Kot | ( (1-2)%yZ; /2) (1 .
t(u7 y? Z) 4>\u(el+i‘f(t) Syg 4>\U<917i(f(t) }U € |: € + (H —|— ]_) F(K/)

Using the same domination as before, the dominated convergence theorem gives Sgc = o(e*”‘b(t)).

Conclusion: Consequently, limsup,_, , . [(S§ + SZ)e N "%] < (1 — 22)8"Y,, then

lim sup [(51i - Sg)ew(t)x“] < (1 - 2¢)8"T,
t——+o0

by (4.29). We prove with the same method that liminf, 4. [(Sli - S;E)e”‘z’(t)A_”] > (14

2e)8"Y _.. Moreover lim,_,o T, = Yo which yields (SfE — S;E) ~tstoo 85 TN () Since we

already proved that 52i +5F =1 — Cp8\re o) 1 0(6_“¢(t)), we get

1-E (e*%U) ot too 8%(Co — To)ATe™ )

which proves the proposition. O

5. PROOF OF THE MAIN RESULTS

5.1. The renewal results : In this section we prove Propositions 1.4, 1.6 and Corollary 1.5.
We start with the following important intermediate result on the first exit time U.

In what follows, we mainly use the same ideas as in [16] pages 18 to 22, inspired from the book
[20] pages 470-472. We first need a lemma and give its proof for the sake of completeness. Recall
that for all i > 1, U; = H(L;) — H(1;).

Lemma 5.1. Fort > 0, let p; be the positive measure on Ry such that for all x > 0, ([0, z]) =
e—re(t) 2752 P( Z:l Ui/t < x). Then, ()¢ converges vaguely, as t — 400, to the measure
p defined by du(x) = (CkI'(k)) 2" (g 100y (z)dz. Moreover, on every compact subset in
(0, +00), 2 — e"*OP(U/t > x) converges uniformly when t — +oo to x +— Crz™"/T'(1 — k).

Proof: First, let us prove that for all A > 0, we have as t — 400,

/ T N () = / e o)) (5.1)
0 0 CiI'(K) ’
/+00 e e OP(U/t > z)dz = /+<>0 e_Mde +o(1). (5.2)
0 0 (1= r)x®
Let A > 0. First, we have, by Proposition 3.2,
00 ng—2 ) ng—2 .
J et = i (0 E ) = X (G (B()) ) o (M)

We notice that, by Proposition 4.7, [E (e AU/#)]"~1 = o(1), since nge™®) —; ., +oo and
Cx > 0. Hence, again by Proposition 4.7, we get since nyu(t, nt)e_”¢(t) — 0 ast — +o0,

+00 e—mj)(t) 0
/0 e—Adet(x) _ (1 + (1))

1—E (e-AU/?) o) =
26

+o0 e—)\mxn—l
+o(1 —/ ————dx + o(1),
W= ere e
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which gives (5.1). This implies the pointwise convergence of the Laplace transforms of () to
that of u, and then the vague convergence of () to u. Now, we have by Fubini,

E (1 7V / / Ae MdzP(U/t € du) = / e NP (U/t > z)da

Since A" = A f ® e A p=rdx/T(1 — k) and using Proposmon 4.7, we get (5.2). From this point-
wise convergence of the Laplace transform of e**®P (U /t > x), we get the uniform convergence
of ") P(U/t > z) when t goes to infinity as in [16]. O

Proof of Proposition 1.4 and Corollary 1.5: Let N; be the unique integer such that
H(ThNt) <t< H(m]\?t—i-l)'
First, by Lemma 2.3 and (3.22), P(N; > ny) < ]P’(Z"t YU; < H(iy,) < t) + Crw;. By the

exponential Markov inequality, this is < eE(e™ Sy U/ ) + Cywy. Finally, Propositions 3.2 and
4.7 give since ¢(t) = o(logt),

P(N, > n) <e (E(e—U/t))"t + Crwg + Coult, ng) < Ce=em¢" Y 4L o0uu(t, ny) = o(1). (5.3)

Assume first that 0 < r < s < 1, and a > 0. Then, Lemmata 2.3, 3.5 and (5.3) yield to
Pl—-s<H(mn,)/t<1—7r,H(mpn,4+1)/t > 1+a] (5.4)

ng—1 ~
: H(mg,) 5 _
< Z P(1-s< — S <1 Hlig, )t 2 1+ a, N = i)
+P(N: ¢ [1,10)) + P(Vy)
—1 7j—1
< Z (1—st < ZUl/t< 1—r, ZUl/t> 1+a—2/10ght> +0(1).
where s; := s+ 2/log hy. We now use (3.9) of Proposition 3.2 and get for any ¢ > 0, for large t,
1—r
(5.4) < / e POP(U/t > 1+ a— 2 —e)dp () + o(1). (5.5)
1

