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Abstract

Let (Z,) be a supercritical branching process in an independent and identically distributed random
environment ¢ = ({o,(1,-..), and let W be the limit of the normalized population size Z,/E(Z,|().
We show a necessary and sufficient condition for the existence of weighted moments of W of the form
EW*¢(W), where o > 1, £ is a positive function slowly varying at co. In the Galton-Watson case, the
results improve the corresponding ones of Bingham and Doney (1974) and Alsmeyer and Rosler (2004).
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1 Introduction and main results

For a Galton-Watson process (Z,,) with offspring mean m = EZ; € (1, c0), the moments of W = lim Z,,/m"
have been studied by many authors: see for example Harris (1963), Athreya and Ney (1972), Bingham
and Doney (1974), Alsmeyer and Rosler (2004), Tksanov (2006). Of particular interest is the following
comparison theorem about weighted moments of W and Z;, first proved by Bingham and Doney (1974)
via Tauberian theorems: when o > 1 is not an integer and ¢ is a positive function slowly varying at oo,
EW«4(W) < oo if and only if EZ{4(Z;) < co. Alsmeyer and Résler (2004) showed that the equivalence
remains true when « is not of the form 2™ for some integer n > 1, by a nice martingale argument. In this
paper, we show that the equivalence is always true whenever « > 1, and that a similar result holds for a
branching process in an independent and identically distributed random environment. Our approach is a
refinement of the martingale argument of Alsmeyer and Résler (2004). We mention that the adaptation of
the argument to the random environment case is not evident; actually in this case the study of the existence
of the moments of order « is already delicate, see for example Afanasyev (2001, Sect. 3) and Guivarc’h
and Liu (2001) where this problem has been considered.

Let ¢ = (¢o,(1,--.) be a sequence of independent and identically distributed (i.i.d.) random variables,
taking values in some space ©, whose realization corresponds to a sequence of probability distributions on
N={0,1,2,...}:

p(Cn) = {pi(Cn) : 7 > 0}, where p;((n) >0, ZPZ(Cn) =1 (1.1)
i=0

A branching process (Z,)n>0 in the random environment ¢ (BPRE) is a family of time-inhomogeneous
branching processes (see e.g. [5, 6, 7]): given the environment ¢, the process (Z,),>0 acts as a Galton-
Watson process in varying environments with offspring distributions p(¢,,) for particles in the nth generation,

n > 0. By definition,
Zy=1 and Lnt1 = Z X, for n>0, (1.2)

ueT,
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where conditioned on (, {X, : |u| = n} are integer-valued random variables with common distribution
p(¢n); all the random variables X, indexed by finite sequences of integers u, are conditionally independent
of each other. Here T,, denotes the set of all individuals of generation n, marked by sequences u of positive
integers of length |u| = n: as usual, the initial particle is denoted by the empty sequence o (of length 0); if
u € T, then wi € T,,41 if and only if 1 <7 < X,,. The classical Galton-Watson process corresponds to the
case where all (,, are the same constant.

Let (', IP¢) be the probability space under which the process is defined when the environment ¢ is given.
Therefore under P¢, the random variables X, are independent of each other, and have the common law
p(Cn) if |u| = n. The probability P is usually called quenched law. The total probability space can be
formulated as the product space (ON x I',IP), where P = P: ® 7 in the sense that for all measurable and

positive function g, we have
Jote= [ [ stcuaecwar),

where 7 is the law of the environment . The total probability P is called annealed law. The quenched law
P: may be considered to be the conditional probability of the annealed law P given (. The expectation
with respect to P¢ (resp. P ) will be denoted E; (resp. E).

For n > 0, write

mp = ipi(¢n), To=1 and T, =mg---mu_yif n>1. (1.3)
1=0

Then E¢ X, = m, if |u| = n, and E;Z,, =1I,, for each n.
We consider the supercritical case where

Elnmg € (0, 00].
It is well-known that under P¢,
Wn==— (n>0)
forms a nonnegative martingale with respect to the filtration
& ={0,Q} and En=0{(,Xy: |ul <n} forn>1.
It follows that (W, &, ) is also a martingale under P. Let
W = lim W, and W* .= sup W, (1.4)

where the limit exists a.s. by the martingale convergence theorem, and EW < 1 by Fatou’s lemma.
We are interested in asymptotic properties of W. Recall that in [14], Guivarc’h and Liu gave a necessary
and sufficient condition for the existence of moments of W of order o > 1:

Lemma 1.1 ([14, Theorem 3]) Let (Z,) be a supercritical branching process in an i.i.d. random environ-
ment. Let o > 1. Then 0 < EW® < oo if and only if Ema(afl) <1 and EW{ < c0.

This result suggests that under a moment condition on mg, W7 and W have similar tail behavior. In
the following, we shall establish comparison theorems between weighted moments of Wy and W.

Recall that a positive and measurable function ¢ defined on [0,00) is called slowly varying at oo if
xl;rrgo ¢(Ax)/l(z) =1 for all A > 0. (Throughout this paper, the term ”positive” is used in the wide sense.)

By the representation theorem (see [11, Theorem 1.3.1]), any slowly varying function ¢ is of the form

xr

£(x) = c(x) exp (/ e(t)dt/t) , x > ao, (1.5)
ao

where ag > 0, ¢(-) and €(-) are measurable with ¢(x) — ¢ for some constant ¢ € (0,00), and e(x) — 0, as

x — o0. The value of ap and those of £(z) on [0, ag] will not be important; we always assume that ¢ is

bounded on compact sets of [0,00). For convenience, we often take ag = 1.

We search for conditions under which W has weighted moments of the form EW*¢(W), where o > 1,
¢ >0 is a function slowly varying at oo. Notice that the function ¢(z) in the representation of ¢(z) has no
influence on the finiteness of the moments, so that we can suppose without loss of generality that ¢(z) = 1.

We first consider the case where o > 1. As usual, for a set A, we write IntA for its interior.



Theorem 1.1 Let o € Int{a > 1:Em{~* < 1} and £ : [0,00) + [0,00) be a function slowly varying at co.
Then the following assertions are equivalent:

(a) EWPE(W7) < o0
(b)) EW*(W*) < oo ;
(¢) 0 <EW*(W) < 00.

The result is sharp even for the classical Galton-Watson process (where (,, are the same constant): in
this case, it improves the corresponding result of Bingham and Doney (1974) in the sense that they needed
the additional assumption that ¢(z) = [, o(z)/zdz for some function £, slowly varying at oo (which is
equivalent to the hypothesis that the function €(.) in (1.5) is positive and slowly varying at oo) when « is
an integer. Alsmeyer and Rosler (2004) showed that this additional condition can be removed if « is not a
dyadic power; our result shows that it can be removed for all o and that the same conclusion holds even
in the random environment case.

We now consider the case where o« = 1, where the situation is different as already shown by Bingham
and Doney (1974) in the Galton-Watson case.

For a measurable function ¢ : [0, 00) — [0, 00), we set

X T g i > 1
fz) =271 ¢ ) 1.6
(z) {0 if z <1. (1.6)

We essentially deal with the case where £ is concave, which covers the case of slowly varying functions
considered by Bingham and Doney (1974). (cf. Corollary 1.1 below)

Theorem 1.2 Let { : [0,00) + [0,00) be concave on [ag,00) for some ag > 0. If Emg' < 1 and

EW14(W7) < oo, then
EW*e(W*) < o0 and EWIW) < o0.

Moreover, in the case where £ is also slowly varying at co, the moment condition Emgl < 1 can be relazed
to ]Emats0 < oo for some §g > 0.

Notice that when ¢ is positive and concave on [ag, 00), £ must be increasing, since otherwise there would
exist xg > ag such that ¢'(xg) < 0, where ¢’ denotes the left (or right) derivative (which is well-defined),
so that for © > zo, {(x) < l(zg) + ' (x0)(x — x9) = —00 as ¢ — oo. If lim ¢(x) = oo, the conclusion

r—r00

for EW (W) was obtained by Iksanov (2006) in the Galton-Watson case; a similar result was shown by
Tksanov and Résler (2006) for branching random walks. If lim ¢(z) = ¢ € (0,00), the conclusion about
T—r00

W* leads to a new proof for the non-degeneration of W: cf. the comments before Theorem 1.3 below.
As a corollary of Theorem 1.2, we obtain:

Corollary 1.1 Let ¢ : [0,00) — [0,00) be nondecreasing and slowly varying at oo, such that {(x) =
flw Lo(t)dt/t for some function £y > 0 slowly varying at co. Assume that Ema‘so < oo for some 6o > 0. If

EW4(W7) < oo, then
EW*e(W*) < o0 and EW(W) < o0.

Corollary 1.1 extends the sufficiency of Theorem 7 of Bingham and Doney (1974) where the classical
Galton-Watson process was considered; see also Corollary 2.3 of Alsmeyer and Rosler (2004). As informa-
tion, we mention that Alsmeyer and Tksanov (2009) gave sufficient conditions for EWb(In™ W) < oo in the
case of branching random walks, where b > 0 is a regular function of order a > 0. Notice that their theorem
does not cover our Corollary 1.1. For example, our Corollary 1.1 applies for £(z) = Inlnz (which corre-
sponds to (1.5) with ¢(x) = 1 and €(t) = (Int-InInt)~!) to obtain a sufficient condition for EW (W) < oo;
but this result is not covered by Theorem 1.4 of Alsmeyer & Tksanov (2009), as b(z) = £(e*) = Inz is slowly
varying at oo (a regular function of order 0 rather than order a > 0).

Notice that £(z) = [ lo(t)dt/t for some function ¢y slowly varying at oo if and only if the function
zl'(z) is slowly varying at oo; when £ is of the canonical form ¢(z) = exp( [ €(t)dt/t) with €(t) — 0, this
is exactly the case where ¢(.) is slowly varying at co.

Corollary 1.1 is a direct consequence of Theorem 1.2. Notice that x¢'(z) = £o(x). Let ¢(x) = inf{¢'(¢) :
1 <t <z}, for x> 1. Since ¢'(z) is a regularly varying function of order —1 (x¢'(z) is slowly varying),



we have ¢'(z) ~ ¥(z) when z — oo (see [11, Theorem 1.5.3]), where 1 is positive and nonincreasing; so
U(z) < by (z) = [ (t)dt (x > 1), and {; is a positive and concave function on [1,00). Here, as usual, we
write

f(z) f(x)

flz) < g(x if 0 <liminf ——= <limsup —= < o0, 1.7
(z) < g(z) iminf oy S limsup (1.7)

and f(z) ~ g(z) if lim f(x)/g(x) = 1. Therefore we can apply Theorem 1.2 to ¢; to obtain the conclusion
T—r00

of the corollary.