—S8—¢&

Let 0 <7/ <& < 1and a > 0. Using first the uniform convergence of u — ¢**®P(U/t > u) on
the compact [a' +7/,a’ + s'] C (0,00) and then the vague convergence of u; (see Lemma 5.1), w
get

1—7/
lim e POP(U/t > 1+ d — z)dp(z) = /
1

t—+oo 1—g/

1—r/ xnfl(l +a — x)ff-ed

TR —r) O

—s/
Consequently, by letting € — 0, we obtain the first inequality of the following line
li (5.4) 1+y—2z) " 2" 'dyde < liminf (5.4).
gfgop /1 / 1_/{ )( +y—2)"" " dyde < liminf (5.4)

We prove similarly the second inequality. Since we consider probability measures, the cases
r =0, s =1 or a =0 follow, which concludes the proof of Proposition 1.4. Corollary 1.5 follows
by straightforward computations. O

Proof of Proposition 1.6: Let us denote by 14 a positive measure on R, such that for every

Ce)fj .
z >0, 1([0,z]) = e 00 Z;“:;l ¢ oD P(Zi;ll U;/t < z). We have, with the arguments
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already used between (5.4) and (5.5), for any a > 0 and ¢ > 0,

CrA®N.
B¢ 50" Himy)/t 2 1-+4]

ne—1 Cr A 7—1 j
< Ye 0 P Y Uijt<1, 1+a—2/10ght<ZU/t +0o(1)
j=1 i=1 i=1
! U
< / Ay (z)e P (t > 1 —I—a—e—x) +o(1).
0

We prove similarly the lower bound. We now show that the Laplace transform of the measure
v converges when t goes to infinity. We consider « such that 0 < A < a. We get,

[ oy ST
0

5 5 +to(l) = Z————=
A+ 2080 [1 e (e?U>] Cr(a" + \F)

by Propositions 3.2 and then 4.7. We also notice that

+o(1),

1 +OO oo au, k(l14+75)—1
_ - “1du.
I e
e . —au, k(1+7)—1 YY)
So Fubini gives, since [ >0 "¢ d F([K(l Jr)j)] |du < o0,
+o00 +oo
Va > A, t£+moo e “du(u) = / e~ dv(u) + o(1),
0 0

wr(+i)—1

where v is the measure defined by dv(u) = CLN Z;;og(f)\ )! m]l]g+( u)du. This pointwise
convergence of the Laplace transform of 14 leads to the vague convergence of 14 to v. Using the
uniform convergence of  + e**WP (U/t > 1 +a — z) on [0, 1] provided by Lemma 5.1, we get

: ~CxXNe H(mpy,+1) -— [ (L a— o) rar )
lim E end®) T > = —A\"%)/ dx.
B[ T ] =3 O [ R

and this remains true for a = 0. Since fol 2211 — 2)’~1dz = I'(a)['(b) /T (a + b) for every a > 0
and b > 0, changing C,\* into u gives the pointwise convergence of E[exp(—uN;/e**®)] to the
right hand side of (1.4), which ends the proof of Proposition 1.6. O

5.2. The localization : proof of Theorem 1.3. Let ¢*(t) := ¢(t)/(, where 0 < ¢ < 1 will be
chosen later. Let us define H,_,,, := H(y) — H(z) for 0 < 2 < y, t* :=t — " D142

Ao = {1 < Ny <y}, Ay o= N Hy, <2t/ log hy),

Az = ﬂm I{Hm]*)m]+1 < H~ —>L } As = {H(mNt) < t*}

We also introduce I; := [m; — ¢*(t) /¢, m; + ¢*(t)/¢], j € N*. Let € > 0. We have:
P (X(t) ¢ INt) < P (X(t) ¢Iy, N = Nt(1+5)’AOaA17A2aA3) + P(Ny # Ny4e))
+ P (X(0) # Ty Mo = Niey, Ao, A, Ao, s ) +P () + P (A7) + P ().