By the same method, we can consider some slightly different classes of functions. For example, we can
show the following result similar to Theorem 1.1 of Alsmeyer and Résler (2004) where the Galton-Watson
case was considered.

Corollary 1.2 Let ¢ be positive and convex on [0, 00) with positive concave derivative ¢’ on (0,00). Define

- T YO g if > 1;
= 1 t 9
¢() { 0 if z < 1.

IfEmy' <1 and EW,6(W1) < oo, then
Ep(W*) < o0 and Ep(W) < .

Notice that Theorem 1.2 also gives an information about the integrability of W* and thus the non-
degeneration of W. In fact, taking ¢(z) = 1 in Theorem 1.2, we see that if EW;InT W, < oo and
Emg® < oo for some & > 0, then EW* < oco. Here and hereafter, we write In™z = max(0,In z)
and In” 2 = max(0, —Ilnxz). Actually, by the argument in the proof of Theorem 1.2, the above moment
condition on mg can be relaxed, as shown in the following theorem.

Theorem 1.3 Assume that E(In™ mg)? < oo. If EW; InT Wy < 00, then EW* < cc.

Notice that EW™* < oo implies EW = 1 by the dominated convergence theorem. Therefore Theorem 1.3
implies the classical theorem (the sufficiency) of Kesten-Stigum (1966) on the Galton-Watson process. It
gives a new proof of the corresponding result of Athreya and Karlin (1971b) (see also Tanny (1988)) for a
branching process in a random environment, under the extra condition that E(In~ mg)? < co. (Notice that
the supercritical condition Elnmg > 0 implies EIn™ my < oc0.) Although we need this extra condition,
the conclusion that EW™ < oo may be useful in applications; we do not know whether this conclusion is
equivalent to EW = 1. (It is known (see [25]) that the condition EW; InT W) < oo is equivalent to EW = 1;
in the Galton-Watson case, it is also known that this condition is also equivalent to EW* < oc. But we do
not know whether the same conclusion remains true for the random environment case; Theorem 1.3 shows
that this is indeed the case if E(In™ mg)? < 00.)

In the Galton-Watson case, Alsmeyer and Rosler (2004) used a similar argument (also based on convex
inequalities for martingales) to show the non-degeneration of W. But our approach is more direct, as we
do not use their Lemma 4.5.

The rest of the paper is organized as follows. In Section 2, we establish key inequalities based on convex
inequalities for martingales. In Section 3, we give smoothed versions of regularly varying functions in order
to use the key inequalities of Section 2. Theorem 1.1 is proved in Section 4, while Theorems 1.2 and 1.3
are proved in Sections 5 and 6, respectively.

In enclosing the introduction, we mention that the argument of this paper can be adapted to weighted
branching processes, thus enabling us to improve the results of Bingham and Doney (1975) for Crump-Mode
and Jirina processes, those of Alsmeyer and Kuhlbusch (2009) for branching random walks, and to extend
their results to the random environment case (including the weighted branching processes considered by
Kuhlbusch (2004)). This will be done in the forthcoming paper [24].

2 Key Inequalities

In this section, we show key inequalities that will be used for the proof of main theorems. As in Alsmeyer
and Rosler (2004), our argument is based on convex inequalities for martingales.



We first introduce some notations. For a finite sequence u € [J27, N*" (N** = {}} by convention), set
X, = Xu 1. Forn > 1, write

m‘u‘

1 ~
Dy=W, —W,_1 = Z X, (2.1)

Then W* = sup,,»( W, can be written as

W* =1+sup(D1+...+ D).
n>1

For convenience, let X,, = X 1,, where 1,, denotes the sequence of length n whose components are all equal
to 1, with the convention that 19 = (). Thus when u is a sequence of length n, X, has the same distribution
as X, under P and P. Define

Fo ={0,Q} and  Fp = 0{C Xu:k<mn,|ul <n} forn>1. (2.2)
Then (W, F)n>0 also forms a nonnegative martingale under P, as
]E(Wn|]:n—1) = E(E(Wnlgn—l)|fn—1) = E(Wn—1|]:n—1) = Wp_1.

For technical reasons, we will use the martingale (W, F,), rather than the more frequently used one
(Wi, Er). We will explain this after the proof of Theorem 1.1. For convenience, we shall write for n > 0,

P.(-) =P(-|F,) and E,.(-) =E(|Fn)- (2.3)
The terms ”increasing” and ”decreasing” will be used in the wide sense.

Theorem 2.1 Let ¢ be convex and increasing with ¢(0) = 0 and ¢(2z) < cp(x) for some constant ¢ €
(0,00) and all x > 0. Let 5 € (1,2].

(i) If the function x — ¢(x/P) is convex and E|X, | < oo, then writing A = 3. which is a.s.

finite, we have

anﬁl

Ep(W* —1) < CZ( ( Hlﬁ ¢(A1/5W1/ﬁ)>

|Xn 1| l/ﬂ
+E¢< G075 a1 ] ) (24)

where C' > 0 is a constant depending only on ¢, 3 and IE|)~(1|B.

(i3) If the function x — ¢(x/P) is concave, then

E¢(W _1 <CZEH7L 1¢<|Xn 1|>7 (2'5)

n 1
where C' > 0 is a constant depending only on c.

For the proof, as in Alsmeyer and Rosler (2004), we shall use the BDG (Burkholder-Davis-Gundy)
inequalities. For convenience of readers let us first recall these inequalities and state some consequences
that we will use. For a martingale sequence {(f,,G,) : n > 1} defined on some probability space (92, G, P),
set fo =0, Go = {®7Q}7 dyn = fn — fn—1 forn > 1,

f*=supl|fn] and d* =sup|d,]|
n>1 n>1

Lemma 2.1 Let ® be an increasing and continuous real function on [0,00), with ®(0) = 0 and ®(2X) <
c®(A) for some c in (0,00) and all A > 0.



a) For every B € [1,2], there exists a constant B = B. 5 € (0,00) depending only on ¢ and B such that
B
for any martingale {(fn,Gn) : n > 1},

- 15
Ed(f*) < BE®(s(8)) + BE®(d*), where s(8) = (Z E{|dn|ﬂ|gn1}> :

and
EQ(f*) < BE®(s(5)) + B> B(ldy ).

n=1

(b) If @ is convex on [0,00), then there exist some constants A = A. € (0,00) and B = B, € (0,00)
depending only on ¢ such that for any martingale {(fn,Gn) : n > 1},

0o 1/2
AE®(S) < E®(f*) < BE®(S), where S = (Z di) :
n=1

Moreover, for any 8 € (0,2],

o0 1/8
E®(f*) < BE®(S(8)), where S(8) = (Z |dn|B) :
n=1
If additionally, for some B € (0,2] the function ®q/5(x) := (2P is sub-additive on [0, 00), then

E®(f") < BEY . &(|d,|).

n=1

In fact, in Part (a), the first inequality is the general form of the BDG inequality (cf. [12], Chap. 11,
p.427, Theorem 2); the second follows from the first because ®(d*) < Y °° | ®(|d,|). In Part (b), the first
inequality is the usual form of the BDG inequality (cf. [12], Chap. 11, p.425, Theorem 1); the second
follows from the first because (Y} o, d2) 1z < (X0 |dn|ﬂ)1/ﬁ for any 8 € (0, 2] (this can be seen by the
sub-additivity of the function = — 2#/2); the third follows from the second because

O(S(B)) = P1/a(D_ 1dnl?) <D P1y5(ldal®) =D @(|dnl).

n=1

The second inequality of Part (b) may be considered as a counter part of the first inequality of Part (a).
Assuming the concavity of the derivative of ® instead of the subadditivity of ®;,5, Topchii and Vatutin
(cf. [26], Theorem 2) also established the third inequality of Part (b).

Proof of Theorem 2.1 (i) We first notice that by the law of large numbers, lim,,(g—)'/" = e Elnmo < 1

n

a.s., so that A < oo a.s. (for 8 > 1). We now begin with the proof of inequality (2.4). By Lemma 2.1 (a),

0 % 0o
E¢(W* - 1) < E¢ (Z En—anW) + Z E¢(‘Dn|) ) (26)
n=1 n=1

where B > 0 is a constant depending only on ¢ and 3.

Let X(1),...,X(Z,_1) be an enumeration of {X, : u € T,_1}. By the fact that E.X (k) = 0 and the
independence of {Xu} under P, it can be easily seen that, under P,,_1, {f((l), ... ,X(Zn_l)} is a sequence
of martingale differences with respect to the natural filtration

Fe=oc{ Xu:l<n—1|u<n-1,XQ1),....X(k)}, k>1 (2.7)



To this martingale difference sequence, using Lemma 2.1 (b) (the third inequality of Part (b) applied to
®(r) = 2%, noting that Py /9(x) = xP/? is sub-additive), we obtain

S |8
2fuj=n—1 Xu
E,_ Dnﬁ = E,_ —ul=n—2 7
1| | 1| anl
| X
= BEn71 Z Hﬂ
|lu|=n—1 —"n—1
7z,
= B3 LB X
n—1
Wn—l
= ool (2.8)
_1’
i

where C' = BE|X,|® < co. (This can also be shown by the usual Marcinkiewicz-Zygmund inequality first
conditional on &,, or by Topchii and Vatutin’s inequality ([26], Theorem 2).) Since ¢;5(z) := ¢(z/?) is

convex and > 7, Anlﬁ T = 1, it follows that

1
[e'e) B ()
(ZEnlan|ﬁ> = E1/50>_ Ena|Dul?)
n=1

n=1

IN

=1
E¢1/6(Z e CACW,,_1)

1
W%/IB(ACWn—l)
1

IN

53
n=1 n—
=1

E -
; AT

- (CI/B AVBW B )

< ClEzlAHlﬁj -¢(A1/5W§£ﬁ), (2.9)

where C; > 0 is a constant depending only on C' and ¢. For the second part of (2.6), by Lemma 2.1 (b)
and the convexity of ¢;,/5(z) = ¢(x1/#), we have (using the fact that 2 ul=n—1 Zl =1):

)Z' B
|u|= n—1
1 Zn71|Xu‘ﬁ
= BE,_
1918 u|_zn—1 Zn-1 Hg—l
n 1|Xu‘/8
< BE,1 ) Z ~bus(= )
lu|=n—1 n—1
1 X
= BE,, Z 7 <| | Z}/_ﬁ)
lul=
|Xn 1| 1/8
- BEn 1¢ <1—[51)/5.Wn_1 . (210)
n—1
Therefore
|Xn 1| 1/8
Eé(|Dn|) < BEG (WW . (2.11)



(i) Notice that the concavity of ¢;/5(z) = ¢(x/#) implies its subadditivity. Therefore by the third

inequality of Part (b) of Lemma 2.1,

E¢(W*—1) < B> E¢(|Dnl),

n>1

where B > 0 is a constant depending only on c¢. By the same reason,

1 -
Xu
I,

)

En71¢(|Dn|) En—1¢

! |lul=n—1

X,
BE,1 ), ¢<$ L

Ju|=n—1

IN

Il
&
a
=
N
-
T
i
~

Hence

n—1

E¢(|Dn|) < BE[Z,-1Ec¢ (|HX"—1|>] —EIl, 16 <X—1> .