We split the proof into three parts. We start with:
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Part 1: we prove that there exists ¢4 > 0 such that for large t,
P (X(t) ¢ 15, Ni = Nya1e)s Ao, Ar, Az, Ag) < Cimy (hte*w*“’ + ¢*<t>e*045¢*“>) . (56

Let Bj := {Nt = Nt(l—i—e) =j}NANAyNAs. We have

ng—1
P (X(L‘) ¢y, Ne= Nt(l-{—e)aAO»Al,A%AS) = > P(X(t) ¢ 1;,B). (5.7)
j=1
If t is large enough, on B;, after first hitting m;, X stays in [i;, L] at least until time t(1-+¢/2).
Therefore, conditioning on H(m;) and using the strong Markov property,

B(X(1) ¢ 1;,5;) < E(EY=(X(6) ¢ 1j, H(iy) < t°,Yu € [H(my), (1 + /2)], X(u) € (L}, L])
= E(/O PV (X(t) ¢ L;, H(m;) € ds,Vu € [s,t(1+ %)],X(u) c [fjj_aij]>)

< E(Oilg* Pl (X(t —8) ¢ I, Vu e [0,t(1+¢/2) — ], X (u) € (L7, L] )
o (5.8)

So, as in ([5], proof of Prop. 4.1) we now introduce a coupling between X (under P%) and a
reflected process Y; defined below. To this aim, let (Yj(w) (u), u > 0) be the process defined by
Yj(x) (u) := A1 (EJ(I) (fm_jl (u))) for any z € [I~/J_, L;] and u > 0, where EJ(I) is a one-dimensional
Brownian motion starting from A(x) and reflected at A(L;) and A(L;) and independent from
Wy, and fmﬁj is defined like T replacing B by Bj(x) In words, Y}(x) is a diffusion in the potential
Wy, starting from x € [f/;, L;] and reflected at f/; and L;. We denote its law by ﬁ;‘;‘.

This enables us to define Y; by ./:-\’JW" Y;e.):= fELﬁ ]%‘Z“()dﬂ] (x), where
j )

Ej](x)dfﬂ(/ij exp(V(j)(y))dy>_l- (5.9)

djij(x) = exp(= V(@)1 ; P

i
As in (5], proof of Prop. 4.1), fi; is invariant for the semi-group of Y;; in particular ]%W” (Y;(s) €
U) = [1;(U) for every s > 0 and U C [f)j_,flj] We can now, as in [5], build a coupling Qﬁmfj'? of
X and Y, such that ngﬁ(l@ €.)= PJW”(YJ- € .), and QT‘%(X /E\ )= P%ﬁ(.), these two Markov
processes Y; and X move independently until the first collision H; := inf{u > 0, X (u) = Yj(u)},
then X(u) = Yj(u) until HY = inf{u > H;, X(u) ¢ [E;,ﬂ]]} and then X and Y; move
independently again.

We now prove that, with a large probability, under Qﬁvgj'?, X and Yj first meet before time
ty =t —t* = 9" O1+20) Ty this aim, we introduce Lj = 7~'j+(¢* (t)) and L; =17, (¢*(t)), and

we first prove a result concerning only X:

Lemma 5.2. With a probability larger than 1 — Cye=<9"®)  and with x V y := maz(z,y),

PYe (H(LF) v H(LT) < M09 0) > 1 0y (t)ee=20"0), (5.10)
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Proof: We introduce E;Jr = %j*[gb*(t)(l +0/2)] and E;f =17, [¢*(t)(1 4+ 6/2)]. Then with a
method similar as for (3.12), we get P}g/_" <H(Lj) > H(LJ__)) = Qj/Dj, where

Q < <L+—my>exp[[ma;g]v<)< 5)) < 85797 (1) exp(” (1)),
Dy = [ (1 +8/4)9%(1) = 77 (1 +8/2)9"(1))]el /90 > (140570

with a probability larger than 1 — e=¢-9"(1) by (2.4) for the first line and by (3.2) and (3.3) for
the second one this together with Lemma 2.3. Hence, with such a probability, Prgg ~(H (L;r) <

H(L;7)) 21— Cedpt(t)e 29" 078,

Moreover, as in (3.13), we can write under Pgl[;” on the event {H(Ej) < H(EJ__)}7

H(L) £ A4(L)) / eV Lyl (1), Ay (u) /A (L])du =: H;.