Combining (2.12) and (2.14), we get (2.5).

3 Smoothed versions of regularly varying functions

(2.12)

(2.13)

(2.14)

In this section, for a regularly varying function, we find some smoothed versions with nice properties that

we will need in order to use convex inequalities for martingales.

Lemma 3.1 Let ¢(x) = 2*4(z), with o > 1, and £(z) = exp (f;o e(u)du/u) (x > ag > 0) with e(x) = 0

(x — 0). Then for each B € (1,2] with § < «, there is a function ¢1(x) > 0 such that:

(1) ¢1(x) ~ p(x);
(i) ¢1(x) and ¢1(x*/P) are convex on [0, 00);
(iii) ¢1(x) = z%1(x), where £1(x) is slowly varying at co and ¢1(x) > 0 Va > 0.
Proof. Fix B € (1,2] with 8 < a. Notice that the derivative
¢'(x) = 27 H(z) (o + e(@))
behaves like az®~14(z) as x — oo. It is therefore natural to define
d1(x) = a/ t*Le(t)dt, x> a,
0
where a > max(1, ag) is large enough such that V 2 > a, o« — § 4 €(x) > 0, so that
—(z* (z)) = 2 20(x) (@ — 1+ e(z)) >0 Yx > a,

and

B

di (a:%’%(xﬁ) = x%*zé(x%) <(a -1+ 6(I5)> >0 Vz>ad’

(3.1)

(3.2)

(3.3)

Therefore, ¢;(x) is convex on (a, 00) as ¢ (x) = ax® 1£(z) is increasing; and ¢ (z'/#) is convex on [a?, c0)

as

L) = 61217 2aB T = S UG @ > o)



is also increasing on (a”, 00). Define

o1(x) = 2%(a), vV € [0,a]. (3.4)
Then g
ﬁﬁd@:: “Y(a)  Vrel0,d (3.5)
and
%(ﬁl(l‘l/ﬁ) %( a/ﬁg )
= %x%* Ua) Yz el0,d”]. (3.6)

It follows that both L ¢ (z) and L ¢ (z1/#) are increasing on [0, 00). Therefore both ¢;(z) and ¢;(z'/?)
are convex on [0, 00). Moreover,
i O ()

= lim

B o) T ()
so that ¢1(z) = x*¢1(z) for some slowly varying function ¢;. If z > a, then £1(z) > 0 as ¢1(z) > 0; if
x < a, then ¢ (z) = £(a) > 0. Therefore, ¢1(z) > 0 Va > 0.

=1, (3.7)

]

Lemma 3.2 Let ¢ be a positive and increasing function on [0,00), concave on (ag,o0) for some ag > 0.
Then there is a convex increasing function ¢1(x) > 0 such that:

(1) ¢1(x) =< xl(z);
(i) ¢1(2x) < cp1(x) for some constant ¢ € (0,00) and all x > 0;

(iii) ¢1(x'/?) is concave on (0,00).

Proof. Let
[ V(a)x if x€]l0,q,
blw) = { E(:U) +co if x€(a,0), (3.8)
where a > ag > 0, ¢g = ¢'(a)a — {(a), and ¢1(z) = [; ¢1(t)dt. We will show that ¢ satisfies the stated
properties.

First, ¢ is convex as ¢} (z) = ¢1(x) is increasing on [0,00); ¢ is increasing as ¢; is positive on [0, 00).
Next, for 2 > 2a, as £ is increasing, we have £y (t) > £1(5) = £(5) +co if t € [§, 2], and £1(t) < £1(x) if

t € [0, z]; therefore
x

5 (15) + ) < 01@) < 2(t(@) + o). (3.9)

By the concavity of ¢, for all > a,

02z) = f(x)+ 2/90 0'(2s)ds

z
2

IN

0(xz) +2 /Of” 0'(s)ds
< 3(x). (3.10)

(3.9) and (3.10) imply that ¢ (z) < 2f(x) and that there is a constant ¢ € (0, 00) such that ¢1(22) < cly(x)
for all z > 0.
Moreover, we can prove that d)l(xl/ 2) is concave. In fact,

d 1
Zh@E?) = mxf)-

1
2

l\D\H

Notice that elgt) is decreasing as £ is concave with £1(0) = 0; hence == 4 ¢, (2'/?) is decreasing, so that

#1(2/?) is concave. O



4 Proof of Theorem 1.1

In this section, the letter C' will denote a finite and positive constant whose value is not important and
may differ from line to line.

Proof of Theorem 1.1. Let 8 € (1,2] with 8 < a. Write ¢(x) = *¢(z). By Lemma 3.1, we can assume
that the functions ¢(x) and ¢(z'/#) are convex on [0,00), and £(z) > 0V x > 0.
(i) We first show that (a) implies (b). By Theorem 2.1(i), we obtain

Eo(W* —1) < Ci (E (Aﬂlﬂ—lqj <A1/5W5/€)>
n=1

n—1

|Xn71‘ 1/8
i <H<51>/5 W) ) 1)
1

n—

Notice that £ > 0 on any compact subset of [0, 00), so by Potter’s Theorem (see [11]), for 6 > 0 which will
be determined later, there exists C = C(¢,§) > 1 such that ¢(z) < Cmax(2?,27%) for all x > 0. Hence for
the first part of (4.1), we have

1 1/8yy1/8 _ 1-8 42178 1/8y1/8
E<14HB_1¢(A Wn,l) - E(nn,lAz W,He(A WM))
n—1
< O (n) + I (n), (4.2)
where
+ 1-8 jods 124
I (n) =EIL_JA 7 —W, %,

_ a=3§
I (n) =EO- 2 A% w7, .

Recall that Z,,_; is an integer-valued random variable with E¢Z,,_; = 1I,,_;. Choose § > 0 small enough
such that § — 1 — 26 > 0. Then by Holder’s inequality, we obtain

]ECZ = ]EC (Zn—l : Zn—l)

n—1
(B ZeH D)5 (B Z,0)F

1
a+o6—(B— —1-28)\ B B—1
o) g s

IN

IN

at+B—1—§

I, 7 (EWe)7. (4.3)

n—1

Therefore,

a+d

B

—

. Z
Iftn) = E|m P 1. 22

at

>

Hﬂ

n

—

1

(EcWoD) B) . (4.4)

ats g

AB

_(B-1)%425
B

n—1

< E(H

Using Holder’s inequality twice, we see that
EESY

1 _B=1?H25 s 7
If(n) < (Ewg—f)f*.<1€n e A§61ﬂ>

—1

B—1
1 _(B-12425 \ B 5B [;7
< (EWSTD)7. (EH 5 ”) (BATE) T (4.5)

n—1

where p > 1, p* > 1 and 1%—&— p% = 1. By Potter’s Theorem, there exists C = C(¢,6) > 0 such that
(z) > Cx~? for all > 1. This yields

E|X|*™ < C(1 +E¢(|X])) < 0o (4.6)

10



Since o € Int{a > 1:Em{~* < 1}, there exists dp € (0,1) such that
Bl =) 1.

Notice that the function p(x) = Em{ ™" is convex with p(1) = 1, so p(a + &) < 1 implies p(z) < 1 for all
1 < x < a+ do; in particular, p(a — §) < 1. Hence, by Lemma 1.1,

sup EWe =0 < o0. (4.7
n>1

2
We choose p =1+ % so that py := O‘Eiﬂp* = (ﬁ(*ﬁl_)l)t”p. Asp1(B—1) € (1,a+ dy) when 0 is

small enough, we get Eﬂgfll(ﬂfl) = a" ! with ¢ = Emapl(ﬁfl) < 1; moreover, by the triangular inequality
for the norm || - ||, in L1,
> o0
—(B-1 _
1A, < SIS, = Y a7 < oo
n=1 n=1
Therefore,

> If(n) < . (4.8)
n=1
We use a similar argument to estimate I; (n). This time, instead of (4.4), we have
I7 (n) < E (04 Bawe=))? ). (4.9)
Proceeding in the same way as before, we obtain

Y I(n) <. (4.10)

Hence

iE (Anlﬁld) (Al/ﬂwjﬁﬁ)> < 0. (4.11)
n—1

n=1

We now consider the second part of (4.1). Again by Potter’s theorem and the fact that X, is
independent of W,,_1 and II,,_; (under P), we have

|Xn71| 1/8
5 (s Wi
n—1

1

anl 7 > anl 7 o
E — | X 1|40 ( — | X -1
<H5_i ) i

< CE(|Xol) - (I3 (n) + I (n)), (4.12)
where
a[iﬁ
W1\’
JF _ n
aTé
— anl

0 < g, C = C(fl,d B) > 0 is a constant depending only on /1, § and 3. Here we have used the fact that
under P, each X,,_; has the same distribution as Xy. We can estimate I (n) as we have done for I;"(n):

11



we have

|
&

I (n)

IN
=

< E (a+6 g1 )( o= (B=1)+(8 125))5)
_(at+6-1)(B—1) 1)(5 1) s %
- (S @) )
1 B—1
< (EWe)7 (]EHl (”‘”) 7 (4.13)

It follows that

0o [% oo n(/:?ﬁ—l)
Z If(n) < (sup IEWﬁ_‘f) . <Z (Em(l)f(aw)) ) < 00. (4.14)
n=1

n>1 n>1
Similarly we obtain
B—1
Iy (n) < @Wes)H (B Y) 7 (4.15)
and
00 % o s n(-1)
Zlg(n) < <sup EWﬁ:f) : Z (Em(l)f(af )> < 00. (4.16)
n>1 —
n>1 = n=1
Therefore,

|)(n 1| l/ﬁ
Z]Egb( G 1)/5 < 0. (4.17)
Combining (4.1), (4.11) and (4.17), we get
E¢p(W* —1) < oo, (4.18)

which is equivalent to E¢(W*) < oco.
(ii) We next show that (b) implies (c). Obviously,

E¢(W) < E¢(W™) < oo;
by Jensen’s inequality, for any n > 1,
E¢(Wy) > (EW,) = 6(1) > 0.
So by the dominated convergence theorem, we see that
E¢(W) = lim E¢(Wy) > ¢(1) >

(iii) We finally show that (c) implies (a). Notice that the limit W satisfies the equation