Then using the work to get Lemma 4.6, we can prove using the same arguments that with a

probability greater than 1 — C' e ¢ 9¢"(®), P%” (H; > eU+99" ) < e e-%"(®) and there-

fore P}:L[;” (H(E;‘) < e(1+5)¢*(t)) > 1— Cyo*(t)e 2" | We get the same result for H(Ej_),

collecting both estimations we obtain (5.10). O
We deduce from (5.10) that

Qrr (ij > t1> < QY (H > H(LH) v H(L )) + QU (H ( (L) v H(L;) > tl)
< QY (Hj > H(L;),Y;(0) < mj) + QU (Hj > H(LH), Y;(0) > mj)
+C p*(t)e 0" (1),
Hence, since X and ¥ are continuous,
Q¥ (By>n) < QU (vlH(E) € Ly, I;], H > H(E;))
+Qr (GIHED) € [T, L), H; > H(L)) + Chg” (e
< (L7, L7) + (L], L)) + Cyg(t)e 99", (5.11)

where the last line comes from the independence of X and Y until ij and the fact that p; is
the invariant probability measure for Y.

Let s € [0,t*]. Since X (u) = Yj(u) for every ﬁj <u< f[; and t] <t —s<t(l+4+¢/2)—
QU (X(t=5) £ 1. Vue (0.1 +2/2) — 5], X(w e (L, L))

QW (ﬁj <t X(t—s) ¢ 1, HE > t(1+2/2) - s) + Qi (Hj > 1)

IN

~ F_— T V[/’_i 3
A ([Ly, L] N 1) + Qg (Hj > ), (5.12)
and notice that we can replace QEZJ’? by IP’ﬁV,[L/J*? in the first line. We now prove a Lemma about fi;:

Lemma 5.3. For all j < ny, with a probability greater than 1 — C’+e*6—5¢*(t),
(L7, L) + (L] Ly]) < Cyhye 07007016, (5.13)
ii([L7, LN T) < Cyphye U097 (0/16, (5.14)
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Notice that for any ¢, the right hand sides of (5.13) and (5.14) go to 0 as t — +oc.

Proof: Working on V; (and then using Lemma 2.3, Fact 2.2 and Remark 2.4) we only have to
prove (5.13) and (5.14) replacing fi; by p defined by

_RMW)(_p —R@ (g
dp(z) = E[e R )1[_73(1)(hj),0)($)+6 f ()]l[o,TRO)(ht)](x)
W @7 ()
+6 ]l[TR< )(h )TR( )(ht)-‘r’r (ht/Q)} (J?)]dl’,
where Z := f 7RO () € e My vdy —I-fo ) _R()(yd +fT e (he/2) _~'gt(y)dy. Also re-

place (L7, L; Ly . Ly) by (=7 (), =R (67 (8), 77 (6" (6)), 77" (e/2)), amd 1; by 1 :=
[=¢"(1)/¢, ¢>*(t)/d

We now prove simultaneously both inequalities. Let 73 := {TR(I)(mb*(t)/8§) < ¢*(t)/¢}
and 5% = {78 (k¢*(1)/8¢) < ¢*(t)/¢}. Using formula (3.6) with h = k¢*(t)/8¢, P(E33) =
P(@) < C+e_"“2¢*(t)/(16‘/§g). Also we have

N(_TR(l)(h?_)’ —TR(I)(QS*(t))) + M(TR(Q) ((ﬁ*(t)),TW'gt (ht/Q)) < (jS(l) + j4(1) + j5)/2, (515)

where for all z > 0,

rD) 4+ Rr(2)

() i (he) _R®

TJ3(x) := /Ru) * e (y)dy, Ta(z) = o e R (y)dy,
TR (kd* (1) /8) TR (kp* (1) /8x)

Moreover on 73 N E5-3,

(=B (), 7V (hef2)) N T) < (FB(C) + Ta(Q) + T/ 2. (5.16)

We now estimate J3(1) and J4(1) similarly. We introduce £5- := { inf{ R (s), i (kep*(t)/8) <
s < TRV (W)Y > (1 - 0)re*(t)/8) and €53 := {7RV(hf) < 8hj /r}. Using (3.7) with h =
kp*(t)/8,7v=1—6 and o = 1 and w = h /h for t large enough we have P(@) < 2e0R*¢(1)/8,
and by (3.6), P(?) < C+e*”hzr/2\/§. On £33N &3, we have

To(1) < OO OBTRY 1y < Oy pifem (10RO = o(1),

as loglogt = o(¢*(t)).With the same method, replahcingﬂ|r by h; and R by R® | we get the
same inequality for J4(1) on an event 23 satisfying P(E23) < C e ¢-%¢" (1),