Z W(z (4.19)

where under P¢, (W®) are independent of each other, and have the same law as W under Pre: IF’C(W(i) €
) =Ppc(W € ), T being the usual translation: T'¢ = ((1, (2, .. .) if ¢ = (o, (1, - - .). By Jensen’s inequality,

writting E¢ 1 (-) = E¢(:|F1), we have
21 (i) w@
Ecp(W) = Eco (Z o ) Eco <E<1Z )
= Ec(Z1/mo) = Eco(W). (4.20)

%

=1
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Therefore

Ep(W1) < Ep(W). (4.21)
U
Remark.  For technical reasons, in the proof of Theorem 1.1, we have used the martingale (W,,, F,)

under P rather than the more natural martingale (W,,, £,) under P¢. In fact, if we take the later martingale,
then instead of (2.6), we have

Ecp(W* —1) < B | E¢¢ (ZEg(IDnlﬁl5n1)> +Y Ech(IDal) | 5 (4.22)
n=1

instead of (2.8), we obtain

—1(8)
1

HB !

n—

E¢(IDa|?|En1) < B2 W, (4.23)

Taking expectations and using the same argument as in part (i) of the proof of Theorem 1.1, we obtain

Eo(W*-1) <C (Z(ffr(n) + 1 (n) + ZE¢(|Dn|)> ; (4.24)
n=1

n=1
where

a+6 8 atd

[ nfl(ﬁ)]a_ﬂsw ’

IF(n) =EII. %A

Iy (n) =EIL, 4

The problem here is that we have to deal with the extra term o,_1(8) in I (n). We can do this by
Holder’s inequality, but we then need an extra moment condition on o,_1(8). Elementary calculations
show that if for some positive number &y, either (a) a < 2 and E[og(a)]*(@F%) < oo, or (b) a > 2 and
Elog(2)]2(@+%) < oo, then >2°° | I;(n) < oo, provided that EW{¢(W;) < oo. This leads a proof of

Theorem 1.1 under the preceding extra moment condition.

5 Proofs of Theorem 1.2 and Corollary 1.2

As in the preceding section, we still use the letter C' to denote a finite and positive constant whose value
is not important and may differ from line to line.

Proof of Theorem 1.2. Let ¢ be ¢1 and £ be ¢; defined in Lemma 3.2 (the new function ¢; is still denoted
¢ for simplicity; we can replace £ by {1 as {(x) < {1(z) ).
Notice that under P, X,,_; is independent of IL,,_;. As £ is concave, we have

Enn_las('g("i') < ORI, ('ﬁi')
< CE|anl|€(bn‘anlD

CE| X |£(b"[X]), (5.1)

where X is a random variable having the same distribution as (Xn)nzo and b = Emg ' < 1. According to

13



the inequality (2.5), we have

E¢(W* — 1)

IN

n 1

IN

CZE\Xlﬁ(b”IXI)

n=1

CZIEX|/W|X

- |X|
— CEX| / ‘) g
O t

CE|X|(1 4 £(]X])) < o0 (5.2)

\X\g

IA

IN

This yields EW*¢(W*) < oo, and
EW (W) < EW*6(W*) < 0.

If in addition, ¢ is slowly varying at oo, then we can use Potter’s theorem to replace the Jensen’s inequality
n (5.1), to relax the assumption Emal < 1. Recall that for this ¢, we have shown that

CZIE|X|£ ( 1X] ) (5.3)

-1

E¢p(W* — 1)

IN

= CZ(Ig(n) + Iz(n)), (5.4)

where

n—1

oo X
Ig(’n) = E|X|£ (H I{H;ilgan—l},

Ii(n) = E|X|¢ < |X1) Lingt san1ys
€ (0,1) will be determined later. By the same argument as above, we get
S ) < CEIRI(@K]) + 1) < (5.5
We now estimate I5(n). For fixed n, we divide it into two parts:

| X
I3,(n) = E|X|£<Hn1 Tt san-1ylggjan-151y3

. X
I o(n) = B0 (H |

> Lzt san-y R jan—1<1y-
n—1

As /¢ is increasing and slowly varying at oo, by Potter’s theorem, we have: for § > 0,

I§,1(”)

IA

CE|X[¢(|X|a" ") (L, —1a" 1)~
CE|X[¢(|X[)(Ip—1a™ ™) ™0
CE|X|0(|X]) - (Emg? - a~%)"d’. (5.6)

IN

Let p(z) = Emg®. Since p(dyg) < oo and p(x) is convex on (0, dy) with p(0) =1 and p/'(0) = —Elnmg < 0,
there exists some vy > 0 such that
Emg® < 1, YV € (0,7).
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Choose § € (0,7), and let 0 < a < 1 be defined by Emg° = a2°. Notice that E|X|¢(|X|) < CE|X|({(|X])+
1) < co. Therefore,

ZISI ) < CE|X|¢(|X]) - Za5<“+1><oo (5.7)

n=1

Similarly, using Potter’s theorem in I3 ,(n), we get

Lip(n) < EIX|OIL 6" oy
< CE|X[¢(1)(I,—1a" )
< CE|X|- (Emg°a=?)"a’
< CE|X]|-a®+D), (5.8)
Hence
2132 ) < CE|X]- Za "D < 0. (5.9)
n=1 n=1
Therefore, we have shown that
Ep(W* - 1) < o0, (5.10)
which is equivalent to E¢(W*) < oco.
O
Proof of Corollary 1.2. Let
o'(1) .2 ; .
——x if z <1,
o1(x) = 2 ST (5.11)
() + o ifx>1

where ¢(1) + ¢o = @ Then it is easily seen that ¢1 < ¢,¢1(0) = 0,¢7(0+) = 0 and fl ¢ 2S)dt
¢'(1) < co. Moreover, ¢; is convex with positive concave derivative ¢} on (0,00), so that the functlon
x +— ¢1(z/?) is concave on (0,00). Applying the BDG-inequality and the concavity of ¢;(x'/2) (which

implies the subadditivity), we obtain

Epy(W* —1)