Let £33 := {T (ht/2) < 2hy/k}. Equation (2.7) gives P(S5 3 = P(tWr(—hy/2) > 2hi/k) <
_“ht/w We have on £33,

Ts < e /27 (1, 19) < Oy hye /2, (5.17)

Define £33 := {r7" [ag*(t)] — 77" [ag*(t)/2] > 1} with o := (1 — §)x/16. By (3.3) P(£23) <
c+e*6—a2¢’*(t)2/4. On 5?'3,
. 7B (g (1)) ) . @ o )
7> e B0 Ay > e O (B [ag* (1)) — 77 [ag*(t)/2]) > e 1) (5.18)
R(1> *
7RO [ag* (1) /2]
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We get on N/_,EP3 for large ¢ since ¢*(t) = o(hy),
(J3(1) + Ta(1) + T5)/ Z Cy[2hf e (108" (D8 4 pe=ht/2)ead™ ()
Cyhpe @ 0/2, (5.19)

Since P(N_,E7?%) > 1 — Cye 9" this together with (5.15) and Lemma 2.3 proves (5.13).
Since ¢ < 1, replacing ¢*(t) by ¢*(t)/¢ in this proof also gives (5.19) with J3(¢) and J4(¢)
instead of J3(1) and J4(1), which together with (5.16) and Lemma 2.3 proves (5.14). O

Finally collecting (5.7) to (5.14), we obtain (5.6), which ends the proof of this Part 1.

<
<

Part 2 : we prove that there exists ¢5 > 0 such that if ( < x/(16(1 + 26)),

P (X(t) ¢ 15, N = Nyite), Ao,A1,A2,ng> < Cynge™ @O/ (5.20)
First, we prove similarly as in Part 1 that
P <X(75) ¢ 1y, Ny = Nt(l—i—a)vAOaAl,AnyTB) (5.21)
ng—1
<Y E ( sup PWs (X(t —8) &L, Yuel0,t(l+e/2) —s], X(u)e [i;,iﬂ)) +o(1)
= t*<s<t 7
ng—1
<Y B( s BI(H(R - 6 (0/O A H Ry + 65 (D)) < 5)) +0(1). (5.22)
=1 0<s<ed™ (£)(1426)

Notice that under Py on {7/ [k¢* (1) /(8¢)] —iv; < ¢*(1)/CY0 {1y =75 [we" (1)/(8C)] < ¢*(¢)/ ¢},
which has probability greater than 1 — e ""¢"()/ (16¢v2) 1y (2.4) and Lemma 2.3, we have
H(m; —¢*(t)/¢) = H(7; [k¢*(t)/(8()]), and so there exists a Brownian motion B, independent
of Wy, such that

H(mj _ ¢*C(t)) - /ﬁ” eV [TB (Aj (%.— [W*(t)})),[xj(u)}du = H, (5.23)

Ao /6 ! o
. (mj N ¢*C(t)) § /rjw*m/(sc)] VO [Té ( A (;j [M])) Aj(u)}du = H}, (5.24)

m; 8¢
where for all f/; <z<Lj Aj(2) = fﬁij VY@ dz. So we get, recalling that ¢t — ¢t* = e?" (V(1+20)
(5.21) <my max |P(H: < e O0+20)) L p ([t < " 00+20)) 4 o0 (£)/(16¢V2)
= T hgiEne i = i= * '

(5.25)

Lemma 5.4. P (HjjE < e¢*(t)(1+25)> < e "W/ for large t if ¢ < k/(16(1 4 26)).

Proof: First, let ¢ > 0, define §; := ¢~ (1732)¢"(1/(20) T} = flj_l(éf%f [ko*(t)/(8¢)]) — m;, and
notice that as in (4.13),

Hf > A; (%j*[ngb*(t)/(&j)]) </ ’ e—‘?(”(ﬂﬁ%j)dx) i[%fa ]Eé(l,u) =: J6J7Js-
0 u€l0,0f
Now, for large ¢, we have as before by (4.6), Jz > [1 — (67)'/3]e; > e1/2 with probability > 1 —
(6:)1/30 with e = L5(1,0) > e~ 67 1R (1)/(80) ith probability > 1 — e=67 #¢"(1/(80)  Moreover,
by Lemma 2.3, William’s decomposition and (3.5), Js > exp[(1 —¢)r¢*(t)/(8¢)] with probability
—HQ * . . it ~ _ * —1 ro* .