IA

CE¢; (Z |D,L|2>
n=1

n=1

IN

where C' = C(¢1) > 0 is a constant depending only on ¢;. )
Recalling that under P,,_1, D,, is a sum of a sequence of martingale differences with respect to (Fy).
Hence, again by the BDG-inequality applied to D,,, and the concavity of ¢1(x1/ %), we get

X 2
CEn—ld)l Z r|[2 ‘

E7L—1¢1(|Dn|) S

|u|=n—1 n—1

X
< CEBuq Y, ¢1<' ')

|u|=n—1
X,
= CZn—l ' IEn—1¢1 (l’ﬂ1|> (513)
anl

where C' > 0 is independent of n. Taking integral on both sides of the inequality above, and noting that
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@) is concave, we obtain:

IN

B¢ (| Dnl)

X
CEE; (Zn_l En_161 ('H i'))

X,
= CEIl,_1¢: <|Hl|>

n—1

) .
- CIE|XH,1|/ o) ('ﬁ’”'s) ds
0 n—1

CE|Xp-1|¢7 (0" Xn-1])
CE|X|¢} (0" X]), (5.14)

where X is a random variable having the same distribution as (Xn)nzo and b = Emg ! < 1. Similarly to
(5.2), combining (5.12) and (5.14), we obtain

CE ) |X|¢} (b"1X])

E¢ (W —1) <
n=1
a0
< CIE|X|/O -t
< CEIX|(1(IX]) +1). (5.15)
As ¢ =< ¢ and ¢ = ¢y, this yields
Ep(W* —1) < CE|X|(¢(|X]) +1) < c0. (5.16)

Therefore E¢(WW*) < oo, and
Eo(W) < EQ(W*) < 00.

6 Proof of Theorem 1.3

For the proof of Theorem 1.3, we shall need an extension of a theorem of Hsu and Robbins (1947) (see also
Erdos (1949) or Baum and Katz (1965)). As usual, for a random variable X, we write X = max(X, 0)
and X~ = max(—X,0).

Lemma 6.1 Let (X;) be i.i.d. with EX; € [—00,00). If E(X;")? < 0o, then for all a > EXy,

i]?(i:Xi>na> < 00. (6.1)

i=1

The result is due to Hsu and Robbins (1947) if EX? < oo, and due to Heyde (1964, Theorem A; 1966,
Theorem 1) if E|X;| < co. The present form is a consequence of Theorem 2.1 of Kesten and Maller (1996)
which is more precise. As the theorem of Kesten and Maller is not easy to prove, for reader’s convenience
we give a short proof based of the theorem of Hsu and Robbins.

Proof of Lemma 6.1. Notice that for all a,aq,as € R with a1 4+ a2 = a,

]P’(iXi >na> <P<iX;r >na1> +P<—iXi >na2> . (6.2)
i=1

i=1 i=1

By the theorem of Hsu and Robbins (1947), V¥ a; > EX;,
ZIP’ (Z X > na1> < 00. (6.3)
n=1 \i=1
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Now for all C > 0, P(=Y" | X; >nas) < P(X;,; —min(X; ,C) > nas). Therefore, again by the
theorem of Hsu and Robbins (1947), ¥ a2 > —Emin(X; ,C),

f:IP’ (— zn:X; > na2> < 00. (6.4)

i=1
Since Clim Emin(X;,C) = EX; by the monotone convergence theorem, (6.4) holds for all as > —EX; .
—00
Together with (6.2) and (6.3), this implies that (6.1) holds for all a > EX;" —EX; = EX;. O
Proof of Theorem 1.3. Let

xT) =
5, if <1

Then ¢(z) = zf(z) is convex, and the function 2 — ¢(z'/?) is concave. By an argument similar to that in
the proof of Theorem 1.2, we get (cf. (5.3))

E¢p(W* —1) < CiE|X|£ <H|X ) . (6.5)

n=1 n—1

Let b € (e En™o 1) (by convention e En™0 = 0 if Elnmg = +o0). For n > 0, we divide the domain
of integration above into two parts according to {II;! < "} or {II,;! > b"}, so that

Ep(W Z )+ I4(n), (6.6)

where

Li(n) = EIX|0( XTI, -1 2y
Ii(n) = EIX[0(X T, ) -0 ey

We first estimate I,(n). Noting that ¢ is increasing on [0, 00), we get I,(n) < E|X|¢(]X[b™); moreover,
> o1
> L(n) CIE|X|/ ¥dt
n=0 0

CE|X|(1+In" |X]) < cc. (6.7)

IN

IN

To estimate I)(n), as £ is bounded by 1, we have

Y L) < EIX[-Y Bl
n=0

n=0

E|X| - il@(ﬂ;l > b"). (6.8)
n=0

2
By Lemma 6.1, the sum on the right side of (6.8) is finite if E (ln+ %) < 00. Therefore,

E¢(W*) < 00, (6.9)

which is equivalent to EW™* < oo.
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