> 1 — 3¢+ =" /(160 Finally, as in (4.15), Aj(T]%[Q Lko*(t)/(8C)]) < €2 (1He)re™()/(80) wwith
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probability > 1 — Cye~=%¢"()/(160) which gives x; > %;F[Z*lﬁgb*(t)/(S()] as in (4.16), and then
T > %;'(G_IFLQS*(t)/(8())6_6_1“¢*(t)/(8<) > 67 1r0" (/) with probability > 1 — e=® /¢ by
(3.3) and Lemma 2.3. Taking ¢ = 1/6, this gives P (H;' > e“¢*(t)/(16o) >1—e 9"/ This
proves the lemma for H;r The proof for H ;s similar. .

This leads to (5.20), which ends this Part 2.

Part 3: We prove that P (Nt # Nt(1+a)> +P (A) +P (A1) +P(Az) <e'F+0(1). First, with
Lemma 2.3 and then (1.3), P (Nt ” Ntme)) = P[H(mp,,,) < t(1+&)] + o(1) < e1=% + o(1).

Moreover, we have P(Ag) = o(1) by (5.3) and Lemma 2.3. The fact that P(A;) = o(1) comes
from Lemma 3.5. Moreover, by Markov property,

A () < 1)) 8 ((Ey) < 05) <53 (0 < 157

v

Pl (H(ij) < H(E;)) x Py (H(mjﬂ) < H(i;f)) .

Both probabilities of the last line have already been estimated, in (3.12) with probability 1 —
o(1/n;) for the first one, and in Lemma 3.5 for the second one (since Q*/D} < 2e~"/8 with
probability 1 — o(1/n¢), as proved between (3.23) and (3.25)). This proves that P (Az) = o(1).

Finally combining (5.6), (5.20) with Part 3, choosing ¢ small enough, using Lemma 2.3 back
again to transform the m in m_ letting ¢ goes to infinity and € to zero, we get Theorem 1.3.

5.3. The aging : Proof of Proposition 1.2. We fix a > 1. We recall that the r.v. (m;);
depend on t. In what follows, we apply Theorem 1.3 first at time ¢ with function ¢, and second
at time ot with a function ¢, defined by log(at) — ¢ (at) = logt — ¢(t), so that the r.v. m; are
the same in both cases. Let 0 < ¢ < 1. By Theorem 1.3 and since P(Ap) —¢— 400 1, we get

P(|X(at) — X ()] < C19(t) /¢, Nt < Nat)
< P(lmw,, —mn,| <Ci(1+1/¢)d(t) + Cigalat), 1 < Ny < Nog < nat, N < ng) +o(1)

Nat

>3 P(Imi — myl <L+ 1/Q)(t) + Croalat)) + o(1),

i=1 j=i+1
as t — +00. So, using Lemma 2.3 and (2.3), we get P(|X (at) — X (t)| < C19(t), Nt < Nut) =
o(1). Consequently,
P X (at) = X ()] < Cio(t)/C) = P(IX(at) = X(t)] < C16(t)/¢; Nt = Nat) + o(1)
< BV, = Na) +ol1). (5.26)

IN

Moreover, by Theorem 1.3, we have for large ¢,

P(| X (at) — X(t)] > C1¢(t)/(, Nt = Nat)
< P(IX(at) —mn,| > C16(t)/C — C1é(t), Ni = Nat) + 0(1)
< P(|X(at) —mn,,| > Cio(t)(1/¢ = 1)) +o(1)
< P(|X(at) —mn,,| > Cigalat)) +o(1).

for large t if we choose ¢ = 1/3. Hence P(| X (at) — X (¢)| > C20(t), Nt = N4t) = o(1) by Theorem
1.3 applied at time at and Cy := 3C;. Therefore,

P(Ny = Nat) = P(|X (at) — X (1)| < Co6(t), Nt = Nop)+o(1) < P(|X (at) — X(t)] < Ca(t))+o(1).
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This together with (5.26) gives P(| X (at) — X (t)] < Cagp(t)) = P(Ny = Nat)+o(1) = P(H (mpy,+1) >
at) + o(1). This, combined with (1.3), the change of variables w = 1/(1 + x) proves Proposition
1.2, since ¢ is choosen up to a multiplicative constant. O

Acknowledgment : We would like to thank Dominique Lepingle for pointing out the reference
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